
Received 2 October 2023, accepted 10 October 2023, date of publication 30 October 2023, date of current version 10 November 2023.

Digital Object Identifier 10.1109/ACCESS.2023.3328388

Graph-Based Semi-Supervised Learning
With Tensor Embeddings for Hyperspectral
Data Classification
IOANNIS GEORGOULAS 1, EFTYCHIOS PROTOPAPADAKIS 2,
KONSTANTINOS MAKANTASIS 3,
DYLAN SEYCHELL 3, (Senior Member, IEEE), ANASTASIOS DOULAMIS 1,
AND NIKOLAOS DOULAMIS 1
1School of Rural and Surveying Engineering, National Technical University of Athens, 157 80 Athens, Greece
2School of Information Sciences, University of Macedonia, 546 36 Thessaloniki, Greece
3Department of Artificial Intelligence, University of Malta, MSD2080 Msida, Malta

Corresponding author: Ioannis Georgoulas (johnniegeo@mail.ntua.gr)

This work was supported by the H2020 Photonics Project ‘‘A CostEffective Photonics-Based Device for Early Prediction, Monitoring,
and Management of Diabetic Foot Ulcers’’ funded through the Information and Communication Technologies (ICT) H2020 Framework,
under Grant 871908.

ABSTRACT Hyperspectral data classification is one of the fundamental problems in remote sensing. Several
algorithms based on supervised machine learning have been proposed to address it. The performance,
however, of the proposed algorithms is inherently dependent on the amount and quality of annotated data.
Due to recent advances in hyperspectral imaging and autonomous (unmanned) aerial vehicles collecting new
hyperspectral data is an easy task. Annotating those data, however, is a tedious, time-consuming and costly
task requiring the in-situ presence of human experts. One way to loosen the requirement of a large number of
annotated data is the shift to semi-supervised learning combined with highly sample-efficient tensor-based
neural networks. This study provides a comprehensive experimental analysis of the performance of a variety
of graph-based semi-supervised learning techniques combinedwith tensor-based neural network embeddings
for the problem of hyperspectral data classification. Experimental results suggest that the combination
of tensor-based neural network embeddings with graph-based semi-supervised learning can significantly
improve the classification results minimizing human annotation effort.

INDEX TERMS Graph-based, hyperspectral data, semi-supervised learning, tensor-based embedding.

NOMENCLATURE
n Number of nodes contained in the graph.
m Number of edges contained in the graph.
c Number of available classes.
W Learnable weight matrix.
R The rank for the CP decomposition.
⊙ Khatri-Rao product operator.
Xx,y Input tensor of size p1 × p2 × p3 centred at

(x, y) pixel position.

The associate editor coordinating the review of this manuscript and

approving it for publication was Prakasam Periasamy .

I. INTRODUCTION
One of the fundamental problems in Remote Sensing is the
task of hyperspectral data classification. This problem is
treated as a supervised machine learning task, where the
objective is to build a machine learning model that classifies
hyperspectral image pixels according to the material they
depict, by effectively fusing their spectral and spatial
information. The performance, however of the learnt models
heavily depends on the amount and quality of annotated data.

Given the recent advances in hyperspectral imaging and
autonomous aerial vehicles, one can argue that collecting
hyperspectral data is a relatively easy task. A similar
argument, however, for annotating the data would be
unsubstantiated. Annotating hyperspectral data is a tedious,
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time-consuming and costly task, usually requiring human
experts to physically visit the area depicted in a hyperspectral
image and manually label each of the image’s pixels.

To loosen the requirement of a large number of annotated
data, two different lines of research have been proposed.
The first one focuses on the development of fully-supervised
machine learning models that can efficiently handle small
sample setting problems [23] (i.e., problems where the
number of labelled data is limited). The second one, instead of
following the (fully) supervised learning paradigm, focuses
on developing algorithms that exploit information from both
labelled and unlabelled data [28]. These techniques are under
the umbrella of the semi-supervised learning paradigm.
The main objective of this paper is to investigate the degree

to which the above two lines of research can be merged.
Specifically, we investigate the development and efficiency of
hyperspectral classification algorithms based on graph-based
semi-supervised learning and highly sample-efficient tensor-
based neural networks.

Graph-based semi-supervised learning methods have
gained significant attention due to their effectiveness in cap-
turing the underlying structure of high-dimensional data [30].
By representing the data as a graph, where each point
corresponds to a node, and the edges represent the pairwise
similarity between them, these methods can propagate the
label information from labelled to unlabeled data in a smooth
and coherent way. The performance, however, of graph-
based semi-supervised learning methods heavily relies on the
quality of the data points representation used to construct
the graph. Data points representation, also called embedding,
must capture in a compact way (low dimensional) the
essential features of the data.

Tensor-based embedding techniques, such as tensor
decomposition, can be used to extract low-dimensional
representations of the data while preserving the underlying
structure [20], [21]. Tensor-based embeddings can capture
complex patterns and relationships in the data and can be
particularly useful in applications employing small-sample
setting problems.

Based on the discussion above, this paper focuses on
exploring the benefits of a synergistic approach between
tensor-based embeddings and graph-based semi-supervised
learning. The idea lies in utilizing the output of the
penultimate layer of a tensor-based neural network classifier
as embeddings for graph-based semi-supervised learning.
Tensor-based embeddings are expected to facilitate graph
creation before employing a graph-based classifier.

The main hypothesis is that the tensor-based embeddings
are able to capture the essential features of hyperspectral data,
resulting in a high-quality graph and increasing, this way,
the semi-supervised classifiers’ performance. We validate
this hypothesis using data from 4 publicly available datasets.
We thoroughly evaluate the performance of 11 graph-based
semi-supervised learning techniques by running more than
22 thousand experiments under different parameterizations of
the employed components.

The rest of the paper is organised as follows.
Section II presents the literature related to the problem
of hyperspectral data classification, as well as embedding
learning and semi-supervised learning for hyperspectral
data. Section III presents the problem formulation for
building semi-supervised learning classifiers using tensor-
based embeddings. In Section IVwe present the experimental
setup and discuss the experimental results. Finally, Section V
concludes our study.

II. RELATED WORK
The field of hyperspectral image analysis has witnessed
significant advancements in recent years, driven by the
exploration of various techniques for enhancing classification
accuracy [18]. Yet, research on feature learning given an
insufficient number of samples remains an active area [32],
with multiple emerging schemes and techniques.

Among these techniques, semi-supervised learning has
emerged as a powerful paradigm that leverages the abundance
of unlabeled data to augment limited labelled samples. If the
unlabelled data points provide additional information that is
relevant for prediction, they can potentially be used to achieve
improved classification performance [31].
Additionally, the use of tensor-based embeddings has

shown promise in transforming hyperspectral data, enabling
efficient representation learning for downstream analy-
sis [20]. Such approaches can extract and model relationships
between features that may not be apparent using traditional
methods, leading to more accurate and meaningful insights.

In this section, we review the existing literature on
various techniques applied to hyperspectral image analysis,
focusing on two prominent areas related to this study:
embedding learning and semi-supervised learning. The
utilization of deep learning approaches for the creation of
appropriate embeddings, prior to the application of multiple
semi-supervised learning has been investigated before [28]
provided several promising outcomes.

A. EMBEDDING LEARNING IN HYPERSPECTRAL DATA
CLASSIFICATION
The accurate representation of available data plays a vital
role in numerous applications, particularly in the field
of hyperspectral image analysis research. To capture and
describe the intricate relationships among different instances,
a fundamental step is the transformation of the data into
meaningful feature vectors. This process, known as embed-
ding learning, aims to construct a vector space representation
that effectively encapsulates the inherent characteristics of
the data. By leveraging advanced techniques, embedding
learning facilitates the extraction of informative features,
enabling the development ofmore robust hyperspectral image
analysis systems.

The work of Makantasis et al. [20] introduced a Rank-R
Feedforward Neural Network (Rank-R FNN) for hyper-
spectral data classification tasks. The weights of Rank-R
FNN are constrained to satisfy a rank-R Canonical Polyadic
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Decomposition, which promotes learning capabilities by
avoiding overfitting and underfitting problems related to
limited data availability. Such models have significantly
fewer trainable parameters and work well under noisy
data inputs. Yet, the impact of the decomposition rank on
the classifier’s performance remains uncertain. The extent
to which pursuing higher ranks may be beneficial or
unnecessary for a given dataset warrants further investigation.

The work of Deng et al. [3] presented a network-based
architecture designed to embed hyperspectral image pixels
onto a specificmetric space, where the similarity between any
two pixels is clearly represented. The adopted approach can
be applied in both same- and cross-scene classifications. For
the latter case, an unsupervised (adversarial) domain adap-
tation technique is utilized, which preserves the distribution
among instances. Multiple experiments run over various, but
it’s unclear if the relationships between labelled sample sizes
and patch sizes were subject to the mutual influence, and
the extent of their interdependence remains vague, potentially
varying across different scenarios.

A graph construction based on locally linear embeddings
for the classification of hyperspectral data has been proposed
in [35] so that the spatial pixels’ information is considered.
To mitigate any drawback due to noise, weighted mean
filtering is applied as a prepossessing step. The outcomes
suggest the importance of preserving spatial information and
emphasize the importance of using appropriate embeddings
to fully exploit the potential of graph-based approaches.
There are, however, limited details on how the filter’s
parameters may affect the adopted locally linear embedding
schemes and if there are any rules over the pixels’ values (e.g.
distribution) that promote the utilization of specific filters.

The discriminant information of both source and target
domains, i.e. different datasets or data distributions that are
associated with different environments or conditions, is of
major importance. The source domain typically represents
the labeled dataset. The work of [16] proposed a domain
adaptation method for HSI classification based on graph
embedding and distribution alignment. The methodology
uses graph embedding algorithms and pseudo-label learning
methods to learn interclass and intraclass divergence matrices
of source and target domains, which preserves the local
discriminant information of both domains. However, large
spectral drifts in such cross-scene classification problems can
jeopardize the performance, even if spatial filtering is applied.

The utilization of graph convolutional networks (GCNs)
has also been investigated in HSI classification GCNs allow
for adaptive learning over the kernel parameters, based on the
distribution of the land cover. The work of Ding et al. [8]
introduced an aggregator fusion mechanism to present the
different spatial node relationships and extract the spatial
features of land covers. Yet, GCNs are computationally
expensive and face the problem of oversmoothing [6], [7].
The work of Zhang et al. [34] focused on exploring a wider
receptive field in a way that the local convolutional features
of the nodes are preserved.

The prior knowledge deficiency, large spectral variabil-
ity, and high dimension of HSI guided researchers to
unsupervised [4], or self-supervised [5] approaches. The
unsupervised methods have encoundered difficulties in
feature extraction and expression for HSI clustering. In the
self-supervised scenario, authors note that the unsupervised
methods need to be improved in terms of clustering accuracy,
especially for large-scale HSIs.

In our study, however, we focus on the problem of
limited labelled samples in HSI classification. For this reason,
we opt for using a simple yet sample-efficient model to learn
hyperspectral data embeddings.

B. SEMI-SUPERVISED LEARNING IN HYPERSPECTRAL
DATA CLASSIFICATION
Semi-supervised learning approaches can serve either as
a classification model or provide additional pseudo-labels,
which, then, will be used to improve the performance of the
main classifier further. The work of [33] utilized a cluster-
based approach, using Dirichlet Process Mixture Models,
to produce pseudo-labels to train a convolutional neural
network on all available data. Then, a transfer-learning
approach was applied to establish a second model, which was
fine-tuned over existing labelled data.

A process based on sample re-sampling and semi-
supervised strategies to handle the problem of unbalanced
datasets has been proposed in the work of [9]. The proposed
methodology is a ‘‘self-learning’’ variation that incorporates
pseudo-labelled data for retraining if consensus among
different classifiers, i.e. high confidence score, is achieved.
The adopted approach can address the problem of unbalanced
classification but fails to distinguish among objects of similar
spectral-spatial characteristics.

He et al. [15] proposed a graph-based semi-supervised
algorithm combined with particle cooperation and competi-
tion, which can improve the model performance effectively
by using unlabelled samples. The key idea lay in adopting a
particle competition and cooperation mechanism into label
propagation, which could detect and re-label misclassified
samples dynamically, thus stopping the propagation of wrong
labels and allowing the overall model to obtain better clas-
sification performance by using predicted labelled samples
in hyperspectal datasets. There are no suggestions regarding
possible bounds (minimum or maximum) regarding the
labelled or unlabelled instances to be used.

Miao et al. [26] proposed a random multigraph and
ensemble strategy to tackle hyperspectral imagery classifi-
cation problems. The approach employs the construction of
multiple anchor graphs for label propagation using cross-
entropy regularization. The entire setup tries to address all
problems that come from the utilization of a single classifier,
i.e. creation of one adjacent graph, which fails to learn the
complex structures and intrinsic properties of hyperspectral
data effectively.

The scalability limitations of graph-based semi-supervised
learning approaches, when handling large corpora were
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considered in the work of [14]. The adopted approach con-
siders a parameter-free, naturally sparse and scale-invariant
graph consisting of anchor points. The gain over compu-
tational complexity justifies the utilization of such models,
despite any minor performance loss. Their work, however,
does not take the spatial information of hyperspectral data
into account.

Different approaches for semi-supervised learning in
hyperspectral data classification have been utilized. Graph-
based models have the ability to model complex structures
and intrinsic properties in hyperspectral data classification
problems. Yet, there is no consensus on what approach should
be utilized nor how many unlabeled data samples should be
used, i.e. trade-off between classification performance gain
and computational time required.

C. RESEARCH CHALLENGES
On the one hand, despite the advantages in temsor-based
learning, there are limitations related to the appropriate
decomposition rank, preprocessing steps, amount of labeled
instances, and the handling of noisy data inputs, depenting on
the adopted approach as described in sec. II-A.
On the other hand, in SSL, determining which technique

to be used or an adequate upper bound for unlabeled
data instance remains a challenge. The trade-off between
incorporating more unlabeled samples and the computational
complexity involved is a critical consideration, and general
guidelines for effectively harnessing the potential of unla-
beled data are yet to be established, as shown in sec. II-B.

The research landscape reveals diverse alternatives for
data representations, varying viewpoints on the selection
of appropriate semi-supervised learning techniques, consid-
erations of optimal utilization bounds for unlabeled data,
and trade-offs among different types of embeddings. While
the integration of data representation and semi-supervised
learning holds immense potential, the absence of a unified
consensus underscores the complexity of the problem and
open research questions in this domain. Resolving these
challenges requires further investigation and analysis to
identify themost effective and robust strategies for combining
embedding learning and semi-supervised learning techniques
in hyperspectral image analysis applications.

D. OUR CONTRIBUTION
The innovation of this paper lies in the proposed integration
scheme of graph-based SSL with Rank-R FNN for embed-
ding learning, aiming to address the unique challenges related
to limited labelled data instances in HSI data.

Specifically, this study emphasize on conducting an exten-
sive exploration between two disparate, yet resource-efficient
techniques. This collaborative approach will motivate for
additional research directions, rather than pursuing a direct
confrontation with established state-of-the-art approaches.

The contributions of this work can be summarized as
follows:

• The work addresses one key-problem in HSI semantic
segmentation task, related to the limited availability of
labelled samples.

• We synergistically combine two inherently sample-
efficient techniques: a tensor-based embedding learner
and graph-based SSL methods.

• We undertake an extensive empirical investigation,
conducting over 22,000 experiments to evaluate the
effectiveness of proposed scheme.

• The results provides rigorous and statistically sound
conclusions regarding the performance of our
methodology.

III. PROBLEM FORMULATION
Hyperspectral data classification is a multi-class classifica-
tion task. Let us denote as DL = ((xi, yi))li=1 a collection
of l labeled datapoints. The object xi ∈ X stands for the
explanatory variables (or predictors) while yi ∈ Y is the target
variable (i.e., class index) associated with xi. On top of DL ,
we assume that we have in our disposal another collection
of u unlabelled data denoted as DU = (xi)ni=l+1, where
n = l + u. Based on the above, the problem of hyperspectral
data classification boils down to building a model able to
exploit information from both DL and DU to make accurate
predictions.

Exploiting information from both DL and DU can be
achieved via graph-based semi-supervised learning tech-
niques. Let us denote as G = (V ,E) a graph with |V | = n
nodes and edges E ⊆ V × V . Each edge connecting the
i-th and the j-th nodes is associated with a real-valued
weight Uij. The objective of graph-based SSL approaches,
which are by nature transductive, is to learn a predictive
function f : G,YL → YU , to infer the missing labels YU for
the unlabeled nodes inDU based on the constructed graph and
the labels YL of DL [10]. Consequently, a graph-based semi-
supervised learning approach starts by creating the graph
and then propagating labels’ information from labelled to
unlabelled nodes.

The graph creation occurs in an unsupervised way, e.g.
kernel-based or locally-linear reconstruction method, among
many other approaches. The former case involves pairwise
similarity measures, by using Gaussian or Laplacian kernels.
The later case, focuses on local relationships by explicitly
reconstructing each data point as a linear combination of its
neighbors. Regardless of the adopted approach, the graph is
constructed based on the provided input data.

In this study, instead of utilizing the raw data values,
{xi}ni=1, we exploit tensor-based embeddings {8(xi)}ni=1
generated by the penultimate layer of a tensor-based neural
network classifier (see Section III-A). The label propagation
has, also, many approaches; the adopted ones are explained
in subsection III-B.

A. TENSOR-BASED EMBEDDINGS
In the context of this study, tensor embeddings correspond to
one-dimensional vector representations of tensor data points
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(three-dimensional objects) produced by the penultimate
layer of a Rank-R FNN model. The Rank-R FNN model,
proposed and experimentally and theoretically validated
in [20], [22], [23], and [25], is a two-layer neural network
that receives as input D-dimensional tensor objects. The
inputs are propagated to the hidden layer via a set of weights
on which the Canonical-Polyadic (CP) decomposition has
been applied. CP decomposition can significantly reduce the
number of trainable parameters, making the Rank-R FNN
model very efficient for small sample setting problems that
involve high dimensional data, like data points in tensor
format.

Given an input X ∈ RI1×···×ID , the Rank-R FNN models
the weights connecting the input layer with the hidden layer
as:

W (q)
= [[W (q)

1 , · · · ,W (q)
D ]] ∈ RI1×···×ID , (1)

or else

vec(W (q)) = (W (q)
D ⊙ · · · ⊙W (q)

1 )1R ∈ R
∏d=D
d=1 Id , (2)

where 1R stands for a vector with R ones, q stands for the
number of hidden layer’s neurons, and ‘‘⊙’’ operator for the
Khatri-Rao product. The output of the q-th hidden neuron of
the Rank-R FNN is given by

uq = g(⟨W (q),X⟩) = trace
(
g
(
(W (q)

d )TZ(q)
̸=d

))
, (3)

whereW (q)
d ∈ RId×R, R is the rank for the CP decomposition

and

Z(q)
̸=d = X (d)(W

(q)
D ⊙ · · · ⊙W (q)

d+1 ⊙W (q)
d−1 ⊙ · · · ⊙W (q)

1 )

(4)

with X (d) to denote the mode-d matricization of tensor X .
After the transformation of the tensor input into a vector

at the first hidden layer, the information is propagated to
the output layer of the Rank-R FNN. The parameters of
the model are estimated based on the available labelled
data using an appropriate loss function (e.g., cross-entropy
for classification problems of mean squared error for
regression), the back-propagation algorithm and gradient-
based optimization (for more information about the training
procedure, we refer the interested reader to [23]).

In this study, the tensor input embeddings correspond
to the output of the hidden layer of the trained Rank-R
FNN. In other words, the tensor inputs are represented by
q-dimensional vectors that are obtained by the output of the
penultimate layer of the Rank-R FNN.

B. GRAPH-BASED APPROACHES
Graph-based approaches are transductive by nature. As such,
the optimization process, i.e. obtaining a solution, is solely
concerned with obtaining predictions for the available
unlabeled data points [31]. This trait was the main reason for
selecting them, in the current study, against other approaches
of inductive nature, i.e. building a classification model for the
entire input space.

Multiple different graph-based semi-supervised learn-
ing approaches are utilized to investigate the impact of
tensor-based embeddings on classification performance.
Specifically, this research involves techniques based on
the Laplace equation solution, introduced by [36], and
variations [2], [29]. The game-theoretic p-Laplace equation
was also considered [11]. Additional techniques involve
the solution of the Poisson equation, using either a con-
jugate gradient or a spectral solver [2]. Other techniques
utilized are the ‘‘lazy random walks’’ [37], the sparse
label propagation [19], and Merriman-Bence-Osher scheme-
based approaches [12], [17]. Table 2 compactly presents the
semi-supervised learning techniques explored in this paper.

When utilizing a transductive learner, information is prop-
agated among the data points through available connections
(edges) on a graph. A common approach, when using
graph-based approaches involves three steps: a) construction
of a graph, b) edge weighting, and c) inference. The first
two steps create an appropriate graph, which will be used
for the label estimation during the inference process. The
following paragraphs briefly summarize the basic concepts
for the adopted label propagation techniques.

Label propagation over graphs is a general framework that
encompasses various methods. These methods are able to
infer the labels for the unlabeled instances by minimizing a
loss function of the form [30]:

L(f ) = Ls(f ,DL) + λLu(f ,Du) + µLr (f ,D) (5)

where f represents the function to be learned (the labelling
of data points), Ls(f ,DL) and Lu(f ,Du) are the supervised
and unsupervised losses, based on labeled and unlabeled data
respectively, Lr (f ,D) is the regularization loss, over all data,
and λ, µ are hyperparameters to be optimized.

IV. EXPERIMENTAL SETUP
The proposed schemes are evaluated using four publicly
available hyperspectral datasets; each dataset is a hyper-
spectral image. The objective of our methodology is to
semantically segment the images into regions depicting
different materials following a pixel-wise classification task.
As such, for the performance evaluation, metrics like f1-score
were considered. As shown in sec. IV-A class imbalance exist
in the case studies, which motivate us to consider the F1 score
for the statistical tests performed in sec. IV-G.

At this point we need to stress that the study focus
on addressing the problem of limited labelled samples in
HSI, when applying a newly introduced synergistic scheme.
As such, the setup was arranged in a way to allow for
providing robust conclusions about the impact of combining
two, different in nature, sample-efficient techniques and
applying them to HSI segmentation tasks. The optimal setup
of the hyperparameters will be investigated in future work.

The following sections present the datasets employed
in this study, and the approach followed to form train-
ing and evaluation sets. Then, we present the models’
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FIGURE 1. Utilized datasets.

parameterization and the evaluation protocol, and, finally, the
obtained results.

A. DATASET DESCRIPTION
Four widely known and publicly available datasets, captured
by different sensors, are used. Table 1, provides further details
on the distribution of instances per class. A brief description
is provided bellow.

• the Botswana dataset, which has been captured by
Hyperion sensor and consists of 145 spectral bands and
3,248 labelled pixels assigned to 14 different classes.

• the Indian Pines dataset, which s captured by theAVIRIS
sensor and contains a total of 145 spectral bands and
10,086 labeled pixels, assigned to 16 classes

• the Pavia University dataset, which has been captured
by ROSIS sensor and consists of 103 spectral bands and
41,849 labelled pixels assigned to 9 different classes

• the Salinas (corrected) dataset, which has been captured
by AVIRIS sensor and consists of 224 spectral bands,
minus 20 water absorption bands, and 53370 labelled
pixels assigned to 16 different classes

Figure 1 the employed datasets, along with their ground
truth.

Each of the employed datasets corresponds to one
hyperspectral image. Hyperspectral images are represented
as third-order tensors of dimension p1 ×p2 ×p3. Dimensions
p1 and p2 correspond to the image’s height and width while
dimension p3 corresponds to the number of the image’s
spectral bands.

To conduct pixel-wise classification, i.e., to classify each
hyperspectral image pixel Ix,y at location (x, y) according
to the material it depicts, we follow the approach proposed
in [20] and [23]. By following the approach in [20] and [23],

we are able to form training and evaluation sets, enabling
our models to exploit both the spectral and spatial pixels
information.

Following [20] and [23], we start by assuming that the label
of a square patchXx,y of size s×s×p3 centred at (x, y) has the
same label with pixel Ix,y. Denoting as tx,y the ground truth
label of Ix,y, that is the class of the depicted material, we form
the dataset D = {(Xx,y, tx,y)} for training and evaluation
purposes. Each Xx,y patch inherently carries spectral and
spatial information. Regarding parameter s, we conducted
two sets of experiments using the values of five and seven.
By using a relatively small value for the parameter s we can
assure that the square patch Xx,y has the same label as Ix,y for
the majority of the pixels [24], satisfying this way our initial
assumption. Finally, each Xx,y ∈ D is min-max normalised
to [0, 1].

B. ABLATION EXPERIMENTS
In this study we use a tensor-based deep learning approach
as a core model. Then, based on the embedding provided
by this approach we evaluated the appropriateness of
various graph-based SSL approaches. The former case, i.e.
embedding impact, involves the investigation of the impact
of the decomposition rank R and the number q of hidden
neurons on the performance of the Rank-R FNN model.
Results are presented in detail in sec. IV-D. The latter case, i.e.
SSL approaches we focused on the impact of the unlabeled
samples size on ten different approaches, when using as
inputs the Rank-R FNN model embeddings. Results are
presented in detail in sec. III-B. Over 22,000 experiments run
in total, to test different problem instances.
The partitioning of the dataset, for all experiments, was

based on the stratified k-fold paradigm. The first step involves
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TABLE 1. Available labeled instances per class for the different employed datasets.

loading the data instances per demo area. We note that we
consider only pixels for which labels are available. Table 1
provides details on the available instances per class and the
corresponding appearance frequencies.

Given the data over one demo area, a 6-fold approach
is adopted, creating the corresponding training/test subsets,
which preserve the percentage of samples for each class as
in the initial set. These sets are adjusted, as described bellow,
to follow the few-labeled samples paradigm, adopted in this
work.

Then, for each fold, we randomly select, from the training
set, a prespecified number α of samples per class. In this
setup three different values for α were used: 10, 20 and
30 samples per class. Additionally, we randomly select
additional 10 samples per class, from the remaining train
instances, to form the validation set, which will be used by
the Rank-R FNN for early-stopping purposes.

At this point we have a subset of c×(α+10) samples, where
c denotes the number of classes, from the initially provided
training set. These are considered as labeled instances. The
remaining training samples, i.e. those not selected, and the
test data are considered as unlabelled instances. Given a
set of labeled instances we used various portions from the
unlabelled instances, ranging from 20% to 60% to evaluate
the impact of the unlabeled instances availability1.

C. MODEL PARAMETERIZATION AND EXPERIMENTATION
PROTOCOL
In our approach, the performance can be affected by
various hyperparameters involving two domains. Firstly, the
tensor-based embedding process relies on carefully selecting
the rank parameter (R) and hidden neuron count (q), striking a
balance between classification power and resource efficiency.
Secondly, the graph-based semi-supervised learning (SSL)

1Experiments are conducted using Python and Google Colab. The code is
provided in the following link: https://rb.gy/44c97.

approach is influenced by multiple hyperparameters, depend-
ing on the type of the adopted approach.

The performance of the employed Rank-R FNN tensor-
based neural network is mainly affected by two hyperparam-
eters: the rank R for the CP decomposition and the number q
of neurons placed at the hidden layer. In this study, based
on the findings of [22], we use two different values for the
parameter R, that is 5 and 3, and two different values for
the number of hidden neurons q, that is 50 and 75. We opt
for these settings since these values balance the trade-off
between high classification performance and computational
requirements.

As far as the semi-supervised learning techniques are
concerned, they were implemented using the same library as
in [1], and unless stated differently, their hyperparameters
take the default values (see Table 2). Please note that
hyperparameter tuning, for the SSL approach, could further
improve the performance. However, identifying the best
possible sets of parameters was not in the scope of this study.

To test the efficiency of the employed semi-supervised
learning techniques combined with tensor embeddings,
we train the models using a small number of labelled exam-
ples. This way we are able to test our initial hypothesis by
focusing on themodels’ capacity to learn small sample setting
classification tasks. On top of that, restricting the number of
labelled samples used for training reflects limitations present
in real-world remote sensing applications. As mentioned in
Section I, annotating large amounts of remote sensing data is
a tedious, time-consuming and costly task. Therefore, many
real-world remote sensing applications must deal with very
small volumes of annotated data.

D. EMBEDDING IMPACT
For the sake of completeness, this section presents the
behaviour of the Rank-R FNNusing different hyperparameter
settings and different training set sizes.

Figure 2 illustrates the impact of the decomposition rank R
and the number q of hidden neurons on the performance of
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TABLE 2. Evaluated graph-based SSL techniques.

FIGURE 2. Effects of decomposition’s rank and the projection size, for the different datasets.

the Rank-R FNN model across the four datasets. At first,
as the rank of the decomposition increases while keeping
the embedding size fixed, the performance of the model
improves. However, the opposite trend is not consistently
observed. In other words, higher embedding dimensions do
not necessarily result in better performance. As shown by
the results on the PaviaU dataset, using 50 hidden neurons is
preferred compared to using 75. For the Indian Pines and the
Salinas datasets, there is no significant improvement. Instead,
we can observe only marginal gains. It is worth noting that the

Botswana dataset exhibits an exception to this observation,
where higher embedding dimensions do lead to improved
performance.

As mentioned above, the Rank-R FNN model is trained
using a limited number of samples per class, specifically
ranging from 10 to 30 instances. This choice is made
deliberately to investigate how labelled data scarcity affects
the model’s performance. As depicted in Figure 3, increasing
the number of labelled instances per class in the training set
appears to be beneficial up to a certain threshold. Across
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FIGURE 3. Illustrating the impact of the available samples per class, on the training set, for the embedding suitability.

all four datasets, employing 20 or 30 training samples
per category yields superior classification results. However,
it remains unclear whether there exists a notable distinction
between using 20 or 30 samples. It is worth mentioning
that other studies considered even higher numbers of
labelled samples per class, e.g., Makantasis et al. in [13]
and [22]. Nevertheless, no significant performance impact
was observed.

E. GRAPH-BASED SSL PERFORMANCE
Based on the findings of the experiments presented in the
previous section, we use a Rank-R FNN of decomposition
rank R = 5 and seventyfive hidden neurons, q = 75,
to create embeddings to be used for semi-supervised learning.
Any semi-supervised learning technique use information both
from labelled and unlabelled data. Therefore, a parameter of
extremely high importance for investigating the behaviour
of different semi-supervised techniques is the number of
unlabelled samples used.

To investigate the behaviour of the semi-supervised
learning techniques employed we evaluate their classifica-
tion performance using a variable number of unlabelled
data. Specifically, we use 20%, 40%, or 60% of the
available unlabelled data to train the semi-supervised algo-
rithms. Similarly to Rank-R FNN evaluation, we follow
a holdout cross-validation protocol repeated six times.
Finally, we evaluate the performance of the different
techniques in terms of F1 score and classification accuracy
averaged over the six iterations of the cross-validation
scheme.

Figure 4 demonstrates how the volume of the unlabelled
data used affects the performance of the employed semi-
supervised algorithms. We observe that Laplace-based meth-
ods, such as Lap, LapRePo, LapWNL, and random walks,
namely LaWa, exhibit consistent behavior across all four

datasets. As the amount of unlabeled data increases, the
performance of the algorithms improves as well. However,
the marginal gains in performance, coupled with a substantial
increase in processing time, indicates that the performance
of the algorithms saturates when an adequate large number
of unlabelled data is used. This suggests that there is an
upper bound for the number of unlabelled data that can
be effectively used to improve the algorithms’ classification
performance.

Quite surprisingly, the performance for several of the
employed semi-supervised algorithms does not improve as
the number of unlabelled data used increases. Nevertheless,
this behaviour has also been reported in other studies,
e.g. [27], and is partially attributed to the unbalanced class
distributions. This is perfectly aligned with our application
at hand since all the datasets employed in this study can be
considered as highly imbalanced.

Specifically, MBO variations, Poisson-based implemen-
tations (e.g., PoCG, PoSpe), and sparse label approaches
exhibit complex patterns when confronted with additional
unlabeled data. The case is demonstrated in Figure 5, where
marginal gains in performance are scarce, and the overall
trend shows a decline.

Figure 6 demonstrates the performance, average scores
over all datasets, of the most prominent SSL techniques
against the best TNN architecture. Among these methods,
Laplace based variations, i.e. Lap, LapRePo, LapWNL, and
LaWa exhibited the highest accuracy and F1 scores,, indicat-
ing their ability to achieve both precise class identification
and satisfactory overall segmentation performance.

On the other hand, MMBO, p-Lap, SpLa, and VMBO
showed relatively lower accuracy and F1 scores, suggesting
limitations in their capability to accurately segment hyper-
spectral data. Nevertheless, the capabilities of the proposed
combinatory TB, graph-based SSL schemes, appear as a
solid step forward in hyperspectral image segmentation.
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FIGURE 4. Variations in F1 scores when different percentages of unlabeled samples were used, given the
adopted classification techniques.

By leveraging tensor-based embeddings, these approaches
effectively extract and utilize spatial and spectral information
present in hyperspectral data, leading to improved segmenta-
tion results.

F. MODELS COMPLEXITY
Figure 7 presents the average execution times for the
employed techniques for different sample sizes. Although
graph-based SSL techniques improve classification results,
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FIGURE 5. Scenarios where more unlabeled data did not guarantee higher performance.

TABLE 3. Updated p-values and t-statistics, in parenthesis, for the F1 scores comparison.

FIGURE 6. Average performance scores, for the best TNN topology.

this comes at the cost of longer prediction times. However,
given the performance improvement, the extra time required
is not prohibitive in applying those techniques to HSI
classification.

For the applied SSL approaches, the complexity is
presented at the last column of table 2. Please note that
most SSL techniques require the construction of a nearest
neighbor matrix, prior to any label propagation. Applying
an ϵ-neighborhood approach has a complexity of O(n2),
where n stands for the number of available data, labeled and
unlabeled. Further details on the complexity of graph-based
SSL approaches are provided by Song et al. [30]

As far as the tensor-based neural network is concerned,
its computational complexity both for training and inference

FIGURE 7. Execution times (seconds) for the proposed techniques, for
different sample sizes ranging from 20% to 60% of the available data.

is the same as the computational complexity of a fully
connected neural network with inputs of size s × s × p3,
as the size of a square patch Xx,y, and one hidden layer with
the same number of hidden neurons as the tensor network.
Assuming that we have h hidden neurons, complexity would
be O(h · s2 · p3).

G. STATISTICAL EVALUATION
In this section, our aim is to investigate whether the
employment of semi-supervised algorithms results into
a statistically significant improvement, in terms of
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FIGURE 8. Boxplots for the performance distribution, given the adopted classification techniques.

classification performance, against the fully-supervised
Rank-R FNN.

We start by presenting in Figure 8 the variations in
classification performance of employed Rank-R FNN and
the graph-based semi-supervised learning approaches used.
A different boxplot was produced per dataset while the
low performing semi-supervised techniques (see Section IV)
were excluded.

These boxplots provide insights into the distribution
and variability of the classification performance across the
different techniques. Motivated by these figures, a paired
t-test has been conducted to assess the significance of the
differences between the classification techniques. The results
are summarized in Table 3.
Based on the provided t-test results, we can make several

observations about the performance comparisons between
different algorithms. Firstly, when comparing Rank-R FNN
and Lap, a highly significant difference was found with a
negative t-statistic of −17.52 (p < 0.001). This indicates that
Lap outperforms Rank-R FNN significantly in terms of the
F1 score. Similar findings were observed when comparing
Rank-R FNN with other algorithms such as LapWNL,
LapRePo,MMBO, p-Lap, LaWa, and SpLa, with all resulting
in highly significant differences and negative t-statistics.

On the other hand, when comparing Lap with MMBO,
p-Lap, LaWa, SpLa, and VMBO, significant differences were
observed, but this time with positive t-statistics. These results
suggest that Lap performs significantly better in terms of the

F1 score. Additionally, when comparing Lap with LapWNL,
LapRePo, and VMBO, significant differences were observed,
but with smaller t-statistics compared to the prreviously
mentioned comparisons.

Furthermore, among the comparisons between LapWNL,
LapRePo, MMBO, p-Lap, LaWa, SpLa, and VMBO, sig-
nificant differences were found in most cases, indicating
variations in performance levels. Notably, the comparison
between LapRePo and LaWa yielded a t-statistic of 0.66
(p = 0.508), suggesting no significant difference between
the two compared algorithms in terms of F1 score.

Overall, the above-mentioned t-test results provide evi-
dence for performance variations between the different
algorithms. It is important to consider these findings when
selecting the most suitable classification algorithm for a
specific application at hand, as they indicate the relative
strengths and weaknesses of each approach.

V. CONCLUSION
Two different lines of research have been merged successful
in this work: a) sample-efficient tensor-based neural networks
and b) graph-based SSL. This is a new-approach to an
established problem of segmentation over hyper spectral
images. The experiments conducted in this study demonstrate
the potential of such schemes.

This new approach provides multiple potentials on future
work. At first, there are multiple other, i.e. non-graph-based,
approaches that could be evaluated on similar schemes.

124830 VOLUME 11, 2023



I. Georgoulas et al.: Graph-Based Semi-Supervised Learning With Tensor Embeddings

Secondly, applied SSL techniques were not optimized, either
computationally or hyperparameter-related. Research work
on the field could be provided. Thirdly, the paradigm of
few-shot learning can be adopted using as base model
tensor-based NN supproted by the outcomes of SSL
approaches. On a theoretical part, approximation bounds for
different types of tensor decomposition may be an interesting
investigation area. A lot of work remains to be done in terms
of rank evaluation impact.

By leveraging the spatial and spectral information present
in hyperspectral data, tensor-based embeddings can effec-
tively extract useful features for segmentation tasks. Graph-
based SSL approaches benefit from high quality features
and achieve a high classification performance. Overall, the
proposed method has significant potential for various appli-
cations in remote sensing, agriculture, and environmental
monitoring, among others, and could pave the way for more
accurate and efficient hyperspectral image segmentation in
the future.
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