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2.2.3. Horndeski gravity. The most general scalar-tensor theory with second-order
field equations (and one scalar field) is Horndeski gravity [235]. The action of
Horndeski gravity can be written in terms of Galileon interactions (see [236] and
Section 2.6) as

S =

Z

d4x
p�g

n

K(�, X) � G3(�, X)⇤�

+ G4(�, X)R + G4,X(�, X)
⇥

(⇤�)2 � (rµr⌫�)(rµr⌫�)
⇤

+ G5(�, X)Gµ⌫rµr⌫� � G5,X(�, X)

6

h

(⇤�)3 � 3⇤�(rµr⌫�)(rµr⌫�)

+ 2(rµr⌫�)(rµr��)(r⌫r��)
io

,

(2.9)

where K, the Gi’s (i = 1 . . . 5) are functions of the scalar field � and of its kinetic term
X = �1/2@µ�@µ�, and Gi,X are derivatives of Gi with respect to the kinetic term X.
For a particular choice of these functions, this theory coincides with Gauss-Bonnet
gravity (see Section 2.4).

As we shall discuss in Section 3.2, in Horndeski theory the no-hair theorem can
be circumvented, and thus stationary BH solutions can be different from GR.

2.3. Metric f(R) theories

The standard paradigm to explain the acceleration of the cosmic expansion is to
postulate the existence of a diffuse form of dark energy described by an exotic equation
of state (P ⇡ �⇢) and amounting to roughly 70% of the critical energy density. The
cosmological constant is the most natural candidate for this dark “fluid,” although its
tiny value (as inferred by cosmological observations) clashes with the value of vacuum
energy as inferred from particle physics. As mentioned above, this is one of the main
theoretical problems: the cosmological constant problem [5,237,238].

As an alternative to the standard ⇤CDM (⇤-Cold Dark Matter) model, it has
been proposed that infrared modifications of gravity could be the explanation for the
cosmic acceleration. In this context, so-called f(R) modified gravities have a long
history [239] and have been widely explored as prototypical infrared corrections to
GR. The action for f(R) gravity reads

S =
1

16⇡

Z

d4x
p�gf(R) + SM [ , gµ⌫ ] , (2.10)

where  collectively denotes all matter fields and f(R) is a function of the scalar
curvature R. Iy is customary to use a simplified notation where fR ⌘ f 0(R),
fRR ⌘ f 00(R) and so on. We shall focus for the moment on the theory obtained
from the action above through a metric variational principle. Palatini f(R) gravity is
a completely different theory, that will be discussed in Section 2.7 below.

Primarily, f(R) theories attracted attention for their potential to describe
the cosmological acceleration of the Universe without a fine-tuned cosmological
constant [11]. Viable f(R) models are usually chosen by ensuring that the field
equations admit a de Sitter solution with curvature radius RdS. We refer the reader to
specialized reviews [11,12,14] for a more detailed discussion on the theoretical aspects
and on current experimental constraints.
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the Gauss-Bonnet scalar R2
GB ⌘ R2 � 4R2

µ⌫ + R2
µ⌫⇢� and the Pontryagin scalar (also

referred to as the Chern-Simons scalar) defined above, because these terms can be
shown to emerge in low-energy realizations of string theory [215,249]. The Pontryagin
scalar also appears in loop quantum gravity [250]. However, these terms alone do not
yield modifications to Einstein’s equations in four spacetime dimensions, because their
integrals are four-dimensional topological invariants and only account for boundary
terms in the action. To circumvent this problem one is thus forced to add extra
dynamical fields, i.e., extra propagating degrees of freedom (but cf. Section 2.7 below
for a different strategy using nondynamical fields). The simplest way to introduce
nontrivial higher-order curvature corrections is via coupling with a scalar field.

The most generic class of four-dimensional theories obtained by including all
quadratic algebraic curvature invariants coupled to a single scalar field reads [74,80]

S =
1

16⇡

Z p�gd4x
h

R � 2ra�ra� � V (�) + f1(�)R2

+ f2(�)Rµ⌫R
µ⌫ + f3(�)Rµ⌫⇢�Rµ⌫⇢� + f4(�)⇤RR

i

+ Smat [ , �(�)gµ⌫ ] ,

(2.21)

where V (�) is the scalar self-potential, fi(�) (i = 1, . . . , 4) are coupling functions,
and in the matter action Smat we have included a nonminimal but universal metric
coupling, which thus satisfies the weak (but in general not the strong) equivalence
principle. The action (2.21) generically yields higher-order field equations that are
prone to the Ostrogradski instability and to the appearance of ghosts, unless the
various terms appear in the special combination corresponding to the four-dimensional
Gauss-Bonnet invariant (discussed in Section 2.4.1 below). To avoid this instability,
the theory (2.21) must be considered as an effective action, obtained as the truncation
of a more general theory, valid only up to second order in curvature.⇤ In the decoupling
limit (where the effective theory is valid, see Section 2.8), a perturbative approach
is applicable and the field equations remain of second differential order for generic
combinations of the curvature invariants. For example, it has been shown that dCS
gravity (introduced in Section 2.4.2 below) does not exhibit any ghost-like instabilities
when treated order-by-order in the perturbation scheme and, in fact, can be cast into a
well-posed Cauchy problem in the decoupling limit [44]. We expect a similar argument
to hold for EdGB gravity (see Section 2.4.1), but a rigorous proof in this case is still
missing.

The EFT approach is not only motivated by the desire to avoid higher-order
derivatives in the field equations, but it arises naturally in some low-energy expansion
in string theory, which indeed contains the Gauss-Bonnet and Chern-Simons terms
coupled respectively to the dilaton and axion at second order in the curvature. In this
approach the Einstein-Hilbert term is considered as the first-order term in a (possibly
infinite) series expansion containing all possible curvature corrections. In this sense,
GR may be only accurate up to second-order terms in the curvature.

In the geometrical units adopted here, the scalar field entering the action (2.21)
is dimensionless, whereas the coupling functions fi(�) have the dimensions of a length
squared, i.e. of an inverse curvature. Thus, at variance with the scalar-tensor theories

⇤ Alternatively, one can circumvent the Ostrogradski instability by expanding the phase-space of the
(dynamical) variables if the resulting equations of motion constitute a closed system of PDEs that
are at most second order [251,252].
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We identify a class of scalar-tensor theories with coupling between the scalar and the Gauss–Bonnet invariant
that exhibit spontaneous scalarization for both black holes and compact stars. In particular, these theories
formally admit all of the stationary solutions of general relativity, but these are not dynamically preferred if
certain conditions are satisfied. Remarkably, black holes exhibit scalarization if their mass lies within one of
many narrow bands. We find evidence that scalarization can occur in neutron stars as well.

Introduction. Gravitational wave observations allow us to
probe the structure of black holes (BHs) with unprecedented
accuracy. Hence, they can reveal the existence of new funda-
mental scalar fields [1, 2], provided that they leave an imprint
on BHs. However, no-hair theorems (see [3, 4] for reviews)
dictate that conventional scalar-tensor theories will have the
same stationary, asymptotically flat BH solutions as general
relativity (GR) [5–7]. In spherical symmetry [8] and slow
rotation [9, 10], this result extends to generalized scalar-tensor
theories, i.e. theories that exhibit derivative self-interactions
and derivative couplings between the scalar and curvature in-
variants, provided that the scalar respects shift symmetry.

One could still detect scalars in these theories through the
imprint they leave when they are excited [11, 12]. One can
also circumvent no-hair theorems by violating some of their
assumptions [13–16]. No-hair theorems also help single out
particularly interesting theories that have hairy BHs. A well-
studied example is the action

S =
1

2

∫

d4x
√
−g

[

R −
1

2
∇αϕ∇αϕ + f (ϕ)G

]

+ Sm[gµν,ψ] ,

(1)

where G ≡ RµνρσRµνρσ − 4RµνRµν
+ R2 is the Gauss-Bonnet

invariant. We use geometrical units with c = 8πG = 1 and
the mostly plus metric signature. The scalar field ϕ is coupled
to G , which has dimensions of length−4 (≡ L−4), through a
function f (ϕ), with dimensions L2. The matter fields ψ are
minimally coupled to the metric gµν through the action Sm.
We will refer to this class of theories as scalar-Gauss-Bonnet
(sGB) gravity. When f is exponential the theory is well-known
to admit hairy BHs [17], whereas a linear f yields the only
shift-symmetric theory with second-order field equations that
exhibits BH hair [9, 10] (despite the no-hair theorem of [8]).

The main purpose of this paper is to demonstrate that a new
subclass of theories, contained in (1), exhibits a particularly
interesting phenomenon: BH spontaneous scalarization. As
we demonstrate below, this subclass of theories generically
admits solutions where the scalar field is constant and the
metric satisfies Einstein’s equations. However, under certain

conditions these solutions are unstable, and solutions where
the scalar field in nontrivial are dynamically preferred. This
leads to hairy BHs only when the BH mass lies within certain
ranges. Compact stars in these theories also exhibit sponta-
neous scalarization. The mechanism resembles that proposed
by Damour and Esposito-Farèse [18], where there is a cou-
pling between ϕ and the trace of the stress-energy tensor, T .
However, there are important differences – most notably the
fact that the effect is present for BHs as well.

A no-hair theorem in sGB and how to evade it. We start by
identifying the class of theories in question. Varying (1) with
respect to ϕ and gµν yields

!ϕ = − f,ϕG , (2a)

Rµν −
1

2
gµνR = Tµν . (2b)

Here Tµν is the sum of the matter stress-energy tensor Tm
µν ≡

−(2/√−g)(δSm/δgµν), plus a contribution coming from the
variation of the ϕ-dependent part of the action with respect to
the metric (see e.g. [17]).

Eq. (2a) does not admit ϕ = constant solutions, unless

f,ϕ(ϕ0) = 0 , (3)

for some constant ϕ0. We consider Eq. (3) as an existence

condition for GR solutions and focus on theories that satisfy
it. This excludes the widely studied class of dilatonic theories
where f ∼ exp(ϕ) and the shift-symmetric f ∼ ϕ theory
discussed above [9, 10, 17].

Focus now on BH solutions that are asymptotically flat and
stationary. These admit a Killing vector ξµ that is timelike at
infinity and acts as a generator of the event horizon. Assuming
that ϕ respects stationarity, ξµ∇µϕ = 0. Multiplying Eq. (2a)
by f,ϕ and integrating over a volume V yields

∫

V

d4x
√
−g

[

f,ϕ!ϕ + f 2
,ϕ(ϕ)G

]

= 0 . (4)

Integrating by parts and using the divergence theorem, we
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The EFT approach is not only motivated by the desire to avoid higher-order
derivatives in the field equations, but it arises naturally in some low-energy expansion
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We identify a class of scalar-tensor theories with coupling between the scalar and the Gauss–Bonnet invariant
that exhibit spontaneous scalarization for both black holes and compact stars. In particular, these theories
formally admit all of the stationary solutions of general relativity, but these are not dynamically preferred if
certain conditions are satisfied. Remarkably, black holes exhibit scalarization if their mass lies within one of
many narrow bands. We find evidence that scalarization can occur in neutron stars as well.

Introduction. Gravitational wave observations allow us to
probe the structure of black holes (BHs) with unprecedented
accuracy. Hence, they can reveal the existence of new funda-
mental scalar fields [1, 2], provided that they leave an imprint
on BHs. However, no-hair theorems (see [3, 4] for reviews)
dictate that conventional scalar-tensor theories will have the
same stationary, asymptotically flat BH solutions as general
relativity (GR) [5–7]. In spherical symmetry [8] and slow
rotation [9, 10], this result extends to generalized scalar-tensor
theories, i.e. theories that exhibit derivative self-interactions
and derivative couplings between the scalar and curvature in-
variants, provided that the scalar respects shift symmetry.

One could still detect scalars in these theories through the
imprint they leave when they are excited [11, 12]. One can
also circumvent no-hair theorems by violating some of their
assumptions [13–16]. No-hair theorems also help single out
particularly interesting theories that have hairy BHs. A well-
studied example is the action

S =
1

2

∫

d4x
√
−g

[

R −
1

2
∇αϕ∇αϕ + f (ϕ)G

]

+ Sm[gµν,ψ] ,

(1)

where G ≡ RµνρσRµνρσ − 4RµνRµν
+ R2 is the Gauss-Bonnet

invariant. We use geometrical units with c = 8πG = 1 and
the mostly plus metric signature. The scalar field ϕ is coupled
to G , which has dimensions of length−4 (≡ L−4), through a
function f (ϕ), with dimensions L2. The matter fields ψ are
minimally coupled to the metric gµν through the action Sm.
We will refer to this class of theories as scalar-Gauss-Bonnet
(sGB) gravity. When f is exponential the theory is well-known
to admit hairy BHs [17], whereas a linear f yields the only
shift-symmetric theory with second-order field equations that
exhibits BH hair [9, 10] (despite the no-hair theorem of [8]).

The main purpose of this paper is to demonstrate that a new
subclass of theories, contained in (1), exhibits a particularly
interesting phenomenon: BH spontaneous scalarization. As
we demonstrate below, this subclass of theories generically
admits solutions where the scalar field is constant and the
metric satisfies Einstein’s equations. However, under certain

conditions these solutions are unstable, and solutions where
the scalar field in nontrivial are dynamically preferred. This
leads to hairy BHs only when the BH mass lies within certain
ranges. Compact stars in these theories also exhibit sponta-
neous scalarization. The mechanism resembles that proposed
by Damour and Esposito-Farèse [18], where there is a cou-
pling between ϕ and the trace of the stress-energy tensor, T .
However, there are important differences – most notably the
fact that the effect is present for BHs as well.

A no-hair theorem in sGB and how to evade it. We start by
identifying the class of theories in question. Varying (1) with
respect to ϕ and gµν yields

!ϕ = − f,ϕG , (2a)

Rµν −
1

2
gµνR = Tµν . (2b)

Here Tµν is the sum of the matter stress-energy tensor Tm
µν ≡

−(2/√−g)(δSm/δgµν), plus a contribution coming from the
variation of the ϕ-dependent part of the action with respect to
the metric (see e.g. [17]).

Eq. (2a) does not admit ϕ = constant solutions, unless

f,ϕ(ϕ0) = 0 , (3)

for some constant ϕ0. We consider Eq. (3) as an existence

condition for GR solutions and focus on theories that satisfy
it. This excludes the widely studied class of dilatonic theories
where f ∼ exp(ϕ) and the shift-symmetric f ∼ ϕ theory
discussed above [9, 10, 17].

Focus now on BH solutions that are asymptotically flat and
stationary. These admit a Killing vector ξµ that is timelike at
infinity and acts as a generator of the event horizon. Assuming
that ϕ respects stationarity, ξµ∇µϕ = 0. Multiplying Eq. (2a)
by f,ϕ and integrating over a volume V yields

∫

V

d4x
√
−g

[

f,ϕ!ϕ + f 2
,ϕ(ϕ)G

]

= 0 . (4)

Integrating by parts and using the divergence theorem, we

For many years (from ’93 to November ’17) only two choices of f(𝜑) were considered:

exponential:    f=e𝛼𝜑                 Einstein-dilaton Gauss-Bonnet gravity
                       (Mignemi & Stewart ’93, Kanti et al. ’96, Pani & Cardoso ’09, Yunes & Stein ’11,  etc.)

linear:             f=𝛼𝜑               shift-symmetric Gauss-Bonnet gravity 
                                (Sotiriou & Zhou ‘14a, ‘14b, Barausse & Yagi ’15, Benkel et al. ’16, ’17)

Then, in the last few months, three different groups studied more general sGB theories
                       (Doneva et al. 1711.01187, 1712.03715;  Silva et al. 1711.02080; Antoniou et al. 1711.03390; 1711.07431)

                                                         Gauss-Bonnet invariant (total derivative)

second-order field equations => no Ostrogradskii instability
BHs can have scalar hair

GR deviations appear at large curvature => no constraints from binary pulsars, need GW
fundamental physics motivation: low-energy effective string theory (Gross & Sloan ‘87 ) ,        

first terms in polynomial curvature expansion of a possibly renormalizable theory (Stelle ‘77 )

G = Rµ⌫↵�R
µ⌫↵� � 4Rµ⌫R

µ⌫ +R2

f(𝜑)



One of them focussed on the conditions for hairy BHs to exist for general f(𝜑)
(Antoniou et al. 1711.03390; 1711.07431)

the other two discovered a new phenomenom which can arise in sGB theories:
(Doneva et al. 1711.01187, 1712.03715;  Silva et al. 1711.02080)
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spontaneous scalarization of black holes

The idea is that while in EdGB gravity and in shift-symmetric GB gravity, 
a stationary BH solution must have a scalar field profile (Kerr is not a solution)

other sGB theories admit, for given (M,J), two stationary solutions: 
(i)  Kerr
(ii)  a BH with a scalar field.

As I will discuss, in this case (i) is unstable and (ii) is the endpoint of the instability.

This is a general feature of this class of theories, 
and would lead to relevant observational consequences!



scalar-Gauss-Bonnet gravity
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⇤' = �f,'G

Rµ⌫ � 1

2
gµ⌫R = T sc

µ⌫

where T sc
µ⌫ =

1

2
@µ'@⌫'� 1

4
gµ⌫@µ'@

µ'� 1

2
(gµ⇢g⌫� + gµ�g⌫⇢) ⌘

�↵�r�

h
R̃⇢�

↵�@f(')
i

Scalarization can occur if two conditions are satisfied:
                  for some 𝜑0. This guarantees that constant-𝜑 solutions (i.e. Schwarzchild/
Kerr) solutions exist in this theory
f,'('0) = 0

                  (note that           in Schwarzschild). This guarantees that the no-hair theorem 
can be violated, and thus solutions with a non-trivial 𝜑 can exist
f,''G > 0 G > 0

A different theory, satisfying these conditions, has been studied in (Doneva et al. 1711.01187, 1712.03715):
f(') = const.� �

2

12
e

�6'2

The simplest sGB gravity theory satisfying these conditions is 
quadratic scalar-Gauss-Bonnet gravity: (Silva et al., 1711.02080; Silva et al., in preparation)

f(') =
⌘

8
'2 (⌘ > 0)

All theories with ℤ2 symmetry (but not only them) satisfy the first condition
(and, with appropriate values of the coupling constant, also the second)



Static (non-rotating) BHs in quadratic scalar-Gauss-Bonnet gravity

Rµ⌫ � 1

2
gµ⌫R = T sc

µ⌫

⇤' = �⌘

4
'G

Boundary conditions:
• impose 𝜑=0 at infinity (or small const. value): same asymptotics for scalarized & Schwarzschild
• decoupled equation: 𝜑(rh) any value (all scales) 
• fully nonlinear: upper bound on 𝜑(rh), above which divergence (singularity hits horizon) 

•                                                                         (Sotiriou & Zhou ’14)                 

Solution depends on the dimensionless parameter

Scalar field equation is linear in 𝜑 => one can consider either decoupled or fully coupled

Schwarzschild is always a solution. For which 𝜁 static scalarized solution exists as well?

3

FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
rh

ηϕh

!

−1 + ξ
"

1 − 6η2ϕ2
h
/r4

h

#

, (12)

where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
= r2

h
/(
√

6η). We do not consider

FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the
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Results for the decoupled scalar field equation
 (i.e. on Schwarzschild background):
scalarized solution exists for discrete values

𝜁=2.902, 19.50, 50.93, …
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FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
rh

ηϕh

!
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where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
= r2

h
/(
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6η). We do not consider

FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the
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Static (non-rotating) BHs in quadratic scalar-Gauss-Bonnet gravity

The discrete values 𝜁=2.902, 19.50, 50.93,… of the decoupled case become bands
𝜁 ∈ [2.530,2.905] ,  [17.89,19.50] ,  [47.90,50.93]  

The values of the decoupled case are the right edges of the bands

𝜑(∞)

For a fixed theory (i.e., fixed value of η) there are bands of mass values! 
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FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′
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= ϕ′′(r = rh) is finite if

ϕ′h =
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ηϕh
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where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax
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/(
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FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the
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Results for the fully coupled, nonlinear equations:

The discrete values 𝜁=2.902, 19.50, 50.93,… of the decoupled case become bands
𝜁 ∈ [2.530,2.905] ,  [17.89,19.50] ,  [47.90,50.93]  
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Charge of scalarized solution can be as large as Q/M~0.45.
Modifications of few % in main observables (rh/M, ISCO, light ring, etc.). 
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FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
rh

ηϕh

!
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, (12)

where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
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/(
√
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FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the

𝜑h

𝜑(∞)

The right edge of a band (maximum η - minimum M)is the onset of linear instability, 
when the new solution appears.

The left edge is where (non-linear) singularity at the horizon appears
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Is the scalarized solution preferred?

Entropy comparison may not be a good indicator: many subtelties involved, 
and the growth of an instability is not a thermodynamical process!
A good argument is that scalar field equation has a negative effective mass squared 
 (not an actual proof)

The only way to understand what’s going on is to study time-dependent solutions!
We considered the decoupled scalar field equation
looking for solutions                            with ω=-iC 
If C>0 the Schwarzschild solution is unstable (see e.g. Harada ’97 for scalar-tensor theories)
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CResults:

Schwarzschild BHs in quadratic sGB gravity are unstable for  𝜁<2.902, 𝜁<19.50, 𝜁<50.93
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If C>0 the solution is unstable (see e.g. Harada ’97 for scalar-tensor theories)
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FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
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where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
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/(
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FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the

n=0 n=1 n=2



Leonardo Gualtieri                  Gravity@Malta 2018: Gravitational Waves, Black Holes and Fundamental Physics                 January 24th, 2018

Is the scalarized solution preferred?

Entropy comparison may not be a good indicator: many subtelties involved, 
and the growth of an instability is not a thermodynamical process!
A good argument is that scalar field equation has a negative effective mass squared 
 (not an actual proof)

The only way to understand what’s going on is to study time-dependent solutions!
We considered the decoupled scalar field equation
looking for solutions                            with ω=-iC 
If C>0 the solution is unstable (see e.g. Harada ’97 for scalar-tensor theories)

3

FIG. 1. Scalar field in the decoupling limit. Results of the numerical
integration of the decoupled scalar field equation (9), assuming ℓ = 0
and a Schwarzschild background. Top panel: asymptotic value of the
scalar field as a function of η/M2. Cusps correspond to scalarized
solutions. Bottom-left panel: effective potential Veff for η/M2

= 0
and 5. In the latter case Veff develops a negative region and it can
support bound states. Bottom-right panel: radial profiles of δϕ for
the first three scalarized solutions, corresponding to η/M2

= 2.902,
19.50 and 50.93. These profiles have 0, 1 and 2 nodes, respectively.

Scalarized black holes in qsGB gravity. We now consider
BH solutions obtained by integrating the full set of equa-
tions (2a) and (2b). We search for static, spherically sym-
metric solutions, i.e. a = a(r), b = b(r), ϕ = ϕ(r). We define
Γ = log a, Λ = log b, as in [17]. The field equations can be
cast as three coupled ordinary differential equations for Γ, Λ
and ϕ. Since these equations are not particularly illuminating,
we do not present them here.

The equation for Λ can be integrated algebraically [9, 10,
17]:

eΛ =
−A + δ

√
A2 − 4B

2
, δ = ±1 , (11)

where A = (1/4)r2ϕ′2−(r+ηϕϕ′/2)Γ′−1 and B = (3/2)Γ′ϕ′ϕ.
In BH solutions exp(−Λ), exp(Γ) → ∞ at the event horizon
rh, and this implies δ = 1 [17]. Replacing Eq. (11) in the
remaining equations,we are left with two differential equations
for Γ and ϕ. A near-horizon expansion of the field equations
shows that ϕ′′

h
= ϕ′′(r = rh) is finite if

ϕ′h =
rh

ηϕh

!

−1 + ξ
"

1 − 6η2ϕ2
h
/r4

h

#

, (12)

where ξ = ±1. The ξ = −1 branch does not result in a BH
solution, as discussed in [17] for the exponential coupling.
Therefore, regularity on the horizon requires

r4
h − 6η2ϕ2

h ≥ 0 . (13)

Eq. (13) defines a region in the (rh, ϕh)–plane within which BH
solutions with a regular (real) scalar field configuration exist.

The value of the scalar field at the horizon is bound in
the range 0 ≤ ϕh ≤ ϕmax

h
= r2

h
/(
√

6η). We do not consider

FIG. 2. Spontaneous scalarization of black holes. Left: the regions
in the η − M (in solar mass units) space where scalarized BHs exist.
The solutions belonging to each band are characterized by the number
of nodes of the scalar field radial profile. We only show the first three
scalarization regions, but our numerical analysis suggests an infinite
number of them. Top-right: the scalar field profiles for sample BH
solutions in each of the first three bands. Bottom-right: normalized
scalar charge Q/M as a function of η/M2. The most charged BHs
belong to the n = 0 band.

solutions with ϕh < 0 because qsGB gravity is invariant under
ϕ → −ϕ. The field equations are invariant under the rescalings
rh → rh/l, M → M/l, η → η/l2, corresponding to a freedom
in choosing length units. BH solutions are then characterized
by dimensionless quantities such as η/M2 and η/r2

h
.

For each value of η/M2 we have numerically solved the
field equations, with ϕh in the range [0, ϕmax] and the other
boundary conditions fixed from the requirement of regularity
at the horizon. We have then extracted the scalar quantities
characterizing the solution – the mass M, the scalar charge
Q, and the asymptotic value of the scalar field ϕ∞ – from the
asymptotic expansions [10, 17, 23]:

eΓ = 1 − 2M/r + Q2M/(12r2) , (14)

ϕ = ϕ0 +Q/r +QM/r2
+ (32QM2 − Q3)/(24r3) . (15)

While the Schwarzschild solution (ϕh = 0, ϕ0 = 0) is allowed
for any value of η, a solution with ϕh ! 0, ϕ∞ = 0 only ex-
ists when η/M2 belongs to a set of scalarization bands, i.e.
[2.53, 2.89], [17.86,19.50], [47.90, 50.92], etc. The right-end
values of these bands correspond to the eigenvalues of η/M2

found by solving the linear equation of the scalar field on a
fixed background. The scalarization bands in η/M2 corre-
spond to regions bounded by parabolas in the η − M plane
(shadowed regions in the left panel of Fig. 2). The scalar field
profiles of these solutions have n = 0, 1, . . . nodes (top-right
panel of Fig. 2), corresponding to the order number of the
scalarization band. A similar ladder of excited states was ob-
served for scalarized NSs in scalar-tensor theory [24, 25]. The
normalized scalar charge1 Q/M of these solutions is shown in

1 In other theories with a Gauss–Bonnet coupling the scalar charge and the

n=0 n=1 n=2

Non-linear effects kill the scalarized solutions at smallest values of 𝜁.
We still have to clarify what happens to the instability of Schwarzschild outside the bands!
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Conclusions

These results suggest that BHs in certain ranges of the mass would scalarize

A new class of sGB theory allows for spontaneous scalarization of BHs

When  η/M2 in instability bands, two things happen:
• a new BH solution, with a non-trivial scalar field profile, exists
• the Schwarzschild solution is unstable at the linear level (𝜏~10M near the onset)

In these theories, Schwarzschild (assuming J=0) BHs is always a solution

Scalarized solutions have Q/M as large as ~0.45. 
 Main observables (rh/M, ISCO, light ring, etc.) could change up to few %.

These effects may be detectable by 3G interferometers!


