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ABSTRACT
This paper presents a novel approach to multiclass classification
tasks, utilizing tensor-based embeddings for graph-based semi-
supervised learning. The proposed method utilizes a tensor decom-
position algorithm to create embeddings that capture the essential
features of the data. These are used by various graph-based semi-
supervised approach to construct a graph capable to propagate the
information from labeled to unlabeled nodes, classifying available
data. The proposed method was tested on hyperspectral datasets.
The results demonstrate the potential of such combinatory tensor-
based semi-supervised approaches.
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1 INTRODUCTION
The widespread adoption of digital technologies has resulted in the
creation of large, complex, and heterogeneous data sets that are of-
ten characterized by a high degree of dimensionality, diversity, and
variability, commonly referred to as high-order data, which present
new opportunities and challenges for research. Semi-supervised
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learning (SSL) approaches emerged naturally, as a promising so-
lution for dealing with such data, as they allow exploiting both
labeled and unlabeled data to learn predictive models [15].

In particular, graph-based SSL methods have gained significant
attention due to their effectiveness in capturing the underlying
structure of high-order data [14]. By representing the data as a
graph, where each point corresponds to a node and the edges rep-
resent the pairwise similarity between them, these methods can
propagate the label information from the labeled data to the unla-
beled data in a smooth and coherent way. However, the performance
of graph-based SSL methods heavily relies on the quality of the
embeddings used to construct the graph, which should capture the
essential features of the data while reducing its dimensionality.

Tensor-based embedding (TBE) techniques, such as tensor de-
composition, can be used to extract low-dimensional representa-
tions of the data while preserving the underlying structure [8].
Tensor-based embeddings can capture complex patterns and rela-
tionships in the data, and can be particularly useful in applications
where interpretability of the features is important. However, tensor-
based embedding techniques can be computationally expensive,
and may not be suitable for very large datasets.

In this paper we investigate the, possible, benefits of a synergistic
approach between TBE and graph-based SSL. The idea lies in utiliz-
ing TBE, as an outcome of the encoder part, in a classificationmodel,
to facilitate the manifold creation, prior to the employment of a
graph-based classifier. The main hypothesis is that the tensor-based
embeddings will result in a better manifold projection, increas-
ing the semi-supervised classifiers performance. The experimental
scenarios involve semantic segmentation tasks in hyperspectral
images (HSI).

2 RELATEDWORK
Semi-supervised classification methods are particularly relevant
to scenarios where labelled data is scarce. In those cases, it may
be difficult to construct a reliable supervised classifier [6, 7, 16]. In
practice, semi-supervised learning methods have also been applied
to scenarios where no significant lack of labelled data exists: if
the unlabelled data points provide additional information that is
relevant for prediction, they can potentially be used to achieve
improved classification performance [15].

He et al. [5] proposed a graph-based semi-supervised algorithm
combined with particle cooperation and competition, which can
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improve the model performance effectively by using unlabeled
samples. The key idea lied in adopting a particle competition and
cooperation mechanism into label propagation, which could detect
and re-label misclassified samples dynamically, thus stopping the
propagation of wrong labels and allowing the overall model to
obtain better classification performance by using predicted labeled
samples in HSI datasets.

Miao et al. [12] proposed a random multigraph and ensemble
strategy to tackle hyperspectral imagery classification problems.
The approach employs the construction multiple anchor graphs,
for the label propagation, using the cross-entropy regularization.
The entire setup tries to address all problems that come from the
utilization of a single classifier, i.e. creation of one adjecent graph,
which fails to effectively learn the complex structures and intrinsic
properties of HSI.

Protopapadakis et al. [13] presented a two-step approach for NIR
image classification based on stacked autoencoders and multiple
SSL approaches. The encoder part extracted the underlying features
of the and SSL approaches utilize them to create soft labels for
the unlabled instances, leveraging both the provided spectral and
spatial information. Then, a deep network (classifier) is trained
using custom loss fuctions, that encouraged the embeddings to
preserve the spatial structure of the data. Experimental results
demonstrate the effectiveness of the proposed method in achieving
state-of-the-art performance compared to other methods, including
traditional classification algorithms and deep learning approaches.

Tensor-based approaches are highly useful for handling complex
data structures that have multiple modes or dimensions. These ap-
proaches can extract and model relationships between features that
may not be apparent using traditional methods, leading to more
accurate and meaningful insights. These methods have been suc-
cessfully applied in a wide range of applications, such as computer
vision, natural language processing, and bioinformatics, demon-
strating their broad utility and versatility.

The work of Makantasis et al. [8] introduced a Rank-R Feedfor-
ward Neural Network for HSI analysis. In this non-linear classifier,
the network weights are constrained to satisfy a rank-R Canonical
Polyadic Decomposition, which promotes the learning capabilities,
avoiding underfitting problems, related to limited data availability.
Such models have significantly less trainable parameters and work
well under noisy data inputs.

Tensor-based learning is highly beneficial in HSI analysis, as it
can handle multi-dimensional data and extract meaningful features
that may not be apparent using traditional methods. Additionally,
semi-supervised learning offers advantages, as it can leverage the
large amounts of unlabeled data to improve the accuracy of clas-
sification models, which is often a challenging task in HSI data
analysis. Nevertheless, there is limited work on synergies among
these research fields.

3 PROBLEM FORMULATION
In this work we address a multi-class classification problem, using
as inputs hyper-spectral data. There is a collection of data points,
𝑙 in total, denoted as: 𝐷𝐿 = ((𝑥𝑖 , 𝑦𝑖 ))𝑙𝑖=1. The object 𝑥𝑖 ∈ X, will
be used as an input, and has an associated label 𝑦𝑖 . Further details
on how the 𝑥 values are produced, given an input space X, can

be found in subsection 4.1. Additionally, to 𝐷𝐿 , it is likely to have
access to another collection of unlabeled data point, denoted as:
𝐷𝑈 = (𝑥𝑖 )𝑙+𝑢𝑖=𝑖+1.

Let𝐺 = (𝑉 , 𝐸) denote a graph, where 𝑉 is a set of |𝑉 | = 𝑛 nodes
and 𝐸 ⊆ 𝑉 ×𝑉 is a set of |𝐸 | edges between nodes, and W ∈ R𝑛×𝑛
are the associated weights on the edges. Graph-based approaches,
which are by nature transductive, have as an objective to learn a
predictive function 𝑓 : 𝐺,Y𝐿 → Y𝑈 , to infer the missing labels
Y𝑈 , for the unlabeled nodes [4]. Consequently, a graph-based SSL
approach starts by creating the graph and then propagates the
information to the nodes.

The graph creation can occur either in an unsupervised way,
e.g. kernel-based or locally-linear reconstruction methods, among
many other approaches. Yet, instead of utilizing the raw data values,
{𝑥𝑖 }𝑛𝑖=1, we exploit the corresponding TBEs, {Φ(𝑥𝑖 )}𝑛𝑖=1 ones, gen-
erated by applying a tensor-based approach described in subsection
3.2. The label propagation has, also, many approaches; the adopted
ones are explained in subsection 3.1.

3.1 Graph-based approaches
A set of three different graph-based SSL approaches are utilized,
to investigate the impact of TBE in performance, namely: a) label
propagation, b) label spreading and c) properly-weighted Laplace
learning. In the following paragraphs a brief description is provided.

The label propagation approach is described in the work of [18].
As the name suggests, the approach operates over a graph structure
to to propagate the labels of nearby labeled data points to the
unlabeled points. This process can be repeated iteratively, although
is not always necessarily [1], improving the accuracy of the labels
assigned to the unlabeled data.

Assume a matrix 𝑌 ∈ R𝑁×𝑐 , where 𝑁 = 𝑙 + 𝑢 and 𝑐 denotes the
number of classes. Also, for convenience, let us adopt the following
notation: Y = [Y𝐿Y𝑈 ]𝑇 , where Y𝐿 denotes the known and Y𝑈 the
unknown labels. Matrix Y rows can be interpreted as the probability
of a point to correspond to a specific class. Also, assume a (given)
graph with a weight matrix W ∈ R𝑁×𝑁 , and a degree matrix
D ∈ R𝑁×𝑁 , defined as a diagonal matrix, whose 𝑖-th entry is given
by: 𝐷𝑖𝑖 =

∑
𝑗𝑊𝑖 𝑗 . Then, the labels’ update is provided according

to the following equation: F(𝑡+1) = D−1WF(𝑡 ) , where, usually,
F(0) = Y.

Label spreading has many similarities to label propagation [17],
but adds a regularization to be more robust to noise. It adopts a
slightly different approach over the effect of the label distributions.
In particular, the updated soft labels are provided according to
the following formula:F(𝑡+1) = 𝛼SF(𝑡 ) + (1 − 𝛼)Y. In this case,
matrix S is defined as: S = D−1/2WD−1/2. Also, the matrix W
is defined as:𝑊𝑖 𝑗 = 𝑒𝑥𝑝 (−||𝑥𝑖 − 𝑥 𝑗 | |2)/2𝜎2, if 𝑖 ≠ 𝑗 , and𝑊𝑖𝑖 =

0. Laplace learning, also called label propagation, may result in
poor performance, attributed to the fact that the solutions develop
localized spikes near the labeled points and are almost constant
far from the labeled points [2]. In this work we adopted a properly
weighted Laplacian approach, as described in [3].
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3.2 Tensor-based embeddings
In the context of this study, tensor embeddings correspond to one-
dimensional vector representations of tensor data points (three-
dimensional objects) produced by the Rank-R FNN model proposed
and experimentally and theoretically validated in [8–11]. The Rank-
R FNN model is a two-layer neural network that receives as input
D-dimensional tensor objects. The inputs are propagated to the
hidden layer via a set of weights on which the Canonical-Polyadic
(CP) decomposition has been applied. CP decomposition can sig-
nificantly reduce the number of trainable parameters, making the
Rank-R FNN model very efficient for small sample setting prob-
lems that involve high dimensional data, like data points in tensor
format.

Specifically, the Ran-R FNNmodels the weights connecting input
layer to hidden layer as:

𝑾 (𝑞) = [[𝑾 (𝑞)
1 , · · · ,𝑾 (𝑞)

𝐷
]] ∈ R𝐼1×···×𝐼𝐷 , (1)

or else

vec(𝑾 (𝑞) ) = (𝑾 (𝑞)
𝐷

⊙ · · · ⊙𝑾
(𝑞)
1 )1𝑅 ∈ R

∏𝑑=𝐷
𝑑=1 𝐼𝑑 , (2)

where 1𝑅 stands for a vector with 𝑅 ones, 𝑞 stands for the number of
hidden layer’s neurons, and "⊙" operator to the Khatri-Rao product.
The output of the 𝑞-th hidden neuron of the Rank-R FNN is given
by

𝑢𝑞 = 𝑔(⟨𝑾 (𝑞) ,𝑿⟩) = trace
(
𝑔
(
(𝑾 (𝑞)

𝑑
)𝑇𝒁 (𝑞)

≠𝑑

) )
, (3)

where𝑿 corresponds to a D-dimension tensor input,𝑾 (𝑞)
𝑑

∈ R𝐼𝑑×𝑅 ,
𝑅 is the rank for the CP decomposition and

𝒁
(𝑞)
≠𝑑

= 𝑿 (𝑑 ) (𝑾
(𝑞)
𝐷

⊙ · · · ⊙𝑾
(𝑞)
𝑑+1 ⊙𝑾

(𝑞)
𝑑−1 ⊙ · · · ⊙𝑾

(𝑞)
1 ) (4)

with 𝑿 (𝑑 ) to denote the mode-𝑑 matricization of tensor 𝑿 .
After the transformation of the tensor input into a vector at

the first hidden layer, the information is propagated to the out-
put layer of the Rank-R FNN. The parameters of the model are
estimated based on the available labelled data using an appropri-
ate loss function (e.g., cross-entropy for classification problems of
mean squared error for regression), the back-propagation algorithm
and gradient-based optimization (for more information about the
training procedure, we refer the interested reader to [10]).

In this study, the tensor input embeddings correspond to the
output of the hidden layer of the trained Rank-R FNN. In other
words, the tensor inputs are represented by 𝑞-dimensional vectors
that are obtained by the output of the penultimate layer of the
Rank-R FNN.

4 EXPERIMENTAL SETUP
The proposed schemes are evaluated over HSI images, in a semantic
segmentation setup. A hyperspectral image is a 3-order tensor of
dimensions 𝑝1 ×𝑝2 ×𝑝3, where 𝑝1 and 𝑝2 correspond to height and
width of the image, while 𝑝3 corresponds to its spectral bands.

To conduct pixel-wise classification, i.e., to classify each pixel
𝐼𝑥,𝑦 at location (𝑥,𝑦) according to the material it depicts, we follow
the approach proposed in [8]. Specifically, it is assumed that the
label of a square patch 𝑿𝑥,𝑦 of size 𝑠 × 𝑠 × 𝑝3 centered at (𝑥,𝑦) has
the same label with pixel 𝐼𝑥,𝑦 . Denoting as 𝒕𝑥,𝑦 the ground truth
label of 𝐼𝑥,𝑦 , we form the dataset D = {(𝑿𝑥,𝑦, 𝒕𝑥,𝑦)} for training
and evaluation purposes. In the experiments we set parameter 𝑠

equal to 5 or 7. That way we exploit spatial information of pixels,
and, at the same time, satisfy the assumption that, for the majority
of pixels the square patch 𝑿𝑥,𝑦 has same label as 𝐼𝑥,𝑦 . Lastly, the
CP decomposition rank was set as, 𝑅 = 5, and we worked with
75-dimensional vectors, i.e. 𝑞 = 75.

4.1 Dataset description
Three widely known and publicly available datasets, captured by
three different sensors, are used. In particular, we use i) the Salinas
(corrected) dataset, which has been captured by AVIRIS sensor and
consists of 224 spectral bands, minus 20 water absorption bands,
and 5000 labeled pixels assigned to 16 different classes, ii) the Pavia
University dataset, which has been captured by ROSIS sensor and
consists of 103 spectral bands and 42,776 labeled pixels assigned to
9 different classes, and iii) the Botswana dataset, which has been
captured by Hyperion sensor and consists of 145 spectral bands
and 3,248 labeled pixels assigned to 14 different classes. Figure 1
presents two of the employed datasets, along with their ground
truth.

4.2 Data preprocessing
In this study, we choose to train the models using a limited number
of samples. This way, we focus on models’ capacity to learn small
sample setting classification tasks; employing a small number of
training samples is a common limitation in many real-world appli-
cations such as HSI. For this reason, in our experiments, we vary
the number of samples per class used for training to evaluate the
proposed tensor-based model’s performance when the number of
training data is limited. In particular, we randomly select a specific
number of samples 𝛼 per class for training, while the rest are used
for testing purposes.

In our case, the samples per class used for training are 𝛼 = 10
and 50. If some class includes fewer samples, we select a portion
of 50% randomly for training. A stratified 10-fold cross-validation
approach has been adopted for evaluating the performance of the
adopted graph-based SSL approaches. This approach ensures that
the distribution of classes in each fold is representative of the overall
distribution of classes in the entire data set.

4.3 Experimental results
Fig. 2 demonstrates the average accuracy and F1 score for the
test sets. For Pavia University and Salinas (corrected) region, the
weighted Laplacian approach slightly exceeds the performance of
the TNN. Yet, for the Botwsana case, the performance is signifi-
cantly worse. The remaining two approaches, i.e. LPC and LSC
maintain a similar performance in all three investigated areas.

Fig. 3 illustrates the impact of the window size, during data
preparation, on the overall classifiers’ performance. The findings
indicate that for the weighted Laplacian approach, an increase in
window size adds on average 10% in F1 score. The reason that TNN
appears better is attributed to the low performance in Botswana
set, as described in fig. 2.

Fig. 4 presents comprehensive information regarding the influ-
ence of varying window sizes during the data preparation stage on
the classification performance. Notably, the classification scores for
the Botswana dataset exhibit significant enhancement. Conversely,
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(a) Salinas input (b) Salinas GT (c) PaviaU input (d) PaviaU GT

Figure 1: Some of the datasets utilized

Figure 2: Average performance scores, for the test sets (10 in total)

Figure 3: Performance variation depending on the size of the window.

the results for the Pavia University dataset demonstrate a marginal
decline with an increase in window size. On the other hand, a slight
improvement is observed for the "Salinas" dataset. It is important
to note that the outcomes for both the Salinas and Pavia University
datasets do not exhibit statistical significance.

Another intriguing topic involves the possible variations in clas-
sification outputs. Fig. 5 demonstrates such case for the Salinas

(corrected) dataset. Two quick notes involve: a) the similarity be-
tween LPC and LSC, where minor fluctuations are observed, b) the
difference between weighted Laplacian and Tensor-based approach.
The former is explained by the implementation similarity between
LSC and LPC. The latter case indicates that the graph-based ap-
proach does not scatter miss-classified pixels in as many classes as
the TNN or, if it did, it’s less than the TNN.
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Figure 4: Performance variation depending on the size of the window.

(a) Label propagation (b) Label spreading

(c) Weighted Laplacian (d) Tensor-based

Figure 5: Variations in confusion matrices, given the adopted classification techniques

5 CONCLUSIONS
The use of tensor-based embeddings in graph-based SSL classifi-
cation task could be beneficial in HSI semantic segmentation. The
experiments conducted in this study demonstrate the potential of
such combinatory schemes. By leveraging the spatial and spectral
information present in hyperspectral data, tensor-based embed-
dings can effectively extract useful features for segmentation tasks.

Although the proposed method performs well, there is still room
for further research and development. The impact of various pa-
rameters and hyperparameters on the performance of the method
can be explored, and the generalization of the method to other
datasets can be studied. In addition, the method’s efficiency can be
improved by adopting different computation methods for tensor-
based embeddings and designing more efficient graph-based SSL
approaches.
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Overall, the proposed method has significant potential for vari-
ous applications in remote sensing, agriculture, and environmental
monitoring, among others, and could pave the way for more accu-
rate and efficient hyperspectral image segmentation in the future.
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