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Abstract

In this dissertation, both a tetrad and a metric 3+1 formulation for a general affine
connection while also assuming metricity is developed. By employing a space and
time split of the usual space time manifold, a spatial version of the fundamental
variables is obtained. Finding the Gauss-like equations for any tensor through which
gravity is expressed, a general foundation for the two formalisms is set up. Using
this foundation the general form of the evolution equations of the 3-tetrad and 3-
metric as they are dragged along the normal vector to the spatial foliations are
derived. Finally through the choice of two different connections assuming metricity,
and another case assuming the coincident gauge with non-metricity, the relevant 3+1
formulations for General Relativity, the Teleparallel Equivalent of General Relativity
and the Symmetric Teleparallel Equivalent of General Relativity are respectively
derived up to the latest state of the research. By obtaining the 3+1 formalisms
with respect to each of these three different geometric interpretations of gravity we
achieve what is called the 3+1 formalism in the geometric trinity of gravity. Building
on the fully consistent system of equations obtained in the Symmetric Teleparallel
Equivalent of General Relativity a more stable structure for this system is derived
in the form of a BSSN-like formalism.
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1 Introduction

Gravitational waves first appeared as a result of the theoretical predictions of general

relativity (GR). Observed to be travelling at the speed of light, gravitational waves

of significant magnitudes manifest as ripples on the space-time fabric. Such waves

are generated when any mass moves through space however the largest waves are

generated by massive astronomical events such as supernovae, compact star mergers

and black hole mergers. Multiple research initiatives have been undertaken to search

for these elusive vibrations throughout the past hundred years with a substantial

increase of effort in the past few decades. While gravitational waves are thought

to dissipate at a rate of 1
r , given the huge distances between stellar objects and the

even greater distances between events of significant magnitudes, these ripples are so

small by the time they reach Earth that they are of the order of 10−21 [2]. In fact,

even Einstein himself doubted that they will ever be detected.

In the past years groundbreaking work has been carried out in order to detect and

observe gravitational waves through The Laser Interferometer Gravitational-Wave

Observatory (LIGO). In 2015 the first confirmed detection was announced [3] and a

number of others have since been confirmed [4]. One of the most significant events

was the first detection of a binary neutron star collision which was announced to have

been detected both through gravitational waves and also through electromagnetic
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Chapter 1: Introduction

radiation [5, 6]. These detections are leading us to a new era of astrophysics with

detectors like The Laser Interferometer Space Antenna (LISA) [7]. The final aim of

this project is to pave the way for the study of gravitational radiation on the space-

time manifold as generated in a Universe governed by alternative theories of gravity.

Specifically, gravitational radiation produced through the interaction of black holes

and compact objects.

Before going into alternative theories however, it is important to briefly cover how

such simulations are obtained in GR along with their use. This process starts with

a branch of physics called Numerical relativity. Here, numerical methods are used

in order to solve and study different gravitationally bound systems starting from

a particular system of equations. Assuming one has a consistent set of evolution

equations which are well posed and hyperbolic, things that will all be defined and

elaborated further later on in this work, one can start to produce simulations. In

Gr the base form of these equations is known as the ADM formalism with a more

numerically stable reformulation being the BSSN formalism, among others. Once

such equations are available various numerical methods can be used depending on

the physical system being considered. The simulations can be dynamical, stationary

or static and the gravitational interactions can be specified to be taking place in

vacuum and/or in some form of fluid matter. For the sake of brevity and concision

we will be sticking to dynamical vacuum simulations for the time being as these are

the kind used to produce compact object mergers that generate gravitational waves

[8, 9].

The main aim of generating such gravitational simulations is the production of grav-

itational wave profiles, known as templates [10, 11], from likely mergers. Specific

mergers are considered likely if they result from compact objects that are theoret-

ically abundant. Obtaining such profiles is important in two ways. Firstly, they

indicate what profiles should be expected by Gravitational wave observatories like

Ligo, Virgo, etc. This information helps with planning both the construction of new

2



Chapter 1: Introduction

facilities as well as the calibration of the current ones. Secondly, such simulations

help with the identification of gravitational wave detections once they are recorded.

Through the knowledge of which compact objects and mergers produce which pro-

files through simulations, actual detections can be classified. That being said, there

is an obvious downside to this method. The profiles generated assume Gr is correct

and so any classified detections are model dependant.

In the last hundred years, GR has proven to be an invaluable theory for explaining

gravity in our Universe. Unfortunately cases where GR, in tandem with only bary-

onic matter, fails to agree with observation do exist. Some of the more noticeable

ones are galactic rotation curves and the expansion of the Universe. With the ad-

dition of dark matter and dark energy, what is called the ΛCDM model, has even

overcome most of GR’s shortcomings including the ones mentioned above. That

being said, a major problem still remains. Both dark matter and dark energy have

never been directly observed and are open to different manifestations within the

theory. In the past few years a further issue has emerged surrounding the Hubble

constant. When comparing the value of the Hubble constant calculated through the

type Ia supernovae (SNe Ia), the Cepheids in NGC 4258, the Milky Way and the

Large Magellanic Cloud [12, 13] as well as gravitationally lensed quasars [14] with

the the value obtained through Planck measurements, the values differ from 4 to

6σ. It is thus important to consider other explanations for GR’s departure from

observational data. Alternative theories of gravity consider the scenario where our

standard picture of gravity could be flawed. In this project it is considered that

our current understanding of the way energy densities interact with the space-time

fabric may be better served through the teleparallel approach. This means that the

energy densities themselves would not be considered the problem but instead our

geometric interpretation of gravity may be the issue.

In this work the group of alternative theories of gravity that fall under the name of

teleparallel theories of gravity will be the main ones considered. While GR treats

3



Chapter 1: Introduction

gravity through the lens of curvature, teleparallel theories of gravity treat it either

as torsion or non-metricity on the space-time fabric. Thus two teleparallel theories

are defined, Torsional Gravity (TG) and Symmetric Teleparallel Gravity (STG). In

particular, TG has a further distinction from the GR and STG theories. This dis-

tinction is that instead of using the metric as its fundamental observable it uses what

is called the tetrad. The use of the tetrad is beneficial since it creates a direct rela-

tionship between inertial and non-inertial frames of reference. On the other hand,

STG, uses the metric as its fundamental variable same as GR. The teleparallel theo-

ries of gravity have been found to reproduce results frequently identical to GR once

specific Lagrangians are chosen. In these cases the names of these two theories be-

come the Teleparallel Equivalent of General Relativity (TEGR) and the Symmetric

Teleparallel Equivalent of General Relativity (STEGR). Unfortunately, these theo-

ries naturally include most of GR’s shortcomings. That being said, modified models

of teleparallel gravity, f (T ) gravity and f (Q) gravity, have recently proven to be

good alternatives [15, 16, 17]. While still based on torsion, f (T ) gravity is to TEGR

what f (R) gravity is to GR. Similarly f (Q) gravity is still based on non-metricity

as is STEGR. While these modified theories of gravity will not be considered in

this report, the following work sets the necessary underlying formulations which can

later be extended to such theories helping to determine their validity in this area.

Recently some work has been done on gravitational wave theory in f (T ) and f (Q)

gravity such as in Ref.[18, 19, 20, 21] however these works are related to polarization

and cannot give the insight that can be retrieved through the numerical relativistic

approaches considered here. While further work needs to be done on the analytical

side of gravitational waves in teleparallel theories of gravity, no work has yet been

done in order to obtain the necessary formulations of teleparallel theories in order

to test and produce simulations of gravitational wave profiles from events such as

star collapses, binary black hole and binary neutron star mergers, to name a few.

In this work a similar analysis is to be done to that carried out for standard gravity
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Chapter 1: Introduction

in Refs.[8, 9, 22] for the two teleparallel theories of gravity discussed above.

Once finalized this work will pave the way to a further analysis of f (T ) and f (Q)

gravity as is done in Ref.[23] for f (R) gravity where the merger of a binary black hole

system was studied. The conclusion of this study was that the distinction between

f (R) gravity and GR is large enough that LISA and other future detectors could

potentially be capable of accurate enough measurements to differentiate between the

two theories. Such simulations in teleparallel theories of gravity would potentially

allow us to narrow down the classes of possible theories in this regime thereby getting

us ever closer to a possible better understanding of gravity as a whole and the ways

through which it can be interpreted.

In order to obtain gravitational wave simulations in TEGR and STEGR it is first

necessary to develop what is called an ADM formalism for them. The ADM for-

malism was first introduced by Richard Arnowitt, Stanley Deser and Charles W.

Misner [24]. It was developed as a new way to approach the formulation of the field

equations in GR so that they may be evolved in time. The basis for this ADM

is what is know as the 3+1 formalism where four dimensional space time is sliced

into three dimensional surfaces called hypersurfaces with each slice occupying a par-

ticular time instance [22]. The formulation consists of four main equations. Two

are evolution equations along a temporal vector, one for the spatial fundamental

variable and one for the evolution of that fundamental variable. The second two are

constraint equations which relate the energy and the momentum of the considered

system to the fundamental variable and its evolution. This formulation is beneficial

as it is very suitable for generating numerical solutions from the field equations.

This can be used for various endeavors. Among the use cases, it is often used in

order to simulate gravitational waves from various sources [8, 9]. As of yet no ADM

or 3+1 formalism has been fully developed for teleparallel theories of gravity. Once

this is done it will serve as the much needed back bone for numerical calculations

within such theories making it an important contribution to the overall area.
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Chapter 1: Introduction

In order to set up the underlying mathematics needed for this, in Chapter 2 an

overview of teleparallel theories of gravity is given where the two theories’ origins

and development are discussed. The necessity and benefit for a tetrad formulation

in such theories that are built around torsion is explored with regards to TEGR.

The idea of a local spin connection as a separate second fundamental variable from

the view point of such theories is also addressed. With regards to STEGR and

non-metricity theories, the equation simplifying benefit of taking the metric as the

fundamental variable while also assuming the coincident gauge is explored. In both

TEGR and STEGR the field equations are considered and both their differences to

and their relationship with the GR field equations are discussed. Their equivalence

at the level of equations to the GR Field equations is also highlighted.

While the main focus of this work is to build the necessary framework for future

gravitational wave simulations in teleparallel theories of gravity, the more general

aim of the project is to open up the possibility for simulations to be carried out in

as large a number of extended theories of gravity as possible. As such the basis for a

3+1 formulation for a general affine linear connection while assuming non-metricity

is derived in Chapter 3. Keeping the connection general with non-metricty allows for

all curvature, torsion and non-metricity terms to survive. Another generalization

in this chapter is that both a metric and a tetrad 3+1 formulation are derived.

By the end, all possible definitions, relations and evolution equations (both tetrad

and metric) are obtained up to the point where field equations are necessary and a

connection needs to be chosen in order to move forward and obtain usable equations.

Such a fully generalized 3+1 formulation is beneficial as depending on the theory

of choice, one may choose whichever affine linear connection one needs and the

equations will simplify accordingly. This also allows for a consistency check by

taking the connection to be the Levi-Civita connection and confirming that the 3+1

metric formalism simplifies to the well known GR 3+1 and ADM formalism derived

6



Chapter 1: Introduction

in Refs.[8, 9, 22, 24]. This in fact is what is carried out in the first section of Chapter

4. In the second section of this chapter the Weitzenböck connection is considered

while assuming metricity and a tetrad 3+1 formulation is derived for teleparallel

theories while keeping spin zero. Finally both torsion terms and curvature terms

are taken to vanish while keeping non-metricity and assuming the coincident gauge.

This produces the STEGR evolution equations along with its correspoing constraint

equations. While the evolution equations in the GR and STEGR theories are derived

to their final form an issue with the finalization of the TEGR tetrad 3+1 formulation

is discovered and discussed.

In Chapter 5 the final STEGR ADM system of equations are considered and tested.

Their relationship and separation from the GR ADM equations are studied in more

depth even up to the most basic partial derivative versions of the evolution equations.

Known spatial solution to the GR evolution equations are then tested in order

to further confirm the viability of the derived STEGR system of equations. Here

these equations are tested using four standard spatial metrics. The Schwarzchild,

Isotropic, Painlev´e-Gullstrand and Kerr-Schild metrics are the ones considered.

Due to the fact that the equations being considered are non-hyperbolic, the BSSN

formulation for the STEGR ADM is derived eliminating all second order mixed

derivatives and restructuring the equations to a hyperbolic and well-posed form.

In the final chapter an overview of the results obtained is presented and a plan

for the future of this work is discussed. It is described how such a formalism can

be used in order to obtain gravitational wave simulations in a number of different

simulation programs some of which will have to be partly redeveloped in order to be

used for teleparallel theories of gravity. Among such programs will be the Cactus

Computational Toolkit. Cactus is an open source program for generating simulations

in areas varying form numerical relativity to fluid dynamics to quantum gravity. An

example of its use in generating simulations for gravitational waves can be found in

Ref.[25]. Here gravitational radiation simulations were carried out stemming from
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Chapter 1: Introduction

the collapse of neutron stars and rotating black holes. This toolkit has already been

built on the cluster, Dante, in the Institute of Space Sciences and Astronomy at the

University of Malta (ISSA) and a number of simulations, including a binary black

hole merger simulation has been carried out in GR. The results of this simulation

are also presented in Chapter 6.

Thus by combining theory and simulation it is the intention of this work to lead

to answers for the questions; Is there an alternative 3+1 formulation which is more

or just as beneficial to produce gravitational wave simulations as GR?; Do partic-

ular alternative theories of gravity predict the correct wave forms and mechanics

of gravitational waves induced by dense stellar mergers?; Do they predict the same

as GR?; If not, then what is causing the variation and does it coincide with actual

data?

Due to recent advances in technology such as the LIGO experiment and the proposed

LISA experiment, this is a very exiting time to be studying gravitational waves. As

time goes by, the use of gravitational waves will be at the forefront of astrophysical

event detection systems and observation projects. As such, it is very important that

they are studied holistically. The lack of evidence for exotic matter and energy make

alternative theories of gravity a strong contender in our quest for understanding the

Universe and we would be remiss if the resulting gravitational radiation aspects go

untested.

8



2 Teleparallel Theories of Gravity

In this chapter the two teleparallel theories of gravity within the geometric trinity

of gravity [26] are set up. Specifically the torsion- and non-metricity-based for-

mulations of gravity are considered. Through these formulations field equations

can be derived that are mathematically equivalent to the classical curvature-based

field equations one finds in General Relativity (GR). These two theories are the

Teleparallel Equivalent of General Relativity (TEGR) and Symmetric Teleparallel

Equivalent of General Relativity (STGR). The bases of these theories leading to the

field equations as well as any underlying nuances and equations are set up in order

to prepare for their eventual 3+1 decomposition in the following chapters.

2.1 Building the Geometric Structure for our Theories

While gravity is expressed through a different geometric construct in such theories

most of the fundamental elements that they are built on remain the same. Before

delving further into these differences it is important to define the properties of

a number of geometric entities such as the space-time manifold and the objects

through which it is expressed. These properties will also be useful later on in the

following chapters while developing the 3+1 formalism mentioned in the previous

9



Chapter 2: Teleparallel Theories of Gravity

Figure 2.1: This diagram represents a two dimensional representation of spacetime as
a manifold with the plane at the red dot representing the point’s tangent space Tp{M}

chapter.

A manifold,M, can be defined as a four dimensional, smooth and infinitely differen-

tiable surface on which all events take place and all mathematical entities discussed

in this work are bound to or inhabit. At each point p on the manifold a tangent space

can be defined composed of all vectors located at that point. This is denoted by

Tp{M} and is illustrated graphically in Fig.(2.1). It should be noted that the graphic

is simply a example of this notion where a two dimensional manifold is viewed from

a three dimensional space. The set of all tangent spaces from all points constructs

the tangent bundle for that manifold, T {M}. For each tangent space Tp{M}, a dual

vector space exists, T ∗p {M}. This is composed of all linear maps from the tangent

space to the real number set or, more mathematically, it is composed of all vectors

such that for each vector Vµ in Tp{M} there exists a dual vector wµ in T ∗p {M} that

maps wµ(Vµ)→ �. The vector spaces are each defined through their own set of basis

vectors that will be the backbone of all the measurements and calculations carried

out on the vector space themselves as well as the manifold [27].

The basis vectors for a vector space are the smallest set of independent vectors

10
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through which all vectors in the vector space can be built. While in general any

minimal set of vectors with the above properties can be used as a basis, here it

is convenient to link the basis to the coordinate system being used for the sake

of physical interpretation. The basis for the tangent space can thus be defined as

∂µ = ∂/∂xµ and those for the dual or co-tangent space can be defined as dxµ. Here

the relationship between the basis vectors and the coordinate system is evident as

they are operators with respect to the coordinate system coordinates xµ themselves.

These basis are intentionally designed to be orthogonal to each other and together

produce the delta tensor dxµ(∂ν) = δ
µ
ν .

Finally it is necessary to define an entity which is built to measure the distances

between objects on the manifold. This entity is of course the metric tensor tied to

this manifold and is denoted by gµν. The metric tensor is used to contract vectors and

co-vectors together while also having properties such as gµνgµχ = δνχ and gµνgµν = 4

when constructed on 4 dimensional space times [27, 28].

GR was originally formulated in order to accommodate for the lack of accelerating

frames in special relativity and by extension, through the strong equivalence princi-

pal, the gravitational effects [29]. One did not replace the other but simply matures

it to incorporate a broader spectrum of events. In one way or another this must

also be true for our alternative theories. Vectors, dual vectors and events inhabiting

and/or taking place on our manifold must interact with the gravitational fields in

a global sense while at the same time originating from a local, inertial, special rel-

ativistic space. The local space is in essence a tangent space of the manifold in its

own right. The local vector spaces will play an integral part in this work especially

when considering torsional gravity and tetrad formulations.

It is now necessary to find a way to distinguish between local and global vectors

and tensors. From this point on-words Greek indices will be used to denote global

entities and capital Latin indices will be used to denote local entities. These local

11
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spaces must also have basis vectors of their own which are defined as ∂A = ∂/∂xA

and dxA, mirroring the global basis vectors discussed earlier these are called non-

coordinate basis [30]. These basis vectors are also orthogonal in their own right.

The metric that will be used for these local spaces needs to be a flat/inertial metric.

While any inertial metric can be chosen, for the sake of simplicity the Minkowski

metric, ηAB, will be used as the local metric throughout this work.

Having defined all the necessary basis vectors of the individual local (inertial) and

global (non-inertial) frames, the tensor that maps vectors and tensors to and from

each kind of frame can be defined. This mapping tensor is known as the tetrad.

It can also be referred to as a vierbein (four-legged) if a four dimensional space is

being considered or vielbine (manny-legged) if it is many dimensional [30]. This

tensor is denoted by eA
µ, where the first index is always a local one and the second

is always a global one. In reality we need to define two tensors, one that maps the

tangent vector fields and one that maps the cotangent vector fields to their inertial

counterparts. Fortunately, these turn out to be each other’s inverses in that their

contraction results in the delta function [28]

eA
µeA
ν = δνµ, (2.1)

eA
µeB
µ = δA

B.

The tetrad allows us to obtain the local basis from the global ones, that is, dxA =

eA
µ
dxµ and ∂A = e µ

A ∂µ, and vice versa. These tetrads are considered fundamental

variables and in fact can be used to build the global metric from the local inertial

Minkowski metric. This is done by contracting each of the two free local indices of

the Minkowski metric with a separate tetrad as depected in Fig.(2.2)

gµν = ηABeA
µeB
ν. (2.2)

Physically the tetrads represent the observer [31] but unfortunately these conditions

12
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Figure 2.2: This diagram represents the mapping of the global metric on the manifold
to the local Minkowski metric on the local frame through tetrad contraction

are not enough to define a unique form of the tetrad. As such there is an element

of choice when it comes to choosing a tetrad that produces a particular metric. In

fact, there are an infinite number of tetrads that can build the same global metric

from the Minkowski metric.

An important operator to define in any theory is the derivative related to the man-

ifold. In the case of scalar tensors the partial derivative is enough but when consid-

ering vectors or tensors this is not the case. Due to the fact that non-inertial and

non-flat space-times are being considered, it is not possible to simply use the partial

derivative. This derivative would thus also need to account for coordinate systems

that are built around flat, non-constant metrics. For example, spherical coordinates

in flat space. A new derivative called the covariant derivative is thus constructed

that is capable of accounting for the departure from the inertial frame, flatness and

the Minkowski metric. An integral part of the covariant derivative is the connec-

tion Γνλ µ. This is a general connection without any ties to any theory. The only

assumption made here is that it is an affine connection, that is, it relates vectors as

13
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they are parallel transported over the various charts making up the manifold. The

connection is tied directly to the geometric method being used to define variations

on the manifold and the metric and so its definition is dependant on which theory

is being considered. Throughout this work however, we adopt the following gen-

eral convention when taking the covariant derivative of any vector, dual vector and

tensor so long as the connection is affine [28]

∇µVν = ∂µVν + Γνλ µVλ, (2.3)

∇µwν = ∂µwν − Γλν µwλ. (2.4)

Since the connection is not generally symmetric on the bottom two indices, the

choice of placing the derivative index as the final, bottom index of the connection is

significant and should be considered a convention throughout this work. In the case

of GR this is irrelevant due to the Levi-Civita being symmetric however this is not

generally so and is certainly not so in the case of Teleparallel gravity.

When considering tetrad formulations another necessary ingredient is the spin con-

nection, ωB
Aµ [28, 32]. In the general case, and even in most specific theories, the

tetrad/spin pair cannot be fully determined through the metric and the global con-

nection. Similarly to the global connection it is not a tensor and its litteral defini-

tion depends on the theory being considered. The spin connection mainly arises as

a result of the covariant derivative being applied to vectors/tensors that have local

indices. In general for a tensor AA
ν

∇µAA
ν = ∂µAA

ν − Γλν µAA
λ + ω

A
B µA

B
ν. (2.5)

In the case of teleparallel theories the connection is fully inertial and is defined in

such a way that it accounts for the local Laurence invariance of a theory built on

tetrads as the fundamental variable. As seen in Ref.[15], in such theories the metric

is invariant when the composing tetrad is transformed by a local laurentz matrix
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ΛA
B that satisfies ηABΛ

A
CΛ

A
D = ηAB, that is, it preserves flatness. It should be noted

that the global connection is not invariant under such a tetrad transformation unless

the spin connection is also transformed as

ωA
Bµ → ω‘A

Bµ = Λ
A

C(Λ−1)D
B ω

C
Dµ + Λ

A
C∂µ(Λ−1)C

B. (2.6)

This indicates that the tetrad spin pair are unique up to a laurentz transformation.

The reason we have built this general geometric structure for our theories both on

the metric and the tetrad is that they can both be used as fundamental variables.

The choice of which variable to move forward with depends on which theory one is

interestied in developing, that is, what connection is chosen. In the case of curvature

and non-metricity based theories such as GR and STGR the metric tensor is usually

taken to be the fundamental variable. In the case of torsional gravity theories like

TEGR there is no choice in the matter. The TEGR connection, the Teleparallel

connection and, by extension, the torsion tensor cannot be expressed purely in

terms of the metric and so torsional theories have to be built around the tetrad as

their fundamental variable. Independent of which fundamental variable is chosen

or needed these theories each lead to field equations which can be used in order to

solve for the fundamental tensor’s components. These equations are fundamental for

building the final 3+1 system of equations and will be expanded on in the following

sections of this chapter.

2.2 Teleparallel Equivalent of General Relativity

In 1915 Albert Einstein propelled our understanding of gravity forward through

his theory of General Relativity. After this, one of his major endeavours was to

unite gravitation and electromagnetism. Unfortunately, he did not manage to fulfill

this work during his life time. One method that he attempted introduced torsional
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terms to which he tried to relate the electromagnetic tensor. While this was not

successful, the torsion tensor was eventually used to build a separate theory of

gravity. TEGR, or the teleparallel equivalent of GR, expresses gravity on a four

dimensional space-time manifold through torsion rather than curvature as is done

in GR. This can be seen visually in Fig.(2.3) [15]. In this theory the torsion tensor

is used in order to build field equations that relate masses, energy densities and the

space-time geometry in a way that is equivalent to GR resulting in the same exact

results [31, 28, 33].

Similar to how GR is built on the Levi-Civita connection, torsional theories of gravity

are built on the Teleparallel connection,
∧
Γλµν. This new connection is torsion full and

curvature free, that is, all curvature based tensors identically vanish when written

through this connection
∧
Rρ σµν ≡ 0 . (2.7)

The connection itself is built on two fundamental dynamical variables, that is, the

tetrad and the spin connection and can be defined as

∧
Γλµν := eA

λ∂νeA
µ + eA

λeB
µω

A
Bν . (2.8)

While in the general case the two fundamental variables are independent of each

other, in teleparallel theories the two form a fundamental pare. In such cases the spin

connection is tied to the tetrad if the theory is to be Lorentz invariant. Unfortunately

there is no way that is currently known to express the spin connection purely in

terms of the tetrad itself. This introduces the possibility of obtaining two sets

field equations by varying the Lagrangian both with respect to the tetrad and with

respect to the spin. It turns out that in the case of torsional theories the spin

field equations are identical to the antisymmetric part of the tetrad field equations,

further emphasizing the link between the variables. The choice of spin connection

is thus treated as a gauge choice determined by the choice of tetrad. Two types of
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Figure 2.3: This diagram represents the different deformation of space time as pro-
duced through theories built around curvature and torsion.

tetrads are thus defined, proper tetrads, whose associated spin connection vanishes,

and improper tetrads whose spin connection is non-vanishing and contributes to the

overall theory [32].

Both in torsional and curvature based theories the covariant derivative of the metric

is considered to be zero. This property is called metricity and it ensures that the

definition of the metric is invariant across the considered space-time. This is also the

property through which the Levi-Civita is defined in GR. Similarly, the Teleparallel

connection in TEGR is defined by setting the covariant derivative of the tetrad equal

to zero while setting the vanishing curvature constraint. That being said, assuming

a vanishing
∧
∇λea

µ does not necessarily imply metricity. Expanding the covariant
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derivative of the metric while taking the local metric to be the minkowski metric

∧
∇λgµν =

∧
∇ληABeA

µ
eB
ν

(2.9)

= eA
µ
eB
ν

∧
∇ληAB + ηABeB

ν

∧
∇λeA

µ
+ ηABeA

µ

∧
∇λeB

ν

= eA
µ
eB
ν

∧
∇ληAB + 0 + 0

= eA
µ
eB
ν
(∂ληAB − ωC

A ληCB − ωC
B ληAC).

it is noted that if metricity is required then the spin connection needs to necessarily

be anti-symmetric on the first two indices, ωBAλ = −ωABλ. A specific instance that

also satisfies metricity is choosing proper tetrads which results in a vanishing spin

connection. For the sake of simplifying the calculations, throughout this work only

proper tatrads are considered in relation to torsional gravity, resulting in zero spin

connection and metricity.

The next step in building our theory is to introduce the gravitating tensors respon-

sible for relating gravity to geometry. Taking a general covariant derivative, ∇, and

a general connection, Γλµν, the general form of the gravitating tensors for GR and

TEGR can be defined. In the case of GR this tensor is know as the Riemann tensor,

Rµ νσρ, and in TEGR the gravitating tensor is the torsion tensor T λ
µν

. Starting from

the commutator of such a general covariant derivative one obtains [31, 27]

∇[ν∇µ]Vλ = Tσµν∇σVλ + VσRλσνµ , (2.10)

∇[ν∇µ]Vλ = Tσµν∇σVλ + VσRσλµν , (2.11)

where Vν and wν are a vector and a dual vector respectively. From this, the following
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general definitions follow [28]

R ρλνµ = ∂νΓ
ρ
λµ − ∂µΓ

ρ
λν + Γ

ρ
ανΓ
α
λµ − ΓραµΓαλν , (2.12)

T λµν = Γ
λ
νµ − Γλµν . (2.13)

In GR the Levi-Civita is chosen to be the connection leading to a curvature full and

torsion free theory, due to it being symmetric in the bottom two indices

◦
R ρλνµ = ∂ν

◦
Γ
ρ
λµ − ∂µ

◦
Γ
ρ
λν +

◦
Γραν

◦
Γαλµ −

◦
Γραµ

◦
Γαλν , (2.14)

◦
T λ
µν
= 0. (2.15)

In TEGR the Teleparallel connection is chosen producing a torsion full and curvature-

less theory

∧
Rµ νσρ = 0, (2.16)

∧
T λµν =

∧
Γλνµ −

∧
Γλµν. (2.17)

The Torsion tensor is thus always antisymmetric in the bottom two indices [31].

Finally we define what is called the tortion vector. This vector is the result of

contracting the first index of the torsion tensor with its last,

∧
Tµ =

∧
T λ
µλ
= δνλ

∧
T λ
µν
. (2.18)

As discussed in the previous section, TEGR is equivalent to GR at the level of

equations but it is not geometrically equivalent in terms of the ingredients that

lead up to the field equations. It also paints a completely different picture of the

gravitational phenomena it treats.

A pivotal term in any theory is the Lagrangian on which the action is applied. In
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the case of torsional gravity, and more particularly TEGR, this term is the torsion

scalar. In order to derive this scalar, the departure of the Teleparallel connection

from the Levi-Civita connection is first considered. The resulting tensor is called

the contortion tensor and can also be written purely in terms of the torsion tensor

∧
Kσ µν :=

∧
Γσµν −

◦
Γσµν (2.19)

=
1
2

( ∧
T σ

µ ν +
∧
T σ
ν µ −

∧
Tσ µν

)
. (2.20)

Finally the superpotential tensor is defined as

∧
S µν

A :=
∧
Kµν A − e ν

A

∧
Tαµ α + e µ

A

∧
Tαν α . (2.21)

This tensor is related to the guage current for teleparallel gravity JA
ν = −1

e
∂L
∂eA
ν

through the field equations discussed below. This particular form of the superpo-

tential is usefull as contracting it fully with the torsion tensor gives the torsion scalar

discussed above

∧
T :=

1
2
∧
S µν

A

∧
T A
µν
, (2.22)

=
1
4
∧
T a
µν

∧
Ta
µν
+

1
2
∧
T a
µν

∧
T νµa −

∧
T a
µa
∧
T νµν. (2.23)

It should be noted that changing the coefficients in front of the quadratic torsion

tensor terms gives a modified teleparallel theory of gravity called New General Rel-

ativity [34]. In this theory the coefficients are usually kept as unknown constants

and fit according to real-world data in an attempt to produce a theory which is

better suited to explain certain phenomena that GR, and by extension TEGR, fail

to predict. Another way to modify TEGR is through taking functions of the torsion

scalar as described in Eq.(2.22). This theory is called f (T ) gravity [16, 35, 36].

Having obtained the relevant Lagrangian for TEGR, the essence of the difference
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between GR and TEGR, and the reason for the equivalence despite of this difference,

can be discussed. Starting from the relationship between the Ricci scalar (the GR

Lagrangian), R, and the torsion scalar, T , the equivalence will be traced down to

the field equations themselves.

Basing the action on the torsion scalar gives

STEGR = −
1

2κ2

∫
d4x e

∧
T +

∫
d4x eLm , (2.24)

where κ2 = 8πG, Lm is the matter Lagrangian and e = det eA
µ
=
√−g. Unlike in GR

where the Lagrangian is varied with respect to the metric, in TEGR it is varied with

respect to the tetrad. This is done in order to produce the tetrad field equations

from this action. As discussed above one may also carry out the variation with

respect to the spin connection but since it only results in the antisymetric part of

the tetrad field equations this is redundant.

The most common representation of the field equation in TEGR is given by [37, 31,

32]

◦
Gµν ≡

∧
Gµν := e−1eA

µgνρ∂σ(e
∧
S a
ρσ) −

∧
S B
σ
ν

∧
T B
σµ (2.25)

+1
4

∧
Tgµν − eA

µω
B

Aσ
∧
S Bν

σ = κ2Θµν ,

where Θασ = 8πTµν, such that Tµν is the energy momentum tensor. Of course at this

point the spin connection still has not been set to vanish and so appears in the field

equations.

Setting the spin to zero, which is also know as taking the Weitzenböck gauge, and

taking into consideration the anti-symmetric properties of the torsion tensor, the

contortion tensor and the Superpotential, the field equations above can be expanded

to a more convenient form. The new form for the field equations given below is usefull

21



Chapter 2: Teleparallel Theories of Gravity

when considering the equivalence between GR and TEGR

1
2

gασ
∧
T −

∧
S λβσ

∧
Kβλα −

◦
∇λ

∧
S αλσ = Θασ. (2.26)

It is now noted that contracting the first and last indices of the Superpotential gives

∧
S σµσ = 2

∧
Kσµσ = 2

∧
Tσµσ. (2.27)

Using this observation and by re-writing the Riemann tensor in terms of the con-

tortion tensor one can re-formulate the field equations as

◦
Rσα =

1
2

gασ
( ∧
T +

◦
R
)
−

∧
S λβσ

∧
Kβλα −

◦
∇λ

∧
S αλσ. (2.28)

This explicitly shows the equivalence between the GR and TEGR field equations

[37].

Through the knowledge that these two Lagrangians produce equivalent equations

[31] one can easily determine that they are related through a boundary term [35]

◦
R(e) = −

∧
T + B, (2.29)

where B = 2
e∂µ

(
e
∧
T λ
λµ

)
= 2

◦
∇µ

∧
T λ
λµ

is the boundary term. This implies that if one

takes −
∧
T + B as the Lagrangian, then the variation will produce the exact field

equations produced through the Einstein Hilbert action that uses the Ricci scalar.

It turns out that the form of the field equations givien in Eq.(2.26) is very convenient

when it comes to deriving the 3+1 for TEGR and so will be the one considered in

the following chapters.

As was hinted at before, TEGR can be extended to other theories of gravity by

taking functions of the torsion tensor as the Lagrangian. Namely this is known

f (
∧
T ) gravity and is an analogue to the f (

◦
R) class of theories [38, 39] that extend
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the Einstein Hilbert action. When considering f (
∧
T ) gravity, the equivalence relation

that was discussed with respect to GR and TEGR is lost. That is, a particular f (
∧
T )

function does not necessarily produce equivalent field equations to those produced

by the same f (
◦
R) function. This results from the fact that not all functions are

distributive over addition [16], so f (
◦
R) = f (−

∧
T + B) is not necessarily equal to

f (−
∧
T ) + f (B). The reason why f (

∧
T ) theories are of particular interest is that out of

the three possible extended Lagrangians, namely those of
◦
R,

∧
T and B, f (

∧
T ) is the

only one that produces second-order field equations [16, 35, 36].

In this case, the action for an arbitrary function of the torsion scalar, f (T ), is given

by

S =
1
4κ

∫
d4x e f (

∧
T ), (2.30)

where κ = 1
4πG and e = det eA

µ
=
√−g. Here −g is the determinant of the global

metric tensor. When varied with respect to the tetrad the following field equations

for f (
∧
T ) gravity result[31]

E µ
A ≡ e−1 f ∧

T
∂ν

(
e
∧
S µν

A

)
+ f ∧

T
∧
T
S µν

A ∂ν
∧
T

− f ∧
T

∧
T B
νA

∧
S νµ

B +
1
2

f (
∧
T )e µ

A = κ̃Θ
µ

A , (2.31)

where Θ µ
A ≡ 8π

∧
T
ν

A and f ∧
T

and f ∧
T
∧
T

denote the first and second derivatives of f (
∧
T )

with respect to
∧
T .

Taking f (
∧
T ) = −

∧
T reduces the field equations, Eq.(2.31), to the TEGR ones discussed

above. Similarly to f (
◦
R), a lot of investigations have been carried out considering

various functions of the torsion scalar. While the f (
∧
T ) field equations are generally

difficult to solve analytically for the fundamental variable being considered, due to

being second order they are easier to solve numerically when compared to their

forth-order counterparts.
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While f (T ) gravity is not considered explicitly in this work, it is the scope of this

project to build a basis for deriving various 3+1 formalisms in extended theories

of gravity that in the long run might lead to significant numerical results that will

shape our understanding of the fabric of space time and gravity as a whole.

2.3 Symmetric teleparallel equivalent of general relativity

Having thoroughly described gravitation through curvature and torsional geome-

tries, all that is left is to consider the third and final geometric deformation entity,

non-metricity. In this case gravity is purely expressed through the non-metricity

tensor while all torsional and curvature terms vanish. While in all other theories

the covariant derivative of the metric is taken to be zero, this is not the case in

STEGR. In this theory the length of a vector that is being parallel transported

along the manifold tied to the metric is non-uniform as seen in Fig.(2.4) [26, 15].

This non-metricity tensor is thus defined through the covariant derivative of the

inverse metric
⋄

Qλµν :=
⋄
∇λgµν . (2.32)

This tensor can be related to the covariant derivative of the metric itself through

⋄
Q µν
λ = −

⋄
∇λgµν , (2.33)

and hence
⋄

Qαµν = −gαβ
⋄
∇βgµν. Through this we identify the metric as the fundamental

variable in this theory. This provides us with a theory that is less of a conceptual

leap form GR than TEGR was.

Having defined all three geometric entities that can individually be used to express

the extent of space time deformation, that is, gravity, it is important to study what

links them. The trinity of gravity can be characterized through the definition of a
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Figure 2.4: This diagram represents the deformation of space time as produced
through theories built around non-metricity.

general linear affine connection that is given by [40, 41]

Γα µν =
◦
Γα µν +

∧
Kα µν +

⋄
Lα µν , (2.34)

where
⋄
Lα µν represents the disformation tensor which embodies the contribution of

the non-metricity tensor [42, 43] in the connection. This tensor is defined as

⋄
Lα µν :=

1
2

gλα
(
Qλµν − Qµλν − Qνλµ

)
. (2.35)

The disformation tensor shares a number of characteristics with GR’s Levi-Civita

connection including the symmetry in the final two indices. The link between these

two will be made clearer later on in this section.

While, in general, STG has all the three gravitating tensors, curvature, torsion and

non-metricity, the class of STG being considered in this work is one with vanishing

curvature
⋄
Rρ σµν ≡ 0 , (2.36)
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and vanishing torsion
⋄
T ρµν ≡ 0 . (2.37)

In order to satisfy this condition a specific class of connections are considered, of

which the most general symmetric teleparallel connection is

⋄
Γαµν :=

∂xα

∂ξσ
∂2ξσ

∂xµ∂xν
, (2.38)

where ξσ = ξσ(x) is an arbitrary function of spacetime position. One specific case

within this class is derived from vanishing connection components through the co-

ordinate transformation

xµ → ξµ(xν) . (2.39)

In this particular case, the connection (2.38) can be shown to be purely a gauge con-

nection. This implies that it is always possible to find a coordinate transformation

where the connection components vanish. This specific case is called the coincident

gauge [43] and will be the gauge considered during this work. It is chosen as it is

useful in simplifying all equations involved in the 3+ 1 derivation carried out in the

following chapters.

Having established the necessary building blocks of this geometric method it is pos-

sible for theories to be constructed based on the disformation tensor alone such that

the gravitational effect is communicated through the non-metricity tensor rather

than torsion or curvature. One specific theory that will be considered in this work is

STGR, the Symmetric Teleparallel Equivalent of General Relativity. As the name

suggests, this is equivalent to GR at the level of equations analogously to how TEGR

was also equivalent. In this theory the Lagrangian is taken to be

⋄
LSTEGR =

√−g
16πG

⋄
Q , (2.40)
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where the non-metricity scalar
⋄

Q is defined as

⋄
Q = gµν

( ⋄
Lα βµ

⋄
Lβ
να
−
⋄
Lα βα

⋄
Lβ
µν

)
. (2.41)

In order to explicitly see the equivalence between STGR and GR the Einstein-Hilbert

Lagrangian can be rewritten in terms of the Levi-Civita connection as [44]

◦
LEH =

√−g
16πG

◦
R =

◦
LE +

◦
B , (2.42)

where LE is constructed by the Levi-Civita connection and represents the Einstein

Lagrangian contribution [45] and is defined as

◦
LE :=

√−g
16πG

gµν
(
◦
Γα βµ

◦
Γ
β

να
−

◦
Γα βα

◦
Γ
β

µν

)
. (2.43)

Here the boundary term is defined by

◦
B =

√−g
16πG

(
gαµ

◦
∇α

◦
Γνµν − gµν

◦
∇α

◦
Γαµν

)
, (2.44)

which is a total divergence term and therefore vanishes when deriving the field

equations using this Lagrangian. The significance of the Einstein-Hilbert Lagrangian

is that it completes the Einstein Lagrangian by including the boundary term
◦
B which

renders the theory covariant [40].

Assuming the coincident gauge such that the connection vanishes (
⋄
Γα µν ≡ 0) has a

number of consequences on the theory. As was previously mentiond all curvatrue

and torsion terms identically vanish, however, another significant consequence is

that the covariant derivative becomes identical to the ordinary partial derivative

⋄
∇µ → ∂µ. (2.45)

From this it follows that the non-metricity tensor is simply the partial of the metric
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leading to the disformation tensor being simply the negative of the Christoffel symbol

⋄
Lα µν = −

◦
Γα µν . (2.46)

Through this we have proven that the field equations of the STEGR Lagrangian

must produce equivalent field equations as GR even though it uses the non-metricity

tensor as the geometric entity to describe the deformation of space time [46]. Hence,

GR and STEGR turn out to be dynamically equivalent, as was the case with TEGR

and GR.

The Einstein Lagrangian Eq.(2.43) needs the boundary term defined in Eq.(2.44) in

order to preserve its invariance under diffeomorphism. STGR on the other hand

stays diffeomorphically invariant even when undergoing an arbitrary coordinate

transformation of the Lagrangian Eq. (2.40), without the need for a boundary term.

This is a general property of the theory and is not dependant on the coincident gauge

being chosen [47, 48]. The STGR action can thus be though of as another method

to covariantize the Einstein action, similar to how the Einstein-Hilbert action makes

it covariant. The difference is that the Einstein-Hilbert action accomplishes this by

adding a boundary term and STEGR achieves the same thing by making the shift

to a symmetric teleparallel action based on the non-metricity tensor.

Having reviewed the Lagrangian for this theory extensively the STGR action is thus

given by [49, 50]

S G =

∫
d4x

[ √−g
2κ2

⋄
Q +
√−gLm

]
, (2.47)
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which naturally leads to the conjugate to the STEGR Lagrangian

⋄
Pα µν :=

1
2
√−g

∂
(√−g

⋄
Q
)

∂
⋄

Q µν
α

=
1
4
⋄

Qα µν −
1
4
⋄

Q α

(µ ν) −
1
4

gµν
⋄

Qαβ
β
+

1
4

[
⋄

Q βα

β gµν +
1
2
δα (µ

⋄
Q β

ν) β

]
. (2.48)

This tensor provides us with an alternative way to describe the non-metricity scalar

as
⋄

Q = −
⋄

Qαµν
⋄
Pαµν [51]. Taking the variation of this action with respect to the

fundamental variable, in this case the metric tensor, the field equations for this

theory are finally derived and are given by [49, 52]

2
⋄
∇α

(√−g
⋄
Pα µν

)
− qµν −

√−g
⋄

Q
2

gµν = κ2
√−gΘµν , (2.49)

where

1
√−g

qµν =
1
4

(
2
⋄

Qαβµ
⋄

Qαβ
ν
−
⋄

Qµαβ
⋄

Q αβ
ν

)
− 1

2
⋄

Qαβµ
⋄

Qβα
ν

(2.50)

− 1
4

(
2
⋄

Q β

α β

⋄
Qα µν −

⋄
Q β

µ β

⋄
Q β

ν β

)
+

1
2
⋄

Q β

β α

⋄
Qα µν .

In general STG the connection is independent of the metric and thus the Lagrangian

also needs to be varied with respect to the connection itself producing independent

connection field equations. These equations are related to the hypermomentum ten-

sor in much the same way as the metric field equations are related to the energy

momentum tensor. Further to this similarity, the hypermomentum tensor is a prod-

uct of varying the matter Lagrangian with respect to the connection. That being

said, choosing the coincident gauge trivially satisfies the connection field equation

and the assumption of a vanishing hypermomentum [50] leading to

⋄
∇µ
⋄
∇ν

(√−g
⋄
Pµν α

)
= 0 . (2.51)
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Together, the metric field Eqs.(2.49) and connection field Eqs.(2.51) represent the

total DoFs of the dynamics in STEGR. Through these field equations the final

evolution equations and constraint equations of the 3+1 formalism in STGR will be

derived in the following chapters.
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3 A 3+1 Formulation for a General Linear

Affine Connection Without Metricity

In this chapter a rigorous analysis of the 3+1 formalism is carried out. Two new

formalisms are constructed, one tetrad based and one metric based, each of which is

built around a general affine connection without assuming metricity. All equations

considered in this chapter that are based on this general connection will have curva-

ture, torsion, spin and non-metricity terms present. Due to the fact that no specific

connection is chosen no geometric entity vanishes, this is left for Chapter 4 where

specific connections like the Levi-Civita connection and the Teleparallel connection

are considered.

Through the further development the 3+1 formalism of the two fundamental vari-

ables, it is shown that that the metric and tetrad variants are consistent and one can

successfully derive the metric formulation through the tetrad one. Before starting

with the derivations some further clarification of notation is required. Primarily

terms such as 3-vector and 3-tensor, and equivalently spatial vector and spatial ten-

sor, refer to 4-dimensional entities mapped onto a 3-dimensional plane or foliation.

They should not be confused with the spatial part of a tensor where the temporal

columns and rows are omitted. From this point forward 3-tensors that have the same
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symbol as their space-time counterparts will be denoted with a (3) superscript or

subscript, eA(3)
ν . Finally, purely local tensors will be denoted with a ‘ ˜ ’ annotation,

for example ñA.

3.1 Basic Definitions

In order to build the foundation for the formalisms that are going to be developed

later on in this chapter, a number of definitions are presented in this section. The

main interactions between the fundamental elements of the formalisms are also de-

rived.

To start a 4-dimensional global space time manifold M is defined. A metric gµν

associated with this manifold, built from a tetrad ea
ν is also defined such that

gµν = ηABeA
µe

B
ν. (3.1)

It is assumed that the manifold from our manifold-metric pair, (M,gµν), can be

foliated into non-intersecting spacelike 3-surfaces denoted by Σ as can be seen in

Fig.(3.1). Each of these hypersurfaces are thus a level spatial surface at an instant

of some scalar function which we call “t” out of convenience. This scalar function

is taken to be the global time function and thus the foliations become vector spaces

containing all spatial vectors and co-vectors at an instant in time.

Having defined the spatial entities on which our formulation will be defined, it

is equally as important to develop their temporal counterpart. Given a singular

temporal dimension, the one form Ων is defined as the covariant derivative of the

time function defined above, ∇νt. Out of convenience the vector is then normalised
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n

t2

t1

t0

Σ2

Σ1

Σ0

Figure 3.1: This diagram represents the foliation of the manifold into non-intersecting
spacelike 3-surfaces. The arrow is pointing towards the direction of increasing time.

by finding its norm through

|Ω|2 = gµν∇µt∇νt (3.2)

= g00

= − 1
α2 ,

where α is the lapse function and ∇µ is the general covariant derivative. The lapse

function can be interpreted as the temporal separation between one foliation and

the next. It is also the main term in the temporal coefficient of the metric tensor,

g00. Due to the sign of the one form’s magnitude, the lapse function is taken to be

positive in order to preserve the negative of Ων resulting in it being timelike and all

hypersurfaces, Σ, everywhere spacelike.

The general covariant derivative used to define the above one form is associated
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with the general affine connection, Γνρλ, defined in chapter 2. It is recalled that this

derivative also adheres to non-metricity [52, 49]

∇λgµν =Qλµν , (3.3)

∇λgµν = − Qλµν , (3.4)

where Qλµν is the non-metricity tensor.

When considering a tensor with mixed indices, say Aaν
bµ, the following covariant

derivative convention will be adhered to throughout this work

∇λAAν
Bµ = ACρ

Bµω
A

Cλ + AAρ
BµΓ

ν
ρλ (3.5)

− AAρ
Cµω

C
Bλ − AAν

BρΓ
ρ
µλ .

Here ωA
Cλ is the spin connection tied to the local frame.

Dividing the one form Ω by its norm, the unit normal vector to the foliations as well

as its inverse/co-vector are defined as

nν := −αΩν, (3.6)

nν := −gµν(αΩµ) (3.7)

= −gµν(α∇µ(t)) ,

such that

nνnν = −1 . (3.8)

The normal vector and co-vector are defined as can be seen in Eqs. (3.6, 3.7) so that

their contraction produces a negative sign. This sign aligns the normal towards the

direction of increasing time [22].
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The normal vector and co-vector can be expressed at the level of components in

terms of the lapse function α and the shift vector β as in standard gravity [8, 22],

nµ = (−α, 0, 0, 0) , (3.9)

nµ =
(

1
α
,−1
α
βi

)
. (3.10)

In order to fully split the manifold into its purely spatial and temporal parts, the

normal vector can be used to define the spatial metric, or 3-metric, on the global

foliation Σ as

γµν =gµν + nµnν , (3.11)

γµν =gµν + nµnν . (3.12)

A consequence of this metric – inverse metric pair is the spatial mapping tensor

that maps tensors on the manifold (M,gµν) onto the spatial plane. This tensor can

be derived through contracting the spatial metric with the inverse metric gµνγλµ

resulting in the following relation

γµν = δ
µ
ν + nµnν . (3.13)

Analysing the terms of this tensor one may be tempted to think of it as the spatial

delta or 3-delta. This notion is correct up to a point. This tensor does exhibit the

usual properties of a delta tensor when contracted with spatial tensors and vectors.

That being said, this stems from its decomposition terms rather than it necessarily

being an identity matrix. Expanding such a contraction, γµνVν(3) = δ
µ
νVν(3) + nµnνVν(3),

one observes that delta-like properties stem from the orthogonality of spatial tensors

and vectors with the normal vector. As is demonstrated below, once Eq.(3.13) is

observe at the level of component it is shown that it has off diagonal temporal
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components, similar to the inverse spatial metric.

γµν =

 0 0

0 γi j

 , (3.14)

γµν =

 βkβk βi

β j γi j

 , (3.15)

γµν =

 0 βi

0 γi
j

 . (3.16)

Using the the above matrices and Eqs. (3.11 – 3.13) it is possible to derive the

standard space-time metric and inverse metric components

gµν =

 − 1
α2

1
α2β

i

1
α2β

i γi j − 1
α2β

iβ j

 , (3.17)

gµν =

 −α2 + βkβk βi

β j γi j

 . (3.18)

The following relations are some useful consequences of the previous definitions that

will be utilized throughout the following derivations

γµλγλν = γ
µ
ν , (3.19)

γµνV
(3)
µ = V (3)

ν , (3.20)

nµV (3)
µ = 0 , (3.21)

nµγµν = 0 . (3.22)

Now that the global manifold, all its components and fundamental variables have

been defined, it is important to consider an inertial/local manifold which will be de-
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noted by M̃. Along with its associated metric, which we choose to be the Minkowski

metric ηab, the non-intersecting spacelike local 3-surfaces Σ̃ are defined. Similar to

before, the normal vector to the local foliations ña and the the local spatial metric

γ̃ab can also be defined.

Since non-metricity is being assumed, the covariant derivative of the Minkowski

metric is non-zero in this case. This results in the following relationship

∇ληAB = ∂ληAB − ηCBω
C

Aλ − ηACω
C

Bλ (3.23)

= −ηCBω
C

Aλ − ηACω
C

Bλ .

In theories with metricity, the above relationship would result in the antisymmetry

of the spin connection in its first two indices.

Through the choice of the Minkowski metric as the local/inertial metric, it is possible

to show that the local normal and its inverse are the constant vectors

ñA =

(
−1 0 0 0

)
, (3.24)

ñA =

(
1 0 0 0

)
. (3.25)

This comes about through the fact that for an inertial frame the lapse function is one

and the shift vector is a zero vector. That being said, if a different local coordinate

system were to be chosen, such as a spherical coordinates, then the normal vector ñA

would again be dependant on the local spatial shift vector β̃ĩ, just like the standard

global one [8].

Having defined the necessary global and local frames as well as their 3+1 spatial

and temporal splits, it is possible to reintroduce the tetrad and attempt to define

an equivalent form to Eqs. (3.17, 3.18) for it.
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Using Eq. (3.1) as a starting point we get that

gµν =

 e0̃
0e0̃

0η0̃0̃ + eĩ
0e j̃

0ηĩ j̃ e0̃
ie0̃

0η0̃0̃ + eĩ
ie j̃

0ηĩ j̃

e0̃
0e0̃

jη0̃0̃ + eĩ
0e j̃

jηĩ j̃ e0̃
ie0̃

jη0̃0̃ + eĩ
ie j̃

jηĩ j̃

 . (3.26)

Comparing this to Eq. (3.18), we get that

e0̃
ie0̃

jη0̃0̃ + eĩ
ie j̃

jηĩ j̃ = γi j . (3.27)

If one were working in a 3-dimensional setting Eq. (3.1) would reduce to eĩ
ie j̃

jηĩ j̃ = γi j.

This is still the case if we simply restrict the current 4-dimensional tensors to their

spatial indices. Noting this and that η0̃0̃ = −1, it can be concluded that e0̃
i = 0.

Using these results the shift vector is found to be β j = eĩ
ie j̃

0ηĩ j̃, from which it is

concluded that eĩ
0 = eĩ

mγ
mnβn. Substituting this in the second term of the metric

temporal component g00 as given in Eq. 3.26, eĩ
0e j̃

0ηĩ j̃ = β
kβk is obtained which

implies that e0̃
0 = ±α. Noticing that e νA = ηABgµνeB

µ, while using the above result,

the following form of the space time tetrad is achieved

eA
ν =

 ±α eĩ
kβ

k

0 eĩ
j

 , (3.28)

eA
ν =

 ± 1
α

0

∓ 1
α
β j eĩ

j

 . (3.29)

Before continuing with this tetrad decomposition it is important to consider the

two defined normal vectors, the local one and the global one. It should be noted

that these are not necessarily simply the same vector mapped onto one another by

a tetrad

ñA = e ν
A nν . (3.30)
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Expanding both sides separately one gets

ñA = −α̃∇̃A(t̃) (3.31)

= −α̃∂̃At̃

= (−1, 0, 0, 0),

e ν
A nν = −e ν

A α∇ν(t) (3.32)

= −αe 0
A ∂0t

= −αe 0
A

= (∓1,−αe 0
ĩ ).

This shows that Eq.(3.30) is only the case if eĩ
0 = 0 and the unknown signs of

Eq.(3.28) are such that e 0
0 is negative. Fortunately, in our case, eĩ

0 is in fact 0 and

we are free to choose the sign of e 0
0 due to our choice of the global metric, Eq. (3.17)

and local metric, the Minkowski metric. Through this relation and its variants, it

is thus possible to refine the tetrad components found in Eq. (3.28) by choosing a

consistent sign

eA
ν =

 α eĩ
kβ

k

0 eĩ
j

 , (3.33)

eA
ν =

 1
α

0

− 1
α
β j eĩ

j

 . (3.34)

Here it is worth noting that these results are in agreement with the results obtained

in Refs. [53, 54], at least up to the global index of the tetrad.

39



Chapter 3: A 3+1 Formulation for a General Linear Affine Connection Without Metricity

Having derived a full equivalent to Eq. (3.17) for the tetrad, the next step is to find

an equivalent to the spatial metric γµν, say θA
µ, such that

θA
µ = eA

µ + UA
µ , (3.35)

where UA
µ is some tensor that will embody the temporal part of the tetrad.

In order to determine θA
µ and UA

µ at the component level it is required to consider

what properties are necessary for these tensors to have. The only property that is

required from θA
µ is that it should be orthogonal to the normal vectors, that is, that

it inhabits the spatial foliations. Due to having two unknowns in Eq. (3.35) one is

free to choose any definition for UA
µ so long as it conserves the orthogonality of θA

µ.

For convenience this tensor is thus tentatively defined as

UA
µ = ñAnµ . (3.36)

Below, it is shown that this definition indeed preserves the required orthogonality

of θA
µ with both the global and the local normal vectors assuming that the metrics

chosen support Eq. (3.30).

nµθA
µ = nµeA

µ + nµnµñA (3.37)

= ñA − ñA

= 0 ,

nAθ
A
µ = ñAeA

µ + nµñAñA (3.38)

= nµ − nµ

= 0 .
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Similarly, the inverse tetrad can be successfully split which produces the final two

fundamental variable decompositions

θA
µ = eA

µ + ñAnµ , (3.39)

θA
µ = eA

µ + ñAnµ . (3.40)

Through the above equations the components of the θ tensors can finally be deter-

mined as

θA
ν =

 0 eĩ
kβ

k

0 eĩ
j

 , (3.41)

θA
ν =

 0 0

0 eĩ
j

 . (3.42)

These forms of θA
µ and UA

µ produces some relations that will prove convenient while

developing the rest of the 3 + 1 formalisms. Some of these relations are

θA
µθA
ν = γνµ , (3.43)

θA
µθB
µ = γ̃A

B , (3.44)

γ̃ABθ
A
µθ

B
ν = γµν , (3.45)

γ̃ABθ
µ

A θ
ν

B = γ
µν . (3.46)

By using these relations, a number of equations can be derived including the veri-

fication of the relationship between the 3-metrics and the 4-metrics at the level of
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tetrads.

γνµ = θ
A
νθ

B
µγ̃AB (3.47)

= (eA
ν + ñAnν)θB

µγ̃AB

= eA
ν(e

B
µ + ñBnµ)γ̃AB

= eA
νe

B
µ(ηAB + ñAñB)

= gνµ + nνnµ.

Once again it is noted that similar to the γµν, the θA
µ tensor should not be confused

with the purely spatial part of the space-time tetrad eĩ
j. That being said, for ease

of reference this tensor will be re-labeled as eA(3)
µ since it embodies the role of the

spatial tetrad.

Having defined all of the necessary fundamental variable decompositions, their prop-

erties and their components, the next step is to define the spatial covariant derivative

of a general spatial tensor, say AA
µ.

DνAA
µ = γ

λ
µγ̃

A
Bγ
ρ
ν∇ρAB

λ (3.48)

It can be shown that this derivative follows the Leibniz rule only when applied to

spatial tensors and that it produces additional terms when applied to spacetime

tensors or vectors [22]. Some noteworthy results when applying this derivative to
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the normal vectors being considered are

Dνnµ = ∂(3)
ν nµ + nλΓµ(3)

λν (3.49)

= ∂(3)
ν nµ ,

DνñA = ∂(3)
ν ñA + ñBωA(3)

Bν (3.50)

= ∂(3)
ν ñA

= 0 .

It can also be shown that this spatial covariant derivative inherits the non-metricity

property from its spacetime counterpart when applied to the spatial metric, so long

as this is also the case for the general space-time covariant derivative applied to the

space-time metric. Similarly it will inherit metricity if that is not the case.

Further to the definitions given in Eqs. (3.3,3.5), and as a consequence of the general

space-time covaraint derivative, the following relations will also prove useful in the

development of the 3 + 1 formallisms proposed. These relations are

nλ∇ρnλ =
1
2

nλnνQρλν , (3.51)

nλ∇ρnλ = −
1
2

nλnνQρλν . (3.52)

Defining the acceleration vector aλ as nσ∇σnλ, one then obtains

aϵ = nσ∇σnϵ + nσnλQσλϵ , (3.53)

nλaλ =
1
2

nσnλnϵQσλϵ . (3.54)

It is now possible to start delving into the underlying geometric tensors that make
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P 

Figure 3.2: This diagram represents the change in pointing direction of the normal
vector as it is moved from one point to another along the surface of a foliation.

up at least some of the 3 + 1 formalisms that will be considered in this work. The

extrinsic curvature is one such tensor and is defined as [22]

kαβ := −γναγ
µ
β∇νnµ , (3.55)

here the negative sign is applied to enforce the convention of forward moving time.

From this definition it is possible to conclude that this tensor is a purely spatial

tensor and can be thought of as the measure of change of direction of the normal

vector n as it moves along the surface of some foliation Σ [8]. This is interpreted

graphically in Fig.(3.2) [9]. In GR it can also be interpreted as the rate of change

of the spatial metric as it is dragged along the normal vector field in a way that is

independent of coordinates. In essence this would be the lie derivative of the spatial

metric along the normal vector [8, 27]. That being said, this secondary definition

is only true in GR as in the general case as well as in other theories the extrinsic

curvature is not the only term that results when taking this derivative. As such a

more appropriate definition would be that it is the curvature contribution to the

rate of change of the spatial metric as it is dragged along the normal vector field

independently from the coordinates.
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An alternative definition of the extrinsic curvature can also be easily derived through

the expansion of the spatial deltas at the front of the definition. This gives

kνµ = −∇νnµ − nνaµ −
1
2

nρnβnµγανQαρβ . (3.56)

It should be noted that the extrinsic curvature with raised indices is defined as

kαβ = −γναγµβ∇νnµ ,

and that, due to non-metricity the full mapping of the covariant derivative of the

normal covector is given by

γναγβµ∇νnµ = −nλγανγβµQν
λµ − kαβ . (3.57)

Having amassed all this background for a generalized 3 + 1 formalism, the terms

which are used in order to characterize gravitation in various theories can now be

considered. For convenience, the definitions of the Riemann and torsion tensors,

written in terms of a general affine connection Γρλµ [28], as well as the non-metricity

tensor are provided here once again

R ρλνµ = ∂νΓ
ρ
λµ − ∂µΓ

ρ
λν + Γ

ρ
ανΓ
α
λµ − ΓραµΓαλν , (3.58)

T λµν = Γ
λ
νµ − Γλµν , (3.59)

Qλµν = ∇λgµν . (3.60)

Here we note that, for a general affine connection, the Riemann tensor only possesses

a single antisymmetry in its final two indices Rχλ[ρπ], the rest of the symmetries of

this tensor as used in GR are a consequence of the Levi-Civita connection.
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Given these definitions, it is possible to assign the antisymmetric part of the extrinsic

curvature directly to that of the torsion tensor though

k[αβ] = γ
ν
αγ
µ
βnσTσνµ . (3.61)

At this point the relationship between the gravitating tensors and their purely spatial

counterparts is considered. Essentially the basis of what we will call the Gauss-like

equations for these tensors is derived. The name Gauss-like is derived from the

equation in standard gravity relating the space time Riemann to the purely spatial

Riemann tensor. The commutator of the second order covariant derivative of a

general vector, Vλ, and covector, Vλ, is once again considered and given here for

ease of reference [27]

∇[ν∇µ]Vλ = Tσµν∇σVλ + VσRλσνµ , (3.62)

∇[ν∇µ]Vλ = Tσµν∇σVλ + VσRσλµν . (3.63)

An important property to note is that this commutator is independent of nonmetricy

so the Gauss-like equation for this tensor will be obtained through other means.

Considering the commutator of the purely spatial covariant derivative defined in

Eq. (3.48) when applied to a purly spatial vector Vβ(3) and spatial co-vector V (3)
β , one

obtains the following equations

D[σDα]Vβ = T λ(3)
ασDλV

β
(3) + Vλ(3)R

β(3)
λσα (3.64)

= γρσγ
π
αγ
β
χ

(
T λ(4)
πρDλV

χ
(3) + Vλ(3)R

χ(4)
λρπ

)
− Vλ(3)k[α|λk|σ]

β − γρ[σ|γ
β
χV
λ
(3)k|α]λnµQρµχ ,
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and

D[σDα]Vβ = T λ(3)
ασDλV

(3)
β + V (3)

λ Rλ(3)
βασ (3.65)

= γρσγ
π
αγ
χ
β

(
T λ(4)
πρDλV (3)

χ + V (3)
λ Rλ(4)

χπρ

)
− Vλ(3)k[α|λk|σ]β − γπ[α|nλV (3)

ν Qπλνk|σ]β .

As they are presented here these equations provide little insight apart from the re-

liance of the deformation of the foliations being solely dependant on curvature and

torsional terms. The lack of non-metricity terms is a result of that specific gravi-

tating entity acting on the non uniformity of the metric as it appears at different

points on the foliations rather than the deformation of the foliations themselves.

That being said, once one does away with the general connection being considered

here and chooses a specific connection, Eqs.(3.64) provides the ideal relations neces-

sary to derive relationships between the Riemann tensor and the torsion tensor and

their purely spatial counterparts. In essence their Gauss and Gauss-like equations

respectively.

When considering the non-metricity term Qαµν, however, it is not necessary to choose

a specific connection or theory in order to derive its Gauss-like equation. Even using

the general affine connection considered in this chapter one can derive its relationship

to its purely spatial counterpart through applying the spatial covariant derivative

to the space-time metric

Dρgµν = γλργ
β
µγ
α
ν∇λgβα = γλργβµγανQλβα (3.66)

= γλργ
β
µγ
α
ν∇λ

(
γβα − nβnα

)
= Dργµν = Q (3)

ρµν .

From this, we determine that, independent of the theory being considered, the Gauss
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equation for the non-metricity term is

γλργ
β
µγ
α
νQλβα = Q (3)

ρµν . (3.67)

With this, the underlying definitions and exploration of geometric entities has been

exhausted and enough background has been built to start considering a preliminary

formulation of evolution equations. Once a theory is chosen and such equations

are finalized they will be what allows one to carry out numerical simulation in the

various theories.

3.2 Lie derivatives and generalized evolution equations

In this section, the focus shifts to obtaining the evolution equations for the 3 + 1

formalisms that are to be derived in this chapter. Lie derivatives are the operators

used in order to obtain these evolution equations. The reason why Lie derivatives

are considered instead of any other type of derivative is that they can show the

evolution of a particular vector or tensor as they are dragged along any other vector

in a way that is independent of the coordinate system being used [8, 9]. In Fig.(3.3)

the comparison between infinitesimally dragging a vector (or tensor) V along a

vector χ from a point P to a point U and mapping vector V at P to U through an

infinitesimal coordinate transformation can be seen [9, 8, 27]. Taking the limit of

transformation to zero one can derive the coordinate independant lie derivative for

a general tensor as given in Eq.(3.68). This is particularly useful when one is trying

to observe a fundamental variable’s evolution along the positive time direction, that

is, the normal vector to the foliations.

This derivative can be shown to be linear and also folows the Leibniz rule. The

definition of the Lie derivative throughout this work, when applied to a general
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Figure 3.3: In this diagram the solid blue arrow depicts a vector V at point P on
the manifold being dragged along a vector χ, depicted by the red arrows, to point
U. The dashed blue arrow is the same vector V under an infinitesimal coordinate
transformation Φ that maps P onto U.

global 4-vector, Vν, and 4-covector, Vν is [55, 56, 8]

LχVν = χµ∂µVν − Vµ∂µχν (3.68)

= χµ∇µVν − Vµ∇µχν + VµχλT νλµ ,

LχVν = χµ∂µVν + Vµ∂νχµ (3.69)

= χµ∇µVν + Vµ∇νχµ + VλχµT λµν .

Taking into consideration the Lie derivative of a tensor with mixed global and local

indices along some vector it is important to consider what contributions the local

indices make, if any. It turns out that in such a case the lie derivative only acts on

the global indices due to the fact that gravitational effects can not be felt locally

and as such there is nothing to evolve of the Minkowski metric. From a more general
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or geometric point of view, taking Eq. (3.1) into consideration, the evolution of the

global metric does not necessarily imply the evolution of the local metric so long as

the transformation or mapping tensors evolve alongside the global metric. In this

case, this transformation tensor is the tetrad. The tetrad evolves with the global

metric while keeping the secondary local Minkowski metric invariant. Given this, all

lie derivatives of tensors with mixed indices will be considered to follow this general

format

LχVνA = χµ∂µVνA − VµA∂µχ
ν . (3.70)

As previously indicated, the Lie derivatives composing the evolution equations will

be taken with respect to the global normal vector nµ to the foliations. Specifically

taking such a Lie derivative of a general 3-vector and 3-covector and testing for

conservation of spatiality one gets

nνLnV (3)
ν = nνnµ∂µV (3)

ν + nνV (3)
µ ∂νn

µ (3.71)

= −V (3)
ν nµ∂µnν + nνV (3)

µ ∂νn
µ

= −V (3)
µ nν∂νnµ + nνV (3)

µ ∂νn
µ

= 0.
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nνLnVν(3) = nνnµ∂µVν(3) − nνV
µ
(3)∂µn

ν (3.72)

= −Vν(3)n
µ∂µnν + Vµ(3)n

ν∂µnν

= ∂µnν
(
−Vν(3)n

µ + Vµ(3)n
ν
)

= −∂µ(α∂νt)
(
−Vν(3)n

µ + Vµ(3)n
ν
)

=
1
α
∂µ(α)nν

(
−Vν(3)n

µ + Vµ(3)n
ν
)

= −1
α
∂µ(α)Vµ(3) = ∂µ(Ln(α−1))Vµ(3),

Here, in the case of the covector, properties exhibited by spatial vectors and normal

vectors first considered in Eqs. (3.8,3.19,3.6) were used. In the case of the vector only

the orthogonality of spatial vectors with the normal vector, Eq. (3.19), was used.

From Eqs. (3.71,3.72) it can be concluded that the Lie derivative with respect to

the normal vector conserves the spatiality of the 3-covector but not of the 3-vector.

This observation extends to any global upper and lower indices of any tensor.

The final consideration before the Lie derivative is applied to our formulation is

reserved for a tensor with mixed indices. Specifically a spatial tensor with a local

upper index and lower global index

n̄ALχUA(3)
ν =n̄Aχ

µ∂µUA(3)
ν + n̄AUA(3)

µ ∂νχ
µ (3.73)

= − UA(3)
ν χ

µ∂µn̄A

=0 ,

where n̄A represents the local variant of the normal vector. Through this we conclude

that the Lie derivative of such a tensor preserves its speciality on the local index.

That being said, this occurrence is dependant on our choice of the local metric, the
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Minkowski metric.

Considering that the Lie derivative and its double action are to be applied to the in-

verse spatial metric and the spatial tetrad, it can be concluded that these operations

will conserve the spatiality of these fundamental variables. These first and second

order applications of the Lie derivative are what constitute the main evolution equa-

tions of each of the two 3 + 1 formalisms being considered. In this chapter the final

form of these equations will be limited by our choice of general affine connection.

Further manipulation of the evolution equations in order to get them to a form that

can be used to carry out numerical simulations requires a choice of theory, and by

extension a specific connection. This provides field equations to be substituted into

the evolution equations.

Having thoroughly defined the Lie derivative and its actions on the relevant tensor

types, the initial forms of the metric and tetrad evolution equations can be derived.

Starting with the first lie derivative of the spatial metric along the global normal

vector for a general affine connection with non-metricity one gets

Lnγµν = nλ∂λγµν + γλµ∂νnλ + γλν∂µnλ (3.74)

= −2γανγ
β
µnλ

◦
Γλαβ + γ

α
νγ
β
µ

(
∇(αnβ) + nλΓλ(αβ)

)
= −2γανγ

β
µnλ

◦
Γλαβ + k(µν) + γ

α
νγ
β
µnλ

(
2Γλαβ + T λαα

)
= γσ(ν|γ

β

|µ).n
λTσλβ + 2γανγ

β
µnλL

λ
αβ − k(µν)

= A(µν) + B(µν) − k(µν) .

Here, in the second line, the spatial metric is expanded to produce two terms with

the first term consisting of only the space time metric terms that can be reduced to

the Levi Civita connection. with regards to the second term, an extrinsic curvature
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term is noted and the symmetry of the general connection is opened as a torsion

tensor and a general connection term. Using the definition of the contortion tensor

Eq.(2.19), the torsion term is expanded into a contortion term and a symmetric

torsion term. Combining the Levi Civita term, the general connection and the

contortion tensor as in Eq.(2.34) one obtains a disinformation tensor as seen in the

line before last. In this line it is noted that, conveniently, each term represents one

aspect of the three geometric deformations possible. The tensor A(µν) is built on the

torsion tensor, the tensor B(µν) contains the disformation tensor that is defined using

non-metricity tensors and k(µν) is the extrinsic curvature.

Taking the Lie derivative of each of these terms individually one gets

LnAµν = − γανγβµ∇λTαλβ + DλTνλµ (3.75)

+ γανγ
β
µaσTασβ + γ

β
µnσnϵTϵσβγ

α
νaα

− Aλµ
(
γλσγ

α
νnϵQα

ϵσ + kνλ
)

− Aνλ
(
γλσγ

β
µnϵQβ

ϵσ + kµλ
)

+ AσµAσν + AνσAσµ ,

LnBµν = − γανγβµ∇λLλαβ + DλLλµν (3.76)

+ γανγ
β
µ

(
aσLσαβ + a(β|Lσϵ |α)nσnϵ

)
− γϵ (ν|γ

χ

|µ)Bαχ (nσQϵσα + kϵα)

+ Bσ(µ|Aσ |ν) ,
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Lnkµν =γανγ
β
µn
λ∇λ∇αnβ (3.77)

+ γανγ
β
µ

(
1
2

nχnϵQαχϵaβ + aβaα

)

− kλµ
(
γλσγ

α
νnϵQα

ϵσ + kνλ
)

− kνλ
(
γλσγ

β
µnϵQβ

ϵσ + kµλ
)

+ kσµAσν + kνσAσµ .

For a more detailed derivation refer to Appendix A .

Following the same procedure for the first Lie derivative of the spatial tetrad the

following relation is obtained

LneA(3)
ν =nµ∂µeA(3)

ν + eA(3)
µ ∂νn

µ (3.78)

=nµ∇µeA(3)
ν + eA(3)

µ ∇νnµ

+ nµeA(3)
λ

(
Γλνµ − Γλµν

)
− nµeB(3)

ν ω
A

Bµ

=γ̃A
Cγ
α
νn
µ∇µeC

α − eA(3)
µ nϵγµσγ

αQαϵσ

− eA(3)
µ γανk

αµ + eA(3)
λ γ

λ
ϵγ
α
νn
µT ϵµα

− eF(3)
ν γ̃

B
F γ̃

A
CnµωC

Bµ,

=QA
ν − BA

ν − kνA + AA
ν − CA

ν ,

It is noted that along with the mixed index equivalents of the extrinsic curvature

and the torsion term another three terms appear. Rather than having a single non-

metricity entry represented by the disformation tensor, non-metricity is represented

in two parts. The first term QA
ν embodies the equivalent of the non-metricity prop-

54



Chapter 3: A 3+1 Formulation for a General Linear Affine Connection Without Metricity

erty of the tetrad and the second, BA
ν is built around a single non-metricity tensor.

The final term, CA
ν is a result of a non-vanishing spin connection.

Similar to the double action of the Lie derivative taken when considering the metric,

a general form of the Lie derivative of all these terms is taken as well.

LnUA
ν =γ̃

A
Cγ
α
νn
λ
(
∇λUC

α − ∇αUC
λ

)
(3.79)

− UB
νCA

B + UA
λAλν ,

where UA
ν is considered to be a general spatial tensor. This general form can be

substituted by each of the terms in the first Lie derivative of the tetrad to obtain

a final form for the second Lie derivative while taking the general connection with

non-metricity.

Having derived the necessary lie derivatives of the spatial metric and the spatial

tetrad separately, it is possible to check for consistancy by making sure that the

resulting equations, Eq. (3.74, 3.78), adhere to the initial spatial metric and spatial

tetrad relation γµν = eA(3)
µ eB(3)

ν γ̃AB. Expanding the lie derivative of the left hand side

gives

Ln(eA(3)
µ eB(3)

ν γ̃AB) = eA(3)
µ eB(3)

ν Ln(γ̃AB) + eB(3)
ν γ̃ABLn(eA(3)

µ ) + eA(3)
µ γ̃ABLn(eB(3)

ν ). (3.80)

Taking the first term into consideration one gets

Ln(γ̃AB) =nλ∂λγ̃AB (3.81)

=nλ∂λ (ηAB + ñAñB)

=0,

where the final result stems directly from the choice of the local metric. Taking
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the second and third terms of Eq. (3.80) and expanding according to Eq. (3.78), the

extrinsic curvature term, −k(µν), and the torsional term A(µν) come out naturally once

they are combined again.

eB(3)
ν γ̃ABLn(eA(3)

µ ) =eA(3)
ν γ̃ACγ

α
µn
λ∇λeC

α − γσνγαµnϵQαϵσ − kµν (3.82)

− γϵνγαµnσT ϵσα − eA
νγ̃CAeF(3)

µ γ̃
D

FnλwC
Dλ

eA(3)
µ γ̃ABLn(eB(3)

ν ) =eB(3)
µ γ̃BCγ

α
νn
λ∇λeC

α − γσµγανnϵQαϵσ − kνµ (3.83)

− γϵµγανnσT ϵσα − eB
µγ̃CBeF(3)

ν γ̃
D

FnλwC
Dλ

Considering the non-metricity terms and substituting Eq. (2.35) into the expression

one gets

−γσµγανnϵQ(α|ϵ |σ) = −γσµγανnϵ (Qϵασ − 2Lϵασ) , (3.84)

where the second term in the above equation gives the expected B(µν) term that

features in the first lie of the spatial metric. Opening up the first term of Eq. (3.84)

it can be shown to cut out exactly with the spin terms and the terms that contain the

covariant derivative of the tetrad. With that, it has been confirmed that Eq. (3.80)

does in fact reproduce the first lie derivative of the metric making the two formalisms

consistent. An interesting aside to this is that once metricity is assumed, this relation

is an alternative way to show the antisymmetry in the first two indices of the spin

connection.

This chapter is concluded by presenting the action of a Lie derivative of a general

spatial tensor along αnµ. This is considered as it will be significant later on in the

development of the 3 + 1 formulaitons. It can be shown that even for our general

case such a Lie derivative is itself spatial. Expanding this case according to the
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general definition of the lie derivative Eqs.(3.68-3.69) one gets

LαnXϵ1...ϵiσ1...σ j =αnλ∂λXϵ1...ϵiσ1...σ j (3.85)

−
i∑

p=1

Xϵ1..λp..ϵi
σ1...σ j∂λp (αnϵp)

+

j∑
q=1

Xϵ1..ϵiσ1..λq..σ j∂σq

(
αnλq

)
where where i and j are integers.

Taking nσkLnXϵ1...ϵiσ1...σ j for 1 ≤ k ≤ j results in the second term of Eq. (3.85) and all

of the third term except for when k = q to vanish. What remains of Eq. (3.85) is

nσkLαnXϵ1...ϵiσ1...σ j =αnσknλ∂λXϵ1...ϵiσ1...σ j (3.86)

+ nσk Xϵ1..ϵiσ1..λ..σ j∂σk

(
αnλ

)
=αnσknλ

(
∂λXϵ1...ϵiσ1..σk ..σ j

−∂σk X
ϵ1..ϵi

σ1..λ..σ j

)
=0 .

Taking nϵkLnXϵ1...ϵiσ1...σ j for 1 ≤ k ≤ i, results in the third term of Eq. (3.85) and all of

the second term except for when k = p to become zero. what remains of Eq. (3.85)
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is

nϵkLαnXϵ1...ϵiσ1...σ j =αnϵkn
λ∂λXϵ1...ϵiσ1...σ j (3.87)

− nϵk X
ϵ1..λ..ϵi

σ1...σ j∂λ (αnϵk)

=nϵk∂λ (α)
(
nϵk Xϵ1..λ..ϵiσ1...σ j

−nλXϵ1...ϵiσ1...σ j

)
+ Xϵ1..λ..ϵiσ1...σ j∂λ (α)

=0 ,

where

α∂λ
(
nϵk

)
= − α∂λ

(
α∂ϵk {t}

) (3.88)

=nϵk∂λ (α) ,

was used.

In this chapter the metric and tetrad 3 + 1 formalisms have been developed for

a general affine connection assuming non-metricity, and have been shown to be

consistant with each other. At this point they can be developed no further unless a

specific theory is chosen. The next step in the derivation would be the substitution

of field equations into the evolution equations. This cannot be done in a theory

independent way. In Chapter 4 a number of theories are considered in an attempt

at finalizing the formalisms.
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4 Gauss, Constraint and Evolution

Equations in Specific Theories

In this chapter the generalized formalisms derived in Chapter 3 will be applied to

three different specific theories each built around one of the three previously defined

geometric deformation tensors. The first of these theories will be GR, a theory

based on curvature, the second will be TEGR which is based on torsion and finally

STEGR with the coincident gauge which is built around non-metricity. In each case

the Gauss, constraint and evolution equations are derived and any issues that arise

are analysed.

4.1 Gauss, Constraint and Evolution Equations in General

Relativity

GR is built around the concept that gravity can be expressed geometrically through

curvature. This can be characterized mathematically through the Levi-Civita con-
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nection that is defined purely in terms of the space-time metric as [27]

◦
Γσµν :=

1
2

gσρ
(
∂µgρν + ∂νgµρ − ∂ρgµν

)
. (4.1)

Through this definition it is easily deduced that the connection is symmetric in its

bottom two indices. It is also noted that this is not a tensor, that is, it does not

Lorentz transform like a regular tensor [27].

Throughout this section all derivatives, such as covariant derivatives and Lie deriva-

tives, as well as all tensors that characterize the geometry in some way are defined

through this connection and are labeled by a “ ◦a” annotation.

When working with the Levi-Civita connection one should note the properties that

its symmetry induces onto the tensors that are built on it. These properties have

implications both on the theory in general as well as the resulting 3 + 1 formalism

that stems out of it.

Starting from the Riemann tensor as defined in Eq. (2.12). Through the symmetry

of
◦
Γσµν, this tensor acquires two additional symmetries beyond the antisymmetry in

its final two indices. Here all its symmetries are presented for ease of reference

[27, 57]

◦
Rρσµν = −

◦
Rσρµν , (4.2)

◦
Rρσµν = −

◦
Rρσνµ , (4.3)

◦
Rρσµν =

◦
Rµνρσ . (4.4)

The Riemann tensor also acquires the following cyclic property

◦
Rρσµν +

◦
Rρµνσ +

◦
Rρνσµ = 0 . (4.5)
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When choosing to work with the Levi-Civita connection the torsion tensor vanishes.

This is to be expected since this tensor is defined to be the antisymmetric part of

the connection as seen in Eq. (2.22). By extension all tensors that are purely defined

through the torsion tensor also vanish leading to a torsion free theory.

Another consequence of building a theory around the Levi-Civita connection is that

it induces metricity. Taking the covariant derivative of the metric, expanding and

substituting Eq. 4.1 one gets

◦
∇λgµν = ∂λgµν − gσν

◦
Γσµλ − gµσ

◦
Γσνλ (4.6)

= ∂λgµν −
1
2

(
∂µgνλ + ∂λgµν − ∂νgµλ

)
− 1

2

(
∂νgµλ + ∂λgνµ − ∂µgνλ

)
= 0 ,

resulting in all tensors that are built around the non-metricity tensor, and by ex-

tension the disformation tensor, to vanish.

One of the most important operators in the formalisms being developed in this

dissertation is Lie derivative. Choosing this connection makes it possible for the

definition of the Lie derivative to be written in terms of partial derivatives and

equivalently in terms of covariant derivatives. This holds so long as the Lie derivative

is being operated on purely global tensors. The reason for this equivalence can easily

be seen through Eqs. (3.68, 3.69) where it is shown that the difference between the

partial derivative and the covariant derivative expressions is a torsion tensor term.

Thus, in this theory when taking the Lie of any global tensor along any vector, the
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following are equivalent

LχVνaµ = χσ∂σVνaµ − Vσaµ∂σχ
ν + Vνaσ∂µχ

σ (4.7)

= χσ
◦
∇σVνaµ − Vσaµ

◦
∇σχν + Vνaσ

◦
∇µχσ .

That being said, when the Lie derivative is applied to a tensor with mixed indices,

that is, both global and local, or a tensor with purely local indices, this does not

apply. In this case the partial derivative expression would have an extra spin con-

nection contribution for each of the local indices.

Due to the vanishing torsion tensor it is noted that the antisymmetric part of the

extrinsic curvature also vanishes. This can easily be determined through Eq. (3.61).

As a consequence, the extrinsic curvature in GR is symmetric on its two indices.

For similar reasons the commutator of the covariant derivative of the one-from Ων,
◦
∇[µΩν] =

◦
∇[µ

◦
∇ν]t, also reduces to zero. This can also be expanded to a single term

containing the torsion tensor [8].

Having determined the basic consequences of choosing the Levi-Civita as the con-

nection for GR, the next step is to determine the Gauss, Codazzi, constraint and

evolution equations from the generalized 3 + 1 formalisms derived in the previous

chapter.

One of the main steps in building the 3+1 formalism in any theory is the derivation

of the relationship between the relevant gravitating spacetime tensor and its corre-

sponding purely spatial counterpart. This is known as the Gauss equation. Since

GR is curvature based the tensor which characterizes the geometric deformation

due to gravity is the Riemann tensor. In Chapter 3 a general form of the commu-

tator of the double covariant derivative of a general 3-vector Vλ, Eq. (3.64), was

derived. Taking into consideration the implications of choosing the Levi-Civita as

the connection in GR, the Gauss equation for the Riemann tensor turns out to be
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[8]

◦
Rβ(3)
λσα = γ

ρ
σγ
π
αγ
ν
λγ
β
χ

◦
Rχνρπ −

◦
k[α|λ

◦
k|σ]
β . (4.8)

As required, this equation relates the 3-Riemann and the 4-Riemann. Conveniently

the remaining term of the relation is made up of the extrinsic curvature, which is

purely spatial in its own right. Contracting the Gauss equation once, the equivalent

for the Ricci tensor is obtained and contracting again gives the Ricci scalar Gauss

equation
◦
R(3)
λα = γ

π
αγ
ν
λγ
ρ
χ

◦
Rχνρπ −

◦
kαλ

◦
k +

◦
kβλ

◦
kαβ , (4.9)

◦
R(3) = γπνγρχ

◦
Rχνρπ −

◦
k2 +

◦
kβλ

◦
kλβ . (4.10)

Taking the antisymmetry on the first two indices of the spatial derivative of the

extrinsic curvature one gets the Codazzi equation

◦
D[µ

◦
k ν]λ = γρνγ

π
µγ
β
λn
σ
◦
Rρπβσ . (4.11)

While this equation seems random it will prove useful when simplifying the evolution

equations for this theory. It is noted that up to this point all equations derived from

the generalized form acquired in Chapter 3 agree with those of the standard GR

3 + 1. [8, 22].

Taking into consideration the tetrad and local indices in general, another cosequence

of choosing the Levi-Civita connection is that the spin connection can be written

purely in terms of tetrads and first order partial derivatives of tetrads. By applying

the covariant derivative to the tetrad, using the equivalent of the metricity property
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for tetrads and substituting Eq. (4.1) one can show that this relation is

ωA
Cν =

1
2

(
ēAαeB

νe
β

C

(
∂βēBα − ∂αēBβ

)
+e αC

(
∂αeA

ν − ∂νeA
α

)
+ ēAα (∂νēCα − ∂αēCν)

)
, (4.12)

where, for the sake of simplicity, terms like ηABe αB are written as ēAα. Through this

equation the antisymmetry of the spin connection that was shown in Chapter 3 for

theories that abide by metricity can easily be seen. While it is not part of this

research project, this definition would be useful if a tetrad 3 + 1 is considered for

GR.

Finally the evolution equations are considered. Starting with the first Lie derivative

of the spatial metric, Eq. (3.74) becomes

Lnγµν = −2
◦
kµν , (4.13)

At this point what is known as the Ricci equation is derived. This equation is the

second order Lie derivative of the spatial metric or the first Lie of Eq. (4.13). This

equation is necessary due to the first Lie of the spatial metric being the extrinsic

curvature. While
◦
kµν is itself fully spatial it is not possible to write it in terms purely

spatial tensors. As such, we need the Lie of the extrinsic curvature in order to have a

fully consistent set of equations. Effectively, the concept of requiring two equations

for two unknowns where in our case the two unknowns are the spatial metric and
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the extrinsic curvature pair (γµν,
◦
kµν). The two evolution equations for GR are thus

Lnγµν = −2
◦
kµν , (4.14)

Ln
◦
kµν = −

1
2
LnLnγµν (4.15)

= nργανγ
β
µnχ

◦
Rχαρβ −

◦
Dµ

◦aν − ◦aµ
◦aν −

◦
kµρ

◦
kνρ

= nργανγ
β
µnχ

◦
Rχαρβ −

1
α

◦
Dµ

◦
Dνα −

◦
kµρ

◦
kνρ ,

where
◦

Dµ
◦aν+

◦aµ
◦aν can be shown to be equivalent to 1

α

◦
Dµ

◦
Dνα provided that the torsion

tensor is zero.

In order to proceed with this calculation it is necessary to introduce the field equa-

tions. In the case of GR the field equations are as follows

◦
Gµν ≡

◦
Rµν −

1
2
◦
Rgµν = 8πTµν , (4.16)

where
◦

Gµν is the Einstein Tensor and Tµν is the energy momentum tensor. Noting

that nρnχ = γρχ − δρχ, Eq.(4.15) becomes

Ln
◦
kµν = γρχγ

α
νγ
β
µ

◦
Rχαρβ − γανγβµ

◦
R αβ −

1
α

◦
Dµ

◦
Dνα −

◦
kµ
ρ ◦
kνρ , (4.17)

where the first term on the left hand side is replaced using the Riemann Gauss

equation, Eq.(4.8). In order to replace the second term with purely spatial tensors

the GR field equations are contracted to give

◦
G ≡

◦
R − 4

2
◦
R = 8πT , (4.18)

◦
R = −8πT , (4.19)

where T = gµνTµν. The second term in Eq.(4.17) can be substituted by a full
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spatial mapping of the evolution equations after substituting for the Ricci scalar

with Eq.(4.19)

γανγ
β
µ

◦
R αβ = γ

α
νγ
β
µT αβ +

1
2
◦
Rγµν (4.20)

= 8πγανγ
β
µT αβ − 4πTγµν ,

which results in the following form of the Ricci equation

Ln
◦
kµν =

◦
R(3)
νµ +

◦
kµν

◦
k − 2

◦
kλν

◦
k λµ − 8πγανγ

β
µ(T αβ −

1
2
T gαβ) −

1
α

◦
Dµ

◦
Dνα . (4.21)

Defining the spatial Stress as

S µν ≡ γανγβµT αβ , (4.22)

and noting that

γανγ
β
µgαβg

λχTλχ = γµν
(
γλχ − nλnχ

)
Tλχ

= γµν (S − ρ) , (4.23)

the final form of the second evolution equation for a metric 3+1 formalism in GR is

obtained [8]

Ln
◦
kµν =

◦
R(3)
νµ +

◦
kµν

◦
k − 2

◦
kλν

◦
k λµ − 8π

(
S αβ −

1
2
γµν (S − ρ)

)
− 1
α

◦
Dµ

◦
Dνα . (4.24)

The final terms that need to be written purely in terms of spatial tensors are the

ones related to the energy momentum tensor. These can be substituted through the
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momentum and Hamiltonian constraints that are given below

◦
Dλ

◦
k −

◦
Dχ

◦
kλ
χ
= 8πS λ , (4.25)

◦
R(3) +

◦
k2 −

◦
kβλ

◦
kλβ = 16πρ . (4.26)

Here the momentum density S λ is defined as −γϵλnνT ϵν. While all of the above is

known and has been historically derived in standard gravity it was important to

show that the same exact results can be achieved starting from the generalized 3+1

formalism developed in Chapter 3. Comparing the above with literature it is found

that the results here agree perfectly [8, 22].

4.2 Gauss Constraint and Evolution Equations in the Telepar-

allel Equivalent of General Relativity

In this section TG is considered, specifically a 3 + 1 decomposition is carried out

on TEGR with the Weitzenböck gauge. As discussed in Section 2.1 all curvature

terms are identically zero in this theory. Metricity is also assumed, this results in

all non-metricity and disformation tensors vanishing.

As was done in the case of GR, the first step in obtaining the specific formalism is

considering the connection in order to choose the fundamental variable. In this case

the connection is the teleparallel connection that was defined in Eq. (2.8). This is

given here again for ease of reference

∧
Γλµν := eA

λ∂νeA
µ + eA

λeB
µω

a
Bν . (4.27)

It can be observed that in general this is dependant on the 4-tetrad and the spin

connection. All covariant and Lie derivatives as well as tensors built through the

67



Chapter 4: Gauss, Constraint and Evolution Equations in Specific Theories

teleparallel connection will be denoted by a hat accent,
∧
A. This is also the case for

all purely spatial tensors built through the spatial Weitzenböck connection.

Unfortunately, unlike in GR, it is not possible to express the TG spin connection

purely in terms of a single fundamental variable, say the tetrad. This is due to the

fact that the spin connection represents a separate set of degrees of freedom in this

theory. Given this, only pure tetrads are considered. Another way of putting this is

that the Weitzenböck gauge will be considered throughout this section.

Due to the use of the Weitzenböck gauge the general teleparallel connection becomes

the Weitzenböck connection variant. As a result the spin connection vanishes and

so the connection becomes solely tetrad dependant. This also has the added benefit

of simplifying most of the equations considered.

The main consequence of a vanishing spin connection on the development of the 3+1

formulation is that the 4-covariant derivative of the normal vector can be shown to

be zero
∧
∇αnσ = e σA

∧
∇αñA = e σA

(
∂αñA + ñBωB

Aα

)
, (4.28)

where ∂αñA = 0 through Eq.(3.24). There are a number of significant consequences

of this among which are that the covariant derivative of the spatial metric is zero

∧
∇αγρσ =

∧
∇α (gρσ + nρnσ) (4.29)

= nσ
∧
∇αnρ + nρ

∧
∇αnσ

= 0 ,

the covariant of the 3-tetrad is also zero for the same reasons, the extrinsic curvature
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is zero

∧
kµν = −γλµγσν

∧
∇λnσ (4.30)

= −γλµγσν
∧
∇λ

(
eA
σñA

)
= −γλµγσνeA

σ

(
∂λñA − ñB

∧wB
Aλ

)
= 0 ,

and the acceleration vector is also zero

∧aµ = nλ
∧
∇λnµ (4.31)

= 0 .

Having gone through the main consequences of choosing the Weitzenböck connection

it is possible to start considering the tensor responsible for the geometric distortion

of the space time fabric. This is of course the torsion tensor which is defined as in

Eq. (2.22). The next step towards deriving the 3+1 formulation of teleparallel gravity

is defining a Gauss-like equation for the torsion tensor. Starting from Eq. (3.64) and

applying all of the above results the following simplified expression is obtained

∧
DλV

β
(3)

( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
= 0 , (4.32)

where the vector Vβ(3) is a general spatial vector. From this equation it can be

concluded that there are three ways for this expression to be equal to zero. The

first is for
∧
DλV

β
(3) to be always zero, this is of course impossible due to the generality

of the spatial vector. The second is that
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
is orthogonal to

∧
DλV

β
(3) for all spatial vectors. At this point a number of things are noted.

∧
DλV

β
(3)

is purely spatial by nature of the spatial derivative definition. This spatiality is

69



Chapter 4: Gauss, Constraint and Evolution Equations in Specific Theories

also independent of the spatial vector. It is also noted that
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
is independent of the vector. The only way this is the reason the expression goes to

zero is if
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
is purely temporal. This is of course a contradiction

given that it is made up of two spatial terms and can be tested by contracting a

normal vector with each of the three free indices separately

nλ
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
= 0 , (4.33)

nα
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
= 0 ,

nσ
( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
= 0 ,

implying that the bracket term is purely spatial. The remaining possibility is that( ∧
T λ(3)
ασ − γρσγπαγλν

∧
T ν(4)
πρ

)
is zero itself producing the Gauss equation for the torsion

tensor
∧
T λ(3)
ασ = γ

ρ
σγ
π
αγ
λ
ν

∧
T ν(4)
πρ . (4.34)

Using this equation a number of variants can be obtained from it producing the

Gauss-like equations for the torsion vector and scalar, the derivation of which can

be seen below

∧
T (3)
α = γ

ρ
λγ
π
αγ
λ
ν

∧
T ν(4)
πρ (4.35)

=
∧
T (4)
α + nαnπ

∧
T (4)
π + nνnρ

∧
T ν(4)
αρ

= γλα
∧
T (4)
λ + nνnρ

∧
T ν(4)
αρ ,
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∧
T (3) =

1
4
∧
T (3)µν
λ

∧
T λ(3)
µν +

1
2
∧
T λ(3)
µν

∧
T νµ(3)

λ −
∧
T λ(3)
µλ

∧
T νµ(3)

ν (4.36)

=
∧
T (4) + 2nλnµ

∧
Tανα

∧
Tλµν +

1
4

nλnµ
∧
Tλνα

∧
Tµνα

+ nλnµ
∧
Tλνα

∧
Tνµα +

1
2

nλnµ
∧
Tαµν

∧
T νλα

+
1
2

nλnµ
∧
Tνµα

∧
T νλα − nλnµ

∧
Tαµα

∧
T νλν

=
∧
T (4) +

2
α

∧
T ν(3)∂(3)

ν (α) +
1
2
∧
Aνλ

( ∧
Aλν +

∧
Aλν

)
−

∧
A2 ,

where
∧
AB
ν is the first order Lie derivative of the spatial tetrad along the normal

vector to the foliations n and
∧
A is its fully contracted scalar.

Having defined all the required Gauss-like equations it is possible to move on to

deriving the necessary evolution equations and constraint equations for the comple-

tion of the torsional 3 + 1 formalism. The first step in obtaining these equations is

to consider the theory’s field equations. In the case of TEGR the field equations

being considered are as given in Refs.[37, 32] and provided in Eq. (2.25). Taking

into consideration the Weitzenböck gauge and after some minor restructuring of the

equations, they can be written as

∧
S ασρ

∧
T λρλ −

∧
S ρλσ

∧
Tρλα −

1
2
∧
S αρλ

∧
Tσλρ

+
1
2

gασ
∧
T −

∧
∇λ

∧
S αλσ = Θασ . (4.37)

Contracting these equations, it is also possible to obtain an alternative expression

for the torsion scalar in terms of the energy-momentum scalar

∧
T = Θ + 2

∧
Tαρα

∧
T λλρ + 2

∧
∇ρ

∧
T λλρ . (4.38)

With these field equations in mind it is possible to delve into the evolution equations
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of our torsional formalism. Since the connection, and by extension the torsion tensor,

can only be written in terms of the tetrad and not in terms of the metric, the

evolution of the spatial tetrad is considered. Starting with the first Lie derivative of

the tetrad and applying all the consequences of our choice of connection and gauge

Eq. (3.78) reduces to

LneA(3)
ν = nλeA(3)

ρ γ
σ
ν

∧
T ρλσ (4.39)

=
∧
AA
ν .

Here it is observed that all terms apart from the torsional term have vanished.

Similarly to what was done in the case of GR, the second order Lie derivative of the

fundamental variable, in this case the tetrad, is considered according to Eq. (3.79)

and the Weitzenböck gauge

Ln
∧
AA
ν =γ̃

A
Cγ
α
νn
λ
(
∧
∇λ

∧
AC
α −

∧
∇α

∧
AC
λ

)
+

∧
AA
λ

∧
Aλν (4.40)

=γ̃A
Cγ
α
νn
λ
∧
∇λ

∧
AC
α + γ̃

A
Cγ
α
ν

∧
AC
λ

∧
∇αnλ +

∧
AA
λ

∧
Aλν

=γ̃A
Cγ
α
νn
λ
∧
∇λ

∧
AC
α +

∧
AA
λ

∧
Aλν

=γ̃A
Cγ
α
νn
λ
∧
∇λ

(
γ̃C

Bγ
ϵ
αn
σ
∧
T B
σϵ

)
+

∧
AA
λ

∧
Aλν

=
∧
Dρ

∧
T Aρ

(3)ν +
∧
AA
ρ

∧
Aρν + eA(3)

σ γ
σ
λγ
α
ν

∧
∇ρ

∧
T λ ρα .

Here, in the second line, Eq.(4.28) is used to eliminate the second term. In the fourth

line the same equation and the Leibniz rule were used to reduce
∧
∇λ

(
γ̃C

Bγ
ϵ
αn
σ
∧
T B
σϵ

)
to γ̃C

Bγ
ϵ
αn
σ
∧
∇λ

∧
T B
σϵ . The new first term is then expanded using nλnσ = γλσ − gλσ

resulting in the final form of this equation. At this point it is not possible to

proceed any further without the field equations. Substituting Eqs. (4.37, 4.38) into

the evolution equation through the term eA(3)
σ γ

σ
λγ
α
ν

∧
∇ρ

∧
T λ ρα and converting all space
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time terms in terms of purely spatial tensors the final form of the second evolution

equation is achieved

LneA(3)
ν = nλeA(3)

ρ γ
σ
ν

∧
T ρλσ (4.41)

=
∧
AA
ν ,

Ln
∧
Aa
ν =

∧
Dρ

∧
T Aρ

(3)ν +
∧
AA
ρ

∧
Aρν + eA(3)

σ

[
∧
Aν
ρ ∧
Aσρ (4.42)

−
∧
Aρν

∧
Aρ
σ
− 1

2
∧
T (3)ρχ
ν

∧
Tσ(3)
ρχ +

∧
T ρ(3)χ

ν

( ∧
T σ(3)
ρ χ +

∧
T σ(3)
χ ρ

)
+

2
α2∂

(3)
ν (α)∂σ(3)(α) −

∧
T χ(3)
ρχ

( ∧
T (3)σρ
ν +

∧
Tσ(3)ρ

ν

)
− 1
α
∂(3)
ρ (α)

( ∧
T (3)σρ
ν +

∧
Tσ(3)ρ

ν

)
−

∧
A

(
∧
Aν
σ
+

∧
Aσν

)

+
∧
Dν

∧
T ρσ(3)ρ +

∧
Dσ

∧
T ρ(3)
νρ +

∧
Dν

(
1
α
∂σ(3){α}

)

+
∧
Dσ

(
1
α
∂(3)
ν {α}

)
+ 8πG

(
2S νσ − γσν {S − ρ}

)
]

− eA(3)
σ γ

σ
λγ
α
ν

∧
∇ρ

∧
T λρ
α ,

where S νσ and S are the spatial stress and scalar stress while ρ is the density. For a

more in depth derivation of the second evolution equation please refer to Appendix

B.1.

From this equation one may note an important issue with this formulation of TEGR.

As was previously stated, it is necessary for the right hand side of the second evolu-

tion equation to be written purely in terms of spatial tensors. This will allow all the

terms to be written in terms of the spatial tetrad and its spatial derivatives. Unfor-

tunately, one term does not conform to this requirement. The term eA(3)
σ γ

σ
λγ
α
ν

∧
∇ρ

∧
T λρ
α

stems from the field equations themselves. It is actually the symmetry of the origi-
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nal term that is substituted for in the evolution equations eA(3)
σ γ

σ
λγ
α
ν

∧
∇ρ

∧
T λ ρα . Usually

terms like this vanish thorough the field equation substitution but due to the evolu-

tion equations being asymmetric and the field equations being symmetric this extra

term persists. One can trace the source of this issue to the asymmetry of the tetrad

itself. If symmetric tetrads are considered exclusively the formulation would be

complete and consistent, however, while such tetrads may be plausible in certain

situations they are by no means general. The only way to truly consider symmetric

tetrads as the general case would be to re-introduce a non-zero spin connection.

This would open a can of worms in its own right due to the spin connection’s lack of

tetrad based definition and by extension our inability to produce a Gauss equation

for it. The last option considered would be to take the spatial metric as the fun-

damental variable and generate the evolution equations accordingly. In that case

it can be shown that the evolution equations are indeed consistent and the issue

term vanishes, however, there is a catch. The tensors the evolution equations are

built around cannot be expressed purely in terms of the metric instead of the tetrad,

making it impossible to solve for the metric numerically.

While this outcome may seem inconclusive, there is a hope that some constraint

equation exists that would fix this issue. Such an equation is either not yet known

or somehow mistakenly not considered during this work. Another possibility is that

this issue is indicating that one cannot omit the spin connection in such a formulation

and in order to proceed one must first successfully develop a more robust analytical

relationship between the spin connection and the tetrad. While all this is certainly

an issue, it is still important that the formalism is still finalized to the latest extent

of this research.

Through the first evolution equation of the spatial tetrad one can extract an inter-

esting relationship that mirrors the relationship between GR and TEGR discussed

in Chapter 3. Starting by taking the symmetry of the resulting tensor that is a
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product of this evolution equation
∧
AA
ν, one can derive the following

∧
AA
ν +

∧
A A
ν = nλeA(3)

ρ γ
σ
ν

( ∧
T ρλσ +

∧
T ρ
σλ

)
= nλeA(3)

ρ γ
σ
νγ
ρϵ

(
2
∧
Kλϵσ +

∧
T λϵσ

)
= nλeA(3)

ρ γ
σ
νγ
ρϵ2

( ∧
Γλϵσ −

◦
Γλϵσ

)
= eA(3)

ρ γ
σ
νγ
ρϵ2

(
∂σnϵ − ∂σnϵ +

◦
∇σnϵ

)
= −2

◦
k a
ν . (4.43)

This derivation is thus another way of showing the direct equivalence at the level of

equations that GR, based on the Levi-Civita, has with TEGR, with the Weitzenböck

gauge.

The remaining equations that are necessary in order to finalize the 3 + 1 system

of equations for this theory are the constraint equations, namely the momentum

constraint and the Hamiltonian constraint. These can be obtained by contracting

the field equations, Eq. (4.37), with γαχnσ and nαnσ respectively. The space time

terms of the resulting equations are then all converted in terms of purely spatial

tensors resulting in their final form

∧
T (3)
ρ

( ∧
Aρχ +

∧
A ρ
χ

)
−

∧
Aλρ

( ∧
T (3)
λχρ +

∧
T (3)
ρχλ

)
− 2

∧
Dχ

∧
A −

∧
Dλ

∧
Aλχ = 16πGS λ , (4.44)

2
∧
T λ(3)

∧
T (3)
λ +

1
2
∧
Aρσ

( ∧
Aρσ +

∧
Aσρ

)
−

∧
A2 + 2

∧
Dλ

∧
T λ(3)

+ 4
∧
Dρ

(
1
α
∂
ρ
(3)(α)

)
+

∧
T (3) = −16πGρ . (4.45)
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Figure 4.1: This diagram represents the difference between the normal vector and the
time vector at a point P between foliations.

Further details on the derivation of these constraints can be found in Appendix B.2.

Finally the expansion of the Lie derivatives themselves are considered in order to

obtain a true evolution of the fundamental variable, the tetrad, in time. The time

vector tλ can now be considered and expressed as [8]

tλ = αnλ + βλ . (4.46)

As such the Lie derivative of
∧
AA
ν along the time vector can be written as

Lt
∧
AA
ν = αLn

∧
AA
ν +Lβ

∧
AA
ν , (4.47)

where βλ is the shift vector [58, 8]. The reason one needs to switch between the Lie

with respect to the normal vector and the time vector is that the first of the two is

not a natural time derivative. The reason for this is that the normal vector is not
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dual to the 1-form Ων defined in Chapter 3, while the time vector is. This means

that in the case of the normal vector their dot product is not unity but α−1. As seen

in Fig.(4.1) the time vector connects the points with the same spatial coordinates

between time slices or foliations and as such is the ideal vector to use in order to

observe evolution [8].

Treating the two resulting terms of Eq.(4.47) separately, the first term is composed

of the laps function and the Lie derivative of
∧
AA
ν along the normal vector which we

both know. The second term is yet unknown, however, expanding it one obtains

Lβ
∧
AA
ν = β

λ∂λ
( ∧
AA
ν

)
+

∧
AA
λ∂ν

(
βλ

)
. (4.48)

Expanding the spatial tetrad evolution equation in a similar way one gets

LteA(3)
ν = α

∧
AA
ν + β

λ
(
∂λ

{
eA(3)
ν

}
− ∂ν

{
eA(3)
λ

})
. (4.49)

With this the 3 + 1 formalism in TEGR is concluded. A consistent set of equations

have been derived that, at least for a symmetric tetrad, can potentially be used in

order to produce numerical simulations of gravitational phenomena. As was stated

before there are a number of avenues one may take in order to generalize this further

including a more in depth analysis of the spin connection and potentially the use of

some elusive third constraint equation that would solve the symmetry issue.

4.3 Gauss Constraint and Evolution Equations in Symmetric

Teleparallel Gravity With the Coincident Gauge

In this section the decomposition of STG with the coincident gauge is considered,

leading to a full 3+1 formulation for the theory. As described in Sec. 2.3 this theory

is composed of two field equations, one set is obtained through the variation of the
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chosen Lagrangian with respect to the metric tensor Eq. (2.49) and the other through

the variation of the same Lagrangian with respect to the connection Eq. (2.51). Since

in this work STEGR is considered with the coincident gauge, the second set of field

equations, those obtained through the connection, are innately satisfied and do not

need to surface in the 3 + 1 derivation. The reason for this is that through the

coincident gauge the connection itself vanishes. This has a number of consequences

among which is that the covariant derivative and the partial derivative become one

and the same when considering purely global indices. Other consequences are that

all curvature and torsion tensors as well as any terms built around them vanish as

well. Considering the extrinsic curvature one gets

⋄
kµν = −γλµγσν

⋄
∇λnσ (4.50)

= γλµγ
σ
ν∂λ [α∂σ(t)]

= γλµγ
σ
ν∂σ(t)∂λ(α)

= −γλµγσν
1
α

nσ∂λ(α)

= 0 ,

so the extrinsic curvature also vanishes along with any spatial map of the covariant

derivative of the normal vector so long as the map is acted on the normal vector’s

index. Using this, the acceleration vector reduces to

aµ = nλ
⋄
∇λnµ (4.51)

= nλ∂λnµ

= nλnµ
1
α
∂λα ,
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implying that it is purely temporal.

As with the other theories the Gauss-like equation is considered first. In this theory

the gravitating tensor, or the geometric deformation tensor, is the non-metricity

tensor that is defined as the covariant derivative of the inverse metric tensor as

seen in both Chapter 2 and Chapter 3. The Gauss-like equation for this tensor was

derived in Chapter 3 as it is independant of the theory being considered so long as

non-metricity is assumed. This is given here once again for ease of reference along

with the Gauss-like equation of the disformation tensor that will prove useful in the

subsequent calculations

γλργ
β
µγ
α
ν

⋄
Qλβα =

⋄
Q (3)
ρµν , (4.52)

γλργ
β
µγ
α
ν

⋄
Lλβα =

⋄
L(3)
ρµν . (4.53)

Here we note that in both cases the spatial variant of each tensor is simply the direct

mapping of their space time counterparts.

Having obtained the necessary Gauss-like equations the next step is to consider the

evolution equations for STEGR. Since this theory is built around the metric tensor

as its fundamental variable, the metric field equations as well as the first and second

order Lie derivatives of the spatial metric are considered. Starting with the STEGR

Field equations Eq. (2.49), these equations are rewritten in such a way that they are

mainly based on the disformation tensor. This is done for convenience as this way

they are easier to substitute into the second order Lie derivative of the spatial metric

later on. Starting from Eq.(2.48) and Eq.(2.50), expanding them and manipulating

some of the terms one gets

⋄
Pαµν =

1
2

Lαµν +
1
4

gµν
( ⋄
L ϵα
ϵ −

⋄
Lαϵϵ

)
− 1

4
δα(µ|L

ϵ
ϵ| ν), (4.54)

1
√−g

qµν =
⋄

Qαβν
⋄
Lαβµ −

1
2
⋄

Qµαβ
⋄
L αβ
ν +

1
2
⋄

Qαµν
( ⋄
L σα
σ −

⋄
Lασσ

)
+
⋄
L σ
σ µ

⋄
L ϵ
ϵ ν. (4.55)
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Noting that
∧
∇αLog

(√−g
)
= 1√−g

∧
∇α
√−g and thus

∧
∇αLog

(√−g
)
= 1

2

⋄
Qα,

2
√−g

⋄
∇α

(√−g
⋄
Pα µν

)
= −2

⋄
L σ
σ α

⋄
Pαµν + 2

∧
∇α

⋄
Pαµν. (4.56)

Substituting all of the above into Eq. (2.49) one gets

∂α
⋄
Lαµν = Θµν −

1
2

gµνΘ +
⋄
L σ
σ α

⋄
Lαµν

+
1
2
∂(µ|

⋄
Lϵ ϵ|ν) +

⋄
Qσϵν

⋄
Lσϵµ −

1
2
⋄

Qµνϵ
⋄
Lν
σϵ
. (4.57)

Another modification that should be noted here is the replacement of the scalar

metricity tensor in terms of fully contracted disformation tensors and the energy

momentum scalar

⋄
Q =

⋄
L λ
λ α

( ⋄
Lαϵϵ −

⋄
Lϵ
ϵα
)
+ ∂α

( ⋄
Lϵ
ϵα
−
⋄
Lαϵϵ

)
− Θ . (4.58)

This relation can be obtained through a combination of the contraction of the origi-

nal field equations and the definition of the scalar non-metricity itself,
⋄

Q = −
⋄

Qαµν
⋄
Pαµν

[51].

The metric evolution equations in STEGR assuming the coincident gauge are now

considered. Taking the generalized evolution equations Eqs. (3.74, 3.76) and con-

sidering all the consequences of the coincident gauge, the two evolution equations

80



Chapter 4: Gauss, Constraint and Evolution Equations in Specific Theories

reduce to

Lnγµν =
⋄
B(µν)

= 2
⋄
Bµν , (4.59)

Ln
⋄
Bµν = −γανγβµ∂λ

⋄
Lλαβ + ∂

(3)
λ

⋄
Lλµν

+ γανγ
β
µ
⋄aσ
⋄
Lσαβ − γϵ (ν|γ

χ

|µ)
⋄
Bαχnσ

⋄
Qϵ
σα
. (4.60)

At this point it is noted that the first term of the second evolution equation can be

substituted with the field equations, Eq. (4.57). Substituting the field equations one

gets

Ln
⋄
Bµν = −γανγβµ

(
Θβα −

1
2

gβαΘ +
⋄
L σ
σ λ

⋄
Lλβα +

1
2
∂(β|

⋄
Lϵ ϵ |α) +

⋄
Qλσα

⋄
Lλσβ (4.61)

− 1
2
⋄

Qβλσ
⋄
Lα
λσ

)
+ ∂(3)

λ

⋄
Lλβα + γ

α
νγ
β
µ
⋄aσ
⋄
Lσαβ − γϵ (ν|γ

χ

|µ)
⋄
Bαχnσ

⋄
Qϵ
σα
.

Writing all spacetime terms in terms of purely spatial tensors and expanding the

energy momentum tensor in terms of the spatial stress S µν, its trace S and the

density ρ, the final form of the second evolution equation in STEGR is obtained

Ln
⋄
Bµν = − 8πG

[
S µν −

1
2
γµν (S − ρ)

]

+
1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν + ∂

(3)
σ

⋄
Lσ(3)
µν

−
⋄
Bµν

⋄
B − 1

2
∂(3)

(ν|
⋄
Lσ(3)
σ|µ) +

1
2
∂(3)

(ν|

(
1
α
∂(3)
|µ)α

)

− 1
2
⋄

Qλσ(3)
ν

⋄
Q(3)

[λσ]µ +
1
4
⋄

Q(3)
µλσ

⋄
Q(3)λσ
ν +

⋄
Bσ(ν|

⋄
Bσ|µ)

+
1
α2∂

(3)
ν α ∂

(3)
µ α . (4.62)
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For a more extensive derivation please refer to Appendix C.1. The remaining equa-

tions that need to be considered in order to produce a fully consistant system of

equations are the Hamiltonian and momentum constraints. These can be obtained

by contracting the modified version of the field equations Eq. (4.57) in the stan-

dard way as was done in the previous sections and then once again converting any

spacetime terms in terms of purely spatial tensors

16πGρ =
1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ νν(3) + γ

µν∂(3)
ϵ

⋄
Lϵ(3)
µν −

⋄
B2 − ∂ν(3)

⋄
Lϵ(3)
ϵν (4.63)

− 1
2
⋄

Qλσν(3)

⋄
Q(3)

[λσ]ν +
1
4
⋄

Qλσν(3)

⋄
Q(3)
λσν +

⋄
Bσν

⋄
Bσν ,

8πGS β =
1
2
⋄
Bϵλ

⋄
Q(3)
βϵλ +

⋄
Lθρ(3)
ρ

⋄
Bβθ − γσρ∂(3)

β

( ⋄
Bρσ

)
+ γσρ∂(3)

ρ

( ⋄
Bβσ

)
. (4.64)

For a more extensive derivation of these constraints please refer to Appendix C.2.

Finally, similarly to what was done in the torsional gravity section, the Lie derivative

of the second evolution equation is broken down in order to get the evolution of the

Bµν in time

Lt
⋄
Bµν = αLn

⋄
Bµν +Lβ

⋄
Bµν , (4.65)

where general Lie derivative properties have been used [58, 8] and the vector βµ is

the shift vector. The first term here consists of the laps fuction and Eq. (4.62), which

are both known. Expanding the second term of Eq. (4.65), the following relation is

obtained

Lβ
⋄
Bµν = βλ∂

(3)
λ

( ⋄
Bµν

)
+
⋄
Bµλ∂(3)

ν

(
βλ

)
+
⋄
Bλν∂(3)

µ

(
βλ

)
. (4.66)

The same expansion is carried out on the first evolution equation, the first Lie

derivative of the spatial metric

Ltγµν = α2
⋄
Bµν + βλ∂

(3)
λ

{
γµν

}
+ γµλ∂

(3)
ν

{
βλ

}
+ γλν∂

(3)
µ

{
βλ

}
. (4.67)
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With this, the full 3 + 1 decomposition of STEGR with the coincident gauge is

complete. A fully consistent set of equations have been derived. In this case all of

the final equations are written fully in terms of purely spatial tensors and as such the

issues that were present with the TEGR formulation are not present. The equations

are thus in par with those of the GR 3 + 1 formalism

In this Chapter a number of Important results have been presented that shed light

into how each of the three theories based on the three separate geometric deforma-

tion types behave when considered through the lens of a 3+1 formalism. Starting

from the 3+1 decomposition for a general affine connection assuming non-metricity,

Eqs.(3.74 - 3.78), three separate decompositions were derived.

In the case of Gr, and thus when all geometric deformation terms vanish apart

from curvature ones, it was confirmed that the aforementioned general equations

do indeed reduce to the standard ADM evolution equations as well as the expected

Hamiltonian and momentum constraint equations. This helped to solidify the valid-

ity of the general equations and justifying pushing forward with the two remaining

theories.

In the case of TEGR, based on torsion, the tetrad formulation was considered while

choosing to work in the spin zero gauge. While the constraint equations were suc-

cessfully derived and the evolution equations were written purely in terms of spatial

terms on the right hand side, a problem arose while linking to the field equations.

The lack of symmetry of the evolution equations, a direct consequence of asymmetric

nature of the tetrad, meant that one covaraint derivative term was not substituted

out through the field equations. This led to an incomplete formulation, apart from

the case of a symmetric tetrad with spin zero.

Finally STEGR was considered while taking the coincident guage. In this case the

metric formulation was considered and both the constraint and evolution equations

were fully and successfully derived. For this reason, the STEGR 3+1 formalism will
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be the one considered in the next chapter were a validation analysis is carried out

and a modified formulation of these equations is derived in order to pave the way

for future stable simulations.
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5 Application of 3+1 formalism in STGR

In this chapter the final STEGR system of equations are considered and tested in

order to further show their usefulness and consistency with their GR counterparts. In

the first Section, a number of known spatial metric solutions to the GR 3+1 system

of equations are tested. If they are indeed solutions to the STEGR equations,

such metrics would be the building blocks of the spatial initial conditions once

simulations are considered [8]. In the second section an equivalent of the BSSN

(Baumgarte, Shapiro, Shibata and Nakamura) formalism in GR is derived from the

current STEGR 3+1 system of equations. This formalism was originally built to

address the long term numerical instability of the GR ADM equations and is thus

carried out with the intention that the STEGR equations become hyperbolic and

well-posed leading to potentially more stable simulations [8, 9].

5.1 Testing Known Solutions

GR and STEGR are mathematically bound to produce the same solutions. The

reason for this is that at the level of the Lagrangian they are only separated by a

boundary term. This boundary term disappears when considering the action, that

is, when integrating over the manifold. Varying the Lagrangians with respect to the
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respective fundamental variables produces different filed equations, but ones that

are mathematically bound to have the same solution, assuming Stokes theorem.

The explicit similarities and differences between the two 3+1 formalisms are now

highlighted. The relationship between extrinsic curvature in GR and the Bµν tensor

in STEGR, is considered first. It is noted that the tensor Bµν will be called the

extrinsic metricity from this point on. Starting from the definition of the extrinsic

curvature one can derive

◦
kαβ := −γναγ

µ
β

◦
∇νnµ (5.1)

= −γναγ
µ
β(∂νnµ − nρ

◦
Γρµν)

= −γναγ
µ
β

[
−∂ν

(
α∂µt

)
− nρ

1
2

gλρ
(
−∂λgµν + ∂µgλν + ∂νgλµ

)]

= −γναγ
µ
β

1
2

nλ
( ⋄
Qλµν −

⋄
Qµλν −

⋄
Qνλµ

)
= −γναγ

µ
βn
λ
⋄
Lλµν

= −
⋄
Bµν,

where in the third line the first term vanishes since −∂ν
(
α∂µt

)
= 1
α
nµ∂να. It has

thus been shown that the extrinsic curvature and the extrinsic metricity are one

and the same up to a sign that is the result of a chosen convention. This implies

that the first lie of the metric of STEGR is trivially the same as the that of GR up

to any use of the covariant derivative. Having defined this equivalence thoroughly

it is important to also highlight the difference between these theories, that is, apart

from their geometric origins. As they are a direct consequence of the field equations

themselves, the second evolution equations of GR and STEGR are now considered.

Here by second evolution equation one understands Eq.(4.24) with its left hand

side expanded into a partial with respect to time as in [8] for GR and Eq.(4.65)
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with Eqs.(4.62,4.66) substituted into it for STEGR. It should be noted that since

we will be concentrating on vacuum solutions all tensors derived from the energy

momentum tensors have been set to zero. These terms would not contribute to

the equations any differently as the energy momentum tensor was treated the same

way in both theories. Expanding the equations up to their most basic constituents,

the partial derivatives of the metric, lapse function and the shift vector, one gets

∂t
◦
kµν =

βϵ∂(3)
ϵ ∂

(3)
µ βν

2α
+
βϵ∂(3)
ϵ ∂

(3)
ν βµ

2α
− 1

2
∂(3)
ϵ α∂

ϵ
(3)γµν −

∂(3)
ϵ βµ∂

ϵ
(3)βν

2α
− 1

2
γϵζα∂(3)

ζ ∂
(3)
ϵ γµν +

1
2
γϵζα∂(3)

ζ ∂
(3)
µ γνϵ

−
βϵβζ∂(3)

ζ ∂
(3)
µ γνϵ

2α
+

1
2
γϵζα∂(3)

ζ ∂
(3)
ν γµϵ −

βϵβζ∂(3)

ζ ∂
(3)
ν γµϵ

2α
−
γηΘβϵβζ∂

(3)
ϵ γνΘ∂

ζ
(3)γµη

2α
+
γηΘβϵβζ∂

(3)
ϵ γηΘ∂

ζ
(3)γµν

4α

−
βϵβζ∂

(3)
ϵ α∂

ζ
(3)γµν

2α2 +
βϵ∂(3)
ϵ βζ∂

ζ
(3)γµν

2α
−
βϵ∂(3)
ϵ γνζ∂

ζ
(3)βµ

2α
+
βϵ∂(3)

ζ γνϵ∂
ζ
(3)βµ

2α
−
βϵ∂(3)
ϵ γµζ∂

ζ
(3)βν

2α

+
βϵ∂(3)

ζ γµϵ∂
ζ
(3)βν

2α
+
βϵβζ∂

ζ
(3)∂

(3)
ϵ γµν

2α
+
γηΘβϵβζ∂(3)

ζ γνΘ∂
(3)
η γµϵ

2α
+
γζηβϵ∂

ϵ
(3)γµν∂

(3)
η βζ

2α
− 1

2
γϵζα∂(3)

ζ γνη∂
η
(3)γµϵ

+
1
2
γϵζα∂(3)

η γνζ∂
η
(3)γµϵ +

1
2
γϵζα∂(3)

ζ γϵη∂
η
(3)γµν −

βϵβζ∂(3)

ζ γϵη∂
η
(3)γµν

2α
− 1

4
γϵζα∂(3)

η γϵζ∂
η
(3)γµν

+
γηΘβϵβζ∂

ζ
(3)γµη∂

(3)

Θ
γνϵ

2α
−
γηΘβϵβζ∂(3)

η γµϵ∂
(3)

Θ
γνζ

2α
−
γηΘβϵβζ∂

ζ
(3)γµν∂

(3)

Θ
γϵη

2α
+
βϵ∂
ζ
(3)βν∂

(3)
µ γϵζ

2α

+
γηΘβϵβζ∂

ζ
(3)γνη∂

(3)
µ γϵΘ

2α
−
γηΘβϵβζ∂(3)

η γνϵ∂
(3)
µ γζΘ

2α
+

1
2
∂ϵ(3)α∂

(3)
µ γνϵ +

1
4
γϵζγηΘα∂(3)

ζ γηΘ∂
(3)
µ γνϵ

−
γζηβϵ∂(3)

η βζ∂
(3)
µ γνϵ

2α
− 1

2
γϵζγηΘα∂(3)

Θ
γζη∂

(3)
µ γνϵ −

γηΘβϵβζ∂(3)
ϵ γηΘ∂

(3)
µ γνζ

4α
+
βϵβζ∂(3)

ϵ α∂
(3)
µ γνζ

2α2

+
γηΘβϵβζ∂(3)

Θ
γϵη∂

(3)
µ γνζ

2α
−
γζηβϵ∂(3)

ϵ βζ∂
(3)
µ γνη

2α
+
γηΘβϵβζ∂(3)

ζ γϵΘ∂
(3)
µ γνη

2α
−
∂ϵ(3)βν∂

(3)
µ βϵ

2α

+
∂(3)
ϵ βν∂

(3)
µ β
ϵ

2α
−
γζηβϵ∂(3)

ϵ γνη∂
(3)
µ βζ

2α
+
γζηβϵ∂(3)

η γνϵ∂
(3)
µ βζ

2α
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βϵ∂
ϵ
(3)γνζ∂

(3)
µ β
ζ

2α
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βϵ∂(3)

ζ γνϵ∂
(3)
µ β
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2α

+
γζηβϵ∂(3)

ϵ γζη∂
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4α
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βϵ∂(3)
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(3)
µ βν
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γϵζ∂(3)

ζ βϵ∂
(3)
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2α
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γζηβϵ∂(3)

η γϵζ∂
(3)
µ βν
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(3)
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2α
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µ β
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µ βζ∂
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2α
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(3)
ν γϵΘ

2α
−
γηΘβϵβζ∂(3)

η γµϵ∂
(3)
ν γζΘ

2α

+
1
4
γϵζγηΘα∂(3)

µ γϵη∂
(3)
ν γζΘ −

γηΘβϵβζ∂(3)
µ γϵη∂

(3)
ν γζΘ

2α
+

1
2
∂ϵ(3)α∂

(3)
ν γµϵ +

1
4
γϵζγηΘα∂(3)

ζ γηΘ∂
(3)
ν γµϵ

−
γζηβϵ∂(3)

η βζ∂
(3)
ν γµϵ

2α
− 1

2
γϵζγηΘα∂(3)

Θ
γζη∂

(3)
ν γµϵ −

γηΘβϵβζ∂(3)
ϵ γηΘ∂

(3)
ν γµζ

4α
+
βϵβζ∂(3)

ϵ α∂
(3)
ν γµζ

2α2

+
γηΘβϵβζ∂(3)

Θ
γϵη∂

(3)
ν γµζ

2α
−
γζηβϵ∂(3)

ϵ βζ∂
(3)
ν γµη

2α
+
γηΘβϵβζ∂(3)

ζ γϵΘ∂
(3)
ν γµη

2α
−
∂ϵ(3)βµ∂

(3)
ν βϵ

2α
+
∂(3)
µ β
ϵ∂(3)
ν βϵ

2α

+
∂(3)
ϵ βµ∂

(3)
ν β
ϵ

2α
+
∂(3)
µ βϵ∂

(3)
ν β
ϵ

2α
−
γζηβϵ∂(3)

ϵ γµη∂
(3)
ν βζ

2α
+
γζηβϵ∂(3)

η γµϵ∂
(3)
ν βζ

2α
+
γζηβϵ∂(3)

µ γϵη∂
(3)
ν βζ

2α

−
γϵζ∂(3)

µ βϵ∂
(3)
ν βζ

2α
+
βϵ∂
ϵ
(3)γµζ∂

(3)
ν β
ζ

2α
−
βϵ∂(3)

ζ γµϵ∂
(3)
ν β
ζ

2α
−
βϵ∂(3)
µ γϵζ∂

(3)
ν β
ζ

2α
+
γζηβϵ∂(3)

ϵ γζη∂
(3)
ν βµ

4α

−
βϵ∂(3)
ϵ α∂

(3)
ν βµ

2α2 +
γϵζ∂(3)

ζ βϵ∂
(3)
ν βµ

2α
−
γζηβϵ∂(3)

η γϵζ∂
(3)
ν βµ

2α
− 1

2
γϵζα∂(3)

ν ∂
(3)
µ γϵζ − ∂(3)

ν ∂
(3)
µ α

(5.2)
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and

∂t
⋄
Bµν = −

γνζβ
ϵ∂(3)
ϵ ∂

(3)
µ β
ζ

2α
−
γµζβ

ϵ∂(3)
ϵ ∂

(3)
ν β
ζ

2α
+

1
2
∂(3)
ϵ α∂

ϵ
(3)γµν −

γηΘβϵβζ∂(3)
ϵ γµν∂

(3)
ζ γηΘ

4α
+
βϵβζ∂(3)

ϵ α∂
(3)
ζ γµν

2α2

−
βϵ∂(3)
ϵ β
ζ∂(3)
ζ γµν

2α
+
γηΘβϵβζ∂(3)

ϵ γµη∂
(3)
ζ γνΘ

2α
−
βϵ∂(3)
ϵ γµν∂

(3)
ζ β
ζ

2α
+

1
2
γϵζα∂(3)

ζ ∂
(3)
ϵ γµν

−
βϵβζ∂(3)

ζ ∂
(3)
ϵ γµν

2α
− 1

2
γϵζα∂(3)

ζ ∂
(3)
µ γνϵ −

1
2
γϵζα∂(3)

ζ ∂
(3)
ν γµϵ +

γηΘγνζβ
ϵ∂(3)
ϵ γµΘ∂

(3)
η β
ζ

2α

+
γηΘγµζβ

ϵ∂(3)
ϵ γνΘ∂

(3)
η β
ζ

2α
+

1
2
γϵζα∂(3)

ζ γνη∂
η
(3)γµϵ −

1
2
γϵζα∂(3)

η γνζ∂
η
(3)γµϵ −

1
2
γϵζα∂(3)

ζ γϵη∂
η
(3)γµν

+
1
4
γϵζα∂(3)

η γϵζ∂
η
(3)γµν +

γζΘγµϵγνη∂
(3)
ζ β
ϵ∂(3)
Θ
βη

2α
− 1

2
∂ϵ(3)α∂

(3)
µ γνϵ −

1
4
γϵζγηΘα∂(3)

ζ γηΘ∂
(3)
µ γνϵ

+
1
2
γϵζγηΘα∂(3)

Θ
γζη∂

(3)
µ γνϵ −

γνϵ∂
(3)
ζ β
ζ∂(3)
µ β
ϵ

2α
−
γηΘγνζβ

ϵ∂(3)
ϵ γηΘ∂

(3)
µ β
ζ

4α
−
βϵ∂(3)
ϵ γνζ∂

(3)
µ β
ζ

2α

+
γνζβ

ϵ∂(3)
ϵ α∂

(3)
µ β
ζ

2α2 − 1
4
γϵζγηΘα∂(3)

µ γϵη∂
(3)
ν γζΘ −

1
2
∂ϵ(3)α∂

(3)
ν γµϵ −

1
4
γϵζγηΘα∂(3)

ζ γηΘ∂
(3)
ν γµϵ

+
1
2
γϵζγηΘα∂(3)

Θ
γζη∂

(3)
ν γµϵ −

γµϵ∂
(3)
ζ β
ζ∂(3)
ν β
ϵ

2α
−
γηΘγµζβ

ϵ∂(3)
ϵ γηΘ∂

(3)
ν β
ζ

4α

−
βϵ∂(3)
ϵ γµζ∂

(3)
ν β
ζ

2α
+
γµζβ

ϵ∂(3)
ϵ α∂

(3)
ν β
ζ

2α2 −
γϵζ∂

(3)
µ β
ϵ∂(3)
ν β
ζ

2α
+

1
2
γϵζα∂(3)

ν ∂
(3)
µ γϵζ + ∂

(3)
ν ∂

(3)
µ α.

(5.3)
While presenting these equations here instead of in an appendix might seem odd,

there is a good reason. Through this, it can be clearly visually seen that the STEGR

evolution equation is extensively shorter than its GR counterpart. In fact the GR

equation consists of 83 terms while the STEGR evolution equation consists of 37,

this is considerably less than half its size while supposedly producing the same

solutions. This of course has to be tested analytically.

Between the equivalence of the first lie and that of the field equations, at least at

the level of solutions, both the first and second evolution equations for GR and

STEGR should result in the same solutions if the starting point is the same spatial

metric. Before continuing with this test however, a note is presented about the

indices. Up to this point all Greek indices covered 4 dimensions, (0, 1, 2, 3). Here

it is noted that for the equations being considered this is no longer necessary and

and all Greek indices from this point will be replaced by lower case Latin indices

such as i, j, k, l,m, n representing purely spatial values (1, 2, 3) with any time index
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denoted by t. The (3) annotation will also be removed from partial derivatives as

well as tensors as no (4) tensors are considered beyond this point. All tensors and

partial derivatives are the spatial variants unless they have a t index and this only

ever occurs with partial derivatives.

Having a look at the equations above, all dummy indices that involve a metric γηΘ

are automatically zero on the 0th index. All dummy indices involving a spatial

partial derivative are also temporally zero. This leaves us with the case of free

indices, In this case it is simply chosen to iterate only over the spatial indices [8, 9].

Following the procedure as set by reference [8], four metrics are chosen to be tested,

the Schwarzschild, isotropic, Painlev´e-Gullstrand and the Kerr-Schild metric. Table

5.1 shows the findings for each metric. This was obtained by taking each evolution

equation derived in the previous chapter pertaining to STEGR and expanding them

to the simplest of partial derivative form possible as done in Eq.(5.3). The same

was then done for the constraint equations just as an extra check that these metrics

are actual solutions for these equations as well. The original field equations were

not explicitly tested as the evolution equations and the constraint equations are a

reformulation of these same equations. The mathematical equivalence of the original

STEGR field equations with the GR ones has also been already shown, making the

fact that these metrics are a solution to the GR field equations equivalent to them

being solutions to the STEGR ones. In Appendix D.3 one may find the code utilized

in order to obtain these results. In the first subsection of Appendix D.3 the necessary

xAct packages are imported and all necessary geometric entities, tensors and scalars

are defined. Here the metric is not singled out as a special tensor so that no extra

simplification is done by xAct automatically. In the second section a general form

of the components of the tensors that are to be the building blocks of the rest of the

tensors are defined. These tensors are the shift vector, the metric and inverse metric

and the spatial mapping tensor. In the third section the Evolution and Constraint

equations for TEGR are defined and finally the Four Metrics are specified. The code
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Schwarzchild Isotropic Painlev´e-Gullstrand Kerr-Schild

α
(
1 − 2M

r

) 1
2 1− M

2r
1+ M

2r
1

(
1 − 2M

r

)− 1
2

βi 0 0
(

2M
r

) 1
2 li 2M

r α
2li

γi j diag
{
α−2, r2, r2sin2(θ)

}
1 + M

2r
4
η̄i j η̄i j η̄i j +

2M
r lil j

⋄
Bi j 0 0 −

(
2M
r3

) 1
2
(
η̄i j − 3

2 lil j
)
− 2Mα

r2

{
η̄i j −

(
2 + M

r

)
lil j

}
⋄
B 0 0 − 3

2

(
2M
r3

) 1
2 −2Mα3

r2

(
1 + 3M

r

)
∂t
⋄
Bi j 0 0 0 0

Hc 0 0 0 0
Mcβ (0, 0, 0) (0, 0, 0) (0, 0, 0) (0, 0, 0)

Table 5.1: A table presenting the values of the extrinsic metricity, its scalar, its evo-
lution equation as well as the Hamiltonian Constraint and the Momentum Constraint
against four chosen metrics. Here η̄i j = diag

{
1, r2, r2sin2(θ)

}
and li = li = (1, 0, 0).

works by running these sections as cells within Mathematica. The first two sections

are run first, then a metric is chosen and the corresponding section is run, finally

the Evolution and Constraint equations code is run to see the output. The output

of each case can be seen in Table 5.1. As one would expect, since in each case the

lapse function, the shift vector and the metric were independent of time, the second

evolution equation always resulted in a zero matrix. It should be noted that in the

last row ∂t
⋄
Bi j was calculated through the right hand side of Eq. (5.3) and not by

taking the partial derivative with respect to time of the extrinsic metricity in row

4. Comparing Table 5.1 with that in reference [8] it is noted that all values agree

apart from a change in sign. This was expected through Eq. (5.1).

In this section the equivalence of the STEGR equations derived in Section 4.3 to the

ones in GR has been put to the test. In each case this equivalence was confirmed

while noting that there is significant difference in the underlying equations leading

up to the same solutions. The fact that the second evolution equation is a much

simpler set of differential equations bodes well for numerically solving this set of

equations.
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5.2 BSSN Formalism in STEGR

In the previous section it was determined that the STEGR 3+1 system of equations

are viable and consistent with those obtained through GR. Unfortunately, they

also suffer from similar issues that will cause numerical instability. This numerical

instability is also an issue for the ADM equations in GR. Mainly, the issue is that

equations are second order in space and contain mixed derivatives of the spatial

metric. In GR’s ADM formalism, even if the equations are cast into a first order

system of equations they are still weekly hyperbolic and thus not well posed [8, 9].

Given that the equivalent STEGR equations have been shown to have the same

general shape and contain the same types of terms it can be concluded that they

suffer from the same issues. This also indicates that such issues can potentially be

solved in a similar manner.

While obtaining a closed system of equations as described the the previous Chapter

is essential for obtaining any numerical result, these will not be the equations that

are to be placed inside code and evolved. At least it is highly unlikely. In order for

a general differential equation for some general function ϕ

A∂2
xϕ + 2B∂x∂yϕ +C∂2

yϕ = ρ̄ (5.4)

to be hyperbolic, the coefficients A, B and C must be real and differentiable and must

adhere to AC−B < 0. If this is the case then it is possible for the differential equation

above to be written as a wave equation returning real values, rather than complex

ones, for the unknown and needed results [8]. Now assuming that our equations are

indeed hyperbolic and thus can eventually be written in ”wave equation form” the

next step is to see if such a wave equation will be well-posed. Consider a general

vector wave equation for an n dimensional vector V

∂tV + Ai∂iV = 0, (5.5)
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where Ai will be an n × n matrix. For the system to be well posed then the solution

must not increase more rapidly than exponentially [8], that is, it is possible to define

some norm || || such that

||V(t, xi)||≤ keαt||V(0, xi)||, (5.6)

where k and α are constants independent of the initial conditions. Unfortunately

it is well understood that such a feat is not trivial. That being said, due to the

similarity of the STEGR ADM 3+1 equations to those of GR it is possible to follow

a particular well known and standard procedure to achieve such a formulation. The

method that will be considered here in order to convert the system of equations into

a strongly hyperbolic and well posed form is the one used to express the Gr ADM

equations as the BSSN formalism [59, 8, 9].

The first step is to define a new scalar field ϕ and conformaly transform the metric

through it as seen here.

γ̄i j = e−4ϕγi j, (5.7)

γ̄i j = e4ϕγi j. (5.8)

The scalar field ϕ is chosen so that the determinant of the conformal metric γ̄ is

equal to that of the flat metric η, that is, equal to 1. This results in the following
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relation between the scalar field and the determinant of the original spatial metric

det
(
γ̄i j

)
=1 (5.9)

=det
(
e−4ϕγi j

)
=e−12ϕγ,

Ln
(
e−12ϕγ

)
=Ln (1) (5.10)

= 0,

ϕ =
Ln (γ)

12
. (5.11)

In the ADM like system of equations there are two main variables that need to be

numerically solved. The first is the metric and the second is the extrinsic metricity.

Given this, the next step is to consider the best way to treat the extrinsic metricity

tensor and parametrize it in a way that is consistent with the new conformal spatial

metric. Here the trace and tracelss part of this tensor are split such that
⋄
Bi j =

1
3

⋄
Ci j + γi j

⋄
B. The traceless part of the extrinsic curvature,

⋄
Ci j is then conveniently

parametrized such that

C̄i j = e−4ϕ ⋄Ci j (5.12)

C̄i j = e4ϕ ⋄Ci j. (5.13)

Two properties that are a result of this transformation are that C̄i jC̄i j =
⋄

Ci j
⋄

Ci j and

trc
(
C̄i j

)
= γ̄i jC̄i j = γ

i j
⋄

Ci j = trc
( ⋄
Ci j

)
= 0.

Having added these new tensors and fields it is necessary to derive a system of

evolution equations for them. First the evolution equations for the ϕ and B scalar

fields are considered. Taking the trace of the evolution equation of the spatial metric
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Eq. (4.67) and substituting Eq.(5.11) one gets

γi j∂tγi j =2α
⋄
B + βkγi j∂k

(
γi j

)
+ 2γ j

k∂ jβ
k

∂tLn (γ) =2α
⋄
B + βk∂k (Ln(γ)) + 2∂ jβ

j,

∂tϕ =
α

6
⋄
B + βk∂kϕ +

1
6
∂kβ

k. (5.14)

Similarly taking the trace of the evolution equation of the extrinsic metricity Eq. (4.65)

produces an evolution equation dependant on the trace of the lie derivative of
⋄
Bi j

with respect to the normal vector Eq. (4.62).

γi j∂t
⋄
Bi j = αγ

i jLn
⋄
Bi j + γ

i jβk∂λ
⋄
Bi j + 2

⋄
Bik∂

iβk. (5.15)

Noting that

∂tB = γi j∂tBi j + Bi j∂tγ
i j, (5.16)

that

γi jLn
⋄
Bi j = − 8πG

[
−1

2
S +

3
2
ρ

]
+

1
2
⋄

Q m
k m

⋄
Lk i

i +
1
α
∂k (α)

⋄
Lk i

i + γ
i j∂k

⋄
Lk

i j (5.17)

−
⋄
B2 − ∂i ⋄Lk

ki +
1
α
∂i∂i (α) − 1

2
⋄

Qkmi ⋄Q[km]i +
1
4
⋄

Qikm
⋄

Qikm + 2
⋄
Bki ⋄Bki,

and that

∂tγ
i j = − 2α

⋄
Bi j + βk∂kγ

i j − ∂iβ j − ∂ jβi, (5.18)

and substituting in the Hamiltonian constraint Eq. (4.64) the following evolution
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equation is obtained

∂t
⋄
B = 4πGα (S − ρ) + γi j∂i∂ jα +

⋄
Lk i

i ∂kα − α
⋄
Bi j ⋄Bi j + β

k∂k
⋄
B. (5.19)

The next step is expanding each of the extrinsic metricity tensors and spatial metrics

to their conformal counterparts. This gives the final form of this evolution equation

considered here

∂t
⋄
B = 4πGα (S − ρ) + e−4ϕγ̄i j∂i∂ jα +

⋄
Lk i

i ∂kα − α
(
C̄i jC̄i j +

1
3
⋄
B2

)
+ βk∂k

⋄
B. (5.20)

The evolution equation of the conformal spatial metric is now considered. Starting

from Eq. (4.67) and once again expanding each of the extrinsic metricity tensors and

spatial metrics to their conformal counterparts while also subtracting Eq. (5.14) one

gets

∂tγi j =2α
⋄
Bi j + β

k∂kγi j + γik∂ jβ
k + γ jk∂iβ

k (5.21)

∂t

(
e4ϕγ̄i j

)
=2α

(
⋄

Ci j +
1
3
γ̄i j

⋄
B
)
+ βk∂k

(
e4ϕγ̄i j

)
+ e4ϕγ̄ik∂ jβ

k + e4ϕγ̄ jk∂iβ
k. (5.22)

Noting that

∂tγ̄i j + 4γ̄i j∂tϕ = ∂tγ̄i j +
2
3
αγ̄i j

⋄
B + 4γ̄i jβ

k∂kϕ + γ̄i j
2
3
∂kβ

k, (5.23)

one gets

∂tγ̄i j =2αC̄i j + β
k∂kγ̄i j −

2
3
γ̄i j∂kβ

k + γ̄(i|k∂| j)β
k. (5.24)

Applying a similar procedure to the evolution equation of the extrinsic metricity

Eq. (4.65) and subtracting Eq. (5.20) the evolution equation of the trace of the ex-
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trinsic metricity is derived

∂t
⋄
Bi j =αLn

⋄
Bi j + β

k∂k
⋄
Bi j +

⋄
Bik∂ jβ

k +
⋄
B jk∂iβ

k, (5.25)

Ln
⋄
Bi j = − 8πG

[
S i j −

1
2
γi j (S − ρ)

]
+ Hi j −

⋄
Bi j

⋄
B + 2

⋄
Bk

i

⋄
Bk j +

1
α
∂i∂ j (α) , (5.26)

∂t
⋄
Bi j =∂t

(
⋄

Ci j +
1
3
γi j

⋄
B
)
= ∂t

⋄
Ci j +

1
3
γi j∂t

⋄
B +

1
3
⋄
B∂tγi j, (5.27)

∂t
⋄

Ci j = − α8πGS T F
i j + αHT F

i j −
1
3
α
⋄

Ci j
⋄
B + 2α

⋄
Ck

i

⋄
Ck j +

(
∂i∂ j (α)

)T F
(5.28)

+
⋄

Cik∂ jβ
k +

⋄
C jk∂iβ

k + βk∂k
⋄

Ci j.

Noting that

∂t
⋄

Ci j = ∂t

(
e4ϕC̄i j

)
= C̄i j∂t

(
e4ϕ

)
+ e4ϕ∂t

(
C̄i j

)
, (5.29)

the final form of the evolution equation is obtained

∂tC̄i j =e−4ϕ
[
−α8πGS TF

i j + αHTF
i j +

(
∂i∂ jα

)TF]
+ α

(
2C̄k

iC̄k j − C̄i j
⋄
B
)

(5.30)

+ C̄(i|k∂| j)β
k + βk∂kC̄i j −

2
3

C̄i j∂kβ
k

where the superscript TF means trace free and where

Hi j :=
1
2
⋄

Q m
k m

⋄
Lk

i j +
1
α
∂k (α)

⋄
Lk

i j + ∂k
⋄
Lk

i j −
1
2
∂(i|

⋄
Lk

k| j) −
1
2
⋄

Qkm
i

⋄
Q[km] j +

1
4
⋄

Qikm
⋄

Q km
j . (5.31)

While all of this helps with the separation of the evolution of the radiative and

nonradiative degrees of freedom the issue of mixed second derivatives has still not

been addressed. In order to tackle this, the conformal variant of the non-metricity

tensor and the corresponding disformation tensor are considered. Starting with the
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non-metricity tensor

⋄
Qki j =∂kγi j (5.32)

=∂k

(
e4ϕγ̄i j

)
=e4ϕ∂kγ̄i j + e4ϕγ̄i j

1
e4ϕ∂ke4ϕ

=e4ϕ∂kγ̄i j + 4e4ϕγ̄i j∂kϕ

=e4ϕQ̄ki j + 4e4ϕγ̄i j∂kϕ,

and by extension
⋄

Qk
i j = Q̄k

i j + 4γ̄i jγ̄
km∂mϕ. Similarly, expanding the disformation

tensor one gets

⋄
Lki j = e4ϕL̄ki j + 2e4ϕ

(
γ̄i j∂kϕ − γ̄ki∂ jϕ − γ̄k j∂iϕ

)
, (5.33)

⋄
Lk

i j = L̄k
i j + 2γ̄km

(
γ̄i j∂mϕ − γ̄mi∂ jϕ − γ̄m j∂iϕ

)
. (5.34)

Through these, the conformal variants of the non-metricity have been defined in

such a way that they contract with the new spatial conformal metric instead of the

original one, that is, they are compatible with the conformal spatial metric.

It is now possible to construct a vector to parametrize the current evolution equa-

tions in such a way that they loose all mixed double derivatives of the spatial metric.

The vector θi thus has to be some first derivative of the conformal spatial metric.
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This is defined as

θi := L̄m
i m = γ̄

mnL̄imn (5.35)

=
1
2
γ̄mn (∂iγ̄mn − 2∂mγ̄in)

=
1
2
∂i

[Ln (γ̄)
] − γ̄mn∂mγ̄in

= −Q̄n
ni,

where the first partial derivative disapears due to the choice that γ̄ = 1. An inter-

esting aside that will be usefull in simplifying equations later is that the only other

way to contract the conformal disformation tensor vanishes for the same reason

L̄m
mi = γ̄

mnL̄mni (5.36)

=
1
2
γ̄mn

(
Q̄mni − Q̄nmi − Q̄imn

)
= −1

2
Q̄ m

im = −
1
2
∂iLn (γ̄)

= 0.

Using these, it is now possible to write the tensor Hi j in three parts. A conformal

part H̄i j, a part purely dependant on the scalar field ϕ, Hϕi j, and a part with mixed

terms Hi j

H̄i j =
1
2

Q̄k
im

(
Q̄m

jk − Q̄ m
jk

)
+

1
4

Q̄imnQ̄ mn
j + ∂kL̄k

i j + L̄k
i j∂k [Ln (α)] , (5.37)

Hϕi j = 4
(
∂iϕ∂ jϕ − γ̄i jγ̄

mn∂mϕ∂nϕ
)
− 2

(
∂i∂ jϕ + γ̄i jγ̄

mn∂m∂nϕ
)
, (5.38)
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Hi j = 2∂k(ϕ)L̄k
i j + 4θ(i|∂| j)ϕ + 2γ̄i jγ̄

mnθn∂mϕ (5.39)

+ 2
(
∂(i|ϕ∂| j) [Ln (α)] − γ̄i jγ̄

mn∂mϕ∂n [Ln (α)]
)
.

The only problematic term in these three equations is ∂kL̄k
i j. The issue is that

if expanded in its current form it will result in mixed double derivatives of the

conformal spatial metric. This can be solved through the following expansion

∂kL̄k
i j =

1
2
γ̄km∂k∂mγ̄i j + L̄mi j∂kγ̄

mk +
1
2
∂(i|γ̄

km∂kγ̄m| j) +
1
2
∂(i|θ| j), (5.40)

where the issue terms were substituted with the new vector defined in Eq. (5.35) and

where the last double derivative of the conformal spatial metric left is a Laplacian

type double derivative. This finally solves the mixed derivative issue.

The last thing to consider is the evolution equation for the new vector θi. Expanding

it by definition and employing a switch of time and spatial partial derivatives one

gets

∂tθi = −∂tγ̄
mn∂mγ̄in + γ̄

mn∂m∂tγ̄in, (5.41)

where the first term can be substituted for through raising the indices of Eq. (5.24)

∂tγ̄
mn = −γ̄mpγ̄nq∂tγ̄pq (5.42)

= −2αC̄mn + βk∂kγ̄
mn +

2
3
γ̄mn∂kβ

k − γ̄(m|p∂pβ
|n).

Considering the second term in Eq. (5.41) and once again starting from Eq. (5.24)
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one gets

γ̄mn∂m∂tγ̄in =2αγ̄mn∂mC̄in + 2γ̄mnC̄in∂mα + γ̄
mn∂mβ

k∂kγ̄in + β
kγ̄mn∂m∂kγ̄in (5.43)

− 2
3
γ̄mn∂mγ̄in∂kβ

k − 2
3
∂i∂kβ

k + γ̄mn∂mγ̄(i|k∂|n)β
k + γ̄mnγ̄(i|k∂m∂|n)β

k.

There are two terms that will pose numerical issue in this expression. The first,

βkγ̄mn∂m∂kγ̄in, can be shown to be equal to −βk (∂kγ̄
mn∂mγ̄im + ∂kθi). Being written in

terms of first order derivatives of the conformal spatial metric and the new vector

θi this term is no longer a concern. The second issue term is the divergence of the

trace of the conformal extrinsic metricity γ̄mn∂mC̄in. Using the momentum constraint

this term can be written as

γ̄mn∂mC̄in = 8πGS i +
1
2

C̄mnQ̄imn +
2
3

B∂iϕ − θmC̄im − 6γ̄mpC̄im∂pϕ +
2
3
∂i
⋄
B. (5.44)

Using all of these it is possible to write the final form of Eq. (5.41) as

∂tθi = 2α
[
C̄mn

(
Q̄min +

1
2

Q̄imn
)
− C̄im (θm + 6γ̄mn∂nϕ) +

2
3

( ⋄
B∂iϕ + ∂i

⋄
B
)]

(5.45)

+ βk
(
2Q̄ mn

k Q̄min + γ̄
mn∂m∂kγ̄in

)
+

4
3
θi∂kβ

k − βk∂kθi − θk∂iβ
k

+ 2γ̄mn∂mβ
k
(
Q̄kim + Q̄mik

)
+ 2γ̄mnC̄in∂mα −

2
3
∂i∂kβ

k + γ̄mnγ̄(i|k∂m∂|n)β
k.

With this done, all of the necessary evolution equations for all of the evolving tensors

and scalar fields have been derived. The only remaining mixed and double deriva-

tives are either Laplace derivatives or mixed derivatives of non evolving vectors and

scalars. As in standard gravity this form of the evolution equations, the STEGR

BSSN equations, increase the number of variables to solve from 12 to 15. That

being said, the advantage of having of having stable numerical evolution out ways

the minor increase in variable count [9, 8].
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6.1 Discussion

In this dissertation, the problem of producing numerical structures in alternative

theories of gravity was considered in the context of teleparallel gravity. Due to the

innovative work that has been done in order to detect and observe gravitational

waves in the past couple of years, gravitational wave simulations were of specific

interest. These detections, [3, 4], are leading us to a new era of data collection

especially data relating to massive gravity interactions. The analysis of such data

will help us better understand the fabric of the universe we inhabit. In order for

such simulations to be carried out the lack of appropriate systems of equations

needed to be addressed. As such, the development of such formulations was the

main product of this work. In Chapter 1 the importance of such simulations and

formulations as well as an explanation of the base of such formulations, know as the

3+1 decomposition, was addressed. A brief overview of the following chapters was

also presented.

In Chapter 2 an analysis of the link between geometry and gravity was presented

focusing on the two fundamental variables considered in this work, the metric and
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the tetrad. The properties and behaviour of a general covariant derivative were

also explored paving the way for Chapter 3. An in depth explanation of the two

alternative theories of gravity that were considered in Chapters 4 and 5, TEGR and

STEGR, was then given highlighting the effects the choice of their gravitating ten-

sors, the torsion tensors and non-metricity tensor respectively, had on the theories.

Their equivalence to GR was also considered.

The basis for a 3+1 formalism based on a general linear affine connection while

assuming non-metricity was set up in Chapter 3. Following the methodology used

in attaining a metric 3+1 formalism for GR in Refs.[8, 9, 22], a general form of the

3+1 was set up both for a metric and a tetrad formalism. A number of fundamental

definitions were given and a number of new generalized equations were derived. Some

of the more notable ones being the definition of the purely spatial tetrad Eq.(3.39),

an equation as a basis on which the gauss equation for gravity expressing tensors can

be built Eq.(3.64) and the necessary general evolution equations Eqs.(3.78,3.74,3.75-

3.77,3.79). While this paved the way for the three gravitational theories considered

in Chapter 4, this general formulation has a much broader impact beyond what

is done in this work. Due to the general nature of the derivation and the lack of

assumptions, the equations derived here are also applicable for theories that are

extensions and modifications of GR, TEGR and STEGR. While the most obvious

candidates would be f (R), f (T ) and f (Q), other more exotic theories would also be

applicable so long as they are built around one or more of the gravitating tensors

considered here.

In the first section of Chapter 4 it was shown that when the Levi-Civita connection

is specified, the full metric 3+1 formalism for GR can be retrieved from the equa-

tions for a general linear affine connection derived in the Chapter 3. This result is

confirmed to be in full agreement with the standard ones given by Refs.[8, 9, 22].

This derivation was carried out and presented in order to test the general form of the

equations against known results and thus providing a validation of the method used.
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Through this result using these general equations while specifying other gravitating

tensors, and thus alternative theories, was justified.

In the second section of Chapter 4 a tetrad TEGR 3+1 formalisms was attempted.

Due to the lack of a purely tetrad based equation for the spin connection like there

is in GR, a spin zero TEGR 3+1 was derived. The absence of such an equation

should not come as a surprise as in this theory the spin connection is an independent

fundamental variable in its own right. Initially a torsion Gauss-like equation relating

the fully spatial torsion tensor and the 4-dimensional torsion tensor was derived

Eq.(4.34). The torsion vector and torsion scalar Gauss-like equations Eq.(4.35,4.36)

were also derived and presented here. Choosing the teleparallel connection for TEGR

and assuming spin zero, the evolution equations for a general linear affine connection

for the tetrad reduce to the their teleparallel counterparts. The two constraint

equations were derived and the teleparallel field equations were then substituted

into the evolution equations. All these resulting equations were then simplified and

modified to consist only of terms of either the first order Lie derivative or other

purely spatial tensors in order to obtain a fully closed system of equations.

Unfortunately, the last form of the second evolution equation derived in this work,

Eq. (4.41), is not the final form needed in order to start producing simulations. As

explained in detail in this Section, one term that is expected to be substituted out

through the inclusion of the field equations, survives. This results in the right hand

side of the second evolution equation containing a single term that is impossible to

write in terms of purely spatial tensors. The reason for this is analysed, discussed in

detail and a number of possible solutions to this issue are presented. Unfortunately,

most of the solutions are ruled out. The consideration of the spin connection as an

independent non-zero fundamental variable is the most promising. If it indeed turns

out to be the solution it might shed some light on the nature of the spin connection

itself. Another is the use of some yet unknown constraint equation.

In the final section of this chapter the 3+1 formulation for STEGR was derived.
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Assuming non-metricity, vanishing torsion and curvature terms and the coincident

gauge, all covariant derivatives become partial derivatives resulting in a 3+1 that

is simpler, derivative wise, than the previous theories. The Gauss equations for

this theory, Eqs. (4.52,4.53), had already been derived in Chapter 3 as they are

independent of what theory is being considered. In preparation for the derivation

of the evolution equations a new expression for the non-metricity scalar was derived

that was dependant on the energy momentum scalar. This was substituted into the

field equations, Eqs. (3.74, 3.76). The generalized evolution equations were then

reduced to consist of only non-metricity related terms and the field equations were

substituted into the second evolution equation. By contracting the field equations

in particular ways the Hamiltonian and Momemntum constraints were also obtained

Eqs. (4.63,4.64). Simplifying this system of equations and converting all terms on

the right hand side of the second evolution equation and the constraint equations

to purely spatial tensors and derivatives, the final form of the ADM-like system of

equations for STEGR was fully acquired.

Due to obtaining a full and consistent STEGR 3+1 system of equations in Chapter

4 the next step was to validate these equations and re-write them in such a way that

any simulations carried out would be stable. In Chapter 5 similarities and differences

of the GR system of equations and the STEGR equivalents are analysed in detail.

The STEGR system of equations was then tested by generating the first and second

evolution equations as well as the scalar extrinsic curvature when choosing four

known solutions to the GR equations. The results can be seen in Table 5.1 and are

all in agreement with their GR counterparts up to a negative sign that was found

to be a consequence of a choise of convention.

In the second section of Chapter 5 the issue of hyperbolisity and well-posednes

was tackled. If the ADM system of equations in Gr and STEGR are left in their

original formulation, once simulations are carried out, both will suffer from long

term numerical instability due to them being non-hyperbolic and thus not well-
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posed system of equations. On of the most standard ways of fixing these issues in

GR is to derive what is known as the BSSN formulation. Given the similarity at the

level of differential equations of the STEGR equations to the GR counterparts, this

method is also carried out in STEGR. In this section the equations are successfully

conformally parametrized and cast into a first order system of equations Eqs. (5.7 -

5.45) converting the differential equations into a hyperbolic form.

6.2 Future Works

The results obtained up to this point lay the groundwork for constructing the 3+1

formalism for a general linear affine connection with non-metricity both with respect

to the tetrad and with respect to the metric in any theory that is based on curvature,

torsion, non-metricity or any combination of these plausible geometric manifesta-

tions of gravity. In particular it has shown that such a general foundation is fully

capable of producing the correct GR ADM equations if the Levi-Civita connection

is chosen and a fully consistent system of new STEGR equations if the coincident

gauge is chosen. With regards to torsional gravity and the choice of teleparallel

connection, more work has to be done in order to reconcile the single remaining

problem term.

The dynamic STEGR equations were put in a form more useful for numerical sim-

ulations, their equivalent of the BSSN formalism. Since these differential equations

are now in a well-posed and hyperbolic from, the next steps are for them to be ini-

tially used in a simple numerical framework developed in house in order to produce

something similar to Ref.[59] and then within a community code such as Cactus

using the Einstein Toolkit. Gravitational wave profiles are intended to be achieved

in each of these cases with the Cactus implementation opening the project up to a

myriad of possible research paths. The following is a summary of the state of the

research leading to the intended way forward.
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• Generating numerical simulations

Since hyperbolic and well-posed equations have been achieved for STEGR in

Chapter 5 the next step is to introduce such equations into numerical codes

that can solve them. Up till this point some work has been carried out dur-

ing this project in order to acquire a modest understanding of a particular

community code called Cactus [60, 61]. Cactus is an open source program

for generating simulations in areas varying from numerical relativity to fluid

dynamics to quantum gravity. An example of its use in generating simulations

for gravitational waves can be found in Ref.[62]. Here gravitational radiation

simulations were carried out stemming from the collapse of neutron stars and

rotating black holes.

Currently the knowledge about how to successfully build such a code both

on a personal computer and on a cluster has been acquired and a number of

simulations have been successfully run in GR. There are two main sides to the

Cactus code. The Cactus flesh is the base code of cactus which one initially

builds and which all other parts interact with. The second are the thorns.

Although not an exact description, thorns can be thought of as packages. In

general thorns are packets of code written in C and Fortran 90 that have a

particular purpose, some take care of the numerics of the simulation, some

define the grid on top of which our gravitating sources will exist during the

simulation as well as its refinement and its resolution, others define what type

of output is generated. Other thorns are not directly related to the simulation

itself like the thorns that convert a system of tensor differential equations and

their initial conditions into a thorn in its own right written in C and Fortran

90. This allows the rest of the thorns to interpret it and use it correctly

during simulations. The Einstein toolkit [61] which is currently being used in

this work, provides a collection of thorns that are ideal for the kind of work
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Figure 6.1: These images are snapshots generated from a simulation of the original binary black
hole merger first observed in 2015. The instructions and parameter file used to in order to run
the simulation can be found on the Einstein toolkit website and a detailed analysis in Ref.[1]
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that is intended to be produced as a continuation of this dissertation.

Once all equations are set and all the necessary thorns are built, the simulation

itself is initiated by running a parameter file which tells cactus which thorns to

run and provides the required thorns with all the necessary numerical values.

A number of simulations have been run during the coarse of this project with

the most visually presentable one being a simulation of the original binary

black hole merger first observed in 2015 [63, 1]. The results of this simulation

can be seen in Fig.(6.1) where the gravitational waves are most visible in sub

figure 4.

Apart from this simulation new simple thorns were written from scratch in

order to learn how the process works and what cactus accepts and does not

accept. The thorn Krank [64] was also used in order to generate a thorn from a

Mathematica file containing differential equations. This process seemed to be

successful as replacing the original given thorn with the new thorn generated

the same exact output in simulation.

The final work that is being produced is the development of a simple numeric

code that is capable of reproducing a proof of concept result similar to what

was achieved in Ref.[59]. In this work the GR BSSN formalism is put head to

head against the original ADM formalsim in a numerical stability sense. In

both cases a two level iterative Crank-Nicholson method is used to numerically

integrate the evolution equations assuming that most fundamental variables

behave like outgoing waves at the boundaries. Using this method a simple

wave could be simulated and compared. As it stands two separate pieces of

Mathematica code have been developed with this aim. The first is capable

of converting any type of partial derivative term generated through the xAct

package into its correct finite element form, in this case the Crank-Nicholson

finite element method. The second is capable of using the residual method to

solve differential equations over a purely spatial slice in time. Once these two

codes are fully developed, integrated with the equations derived in Chapter
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5 and appropriate boundary conditions studied and implemented, an analysis

similar to Ref.[59] should be possible.

• Finalization of 3+1 formalisms

In the case of TEGR, the tetrad system of equations is very close to being

fully consistent. While most torsion terms have been successfully converted

either into spatial torsion terms or into terms equivalent to the first evolution

equation of the respective formalisms, a single space-time covariant derivative

of torsion remains. The most plausible solution to this issue is the considera-

tion of a non-vanishing spin connection which would require the derivation of

a spin Gauss-like equation or the inclusion of some constraint equation that

is currently not known or being considered in this work. Once the right hand

side of the second evolution equation is fully spatial and written in terms of

known variables than the system of equation will become fully closed and a

similar procedure to what was done in Chapter 5 for STEGR would be carried

out in TEGR.

One other possible extension to this work is a tetrad 3+1 formalism in Gr.

While the development of this formalism was not presented in this work due to

its issues, it still has potential and merits mentioning. Currently the issue lies

with the spin terms that are remaining in the second order tetrad lie derivative

equation and the lack of a working spin Gauss-like equation. As with the other

formalisms, in order to obtain the final form of this equation the left hand side

must be written purely in terms of know purely spatial terms such as those

in the first evolution equation and the purely spatial tetrad itself. There are

a number of ways that such remaining 4-dimensional spin terms could be

modified in order to achieve this. Primarily a spin Gauss-like equation needs

to be developed so as to be used to modify all of the 4-spin terms into 3-spin

terms. Since the 3-spin can be purely written in terms of 3-tetrads this would

place the evolution equation in the required form. Unfortunately, it is unlikely
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that it is possible to do this with all of the spin terms and as such it needs to

be seen whether the remaining terms can be written in terms of the extrinsic

curvature, in terms of the the second term of the first tetrad evolution equation

or turned into torsion terms, effectively eliminating them due to GR being a

torsion free theory.

6.3 Impact of this research

Having achieved a BSSN formalism in STEGR the most promising plan for future

work is finding numerical solutions for ever more complicated and relevant physi-

cal systems such as the interaction of massive objects. This would allow a direct

comparison of such simulations with current data and if in agreement, this would

validate the method further. A second point that needs to be considered is that at

this point in time no tetrad 3+1 formulation as described in Chapters 3 and 4 exits

in GR and TEGR. Once all of the steps discussed above are achieved it is expected

that the simulations for both should agree with those generated by the metric 3+1

formulation in GR and STEGR up to numerical error.

But why are these formulations important if they should produce the same results

as those already done in GR? As we have seen in Chapter 5, the form the system

of equations takes matters a lot in terms of numerical stability. As such one of

the primary reasons for all of these versions is that the formulation one ends up

with, while producing the same solutions, is always somewhat different. It is very

important to consider such different formulations as some might prove to be more

numerically efficient and stable than others. This of course can be done by simply

taking the existing equations and manipulating them in a random manner in an

attempt at finding a better formulation, however, linking the attempts to different

geometric interpretations has the potential benefit of a better physical understanding

of the equations through geometry. Another major reason is paving the way for
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modified theories of gravity. As pointed out in the introduction Gr has its limits,

and while there are methods to compensate for such limits such as the inclusion of

dark energy and dark matter, it is also important to consider modifications in the

geometric interpretation of gravity rather than just in the matter part. That is,

testing Lagrangians that do not produce equivalent theories like the ones discussed

here. The work done here as well as all of the endeavours mentioned above all pave

the way towards a numerical analysis of such theories. Questions such as if such

theories would predict wave forms that are different from those produced in GR and

to what extent they differ could be answered. If found, these differences could help

in constraining such a theory or possibly even show that some class of the theory is

more apt at predicting such wave forms than GR itself.

Having the opportunity to explore the derived STEGR BSSN numerically first will

serve as a good starting point for future numerical projects in the other theories.

The process of obtaining a 3+1 formalism in itself as well as modifying the existing

codes to work with new differential equations is no simple feat. Starting this process

as close to the original formulation as possible and with as much of the code that

already exists as possible is the best way to train oneself into achieving the correct

results and reduce the risk of mistakes being made. It is also a benefit that the

solution is something that is already known so that if a different outcome is achieved

the issues can be rectified.

In the case of the tetrad formulations, starting with the one in GR itself would

be the best way forward. Firstly it is once again a matter of familiarization. The

second reason is that there might be benefits in using this formalism instead of the

existing metric one. The tetrad is a more fundamental variable than the metric and

it is possible that the equations generated could be solved more quickly numerically.

While this is not guaranteed it is something that is wise to look into given the

major simulations that are being attempted and the amount of time they take to

run. Any advantage in computing time would be of great help not only to get
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answers quicker but also for running costs. Another advantage is related to the fully

spatial spin connection and its relation to the physical spin of the system. Through

this formalism the 3-spin would be trivially obtained. The same can be said for the

tetrad fromulation in TEGR which is one step further from the original formulation

that is fully coded.

Apart from the obvious academic merit that will come from future publications of

this work beyond the current publication [65], this project has been an incredible

experience with regards to building a more holistic view of research and the scien-

tific community as a whole. Great interest has been shown from our international

collaborators, some of which even offering their time and resources to aid with the

research. Among others, this work has involved two STSM’s to Frankfurt in Ger-

many with one of the leaders of this field, Prof. Luciano Rezzola. Here a greater

understanding of the basis of the GR metric 3+1 formalism was obtained and has

greatly helped with the development of the generalized formalism in Chapter 3. An-

other very important experience was attending the Lost In Gravity Conference in

Saint Flour, France, where the importance and possible methodology of obtaining

well-posed and hyperbolic evolution equations hit home leading to the current state

of the BSSN equations in STEGR. During this conference, multiple contacts were

made that will be invaluable for carrying out the modification of the relevant parts

of the cactus code. Finally, and most importantly, being a committee member of the

COST Action CA16104 Gravitational Waves, Black Holes and Fundamental Physics

which has allowed for most of the above visits to be possible and the building of a

network for future collaborations that will outlast both the cost action and this part

of the research.

As stated in the beginning of this work, this is a very exiting time to be studying

the fundamental formalisms in various theories that will lead to relevant numerical

simulations as these are now moving to the forefront of Astrophysical event detec-

tion systems and observation projects. As such it is very important that in our
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quest for understanding the Universe they are studied holistically including through

alternative theories of gravity.
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Appendices

A A General Second Order Lie Derivative of the spatial Met-
ric

One starts by considering the first lie derivative of the spatial metric along the
global normal vector for a general affine connection with non-metricity as derived
in Eq.(3.74)

Lnγµν = γσ(ν|γ
β

|µ).n
λTσλβ + 2γανγ

β
µnλL

λ
αβ − k(µν)

= A(µν) + B(µν) − k(µν) .

Starting from the torsion term Aµν, taking its Lie derivative results in

LnAµν =nλ∂λAµν + Aλµ∂νnλ + Aνλ∂µnλ (1)

=γανγ
β
µn
λ∇λAαβ + Aλµγλσγ

α
ν∇αnσ + Aνλγλσγ

β
µ∇βnσ

+ Aϵµγϵσγ
α
νn
λTσλα + Aνϵγϵσγ

β
µn
λTσλβ

=γανγ
β
µn
λ∇λAαβ − Aλµ

(
γλσγ

α
νnϵQα

ϵσ + kνλ
)

− Aνλ
(
γλσγ

β
µnϵQβ

ϵσ + kµλ
)
+ AσµAσν + AνσAσµ ,

(2)

Here, the partial derivatives are expanded and given that the lie derivative of a
lower index tensor has been shown to be itself spatial a spatially mapping tensor
is extracted for each index. In the second line all first lie terms are substituted for
by their respective Aµν form and Eq.(3.57) is used to expand the second and third
terms. with regards to the first term, the Aαβ is expanded and the Leibniz rule is
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applied to it as seen below,

γανγ
β
µn
λ∇λAαβ =γανγβµnλ∇λ

(
γϵαγ

χ
βnσT σ

ϵ χ

)
(3)

= − γανγβµ∇λT λ
α β + DλT λ

ν µ + γ
α
νγ
β
µaλT

λ
α β

+ γανγ
β
µT

σ
ϵ χn

λnσ∇λ
(
δϵαn

χnβ + δ
χ
βn
ϵnα

)
= − γανγβµ∇λT λ

α β + DλT λ
ν µ + γ

α
νγ
β
µaλT

λ
α β

γβµnσnϵT σ
ϵ βγ

α
νaα.

Here, in the last line, the anti-symmetric nature of the torsion tensor tensor was
used to eliminate one of the terms in the bracket. As a result the following is the
final form of the lie of the torsion term

LnAµν = − γανγβµ∇λTαλβ + DλTνλµ

+ γανγ
β
µaσTασβ + γ

β
µnσnϵTϵσβγ

α
νaα

− Aλµ
(
γλσγ

α
νnϵQα

ϵσ + kνλ
)

− Aνλ
(
γλσγ

β
µnϵQβ

ϵσ + kµλ
)

+ AσµAσν + AνσAσµ . (4)

Considering the disformation term γανγ
β
µnλLλαβ as Bµν and applying a lie derivative

to it with respect to the normal vector and employing the same procedure as above,
one acquires

LnBµν =nλ∂λBµν + Bλµ∂νnλ + Bνλ∂µnλ (5)

=nλ∇λBνµ + Bλ(µ∇ ν)nλ + nλBσ(µ|Tσλ |ν)

=γανγ
β
µn
λ∇λBαβ − γϵ (ν|γχ |µ)Bαχ [nσQϵσα + kϵα] + Bσ(µ|Aσ | ν).
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Taking the first term and expanding it one gets,

γανγ
β
µn
λ∇λBαβ =γανγβµnλ∇λ

(
γϵαγ

χ
βnσLσϵχ

)
(6)

= − γανγβµ∇λLλαβ + DλLλµν + γανγ
β
µaλL

λ
αβ

+ γανγ
β
µL
σ
ϵχnλnσ∇λ

(
δϵαn

χnβ + δ
χ
βn
ϵnα

)
= − γανγβµ∇λLλαβ + DλLλµν

γανγ
β
µ

(
aσLσαβ + a(β|Lσϵ |α)nσnϵ

)
Combining this with Eq.(5) the final form of the non-metricity contribution to the
second evolution equation is achieved

LnBµν = − γανγβµ∇λLλαβ + DλLλµν (7)

+ γανγ
β
µ

(
aσLσαβ + a(β|Lσϵ |α)nσnϵ

)
− γϵ (ν|γ

χ

|µ)Bαχ (nσQϵσα + kϵα)

+ Bσ(µ|Aσ |ν) .

Finally the extrinsic curvature term is considered. As with the other two cases the
definition of the lie derivative along a vector applied to a tensor is used to get

Lnkµν =nλ∂λkµν + kλµ∂νnλ + kνλ∂µnλ (8)

=nλ∇λkνµ + kλ(µ∇ ν)nλ + nλkσµTσλν + nλkνσTσλµ

=γανγ
β
µn
λ∇λkαβ − kλµ

(
nϵγλσγ

α
νQα

ϵσ + kνλ
)

− kνλ
(
nϵγλσγ

β
µQβ

ϵσ + kµλ
)
+ kσµAσν + kνσAσµ.

Taking the first term and expanding one obtaines

γανγ
β
µn
λ∇λkαβ =γανγβµnλ∇λ∇αnβ (9)

+ γανγ
β
µ

[
∇α

(
nχ

)
nλnχ∇λ

(
nβ

)
+∇ϵ

(
nβ

)
nλnϵ∇λ

(
nα

)]
=γανγ

β
µn
λ∇λ∇αnβγανγβµ

(
1
2

nχnϵQαχϵaβ + aβaα

)
.
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Combining these two parts one obtaines the final form of the curvature contribution
to the second evolution equation given below

Lnkµν =γανγ
β
µn
λ∇λ∇αnβ (10)

+ γανγ
β
µ

(
1
2

nχnϵQαχϵaβ + aβaα

)

− kλµ
(
γλσγ

α
νnϵQα

ϵσ + kνλ
)

− kνλ
(
γλσγ

β
µnϵQβ

ϵσ + kµλ
)

+ kσµAσν + kνσAσµ .

B TEGR Second Evolution Equation and Constraints

B.1 TEGR Second Evolution Equation

Starting where Eq.(4.40) left off and combining Eq.(4.37) and Eq.(4.38) to get the
final form of the TEGR field equations, one gets,

∧
S ασρ

∧
T λρλ −

∧
S ρλσ

∧
Tρλα −

1
2
∧
S αρλ

∧
Tσλρ

+
1
2

gασ
(
Θ + 2

∧
T βρβ

∧
T λλρ + 2

∧
∇ρ

∧
T λλρ

)
−

∧
∇λ

∧
S αλσ = Θασ . (11)

This Final form was then expanded and simplified using Mathematica through the
package XAct [66]. This package is capable of tensor manipulation and simplifica-
tion, it also gives the user the ability to definite rules for tensor substitution while
maintaining the correct index placement and notation. The code used here can be
found in Appendix D.1. Taking up the derivation from after this simplification one
obtains

eA(3)
σ γ

σ
λγ
α
ν

∧
∇ρ

∧
T λ ρα =eA(3)

σ γ
σ
λγ
α
ν

(
−1

2
∧
T ρχ
α

∧
T λρχ +

∧
T λ
ρ χ

∧
T ρ χα +

∧
T ρ χα

∧
T λ
λ ρ −

∧
T λρ
α

∧
T χρχ (12)

−
∧
T λ ρα

∧
T χρχ +

∧
∇α

∧
T ρλρ +

∧
∇λ

∧
T ραρ −

∧
∇ρ

∧
T λρ
α − δλαθ + 2θαλ

)
At this point each of the terms in the equation above need to be converted into
terms that are purely spatial. Starting from the top left and moving to the bottom
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right the main method used here is the expansion of the contracted indices. The
fact that contracting the antisymmetric indices of the torsion tensor together or
contracting both with the normal vector results in a zero term is used throughout
and the Gauss Equation for the torsion tensor, Eq.(4.34), is also used for conversion.
Another important relation to note while simplifying these terms is

∂νnϵ = − ∂ν (α∂ϵ [t]) (13)

= − ∂ϵ [t] ∂ν [α]

=
1
α

nϵ∂ν[α],

apart from this, it should also be noted that through Eq.(3.61) and Eq.(4.30) terms
with the following shape also vanish, γναγ

µ
βnσTσνµ = 0. Finally, as a consequence

of a vanishing spin connection, the following relation will also be used to simplify
these terms

nρ
∧
T ρµν =nρ

( ∧
Γρµν −

∧
Γρνµ

)
(14)

=∂νnµ − ∂µnν

Omitting the spatial tetrad for the time being one obtains

−1
2
γσλγ

α
ν

∧
T ρχ
α

∧
T λρχ = −

1
2
γσλγ

α
ν

(
γρµ − nρnµ

) (
γχϵ − nχnϵ

) ∧
T µϵ
α

∧
T λρχ (15)

= − 1
2
∧
T (3)ρχ
ν

∧
Tσ(3)
ρχ +

∧
Aν
ρ ∧
Aσρ,

γσλγ
α
ν

∧
T λ
ρ χ

∧
T ρ χα =γ

σ
λγ
α
ν

(
γρµ − nρnµ

) (
γχϵ − nχnϵ

) ∧
T λ
ρ χ

∧
T µ ϵα (16)

=
∧
T σ(3)
ρ χ

∧
T ρ(3)χ
µ −

∧
Aρν

∧
Aρ
σ
+ γσλγανn

ϵ (∂αnϵ − ∂ϵnα) nχ
(
∂λnχ − ∂χnλ

)
=
∧
T σ(3)
ρ χ

∧
T ρ(3)χ
µ −

∧
Aρν

∧
Aρ
σ
+

1
α2∂

(3)
ν (α) ∂σ(3) (α)

γσλγ
α
ν

∧
T λ
χ ρ

∧
T ρ χα =γ

σ
λγ
α
ν

(
γρµ − nρnµ

) (
γχϵ − nχnϵ

) ∧
T λ
χ ρ

∧
T µ ϵα (17)

=
∧
T σ(3)
χ ρ

∧
T ρ(3)χ
ν +

1
α2∂

(3)
ν (α) ∂σ(3) (α)
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−γσλγαν
∧
T λρ
α

∧
T χρχ =γσλγ

α
ν

(
γρµ − nρnµ

) (
γχϵ − nχnϵ

) ∧
T λµ
α

∧
T ϵρχ (18)

=
∧
T σρ
ν(3)

∧
T χ(3)
ρχ −

1
α

∧
T (3)σρ
ν ∂(3)

ρ (α) −
∧
Aν
σ ∧

A

−γσλγαν
∧
T λ ρα

∧
T χρχ =γσλγ

α
ν

(
γρµ − nρnµ

) (
γχϵ − nχnϵ

) ∧
T λ µα

∧
T ϵρχ (19)

=
∧
Tσ(3)ρ
ν

∧
T χ(3)
ρχ −

1
α

∧
Tσ(3)ρ
ν ∂

(3)
ρ (α) −

∧
Aσν

∧
A

γσλγ
α
ν

∧
∇α

∧
T ρλρ =γσλγ

α
ν

∧
∇α

(
γρµ − nρnµ

) ∧
T µλρ (20)

=
∧
Dσ

∧
T ρσ(3)ρ − γσλγ

α
ν

∧
∇α

(
nρnµT µλρ

)
=
∧
Dσ

∧
T ρσ(3)ρ +

∧
Dν

(
1
α
∂σ(3) [α]

)

γσλγ
α
ν

∧
∇λ

∧
T ραρ =γσλγ

α
ν

∧
∇α

(
γρµ − nρnµ

) ∧
T µαρ (21)

=
∧
Dσ

∧
T ρ(3)
νρ +

∧
Dσ

(
1
α
∂(3)
ν [α]

)
Combining all these terms and substituting into the second evolution equation gives
Eq.(4.42).

B.2 TEGR Constraint Equations

In this subsection the two constraint equations are considered. Starting from the
Hamiltonian constraint one needs to contract the Symmetric part of the TEGR Field
equations with two normal vectors as seen below

nλnαFE(αλ) = 2nλnαθαλ = 16πnλnαTαλ = 16πρ. (22)

where the tensor FEαλ represents the geometry part of the field equations, Tαλ is
the energy momentum tensor and ρ is the energy density.

Expanding and simplifying through Mathematica (Appendix D.1) as with the evo-
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lution equation in Appendix A, one obtains

nλnα
(1
2
∧
Tα
ρσ ∧

Tλρσ −
∧
Tρλσ

∧
T ρ σα −

∧
T ρ σα

∧
Tσλρ + 2

∧
T ρ
αλ

∧
Tσρσ − 2

∧
∇λ

∧
T ραρ − 2

∧
∇ρ

∧
T ρ
αλ

)
(23)

+ 2
∧
Tα λα

∧
T ρλρ −

∧
T + 2

∧
∇λ

∧
Tα λα = 16πρ.

Considering the terms individually and expanding the dummy indices one gets

1
2

nαnλ
∧
Tα
ρσ ∧

Tλρσ =
1
2

nαnλ
(
γρµ − nρnµ

) (
γσϵ − nσnϵ

) ∧
Tα
µϵ ∧

Tλρσ (24)

= − 1
2

[
γρµnϵ

(
∂µnϵ − ∂ϵnµ

)
nσ

(
∂ρnσ − ∂σnρ

)
+ γσϵnµ

(
∂µnϵ − ∂ϵnµ

)
nρ

(
∂ρnσ − ∂σnρ

) ]
= − 1
α2∂

ρ
(3) (α) ∂(3)

ρ (α) ,

−nαnλ
∧
Tρλσ

∧
T ρ σα = − nαnλ

(
γρµ − nρnµ

) (
γσϵ − nσnϵ

) ∧
Tρλσ

∧
T µ ϵα (25)

= −
∧
Aρσ

∧
Aρσ +

1
α2∂

ρ
(3) (α) ∂(3)

ρ (α) ,

−nαnλ
∧
T ρ σα

∧
Tσλρ = − nαnλ

(
γρµ − nρnµ

) (
γσϵ − nσnϵ

) ∧
T µ ϵα

∧
Tσλρ (26)

= −
∧
Aρσ

∧
Aσρ,

2nαnλ
∧
T ρ
αλ

∧
Tσρσ =2γρµnαnλ

∧
Tαλµ

∧
Tσρσ (27)

=2γρµnλ
(
∂λnµ − ∂µnλ

) ∧
Tσρσ

=
2
α
∂
ρ
(3) (α)

∧
Tσ(3)
ρσ +

2
α2∂

ρ
(3) (α) ∂(3)

ρ (α) ,

−2nαnλ
∧
∇λ

∧
T ραρ = − 2

(
γαλ − gαλ

) (
γρµ − nαnµ

) ∧
∇λ

∧
T µαρ (28)

= − 2
∧
Dλ

∧
T ρλ(3)ρ − 2

∧
Dλ

[
1
α
∂λ(3) (α)

]
+

∧
∇λ

∧
T ρλρ ,
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−2nαnλ
∧
∇ρ

∧
T ρ
αρ = − 2

∧
Dρ

[
1
α
∂
ρ
(3) (α)

]
, (29)

2
∧
Tα λα

∧
T ρλρ =2

(
γαϵ − nαnϵ

) (
γλχ − nλnχ

) ∧
T ϵ χα

∧
T ρλρ. (30)

Taking each all of the resulting terms from the Eq.(30)

2
∧
Tα(3)λ
α

(
γρµ − nρnµ

) ∧
T µλρ =2

∧
Tα(3)λ
α

∧
T ρ(3)
λρ +

2
α

∧
Tα(3)λ
α ∂

(3)
λ (α) (31)

2
∧
A

(
γρµ − nρnµ

)
nλ

∧
T µλρ =2

∧
A2 (32)

−2γλχnαnϵ
∧
T ϵλρ = −

2
α
∂λ(3) (α)

∧
T ρ(3)
λρ −

2
α2∂

λ
(3) (α) ∂(3)

λ (α) (33)

Combining all of the above, noting that the last term of Eq.(28) cuts out with the
last term of Eq.(23) and substituting Eq.(4.36), leaves a purely spatial Hamiltonian
constraint equation, Eq.(4.45).

With regards to the momentum constraint, one once again needs to start from the
symmetric part of the field equations with one of the free indices contracted with a
normal vector and one with the spatial mapping tensor

nαγσχFE(ασ) = 2nαγσχθασ = 16πnαγσχTασ = 16πS χ. (34)

Here S χ is the momentum density. Expanding and simplifying this equation using
Mathematica (Appendix D.1) gives the following

nαγσχ
[
−

∧
Tλσρ

∧
T λ ρα − 2gασ

(
∧
T βρβ

∧
T λ ρλ −

1
2
∧
T +

∧
∇ρ

∧
T λ ρλ

)
−

∧
T λ ρα

∧
Tρσλ +

∧
T λ
ασ

∧
T ρλρ (35)

+
∧
T ρλρ

∧
T λ
σα +

1
2
∧
T λρ
α

∧
Tσλρ +

∧
∇α

∧
T λσλ +

∧
∇λ

∧
T λ
ασ +

∧
∇λ

∧
T λ
σα −

∧
∇σ

∧
T λ αλ

]
= 16πS χ.
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Considering each term individually and noting that nαγσχgασ = 0 one gets

−nαγσχ
∧
Tλσρ

∧
T λ ρα = − nαγσχγ

ρ
µ

(
γλν − nλnν

) ∧
Tλσρ

∧
T ν µα (36)

= −
∧
T (3)
λχρ

∧
Aλρ,

−nαγσχ
∧
T λ ρα

∧
Tρσλ = − nαγσχγ

ρ
µ

(
γλν − nλnν

) ∧
T ν µα

∧
Tρσλ (37)

= −
∧
Aλρ

∧
T (3)
ρχλ − nα

(
∂χnµ − ∂µnα

) ∧
Aνχ

= −
∧
Aλρ

∧
T (3)
ρχλ −

1
α
∂(3)
ρ (α)

∧
Aρχ,

nαγσχ
∧
T λ
ασ

∧
T ρλρ =nαγσχ

(
γλν − nλnν

) (
γρµ − nρnµ

) ∧
T ν
ασ

∧
T µλρ (38)

= − nαγσχn
λnνγρµ

∧
T ν
ασ

∧
T µλρ

=
1
α
∂(3)
χ (α)

∧
A,

1
2

nαγσχ
∧
T λρ
α

∧
Tσλρ =

1
2

nαγσχ
(
γλν − nλnν

) (
γρµ − nρnµ

) ∧
T λρ
α

∧
Tσλρ (39)

= − 1
α
∂(3)
ν (α)

∧
A ν
χ ,

−nαγσχ
∧
∇α

∧
T λσλ = − nαγσχ

(
∧
∇σ

∧
T λαλ −

∧
∇λ

∧
T λασ −

∧
T βασ

∧
T λβλ

)
. (40)

In the case of the last term the Bianchi identity in TEGR as given by Pereira [28]
was used.

Considering the individual terms in this equation separately one obtaines

−nαγσχ
∧
∇σ

∧
T λαλ = − nαγσχ

(
γλν − nλnν

) ∧
∇σ

∧
T λαλ (41)

= −
∧
Dχ

∧
A,

nαγσχ
∧
∇λ

∧
T λασ =nαγσχ

(
γλν − nλnν

) ∧
∇λ

∧
T λασ (42)

=
∧
Dλ

∧
Aλχ − nλ

∧
∇λ

[
1
α
∂χ (α)

]
,
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nαγσχ
∧
T βασ

∧
T λβλ =nαγσχ

(
γβν − nβnν

) ∧
T νασ

∧
T λβλ (43)

=
∧
Aβχ

∧
T λ(3)
βλ +

1
α
∂(3)
β (α)

∧
Aβχ −

1
α
∂(3)
χ (α)

∧
A,

Continuing with the terms from Eq.(35)

nαγσχ
∧
∇λ

∧
T λ
ασ =nλ

∧
∇

[
1
α
∂(3)
χ (α)

]
, (44)

nαγσχ
∧
∇λ

∧
T λ
σα =

∧
Dλ

∧
A λ
χ , (45)

−nαγσχ
∧
∇λ

∧
∇σ

∧
T λ αλ = −

∧
Dχ

∧
A. (46)

Combining all of the above and noting that the last term of Eq.(43) cuts out with
Eq.(44), leaves a purely spatial Momentum constraint equation, Eq.(4.44).

C STEGR Second Evolution Equation and Constraints

C.1 STEGR Second Evolution Equation

After substituting the STEGR field equations into the second evolution equation
one is left with

Ln
⋄
Bµν = −γανγβµ

(
Θβα −

1
2

gβαΘ +
⋄
L σ
σ λ

⋄
Lλβα +

1
2
∂(β|

⋄
Lϵ ϵ |α) +

⋄
Qλσα

⋄
Lλσβ (47)

− 1
2
⋄

Qβλσ
⋄
Lα
λσ

)
+ ∂(3)

λ

⋄
Lλβα + γ

α
νγ
β
µ
⋄aσ
⋄
Lσαβ − γϵ (ν|γ

χ

|µ)
⋄
Bαχnσ

⋄
Qϵ
σα
.
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Before expanding the terms above and converting them to purely spatial terms a
number of relations should be considered.

−nλ∂ϵnλ =nλ∂ϵ (α∂λt) (48)

=
α

α
∂λ (t) nλ∂ϵ (α)

=
1
α
∂ϵ (α) ,

aϵ =nλ∂λnϵ (49)

= − nλ∂λ [α∂ϵ (t)]

=
1
α

nϵnλ∂λ (α) .

Considering the third term in the bracket of Eq.(47) one obtains

−γανγβµ
⋄
L σ
σ λ

⋄
Lλβα =

1
2
γανγ

β
µ

⋄
Q σ
ϵ σ

⋄
Lλβα (50)

=
1
2
γανγ

β
µg
σλ
⋄
∇ϵ (gλσ)

⋄
Lϵβα

=
1
2
γανγ

β
µ

( ⋄
∇ϵγλλ − γλσ

⋄
∇gσλ − 2nλ

⋄
∇nλ

)

=γανγ
β
µ

[
1
2
γλσ

⋄
Q σλ
ϵ +

1
α
∂(3)
ϵ (α) − aϵ

]
⋄
Lϵ αβ.

labeling each of the three terms inside the square brackets in order as 1a, 1b and 1c
respectively one notes that 1c and γανγ

β
µ
⋄aσ
⋄
Lσαβ cancel out. Considering 1a

1
2
γανγ

β
µγλσ

⋄
Q σλ
ϵ

⋄
Lϵ αβ =

1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν −

1
2
γλσnϵ

⋄
Q λσ
ϵ

⋄
Bµν, (51)

such that one is left with

1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν −

1
2
γλσnϵ

⋄
Q λσ
ϵ

⋄
Bµν. (52)

130



Appendices

Noting now the first term outside of the brackets in Eq.(47)
⋄
Dλ

⋄
Lλνµ =γ

α
νγ
β
µγ
σ
λ

⋄
∇σ

⋄
Lλαβ (53)

=γϵ νγ
χ
µγ
σ
γ

⋄
∇σ

⋄
Lγ(3)
ϵχ − γϵ νγχµγσγ

⋄
Lλαβ

⋄
∇σ

(
γαϵγ

β
χγ
γ
λ

)
=
⋄
Dσ

⋄
Lσνµ + Bνµγσγnϵ

⋄
Q ϵγ
σ ,

combining it with Eq.(51) and using the definitions of the disformation tensor,
Eq.(2.35), and the scalar extrinsic metricity one concludes with

1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν +

⋄
Dσ

⋄
Lσνµ +

⋄
Bµνγλσnϵ

(
⋄

Qσϵλ −
1
2
⋄

Qϵσλ

)
(54)

=
1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν +

⋄
Dσ

⋄
Lσνµ +

⋄
Bµν

⋄
B.

Taking the fourth term inside the brackets of Eq.(47), noting that the symmetries
can be shifted to the two outer spatial mapping terms and considering one of the
symmetries on its own one obtains

−1
2
γανγ

β
µ∂β

⋄
Lϵ ϵα = −

1
2
γανγ

β
µ∂α

[(
γϵ χ − nϵnχ

) ⋄
Lχϵα

]
(55)

= − 1
2
γανγ

σ
µ∂α

[
γβσ

(
γϵ χ − nϵnχ

) ⋄
Lχϵα

]
+

1
2
γανγ

σ
µ

(
γϵ χ − nϵnχ

) ⋄
Lχϵα∂αγβσ

= − 1
2
⋄
Dν
⋄
Lϵ(3)
ϵµ +

1
4
γανγ

σ
µ∂α

(
γβσnϵnχ

⋄
Lχϵα

)
= − 1

2
⋄
Dν
⋄
Lϵ(3)
ϵµ +

1
2
∂(3)
ν

[
1
α
∂(3)
µ (α)

]
.

Combining what has been obtained up to this point one gets

1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν +

⋄
Dσ

⋄
Lσνµ +

⋄
Bµν

⋄
B − 1

2
⋄
Dν
⋄
Lϵ(3)
ϵµ +

1
2
∂(3)
ν

[
1
α
∂(3)
µ (α)

]
,

which is fully spatial.

Considering the last two terms in the brackets, expanding the disformation tensors
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and re-combining them gives

− γανγβµ
(
⋄

Qλσα
⋄
Lλσβ −

1
2
⋄

Qβλσ
⋄
L λσ
α

)
(56)

= − γανγβµ
(
⋄

Qλσα
⋄

Q[λσ]β −
1
4
⋄

Qβλσ
⋄

Q λσ
α

)

= − γανγβµ
(
γσχγ

λ
ϵ − γσχnλnϵ − γλϵnσnχ + nλnϵnσnχ

) [ ⋄
Qϵχα

⋄
Q[λσ]β −

1
4
⋄

Qβλσ
⋄

Q ϵχ
α

]

= − 1
2
⋄

Qλσ(3)
ν

⋄
Q(3)

[λσ]µ −
1
2
⋄

Q(3)
µλσ

⋄
Q(3)λσ
ν

− 1
2
γανγ

β
µγ
σχnλnϵ

( ⋄
Q[χϵ]α

⋄
Q[λσ]β +

⋄
Qβλσ

⋄
Qαϵχ

)
− 1
α2∂

(3)
ν (α) ∂(3)

µ (α) , (57)

where the following was used

γανn
λnσ∂αgλσ =γαν

(
nλ∂αnλ − nλ∂αnλ

)
(58)

=2γανn
λ∂αnλ

= − 2γαν
α

α
∂λ (t) nλ∂αnλ

= − 2
α
∂(3)
ν (α)

Considering the first term in the the brackets in the above equation,

−1
2
γανγ

β
µγ
σχnλnϵ

⋄
Q[χϵ]α

⋄
Q[λσ]β = −

1
2
γανγ

β
µγ
σχnλnϵ

⋄
L[χϵ]α

⋄
L[λσ]β (59)

= − 1
2
γα(ν|γ

β

|µ)
⋄
Bσαn

λ
⋄
Lσλβ +

1
2
⋄
Bσν

⋄
Bσµ +

1
4
γα(ν|γ

β

|µ)n
λnϵ

⋄
Lχϵα

⋄
Lσλβ,
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and then considering the last term here, one gets

1
4
γα(ν |γ

β

|µ)n
λnϵ

⋄
Lχϵα

⋄
Lσλβ =

1
16
γα(ν |γ

β

|µ)n
λnϵ

( ⋄
Qχϵα −

⋄
Qϵχα −

⋄
Qαχϵ

) ( ⋄
Qσλβ −

⋄
Qσλβ −

⋄
Qλσβ

)
(60)

=
1

16
γα(ν|γ

β

|µ)n
λnϵ

(
−2

⋄
Lϵχα − 2

⋄
Qαχϵ

) (
−2

⋄
Lλσβ − 2

⋄
Qβσλ

)
=

1
4
⋄
Bσ(ν|

⋄
Bσ|µ) +

1
2
γα(ν|γ

β

|µ)
⋄
Bσαn

λ
⋄

Qβσλ +
1
4
γα(ν|γ

β

|µ)γ
σχnλnϵ

⋄
Qαχϵ

⋄
Qβσλ.

Updating Eq.(56) and combining it with the last term in Eq.(47) outside of the
brackets one obtains

−1
2
⋄

Qλσ(3)
ν

⋄
Q(3)

[λσ]µ −
1
2
⋄

Q(3)
µλσ

⋄
Q(3)λσ
µ +

⋄
Bσ(ν|

⋄
Bσ|µ) −

1
α2∂

(3)
ν (α) ∂(3)

µ (α) . (61)

Finally Updating Eq.(47) with this and Eq.(51) one obtains the final, fully spatial
form of the second evolution equation in STEGR

Ln
⋄
Bµν = − γανγβµ

(
Θβα −

1
2

gβαΘ
)

+
1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ(3)
µν +

1
α
∂(3)
ϵ (α)

⋄
Lϵ(3)
µν + ∂

(3)
σ

⋄
Lσ(3)
µν

−
⋄
Bµν

⋄
B − 1

2
∂(3)

(ν|
⋄
Lσ(3)
σ|µ) +

1
2
∂(3)

(ν|

(
1
α
∂(3)
|µ)α

)

− 1
2
⋄

Qλσ(3)
ν

⋄
Q(3)

[λσ]µ +
1
4
⋄

Q(3)
µλσ

⋄
Q(3)λσ
ν +

⋄
Bσ(ν|

⋄
Bσ|µ)

+
1
α2∂

(3)
ν α ∂

(3)
µ α . (62)

133



Appendices

C.2 STEGR Constraint Equations

Starting from the momentum constraint, Eq.(4.57) is contracted with a normal
vector and a spatial mapping tensor

nνγµβΘµν = nνγµβ

(
−
⋄
L σ
σ α

⋄
Lαµν − ∂α

⋄
Lαµν −

1
2
∂(µ|

⋄
Lϵ ϵ |ν)

−
⋄

Qσϵν
⋄
Lσϵµ +

1
2
⋄

Qµνϵ
⋄
Lν
σϵ
+

1
2

gµνΘ
)
. (63)

At this point this was put into a Mathematica code that expanded and simplified
the equation (Appendix D.2). The code then split the terms into terms with no
derivatives and others containing derivatives. Starting with the non-derivative parts
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one gets.

− 1
4

nα
[ ⋄
Q ϵλ
α

⋄
Q(3)
βϵλ + 2

⋄
Qϵ λα

( ⋄
Q(3)
ϵβλ −

⋄
Q(3)
λβϵ

)]
(64)

= − 1
4

nα
[
2
⋄
L ϵλ
α

⋄
Q(3)
βϵλ +

⋄
Q(3)
βϵλ

( ⋄
Qϵ λα +

⋄
Qλ ϵα

)
+ 2

⋄
Qϵ λα

( ⋄
Q(3)
ϵβλ −

⋄
Q(3)
λβϵ

)]
= − 1

2
⋄
Bϵλ

⋄
Q(3)
βϵλ −

1
2

nα
⋄

Qϵ λα
( ⋄
Q(3)
βϵλ +

⋄
Q(3)
ϵβλ −

⋄
Q(3)
λβϵ

)
= − 1

2
⋄
Bϵλ

⋄
Q(3)
βϵλ + nα

⋄
Qϵ λα

⋄
L(3)
λβϵ ,

− 1
2α

nα∂ϵ(3) (α)
[
γβθγϵλ

( ⋄
Qλ θα +

⋄
Qθ λα −

⋄
Q λθ
α

)
+ γβϵγλθ

( ⋄
Q λθ
α − 2

⋄
Qλ θα

)]
(65)

=
1
α
∂ϵ(3) (α)

⋄
Bϵβ −

1
α
∂(3)
β (α)

⋄
B,

=
1
4

nα
[
γβϵγλθ

(
−
⋄

Qθρ(3)
ρ + 2

⋄
Qρ θρ(3)

) ⋄
Q ϵλ
α +

⋄
Qθρργβλγϵθ

( ⋄
Qϵ λα −

⋄
Qλ θα

)
(66)

+2
⋄

Qρ θρ(3)γβλγϵθ
(
−
⋄

Qϵ λα +
⋄

Qλ ϵα
)]

=
1
4

nα
[
γβϵγλθ2

⋄
Lθρ(3)
ρ

⋄
Q ϵλ
α + γβλγϵθ

( ⋄
Qϵ λα −

⋄
Qλ ϵα

) ( ⋄
Qθρ(3)

ρ − 2
⋄

Qρ θρ(3)

)]
=

1
4

nαγβϵγλθ2
⋄
Lθρ(3)
ρ

(
−2

⋄
L ϵλ
α − 2

⋄
Qϵ λα

)
= −

⋄
Lθρ(3)
ρ

⋄
Bβθ −

⋄
L θ(3)
α θ γ

ϵ
βnσ

⋄
Q σα
ϵ .

Considering the derivative terms one gets

1
2

nαγ ϵβ γ
µν

[
∂ϵ
⋄

Qαµν + ∂ν
(
−
⋄

Qαϵµ −
⋄

Qϵαµ +
⋄

Qµαϵ
)]

(67)

=
1
2

nαγ ϵβ γ
µν

[
∂ϵ

( ⋄
Qαµν − 2

⋄
Qναµ

)
− 2∂ν

( ⋄
Lαϵµ

)]
=nαγ ϵβ γ

µν
[
∂ϵ

( ⋄
Lαµν

)
− ∂ν

( ⋄
Lαϵµ

)]
.
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Considering the two terms separately one obtains

nαγϵ βγ
µν∂ϵ

( ⋄
Lαµν

)
=nαγϵ βγ

σργρµγ
σ
ν∂ϵ

( ⋄
Lαµν

)
(68)

=nαγϵ βγ
σρ∂ϵ

(
γρµγ

σ
ν

⋄
Lαµν

)
=γϵ βγ

σρ∂ϵ
⋄
Bρσ − γϵ βγµν

⋄
Lαµν∂ϵ (nα)

=γσρ∂(3)
β

⋄
Bρσ −

1
α

⋄
B∂(3)
β (α) − γϵ βγµνnα

⋄
Lαµνnλnσ

⋄
Qλσϵ +

⋄
L θ(3)
α θ γ

ϵ
βnσ

⋄
Q ασ
ϵ

=γσρ∂(3)
β

⋄
Bρσ +

1
α

⋄
B∂(3)
β (α) +

⋄
L θ(3)
α θ γ

ϵ
βnσ

⋄
Q ασ
ϵ ,

where the following relation was used

γσρ∂ϵγ
ρ
µ = − γσρ∂ϵnµnρ (69)

= − γσρnµ∂ϵnρ

=γσρnµ∂ϵ
(
α∂ρt

)
=
α

α
γσρ∂ρ (t) nµ∂ϵ (α)

= − 1
α
γσρnρnµ∂ϵ (α)

=0.

Considering the second term of Eq.(67) and following the exact same procedure as
with the first term one gets

−nαγϵ βγ
µν∂ν

( ⋄
Lαϵµ

)
= − nαγλβγ

ρν∂ν
(
γϵ λγ

µ
ρ

⋄
Lαϵµ

)
(70)

= − γρν∂(3)
ν

⋄
Bβρ −

1
α

⋄
Bνβ∂

(3)
ν (α) +

⋄
L (3)ν
αβ nσ

⋄
Q σα
ν .

At this point it is noted that the non-spatial parts of Eq.(64) and Eq.(65) cut out
with the non-spatial parts of Eq.(68) and Eq.(70). Combining the rest and defining
the momentum density as −S β = nνγµβ

(
Θµν − 1

2gµνΘ
)

one obtains Eq.(4.64).

8πGS β =
1
2
⋄
Bϵλ

⋄
Q(3)
βϵλ +

⋄
Lθρ(3)
ρ

⋄
Bβθ − γσρ∂(3)

β

( ⋄
Bρσ

)
+ γσρ∂(3)

ρ

( ⋄
Bβσ

)
. (71)
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Moving forward the Hamiltonian constraint is considered. Once again starting from
the field equations and contracting them fully with normal vectors one gets

nνnµΘµν = nνnµ
(
−
⋄
L σ
σ α

⋄
Lαµν − ∂α

⋄
Lαµν − ∂µ

⋄
Lϵ ϵν

−
⋄

Qσϵν
⋄
Lσϵµ +

1
2
⋄

Qµνϵ
⋄
Lν
σϵ
+

1
2

gµνΘ
)
. (72)

Switching to Mathematica (Appendix D.2), expanding and simplifying, the deriva-
tive terms are considered first,

1
2

nαnβγµν
(
∂β
⋄

Qαµν − 2∂ν
⋄

Qβαµ + ∂µ
⋄

Qναβ
)
. (73)

Considering the first two terms and noting that the partial derivative index and
the first non-metricity index can be exchanged as it amounts to a partial derivative
swap, one gets

1
2

nαnβγµν∂β
( ⋄
Qαµν − 2

⋄
Qναµ

)
=nαnβγµν∂β

(
Lανµ

)
(74)

=nαnβγσλγµλγ
ν
σ∂β

( ⋄
Lανµ

)
=nβγσλ∂β

(
nαγµλγ

ν
σ

⋄
Lανµ

)
− nβγµν

⋄
Lανµ∂β (nα)

=nβγσλ∂β
( ⋄
Bσλ

)
− nβγµν

⋄
Lανµ∂β (gσαnσ)

=nβγσλ∂β
( ⋄
Bσλ

)
− nβnσγµν

⋄
Lανµ

⋄
Q σα
β − 1

α
γνµ

⋄
Lσνµn

βnσ∂β (α)

=nβγσλ∂β
( ⋄
Bσλ

)
− nβnσγµν

⋄
Lανµ

⋄
Q σα
β − 1

α

⋄
Bnβ∂β (α) .

Considering the third term and noting that

γ
µ
λn
αnβ

⋄
Qµαβ =γ

µ
λ

(
nα∂µnα − nβ∂νnβ

)
(75)

=2γµλn
α∂µnα

= − 2
α
∂(3)
λ (α) ,
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one gets

1
2

nαnβγνµ∂ν
⋄

Qµαβ =
1
2

nαnβγσλγµλγ
ν
σ∂ν

⋄
Qµαβ (76)

=
1
2
γσλγνσ

[
∂ν

(
γ
µ
λn
αnβ

⋄
Qµαβ

)
− 2γµλ

⋄
Qµαβnα∂νnβ

]
= − ∂ν(3)

[
1
α
∂(3)
ν (α)

]
− γνµnα

⋄
Qµαβ

(
−nσ

⋄
Q βσ
ν + gβσ∂νnσ

)

= − ∂ν(3)

[
1
α
∂(3)
ν (α)

]
+ γνµnα

⋄
Qµαβnσ

⋄
Q βσ
ν +

2
α2∂

(3)
ν (α) ∂ν(3) (α)

− ∂ν(3)

[
1
α
∂(3)
ν (α)

]
+ γνµnα

⋄
Qµαβ(γβλ − nβnλ)nσ

⋄
Qνλσ +

2
α2∂

(3)
ν (α) ∂ν(3) (α)

− ∂ν(3)

[
1
α
∂(3)
ν (α)

]
+ γνµnα

⋄
Qµαβγβλnσ

⋄
Qνλσ −

2
α2∂

(3)
ν (α) ∂ν(3) (α) .

Combining with Eq.(74) and substituting into the current form of the constraint
equation one gets

nµnν
(
Θµν −

1
2

gµνΘ
)
= − 1
α

⋄
Lασ(3) σ∂α (α) − 1

α2∂
(3)
ν (α) ∂ν(3) (α) − ∂ν(3)

[
1
α
∂ν (α)

]
(77)

+
1
2
γσµγλνnαnβ

(
⋄

Qλαµ
⋄

Qσβν −
1
2
⋄

Qασλ
⋄

Qβµν +
⋄

Qσαλ
⋄

Qµβν

)
+ γλσnβ∂β

( ⋄
Bλσ

)
.

138



Appendices

Considering the non-derivative part

1
2
γσµγλνnαnβ

(
⋄

Qλαµ
⋄

Qσβν −
1
2
⋄

Qασλ
⋄

Qβµν +
⋄

Qσαλ
⋄

Qµβν

)
(78)

=
1
2
γσµγλνnαnβ

[
⋄

Qµβν
( ⋄
Qλασ +

⋄
Qσαλ

)
− 1

2
⋄

Qασλ
⋄

Qβµν

]

=
1
2
γσµγλνnαnβ

[
⋄

Qµβν
(
−2

⋄
Lαλσ +

⋄
Qαλσ

)
− 1

2
⋄

Qασλ
⋄

Qβµν

]

=
1
2
γσµγλνnαnβ

[
−2

⋄
Qµβν

⋄
Lαλσ +

⋄
Qαλσ

(
⋄

Qµβν −
1
2
⋄

Qβµν

)]

=
1
2
γσµγλνnαnβ

[
−2

⋄
Qµβν

⋄
Lαλσ −

⋄
Qαλσ

⋄
Lβµν

]
=

1
2
γσµγλνnαnβ

⋄
Lαλσ

(
−2

⋄
Qµβν −

⋄
Qβµν

)
=

1
2
⋄
Bµνnβ

(
2
⋄
Lβµν − 2

⋄
Qβµν

)
=
⋄
Bµν

⋄
Bµν −

⋄
Bµνnβ∂βγµν.

At this point the Hamiltonian constraint looks like this

nµnν
(
Θµν −

1
2

gµνΘ
)
= − 1
α

⋄
Lασ(3) σ∂α (α) − 1

α2∂
(3)
ν (α) ∂ν(3) (α) − ∂ν(3)

[
1
α
∂ν (α)

]
(79)

+
⋄
Bµν

⋄
Bµν −

⋄
Bµνnβ∂β

(
γµν

)
+ γλσnβ∂β

( ⋄
Bλσ

)
.
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Manipulating the last two non spatial terms gives

γλσnβ∂β
( ⋄
Bλσ

)
−
⋄
Bµνnβ∂β

(
γµν

)
(80)

=γλσnβ∂β
( ⋄
Bλσ

)
−
⋄
Bµνnβ

⋄
Qβµν

=γλσnβ∂β
( ⋄
Bλσ

)
−
⋄
Bµνnβ

(
2
⋄
Lβµν + 2

⋄
Qµβν

)
=γλσnβ∂β

( ⋄
Bλσ

)
− 2

⋄
Bµν

⋄
Bµν + 2

⋄
Bµνγβν∂µ

(
nβ

)
= − 2

⋄
Bµν

⋄
Bµν + γµν

[
nβ∂β

( ⋄
Bµν

)
+
⋄
Bβν∂µ

(
nβ

)
+
⋄
Bβµ∂ν

(
nβ

)]
,

here it is noted that the last term is equivalent to the lie derivative of the extrinsic
metricity which can substituted from Eq.(4.62). After this and some simplification
the final form of the Hamiltonian constraint is obtained.

16πGρ =
1
2
⋄

Q σ(3)
ϵ σ

⋄
Lϵ νν(3) + γ

µν∂(3)
ϵ

⋄
Lϵ(3)
µν −

⋄
B2 − ∂ν(3)

⋄
Lϵ(3)
ϵν (81)

− 1
2
⋄

Qλσν(3)

⋄
Q(3)

[λσ]ν +
1
4
⋄

Qλσν(3)

⋄
Q(3)
λσν +

⋄
Bσν

⋄
Bσν ,

here the energy density term on the left hand side is obtained through

8πG (nµnν + γµν)
(
Tνµ −

1
2

gνµT
)

(82)

=8πG (2nµnν + gµν)
(
Tνµ −

1
2

gνµT
)

=8πG
(
2ρ + T + T − 4

2
T

)
=16πGρ.
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D Mathematica code

D.1 Torsional Gravity
1 Remove [ ”Global ‘∗ ” ]
2
3 (∗ Importing xAct packages ∗)
4
5 << xAct ‘ xTensor ‘
6 << xAct ‘ xCoba ‘
7 << xAct ‘ xPert ‘ ;
8 << xAct ‘ xTras ‘ ;
9 << xAct ‘ TexAct ‘ ;

10
11 (∗ Defining geometric e n t i t i e s ∗)
12 DefManifold [ Global , 4 , {\[ Alpha ] , \ [ Beta ] , \ [ Zeta ] , \ [ Eta ] , \ [ Iota ] ,
13 \ [Lambda] , \ [Mu] , \ [Nu] , \ [ Xi ] , \ [Rho] , \ [ Sigma ] , \ [ Upsilon ] , \ [ Chi ] ,
14 \ [ CapitalTheta ] , \ [ CapitalLambda ] , \ [ CapitalXi ] , \ [ CapitalPi ] ,
15 \ [ CapitalSigma ] , \ [ CapitalUpsilon ] , \ [ CapitalPhi ] , \ [ CapitalPsi ] ,
16 \ [ CapitalOmega ] , \ [ CapitalSampi ] , \ [ CapitalStigma ] , \ [ CapitalKoppa ] } ]
17
18 DefManifold [ Local , 4 , {a , b , c , d , e , g , i , j , k , l , m, q , u , A, B, G,
19 H, J , L, M, P, Q, R, U, V, W, X, Y, Z}]
20
21 (∗ Define the Metric Tensor ∗)
22 DefMetric [−1 , metric [ −\[Mu] , −\[Nu] ] , CD, PrintAs −> ”g” ]
23 DefMetric [−1 , MinkMet[−a , −b ] , CDm, PrintAs −> ” \[ Eta ] ” ]
24
25 DefChart [Ba, Global , {0 , 1 , 2 , 3} , {t [ ] , r [ ] , \ [ Theta ] [ ] , \ [ Phi ] [ ] } ,
26 ChartColor −> Blue ]
27 DefChart [Bb, Local , {0 , 1 , 2 , 3} , {\[Tau ] [ ] , x [ ] , y [ ] , z [ ] } ,
28 ChartColor −> Red ]
29
30 Ba /: CIndexForm [0 , Ba] := ” t ” ;
31 Ba /: CIndexForm [1 , Ba] := ” r ” ;
32 Ba /: CIndexForm [2 , Ba] := ” \[ Theta ] ” ;
33 Ba /: CIndexForm [3 , Ba] := ” \[ Phi ] ” ;
34
35 $PrePrint = ScreenDol larIndices ;
36
37 (∗ Defining a l l necessary Tensors ∗)
38
39 DefTensor [ h [ a , −\[Alpha ] ] , {Local , Global } , PrintAs −> ”h” ]
40 DefTensor [T[ \ [ Lambda] , −\[Mu] , −\[Nu] ] , Global ,
41 Antisymmetric [{ −\[Mu] , −\[Nu] } ] ]
42 DefTensor [ Deth [ ] , Global ]
43 DefTensor [ \ [ Kappa][ −\[Nu] , −\[Mu] , −\[Lambda ] ] , Global ,
44 Antisymmetric [{ −\[Nu] , −\[Mu] } ] ]
45 DefTensor [ S [ \ [Nu] , −\[Mu] , −\[Lambda ] ] , Global ,
46 Antisymmetric [{ −\[Mu] , −\[Lambda ] } ] ]
47 DefTensor [ \ [Omega] [ −\[ Alpha ] , −\[Beta ] , −\[Lambda ] ] , Global ,
48 Antisymmetric [{ −\[Alpha ] , −\[Beta ] } ] ]
49 DefTensor [{TS[ ] , \ [ Theta ] s [ ] } , Global ]
50 DefTensor [ \ [ Theta ]T[ \ [ Alpha ] , \ [ Sigma ] ] , Local ,
51 Symmetric [ { \ [ Alpha ] , \ [ Sigma ] } ] ]
52
53 (∗ Defining the Torsion , Contortion and Super Potentia l tensor ∗)
54
55 TorTens =
56 MakeRule [{T[ \ [Nu] , −\[Rho] , −\[Mu] ] ,
57 h[−a , \ [Nu ] ] PD[ −\[Rho ] ] [ h [ a , −\[Mu] ] ] −
58 h[−a , \ [Nu ] ] PD[ −\[Mu] ] [
59 h [ a , −\[Rho ] ] ] + \[Omega ] [ \ [Nu] , −\[Mu] , −\[Rho ] ] − \[Omega ] [
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60 \ [Nu] , −\[Rho] , −\[Mu] ] } , MetricOn −> All , ContractMetrics −> False ]
61
62 T[ \ [Nu] , −\[Rho] , −\[Mu] ] / . TorTens
63
64 KonTens =
65 MakeRule [ { \ [Kappa ] [ \ [ Rho] , \ [ Sigma ] , \ [Mu] ] ,
66 1/2 (T[ \ [Mu] , \ [Rho] , \ [ Sigma ] ] + T[ \ [ Sigma ] , \ [Rho] , \ [Mu] ] −
67 T[ \ [ Rho] , \ [ Sigma ] , \ [Mu] ] ) } , MetricOn −> All ,
68 ContractMetrics −> False ]
69
70 \ [Kappa ] [ \ [Nu] , −\[Rho] , −\[Mu] ] / . KonTens
71
72 SupPot =
73 MakeRule [{S[ −\[Mu] , \ [ Sigma ] , \ [Rho ] ] , \ [Kappa ] [ \ [ Sigma ] , \ [Rho] , −
74 \[Mu] ] − delta [ \ [ Rho] , −\[Mu] ] T[ \ [Nu] , \ [ Sigma ] , −\[Nu ] ] +
75 delta [ \ [ Sigma ] , −\[Mu] ] T[ \ [Nu] , \ [Rho] , −\[Nu] ] } ,
76 MetricOn −> All , ContractMetrics −> False ]
77
78 S [ \ [ Rho] , −\[Mu] , −\[Nu ] ] / . SupPot
79
80 (∗ Defining the Field Equations ∗)
81
82 FE = −CD[ \ [ Lambda ] ] [ S[ −\[Alpha ] , −\[Lambda] , −\[Sigma ] ] ] −
83 1/2 S[ −\[Alpha ] , \ [Rho] , \ [Lambda ] ] T[ −\[Sigma ] , −\[Lambda] ,
84 −\[Rho ] ] +
85 S[ −\[Alpha ] , −\[Sigma ] , \ [Rho ] ] T[ \ [ Lambda] , −\[Rho] , −\[Lambda ] ] −
86 S [ \ [ Rho] , \ [Lambda] , −\[Sigma ] ] T[ −\[Rho] , −\[Lambda] , −\[Alpha ] ] +
87 (1/2) metric [ −\[Alpha ] , −\[Sigma ] ] TS [ ] (∗= \[ Theta ]T[ \ [ Sigma ] , \ [ Alpha ] ] ∗)
88
89 FE metric [ \ [ Alpha ] , \ [ Sigma ] ] // ContractMetric // S impl i f i ca t ion
90 ScalarFE = % /. KonTens // ContractMetric // S impl i f i ca t ion
91
92 TSdef = MakeRule [{S[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ] T[ \ [ Alpha ] , \ [ Beta ] ,
93 \ [Nu] ] , 2 TS[ ] } , MetricOn −> All ,
94 ContractMetrics −> False ] ; (∗ Since Ts = 1/2TS∗)
95
96 ScalarFE = ( ScalarFE /. TSdef / . SupPot / . KonTens) //
97 ContractMetric // S impl i f i ca t ion // Expand
98
99 TSSol = Solve [ ScalarFE == \[ Theta ] s [ ] , TS [ ] ] // S impl i f i ca t ion

100
101 TSRule =
102 MakeRule [{TS[ ] ,
103 2 T[ \ [ Alpha ] , −\[Rho] , −\[Alpha ] ]
104 T[ \ [ Lambda] , −\[Lambda] , \ [Rho ] ] + \[ Theta ] s [ ] + 2 (
105 CD[ −\[Rho ] ] [
106 T[ \ [ Lambda] , −\[Lambda] , \ [Rho ] ] ] ) } , MetricOn −> All ,
107 ContractMetrics −> False ]
108
109 (FE /. TSRule) //
110 S impl i f i ca t ion // ContractMetric (∗= \[ Theta ]T[ −\[Sigma] , −\[Alpha ] ] ∗)
111 FE3 = − S [ \ [ Lambda] , −\[Sigma ] , \ [Rho ] ]
112 T[ −\[Lambda] , −\[Alpha ] , −\[Rho ] ] +
113 metric [ −\[Alpha ] , −\[Sigma ] ] T[ \ [ Beta ] , −\[Rho] , −\[Beta ] ]
114 T[ \ [ Lambda] , −\[Lambda] , \ [Rho ] ] +
115 S[ −\[Alpha ] , −\[Sigma ] , \ [Lambda ] ]
116 T[ \ [ Rho] , −\[Lambda] , −\[Rho ] ] +
117 1/2 S[ −\[Alpha ] , \ [Lambda] , \ [Rho ] ]
118 T[ −\[Sigma ] , −\[Lambda] , −\[Rho ] ] + CD[ −\[Lambda ] ] [
119 S[ −\[Alpha ] , −\[Sigma ] , \ [Lambda ] ] ] + metric [ −\[Alpha ] , −\[Sigma ] ] (
120 CD[ −\[Rho ] ] [
121 T[ \ [ Lambda] , −\[Lambda] , \ [Rho ] ] ] ) (∗= \[ Theta ]T[ −\[Sigma] , −\[Alpha ] ] − 1/2 g [ \ [ Alpha ] , \ [

Sigma ] ] \ [ Theta ] s ∗)
122
123 (∗ Generating Evolution Equation ∗)
124
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125 FE4 = (FE3 /. SupPot / . KonTens) // ContractMetric // S impl i f i ca t ion //
126 Expand
127 Print [ ” Elimination of antisymmetric Parts” ]
128 FE5 = ((FE4 + (FE4 /. \ [ Alpha ] −> \[Mu] / . \ [ Sigma ] −> \[ Alpha ] / .
129 \ [Mu] −> \[ Sigma ] ) ) ) // S impl i f i ca t ion // Expand
130
131 Print [ ”AntiSymmetric part jus t in case ” ]
132 ((FE4 − (FE4 /. \ [ Alpha ] −> \[Mu] / . \ [ Sigma ] −> \[ Alpha ] / . \ [Mu] −> \[ Sigma ] ) ) ) //

S impl i f i ca t ion // Expand
133
134 FET1 = (FE5 −
135 2 ( \ [ Theta ]T[ −\[Sigma ] , −\[Alpha ] ] −
136 1/2 metric [ −\[Alpha ] , −\[Sigma ] ] \ [ Theta ] s [ ] ) //
137 Expand) / . \ [Lambda] −> \[ Chi ] / . \ [ Sigma ] −> −\[Lambda] / .
138 \ [ Beta ] −> \[Rho]
139
140 EET = CD[ −\[Rho ] ] [ T[ \ [ Lambda] , −\[Alpha ] , \ [Rho ] ] ]
141
142 TetSubst = Solve [FET1 == 0 , CD[ −\[Rho ] ] [
143 T[ \ [ Lambda] , −\[Alpha ] , \ [Rho ] ] ] ] [ [ 1 , 1 ] ]
144
145 (EET /. TetSubst ) // S impl i f i ca t ion // Expand
146
147 (∗ Generating the Hamiltonian constra int ∗)
148
149 (∗=0∗)
150 ( ( (FE + (FE /. \ [ Alpha ] −> \[Mu] / . \ [ Sigma ] −> \[ Alpha ] / . \ [Mu] −>
151 \[ Sigma ] ) ) − 2 \[ Theta ]T[ −\[Sigma ] , −\[Alpha ] ] ) / . SupPot / .
152 KonTens) // ContractMetric // S impl i f i ca t ion // Expand
153 HC = (( ( n [ \ [ Sigma ] ] n [ \ [ Alpha ] ] %) // Expand // ContractMetric ) / .
154 nn) // S impl i f i ca t ion // Expand
155 Col lect [HC, n [ \ [ Lambda ] ] n [ \ [ Alpha ] ] ]
156 % // Length
157
158 (∗ Generating the Momentum Constraint ∗)
159 (∗=0∗)
160 ( ( (FE + (FE /. \ [ Alpha ] −> \[Mu] / . \ [ Sigma ] −> \[ Alpha ] / . \
161 \ [Mu] −> \[ Sigma ] ) ) − 2 \[ Theta ]T[ −\[Sigma ] , −\[Alpha ] ] ) / .
162 SupPot / . KonTens) // ContractMetric //
163 S impl i f i ca t ion // Expand
164 MC = ( ( ( \ [Gamma] [ \ [ Sigma ] , −\[Chi ] ] n [ \ [ Alpha ] ] %) // Expand //
165 ContractMetric ) / . nn / . n\ [Gamma] ) // \ [Gamma] \ [Gamma] //
166 S impl i f i ca t ion // Expand // \ [Gamma] \ [Gamma]
167 Length [%]

D.2 Symmetric Teleparallel Gravity
1 Remove [ ”Global ‘∗ ” ]
2
3 (∗ Importing Packages ∗)
4
5 << xAct ‘ xTensor ‘
6 << xAct ‘ xCoba ‘
7 << xAct ‘ xPert ‘ ;
8 << xAct ‘ xTras ‘ ;
9 << xAct ‘ TexAct ‘ ;

10
11 (∗ Defining geometric e n t i t i e s ∗)
12
13 DefManifold [ Global , 4 , {\[ Alpha ] , \ [ Beta ] , \ [ Zeta ] , \ [ Eta ] , \ [ Iota ] , \
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14 \ [Lambda] , \ [Mu] , \ [Nu] , \ [ Xi ] , \ [Rho] , \ [ Sigma ] , \ [ Upsilon ] , \ [ Chi ] , \
15 \ [ CapitalTheta ] , \ [ CapitalLambda ] , \ [ CapitalXi ] , \ [ CapitalPi ] , \
16 \ [ CapitalSigma ] , \ [ CapitalUpsilon ] , \ [ CapitalPhi ] , \ [ CapitalPsi ] , \
17 \ [ CapitalOmega ] , \ [ CapitalSampi ] , \ [ CapitalStigma ] , \ [ CapitalKoppa ] } ]
18
19 DefManifold [ Local , 4 , {a , b , c , d , e , i , j , k , l , m, q , u , B, G, H, J ,
20 M, R, U, V, W, X, Y, Z}]
21
22 (∗ Define the Metric Tensor ∗)
23
24 DefMetric [−1 , metric [ −\[Mu] , −\[Nu] ] , CD, PrintAs −> ”g” ]
25 DefMetric [−1 , MinkMet[−a , −b ] , CDm, PrintAs −> ” \[ Eta ] ” ]
26
27 DefChart [Ba, Global , {0 , 1 , 2 , 3} , {t [ ] , r [ ] , \ [ Theta ] [ ] , \ [ Phi ] [ ] } ,
28 ChartColor −> Blue ]
29 DefChart [Bb, Local , {0 , 1 , 2 , 3} , {\[Tau ] [ ] , x [ ] , y [ ] , z [ ] } ,
30 ChartColor −> Red ]
31
32 Ba /: CIndexForm [0 , Ba] := ” t ” ;
33 Ba /: CIndexForm [1 , Ba] := ” r ” ;
34 Ba /: CIndexForm [2 , Ba] := ” \[ Theta ] ” ;
35 Ba /: CIndexForm [3 , Ba] := ” \[ Phi ] ” ;
36
37 $PrePrint = ScreenDol larIndices ;
38
39
40 DefTensor [Q[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
41 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
42 DefTensor [L[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
43 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
44 DefTensor [Q3[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
45 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
46 DefTensor [ L3[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
47 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
48 DefTensor [P[ −\[Alpha ] , −\[Mu] , −\[Nu] ] , Global ,
49 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
50 DefTensor [A[ −\[Mu] , −\[Nu] ] , Global , Symmetric [{ −\[Nu] , −\[Mu] } ] ]
51 DefTensor [AS[ ] , Global ]
52
53 (∗ Defining the Disformation tensor and the P tensor ∗)
54
55 Disform =
56 MakeRule [{L[ −\[Lambda] , −\[Nu] , −\[Mu] ] ,
57 1/2 (Q[ −\[Lambda] , −\[Nu] , −\[Mu] ] −
58 Q[ −\[Nu] , −\[Lambda] , −\[Mu] ] − Q[ −\[Mu] , −\[Lambda] , −\[Nu ] ] ) } ,
59 MetricOn −> All , ContractMetrics −> False ]
60 L[ −\[Nu] , −\[Rho] , −\[Mu] ] / . Disform
61
62 Ptensor =
63 MakeRule [{P[ −\[Alpha ] , −\[Mu] , −\[Nu] ] ,
64 1/2 L[ −\[Alpha ] , −\[Mu] , −\[Nu ] ] +
65 1/4 metric [ −\[Nu] , −\[Mu] ] (L [ \ [ Sigma ] , −\[Sigma ] , −\[Alpha ] ] −
66 L[ −\[Alpha ] , −\[Sigma ] , \ [ Sigma ] ] ) −
67 1/4 metric [ −\[Alpha ] , −\[Mu] ] L [ \ [ Sigma ] , −\[Sigma ] , −\[Nu ] ] −
68 1/4 metric [ −\[Alpha ] , −\[Nu ] ] L [ \ [ Sigma ] , −\[Sigma ] , −\[Mu] ] } ,
69 MetricOn −> All , ContractMetrics −> False ]
70 P[ −\[Alpha ] , −\[Mu] , −\[Nu ] ] / . Ptensor
71
72 DefTensor [ \ [Gamma] [ \ [Nu] , \ [Lambda ] ] , Global ,
73 Symmetric [ { \ [Nu] , \ [Lambda ] } ] ]
74 DefTensor [ n[ −\[Nu] ] , {Global } ]
75
76 (∗ Defining Subst itut ion Rules ∗)
77
78 Gn = MakeRule [{n[ −\[Mu] ] n [ \ [Mu] ] , −1}, ContractMetrics −> False ,
79 MetricOn −> All ]

144



Appendices

80
81 SimpQ = MakeRule [{Q[ −\[Lambda] , \ [ Sigma ] , −\[Sigma ] ] ,
82 metric [ \ [ Sigma ] , \ [ Beta ] ] Q[ −\[Lambda] , −\[Beta ] , −\[Sigma ] ] } ,
83 ContractMetrics −> False , MetricOn −> All ]
84
85
86 \ [Gamma]1 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , −\[Nu ] ] n[ −\[Lambda ] ] , 0}]
87 \ [Gamma]2 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , −\[Nu ] ] n [ \ [Nu] ] , 0}]
88 \ [Gamma]3 =
89 MakeRule [ { \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ] \ [Gamma][ −\[ Alpha ] , −\[Nu] ] ,
90 \ [Gamma] [ \ [ Beta ] , −\[Nu] ] } ]
91 meto3 = MakeRule [{ metric [ −\[Mu] , −\[Nu] ] , \ [Gamma][ −\[Mu] , −\[Nu ] ] −
92 n[ −\[Mu] ] n[ −\[Nu] ] } ]
93 metr ic ity1 =
94 MakeRule [{PD[ −\[Lambda ] ] [ metric [ −\[Mu] , −\[Nu ] ] ] ,
95 Q[ −\[Lambda] , −\[Mu] , −\[Nu] ] } , ContractMetrics −> False ,
96 MetricOn −> None ]
97 metr ic ity2 =
98 MakeRule [{PD[ −\[Lambda ] ] [
99 metric [ \ [Mu] , \ [Nu ] ] ] , −Q[ −\[Lambda] , \ [Mu] , \ [Nu] ] } ,

100 ContractMetrics −> False , MetricOn −> None ]
101
102 DefScalarFunction [ \ [ Alpha ] 1 ]
103 DefTensor [PD\[ Alpha ] [ −\[Lambda ] ] , Global ]
104
105 f i r s t l i e 1 =
106 MakeRule [ { \ [Gamma] [ \ [Nu] , −\[Alpha ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] n [
107 \ [Lambda ] ] L[ −\[Lambda] , −\[Nu] , −\[Mu] ] , A[ −\[Alpha ] , −\[Beta ] ] } ,
108 ContractMetrics −> False , MetricOn −> All ]
109 f i r s t l i e 2 =
110 MakeRule [ { \ [Gamma] [ \ [Nu] , \ [Mu] ] n [ \ [ Lambda ] ] L[ −\[Lambda] , −\[Nu] ,
111 −\[Mu] ] , AS[ ] } , ContractMetrics −> False , MetricOn −> All ]
112 case1 = MakeRule [{n [ \ [Nu ] ] n [ \ [Mu] ] Q[ −\[Lambda] , −\[Mu] , −\[Nu] ] ,
113 −2/\[Alpha ]1 PD\[ Alpha ] [ −\[Lambda ] ] } , ContractMetrics −> False ,
114 MetricOn −> All ]
115 case2 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , \ [ Alpha ] ] \ [Gamma] [ \ [Mu] ,
116 \ [ Beta ] ] \ [Gamma] [ \ [Nu] , \ [ Sigma ] ] Q[ −\[Lambda] , −\[Mu] , −\[Nu] ] ,
117 Q3[ \ [ Alpha ] , \ [ Beta ] , \ [ Sigma ] ] } , ContractMetrics −> True ,
118 MetricOn −> All ]
119 case3 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , \ [ Alpha ] ] \ [Gamma] [ \ [Nu] ,
120 \ [ Sigma ] ] Q[ −\[Lambda] , −\[Alpha ] , −\[Nu] ] ,
121 Q3[ \ [ Alpha ] , −\[Alpha ] , \ [ Sigma ] ] } , ContractMetrics −> False ,
122 MetricOn −> All ]
123 case4 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , \ [ Alpha ] ] \ [Gamma] [ \ [Nu] ,
124 \ [ Sigma ] ] Q[ −\[Lambda] , −\[Nu] , −\[Alpha ] ] ,
125 Q3[ \ [ Alpha ] , \ [ Sigma ] , −\[Alpha ] ] } , ContractMetrics −> False ,
126 MetricOn −> All ]
127 case5 = MakeRule [ { \ [Gamma] [ \ [ Lambda] , \ [ Alpha ] ] \ [Gamma] [ \ [Nu] ,
128 \ [ Sigma ] ] Q[ −\[Nu] , −\[Lambda] , −\[Alpha ] ] ,
129 Q3[ \ [ Sigma ] , \ [ Alpha ] , −\[Alpha ] ] } , ContractMetrics −> False ,
130 MetricOn −> All ]
131
132 case6 = MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Sigma ] , −\[Beta ] , −\[Alpha ] ] , 0} ,
133 ContractMetrics −> False , MetricOn −> All ]
134 case7 = MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Beta ] , −\[Sigma ] , −\[Alpha ] ] , 0} ,
135 ContractMetrics −> False , MetricOn −> All ]
136 case8 = MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Alpha ] , −\[Beta ] , −\[Sigma ] ] , 0} ,
137 ContractMetrics −> False , MetricOn −> All ]
138 case9 = MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Alpha ] , \ [ Alpha ] , −\[Sigma ] ] , 0} ,
139 ContractMetrics −> False , MetricOn −> All ]
140 case10 =
141 MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Alpha ] , −\[Sigma ] , \ [ Alpha ] ] , 0} ,
142 ContractMetrics −> False , MetricOn −> All ]
143 case11 =
144 MakeRule [{n [ \ [ Sigma ] ] Q3[ −\[Sigma ] , \ [ Alpha ] , −\[Alpha ] ] , 0} ,
145 ContractMetrics −> False , MetricOn −> All ]
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146
147
148 case12 =
149 MakeRule [ { \ [Gamma][ −\[Lambda] , −\[Alpha ] ] \ [Gamma][ −\[Mu] , −\[Beta ] ]
150 \ [Gamma][ −\[Nu] , −\[Sigma ] ] Q[ \ [ Lambda] , \ [Mu] , \ [Nu] ] ,
151 Q3[ −\[Alpha ] , −\[Beta ] , −\[Sigma ] ] } , ContractMetrics −> False ,
152 MetricOn −> All ]
153
154 Qtg = MakeRule [{Q[ −\[Lambda] , −\[Mu] , −\[Nu] ] ,
155 PD[ −\[Lambda ] ] [ metric [ −\[Mu] , −\[Nu] ] ] } , ContractMetrics −> False ,
156 MetricOn −> None ]
157
158 (∗ Sett ing Up The Evolution Equation ∗)
159
160 FE=−(1/4)(2CD[ −\[Alpha ] ] [Q[ \ [ Alpha ] , −\[Mu] , −\[Nu] ] ]+Q[ \ [ Alpha ] , −\[Mu] , −\[Nu ] ] Ig [ \ [ Lambda

] , \ [ Beta ] ] g[ −\[Sigma] , −\[Alpha ] ]Q[ \ [ Sigma] , −\[Lambda] , −\[ Beta ]]+Q[ −\[Mu] , −\[Alpha
] , −\[ Beta ] ]Q[ −\[Nu] , \ [ Alpha ] , \ [ Beta ]] −2Q[ −\[Alpha ] , −\[ Beta ] , −\[Mu] ]Q[ \ [ Alpha ] , \ [ Beta
] , −\[Nu]] −1/2 g[ −\[Mu] , −\[Nu ] ]Q[ −\[Alpha ] , −\[ Beta ] , −\[Lambda ] ]Q[ \ [ Alpha ] , \ [ Beta ] , \ [
Lambda ] ] ) +1/2 (CD[ −\[Alpha ] ] [ (Q[ −\[Nu] , \ [ Alpha ] , −\[Mu]]+Q[ −\[Mu] , \ [ Alpha ] , −\[Nu ] ] )
]+1/2 (Q[ −\[Nu] , \ [ Alpha ] , −\[Mu]]+Q[ −\[Mu] , \ [ Alpha ] , −\[Nu ] ] ) Ig [ \ [ Lambda ] , \ [ Beta ] ]Q
[ −\[Alpha ] , −\[Lambda] , −\[ Beta ]] −Q[ −\[Alpha ] , −\[ Beta ] , −\[Mu] ]Q[ \ [ Beta ] , \ [ Alpha ] , −\[Nu
]] −1/2 g[ −\[Mu] , −\[Nu ] ]Q[ −\[Alpha ] , −\[ Beta ] , −\[Lambda ] ]Q[ \ [ Alpha ] , \ [ Beta ] , \ [Lambda
] ] ) +1/4 (2CD[ −\[Alpha ] ] [ g [ −\[Nu] , −\[Mu] ] Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ \ [ Alpha ] , −\[Lambda
] , −\[ Beta ] ] ]+ Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ −\[Nu] , −\[Lambda] , −\[ Beta ] ] Ig [ \ [ Sigma ] , \ [Rho ] ]Q
[ −\[Mu] , −\[Sigma] , −\[Rho]] −2 Q[ −\[Alpha ] , −\[Mu] , −\[Nu ] ] Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ \ [
Alpha ] , −\[Lambda] , −\[ Beta ]]+1/2 g[ −\[Nu] , −\[Mu] ] Ig [ \ [ Rho ] , \ [ Xi ] ]Q[ −\[Alpha ] , −\[Rho
] , −\[Xi ] ] Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ \ [ Alpha ] , −\[Lambda] , −\[ Beta ] ] ) −1/2 (1/2 (CD[ −\[Nu ] ] [
Ig [ \ [ Rho ] , \ [ Xi ] ]Q[ −\[Mu] , −\[Rho] , −\[Xi ] ] ]+CD[ −\[Mu] ] [ Ig [ \ [ Rho ] , \ [ Xi ] ]Q[ −\[Nu] , −\[Rho
] , −\[Xi ] ] ] )+CD[ −\[Alpha ] ] [ g [ −\[Nu] , −\[Mu] ] Ig [ \ [ Lambda ] , \ [ Beta ] ] Ig [ \ [ Sigma ] , \ [ Alpha ] ]
Q[ −\[Lambda] , −\[ Beta ] , −\[Sigma ] ] ]+1/2 Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ −\[Nu] , −\[Lambda] , −\[
Beta ] ] Ig [ \ [ Sigma ] , \ [Rho ] ]Q[ −\[Mu] , −\[Sigma] , −\[Rho]] − Ig [ \ [ Lambda ] , \ [ Beta ] ]Q[ −\[
Lambda] , −\[ Beta ] , −\[Alpha ] ]Q[ \ [ Alpha ] , −\[Nu] , −\[Mu] ] )

161
162 FE // SameDummies // Simpli fy
163
164 (∗ Sett ing up the Hamiltonian Constraint ∗)
165
166 (∗Non Derivative Parts NDP∗)
167 (n [ \ [Nu ] ] n [ \ [Mu]]( −L[ −\[Sigma ] , \ [ Sigma] , −\[Alpha ] ] L [ \ [ Alpha ] , −\[Mu] , −\[Nu]] −Q[ \ [ Alpha

] , \ [ Sigma] , −\[Nu ] ] L[ −\[Alpha ] , −\[Sigma] , −\[Mu]]+1/2 Q[ −\[Mu] , −\[Alpha ] , −\[Sigma ] ] L
[ −\[Nu] , \ [ Alpha ] , \ [ Sigma ] ] ) //Expand)

168 %/.Disform//Expand
169 %//S impl i f i ca t ion //Expand
170
171 (∗NDP − Extracted metrics are then s p l i t ∗)
172 (n [ \ [Nu ] ] n [ \ [Mu] ] ( \ [Gamma] [ \ [ Sigma ] , \ [ Chi ]] −n [ \ [ Sigma ] ] n [ \ [ Chi ] ] ) ( \ [Gamma] [ \ [ Alpha ] , \ [

Lambda]] −n [ \ [ Alpha ] ] n [ \ [ Lambda ] ] ) (−L[ −\[Sigma] , −\[Chi ] , −\[Alpha ] ] L[ −\[Lambda] , −\[Mu
] , −\[Nu]] −Q[ −\[Lambda] , −\[Chi ] , −\[Nu ] ] L[ −\[Alpha ] , −\[Sigma] , −\[Mu]]+1/2 Q[ −\[Mu] , −\[
Alpha ] , −\[Sigma ] ] L[ −\[Nu] , −\[Lambda] , −\[Chi ] ] ) //Expand) ;

173 %/.Disform//Expand ;
174 %//S impl i f i ca t ion ;
175 NDP=%//Expand
176
177 (∗ Part ia l Derivative Parts ∗)
178 (n [ \ [Nu ] ] n [ \ [Mu] ] ( \ [Gamma] [ \ [ Alpha ] , −\[Lambda]] −n [ \ [ Alpha ] ] n[ −\[Lambda ] ] ) (PD[ −\[Alpha ] ] [

L [ \ [ Lambda] , −\[Mu] , −\[Nu] ] ] −PD[ −\[Mu] ] [ L [ \ [ Lambda] , −\[Alpha ] , −\[Nu ] ] ] ) ) / . Disform ;
179 %//Expand ;
180 %/.metr ic ity1 / . metr ic ity2 ;
181 (((%//SameDummies) / . meto3)//Expand) / . \ [Gamma] 1 / . \ [Gamma] 2 / .Gn/ . \ [Gamma]3
182
183 (∗ Parts from the der ivat ive parts that do not have der ivat ives , Non Derivative

Derivative Part , NDDP∗)
184
185 NDDP = −(1/2) n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ]
186 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
187 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] +
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188 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ]
189 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
190 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] −
191 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ]
192 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ]
193 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] +
194 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ]
195 n [ \ [Nu ] ] Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ]
196 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] −
197 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ]
198 n [ \ [Nu ] ] Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ]
199 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] +
200 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ]
201 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
202 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] +
203 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
204 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
205 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] −
206 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
207 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
208 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] +
209 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
210 Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ]
211 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] −
212 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
213 Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ]
214 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] +
215 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
216 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ]
217 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] −
218 1/2 n [ \ [ Beta ] ] n [ \ [ Eta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
219 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
220 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] +
221 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
222 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
223 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
224 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
225 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
226 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] +
227 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
228 Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ]
229 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
230 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
231 Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ]
232 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] +
233 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
234 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ]
235 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
236 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
237 Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
238 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
239 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
240 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
241 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] +
242 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
243 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
244 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
245 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ]
246 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
247 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] +
248 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ]
249 Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
250 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] −
251 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Mu] , −\[Zeta ] , −\[Eta ] ]
252 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
253 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] +
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254 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Eta ] ]
255 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ]
256 \ [Gamma] [ \ [ Beta ] , \ [ Eta ] ] // S impl i f i ca t ion
257
258 (∗ Parts from der ivat ive part that have der ivat ives , Derivative Derivative Parts , DDP∗)
259
260 DDP = −(1/2) n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
261 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
262 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] ] +
263 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
264 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
265 Q[ −\[Beta ] , −\[Mu] , −\[Nu ] ] ] +
266 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
267 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
268 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] ] −
269 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
270 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
271 Q[ −\[Mu] , −\[Beta ] , −\[Nu ] ] ] +
272 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
273 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
274 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] ] −
275 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
276 xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
277 Q[ −\[Nu] , −\[Beta ] , −\[Mu] ] ] −
278 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
279 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
280 Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ] ] +
281 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
282 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
283 Q[ −\[Alpha ] , −\[Beta ] , −\[Nu ] ] ] +
284 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
285 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
286 Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ] ] −
287 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
288 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
289 Q[ −\[Beta ] , −\[Alpha ] , −\[Nu ] ] ] −
290 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] n [ \ [Mu] ] n [ \ [Nu ] ]
291 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
292 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] ] +
293 1/2 n [ \ [Mu] ] n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Beta ] ]
294 xAct ‘ xTensor ‘PD[ −\[Mu] ] [
295 Q[ −\[Nu] , −\[Beta ] , −\[Alpha ] ] ]
296
297 (∗ All the non der ivat ive parts ∗)
298 AllNDP=NDDP+NDP// S impl i f i ca t ion //Expand
299
300 (∗ All the der ivat ive parts ∗)
301 ALLDDP = DDP // S impl i f i ca t ion // Expand
302
303 (∗ S impl i f i ca t ion of a l l not der ivat ive parts ∗)
304 ( ( (AllNDP /. case1 / .
305 case2 / . case3 / . case4 / . case5 ) / . meto3 //
306 Expand) / . \ [Gamma]1 / . \ [Gamma]2 / . Gn /. \ [Gamma]3 ) / .
307 case6 / . case7 / . case8 / . case1
308 FAllNDP = % // Simpl i f i ca t ion // Expand
309
310 (∗Manual term Manipulation ∗)
311
312 Col lect [ Col lect [ Col lect [FAllNDP,PD\[ Alpha ] [ \ [ Alpha ] ] / ( \ [ Alpha ]1 ) ] , n [ \ [ Alpha ] ] n [ \ [ Beta ] ]

(PD\[ Alpha ] [ −\[ Alpha ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] ) /(\ [ Alpha ]1 ) ] , n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
Q[ −\[Alpha ] , −\[ Beta ] , \ [ Zeta ] ] ]

313
314 (∗ Simpli fying the f i r s t part ∗)
315 (
316 PD\[ Alpha ] [ \ [ Alpha ] ] (−(1/2) Q3[ −\[Alpha ] , \ [ Beta ] , −\[Beta ] ] +
317 Q3[ \ [ Beta ] , −\[Alpha ] , −\[Beta ] ] ) )/xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ] 1 ]
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318 // InputForm
319
320 (PD[ \ [ Alpha ] ] [ \ [ Alpha]]∗( −L3[ −\[Alpha ] , \ [ Beta ] , −\[Beta ] ] ) )/ Scalar [ \ [ Alpha ] 1 ]
321
322 (∗ S impl i f iy ing the second part ∗)
323 (
324 n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
325 PD\[ Alpha ] [ −\[ Alpha ] ] (−(1/2) Q[ −\[Beta ] , \ [ Zeta ] , \ [ Eta ] ] +
326 Q[ \ [ Zeta ] , −\[Beta ] , \ [ Eta ] ] ) \ [Gamma][ −\[ Zeta ] , \
327 −\[Eta ] ] ) /xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ] 1 ] // InputForm
328
329 (n [ \ [ Alpha ] ] ∗ n [ \ [ Beta ] ] ∗PD\[ Alpha ] [ −\[ Alpha]]∗( −L[ −\[Beta ] , \ [ Zeta ] , \ [ Eta ] ] ) ∗\[Gamma

][ −\[ Zeta ] , −\[Eta ] ] ) / Scalar [ \ [ Alpha ] 1 ]
330
331 −((L[ −\[Beta ] , \ [ Zeta ] , \ [ Eta ] ] n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
332 PD\[ Alpha ] [ −\[ Alpha ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] ) /
333 xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ] 1 ] ) // InputForm
334
335 −((A[ ] ∗ n [ \ [ Alpha ] ] ∗PD\[ Alpha ] [ −\[ Alpha ] ] ) / Scalar [ \ [ Alpha ] 1 ] )
336
337 (∗ Simpli fying the third part ∗)
338
339 n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
340 Q[ −\[Alpha ] , −\[Beta ] , \ [ Zeta ] ] (−(1/2)
341 Q3[ \ [ Eta ] , \ [Lambda] , −\[Lambda ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] +
342 Q3[ \ [ Eta ] , −\[Eta ] , \ [Lambda ] ] \ [Gamma][ −\[ Zeta ] , −\[Lambda ] ] )
343 // InputForm
344
345 n [ \ [ Alpha ] ] ∗ n [ \ [ Beta ] ] ∗Q[ −\[Alpha ] , −\[Beta ] , \ [ Zeta ] ] ∗ \ [Gamma][ −\[ Zeta ] , −\[Eta ]]∗( −(L3

[ \ [ Eta ] , \ [Lambda] , −\[Lambda ] ] ) ) // Simpli fy
346
347 (∗ Considering the re s t of the terms ∗)
348 +(1/2) n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
349 Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
350 Q[ \ [ Lambda] , −\[Beta ] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Mu] ]
351 \ [Gamma][ −\[ Eta ] , −\[Lambda ] ] −
352 1/4 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ]
353 Q[ −\[Beta ] , \ [Lambda] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Lambda ] ]
354 \ [Gamma][ −\[ Eta ] , −\[Mu] ] −
355 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
356 Q[ \ [ Lambda] , −\[Beta ] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Lambda ] ]
357 \ [Gamma][ −\[ Eta ] , −\[Mu] ]
358
359 (∗ Final Non Derivative part ∗)
360
361 −((L3[ −\[Alpha ] , \ [ Beta ] , −\[Beta ] ] PD\[ Alpha ] [ \ [ Alpha ] ] ) /
362 xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ] 1 ] ) + (
363 PD\[ Alpha ] [ \ [ Alpha ] ]
364 PD\[ Alpha ] [ \ [ Beta ] ] \ [Gamma][ −\[ Beta ] ,
365 −\[Alpha ] ] ) /xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ]1 ]^2 − (
366 A[ ] n [ \ [ Alpha ] ]
367 PD\[ Alpha ] [ −\[ Alpha ] ] ) /xAct ‘ xTensor ‘ Scalar [ \ [ Alpha ] 1 ] −
368 L3 [ \ [ Eta ] , \ [Lambda] , −\[Lambda ] ] n [ \ [ Alpha ] ] n [ \ [ Beta ] ]
369 Q[ −\[Alpha ] , −\[Beta ] , \ [ Zeta ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] +
370 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
371 Q[ \ [ Lambda] , −\[Beta ] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Mu] ]
372 \ [Gamma][ −\[ Eta ] , −\[Lambda ] ] −
373 1/4 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ]
374 Q[ −\[Beta ] , \ [Lambda] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Lambda ] ]
375 \ [Gamma][ −\[ Eta ] , −\[Mu] ] −
376 1/2 n [ \ [ Alpha ] ] n [ \ [ Beta ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
377 Q[ \ [ Lambda] , −\[Beta ] , \ [Mu] ] \ [Gamma][ −\[ Zeta ] , −\[Lambda ] ]
378 \ [Gamma][ −\[ Eta ] , −\[Mu] ]
379
380 (ALLDDP // S impl i f i ca t ion ) / . Qtg
381 % // S impl i f i ca t ion

149



Appendices

382
383 (∗Momentum Constraint ∗)
384 (∗Non Derivative Parts NDP Extracted metrics and 3+1 s p l i t them∗)
385 (n [\
386 \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] ( \ [Gamma] [ \ [ Sigma ] , \ [ Chi ] ] −
387 n [ \ [ Sigma ] ] n [ \ [ Chi ] ] ) ( \ [Gamma] [ \ [ Alpha ] , \ [Lambda ] ] −
388 n [ \ [ Alpha ] ] n [ \ [ Lambda ] ] ) (−L[ −\[Sigma ] , −\[Chi ] , −\[Alpha ] ]
389 L[ −\[Lambda] , −\[Mu] , −\[Nu ] ] −
390 Q[ −\[Lambda] , −\[Chi ] , −\[Nu ] ] L[ −\[Alpha ] , −\[Sigma ] , −\[Mu] ]
391 + 1/2 Q[ −\[Mu] , −\[Alpha ] , −\[Sigma ] ] L[ −\[Nu] , −\[Lambda] , −\[Chi ] ] )
392 // Expand) ;
393 % /. Disform // Expand ;
394 % // S impl i f i ca t ion ;
395 NDP = % // Expand
396
397 (∗ Derivative part DP ∗)
398 (n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] \
399 (\ [Gamma] [ \ [ Alpha ] , −\[Lambda ] ] −
400 n [ \ [ Alpha ] ] n[ −\[Lambda ] ] ) (PD[ −\[Alpha ] ] [
401 L [ \ [ Lambda] , −\[Mu] , −\[Nu ] ] ] −
402 1/2 (PD[ −\[Mu] ] [ L [ \ [ Lambda] , −\[Alpha ] , −\[Nu ] ] ] +
403 PD[ −\[Nu ] ] [ L [ \ [ Lambda] , −\[Alpha ] , −\[Mu] ] ] ) ) ) / . Disform ;
404 % // Expand ;
405 % /. metr ic ity1 / . metr ic ity2 ;
406 (((% // SameDummies) / . meto3) //
407 Expand) / . \ [Gamma]1 / . \ [Gamma]2 / . Gn /. \ [Gamma]3
408
409
410 (∗Non der ivat ive part of der ivat ive part NDDP∗)
411
412 NDDP = (−(1/2) n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ]
413 n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
414 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
415 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
416 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
417 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
418 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
419 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
420 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ]
421 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [Mu] ,
422 −\[Beta ] ] +
423 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
424 n [ \ [Nu ] ] Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ]
425 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [Mu] ,
426 −\[Beta ] ] −
427 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
428 n [ \ [Nu ] ] Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ]
429 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
430 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
431 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
432 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
433 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
434 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ]
435 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [Mu] ,
436 −\[Beta ] ] +
437 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
438 n [ \ [Nu ] ] Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ]
439 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [Mu] ,
440 −\[Beta ] ] −
441 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ] n [ \ [ Eta ] ] n [ \ [ CapitalTheta ] ]
442 n [ \ [Nu ] ] Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ]
443 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [Mu] ,
444 −\[Beta ] ] +
445 1/2 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
446 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
447 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
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448 \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
449 1/2 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
450 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
451 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
452 \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
453 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
454 Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ]
455 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
456 \ [ Eta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
457 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
458 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ]
459 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
460 \ [ Eta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
461 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
462 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ]
463 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
464 \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
465 1/2 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
466 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
467 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
468 \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
469 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
470 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ]
471 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
472 \ [ Eta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
473 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
474 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ]
475 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
476 \ [ Eta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
477 1/4 n [ \ [ Zeta ] ] n [ \ [ CapitalTheta ] ] n [ \ [Nu ] ]
478 Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ]
479 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
480 \ [ Eta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
481 1/2 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
482 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
483 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Zeta ] ,
484 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
485 1/2 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
486 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
487 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] \ [Gamma] [ \ [ Zeta ] ,
488 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
489 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
490 Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ]
491 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Zeta ] ,
492 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
493 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
494 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ]
495 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Zeta ] ,
496 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
497 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
498 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ]
499 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Zeta ] ,
500 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
501 1/2 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
502 Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
503 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] \ [Gamma] [ \ [ Zeta ] ,
504 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
505 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
506 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ]
507 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Zeta ] ,
508 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
509 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
510 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ]
511 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Zeta ] ,
512 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
513 1/4 n [ \ [ Alpha ] ] n [ \ [ Eta ] ] n [ \ [Nu ] ]
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514 Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ]
515 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Zeta ] ,
516 \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
517 1/2 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
518 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
519 \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
520 1/2 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
521 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
522 \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
523 1/4 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ]
524 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
525 \ [ Eta ] ] \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −
526 \[ Beta ] ] +
527 1/4 n [ \ [Nu ] ] Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ]
528 Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
529 \ [ Eta ] ] \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −
530 \[ Beta ] ] −
531 1/4 n [ \ [Nu ] ] Q[ −\[Mu] , −\[Eta ] , −\[CapitalTheta ] ]
532 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
533 \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] +
534 1/2 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Eta ] , −\[CapitalTheta ] ]
535 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] \ [Gamma] [ \ [ Alpha ] , \ [ Eta ] ]
536 \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] −
537 1/4 n [ \ [Nu ] ] Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ]
538 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
539 \ [ Eta ] ] \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −
540 \[ Beta ] ] +
541 1/4 n [ \ [Nu ] ] Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ]
542 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
543 \ [ Eta ] ] \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −
544 \[ Beta ] ] −
545 1/4 n [ \ [Nu ] ] Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ]
546 Q[ −\[Nu] , −\[Eta ] , −\[CapitalTheta ] ] \ [Gamma] [ \ [ Alpha ] ,
547 \ [ Eta ] ] \ [Gamma] [ \ [ Zeta ] , \ [ CapitalTheta ] ] \ [Gamma] [ \ [Mu] , −
548 \[ Beta ] ] ) // S impl i f i ca t ion // Expand
549
550 (∗ Derivative Derivative part DDP∗)
551
552 DDP = (−(1/2) n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
553 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
554 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] ] +
555 1/2
556 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
557 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
558 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] ] +
559 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
560 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
561 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] ] −
562 1/2
563 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
564 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
565 Q[ −\[Mu] , −\[Zeta ] , −\[Nu ] ] ] +
566 1/2 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
567 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
568 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] ] −
569 1/2
570 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
571 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
572 Q[ −\[Nu] , −\[Zeta ] , −\[Mu] ] ] −
573 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
574 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
575 Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ] ] +
576 1/4
577 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
578 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
579 Q[ −\[Alpha ] , −\[Zeta ] , −\[Nu ] ] ] +
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580 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
581 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
582 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ] ] −
583 1/4
584 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
585 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
586 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Nu ] ] ] −
587 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
588 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
589 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] ] +
590 1/4
591 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
592 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Mu] ] [
593 Q[ −\[Nu] , −\[Zeta ] , −\[Alpha ] ] ] −
594 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
595 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
596 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ] ] +
597 1/4
598 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
599 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
600 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ] ] +
601 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
602 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
603 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ] ] −
604 1/4
605 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
606 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
607 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ] ] −
608 1/4 n [ \ [ Alpha ] ] n [ \ [ Zeta ] ]
609 n [ \ [Nu ] ] \ [Gamma] [ \ [Mu] , −\[Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
610 Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ] ] +
611 1/4
612 n [ \ [Nu ] ] \ [Gamma] [ \ [ Alpha ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] , −
613 \[ Beta ] ] xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
614 Q[ −\[Mu] , −\[Zeta ] , −\[Alpha ] ] ] ) // S impl i f i ca t ion // Expand
615
616 (∗ All non der ivat ive parts ∗)
617 AllNDP = (NDP + NDDP) // S impl i f i ca t ion //
618 Expand
619
620 (∗ S impl i f i ca t ion of a l l not der ivat ive parts ∗)
621 SALLNDP = ( ( ( (AllNDP \
622 /. case1 / . case2 / . case3 / . case4 / . case5 ) / . meto3 //
623 Expand) / . \ [Gamma]1 / . \ [Gamma]2 / .
624 Gn /. \ [Gamma]3 ) / . case6 / . case7 / . case8 / . case1 ) //
625 SameDummies
626
627 (∗Manual manipulation of terms ∗)
628
629 −(1/4) n [ \ [ Alpha ] ] Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ]
630 Q3[ −\[Beta ] , −\[Zeta ] , −\[Eta ] ] −
631 1/2 n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
632 Q3[ −\[ Zeta ] , −\[Beta ] , −\[Eta ] ] +
633 1/2 n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
634 Q3[ −\[Eta ] , −\[Beta ] , −\[Zeta ] ] // S impl i f i ca t ion
635
636 −((n [ \ [ Alpha ] ] PD\[ Alpha ] [ −\[ CapitalTheta ] ]
637 Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ] \ [Gamma][ −\[ Beta ] ,
638 \ [ CapitalTheta ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] ) /(2 \ [ Alpha ]1 ) ) + (
639 n [ \ [ Alpha ] ] PD\[ Alpha ] [ −\[ CapitalTheta ] ]
640 Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ] \ [Gamma][ −\[ Beta ] ,
641 \ [ CapitalTheta ] ] \ [Gamma][ −\[ Zeta ] , −\[Eta ] ] ) /\[ Alpha ]1 + (
642 n [ \ [ Alpha ] ] PD\[ Alpha ] [ −\[ CapitalTheta ] ]
643 Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ] \ [Gamma][ −\[ Beta ] , −\[Zeta ] ]
644 \ [Gamma][ −\[ Eta ] , \ [ CapitalTheta ] ] ) /(2 \ [ Alpha ] 1 ) − (
645 n [ \ [ Alpha ] ] PD\[ Alpha ] [ −\[ CapitalTheta ] ]
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646 Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ] \ [Gamma][ −\[ Beta ] , −\[Eta ] ]
647 \ [Gamma] [ \ [ CapitalTheta ] , −\[Zeta ] ] ) /(2 \ [ Alpha ] 1 ) − (
648 n [ \ [ Alpha ] ] PD\[ Alpha ] [ −\[ CapitalTheta ] ]
649 Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ] \ [Gamma][ −\[ Beta ] , −\[Zeta ] ]
650 \ [Gamma] [ \ [ CapitalTheta ] , −\[Eta ] ] ) /(2 \ [ Alpha ] 1 ) // S impl i f i ca t ion
651
652 −(1/2) n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
653 Q3[ \ [ CapitalTheta ] , −\[CapitalTheta ] , \ [Lambda ] ] \ [Gamma][ −
654 \[ Beta ] , −\[Eta ] ] \ [Gamma][ −\[Lambda] , −\[Zeta ] ] +
655 1/4 n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
656 Q3[ \ [ Lambda] , \ [ CapitalTheta ] , −\[CapitalTheta ] ] \ [Gamma][ −
657 \[ Beta ] , −\[Eta ] ] \ [Gamma][ −\[Lambda] , −\[Zeta ] ] +
658 1/2 n [ \ [ Alpha ] ] Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ]
659 Q3[ \ [ CapitalTheta ] , −\[CapitalTheta ] , \ [Lambda ] ] \ [Gamma][ −
660 \[ Beta ] , −\[Zeta ] ] \ [Gamma][ −\[Lambda] , −\[Eta ] ] +
661 1/2 n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
662 Q3[ \ [ CapitalTheta ] , −\[CapitalTheta ] , \ [Lambda ] ] \ [Gamma][ −
663 \[ Beta ] , −\[Zeta ] ] \ [Gamma][ −\[Lambda] , −\[Eta ] ] −
664 1/4 n [ \ [ Alpha ] ] Q[ −\[Alpha ] , \ [ Zeta ] , \ [ Eta ] ]
665 Q3[ \ [ Lambda] , \ [ CapitalTheta ] , −\[CapitalTheta ] ] \ [Gamma][ −
666 \[ Beta ] , −\[Zeta ] ] \ [Gamma][ −\[Lambda] , −\[Eta ] ] −
667 1/4 n [ \ [ Alpha ] ] Q[ \ [ Zeta ] , −\[Alpha ] , \ [ Eta ] ]
668 Q3[ \ [ Lambda] , \ [ CapitalTheta ] , −\[CapitalTheta ] ] \ [Gamma][ −
669 \[ Beta ] , −\[Zeta ] ] \ [Gamma][ −\[Lambda] , −\[Eta ] ] //
670 SameDummies // S impl i f i ca t ion
671
672 DDP // SameDummies // S impl i f i ca t ion
673
674 (1/4 n [ \ [ Alpha ] ] (n [ \ [ Zeta ] ]
675 n [ \ [Mu] ] \ [Gamma][ −\[ Beta ] , \ [Nu ] ] (xAct ‘ xTensor ‘PD[ −\[Mu] ] [
676 Q[ −\[Nu] , −\[Alpha ] , −\[Zeta ] ] ] − xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
677 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ] ] ) ) / . Qtg) // S impl i f i ca t ion
678
679 (1/4 n [ \ [ Alpha ] ] \ [Gamma][ −\[ Beta ] , \ [ Zeta ] ] \ [Gamma] [ \ [Mu] ,
680 \ [Nu ] ] (xAct ‘ xTensor ‘PD[ −\[Alpha ] ] [
681 Q[ −\[ Zeta ] , −\[Mu] , −\[Nu ] ] ] + xAct ‘ xTensor ‘PD[ −\[ Zeta ] ] [
682 Q[ −\[Alpha ] , −\[Mu] , −\[Nu ] ] ] − 2 (xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
683 Q[ −\[Alpha ] , −\[Zeta ] , −\[Mu] ] ] + xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
684 Q[ −\[ Zeta ] , −\[Alpha ] , −\[Mu] ] ] − xAct ‘ xTensor ‘PD[ −\[Nu ] ] [
685 Q[ −\[Mu] , −\[Alpha ] , −\[Zeta ] ] ] ) ) / . Qtg) // S impl i f i ca t ion

D.3 Testing of Four Known Metrics

Setup

1 Remove [ ”Global ‘∗ ” ]
2
3 (∗Making sure the code never exceeds a l l o t t ed ram∗)
4
5 Dynamic [ Refresh [
6
7 I f [N[ MemoryInUse[]∗10^ −9] >= N[ 1 0 ] ,
8
9

10 Print [
11 ”Max Memory Reached : ” <> ToString [N[ MemoryInUse[]∗10^ −9 , 1 0 ] ] <>
12 ”GB” ] ; Quit [ ] ,
13
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14
15 N[ MemoryInUse[]∗10^ −9 , 10]
16
17
18 ] , UpdateInterval −> 0 ] ]
19
20 (∗ Modifying notebook l i m i t s ∗)
21 SetOptions [ Simplify ,
22 TimeConstraint −> I n f i n i t y ]
23 SetOptions [ EvaluationNotebook [ ] , OutputSizeLimit −> 1040000]
24
25 (∗ Importing xAct packages ∗)
26
27 << xAct ‘ xTensor ‘
28
29 << xAct ‘ xCoba ‘
30
31 << xAct ‘ xPert ‘ ;
32
33 << xAct ‘ xTras ‘ ;
34
35 (∗ Defining geometric e n t i t i e s ∗)
36 $CVVerbose = False ;
37 DefManifold [ Global , 3 , {\[ Zeta ] , \ [ Eta ] , \ [ Iota ] , \ [Lambda] , \ [Mu] , \
38 \ [Nu] , \ [ Xi ] , \ [ Sigma ] , \ [ Upsilon ] , \ [ Chi ] , \ [ CapitalTheta ] , \
39 \ [ Epsilon ] , \ [ CapitalLambda ] , \ [ CapitalXi ] , \ [ CapitalPi ] , \
40 \ [ CapitalSigma ] , \ [ CapitalUpsilon ] , \ [ CapitalPhi ] , \ [ CapitalPsi ] , \
41 \ [ CapitalOmega ] , \ [ CapitalSampi ] , \ [ CapitalStigma ] , \ [ CapitalKoppa ] } ]
42 DefManifold [ Local , 3 , {a , b , c , d , e , g , h , i , s , j , k , l } ]
43
44 DefChart [Ba, Global , {1 , 2 , 3} , {r [ ] , \ [ Theta ] [ ] , \ [ Phi ] [ ] } ,
45 ChartColor −> Blue ]
46 DefChart [Bb, Local , {1 , 2 , 3} , {x [ ] , y [ ] , z [ ] } , ChartColor −> Red ]
47
48 DefBasis [ global , TangentGlobal , {1 , 2 , 3}]
49 DefBasis [ loca l , TangentLocal , {1 , 2 , 3}]
50
51 (∗The metric i s def ined same as any other tensor to keep contro l over \
52 automated s i m p l i f i c a t i o n s that do not assume modified theor i e s ∗)
53
54 DefTensor [{ metric [ \ [Nu] , \ [Mu] ] , metricI [ −\[Mu] , −\[Nu] ] ,
55 DeltaG3 [ \ [Nu] , −\[Mu] ] , Mink [ a , b ] , MinkI[−a , −b ] , Mink3 [ a , b ] ,
56 Mink3I[−a , −b ] , DeltaL3 [ a , −b ] , F i r s tL ie [ −\[Nu] , −\[Mu] ] ,
57 SecondLie [ −\[Nu] , −\[Mu] ] } , Global ] ;
58
59 DefTensor [ metric3 [ \ [Mu] , \ [Nu] ] , Global , PrintAs −> ” \[Gamma] ” ]
60 DefTensor [ metric3I [ −\[Mu] , −\[Nu] ] , Global , PrintAs −> ” \[Gamma] ” ]
61
62 DefTensor [ \ [ Beta ] eta [ \ [Nu] ] , Global , PrintAs −> ” \[ Beta ] ” ]
63 DefTensor [ \ [ Beta ] etaI [ −\[Nu] ] , Global , PrintAs −> ” \[ Beta ] ” ]
64
65
66 DefTensor [Q3[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
67 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
68 DefTensor [ L3[ −\[Lambda] , −\[Nu] , −\[Mu] ] , Global ,
69 Symmetric [{ −\[Nu] , −\[Mu] } ] ]
70 DefTensor [B[ −\[Mu] , −\[Nu] ] , Global , Symmetric [{ −\[Nu] , −\[Mu] } ] ]
71 DefTensor [ \ [ CapitalGamma ] 3 [ \ [ Sigma ] , −\[Mu] , −\[Nu] ] , Global ]
72 DefTensor [EK[ −\[Mu] , −\[Nu] ] , Global ]
73 DefTensor [R[ −\[Mu] , −\[Nu] ] , Global ]
74 DefTensor [EKs [ ] , Global ]
75 DefTensor [SL[ −\[Mu] , −\[Nu] ] , Global ]
76
77
78 DefTensor [ S[ −\[Nu] , −\[Mu] ] , Global ]
79 DefTensor [ Ss [ ] , Global ]
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80 DefTensor [ Sv[ −\[ CapitalStigma ] ] , Global ]
81 DefTensor [ Bs [ ] , Global ]
82 DefTensor [HC[ ] , Global ]
83 DefTensor [MC[ ] , Global ]
84 DefTensor [G[ ] , Global ]
85 DefTensor [ \ [ Rho ] [ ] , Global ]
86
87
88 DefScalarFunction [ \ [ ScriptCapitalM ] ]
89 DefScalarFunction [ \ [ Alpha ] ]
90
91 ToCoba = {\[ Zeta ] −> {\[ Zeta ] , Ba} , \ [ Eta ] −> {\[ Eta ] ,
92 Ba} , \ [ Iota ] −> {\[ Iota ] , Ba} , \ [Lambda] −> {\[Lambda] ,
93 Ba} , \ [Mu] −> {\[Mu] , Ba} , \ [Nu] −> {\[Nu] ,
94 Ba} , \ [ Epsilon ] −> {\[ Epsilon ] , Ba} , \ [ Xi ] −> {\[ Xi ] ,
95 Ba} , \ [ Sigma ] −> {\[Sigma ] , Ba} , \ [ Upsilon ] −> {\[ Upsilon ] ,
96 Ba} , \ [ Chi ] −> {\[ Chi ] , Ba} , \ [ CapitalTheta ] −> {\[ CapitalTheta ] ,
97 Ba} , \ [ CapitalLambda ] −> {\[ CapitalLambda ] ,
98 Ba} , \ [ CapitalXi ] −> {\[ CapitalXi ] ,
99 Ba} , \ [ CapitalPi ] −> {\[ CapitalPi ] ,

100 Ba} , \ [ CapitalSigma ] −> {\[ CapitalSigma ] ,
101 Ba} , \ [ CapitalUpsilon ] −> {\[ CapitalUpsilon ] ,
102 Ba} , \ [ CapitalPhi ] −> {\[ CapitalPhi ] ,
103 Ba} , \ [ CapitalPsi ] −> {\[ CapitalPsi ] ,
104 Ba} , \ [ CapitalOmega ] −> {\[ CapitalOmega ] ,
105 Ba} , \ [ CapitalSampi ] −> {\[ CapitalSampi ] ,
106 Ba} , \ [ CapitalStigma ] −> {\[ CapitalStigma ] ,
107 Ba} , \ [ CapitalKoppa ] −> {\[ CapitalKoppa ] , Ba}};
108
109 (∗Custom method for stor ing tensor components∗)
110
111 StoreTensor [ Tens_, Matrix_ ] := (
112
113 CompArrayofTensor = ComponentArray [ Tens ] // Flatten ;
114 ElementsOfTensor = Matrix // Flatten ;
115
116 IterLenght = CompArrayofTensor // Length ;
117
118 I f [ IterLenght == 0 ,
119
120 RuelsOfTensor = {Tens −> Matrix } ,
121
122 RuelsOfTensor =
123 Map[
124 Evaluate [ ComponentArray [ CompArrayofTensor ] [ [ # ] ] ] −>
125 ElementsOfTensor [ [ # ] ] &, Range [ IterLenght ] ] ;
126
127 ] ;
128
129 I f [ ValueQ [ RulesOfTensors ] == False , RulesOfTensors = { } ] ;
130
131 Print [ Matrix // MatrixForm ] ;
132
133 RulesOfTensors = Join [ RuelsOfTensor , RulesOfTensors ] ;
134
135 )
136
137 (∗Custom method for outputing tensor components∗)
138
139 TensorElements [
140 Tens_ ] := ( ( ( Tens // TraceBasisDummy // ComponentArray) / .
141 RulesOfTensors ) // MatrixForm)
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General Definition of Tensor Components

1 Clear [ RulesOfTensors ]
2
3 $CVVerbose = False ;
4
5 (∗ Defining the Sh i f t vector components∗)
6 MatrixForm [ Betaarray = ( {
7 {\[ Beta ]1} ,
8 {\[ Beta ]2} ,
9 {\[ Beta ]3}

10 } ) ] ;
11
12 StoreTensor [ \ [ Beta ] eta [ { \ [Nu] , Ba} ] , Betaarray ]
13
14 (∗ Defining the metric components∗)
15 Style [ ”metric3” , 20 , Bold ]
16
17 MatrixForm [ metric3array = ( {
18 {\[Gamma]11 , \ [Gamma]12 , \ [Gamma]13} ,
19 {\[Gamma]21 , \ [Gamma]22 , \ [Gamma]23} ,
20 {\[Gamma]31 , \ [Gamma]32 , \ [Gamma]33}
21 } ) ] ;
22
23 StoreTensor [ metric3 [ { \ [Mu] , Ba} , {\[Nu] , Ba} ] , metric3array ]
24
25 (∗ Defining the inverse metric components∗)
26 Style [ ” metricI3 ” , 20 , Bold ]
27
28 MatrixForm [ metric3Iarray = ( {
29 {\[Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 } ,
30 {\[Gamma] I21 , \ [Gamma] I22 , \ [Gamma] I23 } ,
31 {\[Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33}
32 } ) ] ;
33
34 StoreTensor [ metric3I [{ −\[Mu] , −Ba} , {−\[Nu] , −Ba} ] , metric3Iarray ]
35
36 (∗ Defining the co s h i f t vector components∗)
37 Style [ ” \ [ Beta ] etaI ” , 20 , \
38 Bold ]
39
40 \ [ Beta ] etaIarray = ((
41 metric3I [{ −\[Mu] , −Ba} , {−\[Nu] , −Ba}] \ [ Beta ] eta [ { \ [Nu] , Ba}] //
42 TraceBasisDummy // ComponentArray) / . RulesOfTensors ) //
43 Ful lSimpl i fy
44
45 StoreTensor [ \ [ Beta ] etaI [{ −\[Nu] , −Ba} ] , \ [ Beta ] etaIarray ]
46
47 (∗ Defining the sp a t i a l mapping tensor components∗)
48 Style [ ”DeltaG3” , \
49 20 , Bold ]
50
51 DeltaG3array = ((
52 metric3 [ { \ [Mu] , Ba} , {\[Nu] ,
53 Ba}] metric3I [{ −\[Mu] , −Ba} , {−\[Lambda] , −Ba}] //
54 TraceBasisDummy // ComponentArray) / . RulesOfTensors ) //
55 Ful lSimpl i fy ;
56
57 StoreTensor [ DeltaG3 [ { \ [Nu] , Ba} , {−\[Mu] , −Ba} ] , DeltaG3array ]
58
59 Style [ ” Streamlining components” , 20 , Bold ]
60
61 \ [ Beta ] I1 = \[ Beta ]1 \ [Gamma] I11 + \[ Beta ]2 \ [Gamma] I12 + \[ Beta ]3 \
62 \ [Gamma] I13 ;
63
64 \ [ Beta ] I2 = \[ Beta ]1 \ [Gamma] I21 + \[ Beta ]2 \ [Gamma] I22 + \[ Beta ]3 \
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65 \ [Gamma] I23 ;
66
67 \ [ Beta ] I3 = \[ Beta ]1 \ [Gamma] I31 + \[ Beta ]2 \ [Gamma] I32 + \[ Beta ]3 \
68 \ [Gamma] I33 ;
69
70 {
71 {\[Gamma]11 , \ [Gamma]12 , \ [Gamma]13} ,
72 {\[Gamma]21 , \ [Gamma]22 , \ [Gamma]23} ,
73 {\[Gamma]31 , \ [Gamma]32 , \ [Gamma]33}
74 } = {
75 {(\ [Gamma] I23 \ [Gamma] I32 − \[Gamma] I22 \ [Gamma] I33 ) /(\ [Gamma] I13 \
76 \ [Gamma] I22 \ [Gamma] I31 − \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 − \
77 \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 + \[Gamma] I11 \ [Gamma] I23 \
78 \ [Gamma] I32 + \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 − \[Gamma] I11 \
79 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I13 \ [Gamma] I32 − \[Gamma] I12 \
80 \ [Gamma] I33 ) /(−\[Gamma] I13 \ [Gamma] I22 \ [Gamma] I31 + \[Gamma] I12 \
81 \ [Gamma] I23 \ [Gamma] I31 + \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 − \
82 \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 − \[Gamma] I12 \ [Gamma] I21 \
83 \ [Gamma] I33 + \[Gamma] I11 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I13 \
84 \ [Gamma] I22 − \[Gamma] I12 \ [Gamma] I23 ) /(\ [Gamma] I13 \ [Gamma] I22 \
85 \ [Gamma] I31 − \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 − \[Gamma] I13 \
86 \ [Gamma] I21 \ [Gamma] I32 + \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 + \
87 \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 − \[Gamma] I11 \ [Gamma] I22 \
88 \ [Gamma] I33 ) } ,
89 {(\ [Gamma] I23 \ [Gamma] I31 − \[Gamma] I21 \ [Gamma] I33 ) /(−\[Gamma] I13 \
90 \ [Gamma] I22 \ [Gamma] I31 + \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 + \
91 \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 − \[Gamma] I11 \ [Gamma] I23 \
92 \ [Gamma] I32 − \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 + \[Gamma] I11 \
93 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I13 \ [Gamma] I31 − \[Gamma] I11 \
94 \ [Gamma] I33 ) /(\ [Gamma] I13 \ [Gamma] I22 \ [Gamma] I31 − \[Gamma] I12 \
95 \ [Gamma] I23 \ [Gamma] I31 − \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 + \
96 \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 + \[Gamma] I12 \ [Gamma] I21 \
97 \ [Gamma] I33 − \[Gamma] I11 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I13 \
98 \ [Gamma] I21 − \[Gamma] I11 \ [Gamma] I23 ) /(−\[Gamma] I13 \ [Gamma] I22 \
99 \ [Gamma] I31 + \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 + \[Gamma] I13 \

100 \ [Gamma] I21 \ [Gamma] I32 − \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 − \
101 \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 + \[Gamma] I11 \ [Gamma] I22 \
102 \ [Gamma] I33 ) } ,
103 {(\ [Gamma] I22 \ [Gamma] I31 − \[Gamma] I21 \ [Gamma] I32 ) /(\ [Gamma] I13 \
104 \ [Gamma] I22 \ [Gamma] I31 − \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 − \
105 \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 + \[Gamma] I11 \ [Gamma] I23 \
106 \ [Gamma] I32 + \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 − \[Gamma] I11 \
107 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I12 \ [Gamma] I31 − \[Gamma] I11 \
108 \ [Gamma] I32 ) /(−\[Gamma] I13 \ [Gamma] I22 \ [Gamma] I31 + \[Gamma] I12 \
109 \ [Gamma] I23 \ [Gamma] I31 + \[Gamma] I13 \ [Gamma] I21 \ [Gamma] I32 − \
110 \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 − \[Gamma] I12 \ [Gamma] I21 \
111 \ [Gamma] I33 + \[Gamma] I11 \ [Gamma] I22 \ [Gamma] I33 ) , ( \ [Gamma] I12 \
112 \ [Gamma] I21 − \[Gamma] I11 \ [Gamma] I22 ) /(\ [Gamma] I13 \ [Gamma] I22 \
113 \ [Gamma] I31 − \[Gamma] I12 \ [Gamma] I23 \ [Gamma] I31 − \[Gamma] I13 \
114 \ [Gamma] I21 \ [Gamma] I32 + \[Gamma] I11 \ [Gamma] I23 \ [Gamma] I32 + \
115 \[Gamma] I12 \ [Gamma] I21 \ [Gamma] I33 − \[Gamma] I11 \ [Gamma] I22 \
116 \ [Gamma] I33 )}
117 } ;

Evolution and Constraint Equations

1
2 G[ ] = 0
3
4 Style [ ” Fi r s t Lie − Extr ins ic Metric ity − B[ −\[Mu] , −\[Nu ] ] ” , 20 , Bold ]
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5
6 EBarray = (((1/(
7 2 \ [ Alpha ] [
8 r [ ] ] ) (D[
9 metric3I [ −\[Mu] , −\[Nu] ] , \ [Tau ] [ ] ] − \[ Beta ] eta [\

10 \ [Lambda ] ] PD[ −\[Lambda ] ] [ metric3I [ −\[Mu] , −\[Nu ] ] ] −
11 metric3I [ −\[Mu] , −\[Lambda ] ] PD[ −\[Nu ] ] [ \ [ Beta ] eta [\
12 \ [Lambda ] ] ] −
13 metric3I [ −\[Lambda] , −\[Nu ] ] PD[ −\[Mu] ] [ \ [ Beta ] eta [\
14 \ [Lambda ] ] ] ) / . ToCoba) // TraceBasisDummy // ComponentArray) / .
15 RulesOfTensors ) // Ful lSimpl i fy ;
16
17 EBarray =
18 Map[ Ful lSimpl i fy [#,
19 Assumptions −> {\[ ScriptCapitalM ] [ ] \ [ Element ] Reals ,
20 r [ ] \ [ Element ] Reals , r [ ] > 0}] &, EBarray , {2} ] ;
21
22 StoreTensor [B[{ −\[Mu] , −Ba} , {−\[Nu] , −Ba} ] , EBarray ]
23
24 Style [ ” Extr ins ic Metric ity sca la r ” , 20 , Bold ]
25
26 EBsarray =
27 Ful lSimpl i fy [ ( ( ( (B[ −\[Mu] , −\[Nu ] ] metric3 [ \ [Mu] , \ [Nu ] ] ) / .
28 ToCoba) // TraceBasisDummy // ComponentArray) / .
29 RulesOfTensors ) // FullSimpli fy ,
30 Assumptions −> {\[ ScriptCapitalM ] [ ] \ [ Element ] Reals ,
31 r [ ] \ [ Element ] Reals , r [ ] > 0 } ] ;
32
33 StoreTensor [ Bs [ ] , EBsarray ]
34
35 Style [ ”Second Lie ” , 20 , Bold ]
36
37 SecondLiearray = ( ( ( ( HoldForm [ ( \ [ Alpha ] [
38 r [ ] ] (−(B[ −\[Mu] , −\[Nu] ] ∗ Bs [ ] ) +
39 2∗B[ −\[Mu] , −\[Epsilon ] ] ∗B[ −\[Nu] , −\[Zeta ] ] ∗
40 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] −
41 8∗Pi∗G[ ] ∗ S[ −\[Nu] , −\[Mu] ] +
42 4∗Pi∗G[ ] ∗ metric3I [ −\[Mu] , −\[Nu] ] ∗ Ss [ ] −
43 4∗Pi∗G[ ] ∗
44 metric3I [ −\[Mu] , −\[Nu] ] ∗ \ [ Rho ] [ ] + \
45 (PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Nu] ] ] ∗
46 metric3 [ \ [ Epsilon ] , \ [Lambda ] ] PD[ −\[Lambda ] ] [ \
47 \ [ Alpha ] [ r [ ] ] ] ) /(2∗\[ Alpha ] [ r [ ] ] ) + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
48 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
49 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Nu] ] ] ∗
50 PD[ −\[ Zeta ] ] [
51 metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ) /
52 4 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
53 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
54 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Eta ] ] ] ∗
55 PD[ −\[ Zeta ] ] [ metric3I [ −\[Nu] , −\[CapitalTheta ] ] ] ) /
56 2 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
57 PD[ −\[ Zeta ] ] [
58 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Nu ] ] ] ] ) /
59 2 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
60 PD[ −\[ Zeta ] ] [
61 PD[ −\[Mu] ] [ metric3I [ −\[Nu] , −\[Epsilon ] ] ] ] ) /
62 2 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
63 PD[ −\[ Zeta ] ] [
64 PD[ −\[Nu ] ] [ metric3I [ −\[Mu] , −\[Epsilon ] ] ] ] ) /
65 2 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
66 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
67 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Nu] ] ] ∗
68 PD[ −\[ CapitalTheta ] ] [
69 metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ) /
70 2 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
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71 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
72 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Mu] , −\[Eta ] ] ] ∗
73 PD[ −\[ CapitalTheta ] ] [ metric3I [ −\[Nu] , −\[Zeta ] ] ] ) /
74 2 − ( metric3 [ \ [ Epsilon ] , \ [Lambda ] ] \
75 PD[ −\[Lambda ] ] [ \ [ Alpha ] [ r [ ] ] ] ∗
76 PD[ −\[Mu] ] [
77 metric3I [ −\[Nu] , −\[Epsilon ] ] ] ) /(2∗\[ Alpha ] [
78 r [ ] ] ) − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
79 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
80 PD[ −\[ Zeta ] ] [ metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ∗
81 PD[ −\[Mu] ] [ metric3I [ −\[Nu] , −\[Epsilon ] ] ] ) /
82 4 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
83 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
84 PD[ −\[ CapitalTheta ] ] [ metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ∗
85 PD[ −\[Mu] ] [ metric3I [ −\[Nu] , −\[Epsilon ] ] ] ) /
86 2 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
87 PD[ −\[Mu] ] [
88 PD[ −\[Nu ] ] [ metric3I [ −\[ Epsilon ] , −\[Zeta ] ] ] ] ) /
89 4 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
90 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
91 PD[ −\[Mu] ] [ metric3I [ −\[ Zeta ] , −\[CapitalTheta ] ] ] ∗
92 PD[ −\[Nu ] ] [ metric3I [ −\[ Epsilon ] , −\[Eta ] ] ] ) /
93 4 − ( metric3 [ \ [ Epsilon ] , \ [Lambda ] ] \
94 PD[ −\[Lambda ] ] [ \ [ Alpha ] [ r [ ] ] ] ∗
95 PD[ −\[Nu ] ] [
96 metric3I [ −\[Mu] , −\[Epsilon ] ] ] ) /(2∗\[ Alpha ] [
97 r [ ] ] ) − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
98 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
99 PD[ −\[ Zeta ] ] [ metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ∗

100 PD[ −\[Nu ] ] [ metric3I [ −\[Mu] , −\[Epsilon ] ] ] ) /
101 4 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
102 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
103 PD[ −\[ CapitalTheta ] ] [ metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ∗
104 PD[ −\[Nu ] ] [ metric3I [ −\[Mu] , −\[Epsilon ] ] ] ) /
105 2 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
106 PD[ −\[Nu ] ] [
107 PD[ −\[Mu] ] [ metric3I [ −\[ Epsilon ] , −\[Zeta ] ] ] ] ) /4 +
108 PD[ −\[Nu ] ] [PD[ −\[Mu] ] [ \ [ Alpha ] [ r [ ] ] ] ] / \ [ Alpha ] [
109 r [ ] ] ) + \[ Beta ] eta [ \ [ Lambda ] ] PD[ −\[Lambda ] ] [
110 B[ −\[Mu] , −\[Nu ] ] ] +
111 B[ −\[Mu] , −\[Lambda ] ] \
112 PD[ −\[Nu ] ] [ \ [ Beta ] eta [ \ [ Lambda ] ] ] +
113 B[ −\[Nu] , −\[Lambda ] ] \
114 PD[ −\[Mu] ] [ \ [ Beta ] eta [ \ [ Lambda ] ] ] ) ] / . ToCoba) // ComponentArray //
115 ReleaseHold ) / . RulesOfTensors ) // TraceBasisDummy) /.
116 RulesOfTensors ;
117
118
119 SecondLiearray =
120 Map[ Ful lSimpl i fy [#,
121 Assumptions −> {\[ ScriptCapitalM ] [ ] \ [ Element ] Reals ,
122 r [ ] \ [ Element ] Reals , r [ ] > 0}] &, SecondLiearray , {2} ] ;
123
124 StoreTensor [ SecondLie [{ −\[Nu] , −Ba} , {−\[Mu] , −Ba} ] , SecondLiearray ]
125
126 Style [ ”Hamiltonian Constraint ” , 20 , Bold ]
127
128 HamiltonianConstraintarray = ((((( −Bs [ ] ^ 2 +
129 B[ −\[ Epsilon ] , −\[Zeta ] ] ∗B[ −\[Eta ] , −\[CapitalTheta ] ] ∗
130 metric3 [ \ [ Epsilon ] , \ [ Eta ] ] ∗
131 metric3 [ \ [ Zeta ] , \ [ CapitalTheta ] ] −
132 16∗Pi∗
133 G[ ] ∗ \ [ Rho ] [ ] − (3∗ metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
134 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
135 metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
136 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Eta ] , −\[ Iota ] ] ] ∗
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137 PD[ −\[ Zeta ] ] [
138 metric3I [ −\[ CapitalTheta ] , −\[Lambda ] ] ] ) /
139 4 + ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
140 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
141 metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
142 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ∗
143 PD[ −\[ Zeta ] ] [ metric3I [ −\[ Iota ] , −\[Lambda ] ] ] ) /4 +
144 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
145 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
146 PD[ −\[ Zeta ] ] [
147 PD[ −\[ Epsilon ] ] [
148 metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ] + ( metric3 [\
149 \ [ Epsilon ] , \ [ Zeta ] ] ∗ metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
150 metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
151 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Eta ] , −\[ Iota ] ] ] ∗
152 PD[ −\[ CapitalTheta ] ] [
153 metric3I [ −\[ Zeta ] , −\[Lambda ] ] ] ) /
154 2 − ( metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
155 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
156 metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
157 PD[ −\[ Epsilon ] ] [ metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ∗
158 PD[ −\[ CapitalTheta ] ] [
159 metric3I [ −\[ Iota ] , −\[Lambda ] ] ] ) /2 −
160 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
161 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
162 PD[ −\[ CapitalTheta ] ] [
163 PD[ −\[ Epsilon ] ] [
164 metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ] − ( metric3 [ \ [ Epsilon ] , \
165 \ [ Zeta ] ] ∗ metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗ metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
166 PD[ −\[ Epsilon ] ] [ metric3I [ −\[Eta ] , −\[CapitalTheta ] ] ] ∗
167 PD[ −\[Lambda ] ] [ metric3I [ −\[ Zeta ] , −\[ Iota ] ] ] ) /2 +
168 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
169 metric3 [ \ [ Eta ] , \ [ CapitalTheta ] ] ∗
170 metric3 [ \ [ Iota ] , \ [Lambda ] ] ∗
171 PD[ −\[ Epsilon ] ] [ metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ∗
172 PD[ −\[Lambda ] ] [
173 metric3I [ −\[ CapitalTheta ] , −\[ Iota ] ] ] ) / . ToCoba) //
174 ComponentArray // ReleaseHold ) / . RulesOfTensors ) //
175 TraceBasisDummy) /. RulesOfTensors ;
176
177 StoreTensor [HC[ ] , HamiltonianConstraintarray // Ful lSimpl i fy ]
178
179 Style [ ”Momentum Constraint ” , 20 , Bold ]
180
181 MomentumConstraintarray = ((((( −8∗ Pi∗G[ ] ∗
182 Sv[ −\[ CapitalStigma ] ] + (B[ −\[ CapitalStigma ] , −\
183 \[ CapitalTheta ] ] ∗ metric3 [ \ [ Epsilon ] , \ [ CapitalTheta ] ] ∗
184 metric3 [ \ [ Zeta ] , \ [ Eta ] ] ∗
185 PD[ −\[ Epsilon ] ] [ metric3I [ −\[ Zeta ] , −\[Eta ] ] ] ) /2 +
186 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
187 PD[ −\[ Zeta ] ] [ B[ −\[ CapitalStigma ] , −\[Epsilon ] ] ] −
188 B[ −\[ CapitalStigma ] , −\[CapitalTheta ] ] ∗
189 metric3 [ \ [ Epsilon ] , \ [ CapitalTheta ] ] ∗
190 metric3 [ \ [ Zeta ] , \ [ Eta ] ] ∗
191 PD[ −\[ Zeta ] ] [ metric3I [ −\[ Epsilon ] , −\[Eta ] ] ] −
192 metric3 [ \ [ Epsilon ] , \ [ Zeta ] ] ∗
193 PD[ −\[ CapitalStigma ] ] [
194 B[ −\[ Epsilon ] , −\[Zeta ] ] ] + (B[ −\[Eta ] , −\
195 \[ CapitalTheta ] ] ∗ metric3 [ \ [ Epsilon ] , \ [ Eta ] ] ∗
196 metric3 [ \ [ Zeta ] , \ [ CapitalTheta ] ] ∗
197 PD[ −\[ CapitalStigma ] ] [
198 metric3I [ −\[ Epsilon ] , −\[Zeta ] ] ] ) /2) / . ToCoba) //
199 ComponentArray // ReleaseHold ) / . RulesOfTensors ) //
200 TraceBasisDummy) /. RulesOfTensors ;
201
202 StoreTensor [MC[{ −\[ CapitalStigma ] , −Ba} ] ,
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203 MomentumConstraintarray // Ful lSimpl i fy ]

Schwarzchild Metric

1
2 Clear [ \ [Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 , \ [Gamma] I21 , \
3 \ [Gamma] I22 , \ [Gamma] I23 , \ [Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33 , \
4 \ [ Beta ]1 , \ [ Beta ]2 , \ [ Beta ]3 , \ [ Alpha ] ]
5
6 DefScalarFunction [ \ [ Alpha ] ]
7
8 Style [ ”Schwarzchild” , 30 , Bold , Red ]
9

10 Style [ ”Laps Function \ [ Alpha ] [ r [ ] ] ” , 20 , Bold ]
11
12 \ [ Alpha ] [ x_] := (1 − 2 \[ ScriptCapitalM ] [ ] / x) ^(1/2)
13
14 \ [ Alpha ] [ r [ ] ]
15
16 \ [ Beta ]1 = 0;
17 \ [ Beta ]2 = 0;
18 \ [ Beta ]3 = 0;
19
20 {
21 {\[Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 } ,
22 {\[Gamma] I21 , \ [Gamma] I22 , \ [Gamma] I23 } ,
23 {\[Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33}
24 } = ( {
25 {(1 − (2 \ [ ScriptCapitalM ] [ ] ) /r [ ] ) ^−1, 0 , 0} ,
26 {0 , r [ ] ^ 2 , 0} ,
27 {0 , 0 , r [ ] ^ 2 Sin [ \ [ Theta ] [ ] ] ^ 2 }
28 } ) ;
29
30 Style [ ” Sh i f t vector ” , 20 , Bold ]
31
32 \ [ Beta ] etaIarray // Simpli fy
33
34 Style [ ”Metric and Inverse Metric” , 20 , Bold ]
35
36 metric3array // Simpli fy // MatrixForm
37 metric3Iarray // Simpli fy // MatrixForm

Isotropic

1 Clear [ \ [Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 , \ [Gamma] I21 , \
2 \ [Gamma] I22 , \ [Gamma] I23 , \ [Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33 , \
3 \ [ Beta ]1 , \ [ Beta ]2 , \ [ Beta ]3 , \ [ Alpha ] ]
4 DefScalarFunction [ \ [ Alpha ] ]
5 DefScalarFunction [ \ [Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 , \ [Gamma] I21 , \
6 \ [Gamma] I22 , \ [Gamma] I23 , \ [Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33 , \
7 \ [ Beta ]1 , \ [ Beta ]2 , \ [ Beta ] 3 ]
8
9 Style [ ” I so t rop i c ” , 30 , Bold , Red ]

10
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11 Style [ ”Laps Function \ [ Alpha ] [ r [ ] ] ” , 20 , Bold ]
12
13 \ [ Alpha ] [ x_] := (1 − \[ ScriptCapitalM ] [ ] / ( 2 x) ) /(
14 1 + \[ ScriptCapitalM ] [ ] / ( 2 x) )
15
16 \ [ Alpha ] [ r [ ] ]
17
18 \ [ Beta ]1 = 0;
19 \ [ Beta ]2 = 0;
20 \ [ Beta ]3 = 0;
21
22 {
23 {\[Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 } ,
24 {\[Gamma] I21 , \ [Gamma] I22 , \ [Gamma] I23 } ,
25 {\[Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33}
26 } = (1 + \[ ScriptCapitalM ] [ ] / ( 2 r [ ] ) )^4 ( {
27 {1 , 0 , 0} ,
28 {0 , r [ ] ^ 2 , 0} ,
29 {0 , 0 , r [ ] ^ 2 Sin [ \ [ Theta ] [ ] ] ^ 2 }
30 } ) ;
31
32 Style [ ” Sh i f t vector ” , 20 , Bold ]
33
34 \ [ Beta ] etaIarray // Simpli fy
35
36 Style [ ”Metric and Inverse Metric” , 20 , Bold ]
37
38 metric3array // Simpli fy // MatrixForm
39 metric3Iarray // Simpli fy // MatrixForm

Painleve-Gullstrand

1 Clear [ \ [Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 , \ [Gamma] I21 , \
2 \ [Gamma] I22 , \ [Gamma] I23 , \ [Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33 , \
3 \ [ Beta ]1 , \ [ Beta ]2 , \ [ Beta ]3 , \ [ Alpha ] ]
4 DefScalarFunction [ \ [ Alpha ] ]
5 Style [ ”Painleve−Gullstrand ” , 30 , Bold , Red ]
6
7 Style [ ”Laps Function \ [ Alpha ] [ r [ ] ] ” , 20 , Bold ]
8
9 \ [ Alpha ] [ x_] := 1

10
11 \[ Alpha ] [ r [ ] ]
12
13 \ [ Beta ]1 = ((2 \ [ ScriptCapitalM ] [ ] ) /r [ ] ) ^(1/2) ;
14 \ [ Beta ]2 = 0;
15 \ [ Beta ]3 = 0;
16
17 {
18 {\[Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 } ,
19 {\[Gamma] I21 , \ [Gamma] I22 , \ [Gamma] I23 } ,
20 {\[Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33}
21 } = ( {
22 {1 , 0 , 0} ,
23 {0 , r [ ] ^ 2 , 0} ,
24 {0 , 0 , r [ ] ^ 2 Sin [ \ [ Theta ] [ ] ] ^ 2 }
25 } ) ;
26
27 Style [ ” Sh i f t vector and lower index” , 20 , Bold ]
28
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29 Betaarray // Simpli fy // MatrixForm
30 \[ Beta ] etaIarray // Simpli fy // MatrixForm
31
32
33 Style [ ”Metric and Inverse Metric” , 20 , Bold ]
34
35 metric3array // Simpli fy // MatrixForm
36 metric3Iarray // Simpli fy // MatrixForm

Kerr-Schild

1 Clear [ \ [Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 , \ [Gamma] I21 , \
2 \ [Gamma] I22 , \ [Gamma] I23 , \ [Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33 , \
3 \ [ Beta ]1 , \ [ Beta ]2 , \ [ Beta ]3 , \ [ Alpha ] ]
4 DefScalarFunction [ \ [ Alpha ] ]
5 Style [ ”Kerr−Schi ld ” , 30 , Bold , Red ]
6
7 Style [ ”Laps Function \ [ Alpha ] [ r [ ] ] ” , 20 , Bold ]
8
9 \ [ Alpha ] [ x_] := (1 + 2 \[ ScriptCapitalM ] [ ] / x) ^(−(1/2) )

10
11 \ [ Alpha ] [ r [ ] ]
12
13 \ [ Beta ]1 = \[ Alpha ] [ r [ ] ] ^ 2 (2 \ [ ScriptCapitalM ] [ ] ) /r [ ] ;
14 \ [ Beta ]2 = 0;
15 \ [ Beta ]3 = 0;
16
17 {
18 {\[Gamma] I11 , \ [Gamma] I12 , \ [Gamma] I13 } ,
19 {\[Gamma] I21 , \ [Gamma] I22 , \ [Gamma] I23 } ,
20 {\[Gamma] I31 , \ [Gamma] I32 , \ [Gamma] I33}
21 } = ( {
22 {1 + (2 \ [ ScriptCapitalM ] [ ] ) /r [ ] , 0 , 0} ,
23 {0 , r [ ] ^ 2 , 0} ,
24 {0 , 0 , r [ ] ^ 2 Sin [ \ [ Theta ] [ ] ] ^ 2 }
25 } ) ;
26
27 Style [ ” Sh i f t vector and lower index” , 20 , Bold ]
28
29 Betaarray // Simpli fy // MatrixForm
30 \[ Beta ] etaIarray // Simpli fy // MatrixForm
31
32
33 Style [ ”Metric and Inverse Metric” , 20 , Bold ]
34
35 metric3array // Simpli fy // MatrixForm
36 metric3Iarray // Simpli fy // MatrixForm
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