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Abstract

The construction of the teleparallel analogue of Horndeski theory provides the most
general second-order scalar-tensor framework within metric-teleparallel gravity for a single
scalar field. This formalism opens up the possibility of reviving previously discarded Horn-
deski gravity models, as the inclusion of an additional teleparallel term allows for a wider
range of cosmological solutions consistent with the constraints from gravitational wave event
GW170817, particularly the excess speed of the tensor modes. The construction of such a
generalised class of teleparallel gravity facilitates the theoretical work by compiling a list of
constraints stemming from observational and mathematical limits which would hold for a
large class of teleparallel models. In this work, teleparallel Horndeski is explored at both
the background and perturbative level. The theory is applied to construct well-tempered
models that use a dynamical scalar field to screen vacuum energy contributions, addressing
the cosmological constant problem—the large discrepancy between its theoretical and ob-
served values. Upon obtaining the linearised field equations through a scalar-vector-tensor
decomposition, the gravitational wave polarisation structure can be realised: a maximum
of seven propagating degrees of freedom and four polarisation modes of scalar and tensor
nature across the massless and massive sectors for a Minkowski background. The dynam-
ics of scalar-tensor theories provide insight into the physical evolution of cold dark matter,
responsible for the formation of large structures such as galaxies and galaxy clusters. The
solution of the Mészáros equation is used to derive cosmological parameters such as the
growth factor, growth index, fσ8, and S8, highlighting any spatially dependent discrepan-
cies in these models. When it comes to comparing models with observations, it becomes
crucial that the choice is taken from healthy branches of teleparallel Horndeski. Ghost and
Laplacian instabilities help identify these pathological sectors. Throughout this study, limits
of well-established theories such as general relativity, Horndeski gravity, and f(T ) gravity
are explored to emphasise the ability of generalised teleparallel Horndeski gravity to not
only recover these familiar theories but also offer a richer structure of cosmologically viable
models.
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1

Introduction

Cosmology seeks to understand the Universe’s formation, tracing its origins, and its evolution
through distinct epochs that have shaped the large-scale structures observed today, and predict-
ing its ultimate fate. What began as a philosophical curiosity about the cosmos has evolved
into a rigorous scientific discipline, characterised by the interplay between theoretical models
and observational evidence. Recent advancements in observational instrumentation have signif-
icantly enhanced our ability to probe the intricate details predicted by theoretical frameworks,
effectively bridging the gap between abstract concepts and empirical data.

The philosopher Pythagoras was among the first to introduce geometry to explain the Uni-
verse, followed by the likes of the Aristotelian concept of celestial bodies governed by concen-
tric spheres, giving the earliest idea of gravitation as these paths dictate the natural place to
which objects fall towards [9]. Galileo provided the experimental groundwork to study the ac-
celeration due to gravity [9]. Additionally, Euler and Hooke [10] proposed the existence of an
aether as a medium through which electromagnetic and gravitational forces could propagate,
and Lorentz [11] and Kelvin [12] explored the treatment of gravitation through the framework
of electromagnetism.

The mathematical formulation describing the theory of gravity, developed by Newton [13]
in the 17th century, provided an understanding as to why objects fall towards Earth and how
planets rotate around the Sun: any two objects are attracted to each other with a force pro-
portional to the product of their masses and inversely proportional to their distance squared.
Newtonian gravity became the foundation for classical mechanics and dominated for over 200
years, with applications to this day. By the 20th century, as advancement in observations going
beyond Earth occurred, the Newtonian formalism came into question. Primarily, the motion of
Mercury predicted through Newtonian mechanics does not correspond to the one observed, as
first noted by Le Verrier [14]. According to Newtonian physics, as an object orbits around a
spherical mass, the latter mass becomes the focus of an elliptical path. In the case where the
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Sun is the focus, the point of closest approach is referred to as the perihelion and predicted to be
a fixed point. The influence of surrounding planets alters the predicted orbit, resulting in a peri-
helion precession [15]. In light of the discovery of Neptune through the perturbed orbit exhibited
by Uranus [16], Le Verrier himself suggested that there exists another planet, dubbed Vulcan.
Additionally, Newtonian physics did not correlate with calculations of the angular deviation of
light from gravitational lensing observations [3] and the observation of gravitational redshift [17].
In reluctance to deviate from Newtonian formalism, many suggestions included slight modifica-
tion from it, including reconsidering the existence of the aether [10, 11, 12]. The paradigm shift
brought on by the formulation of GR accounted for the challenges that Newtonian mechanics
was facing, wherein Einstein introduced a completely different treatment of gravitation.

GR, a geometric theory of gravity, states that the curvature of spacetime is related to the
energy and momentum of matter. In the over 100 years since the development of GR, the theory
has successfully passed the aforementioned classical tests along with additional tests stumbled
upon throughout the years such as Shapiro time delay effect [18, 19], Lense-Thirring preces-
sion [20, 21], among others. While other theories of gravity have been developed, GR has always
been a reference point as its limit has been shown to hold well within the solar system scales,
despite inconsistencies on others. One issue is the lack of a link between GR and quantum
mechanics, mainly due to the two mechanics governed by distinct, and somewhat contradict-
ing, principles [22]: Strong Equivalence Principle (SEP) [23] and Heisenberg uncertainty [24]
principle, respectively. Moreover, tracing back the evolution of the Universe, it results in a Big
Bang singularity [25, 26, 27], where classical formalism breaks down. Additionally, GR does
not resolve the horizon problem [28], flatness problem [29], and monopole problem [30, 31], for
which an inflationary epoch is typically added onto the GR framework to resolve. The addition
of inflation would require a particular set of initial conditions, some considering it to be a highly
fine-tuned event.

The field equations stemming from GR were once altered by Einstein himself with the in-
troduction of a cosmological constant Λ to describe what was once believed to be a static Uni-
verse [32]. The formalism was later retracted in light of Hubble’s observation of an expanding
Universe [33], but in recent years it has had a resurgence following observations of Type Ia su-
pernovae indicating the Universe is experiencing an accelerated expansion [34]. An accelerated
expansion suggests there exists a constituent within the Universe, referred to as dark energy,
behaving as a repulsive force opposing gravity and dominating. The prefix dark is a befitting
moniker as the nature of the dark energy is shrouded in mystery while also being difficult to
obtain direct detection as it does not interact with the electromagnetic field [35]. This also
applies to dark matter, used to describe the matter responsible for growth during the early Uni-
verse and maintaining large structures such as galaxies and galaxy clusters [36, 37, 38]. The
Cosmological Constant (CC) is added to extend GR into a dark energy model with a vacuum
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energy. Intuitively, the term vacuum, attributed to the absence of radiation and matter, suggests
that an empty space would not have energy. While this holds at the classical level, quantum
fluctuations arising from interactions between particle and antiparticle pairs result in a non-zero
mean vacuum energy, as per the Heisenberg principle [24]. While vacuum is not null energy, it is
the lowest energy level. CC is not short of its own issues. Comparison between theoretical and
observational values of vacuum do not correlate. Merely calculating the contribution of proton-
neutron interactions [39] results in a vacuum energy larger than what is observed by order of
∼ 1010. Approaches to resolving the CC problem include incorporation of different theoretical
frameworks such as string theory [40] and supersymmetry [41, 42], self-tuning, well-tempering,
among others. The classical approach of well-tempering formalism in scalar-tensor theories allows
screening of the vacuum energy as it circumvents Weinberg’s no-go theorem, which states that
fields within the vacuum state have constant fields and are invariant under Poincaré [43] while
being able to retain radiation and matter contributions which self-tuning fails to recover [44].

A complete departure from GR would be difficult to justify, especially following the recent suc-
cess of Gravitational Wave (GW) detection. The prediction of GWs through the GR formalism
marked its 100th anniversary with the first detection of a GW as a product of binary blackhole
merger by the Advanced Laser Interferometer Gravitational-wave Observatory (A-LIGO) and
Virgo Collaboration using an Earth-based gravitational interferometer [45]. The first indirect
evidence of the existence of GW occurred upon the discovery of binary pulsars by Taylor and
Hulse [46], as following years of observation of energy losses coincided with GR predictions [47].
Such results further fuelled the interest in obtaining direct detection. After the detection of
GW150914 [48], many other GW detections, with binary systems made up of blackholes, neu-
tron stars and a combination of the two have been documented, all of which point towards two
tensor polarisation modes given by GR. Additional mode detections can become possible as
further sensitivity upgrades are implemented and upon operation of the Laser Interferometer
Space Antenna (LISA) [49, 50] space-based mission which is designed to bypass the limitations
of fixed orientation and eliminate interference from Earth-based noise. In particular, due to the
template matching nature of interferometers [51, 52, 53, 54, 55, 56, 57], it becomes key to provide
the foundation and theoretical background of modified theories of gravity to realise the detection
of other propagating Degree of Freedoms (DoFs), apart from the tensor modes.

Modified theories of gravity have been developed to tackle a variety of tensions within cos-
mology. To name a few, there is Einstein-Cartan with the incorporation of torsion [58, 59, 60]
and Brans-Dicke with the addition of scalar field [61] providing slight modifications to GR,
f(R̊) [62, 63] and Tensor-Vector-Scalar Theory (TeVeS) [64] to tackle dark energy and dark mat-
ter, higher-dimensional theories such as string theory [40], quantum gravity [41, 65] aiming to
unify with GR, scalar-tensor theories such as Horndeski gravity [66], and alternating the geo-
metric background as done in Teleparallel Gravity (TG) [67] with nonmetric-based Symmetric
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Teleparallel Gravity (STG) and torsion-based Metric Teleparallel Gravity (MTG)1. The latter
formalism, where curvature and metricity are set to vanish, has gained prominence in recent
years as Teleparallel Equivalent of General Relativity (TEGR) [1] can be obtained, providing an
ode to Einstein-Cartan [58]. Here, while the TEGR action is distinct from the Einstein-Hilbert
action, they are dynamically equivalent up to a boundary term B. The main distinction of this
geometric formalism is that the fundamental dynamical object is no longer the metric but the
tetrad which provides the foundation to construct the metric and describe the manifold, and spin
connection to encompass inertial effects and counter the infinite choice of tetrads yielding the
same metric [60, 68]. In the interest of having modified gravity, the torsion scalar T is upgraded
to an arbitrary function f(T ) [69], which has been wildly studied due to its ability to study
cosmology without dealing with fourth-order contributions. Naturally, other modified theories
has been suggested such as New General Relativity (NGR) [70], f(T,B) [71] which is able to
replicate f(R̊) theories, and scalar-tensor theories [61, 72, 73], among others. The latter category
is inspired by the possibility of relaxing Lovelock’s theorem within four-dimensional geometry by
introducing an additional scalar field ϕ and still being able to retrieve second-order field equa-
tions [74]. A scalar field offers an additional dynamical DoF to tackle inflation as it behaves
as an inflaton, accounting for dark matter and drives dark energy [75, 76, 77]. While the f(T )
can be easily altered to f(ϕ, T ), within the context of MTG, Bahamonde-Dialektopoulos-Levi
Said (BDLS) provides the most generalised action in four-dimension based on the tetrad with a
single scalar field [78].

BDLS can be described as a teleparallel analogue to Horndeski gravity. The curvature-based
formalism of Horndeski gravity has recently gained traction2 as it can provide the framework for
cosmological tests for a large number of modified gravity candidates at the time, following the
discovery of an accelerated expansion. Hence, from a theoretical standpoint, it became easier
to study multiple branches of Horndeski theory. The observation of inspiral binary neutron
star GW170817 [80] and its electromagnetic counterpart Gamma-Ray Burst (GRB)170817A [81]
resulted in heavy constraints on the speed of propagation of tensor modes cT to

∣∣1− cT
c

∣∣ ≲
10−15 [82], where c is the speed of light. This outcome brought with it the elimination of large
number of Horndeski models, specifically terms containing gµν∇̊µϕ∇̊νϕ which had already been
implemented and studied into cosmological tests [83, 84]. By moving towards tetrad foundation,
an additional teleparallel function along with the standard Horndeski action allows reviving
previously discarded models while also being in line with observational data [78].

On a large scale, the Universe is considered to be spatially homogeneous and isotropic [85];
the Cosmological Principle. As done in GWs, exploring cosmological perturbations is vital to

1In literature, oftentimes the terms TG and MTG have been used interchangeably.
2In Ref. [79], to mark the 50th anniversary since the construction of Horndeski gravity, Horndeski details the

revived interest in the theory.
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Chapter 1. Introduction

study how small disturbances in the background of spacetime yield the ripple effects which result
in the changes leading an initially hot, dense Universe into the current situation of a Universe
with Cold Dark Matter (CDM) which formed galaxy and galaxy clusters [86, 87, 42]. Grav-
itational perturbations alter the behaviour of matter, hence dictating the structures present.
Thus, a system of perturbations can be condensed down in terms of matter perturbations by ob-
taining the differential equation referred to as Mészáros equation, giving separate growth factor
solutions at different horizon scales [88]. Taking into account the H0 tension, an array of early
Universe observations such as Planck [89, 2], Atacama Cosmology Telescope (ACT) [90], South
Pole Telescope (SPT) [91] and local measurements such as H0 Lenses in COSMOGRAIL’s Well-
spring (H0LiCOW) [92], Pantheon+ [93], Dark Energy Spectroscopic Instrument (DESI) [94],
are currently being carried out and future data releases by Euclid [95] and LSST [8] to resolve
such discrepancy in H0 value. These data surveys could shed light on the growth structure of the
Universe through the parameters fσ8 and S8, and determine deviations from the current stand-
ing ΛCDM model, a model where the Universe is mainly made up of dark energy represented
by a CC, CDM and ordinary matter [9, 96]. This concordance model has had its long-standing
issues such as the lithium problem [97, 98, 99, 100] and Cosmic Microwave Background (CMB)
anomalies [101], topped with the current statistical cosmic tensions due to inconsistencies be-
tween direct measurements of expansion at late times [102, 103, 104] and the model dependent
measurements provided by data from early Universe [2, 105, 106]. Many suggestions have been
proposed, such as early dark energy models [107] and exotic neutrino models [108], which require
altering the sound horizon to obtain a large Hubble constant given a fixed CMB angular scale,
incompatible with the growth of large structures [109]. Again, this is where modified gravity
may be able to reconcile issues with these modifications.

The introductory description of modified theories of gravity may have suggested that a new
theory of gravity can be obtained by simply adding extra dependents to an arbitrary function in
the action. Such theories could result in pathological branches as models within these subcases
have ghost instabilities where the Hamiltonian is missing a lower bound [110], leading to the
production of negative energy states [110, 111], and Laplacian instabilities which result in rapid
and exponential growth of very small fluctuations [112]. Hence, it becomes important that
modified theories of gravity are investigated to obtain the necessary constraints yielding viable
cosmological models.

In this work, the topics aforementioned are explored through the lens of BDLS. The metric-
teleparallel formalism and generalisation of BDLS provide the tools to study a plethora of sub-
cases simultaneously. Restrictions obtained for BDLS also hold for branches such as f(T ) [69],
f(ϕ, T ) [113], NGR [70], generalised teleparallel dark energy [73], generalised teleparallel scalar
tensor [72], tachyonic teleparallel gravity [114], among others. Thus, cosmological tests are sim-
plified through a theoretical point of view, making a solid argument for the appeal of BDLS.
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Not only can BDLS revive Horndeski models which have been previously eliminated through
observational data [115, 116, 117, 118, 119], it offers an avenue to study other theories which
have yet not been explored. The project is split into the following chapters.

Chapter 2 provides a theoretical overview of the construction of BDLS. Starting from GR
and introducing the geometric formalism, while also highlighting the benefits and issues of the
formalism. The most general second-order metric-based scalar-tensor theory of Horndeski gravity
is fleshed out as a modified theory of gravity, where the scalar field opens up doors to implement
inflation, dark matter and dark energy. To circumvent some issues persisting within the geometry
of GR, the tetrad formalism is introduced with a focus on MTG. By combining Horndeski and
MTG, additional scalar invariants yield the formation of BDLS.

Chapter 3 explores if BDLS gravity can obtain a well-tempering model in an attempt to
resolve CC problem by screening the vacuum energy. Additionally, a well-tempering model is
investigated to ensure that its behaviour yields a dynamically stable system through the im-
plementation of phase-space diagrams, that it is consistent with a matter epoch through the
evolution of the Hubble, scalar, matter and density parameters, and that during a phase transi-
tion, the scalar field continues to propagate to be in accordance with a dynamical cancellation.

A key interest lies in reviving previously discarded Horndeski functions [115, 116, 117, 119] as
a result of GW170817 [80, 81] observations. Chapter 4 presents the foundations of perturbations
and variational principles to obtain the equations of motion. To investigate the nature of modes,
linearised field equations are expressed in terms of a Scalar-Vector-Tensor (SVT) decomposi-
tion. Moreover, gauge transformations are presented to express these field equations in terms of
gauge-invariant variables. Such results can be easily adapted to theory limits and gauge choice
convention favoured.

Chapter 5 investigates the propagating DoFs present in BDLS to indicate and realise the
polarisation modes of GWs. This is done for the general full case of BDLS, while also considering
subclasses which naturally arise from the principal polynomial representing the wave function.
The constraints indicate which theories realise scalar, vector and tensor polarisation modes,
setting up a baseline for template matching techniques used in GW interferometers.

Chapter 6 focuses on subcases of BDLS, f(T ) and modified GR, to explore the growth of
CDM within the subhorizon epoch using scalar and matter perturbations. The behaviour of
growth parameters such as growth factor, growth index, fσ8 and S8 illustrates the evolution of
matter during a matter-dominated epoch, contributing to the formation of large structures, and
providing an avenue to study discrepancies from the ΛCDM model. The focus is shifted towards
studying spatial dependencies which may have been overlooked in literature due to previously
implemented procedures.

Finally, Chapter 7 presents theoretical constraints on selecting gravitational models to pre-
vent ghost and Laplacian instabilities across scalar, vector, and tensor modes. This ensures that
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healthy branches of BDLS are possible, but also indicates which subclasses can realise them.
Limits of theories already studied in literature are also presented to show the power and vastness
of BDLS theory in aiding theoretical work for subclasses of the theory. The conclusion in Chap-
ter 8 summarises the results obtained in the previous chapters and details proposals for future
projects to further work within the teleparallel analogue of Horndeski gravity, to construct viable
cosmologies corresponding to observational data.
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2

Scalar-Tensor Cosmologies

The 16th and 17th centuries brought with them the scientific revolution; adopting scientific
approaches fueled by empiricism, rationalism, and inductivism. Kepler’s laws of planetary motion
inspired Newton to take the behaviour between Moon and Earth and extend it to all objects
surrounding us. Newton’s law of gravitation states gravity is an attractive force between massive
objects [13], which to this day elegantly explains phenomena on Earth. However, by the beginning
of the 20th century, the established framework provided by Newton had already encountered
several obstacles when looking at the celestial surroundings beyond Earth: the perihelion of
planets, notably that of Mercury [15]; the calculation of the angular deflection of light rays when
compared to results obtained through gravitational lensing [3, 120]; and an explanation for the
observed gravitational redshift [17]. This led to the consideration of a variety of amendments to
keep in line with Newtonian gravity, such as the existence of a new planet influencing Mercury’s
precession. Beyond attempts to confirm such physical scenarios, alternative theories were also
being considered. These ranged from treating gravitation as a wave emitted by bodies [10], a
pulse produced by the bodies themselves [12], or a result of electromagnetic disturbances [11],
all affecting the aether.

The formulation of GR through a geometric interpretation of gravity as a result of the curva-
ture of spacetime, rather than a force, revolutionised cosmology. Soon after its construction, the
theory was able to explain the perihelion of Mercury, gravitational lensing, and gravitational red-
shift. GR has shown be quite successful, predicting the existence of GW [121, 122] and holding
up well within the solar system scale [123]. While still foundational within modern physics, GR
has also been shown to not completely resolve issues that persist in the study of cosmology, such
as accounting for dark matter and dark energy (even with the modification of ΛCDM), Big Bang
singularity [25, 26, 27], Hubble tension [102, 104, 105], the lithium problem [97, 98, 100, 101]
and growth tensions [124, 125, 126]1. For this reason, modified theories of gravity became an

1Details of the success and issues of GR are delved into throughout the chapter.
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appealing way to tackle these issues while retaining some of the benefits that GR can offer.
In this chapter, a geometric representation of gravity is illustrated to account for these clas-

sical inconsistencies with the Newtonian framework. This will start with the well-established
theory of GR in Sec. 2.1, highlighting the success of the theory and the issues it still faces. In
this work, the focus is on the modified gravity of scalar-tensor theories, as an alternative ap-
proach going beyond GR. Sec. 2.2 explores the theory of Horndeski gravity, as a generalised
second-order scalar-tensor theory within the curvature framework. By switching the geometric
foundation from curvature to torsion, Sec. 2.3 introduces the teleparallel framework, reaping
the benefits of having a dynamical equivalence to GR while alleviating issues in GR due to the
change in perspective. Thus, the combination of standard Horndeski gravity and TG offers an
avenue to construct a teleparallel analogy to Horndeski theory, dubbed as BDLS, as presented
in Sec. 2.4.

2.1 | General Relativity
The theory of special relativity by Einstein provided an understanding of the Universe from
the perspective of a body travelling at a constant speed, with the exclusion of gravity [127].
The concept was later extended to include the idea of an object undergoing acceleration, hence
generalising special relativity to obtain GR. In GR, gravity is the distortion which manifests
through the curvature of spacetime rather than a force where interactions are presented in gauge
theories [128, 129].

The geometric framework of gravity is based on the equivalence principle, where gravitational
interactions are considered universal. The Weak Equivalence Principle (WEP) states that the
gravitational mg and inertial mi masses are observed to be equal, such that the trajectory of
a free-falling particle is independent of mass and composition [120]. This has been verified
through the Eötvös experiment with a sensitivity of 2 × 10−9 [130], followed by more recent
successors such as the MICROSCOPE minisatellite up to a sensitivity of 10−15 [131, 132]. The
Einstein Equivalence Principle (EEP) further generalises the WEP by including the concepts of
special relativity such that any local non-gravitational experiment in a free-falling laboratory
is independent of the velocity of a frame and position in spacetime, provided small enough
regions of spacetime are considered to allow for gravitational field gradients to be negligible [120].
Ultimately, the SEP further incorporates gravity, implying that the experiment performed in a
free-falling laboratory is also independent of the gravitational effect [9].

Spacetime, first introduced by Minkowski to describe the flat spacetime of special rela-
tivity [133], represents a four-dimensional manifold wherein three-dimensional space and one-
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dimensional time are combined and typically characterised by the coordinates

xµ = (x0, x1, x2, x3) , (2.1)

where x0 is the time component and the rest of the coordinates represent the spacial contri-
butions, which in this work will represent the spatial Cartesian coordinates (x, y, z). When
gravitation is treated as a manifestation of spacetime curvature, it is required to introduce the
ingredients required to understand curvature. The metric tensor gµν , a tensor of rank (0,2),
provides the tool to describe geometric properties, such as distances and angles. In the four
dimensions considered in Eq. (2.1), the metric tensor gives 16 independent components. The
metric is symmetric

gµν = gνµ , (2.2)

to ensure that regardless of the frame of reference, the geometric properties between the same
two points are consistent. Through the consideration of symmetry, the number of independent
components reduces to 10. The metric gives the scalar product of two vectors, say uα and vα,
such that

g(µ, ν) = gµνu
µvν . (2.3)

Additionally, the metric is taken to be non-degenerate such that

g = det(g) = 0 , or gµνu
µvν = 0 . (2.4)

This property ensures that the rank corresponds to the dimensions expected for consistency
throughout the framework since g = 0 would indicate that the rank value is less than the di-
mensions considered. Additionally, it ensures that the tangent space is properly defined, yielding
the property that each metric tensor has a unique inverse associated with it. The inverse metric
tensor gµν is defined such that

gµαg
αν = δνµ , (2.5)

where δνµ is the four-dimensional Kronecker delta in the spacetime introduced by Eq. (2.1). Also,
a Lorentzian signature, say (−,+,+,+), is adopted to create a distinction between temporal and
spatial contributions [9, 120].

Curvature can be described through the connection which links vectors in tangent space,
making the affine connection another important tool. In the case of GR, this connection is given
by the Levi-Civita connection Γ̊λ

µν

Γ̊λ
µν =

1

2
gλγ (∂νgµγ + ∂µgγν − ∂γgµν) . (2.6)

10
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From this point forward, quantities stemming from the Levi Civita connection are represented
with an overhead circle (̊). The partial derivative can be generalised through the covariant
derivative ∇̊λ, which when applied to a tensor of the form T ν1,ν2,...,νn

µ1,µ2,...,µm is given by [120]

∇̊λT
ν1ν2...νn

µ1µ2...µm
= ∂λT

ν1ν2...νn
µ1µ2...µm

− Γ̊γ
λµ1

T ν1ν2...νn
γµ2...µm

− Γ̊γ
λµ2

T ν1ν2...νn
µ1γ...µm

− . . .

+ Γ̊ν1
λγT

γν2...νn
µ1µ2...µm

+ Γ̊ν2
λγT

ν1γ...νn
µ1µ2...µm

+ . . . . (2.7)

Hence, the curvature of spacetime can be understood as the geodesic deviation. A geodesic
generalises the Euclidean straight line for a curved manifold. The geodesic equation

dxλ

ds2
+ Γ̊λ

µν

dxµ

ds

dxν

ds
= 0 (2.8)

considers the covariant derivative of a tangent vector to the path xµ(s) where s is the affine
parameter such that it describes the trajectory of an object in curved spacetime. Two objects
starting off parallel to each other, being transported along a curved spacetime such that they
moved along different geodesics, will end up with a separation between them [1]. This relative
acceleration between two geodesics, referred to as geodesic deviation, manifests the effects of
curvature [9]. Without going through the derivation, the Riemann curvature tensor R̊λ

µρν is
given by

R̊λ
µρν = ∂ρΓ̊

λ
µν − ∂νΓ̊

λ
µρ + Γ̊λ

σρ Γ̊
σ
µν − Γ̊λ

σν Γ̊
σ
µρ , (2.9)

to represent the measure of curvature. Performing a contraction yields the Ricci tensor R̊µν :

R̊µν = R̊λ
µλν = gλγR̊λµγν , (2.10)

with a further contraction which gives the Ricci scalar R̊

R̊ = R̊λ
λ = gµνR̊µν , (2.11)

which represents the scalar curvature.
Another ingredient in GR is the energy-momentum tensor, encompassing the distribution of

flow of energy, which for a perfect fluid is given by

Θµν = (ρ+ p)uµuν + pgµν , (2.12)

where ρ is the energy density, p is the pressure, and uµ is the four-velocity. With the aid of
the covariant derivative, the conservation of energy-momentum tensor can be extended to the
curved geometry of GR [9]:

∇̊µΘ
µν = 0 . (2.13)
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To obtain a relationship between curvature geometry and matter, the action containing both
sectors in GR can be expressed through the Einstein-Hilbert (EH) action [134, 1, 120, 9]:

SEH =
1

2κ2

∫
d4x

√
−g R̊+

∫
d4x

√
−gLm , (2.14)

where Lm represents the matter Lagrangian and κ2 = 8πG is the Einstein gravitational constant
for which G is the Newtonian gravitational constant. Taking variations with respect to the metric
gµν yields the Einstein’s field equation

G̊µν = R̊µν −
1

2
gµνR̊ = κ2Θµν , (2.15)

where Θµν = − 2√
−g

δ(
√
−gLm)
δgµν is the variation of the matter contribution Lm.

In the years following the construction of GR, the gravitational theory has undergone nu-
merous tests; classic tests which brought into question the Newtonian formalism along with
additional tests which came along as observational techniques improved. The perihelion shift
observed can be well described through the geometry provided by GR as the precession of the
orbit of a planet around the Sun due to curvature rather than treating these orbits as static, as
done within Newtonian mechanics [135].

Despite the prediction of light bending around a massive object through Newtonian grav-
ity [136], Einstein’s prediction through GR [137] differed marginally from that obtained solely
through the application of the equivalence principle [137] which had previously agreed with
Soldner’s result. The observation of a total solar eclipse in 1919 corroborated Einstein’s GR
results with a deflection angle of θ ≃ 1.75′′ [138], followed by various other measurements further
confirming such a phenomenon with the Shapiro, David, Lebach and Gregory observations over
20 years yielding a result up to 3 orders of magnitude better than the original observation [19].
While the latter takes into account spatial deflection, its time counterpart has been provided
through the Shapiro time delay effect [18]. The deflection in time when a photon passes through
the gravitational field due to a massive object, as predicted by GR, has been verified through
the radio links with the Cassini spacecraft up to 4 decimal places [139].

Moreover, in line with Mach’s principle [140], the rotation of massive objects would re-
sult in a ‘dragging’ effect interpreted as a gravitational field. Lense and Thirring [20, 21],
through the application of GR, were able to provide the theoretical correction to represent
gravitomagnetism. This Lense-Thirring precession has been measured using the LAser GEOdy-
namics Satellite (LAGEOS) [141], Gravity Probe B mission [142] and LAser RElativity Satel-
lite (LARES) [143, 144, 145].

In 1916, following the construction of GR, Einstein showed that the linearisation of the weak
field equations concluded that GR predicts gravitational radiation propagating at the speed of
light [122]; disturbances in spacetime. Following years of doubt surrounding this result, the
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1974 discovery of binary pulsar PSR B1913+16 [46] along with a 30-year observation of orbital
decay, provided indirect evidence of GW [146, 147]. A binary pulsar is a system consisting of a
highly magnetised neutron star which emits electromagnetic radiation from its magnetic poles
(referred to as pulsar) and a dense object such as a white dwarf or another neutron star. The
orbital decay of the pulsar-neutron system provided by PSR B1913+16 was shown to correspond
to the loss of energy due to a GW as predicted by GR with the ratio between observed and
predicted value initially found to be 0.997± 0.002 [146]. This result has been further improved
to 0.9986±0.0016 [147]. The first observation of the GW signal GW150914 by Laser Interferom-
eter Gravitational-wave Observatory (LIGO) and Virgo Collaboration [45] as a result of stellar
binary blackhole merger. This was followed by numerous other mergers resulting from ones
with two blackholes, two neutron stars, or a merger of a blackhole and a neutron star. Further
details on GWs will be discussed in Sec. 5. Additionally, the double pulsar system PSR J0737-
3039A/B [148] can provide multiple independent tests of relativistic gravity, which have been
seen to fit well with the GR formalism [149].

Through these tests, GR has been shown to hold up well as a gravitational theory against
classical and modern tests, within the strong field and at the cosmological scale. Hence, one may
wonder why theories beyond GR are even considered nowadays.

One of the main issues with GR is that it fails to link to quantum mechanics. As stated
by the Penrose-Hawking theorems [25, 26], there exists incomplete and inextendable geodesics
yielding to singularities. Therefore, at the Big Bang singularity, where the Universe begins from
an infinite density, the classical field equations fail [150, 151, 152]. At this stage, quantum effects
would need to be considered, i.e. the quantisation of the gravitational field [27]. Despite the
attempts through loop quantum cosmology [65, 41] and string theory [40], the main problem
of unifying quantum and classical mechanics persists. This is because while GR is founded in
the SEP, quantum mechanics relies on the Heisenberg uncertainty principle. While the former
formalism explains test particle trajectories through the geodesic equation given by Eq. (2.8),
in the latter scenario a test particle is allocated infinitely many trajectories, each assigned a
probability [22]. Such a distinction in governing principles, i.e. locality vs. non-locality, makes
it difficult to combine both frameworks, hence resulting in considering an alternative theory of
gravity. One such possibility is using theories of gravity whose geometric structure does not arise
from the equivalence principle.

The 1998 observations of standard candles Type Ia supernovae showed that not only was the
Universe not static [33], but that it is undergoing an accelerated expansion [153, 34]. The driving
force behind such accelerated expansion is hypothesised to be a constituent in the Universe
dubbed as dark energy. One modification done to GR to account for dark energy was to include

13



Chapter 2. Scalar-Tensor Cosmologies

the CC Λ [43] such that Einstein’s field equation (2.15) changes to

R̊µν −
1

2
gµνR̊+ Λgµν = κ2Θµν . (2.16)

The CC, originally introduced by Einstein as a means to achieve a static Universe, leads
to accelerated expansion by dominating with negative pressure, which counteracts gravita-
tional pull. Observations focused on measurements of CMB such as COsmic Background Ex-
plorer (COBE) [154], Planck satellite [155, 2] and Wilkinson Microwave Anisotropy Probe
(WMAP) [156] have shown that dark energy is a dominant constituent in the Universe. These ob-
servations have shown to favour the Lambda Cold Dark Matter (ΛCDM), where apart from dark
energy, baryonic matter and radiation, the Universe also includes CDM; non-relativistic matter
which interacts gravitationally but does not interact with electromagnetic forces [86, 87, 42]. As
a result, CDM plays a crucial role in explaining the current large-scale structures, as it allows
for the gravitational collapse of slow-moving matter, leading to the formation of galaxies and
galaxy clusters. However, the ΛCDM concordance model faces its own set of challenges: Hub-
ble tension [2, 106, 105, 157, 102, 104, 158], growth tension [124, 125, 126], anomalies in CMB
anisotropy such as significant angular fluctuations [101], lithium problem as measurements are
less than what is predicted by Big Bang Nucleosynthesis (BBN) [97, 98, 99, 100], quasar Hubble
diagram [159, 160, 161], age of the Universe as measured through Pop III stars [162, 163], among
many other issues2.

Given the range of issues, in recent years many different classes of modified gravity have been
proposed [96, 165, 166, 167, 168, 169], including the consideration of scalar-tensor theories [170,
171] built around the ΛCDM model while being favoured to describe cosmic inflation with the aid
of a dynamical scalar field during early Universe to account for horizon and flatness problems [76,
172]. Moreover, different approaches to tackling geometry have been considered [173, 22]. In the
rest of the chapter, these different modifications are introduced, starting the with scalar-tensor
Horndeski theory (Sec. 2.2), and introduction to teleparallel gravity (Sec. 2.3), finally presenting
the construction of BDLS (Sec. 2.4) which combines both aspects of Horndeski and teleparallel
gravity.

2.2 | Horndeski Theory
Following the motivations behind considering theories beyond GR, the procedure for the sim-
plest modification is presented here. Lovelock’s theorem states that the Einstein field equations
are the only second-order field equations that can be obtained from a Lagrangian scalar den-
sity constructed from the metric in a four-dimensional geometry [74]. Therefore, for a scalar

2Ref. [164] provides a detailed review of challenges the ΛCDM model faces.
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density of the form L = L(gµν), not necessarily the Einstein-Hilbert action, yield the follow-
ing Euler-Lagrange given by Eq. (2.16), such that that even for the most generalised action in
four-dimensions and based on the metric would obtain the above solution as part of their field
equations [96]. Hence, to modify the field equation obtained through Eq. (2.15), the following
changes would need to be applied [96]:

■ action includes other fields, instead of or apart from the metric tensor,

■ includes higher order derivatives of the metric,

■ consider higher dimensions of spacetime,

■ alter properties that define the field equations, i.e. tensor rank, symmetry or divergence-
lessness,

■ non-local theories of gravity.

To relax Lovelock’s theorem, one approach would be to include a single scalar field along
with the metric tensor. In general, multiple scalar fields can be considered. The extension adds
another DoF such that the gravitational constant introduced in Eq. (2.16) becomes dynamical.
Such theories are used to tackle issues in cosmology such as inflation, dark matter, and dark
energy [174]. One of the first scalar-tensor theories was that of Brans-Dicke (BD) theory [61],
which later was generalised a bit further in Generalised Brans-Dicke (GBD) [175]. In recent
years, in particular, there has been a revived interest in Horndeski gravity [66] as the theory
provides a generalised framework to explore a large number of scalar-tensor theories within the
curvature-based formalism.

The aim behind the construction of Horndeski theory is to obtain the most general second-
order Euler Lagrange equations obtained in a four-dimensional spacetime through a Lagrange
scalar density of the form

L = L
(
gµν , ∂α1gµν , . . . , ∂α1 . . . ∂αpgµν , ϕ, ∂α1ϕ, . . . , ∂α1 . . . ∂αqϕ

)
, (2.17)

where p, q ≥ 2. In general, the field equations obtained through the variation with respect to
the metric and with respect to the scalar field, are respectively given by the relationships

Wµν =
∂L
∂gµν

− ∂α1

(
∂L

∂(∂α1gµν)

)
+ . . .+ (−1)p ∂α1∂α2 . . . ∂αp

(
∂L

∂(∂α1∂α2 . . . ∂αpgµν)

)
, (2.18)

W =
∂L
∂ϕ

− ∂α1

(
∂L

∂(∂α1ϕ)

)
+ . . .+ (−1)q ∂α1∂α2 . . . ∂αq

(
∂L

∂(∂α1∂α2 . . . ∂αqϕ)

)
. (2.19)

A second-order theory can be obtained by allowing at most second-order derivatives of gµν and ϕ
to appear in Eqs (2.18-2.19), ensuring that the field equations Wµν are of a second order nature,
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analogous to those obtained in GR, and further restricts ∇̊νW
µν to also be of second order.

Hence, it results in the action of the form given in Eq. (2.17) where p = q = 2.
To simplify the procedure to construct Horndeski theory functions, the starting point will be

Galileon theory [176, 117, 112]; a theory where the scalar field is symmetric under the Galilean
shift symmetry ϕ→ ϕ+ bµx

µ + c, resulting in the Lagrangian [117]

L = c1ϕ+ c2X̄ + c3X̄ □̄ϕ+
c4
2

[
X̄
(
(□̄ϕ)2 − ∂µ∂νϕ∂µ∂νϕ

)
+ ∂µϕ∂νϕ∂

µ∂νϕ □̄ϕ− ∂µX ∂µX
]

+
c5
15

[
− 2X̄

)
(□̄ϕ)3 − 3 ∂µ∂νϕ∂

µ∂νϕ □̄ϕ+ 2 ∂µ∂νϕ∂ρ∂
νϕ∂µ∂ρϕ

)
+ 3 ∂ρϕ∂ρX̄

(
(□̄ϕ)2 − ∂µ∂νϕ∂

µ∂νϕ
)
+ 6∂µX̄

(
□̄ϕ∂µX̄ − ∂µ∂νϕ∂νX̄

) ]
, (2.20)

where □̄ = ∂µ∂
µ is the Minkowski d’Alembert operator, X̄ = −1

2η
µνϕ,µϕ,ν and ci are constants

for i ∈ [1, 5], such that the Lagrangian is described with a Minkowski background. When
considering integration by parts, the Lagrangian reduces to

L = c1ϕ+ c2X̄ − c3X̄□̄ϕ+ c4X̄
(
(□̄ϕ)2 − ∂µ∂νϕ∂

µ∂νϕ
)

− c5
3
X̄
(
(□̄ϕ)3 − 3 ∂µ∂νϕ∂

µ∂νϕ □̄ϕ+ 2 ∂µ∂νϕ∂
ν∂λϕ∂λ∂

µϕ
)
. (2.21)

As stated in Sec. 2.1, by the equivalence principle, all laws of physics holding in flat spacetime
can be incorporated in curved spacetime. Hence, each Minkowski ingredient can be promoted to
curvature spacetime, such that

ηµν → gµν , and ∂µ → ∇̊µ . (2.22)

It should be noted that such a transformation is not as straightforward as simply replacing the
quantities. In contrast with partial derivatives, the covariant derivative is not commutative. This
results in undesired higher-order derivatives in the Lagrangian Eq. (2.21). Additional correction
terms are introduced to cancel out these higher-order derivatives, thus ensuring that the theory
remains a second-order gravitational theory. Moreover, for a further generalisation, constants ci
will be substituted with arbitrary functions Gi(ϕ,X) dependent on ϕ and

X = −1

2
gµν∂µϕ∂νϕ , (2.23)

such that Horndeski theory is given by

LHorndeski =

5∑
i=2

Li , (2.24)
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where

L2 = G2(ϕ,X) , (2.25)

L3 = −G3(ϕ,X) □̊ϕ , (2.26)

L4 = G4(ϕ,X) R̊+G4,X

[
(□̊ϕ)2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ

]
, (2.27)

L5 = G5(ϕ,X)G̊µν∇̊µ∇̊νϕ

− 1

6
G5,X(ϕ,X)

[
(□̊ϕ)3 + 2∇̊ν∇̊µϕ ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ− 3□̊ϕ ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ

]
, (2.28)

where Gi(ϕ,X) are arbitrary functions for i ∈ [2, 5], functions of the form Gi,j(ϕ,X) = ∂G(ϕ,X)
∂j

for j ∈ [ϕ,X], ∇̊µ is the Levi-Civita based covariant derivative defined in Eq. (2.7), and □̊ =

∇̊µ∇̊µ is the d’Alembert operator.
Such a theory encompasses other scalar-tensor theories, constructed with the same restric-

tions. These include, and are not limited to: Generalised Brans-Dicke (GBD) [175] which is
a generalisation of the original Brans-Dicke (BD) theory [61], generalised Galileon [177] which
is a further generalisation of covariant Galileon [176, 116], cubic Galileon [178], Kinetic Grav-
ity Braiding (KGB) [179], quintessence models [180, 181], nonminimal coupling of the form
f(ϕ)R̊ [182] and of the form G̊µνϕ,µϕ,ν [183], k-inflation [184] and k-essence [185] models, f(R̊)
models recast in terms of scalar-tensor notation [186, 187], Fab Four model [118] which later was
extended to Fab Five model [188], and importantly the Einstein-Hilbert action [134]. Such a list
of diverse models within Horndeski gravity emphasises the richness of the theoretical foundation,
making it possible to study subcases well-studied within the literature. The Lagrangians of some
of the subcases have been detailed in Table 2.2.

Despite the recent interest in Horndeski theory, the multimessenger observations of GW170817
by A-LIGO and Virgo collaboration [80], along with the measurements of electromagnetic coun-
terpart GRB170817A [81] showed that gravitational wave speed is almost equivalent to the speed
of light in a homogeneous universe, with deviations within one part in 1015, specifically

−3× 10−15 < cGW − 1 < 7× 10−16 , (2.29)

where c2GW is the propagation speeds of the tensor modes where [112]

c2GW =
G4 −X(ϕ̈G5,X +G5,ϕ)

G4 − 2XG4X −X(Hϕ̇G5,X −G5,ϕ)
. (2.30)

As a consequence, such stringent constraints eliminate branches of Horndeski gravity [189, 190,
191] when imposing that Eq. (2.30) is equivalent to the speed of light. In particular, it is required
that [112]

G4(ϕ,X) → G4(ϕ) , and G5(ϕ,X) → c , (2.31)
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where c is a constant. The mixing term gµν∇̊µϕ∇̊νϕ in Eqs (2.27-2.28) yield to alteration to
the graviton speed, resulting in restrictions on quartic Galileon and quintic Galileon [116, 117]
models, de-Sitter Horndeski [192], Fab Four [118], and purely kinetic coupled models [119]. These
theories sum up some of the most interesting cases of Horndeski gravity. Therefore, inflation [189],
blackhole solutions [193, 194, 195], and neutron star studies [193, 196, 197] investigated within
Horndeski theory and its subclasses are severely restricted, calling into question whether or not
the terms modified in Eq. (2.31) can be revived either by considering higher order derivatives or
reconsidering geometric foundations, the latter suggesting moving away from curved spacetime.

2.3 | Teleparallel Gravity
The concept of considering a different geometrical framework is not a new idea. Weyl first
attempted to unify gravitation and electromagnetism in 1918 [198], a framework which later
became the foundation for the notation of gauge theory [199, 200]. Following studies on torsion
by Weitzenböck [60] and Cartan [59], Einstein himself suggested the formalism of torsion through
a TEGR approach in an attempt to unify the two realms [58] due to its gauge theory terms in
which it is constructed. Despite the unsuccessful attempt at unification, in recent years it has
provided an avenue to approach gravitational theories from an alternative geometric perspective.
It would be interesting to have a look at the more generalised metric-affine geometry before
exploring its subcase of MTG.

The generalised metric-affine formalism can be obtained through the metric gµν described in
Sec. 2.1 along with an affine connection Γ̂λ

µν [201], where ∇̂ is the associated covariant derivative.
It should be noted that overhat (ˆ) notation is reserved for quantities obtained through the affine
connection Γ̂λ

µν , while an overring (̊ ) still represents objects constructed from the Levi-Civita
connection Γ̊λ

µν . With these two structures, different geometrical objects can be defined to classify
geometries through three spacetime characteristics:

■ Non-metricity is defined as the measure of length change of a vector as it is parallel trans-
ported. It can be defined as

Q̂λµν := ∇̂λgµν , (2.32)

where the connection is eliminated.

■ Torsion is defined through the antisymmetry3 of the affine connection as

T λ
µν := −2Γ̂λ

[µν] , (2.33)

3Square brackets represent antisymmetry operator for which Γ̂λ
[µν] =

1
2

(
Γ̂λ
µν − Γ̂λ

νµ

)
.
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such that it represents the measure of non-closure when parallel transporting two infinites-
imal vectors to form a parallelogram.

■ The property of curvature previously described in the realm of curvature-based geometry
given by Eq. (2.9) can be generalised for an affine connection as

R̂λ
µρν = Γ̂λ

µν,ρ − Γ̂λ
µρ,ν + Γ̂λ

σρ Γ̂
σ
µν − Γ̂λ

σν Γ̂
σ
µρ , (2.34)

which interprets the measure of rotation of a vector at the original position after moving
along a closed curve.

These individual properties can be illustrated through Fig. 2.1.

Figure 2.1: Illustration of the three characteristics of spacetime: non-metricity (2.32), tor-
sion (2.33) and curvature (2.34). Figure adapted from Ref. [1].

The affine connection can be decomposed into

Γ̂λ
µν := Γ̊λ

µν + K̂λ
µν + L̂λ

µν , (2.35)

where Γ̊λ
µν is the Levi-Civita connection defined by Eq. (2.6), K̂λ

µν is the contortion tensor

K̂λ
µν :=

1

2

(
T̂ λ
µ ν + T̂ λ

ν µ − T̂ λ
µν

)
, (2.36)

dependent on the torsion tensor and the disformation tensor

L̂λ
µν :=

1

2

(
Q̂λ

µν − Q̂ λ
µ ν − Q̂ λ

ν µ

)
, (2.37)

expressed in terms of the non-metricity tensor. From metric-affine geometry, subclasses can be
obtained by setting some of properties described by Eqs (2.32-2.34) [173], as summarised in
Table. 2.1.
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Subclass Connection Geometry

Q̂λµν = 0 metric-compatible Riemann-Cartan

T̂λ
µν = 0 symmetric Weyl Gravity

R̂λ
µρν = 0 flat General Teleparallel

Q̂λµν = 0, T̂λ
µν = 0 Levi-Civita GR and its extensions

Q̂λµν = 0, R̂λ
µρν = 0 metric teleparallel Metric Teleparallel / Torsional

T̂λ
µν = 0,R̂λ

µρν = 0 symmetric teleparallel Symmetric Teleparallelism

Q̂λµν = 0, T̂λ
µν = 0, R̂λ

µρν = 0 - Minkowski Spacetime

Table 2.1: Subclasses of metric affine geometry by setting combination of Eqs (2.32-2.34) to
vanish. For each subclass, the connection is listed along with the class of geometry in which
these conditions are satisfied. TEGR action in Eq. (2.68) falls under the metric teleparallel class
and STEGR action in Eq. (2.69) falls under the symmetric teleparallel class.

The trinity of gravity refers to the three major frameworks that describe gravity obtained
by setting one of the characteristics in Fig. 2.1 to be non-zero: GR, metric teleparallel and
symmetric teleparallel geometries [1]. In Sec. 2.1, it has already been shown that contraction of
the Riemann tensor given by Eq. (2.9) after setting torsion and non-metricity tensors to vanish
in Eq. (2.34), yield the Ricci scalar by which the Einstein-Hilbert action given by Eq. (2.14) is
described. Similarly, contractions of torsion tensor (2.33) and non-metricity (2.32) separately,
independent of the other spacetime characteristics, can obtain a dynamical equivalence to GR [1].
Here, the focus will be shifted to the metric teleparallel geometry in which we will obtain such
equivalence.

As previously stated, the metric teleparallel geometry is curvatureless and satisfies the metric-
ity condition:

Rλ
µρν = 0 , and Qλµν = 0 , (2.38)

where the over-hat (̂ ) notation has been dropped when referring to quantities using the torsionful
connection Γλ

µν , with the latter being obtained through modifications of Eq. (2.35) yielding

Γλ
µν := Γ̂λ

µν(R
λ
µρν = 0 , Qλµν = 0) = Γ̊λ

µν +Kλ
µν , (2.39)

such that the difference between a torsionful connection and a curvatureful connection is given
by the contortion tensor. The disformation tensor vanishes as

Lλ
µν := L̂λ

µν(R
λ
µρν = 0 , Qλµν = 0) = 0 . (2.40)
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In contrast with the curvature-based theories such as GR and Horndeski gravity, the metric gµν
is no longer the fundamental dynamical object of a torsionful theory, instead described through
the tetrad eAµ and spin connection ωA

Bµ, where capital Latin indices {A,B,C, . . .} represent
the local Minkowski spacetime, and Greek indices {α, β, γ, . . .} represent the general manifold.

The foundation of gauge theories is to consider a general differentiable manifold where for
each point xµ of spacetime, there exists a tangent space represented by a basis of vector for the
tetrad field given by

{EA} = {∂A} , and {eA} = {dxA} , (2.41)

such that the soldering between each point of the general spacetime and the Minkowski tangent
space is given by

EA = E µ
A ∂µ , and eA = eAµdx

µ , (2.42)

where eAµ is the tetrad, and E µ
A is the inverse tetrad which by definition of dual bases satisfies

the orthogonality condition

eAµE
µ

B = δAB , and eAµE
ν

A = δνµ , (2.43)

where δνµ is the four-dimensional Kronecker delta [22]. With the aid of the tetrad, the Minkowski
spacetime ηAB can be linked to the general manifold gµν through the relationship

gµν = ηABe
A
µe

B
ν , and ηAB = gµνE

µ
A E ν

B . (2.44)

The commutator of the basis {EA} gives the relationship [202, 129]

[EA,EB] = fCABEC , (2.45)

where fCAB represents the anholonomy of the frame such that

fCAB = E µ
A E ν

B

(
∂νe

C
µ − ∂µe

C
ν

)
, (2.46)

and encapsulates both inertial and gravitational effects. In the case where fCAB = 0, this will
result in a holonomic basis, such that they are locally integrable [22].

MTG, through the tetrad, naturally constructs a gauge theory of translations [203]. Gauge
theory of rotation does not necessarily conserve the energy-momentum tensor covariantly [204].
Hence, by considering the gauge translation of [22]

x̃A → xA + ξA , (2.47)
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where ξA(xµ) represents the infinitesimal local transformation such that operators ∂A generate
these transformations and satisfy [∂A, ∂B] = 0. When considering the infinitesimal transforma-
tion, denoted by δe, of a source field, Ψ(x̃A(xµ)) is given by

δeΨ̃ = ξA∂AΨ , (2.48)

while its derivative

δe(∂µΨ̃) = ξA∂A(∂µΨ) + (∂µξ
A)(∂AΨ) , (2.49)

where the second term on the left-hand side violates gauge invariance. Point-dependent transfor-
mations, such as gauge transformations, are said to be covariant under transformation but their
derivatives are not necessarily covariant [23]. Therefore, it is required to introduce the gauge
potential BA

µ, where, by definition,

δeB
A
µ = −∂µξA . (2.50)

This is obtained by defining the gauge derivative as

eµΨ = eAµ∂AΨ := ∂µΨ+BA
µ∂AΨ , (2.51)

implying that the non-trivial tetrad is given by

eAµ = ∂µx
A +BA

µ , (2.52)

such that gauge invariance is obtained and gives

δe(eµΨ) = ξA∂A(∂µΨ) . (2.53)

Apart from what fCAB in Eq. (2.46) represents, up to this point, all relationships presented
hold for both trivial and non-trivial frames. The inertial effects are introduced as the Lorentz
transformation ΛA

B from Lorentz group S0 = O(1, 3) applicable to the local Minkowski space-
time such that

x̃A = ΛA
Bx

B . (2.54)

It should be noted that BA
µ is classified as a Lorentz vector in tangent space, which by definition

B̃A
µ = ΛA

BB
B
µ . (2.55)

Applying Local Lorentz Transformation (LLT) to the tetrad as defined in Eq. (2.52) and substi-
tuting Eqs (2.54-2.55) results in

ẽAµ = ΛA
Be

A
µ = ΛA

B∂µx
A + ΛA

BB
B
µ

= ∂µx
A +BA

µ + ΛA
B∂µΛ

B
C xC . (2.56)
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The last term is the flat spin connection

ωA
Cµ = ΛA

B∂µΛ
B

C (2.57)

showing that it is a pure gauge degree of freedom and is a fundamental component when dealing
with metric teleparallelism [60, 68]. It is antisymmetric in the first two indices such that ωA

Bµ =

−ωB
Aµ and satisfies [173]

∂[µω
A
|B|ν + ω

C[µ]
ωC

|B|ν] = 0 . (2.58)

The spin connection can counter the contributions of the tetrad, since an infinite number of tetrad
choices yield the same metric tensor given in Eq. (2.44), ensuring it remains covariant [205]. In
a pure tetrad MTG, the Weitzenböck gauge

ωA
Bµ = 0 (2.59)

can be applied since there always exists a Lorentz frame wherein the spin connection experiences
LLT invariance [60]. Additionally, the covariant derivative as a result of the spin connection is
defined as

Dµx
A = eAµ = ∂µx

A +BA
µ + ωA

Bµx
B , (2.60)

and commutating the gauge derivatives eAµ∂A defined in Eq. (2.60) gives

[eAµ, e
A
ν ]∂A = TA

µν∂A = 2(∂[µB
A
ν] + ωA

B[µB
B
ν])∂A .

By adding the vanishing term [Dµ,Dν ] = 0 to right-hand side [22] and substituting Eq. (2.60),
followed by the spin connection condition in Eq. (2.58), an expression for the torsion tensor is
obtained:

TA
µν = Dµe

A
ν −Dνe

A
µ , (2.61)

implying that since the tetrad is gauge invariant, then the torsion tensor is also gauge invari-
ant [22, 173]. This makes the torsion tensor TA

µν the translation gauge field strength of TG
which transforms covariantly under LLT and diffeomorphisms [205]. Therefore, the teleparallel
connection defined in Eq. (2.39) can be expressed as [206, 207]

Γλ
νµ := E λ

A Dµe
A
ν = E λ

A

(
∂µe

A
ν + ωA

Bµe
B
ν

)
, (2.62)

such that the torsion tensor expressed in terms of general coordinate indices is given by [23]

T λ
µν = −2Γλ

[µν] . (2.63)

23



Chapter 2. Scalar-Tensor Cosmologies

It should be noted that through this work, the Weitzenböck gauge given in Eq. (2.59) has
been applied. Next, the gauge current of the gravitational momentum tensor is given by the
superpotential tensor [208, 23]

S µν
λ =

1

2
Kµν

λ − δµλT
σν

σ + δνλT
σµ

σ . (2.64)

Contraction of the torsion tensor in Eq. (2.63) and the superpotential in Eq. (2.64) results in the
torsion scalar

T = S µν
λ T λ

µν , (2.65)

analogous to Ricci scalar R̊ given by Eq. (2.11) obtained in curvature-based theories using the
Levi-Civita connection. In fact, comparing R̊ and T results in the relationship

R̊ = −T +B . (2.66)

The two quantities are seen to differ by a boundary term

B = 2∇̊µT
λ µ
λ =

2

e
∂µ

(
e T λ µ

λ

)
. (2.67)

While T accounts for second-order contributions, the total divergence term of B encapsulates
fourth-order derivatives [209], leading to a dynamical equivalence between T and R̊. This implies
that if one considers the action

STEGR = − 1

2κ2

∫
d4x e T +

∫
d4x eLm , (2.68)

and varying the action with respect to the tetrad, the Einstein field equation (2.15) is obtained.
Hence, the action given by Eq. (2.68) is referred to as TEGR. A similar result can be obtained in
the case of symmetric teleparallel gravity wherein Symmetric Teleparallel Equivalent of General
Relativity (STEGR) action can be obtained by the action

SSTEGR = − 1

2κ2

∫
d4x e Q̆+

∫
d4x eLm , (2.69)

where (˘) symbolises quantities obtained solely through non-metricity property. Eq. (2.14),
Eq. (2.68), and Eq. (2.69) together form the trinity of gravity [1].

TEGR, despite offering a different geometric foundation to represent gravity, still falls into
the traps of GR, as discussed in Sec. 2.1. Thus, modified teleparallel theories are more appealing.
Analogous to f(R̊) theory [186], the action can be extended to include functions dependent on the
tetrad-based scalars such as f(T ) [69], NGR [70], f(T,B) [71], Gauss-Bonnet theories [210, 211],
non-minimally coupled matter [212], and scalar-tensor theories [61, 73, 72], some of which are
summarised in Table 2.2. Such modifications have been explored to tackle inflation, dark matter,
and dark energy [174]. Therefore, with the MTG formalism and the advantages of the Horndeski
theory construction outlined in Sec. 2.2, a new avenue is provided to develop a broader class of
scalar-tensor cosmologies.
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2.4 | Teleparallel analog of Horndeski Theory
The most general second-order metric teleparallel theory of gravity with a single scalar field is
obtained through BDLS [78]. This theory is considered to be the teleparallel analogue of Horn-
deski theory since it reaps the benefits of working within the metric teleparallel geometry while
also allowing the introduction of a scalar field. While Horndeski theory became quite restricted
following the observations of GW170817 [45, 81], as detailed in Sec. 2.2, BDLS has provided an
avenue to revive previously discarded models by including teleparallel contributions [213].

In this section, the construction of BDLS is presented. The criteria for constructing BDLS
theory are as follows [78]:

■ field equations with respect to both tetrad and scalar are up to second order to avoid ghost
instabilities that stem from higher-order theories,

■ scalar invariants should not be parity violating to ensure they are in line with the observed
isotropy and homogeneity of the Universe,

■ consider up to quadratic contractions of torsion tensor.

The starting point of BDLS is the standard Horndeski Lagrangian given by Eq. (2.24), ob-
tained through tetrad formalism. This means that all quantities expressed in terms of the metric
are expanded by substituting the relationship in Eq. (2.44), and R̊ is expressed in terms of
the equality given by Eq. (2.66). Next, the torsion tensor is considered, as it is the non-zero
spacetime characteristic in MTG which transforms covariantly under diffeomorphisms and local
Lorentz transformation, thus labelled as fully invariant [173]. The torsion tensor in Eq. (2.63)
can be decomposed into irreducible parts with respect to the local Lorentz group [214]

Tλµν =
2

3
(tλµν − tλνµ) +

1

3
(gλµ vν − gλν vµ) + ϵλµνρ a

ρ , (2.70)

where

aµ =
1

6
ϵµνλρ T

νλρ , (2.71)

vµ = T λ
λµ , (2.72)

tλµν =
1

2
(Tλµν + Tµλν) +

1

6
(gνλ vµ + gνµ vλ)−

1

3
gλµ vν , (2.73)

are the axial part associated with the complete antisymmetric portion of the torsion tensor
related to spin and rotational effects, the vectorial part where the trace of the torsion tensor is
related to its divergence, and the purely tensorial part stemming from the remaining traceless
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portion, respectively [70]. Additionally, ϵµνλρ is the four-dimensional Levi-Civita tensor. The
tensorial irreducible part has the following properties [70]:

tλµν = tµλν , (2.74)

0 = t µ
λµ = tµµν , (2.75)

0 = tλµν + tµνλ + tνλµ . (2.76)

By considering the quadratic of each irreducible part, it results in three scalar invariants:

Tax = aµa
µ = − 1

18

(
TλµνT

λµν − 2TλµνT
µλν
)
, (2.77)

Tvec = vµv
µ = T λ

λµT
ρµ

ρ , (2.78)

Tten = tλµνt
λµν =

1

2

(
TλµνT

λµν + TλµνT
µλν − T λ

λµT
ρµ

ρ

)
. (2.79)

Linear combination of these scalar invariants yields the torsion scalar

T =
3

2
Tax +

2

3
Tten − 2

3
Tvec , (2.80)

identical to the expression given by Eq. (2.64) constructed through the contraction of the torsion
tensor and the superpotential tensor. It should be noted that these scalar invariants are also
parity-preserving. This condition ensures that the laws of physics do not alter the behaviour of
fields, matter, and spacetime when observing the Universe in different configurations. Additional
tensorial contractions

P1 = vµaµ , and P2 = ϵµνσρ t
λµνt ρσ

λ , (2.81)

are in fact parity violating terms, thus omitted due to their non-physicality of the scalar. In
general, the most general second-order Lagrangian formed through the quadratic contractions of
torsion tensor with no parity violating terms is represented by

LNGR = f(Tax, Tvec, Tten) , (2.82)

dubbed as New General Relativity (NGR) [70, 214].
Up to this point, contributions from scalar and torsion tensor have been treated separately.

Full construction of a generalised second-order Lagrangian requires considering the contractions
between these distinct contributors. Starting with contractions between linear irreducible torsion
tensor parts and first-order covariant derivatives of the scalar fields attain

I1 = tλµν ∇̊λϕ ∇̊µϕ ∇̊νϕ , (2.83)

I2 = vλ ∇̊λϕ , (2.84)

I3 = aλ ∇̊λϕ . (2.85)
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A combination of the conditions of the tensorial component given by Eqs (2.74-2.76) yield the
condition t(λ,µν) = 0, implying that scalar invariant I1 in Eq. (2.83) naturally vanishes. I3 in
Eq. (2.85) contains an odd number of axial components, resulting in the scalar quantity being
parity violating and thus excluded from the Lagrangian.

Additionally, contractions between quadratic torsion tensor parts with derivatives of the
scalar field result in the following scalar quantities:

J1 = aµ aν ∇̊µϕ ∇̊νϕ , (2.86)

J2 = vµ vν ∇̊µϕ ∇̊νϕ , (2.87)

J3 = vλ t
λµν ∇̊µϕ ∇̊νϕ , (2.88)

J4 = vµ t
λµν ∇̊λϕ ∇̊νϕ , (2.89)

J5 = t µν
λ tλµ̄ν ∇̊µϕ ∇̊µ̄ϕ , (2.90)

J6 = tλµν t µ̄ν̄
λ ∇̊µϕ ∇̊νϕ ∇̊µ̄ϕ ∇̊ν̄ϕ , (2.91)

J7 = tλµν tλ̄µ̄
λ
∇̊µϕ ∇̊νϕ ∇̊λ̄ϕ ∇̊µ̄ϕ , (2.92)

J8 = tλµν t ν̄
λµ ∇̊νϕ ∇̊ν̄ϕ , (2.93)

J9 = tλµν tλ̄µ̄ν̄ ∇̊λϕ ∇̊µϕ ∇̊νϕ ∇̊λ̄ϕ ∇̊µ̄ϕ ∇̊ν̄ϕ , (2.94)

J10 = ϵµνρλ a
νtσρλ ∇̊µϕ ∇̊σϕ . (2.95)

Not all quantities are independent of each other, or other components previously defined. These
relationships are summarised as

J2 = I22 , J4 = J3 , J7 = −2J6 . (2.96)

It suffices to include only {I2, J3, J6} instead of {I2, J2, J3, J4, J6, J7}. Additionally, total sym-
metry of tensorial component t(λµν) = 0 yields J9 = 0.

Therefore, the full teleparallel Lagrangian is obtained by combining contributions from scalar
field ϕ along with the kinetic termX, purely torsion tensor contributions given by Eqs (2.77-2.79),
contractions between linear torsion tensor components and the derivative of the scalar field sum-
marised in Eqs (2.83-2.85), and the contractions between quadratic torsion tensor components
and scalar derivatives listed in Eqs (2.86-2.95):

LTele = GTele(ϕ,X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10) , (2.97)

where vanishing terms, parity-violating terms, and dependent terms are excluded in the arbitrary
function. Note, that Tten is not included in the function since it is being represented by T . This
is done to easily see subcases of BDLS theory which are dependent on the torsion scalar, such
as the commonly studied case of f(T ) [206, 69, 215, 216, 217, 218, 219, 220, 221]. The BDLS
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action representing the most general second-order TG theory with one scalar field is given by

SBDLS =
1

2κ2

∫
d4x e

{
G2(ϕ,X)−G3(ϕ,X) □̊ϕ+G4(ϕ,X) (−T +B)

+G4,X(ϕ,X)
(
(□̊ϕ)2 − ∇̊µ∇̊νϕ∇̊µ∇̊νϕ

)
+G5(ϕ,X) G̊µν ∇̊µ∇̊νϕ

− 1

6
G5,X(ϕ,X)

(
(□̊ϕ)3 + 2∇̊ν∇̊µϕ∇̊ν∇̊λϕ∇̊λ∇̊µϕ− 3□̊ϕ∇̊µ∇̊νϕ∇̊µ∇̊νϕ

)
+GTele (ϕ,X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10)

}
+

∫
d4x eLm . (2.98)

Here, the Ricci scalar R̊ previously included in the L4 Horndeski Lagrangian component in
Eq. (2.27) has been replaced by the linear combination of −T + B since they have been shown
to be identical by Eq. (2.66). Additionally, this might raise the question as to why the boundary
term B has been excluded in the teleparallel contribution of Eq. (2.97). B produces fourth order
elements in the theory, and as such would violate the criterion listed in the beginning of the
section.

2.5 | Summary
BDLS theory offers a richer framework with an abundance of possible viable cosmological models.
The action given by Eq. (2.98) shows that casting Horndeski gravity into a metric-teleparallel
framework can realise the Lagrangians listed in Eqs (2.25-2.28) with an additional teleparallel
function. GTele in Eq. (3.29) is made up of twelve scalar invariants given by Eqs (2.23, 2.80, 2.77,
2.78, 2.84, 2.86, 2.88, 2.90, 2.91, 2.93, 2.95), constructed through tetrad-tetrad and tetrad-scalar
combinations. One of the main interests in considering BDLS is that by taking appropriate limits
a plethora of theories of gravity well-studied in literature can be obtained. Some of the subclasses
are listed in Table 2.2. On the other hand, it provides an avenue to study other subcases not
yet explored. In the subcases listed, it should be noted that if the G4 contribution is omitted,
it is counteracted by including a torsion dependency in GTele. This is to the link between R̊

and T through Eq. (2.66) which signifies a dynamical equivalence as the two scalars differ by a
boundary term. Hence, an equivalence to GR can be obtained for all theories listed provided
appropriate limits are taken.

GR brought a revolution in our understanding of gravity, conceptualizing it as a phenomenon
resulting from the curvature of spacetime caused by mass and energy in the Universe. Despite
the many successes of GR, such as predicting GW [46, 223, 45] and explaining the perihelion
precession of planets [135], it does not provide an explanation of dark matter which influences the
structures of the Universe and dark energy which drive the observed accelerated expansion. While
past observations have favoured the ΛCDM model to tackle these very issues, growing tensions
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Chapter 2. Scalar-Tensor Cosmologies

stemming from recent surveys [102, 89, 2, 224, 107, 225, 94] further drive the need to consider
theories beyond GR. Horndeski gravity has provided the structure within a curvature-based
geometry while including the additional scalar field. Additionally, shifting from curvature-based
geometry and instead describing gravitational fields through torsion allows for a geometrical
interpretation where it acts as a gauge theory for the translation group. Therefore, having a
combination of Horndeski gravity and MTG would result in a higher number of DoFs and realise
a local energy-momentum tensor which is linked to the superpotential given by Eq. (2.64);
resulting in BDLS.

The generalised framework of BDLS is a broader theory than standard Horndeski gravity.
While the number of possible cosmological models is larger, this does not imply that they are
viable to explain the cosmic history of the Universe. Constraints for these models can be obtained
through comparisons with observational data and mathematical restrictions, resulting in a list
of conditions that would need to be satisfied. From a theoretical point of view, these restrictions
would not only apply to the generalised BDLS systems but to the subcases of the theory. This
implies that calculations would be facilitated, as derivations would not need to be carried out
from scratch to study subcases of BDLS. The rest of the chapters will delve into a study of
scalar-tensor theories through the lens of BDLS and its subclasses.
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3

Well-Tempering Cosmology

The CC described through Λ has been introduced in Eq. (2.16) as a free parameter in addition to
Einstein’s original field equations in GR. Despite success and continual adoption of the ΛCDM
model in recent studies, one of the main issues that has persisted is that of the CC problem:
the observations of Baryon Acoustic Oscillations (BAO), CMB, supernova and the values of
vacuum energy within the ΛCDM model do not coincide upon taking into consideration the
entire selection of fundamental particles provided by the current standard model of particle
physics [43]. Therefore, the CC problem can be summarised through the following statement:
the theoretical predictions from particle physics predict a vacuum energy that is much larger
than the one being observed nowadays. Further details will be fleshed out in the following pages
of this section. Exploring the CC problem could shed light on the status of the dark energy,
represented as a constant vacuum energy dominating the accelerated expansion of the Universe.

As already mentioned in the previous chapter, the CC is considered to behave as a repulsive
force to counteract a Universe that otherwise would be experiencing a collapse as relativistic and
non-relativistic matter contribute to a negative acceleration for the scale factor [43]. Initially,
the CC modification was implemented to realise a static Universe, where Einstein found the
formalism to be in concordance with Mach’s principle that matter determined inertia [35]. The
combination of de Sitter’s cosmological model, which excludes matter from contributing to the
production of inertia [226], its consistency with the observed redshifts of spiral nebulae [43, 227],
and Hubble’s discovery of the expanding Universe [33], rendered Einstein’s CC unnecessary.

While Einstein retracted the CC, nowadays the term has adopted an altered meaning follow-
ing the discovery that the Universe not only is expanding, but it is experiencing an accelerated
expansion [153]. Supernovae Type Ia are classified as standard candles, as they have a relative
peak intrinsic brightness, a property which is used as a tool to measure distances and determine
the rate of expansion of the Universe [153]. From the discovery of accelerated expansion, the
concept of dark energy became another ingredient within the Universe which comes into play
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to drive the expansion. Here, the CC offered an avenue to describe dark energy as a constant
net vacuum energy which is present throughout the history of the Universe in addition to other
forms of energy. These other forms appear to be more prominent at earlier stages in cosmic
history and die out with time, leaving dark energy to persist and become the dominant energy
form. This can be seen through the following derivation. A vacuum can be described as a perfect
fluid where

pΛ = −ρΛ , (3.1)

such that for a positive energy density, the pressure is negative to result in the accelerated
expansion [228]. This result stems from the assumption of a constant energy density within GR
applied to the Friedmann and fluid equations of motion. Provided a flat spacetime cosmology is
considered, k = 0, the first Friedmann equation becomes

H2 =
8π

3
Gρ . (3.2)

When considering the energy densities of relativistic particles of the radiation epoch ρr and non-
relativistic particles corresponding to the matter-dominated era ρm in addition to the vacuum
energy, Eq. (3.2) can be expanded to

H2 =
8π

3
G(ρm + ρr + ρΛ) ∝

8π

3
G

(
1

a(t)3
+

1

a(t)4
+ ρΛ

)
. (3.3)

It can be seen as the Universe expands (as the scale factor value increases), the contributions
from radiation and matter epoch diminish and the vacuum energy density, in this case a constant,
persists.

It should be noted that in the above calculation, the assumption that vacuum energy density
is positive has been taken. From a classical perspective, such a statement can be considered
contradicting since a vacuum typically corresponds to a null energy density. But, this is not
the case within particle physics. Eq. (2.16) illustrates the relationship between the geometry of
spacetime and the energy and momentum of the Universe, which includes the contributions of
radiation and matter sources as seen in Eq. (3.3) [35]. Heisenberg’s principle states that quantum
fluctuations occur as particle and antiparticle pairs are being created and annihilated [24] such
that the summation of these processes of all fundamental particles, including the Higgs boson, as
they interact with each other results in a non-zero vacuum energy density [35]. Thus, in quantum
field theory, a vacuum is said to have the lowest energy density, which does not imply that it
has a zero absolute value. Moreover, ρΛ > 0 corresponds to observations of Supernovae Type
Ia [153], CMB studies performed by COBE satellite [154, 229] and Planck Collaboration [155, 2],
investigations of matter density through gravitational lensing and temperature profiles of X-ray
gas [230], provided CC model is assumed.
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It is precisely this discrepancy between the theoretical and observational value of CC that
yields a problem in our understanding of quantum field theory and GR. Provided quantum field
theory holds up to Planck scale, the vacuum energy density is of orders of ρPlanck

Λ ∼
(
1018 GeV

)4
while cosmological observations dictate that this value is of a much smaller order of magni-
tude of |ρobservations

Λ | ≤
(
10−12 GeV

)4 [228]. Merely looking at the contributions of protons
and neutrons, a calculation carried out by Zeldovich, still produced a significant contribution
of ρpn

Λ ∼ 10−38 GeV4 [39]. Some of the attempts to resolve such an issue have been proposed
through the consideration of supersymmetry [231], string theory [232, 233] and the anthropic
principle [234] which considers a more philosophical approach to understand the fine-tuning
of observed quantities necessary for the Universe to have observers [234], among other at-
tempts [235, 236, 237, 238, 239, 240, 241, 242, 243, 244].

A classical approach to resolving the CC problem is the concept of self-tuning: using an
evolving scalar field to dynamically cancel out the effects of the CC [118, 245, 246, 188, 247].
The mechanism is well-studied for the subclasses of Horndeski theory, dubbed as Fab Four [118,
245, 246], where in these scenarios the phase transitions are considered to be instantaneous
such that ρΛ behaves as a piece-wise constant which discontinues at a point of transition by a
constant change in value [118]. Weinberg’s no-go theorem states that fields in a vacuum state are
invariant under Poincaré and all fields are constant on-shell [43, 44]. Thus imposing a scalar field
that is solely time-dependent circumvents this theorem as the phase transitions in the vacuum
are attributed to the discontinuities of the scalar field derivatives [118]. On-shell refers to the
conditions which satisfy the cosmological equations of motion. Specifically, in this context, the
scalar field satisfies its equation of motion. Hence, a self-tuning mechanism is allowed through
the partial break in the Poincaré invariance of the vacuum to allow screening of the vacuum
energy through degeneracy. The Fab Four model has been extended to also include the kinetic
term, referred to as the Fab Five model, wherein the cosmic acceleration is allowed to occur along
with an asymptotic de Sitter behaviour [188]. Moreover, the same procedure can be extended to
other subcases of Horndeski theory which includes a scalar field [248, 249].

The main issue with the self-tuning mechanism is that while the scalar field is intended to
cancel ρΛ effects, it screens also the radiation and matter contributions [250, 247, 251]. For this
reason, an alternative procedure to self-tuning has been proposed, called well-tempering [44].
Well-tempering mechanism retains the properties of the different epochs of the cosmic history
of the Universe while also allowing the screening procedure to be applied solely for the vacuum
energy density through self-tuning. This is done by dynamically cancelling out the vacuum
energy density at each epoch, separately, to ensure that the fields entering the next epoch of
cosmic history are accounted for appropriately [44]. Moreover, quantum radiative corrections
need to be included. While classically the vacuum energy density is cancelled (at tree-level),
in perturbative quantum field theory the picture might look different due to the inclusion of
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quantum interactions [252]. This differs from the self-tuning mechanism, such that the well-
tempering procedure employs shift symmetry: a constant shift of the scalar field ϕ→ ϕ+c alters
the Planckian mass scale and the vacuum energy density [253]. Further details of the procedure
are included in Sec. 3.2.

In this chapter, different subcases of BDLS theory are investigated to obtain possible well-
tempering models, focusing on models containing teleparallel contributions. Additionally, in line
with the observed behaviour of the Universe, the dynamical stability, the behaviour during the
matter-dominated era and the stability during phase transitions are also studied for these viable
well-tempering models. The rest of the chapter is based on the published work [254, 255].

3.1 | Background Cosmology
Before delving into well-tempering models in the teleparallel analog of Horndeski gravity, it is
important to look into the background cosmology of the theory. It should be noted that the
following section applies to the general case of BDLS theory.

The flat Friedmann-Lemaître-Robertson-Walker (FLRW) metric

ds2 = −N(t)2dt2 + a(t)2(dx2 + dy2 + dz2) , (3.4)

is used to describe the homogeneous and isotropic background cosmology. Here, N is the lapse
function representing the change as proper time evolves and a is the scale factor that accounts
for the expansion of the Universe. When considering symmetries of teleparallel gravity, it is
important to ensure that these symmetries are satisfied by both the tetrad and the teleparallel
connection [256, 257]. The geometrical objects are said to be invariant under the group action
φ : G × M → M, where M is the manifold. By taking the Lie derivative with respect to a
vector χξ ∈ Vect M on both the tetrad and the spin connection to obtain(

Lχξ
e
)A

µ
= χν

ξ ∂νe
A
µ + ∂µχ

ν
ξ e

A
ν , (3.5)(

Lχξ
ω
)A

Bµ
= χν

ξ ∂νω
A
Bµ + ∂µχ

ν
ξ ω

A
Bν . (3.6)

The metric is invariant under group G such that
(
Lχξ

g
)
µν

= 0, which implies that the Levi-
Civita connection is also invariant, which is not necessarily the case for a teleparallel connection.
To have (

Lχξ
g
)
µν

= 0 ,
(
Lχξ

Γ
)ρ
µν

= 0 , (3.7)
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then the tetrad and the spin connection need to be invariant1, yielding(
Lχξ

e
)A

µ
= −λ A

ξ B e
B
µ , (3.8)(

Lχξ
ω
)A

Bµ
= ∂µλ

A
ξ B + ωA

Cµ λ
C

ξ B − ωC
Bµ λ

A
ξ C , (3.9)

where λξ is the local Lie homomorphism given by [258]

λξ(x) =
d
dt

Λξ̂(x)

∣∣∣∣∣
t=0

. (3.10)

By imposing the Weitzenböck gauge given by Eq. (2.59) in Eq. (3.9) the conditions simplify
greatly such that symmetric tetrads are defined by(

Lχξ
e
)A

µ
= −λ A

ξ B e
B
µ , 0 ≡

(
Lχξ

ω
)A

Bµ
= ∂µλ

A
ξ B . (3.11)

Additionally, to ensure that the symmetric tetrad is compatible with the spin connection then
it must either correspond to the Weitzenböck gauge (2.59) or satisfy Eq. (3.9), and solve the
antisymmetric field equations. One such tetrad in the Weitzenböck gauge which obtains the
result in Eq. (3.4) is given by the diagonal tetrad

eaµ = diag(N(t), a(t), a(t), a(t)) . (3.12)

Therefore, the determinant of the tetrad is given by

e = N(t) a(t)3 , (3.13)

for which the relationship
√
−g = e holds. In general, the background scalar field ϕ(t) is taken

to be time dependent such that the kinetic term in Eq. (2.23) becomes

X =
ϕ̇

2N2
, (3.14)

where overdot represents time derivatives. The Hubble parameter, indicating the rate of change
of the scale factor, becomes

H =
ȧ

aN
. (3.15)

Next, the scalars that make up BDLS theory given in Eq. (2.98) are worked out. Starting with
purely teleparallel quantities

Tax = 0 , Tvec = − 9ȧ2

a2N2
, Tten = 0 , (3.16)

1If the teleparallel connection is symmetric, i.e.
(
LχξΓ

)ρ
µν

= 0, then the torsion tensor satisfies symmetries
by

(
LχξT

)ρ
µν

= −2
(
LχξΓ

)ρ
[µν]

= 0.
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wherein only the vectorial component contributes to the torsion scalar through Eq. (2.80), giving

T =
6ȧ2

a2N2
. (3.17)

As for the scalar resorting from the torsion tensor and derivative of scalars contractions, only I2
given by Eq. (2.84) is non-zero

I2 =
3ȧϕ̇

aN2
, (3.18)

while all Ji terms in Eqs (2.86-2.95) vanish.
The field equations are obtained through the variation of the action with respect to the lapse

function, scale factor, and scalar field. By taking variations of BDLS action (2.98) with respect
to N results in the first Friedmann equation, sometimes referred to as the Hamiltonian equation:

MTele +
5∑

i=2

Mi = 0 , (3.19)

where

MTele = 6Hϕ̇GTele,I2 + 12H2GTele,T + 2XGTele,X −GTele − 18H2GTele,Tvec , (3.20a)

M2 = 2XG2,X −G2 , (3.20b)

M3 = 6Xϕ̇HG3,X − 2XG3,ϕ , (3.20c)

M4 = −6H2G4 + 24H2X(G4,X +XG4,XX)− 12HXϕ̇G4,ϕX − 6Hϕ̇G4,ϕ , (3.20d)

M5 = 2H3Xϕ̇ (5G5,X + 2XG5,XX)− 6H2X (3G5,ϕ + 2XG5,ϕX) , (3.20e)

Next, variation with respect to a yields the second Friedmann equation, which will be referred
to as the Hubble equation at times:

NTele +

5∑
i=2

Ni = 0 , (3.21)

where

NTele = −3Hϕ̇GTele,I2 − 12H2GTele,T − d

dt

(
4HGTele,T + ϕ̇ GTele,I2 − 6HGTele,Tvec

)
+GTele,Tvec + 18H2GTele,Tvec +GTele , (3.22a)

N2 = G2 , (3.22b)

N3 = −2X
(
G3,ϕ + ϕ̈G3,X

)
, (3.22c)

N4 = 2
(
3H2 + 2Ḣ

)
G4 − 12H2XG4,X − 4HẊG4,X − 8ḢXG4,X

36



Chapter 3. Well-Tempering Cosmology

− 8HXẊG4,XX + 2
(
ϕ̈+ 2Hϕ̇

)
G4,ϕ + 4XG4,ϕϕ + 4X

(
ϕ̈− 2Hϕ̇

)
G4,ϕX , (3.22d)

N5 = −2X
(
2H3ϕ̇+ 2HḢϕ̇+ 3H2ϕ̈

)
G5,X − 4H2X2ϕ̈G5,XX

+ 4HX
(
Ẋ −HX

)
G5,ϕX + 2

(
2
d

dt
(HX) + 3H2X

)
G5,ϕ + 4HXϕ̇G5,ϕϕ . (3.22e)

The final result can be obtained through variation of the scalar field, expressed as a generalised
Klein-Gordon equation:

1

a3
d

dt

[
a3(P + PTele)

]
= Qϕ +QTele , (3.23)

for which

Pϕ = ϕ̇G2,X + 6HXG3,X − 2ϕ̇G3,ϕ + 6H2ϕ̇ (G4,X + 2XG4,XX)− 12HXG4,ϕX (3.24a)

+ 2H3X (3G5,X + 2XG5,XX)− 6H2ϕ̇ (G5,ϕ +XG5,ϕX) ,

PTele = ϕ̇GTele,X , (3.24b)

Qϕ = G2,ϕ − 2X
(
G3,ϕϕ + ϕ̈G3,ϕX

)
+ 6

(
2H2 + Ḣ

)
G4,ϕ + 6H

(
Ẋ + 2HX

)
G4,ϕX (3.24c)

− 6H2XG5,ϕϕ + 2H3Xϕ̇G5,ϕX ,

QTele = −9H2GTele,I2 +GTele,ϕ − 3
d

dt
(HGTele,I2) . (3.24d)

The lapse function has been set to unity for all background equations since this is sufficient when
observing the spatial expansion of the Universe at a moment in time [259]. These results were
first presented in Ref. [78] where the authors encapsulated the results depending on Tvec within
the expression of T at a background level, since Tvec = −3

2T . Here, the background portions
depending on Tvec are written out separately to simplify the substitution in situations where
perturbations about the background Tvec are considered. Additionally, matter is included in this
system of equations in Chapter 6.

3.2 | Well-Tempering Cosmology Models
Equipped with the equations of motions within the BDLS gravity, the next step is to obtain
models within this class of cosmologies that allow for well-tempering. First and foremost, the
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arbitrary functions in the BDLS action in Eq. (2.98) are rewritten as follows:

G2 (ϕ,X) = V (ϕ,X) , (3.25)

G3 (ϕ,X) = G (ϕ,X) , (3.26)

G4 (ϕ,X) = κ+
A (ϕ,X)

2
, (3.27)

G5 (ϕ,X) = 0 , (3.28)

GTele (ϕ,X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10) = G (ϕ,X, T, I2) , (3.29)

for simplification, such that G (3.25) and V (3.26) are the Horndeski potentials, A (3.27) is the
conformal Horndeski potential that can attain the Einstein-Hilbert action in Eq. (2.14) upon
a conformal transformation [260]. The kinetic mixing of ϕ and gµν provided by G4 and G5

terms alter the graviton speed [44] which in light of GW170817 observations, as mentioned
in Sec. 2.2, requires restrictions in Refs. [44, 261, 248]. Since BDLS can revive some of the
previously restricted models, A is kept a function of both ϕ and X [78, 261, 213]. On the other
hand, to investigate the contribution of the teleparallel portion and its effect on X-dependent
G4 terms, G5 (3.28) has been set to vanish. For a full analysis, G5 contributions should not be
eliminated. Finally, the teleparallel portion of BDLS gravity has been reduced to G (3.29) since
at background the eliminated scalar invariants vanish while Tvec = −3

2T .
The well-tempering mechanism allows for the violation of Weinberg’s no-go theorem as the

scalar field ϕ present in BDLS theory can evolve with time on a de Sitter vacuum. The dy-
namical screening of the vacuum energy density is obtained through the degeneracy of the field
equations (3.19-3.23) for late-time cosmology on a de Sitter vacuum. The Hubble field equation
given by Eq. (3.21) and the scalar equation in Eq. (3.23) are cast in the form

Ḣ = ϕ̈Z
(
ϕ, ϕ̇,H

)
+ Y

(
ϕ, ϕ̇,H

)
, (3.30)

0 = ϕ̈D
(
ϕ, ϕ̇,H

)
+ C

(
ϕ, ϕ̇,H, Ḣ

)
, (3.31)

where Z, Y, D and C are extracted from the theory. As per construction of BDLS, at most,
second-order derivatives of metric and scalar fields are present. When considering a de Sitter
vacuum case,

pΛ = −ρΛ , and H(t) = h , (3.32)
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these functions are reduced to

Y = 9h2AXX ϕ̇
4 + 9h2AX ϕ̇

2 − 15hAϕX ϕ̇
3 − 3hAϕϕ̇+ 3Aϕϕϕ̇

2 + 9hGX ϕ̇
3 + 3VX ϕ̇

2

− 6Gϕϕ̇
2 + 9hGI2 ϕ̇− 12hGϕT ϕ̇+ 3GX ϕ̇

2 − 3GϕI2 ϕ̇
2 , (3.33)

Z = −6hAXX ϕ̇
3 − 6hAX ϕ̇+ 3AϕX ϕ̇

2 + 3Aϕ − 3GX ϕ̇
2 − 3GI2 − 36h2GTI2 − 3GXI2 ϕ̇

2

− 9hGI2I2 ϕ̇− 12hGXT ϕ̇ , (3.34)

C = −9h3AXX ϕ̇
3 − 9h3AX ϕ̇− 3h2AϕXX ϕ̇

4 + 9h2AϕX ϕ̇
2 + 6h2Aϕ − GϕX ϕ̇

2 − VϕX ϕ̇
2

+ 3hAϕϕX ϕ̇
3 − 9h2GX ϕ̇

2 − 3hGϕX ϕ̇
3 + 6hGϕϕ̇+Gϕϕϕ̇

2 + Gϕ − 3hVX ϕ̇+ Vϕ

− 9h2GI2 − 3hGX ϕ̇− 3hGϕI2 ϕ̇ , (3.35)

D = −3h2AXXX ϕ̇
4 − 12h2AXX ϕ̇

2 − 3h2AX + 3hAϕXX ϕ̇
3 + 9hAϕX ϕ̇− GXX ϕ̇

2 − VX

− 3hGXX ϕ̇
3 − 6hGX ϕ̇+GϕX ϕ̇

2 + 2Gϕ − GX − 9h2GI2I2 − 6hGXI2 ϕ̇− VXX ϕ̇
2 . (3.36)

Within this system, it should be noted that the derivative with respect to the torsion scalar only
crops up in conjunction with other scalar invariant derivatives. For this reason, theories such as
f(T ) and NGR are quickly excluded from the system. This is a desired scenario as such theories
do not consist of a scalar field which allows for dynamical screening. Drawing a comparison
across these functions yields on-shell conditions

Z ∼ D , and Y ∼ C , (3.37)

which can be simplified to the on-shell degeneracy equation

YD − CZ = 0 . (3.38)

Also, functions coupled with ϕ̈ are required to be non-vanishing on-shell to satisfy conditions
arising from self-tuning. Hence, the consistency conditions are give by

Z ̸= 0 , and D ≠ 0 , (3.39)

allowing for a dynamic cancellation. Following these conditions, the Hamiltonian equation (3.19)
and applying Eqs (3.25-3.29) at de Sitter vacuum, results in

3h2 = ρΛ + F
(
ϕ(t), ϕ̇(t)

)
, (3.40)

such that F is a function dependent solely on the scalar field which is still time dependent
on-shell. It should be noted that having a dynamical scalar field ensures that the crux of the
Weinberg no-go theorem is avoided. Therefore, Eqs (3.38-3.40) provide all the ingredients to
dynamically cancel the vacuum energy within the well-tempering framework. The following
subsections explore different possible well-tempered cosmologies within BDLS to exhibit such
dynamical cancellation.
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3.2.1 | Pure Teleparallel: Dependency on I2

The first model considered is solely dependent on the teleparallel contribution by setting Horn-
deski potentials to vanish, specifically using a function of the form

G (ϕ,X, T, I2) = I
(

I22
2(3h2)

)
, (3.41)

where this choice has been favoured due to the inclusion of a dynamical scalar within the defini-
tion of I2 in Eq. (3.18). It is chosen as it is one of the simplest examples that includes teleparallel
invariants. It is clear that at de Sitter

I22
2(3h2)

= X , (3.42)

which might suggest that the work should be performed for a function that is dependent on X

instead of I2 from the get-go. Because their contribution to the Friedmann and scalar equations
is different, they are treated as separate parameters. Additionally, it was noted that the addition
of T does not alter the results by much. It should be noted that without the assumption of
de Sitter, where I22 is simply being rescaled by a constant h, this is not necessarily the case.
Therefore, throughout this chapter constraints given by Eqs (3.38-3.40) are performed for the
general case presented, followed by substitution as an aftermath. The above model is substituted
in the degeneracy equation (3.38)

XI ′(X)
(
4XI ′′(X) + 3I ′(X)

)
= 0 , (3.43)

where Eq. (3.42) has been applied. By imposing that X ̸= 0 for a non-trivial model, two possible
solutions arise:

I(X) = c0 , and I(X) = 4c1X
1
4 + c2 , (3.44)

where c0, c1, c2 are constants of integration. It should be noted that a non-trivial scenario is
provided by the latter solution. Next, substituting the solution Eq. (3.44) in the consistency
conditions of Eq. (3.39) yield

2XI ′′(X) + I ′(X) =
c1

2x
3
4

̸= 0 , (3.45)
√
X (XI ′′(X) + I ′(X))

h
=

c1

hx
1
4

̸= 0 , (3.46)

which once again points out the importance of considering the non-trivial solution since c1 ̸= 0,
and |ϕ̇| <∞. The Hamiltonian equation (3.40) obtained by substituting function equation (3.41)
and its solution (3.44) results in

3h2 = ρΛ − c2 , (3.47)
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implying that there is no scalar field dependency and the model is not able to generate a well-
tempered cosmology. Thus, this implies that dependency on X without any standard Horndeski
models is not a viable ansatz model. Therefore, it would be interesting to still consider a purely
teleparallel ansatz with additional dependent components.

3.2.2 | Pure Teleparallel: Dependency on ϕ and I2

In this case, a tadpole term depending on the scalar field is included in addition to the function
given in the previous case as seen in Eq. (3.41):

G (ϕ,X, T, I2) = lϕ+ I
(

I22
2(3h)2

)
, (3.48)

yielding a separable case, where l is a constant and I2 is given by Eq. (3.42). Thus, the procedure
presented in Sec. 3.2.1 is repeated. The degeneracy equation becomes

I ′(X)
(
12hX2I ′′(X)−

√
2l
√
X
)
+ 9hXI ′(X)2 −

√
2lX

3
2I ′′(X) = 0 , (3.49)

once again solved and results in two solutions:

I∓(X) = c4 +
1

3
√
2hl

√
X

[
l2X ∓ l

√
72c3h2X

3
2 + l2X2

±18c3h
2
√
X

(
lnX − 2 ln

(
l

√
72c3h2X

3
2 + l2X2 + 36c3h

2
√
X + l2X

))]
, (3.50)

where c3, c4 are integration constants. Additionally, it is important to have c3 ̸= 0 to ensure
that there are ϕ̈ contributions by the model. Therefore, the consistency conditions, in general,
are given by

2XI ′′(X) + I ′(X) ̸= 0 , (3.51)
√
X (XI ′′(X) + I ′(X))

h
̸= 0 , (3.52)

which is identical to the general solution presented in Eqs (3.45-3.46). Finally, the solution given
by Eq. (3.50) is substituted in the Hamiltonian constraint (3.40) to obtain the following result:

3h2 = ρΛ − c4 ∓

√
72c3h2X

3
2 + l2X2

3
√
2h

√
X

+ l

( √
X

3
√
2h

− ϕ

)

∓ 3
√
2c3h

l

(
lnX − 2 ln

(
l

√
72c3h2X

3
2 + l2X2 + 36c3h

2
√
X + l2X

))
. (3.53)

Hence, the time-dependent terms ϕ andX allow for the dynamical screening of ρΛ. Therefore, the
model allows for well-tempering to occur thus illustrating the significance of having a tadpole
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term, although it does not necessarily need to be included in this manner. In general, the
teleparallel potential also includes a dependency on the torsion scalar T , apart from ϕ, X, and
I2. The calculations and results of functions with T dependency are not presented because the
shape of the solution is not altered from the ansatz (3.48).

3.2.3 | Quartic Horndeski and Teleparallel: A(ϕ) + G
The next case will eliminate all standard Horndeski terms apart from A, specifically considering
A = A(ϕ) since even within the standard Horndeski such dependency is in accordance to the
GW170817 observations [45, 81]. Regardless, in Ref. [248], where G = 0, it was shown that the
model does not satisfy consistency conditions. Here, by including the teleparallel sector G this
model can be revived as a well-tempering model. The G function is given by Eq. (3.41) and a
simple conformal Horndeski potential A such that

A(ϕ) = αϕ , and G(ϕ,X, T, I2) = I
(

I22
2(3h)2

)
, (3.54)

where α is a constant such that the tadpole term introduced in Eq. (3.48) is introduced within
the A term and X is given by Eq. (3.42). The degeneracy equation (3.38) becomes

3αh
(
αh−

√
2X

3
2I ′′(X)

)
+ I ′(X)

(
4X2I ′′(X)− 4

√
2αh

√
X
)
+ 3xI ′(X)2 = 0 . (3.55)

By rewriting this equation as a first-order, non-linear differential equation, its solution becomes

I ′(X) = 2−
5
6 3−

2
3

√81α2ec5h2

X4
− 12e

3
2
c5

X
9
2

+
9αe

c5
2 h

X2

 1
3

+
e

c5
2

2
1
6 3

1
3X

3
2

√81α2ec5h2

X4
− 12e

3
2
c5

X
9
2

+
9αe

c5
2 h

X2

− 1
3

+
3αh√
2X

, (3.56)

where c5 is an integration constant. Next, the general forms of the consistency conditions are
given by

2XI ′′(X) + I ′(X) ̸= 0 , (3.57)

3αh− 2
√
2X
(
XI ′′(X) + I ′(X)

)
̸= 0 , (3.58)

and are seen to hold when substituting solution (3.56). Due to the complexity of the exact
solution to verify consistency, a numerical result is presented in Fig 3.1 where X > 0, c5 is
varied, and h = 1 and α = 1 assumptions are applied. The different colour regions of the
contour plots depict a range of solutions for each consistency equation. Albeit no exact values
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are listed, the figure illustrates that there are no discontinuities or undefined regions for arbitrary
values, concluding that the conditions are generally satisfied. Moving forward with analysing
the Hamiltonian constraint (3.40), for this case it becomes

3h2 = ρΛ − I(X)− 3αh2ϕ+ 3
√
2αh

√
X +

27/6X

32/3

√81α2ec1h2

X4
− 12e3c1/2

X9/2
+

9αec1/2h

X2

1/3

+
211/6ec1/2

31/3
√
X

√81α2ec1h2

X4
− 12e3c1/2

X9/2
+

9αec1/2h

X2

−1/3

, (3.59)

showing the possibility of well-tempering dynamical cancellation of ρΛ.
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Figure 3.1: Contour plots of the logarithmic consistency equations given by D in Eq. (3.57) and
Z in Eq. (3.58) for the well-tempered solution of Eq. (3.56). These functions are plotted for the
constant c5 against X, without loss of generality, for h = 1 and α = 1

3.2.4 | Revived Horndeski and Teleparallel: A(X) + G
By adding to the models presented in Sec. (3.2.2-3.2.3), the previously ruled out case of A = A(X)

by GW170817 observations [45, 81] are now considered within the BDLS framework such that

A(ϕ,X) = A(X) , and G (ϕ,X, T, I2) = lϕ+ g(X) + I
(

I22
2(3h)2

)
, (3.60)

where once again l is a constant, and g and I are arbitrary functions. The ϕ dependency is moved
from the revived Horndeski potential A to the teleparallel sector G. The degeneracy equation is
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given by

0 = 2X
(
6h2XA′′(X) + 3h2A′(X) + g′(X) + I ′(X)

) (
12h2X2A(3)(X) + 24h2XA′′(X)

+ 3h2A′(X) + 2Xg′′(X) + g′(X) + 2XI ′′(X) + I ′(X)
)
+

2
√
2X

3h

(
X(6h2A′′(X)

+ I ′′(X)) + I ′(X) + 3h2A′(X)
)(

18
√
2h3X3/2A′′(X) + 9

√
2h3

√
XA′(X)

+ 3
√
2h

√
Xg′(X) + 3

√
2h

√
XI ′(X)− l

)
, (3.61)

with the consistency equations of

0 ̸= −12h2X2A(3)(X)− 24h2XA′′(X)− 3h2A′(X)

− 2Xg′′(X)− g′(X)− 2XI ′′(X)− I ′(X) , (3.62)

0 ̸= −
2
√
2
√
X
(
X
(
6h2A′′(X) + I ′′(X)

)
+ 3h2A′(X) + I ′(X)

)
3h

. (3.63)

One ansatz that simplifies this analysis is given by

I(X) = c6 + 3h2A(X)− 6h2XA′(X)− g(X) + ξ(X) , (3.64)

with c6 an constant and ξ an arbitrary function to introduce additional function behaviour apart
from the first four terms in Eq. (3.64). Rewriting the degeneracy equation (3.61) yields

0 = 2Xξ′(X)
(
2Xξ′′(X) + ξ′(X)

)
− 2

√
2X

3h

(
3
√
2Xhξ′(X)− l

)(
g′(X)− ξ′(X)

+X
(
6h2XA(3)(X) + 9h2A′′(X) + g′′(X)− ξ′′(X)

))
, (3.65)

and allows for the integration of A(3)(X) to obtain

A′′(X) =
c7

X
3
2

+
1

X
3
2

∫ X

du
(
3h

√
uξ′(u) (2u (g′′(u)− 2ξ′′(u)) + 2g′(u)− 3ξ′(u))

6
(√

2h2l
√
u− 6h3uξ′(u)

)
+

√
2l (u (ξ′′(u)− g′′(u))− g′(u) + ξ′(u))

6
(√

2h2l
√
u− 6h3uξ′(u)

) )
. (3.66)

Additionally, Eqs. (3.62-3.63) simplify to

−2Xξ′′(X)− ξ′(X) ̸= 0 , (3.67)

−2
√
2ξ′(X) (2Xξ′′(X) + ξ′(X))√

2l − 6h
√
Xξ′(X)

̸= 0 , (3.68)

provided that Eq. (3.67)

2xξ′′(X) + ξ′(X) ̸= 0 =⇒ ξ(X) ̸= 2ω
√
X + σ , (3.69)
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where σ and ω are constants, and the denominator of Eq. (3.68) is not infinite. Therefore, the
Hamiltonian constraint becomes

3h2 = ρΛ − c7 − 6h2A(X) +X
(
6h2A′(X)− 2g′(X) + 4ξ′(X)

)
− lϕ− ξ(x)

− 12c7h
2
√
X − 12h2

√
X

∫ X

du

(√
2l (−ug′′(u)− g′(u) + uξ′′(u) + ξ′(u))

6
(√

2h2l
√
u− 6h3uξ′(u)

)
+

3h
√
uξ′(u) (2ug′′(u) + 2g′(u)− 4uξ′′(u)− 3ξ′(u))

6
(√

2h2l
√
u− 6h3uξ′(u)

) )
, (3.70)

which, provided the function ansatz is chosen appropriately, the expression remains time-dependent
and allows for the dynamical cancellation of ρΛ. The simplest ansatz by far is given by

g(X) = βX , and ξ(X) = γX , (3.71)

where the functions are of linear order, and β and γ are constants. Starting off with the degen-
eracy equation (3.65)

0 = 2Xγ2 − 2
√
2X

3h

(
3
√
2Xhγ − l

)(
β − γ +X

(
6h2XA(3)(X) + 9h2A′′(X)

))
, (3.72)

for which the exact solution can be attained:

A(X) = c8 +Xc9 −
1

18h3

[
−
√
2Xl − 6hXβ + 9hXγ + 72h3

√
Xc9

+ 6hX (β − γ) lnX +

(
2
√
2Xl − l2

3hγ
− 6hXγ

)
ln
(
1− 3

√
2Xhγ

) ]
, (3.73)

where c7, c8, c9 are constants of integration. Substituting this solution within the consistency
equations (3.67-3.68) gives

−γ ̸= 0 , (3.74)

−
2Xγ2

(
l2 − 6

√
2Xhlγ + 18h2Xγ2

)
(
l − 3

√
2Xhγ

)3 ̸= 0 . (3.75)

Provided both of the above conditions hold, the Hamiltonian constraint becomes

3h2 = ρΛ − c1 − 6c2h
2 −

l2 ln
(
6γh

√
X −

√
2l
)

9γh2
−

√
2l
√
X

3h
− lϕ , (3.76)

providing a model including the revived potential A(X) in which vacuum energy can be dynam-
ically screened.
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3.2.5 | Shift Symmetric Sector
Up to this point, the number of functions considered has been limited. To investigate a broader
subclass of BDLS, the following potentials are considered:

V (ϕ,X) = lϕ+ V (X) , G(ϕ,X) =G(X) , A(ϕ,X) = A(X) ,

G(ϕ,X, T, I2) =Q(X) I
(

I22
2 (3h)2

)
. (3.77)

Here, the shift symmetric sector is represented by the tadpole term coupled with the constant
coefficient l. Additionally, V and G are considered to be dependent on X, and A is introduced to
represent a revived model as seen in Sec. 3.2.4. Finally, Q and I are arbitrary functions that make
up the BDLS potential. As seen in Sec. 3.2.4, adding more potentials does result in a complex
system. For this reason, the approach to obtain a well-tempered solution adopted in Ref. [44]
is implemented. Instead of evaluating the degeneracy equation (3.38), on-shell conditions (3.37)
are extracted from the form

f
(
ϕ̇
)
Z = D , and f(ϕ̇)Y = C , (3.78)

where f is an arbitrary function. Since all functions in Eq. (3.77) can be expressed in terms of
X (using Eq. (3.42)), then f is also reexpressed in terms of X using Eq. (2.23):

f(X) =
1

2
q

(
X2

2

)
. (3.79)

Substituting all functions into Eqs (3.78) gives two degeneracy equations

0 = 3h2
(
4X2A(3)(X) + 8XA′′(X) +A′(X)

)
+ 2XK′(X) +Q(X)I ′(X) + 2XQ(X)I ′′(X)

+K(X) + 4XQ′(X)I ′(X) + 2XI(X)Q′′(X) + I(X)Q′(X)− q(X)
3h

(
3
√
2h

√
XG′(X)

+ 6h2A′(X) + 2(6h2XA′′(X) +XQ(X)I ′′(X) +XQ′(X)I ′(X) +Q(X)I ′(X))
)
, (3.80)

l =
√
2X(3h+ q(X))

(
6h2XA′′(X) + 3h2A′(X) +K(X) +Q(X)I ′(X) + I(x)Q′(X)

)
, (3.81)

where

K(X) = V ′(X) + 3h
√
2XG′(X) , (3.82)

combines the Horndeski potentials. Restructuring Eq. (3.81) provides a solution for K:

K(X) =
l√

2X (3h+ q(X))
− 6h2XA′′(X)− 3h2A′(X)−Q(X)I ′(X)− I ′(X)Q′(X) , (3.83)
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which simplifies Eq. (3.80) such that

V ′(X) =
l
(
6hXq′(X) + 3hq(X) + q(X)2

)
√
2Xq(X)(3h+ q(X))2

+ 6h2XA′′(X) + 3h2A′(X)

+ 2XQ(X)I ′′(X) +
(
2XQ′(X) +Q(X)

)
I ′(X)− I(X)Q′(X) , (3.84)

G′(X) =− lq′(X)

q(X)(3h+ q(X))2
− 2

√
2h

√
XA′′(X)−

√
2hA′(X)√

X

−
√
2
√
XQ(X)I ′′(X)

3h
−

√
2 (XQ′(X) +Q(X)) I ′(X)

3h
√
X

, (3.85)

upon comparison with Eq. (3.82). In this way, the five free functions {V, G, A, Q, I} reduce
to the four arbitrary functions {q, A, Q, I ′}. Therefore, the on-shell Hamiltonian given by
Eq. (3.40) becomes

3h2 = ρΛ − lϕ+ 2XV ′(X)− V (X) + 6
√
2hX3/2G′(X) + 12h2X2A′′(X)

+ 12h2XA′(X)− 3h2A(X) + 4XQ(X)I ′(X) + 2XI(X)Q′(X)−Q(X)I(X) , (3.86)

thus able to provide a well-tempered model. Next, Hubble equation (3.30) and scalar field
equation (3.31) both result in the same result:

Ẋq′(X) + 3hq(X) + q(X)2 = 0 , (3.87)

resembling a Riccati equation of the form

ẏ(t) + y(t)[3h+ y(t)] = 0 , (3.88)

which can be seen by setting Ẋ = ϕ̈ϕ̇ and q̇ = Ẋq′(X). Therefore, the solution is given by

q

(
ϕ̇2

2

)
=

3h

exp (3h(t− c10))− 1
, (3.89)

where c10 is an integration constant. Due to the implicitly closed solution, it is required to choose
q(X) to obtain a solution for ϕ̇. If the Horndeski limit is taken, i.e. vanishing Q and I, the
result becomes similar to that obtained in Ref. [248].

3.2.6 | No Tempering Theorem

While the tadpole term has been seen to be an important feature in obtaining well-tempering
models in cases explored in Sec. 3.2.2, Sec. 3.2.3 and Sec. 3.2.4, it might be the case that exploring
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a more complex BDLS system, similar to that in Sec. 3.2.5 can be viable even without the tadpole
term. By setting l to vanish in Eq. (3.77), the model is given by

V (ϕ,X) = V (X) , G(ϕ,X) =G(X) , A(ϕ,X) = A(X) ,

G(ϕ,X, T, I2) =Q(X) I
(

I22
2 (3h)2

)
. (3.90)

The degeneracy equation (3.38) becomes

0 =
[√

2(3h2(2XA′′(X) +A′(X)) + V ′(X) +Q(X)I ′(X) + I(X)Q′(X)) + 6h
√
XG′(X)

]
×
[
3
√
2h2(3A′(X) + 4X(XA(3)(X) + 3A′′(X))) + 6h

√
X(2XG′′(X) + 3G′(X))

+
√
2
(
2X(V ′′(X) + 3Q′(X)I ′(X) + I(X)Q′′(X)) +Q(X)

(
4XI ′′(X) + 3I ′(X)

)
+ V ′(X) + I(X)Q′(X)

)]
. (3.91)

The above equation results in two branches of the solution:

I(X) =
c11

Q(X)
+

1

Q(X)

∫ X

du
(
−3h

(
2huA′′(u) + hA′(u) +

√
2
√
uG′(u)

)
− V ′(u)

)
, (3.92)

I(X) =
X1/4√
Q(X)

[
c12 +

∫ x du

4u5/4
√

2Q(u)

(
3
√
2h2

(
A(u)− 4u

(
uA′′(u) +A′(u)

))
+ c11 − 12hu3/2G′(u)− 2

√
2uV ′(u) +

√
2V (u)

)]
, (3.93)

where c11, c12 are constants of integration. While the first solution, given by Eq. (3.92) vio-
lates the consistency condition as D = 0, solution (3.93) aligns with consistency conditions and
favoured to obtain a well-tempering model. A look at the on-shell Hamiltonian constraint gives

3h2 = ρΛ +

√
2c11
2

, (3.94)

where the model still does not well-tempering. Despite the added complexity to the BDLS model,
the shift symmetric sector has been seen to be important to achieve well-tempering.

Hence, the models given by Eqs (3.48, 3.54, 3.60, 3.77) provide four examples of well-
tempering models, satisfying the degeneracy condition (3.38), satisfying consistency conditions (3.39)
and resulting in a scalar ϕ which can screen the vacuum energy density ρΛ. Table 3.1 summarises
the models and their viability.
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Case Degeneracy
Equations

Consistency
Conditions

Hamiltonian
Equation

Well-
Tempering

Dependency on
I2

(3.41) (3.43) (3.45, 3.46) (3.47) ×

Dependency on ϕ
and I2

(3.48) (3.49) (3.51, 3.51) (3.53)
√

Quartic
Horndeski and
Teleparallel

(3.54) (3.55) (3.57, 3.58) (3.59)
√

Revived
Horndeski and
Teleparallel

(3.60) (3.61) (3.62, 3.63) (3.76)
√

Shift symmetric
Sector

(3.77) (3.80, 3.81) − (3.86)
√

No Tempering
Theorem

(3.90) (3.91) − (3.94) ×

Table 3.1: Summary of models in BDLS where the degeneracy equation (3.38) and consistency
conditions (3.39) are evaluated to retrieve the Hamiltonian constraint (3.40). From this, the
model can be classified as a viable well-tempering model. For the last two cases, a different
approach was considered (detailed in Sec. 5.4.4), thus why no explicit expressions are listed for
the consistency conditions.

3.3 | Dynamics in BDLSWell-Tempered Cosmology
In this section, the model presented in Sec. 3.2.5 will be further studied as it has been shown
that it satisfies the well-tempering conditions while also featuring a large number of potentials
from the BDLS cosmology. Before introducing the analysis of the dynamical stability of this
well-tempering model, dynamical systems are introduced. Dynamical systems are a useful tool
as models within a gravitational theory can be classified as viable cosmological solutions without
obtaining exact form solutions of evolution equations. Dynamical systems are made up of a
phase space and a rule describing the evolution of points in the phase space [262]. In general, a
set of xi ∈ R variables for i ∈ [1, n] produce a dynamical system of the form

ẋi = fi(x1, x2, . . . , xn) , (3.95)

49



Chapter 3. Well-Tempering Cosmology

such that fi are functions which describe how the system evolves and each variable has a cor-
responding function [263]. The trajectory of the phase space is determined by a solution of
Eq. (3.95). Setting the function fi = 0 yields the critical (fixed/equilibrium) points [262]. While
there could be a scenario where the system stays within that state, our interest lies in the sta-
bility of these critical points. The system is linearised by taking a first-order Taylor expansion
of the function f about a fixed point x0:

fi(x) = fi(x0) +
n∑

j=1

∂fi
∂xj

(x0) (xi − x0) + . . . . (3.96)

The derivative J = ∂fi
∂xj

(x0) corresponds to the Jacobian/stability matrix [262]. The eigenvalues
of the stability matrix determine the behaviour of the stability [173]:

■ Hyperbolic: All eigenvalues have nonzero real parts.

– Stable / Attractor : All eigenvalues have negative real parts.

– Repeller : All eigenvalues have positive real part.

– Saddle: At least one eigenvalue has a positive real part.

■ Non-hyperbolic: At least one eigenvalue has a zero real part.

Next, these procedures are adapted to the scenario of cosmological models which have been
classified as viable well-tempering models. First and foremost, the system is expressed in terms
of dimensionless quantities (see Sec. 3.3.1). The functions of the system are obtained through
the Friedmann and scalar field equations, where the Hubble parameter and the scalar field
correspond to the variable x ∈ R. These equations are expanded up to first-order perturbation,
and apply the necessary on-shell background equations and conditions to simplify. An equation
associated with the Hubble parameter and scalar field of the form Eq. (3.95) is obtained. By
implementing the system and using the StreamPlot in Mathematica, a two-dimensional phase
portrait is obtained.

3.3.1 | A(X) + V (X) +G(X) + G Model
The potentials given by Eq. (3.77) can be reduced to the four functions, specifically of the form

q(X) = − 3γh

γ −
√
X
, A(X) = αx , Q(X) = 1 , I(X) = βx , (3.97)

such that α is the revived Horndeski potential, β is the BDLS parameter and γ will be referred
to as the well-tempering parameter. Functions A and I are linearly dependent on X. While the
function q appears slightly complicated, the choice is taken to simplify the constraints dictated
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by the well-tempering formalism. The Hamiltonian equation (3.40), Hubble equation (3.30) and
the scalar equation (3.31) for this case are given by

3H2 = ρΛ + ρ+ l
3h2

(√
2H(

√
X − γ)− 3h2ϕ

)
+ X

h2 (h−H)(h− 3H)
(
3h2α+ β

)
, (3.98)

0 = Ḣ
(
36h2X − 12X2

(
3h2α+ β

))
+ Ẋ

(
12X(h−H)

(
3h2α+ β

)
+
√
2l(γ −

√
X)
)

+ 36X2(h−H)2
(
3h2α+ β

)
+ 6

√
2HlX(

√
X − γ) + 18h2X(ρ+ p) , (3.99)

0 = Ẋ
(
3
√
2X(h−H)2(3h2α+ β) + γHl

)
+ 18

√
2HX2(h−H)2(3h2α+ β)

+ l
(
6X3/2(H2 − h2)− 6γH2X

)
+ Ḣ

(
−12

√
2X2(h−H)(3h2α+ β)

+l(2X3/2 − 2γX)
)
, (3.100)

wherein vacuum energy density ρΛ and matter energy density ρ are treated separately. The same
is done for pressure p, wherein pΛ = −ρΛ is seen to vanish in this system of equations. Matter
fields obey the conservation law

ρ̇+ 3H (ρ+ p) = 0 . (3.101)

Additionally, to simplify the notation, matter fields are expressed in the following terms:

ρΛ = 3h2λ , (3.102)

ρ(t) = 3H(t)2Ω(t) , (3.103)

p(t) = ωρ(t) , (3.104)

where λ is a constant, Ω(t) is the dimensionless counterpart of ρ(t), and ω represents the equation
of state constant whose value depends on the matter considered. Additionally, the constant h,
representing the Hubble constant in a de Sitter vacuum, is set as the length scale such that

t =
τ

h
, (3.105)

where τ is the dimensionless counterpart of time t. Hence, the remaining gravitational compo-
nents can be cast in their dimensionless notation through the definition of h and τ

H(t) = hy(τ) , X(t) = h2χ(τ) , α =
α

h2
, γ = hγ , l = h2l . (3.106)
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Therefore, using Eqs (3.102-3.106) one can recast Eqs (3.98-3.100) into their dimensionless form:

0 = 3[χ(3α+ β) + 3λ+ 3y2 (χ(3α+ β) + Ω− 1)]− 3lϕ−
√
2 ly(γ −√

χ)

− 12χy(3α+ β) , (3.107)

0 = 12χy′ (3− χ (3α+ β)) + χ′
[√

2 l (γ −√
χ)− 12χ (y − 1) (3α+ β)

]
+ 6

√
2 lχy (

√
χ− γ) + 36χ

[3
2
(ω + 1) y2Ω+ χ (y − 1)2 (3α+ β)

]
, (3.108)

0 = χ′
[
γ ly + 3

√
2χ (y − 1)2 (3α+ β)

]
+ 6 lχ

(√
χ(y2 − 1)− γy2

)
+ l y′

(
2χ

3
2 − 2 γ χ

)
+ 18

√
2χ2 (y − 1)2 y (3α+ β) + 12

√
2χ2 (y − 1) (3α+ β) , (3.109)

and the matter equation (3.101) becomes

0 = 3 (ω + 1) y3Ω+ y2Ω′ + 2yΩy′ , (3.110)

where primes represent derivatives with respect to dimensionless time τ . Provided the system of
equations is represented into dimensionless quantities, this model can be analysed for dynamical
stability, its behaviour within the matter era which influences the cosmic structures and how
well the model holds during phase transitions; these are all important components for a viable
model to describe the cosmic evolution of our Universe.

3.3.2 | Dynamical Stability of Well-Tempered Vacuum
First and foremost, the background values for the system dependent on {y,Ω, χ} need to be
defined for the on-shell limit. Starting with

y(τ) → 1 , (3.111)

Ω(τ) → 0 , (3.112)

as matter contributions die out, such that the Hamiltonian constraint (3.107) becomes

9 (λ− 1) + l
(
ϕ′ −

√
2 γ
)
= 3lϕ . (3.113)

The scalar field equation (3.109)

ϕ′′ − 3ϕ′ = 0 , (3.114)

has the solution of

ϕ(τ) =
C1

3
e3τ + C2 , (3.115)
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where C1 and C2 are constants of integration. Substituting the solution given by Eq. (3.115),
the on-shell Hamiltonian result in Eq. (3.113) simplifies to

l
(
3C2 +

√
2 γ
)
= 9 (λ− 1) . (3.116)

It should be noted that omitting all non-dynamical variables leaves the constant C2 to take care
of the dynamical self-tuning of the vacuum energy, and not well-temper.

Now, an on-shell perturbation is introduced by perturbing the Hubble (3.111) and scalar (3.115)
field separately by

y(τ) = 1 + δy(τ) , (3.117)

ϕ(τ) =

(
C1

3
e3τ + C2

)
+ δϕ(τ) . (3.118)

Perturbing the the Hamiltonian constraints (3.113) and the scalar field equation (3.114) result
in dynamical equations

0 = δy
[
3C2

1e
6τ (3α+ β) + l

(
C1e

3τ −
√
2 γ
)
− 18

]
+ l

(
δϕ′ − 3δϕ

)
(3.119)

0 = C1e
3τ
(√

2C1e
3τ − 2γ

)
δy′ + 6C1e

3τδy
(√

2C1e
3τ − γ

)
+ 2 γ

(
δϕ′′ − 3δϕ′

)
, (3.120)

such that upon differentiation of Eq. (3.119), it can be equated to Eq. (3.120) to obtain a solution
of δy by eliminating the δϕ contribution:

δy(τ) = − C3

C2
1e

6τ
(√

2 l − 6γ (3α+ β)
)
− 4C1γle3τ + 2γ

(
18 +

√
2 γ l

) , (3.121)

where C3 is an integration constant. At the late times, where large values of τ are considered,
the limit of Eq. (3.121) becomes

δy → e−6τ , (3.122)

an exponential behaviour. This relationship should be noted, as this solution will crop up in the
remaining portion of the section. Therefore, as the case approaches the well-tempered vacuum,
τ → +∞, the Hubble perturbation δy → 0. Additionally, by substituting Eq. (3.121) within the
Hamiltonian constraints (3.113) results in an expression for ϕ and its derivatives:

δϕ′(τ)− 3δϕ(τ) =
C3

(
3c21e

6τ (3α+ β) + C1 l e
3τ − 18−

√
2 γ l

)
C2
1e

6τ
(√

2 l − 6γ (3α+ β)
)
− 4C1γle3τ + 2γ

(
18 +

√
2 γ l

) . (3.123)

The stability analysis is performed at late times, therefore it is sufficient to consider the asymp-
totic limit τ → +∞. This simplifies Eq. (3.123) into

δϕ′(τ)− 3δϕ(τ) → 3C3 (3α+ β)

l
(√

2 l − 6 γ (3α+ β)
) , (3.124)
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whose asymptotic solution is given by

δϕ(τ) → C4e
3τ − C3 (3α+ β)

l
(√

2 l − 6 γ (3α+ β)
) , (3.125)

where C4 is the integration constant. The leading order scalar perturbation has a behaviour
similar to the on-shell solution, i.e.

ϕ(τ) ∝ δϕ(τ) , (3.126)

implying that the perturbed portions of the scalar field eventually behave as the on-shell solution,
allowing for the dynamical stability of a well-tempered vacuum.

Apart from the above perturbative analysis, summarised by the asymptotic solutions of δy in
Eq. (3.122) and ϕ in Eq. (3.125), non-linear differential equations can be further represented as
a two-dimensional dynamical system through phase portraits. By considering Eqs (3.107-3.109),
where a pure vacuum system and Eq. (3.112) are applied, a framework for the vector field (χ, y)

is given by

χ′ = − 12

K[χ, y]

[√
2 l χ

3
2 (−lγ + l

√
χ+ 6

√
2χ(y − 1)(3α+ β))− χ

(√
2 l γ −

√
2 l
√
χ+ 18y

+ 6χ(2− 3y)(3α+ β)
)(
l
(√
χ(y2 − 1)− γ y2

)
+ 3

√
2χy(y − 1)2(3α+ β)

)]
, (3.127)

y′ =
3
√
χ(y − 1)

H[χ, y]

[
18
√
2χ

3
2 (3α+ β)2 +

√
2 γ l

2 −
√
2 l

2√
χ+ y

(
− 90

√
2χ

3
2 (3α+ β)2

+
√
2 γ l

2
+ 12 lχ (3α+ β)− l

√
χ
(
6 γ(3α+ β) +

√
2 l
))

− 54
√
2χ

3
2 y3 (3α+ β)2

+ 12 lχ (3α+ β) + 6
√
χy2 (3α+ β)

(
21
√
2χ(3α+ β) + 3 γ l − 4 l

√
χ
) ]

, (3.128)

where χ is used instead of ϕ, as they are related through χ = ϕ′2

2 . This gives a possibility to
transform a second-order differential equation into a first-order one. Functions K and H are
given by

K[χ, y] = 2 l y
[
− 54

√
2

l
χ (y − 1)2 (3α+ β) (χ(3α+ β) + 1)−

√
2 l (γ −√

χ)2

+ 6
(
γχ(5y − 4)(3α+ β)− 4χ

3
2 (y − 1)(3α+ β)− 3 γ y

) ]
, (3.129)

H[χ, y] = −K[χ, y]

2y
. (3.130)

Through these equations, two points are inferred:

■ Independence of λ: λ is the dimensionless vacuum energy density given by Eq. (3.102).
The independence of these equations from λ implies that the system applies, irrespective
of the vacuum energy size.
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■ Dependence on linear combination of ᾱ and β: Through the dynamical system de-
scribed by Eqs (3.107-3.109), the constants ᾱ and β always appear in the linear combination
3ᾱ + β. The ᾱ parameter arises from the revived Horndeski potential and β is related to
the teleparallel extension of the model. This further indicates the additional cases arising
from the introduction of the teleparallel sector allows through the consideration of BDLS
action provided that ᾱ ̸= 0, β ̸= 0 and 3ᾱ+ β ̸= 0.

Fig. 3.2 depicts phase portraits for different values of 3ᾱ + β for y and χ (where dimensionless
quantities are expressed in Eq. (3.106)) given by Eqs (3.127-3.128) by fixing parameters

γ̄ = 1 =⇒ γ ∼ h , and l̄ = 10 =⇒ l ∼ 100h2 . (3.131)

Through these plots, the following points can be concluded:

■ Approach of stability region: The red-dashed line indicates the region of the self-tuning
vacuum. For regions where y = H

h > 0, as the solution approaches the stability region it
results in an on-shell solution. The low-energy de Sitter state is an attractor from above
with a smooth transition, verifying that the well-tempered model studied here is a viable
representation of the dark energy sector. Additionally, there exists an attractor in the
phase region y = H

h ≪ 0 indicating that the well-tempering model does not result in the
self-tuning vacuum as the only cosmological attractor of the system.

■ Critical curve: The blue-solid line represents the critical curve where an undefined χ′

and y′ fields occur due to K = H = 0. This undefined region is not necessarily a physical
divergence, but it may be due to the coordinate choice of the phase space, requiring a
better choice of coordinates.

■ 3ᾱ + β characteristic: The different choices of values for 3ᾱ+β open up a large number
of additional cosmological dynamics. The main distinction is between the cases where
3ᾱ+ β > 0 where the critical curve appears well below the stability line (red-dashed) and
that of 3ᾱ+ β < 0 where the critical curve surrounds the well-tempered vacuum region.

Apart from being successful in obtaining a well-tempered model which exhibits regions of dynam-
ical stability approaching the well-tempered vacuum, the model further stresses the importance
of including the teleparallel sector which BDLS provides as a broader class of possibilities.
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Figure 3.2: Phase portraits of the dynamical system given by Eq. (3.127) and Eq. (3.128) to
depict the behaviour of the vector field (χ, y). The dependency on different values of 3α + β
are considered with fixed parameters γ = 1 and l = 10. The red-dashed line represents the well-
tempered vacuum and the blue-solid curve presents the critical curve occurring when K[χ, y] = 0
given by Eq. (3.129).
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3.3.3 | Matter Dominated Era
The dark energy model introduced in this section requires consistent behaviour to describe a Uni-
verse experiencing a matter-dominated era before entering late-time cosmic acceleration. Since
the well-tempering framework does not screen matter contributions, unlike self-tuning, it offers
an avenue to check matter compatibility. Using the dimensionless versions of the Hubble (3.108),
scalar (3.109) and matter (3.110) equations, their integration provides a solution for a(τ), ϕ(τ)
and Ω(τ), provided that y = a′(τ)

a(τ) . Starting with the matter equation, the solution is easily
calculated to be

Ω(τ) = ω
a(τ)−(1+3ω)

a′(τ)2
, (3.132)

already reducing the number of dependent variables to a and ϕ. Moreover,

Ω ∼ 1 , ω = 1 , a(τ) ∼ a0τ
2
3 (3.133)

are set to represent the matter era, where a0 = a(τ0) at initial time τ0. Similarly, ϕ0 can be
obtained from the Hamiltonian constraints given by Eq. (3.107). Setting the parameters to
ᾱ = −1, β = 1 γ̄ = 1, l̄ = 10 and λ = 1010, and considering different initial values for a0 and
ϕ′0 yields a variety of solutions for the Hubble parameter, scalar field, matter density parameter
and dark energy density parameter. The numerical integration of these functions is illustrated
in Fig. 3.3. It should be noted that the very large value of the vacuum energy dimensionless
parameter λ in comparison to the other parameters is taken into consideration to show that,
even for large vacuum energy density, there is no need for further fine-tuning.

Fig. 3.3a shows that the Hubble function follows an exponential drop towards the well-
tempered vacuum solution established in Eq. (3.122) such that

δy ∼ e−6τ =⇒ ln δy = ln

∣∣∣∣Hh − 1

∣∣∣∣ ∼ −6τ , (3.134)

and the scalar is seen to continually evolve in Fig. 3.3b. The similar behaviour is noted across
different initial conditions, with the case (a0, ϕ

′
0) = (10, 10) evolution being slower. In the case of

(a0, ϕ
′
0) = (1, 1), the Hubble function gives an odd peak close to τ = 1, suggesting that the value

experiences a sudden decrease but immediately restores to its previous behaviour. For these
choices of initial conditions, the difference between the initial and actual time becomes small
enough to result in a spike as the plot reaches τ = 1 in the exponential power of Eq. (3.134).
Next, the density parameters can be split by looking at the coefficients of the Hamiltonian
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Figure 3.3: Numerical integration to obtain solutions for the (a) Hubble equation y(τ) given by
Eq. (3.108), (b) scalar field ϕ(τ) obtained through Eq. (3.109), (c) matter density parameter
solution given by Eq. (3.132), and (d) dark energy density parameter obtain by Eq. (3.139). For
these plots, the constant parameters λ = 1010, ᾱ = −1, β = 1, γ̄ = 1 and l̄ = 10 are set, while
different initial conditions for a0 and ϕ′0 are considered.

constraints (3.107) as follows:

ΩM =
ω

aa′2
, (3.135)

Ω
(ϕ)
H = −

a l
(
3aϕ+ a′

(√
2 γ − ϕ′

))
9a′2

, (3.136)

Ω
(ϕ)
T =

σ
(
−4aa′ + 3a′2 + a2

)
ϕ′ 2

6a′ 2
, (3.137)

ΩΛ =
λa2

a′ 2
, (3.138)
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where ΩM is the matter density parameter, Ω(ϕ)
H is the density parameter for standard Horndeski,

Ω
(ϕ)
T represents the revived Horndeski and teleparallel sector and ΩΛ is the vacuum energy

density parameter. Hence, the dark energy density parameter ΩDE can be expressed as a linear
combination

ΩDE = ΩΛ +Ω
(ϕ)
H +Ω

(ϕ)
T . (3.139)

The plots for ΩM and ΩDE are shown in Fig. 3.3c and Fig. 3.3d, respectively. These two figures
show that there is a smooth transition from one epoch to the next, whereas one of the values
decreases, the other one gains value at the same rate to maintain the total ΩM + ΩDE = 1

throughout the matter-dominated epoch as current time is approached. The cases (a0, ϕ
′
0) =

(0.1, 1) and (a0, ϕ
′
0) = (10, 10), while the summation of both density parameters remains unity,

the dark energy density parameter begins with a negative value at early times implying that the
matter density parameter exceeds the critical value. This issue is not tackled in this work but
it would be of interest to see if such values at early times of the matter-dominated era arise due
to a phase transition from the radiation era.

3.3.4 | Stability through Phase Transitions
The final check is the stability of the model when undergoing a phase transition. The analysis
performed in Refs. [248] for well-tempered Horndeski cosmology has been extended to include
the teleparallel sector. The phase transition is expressed through the effective energy density
and effective pressure as follows:

ρeff = ρΛ +
∆ρΛ
2

arctan

(
t− T
∆T

)
, (3.140)

peff = −ρeff − ρ̇eff

3H
, (3.141)

where T and ∆T are phase transition time scales such that there is a smooth transition of the
vacuum energy density from ρΛ − ∆ρΛ

2 at t ≪ T to ρΛ + ∆ρΛ
2 at t ≫ T . Fig. 3.4 illustrates

Eqs. (3.140-3.141) where τ = ht. The choice of values hT = 2 and h∆T = 0.1 is taken to obtain
a phase transition of an energy scale with an order of magnitude ∆ρΛ

3h2 = 102. The point of phase
transition can be seen to occur at τ = 2, where Fig. 3.4a reaches a maximum and plateaus after
the phase transitions. Fig. 3.4b illustrates the behaviour of negative pressure, where a turning
point occurs at the phase transition, to ensure that the fluid behaves as a vacuum where p

ρ = −1

before and after the transition.
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Figure 3.4: The behaviour of (a) effective energy density ρeff and (b) effective pressure peff for a
system undergoing a phase transition at τ = 2 for a duration of 0.1. The transition if of order
of magnitude ∼ 102 in the self-tuning vacuum energy scale.

The stability of the well-tempered vacuum, as it experiences phase transition, can be deter-
mined by substituting the effective energy density equation (3.140) and the effective pressure
equation (3.141) within the field equations (3.107-3.109). By keeping the constants as those
presented in Fig. 3.4, the Hubble and the scalar field solutions were obtained using numerical
integration, and illustrated in Fig. 3.5. The Hubble function presented in Fig. 3.5a shows a
change in the function upon experiencing a phase transition. The red-long-dashed line reflects
the asymptotic solution δy = δH

h ∼ e−6ht, coinciding with the behaviour experienced before
phase transition and corresponding to the matter sector solution obtained in Eq. (3.134). At
the phase transition point τ = 2, a disturbance occurs in the Hubble behaviour and as the
negative pressure increases, but settles within the same asymptotic solution depicted by the
pink-short-dashed line. Fig. 3.5b shows that the scalar field, despite the system undergoing a
phase transition, exhibits a lack of discontinuity and continues to grow. This is an important
feature when having a well-tempering model as a continually evolving dynamical field is required
to screen the vacuum energy density to evade Weinberg’s no-go theorem [43]. This is in line with
the behaviour obtained in the matter sector shown in Fig. 3.3b.

3.4 | Summary
In summary, this chapter presented the construction of a well-tempering cosmology in BDLS
gravity, with an emphasis on having a model that includes the teleparallel extension which sets
apart BDLS from Horndeski gravity and additionally revived Horndeski potentials which had
been previously discarded. It should be noted that, albeit the case explored in Sec. 3.3 does not
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Figure 3.5: (a) The logarithmic Hubble function during phase transition, where the red-long-
dashed line correlates to the solution δH/h ∝ e−6ht before a disturbance, and the pink-short-
dashed line illustrates the same solution after the disturbance. (b) The logarithmic behaviour of
the scalar field during phase transition.

explore the full possibilities of the gravitational model, it does convey an array of examples of
the interest by considering the potentials that BDLS has to offer.

Well-tempering [44, 248] has been implemented in place of the self-tuning mechanism typically
applied in classical physics to tackle the CC problem. As BDLS contains the scalar field ϕ, either
stemming from the Horndeski Lagrangian or the teleparallel section of the theory, it provides
an avenue to break Weinberg’s no-go theorem. A dynamical scalar field which evolves through
the entire evolution of the Universe can be used to screen the vacuum energy arising from
interactions between particles at different epochs. Hence, the discrepancy in the vacuum energy
density between the theoretical prediction from the standard model of particle physics and that
from observations can be minimised to result in a net cosmological constant which is attributed
to the accelerated expansion of the Universe, making well-tempering a dark energy model.

The first step presented in Sec. 3.2 was to construct the viable well-tempering model. The no-
tempering model presented in Sec. 3.2.6 further exemplifies the importance of having a scalar field
in the Lagrangian, even if other teleparallel contributions are present. This is because the on-shell
Hamiltonian constraint results in a case where no dynamical screening is possible. While certain
models can be classified as well-tempered models, i.e. satisfy the degeneracy equations (3.38)
and the consistency conditions (3.39), this does not necessarily make them viable cosmological
models. Dynamical stabilities are a crucial check to ensure models can mimic the behaviour of
our Universe. Phase portraits in Fig. 3.2 show that a large portion of the solutions approach the
vacuum stability portion of the theory. Additionally, critical curves are also included to show
the regions where the solutions are undefined due to zero value in the denominator in the vector
field equations (3.127-3.128) representing the two-dimensional dynamical system. In the case
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where K given by Eq. (3.129) vanishes, the evaluation would need to be done separately.
The large-scale structure of the Universe points to the importance of having dynamical sta-

bility in the matter-dominated era. For a range of initial values for the scale factor a0 and the
scalar field derivative ϕ′0 the Hubble function in Fig. 3.3a illustrates the δy ∼ e−6τ behaviour,
similar to the expected late time behaviour for the model as given by Eq. (3.122). Moreover,
the scalar field numerical solution, depicted in Fig. 3.3b shows that the scalar field continues to
evolve at an increasing rate. It was of interest to consider the behaviour of the matter density
parameter to ensure that as time passes the value depletes while the dark energy density param-
eter takes over. Figs (3.3c-3.3d) precisely illustrate the balance between the two quantities while
preserving the total unity as one smoothly transitions to the other. The exception of two cases
where the critical value of the ΩM is exceeded at the beginning of the matter-dominated epoch,
albeit counterbalanced by a negative ΩDE, points to a numerical issue caused, most likely, when
the epoch experiences a phase transition from the radiation dominated era.

While the radiation epoch is not taken into account, studies of the phase transition are
considered. Fig. 3.4 shows how the effective energy density and pressure behave before, during
and after a phase transition. Evaluating the behaviour of the Hubble parameter in Fig. 3.5a shows
that although a jump in value is experienced during the phase transition, numerical solution
settles at the asymptotic result of δy ∼ e−6τ . On the other hand, the scalar field solution shown
in Fig. 3.5b drives home the fact that it continually evolves, without discontinuities, as required
to perform vacuum screening at different epochs and phase transitions.

Note that during the matter epoch, and phase transition, would not be obtained if the
self-tuning mechanism was implemented. This is because self-tuning, apart from not taking into
consideration quantum radiative fluctuations, screens all energy densities and not just the vacuum
energy density. The stability conditions are also met by standard Horndeski employing the well-
tempering mechanism [248], but BDLS offers a broader framework with larger possibilities of
well-tempering models. While the analysis with a cosmological background is presented in this
chapter, the analysis was also carried out for a Minkowski spacetime where the vacuum is of
Minkowski type. To avoid unnecessary repetition, the analysis has been omitted here but further
details can be found in Ref. [254]. It was shown that the simplification of adopting a Minkowski
background allows for the consideration of more complicated models. While it is known that the
Universe experiences an accelerated expansion, looking at Minkowski solutions is still crucial to
determining the behaviour where flat spacetime is considered an adequate limit. Additionally,
the standard Horndeski limit of these solutions has been seen to corroborate with the results
obtained in Ref. [249].

62



4

Cosmological Perturbations

The Cosmological principle, derived from the Copernican principle, has been adopted to describe
the Universe [85, 264]. On a large scale, the small variations occurring at local points in the
Universe can be averaged out such that the Universe can be interpreted as a single manifold,
where there is no privileged position or direction within the Universe. More precisely, this
manifold is described as both homogeneous and isotropic [3, 120, 9].

Homogeneity describes a Universe that is the same in all locations. Therefore, for any two
points upon a manifold M, there exists an isometry that maps one point onto the other. In terms
of the cosmological notation presented in Chap. 2, the metric remains unchanged at different
points on the manifold. Isotropy, assuming an observer is placed at a point in the Universe, will
view the Universe to be the same irrespective of which direction they look at. Mathematically,
consider a particular point p ∈ M. Let vectors V and W be in the tangent space corresponding
to a point p, denoted as TpM, such that the pushforward of W under isometry acts parallel with
V [9]. It should be noted that both homogeneity and isotropy hold within the spatial portion of
the manifold. Comparing the Universe at different time slices will show that the Universe has
undergone an evolution as it experiences expansion. The FLRW metric presented in Eq. (3.4)
is used to describe the standard model of hot big bang cosmology, where the Universe was
initially hot, dense, and dominated by relativistic constituents, experienced cooling as it became
dominated by non-relativistic matter and later started to experience dark energy domination.

While the Cosmological Principle suffices at the large scale of the Universe, the disruptions
in spacetime caused by GWs and the formation of structures result in deviations from the
assumption of spatial homogeneity and isotropy. Cosmological perturbations, representing small
changes in the background, are an important mathematical tool as they realise insight into
key physical phenomena. Cosmological perturbations at early times are the seeds that lead
to the current large-scale structures and provide information about the nature of dark matter
and dark energy. The temperature fluctuations observed in the CMB give insight into the
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behaviour of the early Universe and constrain initial conditions through statistical properties
and cosmological parameters by studying their evolution over time and understanding GWs.
These small perturbations can affect the evolution of the underlying cosmology, and dictate the
physical stability of the system. In this work, cosmological perturbations will be applied to
investigate propagating degrees of freedom, polarisation of GWs, cosmic growth of CDM, ghost,
and Laplacian instabilities presented in the later chapters.

4.1 | Introduction to Perturbations
Foreshadowing the following chapters, here the perturbations up to the second order are pre-
sented. Perturbations are taken about the cosmological background of FLRW given by Eq. (3.4).
In GR, the metric is the fundamental dynamical object and is perturbed up to the first order to
initialise a small perturbation such that

gµν = ḡµν + ϵ δgµν , and |δgµν | ≪ 1 , (4.1)

where ḡµν is the background metric and the order of ϵ indicates the order of perturbation. In
the case of BDLS theory within the Weitzenböck gauge, the fundamental dynamical objects are
the tetrad eAµ and the scalar field ϕ. Perturbing both these quantities up to the first order

ēAµ = eAµ + ϵ δeAµ , (4.2)

ϕ̄ = ϕ(t) + ϵδϕ , (4.3)

where an overhead bar (¯) represents a quantity with background and perturbations, and ϕ(t) is
the background scalar field that is taken to be solely a function of time. A spatial dependency in
the background fields would violate the Cosmological Principle because background encompasses
the large-scale behaviour of the Universe which is assumed to be homogeneous and isotropic.

In the background equations, the Weitzenböck gauge was applied to obtain a vanishing spin
connection. The gauge can be extended to the first order, resulting in no additional contributions
at the perturbative level as well [265, 266]. Consider an arbitrary function G(α, β) where α and
β are perturbed constants such that

ᾱ = α+ ϵ δα+ ϵ2δ2α+ . . . , (4.4)

β̄ = β + ϵ δβ + ϵ2δ2β + . . . , (4.5)

where δ and δ2 represent first and second-order perturbations, respectively. Performing a Taylor
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expansion on the function about the background quantities, yields

Ḡ(ᾱ, β̄) = G+G,α (ᾱ− α) +G,β

(
β̄ − β

)
+G,αβ (ᾱ− α)

(
β̄ − β

)
+

1

2

[
G,αα (ᾱ− α)2 +G,ββ

(
β̄ − β

)2]
+ ... , (4.6)

= G+ ϵ (G,α δα+G,βδβ) + ϵ2
[
G,αδ

2α+G,β δ
2β +G,αβ δαδβ

+
1

2

(
G,αα (δα)

2 +G,ββ (δβ)
2
)]

+O(ϵ3) , (4.7)

where G = G(α, β) is the background function. Applying this procedure to the functions in the
BDLS action results in the following second-order perturbations:

Gi(Y + ϵδY + ϵ2δ2Y )

= Gi(0) + ϵ
∑
Y

δY Gi,Y (0)

+ ϵ2

∑
Y

(
δ2Y Gi,Y (0) +

1

2
(δY )2Gi,Y Y (0)

)
+
∑
Y

∑
Z,Z ̸=Y

δY δZGi,Y Z(0)

 , (4.8)

where i ∈ {2, 3, 4, 5,Tele}, Y are the dependencies of the function, and the functions Gi(0)

following perturbations are expressed in terms of the background quantities of the dependent
variables. Applying all the perturbations listed in this section yields a second order perturbation
BDLS action given in Eq. (2.98) using the perturbative quantities of the fundamental objects in
Eqs (4.2-4.3), as summarised in Tables 4.1, 4.2, and 4.3.

Table 4.2 lists the perturbations of the quantities making up the standard Horndeski portion
of the action. Apart from the kinetic term X which is expressed in terms of scalar and tetrad
perturbations, the remaining terms only rely on the metric perturbations, which in turn can
be expressed through tetrad perturbations. It should be noted that within standard Horndeski
the metric is perturbed up to first order only since it is the fundamental dynamical object of
the formalism. Here, the metric is extended up to the second order to account for δeAµδe

B
ν

combinations stemming from the linear order of the tetrad. Additionally, the perturbation of the
inverse tetrad E µ

A can be extracted in terms of the tetrad eAµ. Starting from the orthogonality
condition of the tetrad given by Eq. (2.43) and extending to perturbative levels yields

ēAµĒ
ν

A = δνµ =⇒
(
eAµ + ϵδeAµ

) (
E ν

A + ϵδE ν
A + . . .

)
= δνµ

=⇒ eAµE
ν

A + ϵ
(
δeAµE

ν
A + eAµδE

ν
A

)
+ ϵ2

(
δeAµδE

ν
A + . . .

)
= δνµ . (4.9)

Comparing the left and right-hand side of the equation for the linear order, corresponding to
coefficients of ϵ, results in

δeAµE
ν

A + eAµδE
ν

A = 0 =⇒ δE ν
B = −δeAµE

ν
A E µ

B . (4.10)
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Table 4.2 lists the perturbations of purely teleparallel contributions, such that all quantities can
be expressed in terms of δeAµ. Moreover, the scalar quantities of {Tax, Tvec, Tten, T} specifically
rely on δeAµ and torsion tensor T λ

µν , which in turn depend on eAµ. Table 4.3 summarises the
perturbations of quantities constructed through the mixing of tetrad and scalar fields. In the
final column of the table, corresponding to the second-order perturbations of these quantities,
there are no contributions stemming from purely scalar-dependent second-order perturbations
or any quantities that are made up of only the scalar field. This is because the scalar field is
the only quantity that is not mixed with the tetrad. Having said that, ϕ and δϕ do appear in
conjunctions with other perturbations.

4.2 | Equations of Motion in the Weitzenböck Gauge
In Sec. 3.1, the background equations of BDLS action, given by Eqs.(3.19-3.23), were found
through the variation with respect to N , a and ϕ. Albeit being a viable approach when dealing
with background equations only, it becomes difficult to perform perturbations on the equations
of motion. While in Chapter 3, perturbations of the scalar field and Hubble parameter are taken,
the behaviour of the gravitational perturbations modes within the fundamental dynamical object
of the tetrad cannot be extracted. For this reason, a more generalised approach to obtaining
the equations of motion is required. One approach is to perturb the action up to second order
in terms of the scalar and tetrad field, then taking variation with respect to the first order
perturbations of the dynamical fields, i.e. δeAµ and δϕ. Another approach, which will be fleshed
out in this section, is to obtain the equations of motion in terms of tetrad and scalar field without
performing perturbations, and then perturbing the equations of motion themselves.

For simplification, the notation for variations with respect to the tetrad and with respect to
the scalar field are given by, respectively,

δe :=
δ

δeCγ

, δϕ :=
δ

δϕ
, (4.11)

and

δ̄ :=
∂

∂Φ
, δ̃ := ∂ρ

∂

∂(∂ρΦ)
δ̂ :=

∂

∂(∂ω∂ρΦ)
(4.12)

such that

δΦY = δ̄Y − ∂ρδ̃Y + ∂ω∂ρδ̂Y , (4.13)

where Φ = {eCγ , ϕ} and Y is an object being varied.
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Chapter 4. Cosmological Perturbations

Hence, an arbitrary function G is varied by the following identity:

δΦG(Y, . . .)

=

(
∂G

∂Y

∂Y

∂Φ
+ . . .

)
− ∂ρ

(
∂G

∂Y

∂Y

∂(∂ρΦ)
+ . . .

)
+ ∂ω∂ρ

(
∂G

∂Y

∂Y

∂(∂ω∂ρΦ)
+ . . .

)
. (4.14)

The rest of the components of the BDLS action are varied individually to obtain the equations
of motion. The following subsections explore the variations with respect to the tetrad and scalar
fields in more detail.

4.2.1 | Variation with respect to Tetrad
The first part is the variation with respect to the tetrad. It should be noted that throughout
this section, C, γ, and ρ are reserved for the variation term. Taking the variation of the tetrad
itself yields the relationship

δee
A
µ = δACδ

γ
µ . (4.15)

Through the identity relation given by Eq. (2.43) obtained as a result of the orthogonality
condition between the tetrad and inverse tetrad, the variation of the inverse tetrad can be
obtained as follows:

eAµE
ν

A = δνµ =⇒ δe(e
A
µE

ν
A ) = 0 . (4.16)

As shown in Table 4.4, the Euler-Lagrangian of the tetrad and inverse tetrad is equivalent to the
first term only, such that

δee
A
µ = δ̄ee

A
µ , δeE

µ
A = δ̄eE

µ
A . (4.17)

By the Leibniz product rule, the above equation can be expressed as

δee
A
µE

ν
A + eAµδeE

ν
A = 0 =⇒ eAµδeE

ν
A = −δeeAµE

ν
A

=⇒ δeE
ν

B = −E ν
A E µ

B δee
A
µ . (4.18)

The determinant can be expressed in terms of the tetrad by

e = exp
(
tr(ln eAµ)

)
, (4.19)

such that its variation with respect to the tetrad yields

δee = e δe
(
tr(ln eAµ)

)
= eE µ

A δee
A
µ . (4.20)
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Chapter 4. Cosmological Perturbations

Thus, the rest of the quantities can be built through Eq. (4.16), (4.18) and (4.20). In the case
where ingredients/functions are present in the standard Horndeski action, their variation has
been calculated with respect to the metric in Ref. [267] such that it can be expressed in terms
of the tetrad variation by replacing the variation of the metric as follows [268]:

δegµν = ηAC(δ
γ
µe

A
ν + δγν e

A
µ) , and δeg

µν = −(E µ
C gγν + E ν

C gµγ) . (4.21)

The variations of the basic quantities used throughout these derivations are summarised in
Table 4.4. In hindsight, the variation of derivatives of the tetrad is included as these would be
required to calculate the Horndeski quantities of R̊ and G̊µν . It should be noted that quantities
{eAµ, ∂νe

A
µ, ∂λ∂νe

A
µ} only give rise to a single term from the Euler-Langrangian relationship

given by Eq. (4.13). This is not the case with the derivatives of the inverse tetrad due to the
relationship given by Eq. (4.18). The results for quantities that appear in the standard Horndeski
action are listed in Table 4.5. Covariant derivatives of the scalar field do not result in the last
term of the Euler-Lagrangian expression given by Eq. (4.13), because the only second order
derivative term is given by ∂µ∂νϕ, which independent of the tetrad. This would not be the case
if a scalar variation is considered. Table 4.6 gives the evaluation of the quantities associated with
purely teleparallel terms, while variations of scalar-tetrad quantities are listed in Table 4.7. All
of these quantities can be expressed in terms of the tetrad and scalar field up to the first-order
derivative. Therefore, the column associated with δ̂e is eliminated as they do not contribute to
the variation.

Therefore, variation with respect to the tetrad of the Lagrangian densities in Eq. (2.98) yields

W
γ (2)

C = e
(
G2E

γ
C +G2,X δ̄X

)
, (4.22a)

W
γ (3)

C = −e
(
E γ

C G3 □̊ϕ+G3,X δ̄X □̊ϕ+G3 δ̄(□̊ϕ)
)
+ ∂ρ

(
eG3 δ̃(□̊ϕ)

)
, (4.22b)

W
γ (4)

C = e
(
E γ

C G4R̊+G4 δ̄R̊+
(
E γ

C G4,X +G4,XX δ̄X
)(

(□̊ϕ)2 −W1

))
+G4,X δ̄X R̊+G4,X

(
2 □̊ϕ δ̄(□̊ϕ)− δ̄W1

))
− ∂ρ

(
eG4 δ̃R̊

+eG4,X

(
2 □̊ϕ δ̃(□̊ϕ)− δ̃W1

))
+ ∂ω∂ρ

(
eG4 δ̂R̊

)
, (4.22c)

W
γ (5)

C = e
((
E γ

C G5 +G5,X δ̄X
)
G̊µν ∇̊µ∇̊νϕ+G5

(
δ̄G̊µν ∇̊µ∇̊νϕ+ G̊µν δ̄(∇̊µ∇̊νϕ)

)
−1

6

(
G5,XE

γ
C +G5,XX δ̄X

)(
(□̊ϕ)3 + 2W2 − 3□̊ϕW1

))
1

6
G5,X

(
3(□̊ϕ)2 δ̄(□̊ϕ) + 2δ̄W2 − 3

(
δ̄(□̊ϕ)W1 + □̊ϕ δ̄W1

))
− ∂ρ

(
eG5

(
δ̃G̊µν ∇̊µ∇̊νϕ+ G̊µν δ̃(∇̊µ∇̊νϕ)

)
− 1

6
eG5,X

(
3(□̊ϕ)2 δ̃(□̊ϕ)
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+2δ̃W2 − 3
(
δ̃(□̊ϕ)W1 + □̊ϕ δ̃W1

)))
+ ∂ω∂ρ

(
eG5 ∇̊µ∇̊νϕ δ̂G̊µν

)
, (4.22d)

W
γ (Tele)

C = e

(
E γ

C GTele +
∑
Y

GTele,Y δ̄Y

)
− ∂ρ

(∑
Y

GTele,Y δ̃Y

)
for Y ∈ {ϕ,X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10} , (4.22e)

where W1 = ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ and W2 = ∇̊µ∇̊νϕ ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ. By contracting the equations of
motion W γ (i)

C with the tetrad and metric, the expression Wµν = gγνe
C
µW

γ
C is obtained [268].

The above results are not fully worked out due to the complexity of the system. This form of
the results is easier to implement within Mathematica, as later components of the field equations
will be calculated.

4.2.2 | Variation with respect to Scalar Field
Analogous to tetrad variations, the following portion contains variations with respect to the
scalar field. While the objects that are purely teleparallel have a trivial variation result, all other
terms are built on

δϕϕ = 1 , δϕ(∂µϕ) = −∂ρ(δρµ) = 0 , and δϕ(∂ν∂µϕ) = ∂ν∂µ(δ
ρ
µδ

ω
ν ) = 0 , (4.23)

as summarised in Table 4.8. The list is simpler than the ones with variations with respect to
the tetrad. Only terms which have ∂µ∂νϕ contributions result in the last term of Eq. (4.13).
All terms, except for ϕ, have a scalar dependency stemming solely from derivatives of it. Thus,
the second column of Table 4.8 is trivial for the most part. Additionally, {T, Tax, Tvec} are not
included as these are pure tetrad-based quantities and their variation with respect to the scalar
field yields trivial results.

Taking the Lagrangian densities presented in Eq. (2.98) and applying the results in Table. 4.8,
results in the scalar field equation:

W
(2)
ϕ = eG2,ϕ + ∂ρ

{
e ∂ρϕG2,X

}
, (4.24a)

W
(3)
ϕ = eG3,ϕ □̊ϕ− ∂ρ

{
e
(
gµν Γ̊ρ

µν G3 + ∂ρϕG3,X □̊ϕ
)}

− ∂ω∂ρ
{
e gρω G3

}
, (4.24b)

W
(4)
ϕ = e

[
R̊G4,ϕ +

(
□̊ϕ2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ

)
G4,ϕX

]
− ∂ρ

{
e
[
2 Γ̊ρ

µν G4,X (∇̊µ∇̊νϕ

− □̊ϕ gµν)− ∂ρϕ
(
R̊G4,X + (□̊ϕ2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ)G4,XX

)]}
− 2 ∂ω∂ρ

{
G4,X

(
∇̊ρ∇̊ωϕ− □̊ϕ gρω

)}
, (4.24c)

W
(5)
ϕ = e

[
∇̊µ∇̊νϕ G̊µν G5,ϕ − 1

6
G5,ϕX

(
□̊ϕ3 + 2 ∇̊ν∇̊µϕ ∇̊λ∇̊µϕ ∇̊ν∇̊λϕ

− 3 □̊ϕ ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ
)]

− ∂ρ
{
e
[
− G̊µν Γ̊ρ

µν G5 +
1

6
G5,X

(
− 6 ∇̊µ∇̊νϕ∂ρϕ G̊µν

+
[
2 ∇̊ν∇̊λϕ ∇̊ν∇̊σϕ+ 2∇̊µ∇̊λϕ ∇̊σ∇̊µϕ+ 3

(
□̊ϕ2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ

)
gσλ
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− 6 □̊ϕ ∇̊σ∇̊λϕ+ 2 ∇̊ν∇̊µϕ ∇̊λ∇̊µϕ gσν
]
Γ̊ρ
σλ

)
+

1

6
∂ρϕG5,XX

(
□̊ϕ3

− 3□̊ϕ ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ+ 2∇̊ν∇̊µϕ ∇̊λ∇̊µϕ ∇̊ν∇̊λϕ
)]}

+ ∂ω∂ρ
{
e
[
G̊ρω G5

− 1

6
G5,X

(
2 ∇̊ν∇̊ωϕ ∇̊ν∇̊ρϕ+ 4 ∇̊(λ∇̊ω)ϕ ∇̊ρ∇̊λϕ− 6 □̊ϕ ∇̊ρ∇̊ωϕ+ 3 (□̊ϕ2

− ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ) gρω
)]}

, (4.24d)

W
(Tele)
ϕ = eGTele,ϕ − ∂ρ

{
e
[
− ∂ρϕGTele,X + vρGTele,I2 + 2 aρaµ ∂µϕGTele,J1

+ 2∂µvν GTele,J3 t
ν(µρ) + 2 ∂µϕ tλµν t

λρν GTele,J5 + 2 ∂σϕ tλµσ t
λµρGTele,J8

+ 4 ∂σϕ∂
µϕ∂νϕ tλµν t

λ(σρ)GTele,J6 − 2 aν ∂µϕ ϵ
(µ

ωνλ tρ)ωλGTele,J10
]}
, (4.24e)

where W (i) for i ∈ {2, 3, 4, 5,Tele} corresponds to terms which contain the function Gi. The
background equations obtained from Eqs (4.24) correspond to those in Eq. (3.23) when cast in
the form of the Klein-Gordon equation. Eqs (4.24a-4.24d) are identical to those obtained in
standard Horndeski, while Eq. (4.24e) gives new contributions from the teleparallel sector. It
should be noted that the derivatives ∂ρ and ∂ω∂ρ are not explicitly performed and presented here
due to the complexity of the equations while also being easier to perform perturbations in this
form.

4.3 | Linearised Field Equations
Eqs (4.22a-4.22e) and Eqs (4.24a-4.24e), along with the knowledge of the perturbations of quan-
tities which are presented in Tables 4.1, 4.2, and 4.3, provide the tools to obtain the linearised
field equations. Since the general form of these perturbations is cumbersome, here is presented
the first-order perturbation of each sector when considering a SVT irreducible decomposition of
the tetrad.

4.3.1 | Scalar-Vector-Tensor Decomposition
The scalar, vector, and tensor modes have different spins as a result of their transformation
properties undergoing spatial rotations: scalar have spin-0, vectors have spin-1 and tensors have
spin-2. In general, a metric within the four-dimensional spacetime considered thus far would have
16 DoFs. Only upon consideration of symmetric properties do these number of DoFs reduce to
10. Here, the fundamental dynamical object is no longer the metric, but the same decomposition
is expected through the construction of a tetrad with 16 DoFs, containing both symmetric and
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antisymmetric parts:

eAµ =

 1 + φ a (∂iβ + βi)

δAi
(
∂ib+ bi

)
aδAj

(
δij(1 + ψ) + ∂i∂jh+ 2∂(ihj) +

1
2hij + ϵijk(∂

kσ + σk)
)
 , (4.25)

where the tetrad perturbation has been split in scalars {φ, β, b, ψ, h}, pseudoscalar {σ}, vectors
{βi, bi, hi}, pseudovector {σi} and tensor {hij}. The scalars and pseudoscalar have 1 DoF each,
the vectors and pseudovector have 2 DoFs and are divergenceless such that ∂iβi = ∂ibi = ∂ihi =

∂iσi = 0, and the tensor has 2 DoFs which are symmetric hij = hji, traceless δijhij = 0

and divergenceless ∂ihij = 0. The divergenceless property of vector modes arises as these modes
correspond to shear-like deformations of spacetime and as a pure rotational mode does not result
in compressions and expansions, while the tensor modes are to ensure that shear deformations
are realised to account for transverse distortions. Additionally, the traceless condition eliminates
scalar behaviour to focus on shape distortion.

Constructing the metric through Eq. (2.44) up to first order results in

gµν →

 1 + 2φ a (∂iB +Bi)

a (∂iB +Bi) −a2
(
(1 + 2ψ)δij + 2∂i∂jh+ 4∂(ihj) + hij

)
 , (4.26)

where B = −b + β and Bi = −bi + βi, for a total of 10 DoFs. Moreover, the pseudoscalar and
pseudovector are seen to vanish in the metric perturbation up to first order, because they are
associated with the antisymmetric part of the tetrad while the metric is completely symmetric.
As shown in Table 4.1, the metric contains second-order perturbations when constructed through
the tetrad. For this reason, only the fundamental dynamical objects are taken to have a small
perturbation up to the first order, and in general, all other quantities are extended to the second
order. In addition to the tetrad, the scalar field is also a fundamental quantity, to which the
perturbation, classified under the scalar modes, is given by Eq. (3.120). Therefore, the linearised
field equations for each sector mode can be obtained individually. The results for each mode are
listed as functions of perturbation modes, with detailed equations included in Appendix A.

4.3.1.1 | Scalar Modes

Scalar perturbations are primarily linked to density fluctuations in matter and energy. They de-
scribe an important sector when dealing with structure formation. In the matter and radiation
epochs of the Universe, scalar perturbations are associated with the fluctuations in matter and
energy. During the matter-dominated era, scalar perturbations form gravitational wells where
matter accumulates to eventually form clusters. In the early Universe, where radiation domi-
nates, interactions between photons and baryons give rise to acoustic oscillations, which can be
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observed in the CMB. Scalar perturbations leave an imprint on CMB observations, manifesting
as temperature anisotropies due to their influence on gravitational potentials [269]. The scalar
sector contains the modes {φ, β, b, h, σ} in the tetrad

eA S
µ =

 1 + φ a∂iβ

δAi ∂
ib aδAj

(
δij(1 + ψ) + ∂i∂jh+ ϵijk ∂

kσ
)
 , (4.27)

and

ϕS = ϕ(t) + δϕ . (4.28)

The mode σ is technically a pseudoscalar, as it changes sign under parity transformation, allowing
the potential parity-violating interaction such as axions which have been used to model dark
matter. The field equations become

δW 0 S
0 = AS

(
δϕ, δϕ̇, ∂2δϕ, φ, ∂2φ, ∂2β, ∂2β̇, ∂2b, ψ̇, ∂2ψ, ∂2ḣ

)
, (4.29a)

δW i S
0 = BS

(
∂iδϕ, ∂iδϕ̇∂iφ, ∂iφ̇, ∂iβ̇, ∂iβ̈, ∂iψ, ∂iψ̇

)
, (4.29b)

δW 0 S
i = CS

(
∂iδϕ, ∂iδϕ̇, ∂iφ, ∂i∂

2b, ∂iψ̇, ∂i∂
2ḣ
)
, (4.29c)

δW j S
i = DS

(
∂i∂

jδϕ, ∂i∂
jφ, ∂i∂

jβ, ∂i∂
j β̇, ∂i∂

jb, ∂i∂
j ḃ, ∂i∂

jψ, ∂i∂
j ḣ, ∂i∂

j ḧ,

ϵ jk
i ∂kσ, ϵ

jk
i ∂kσ̇, ϵ

jk
i ∂kσ̈, ϵ

jk
i ∂k∂

2σ
)
, (4.29d)

δW i S
i = ES

(
δϕ, δϕ̇, δϕ̈, ∂2δϕ, φ, φ̇, ∂2φ, ∂2β, ∂2β̇, ∂2b, ∂2ḃ, ψ̇, ψ̈, ∂2ψ, ∂2ḣ, ∂2ḧ

)
, (4.29e)

δW S
ϕ = FS(δϕ, δϕ̇, δϕ̈, ∂2δϕ, φ, φ̇, ∂2φ, ∂2β, ∂2β̇, ∂2b, ∂2ḃ, ∂2ψ, ψ̇, ψ̈, ∂2ḣ, ∂2ḧ) , (4.29f)

where YS for Y ∈ {A,B, C,D, E ,F} are functions (see Appendix A for further details). The
symmetric and antisymmetric portions of the field equations for the scalar fields are

W(0i) = GS
(
∂iδϕ, ∂iδϕ̇, ∂iφ, ∂iφ̇, ∂iβ̇, ∂iβ̈, ∂i∂

2b, ∂iψ, ∂iψ̇, ∂i∂
2ḣ
)
, (4.30)

W(ij) = HS
(
∂i∂jδϕ, ∂i∂jφ, ∂i∂jβ, ∂i∂jb, ∂i∂j ḃ, ∂i∂jψ, ∂i∂j ḣ, ∂i∂j ḧ

)
, (4.31)

W[0i] = IS
(
∂iδϕ, ∂iδϕ̇, ∂iφ, ∂iφ̇, ∂iβ̇, ∂iβ̈, ∂i∂

2b, ∂iψ, ∂iψ̇, ∂i∂
2ḣ
)
, (4.32)

W[ij] = J S(ϵijk∂
kσ, ϵijk∂

kσ̇, ϵijk∂
kσ̈, ϵijk∂

k∂2σ) , (4.33)

4.3.1.2 | Vector Modes

The physical characteristics of vector perturbations arise from their depiction of how different
regions of the Universe move tangentially relative to one another. As the Universe expands, the
shear modes are diluted resulting in a quick decay of the vector modes [269]. Regardless, their
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remnants from the early Universe leave a mark on the polarisation of CMB, associated with
B-mode polarisation. The vector sector contains the perturbation modes {βi, bi, hi}, and σi in
the tetrad

eA V
µ =

 1 a βi

δAi b
i aδAj

(
δij + 2∂(ihj) + ϵijk σ

k
)
 , (4.34)

which results in the following field equations:

δW i V
0 = BV

(
β̇i, β̈i, ∂2βi, ∂2hi, ∂2ḣi, ϵijk∂jσk, ϵ

ijk∂j σ̇k

)
, (4.35a)

δW 0 V
i = CV

(
∂2βi, ∂

2bi, ∂
2ḣi, ϵijk∂

j σ̇k
)
, (4.35b)

δW j V
i = DV

(
∂jβi, ∂

j β̇i, ∂
jbi, ∂

j ḃi, ∂
j ḣi, ∂

j ḧi, ∂
j∂2hi, ϵ

jk
i σ̇k, ϵ

jk
i σ̈k, ϵ

jk
i ∂2σk

)
, (4.35c)

δWV
(0i) = GV

(
β̇i, β̈i, ∂

2βi, ∂
2bi, ∂

2hi, ∂
2ḣi, ϵijk∂

jσk, ϵijk∂
j σ̇k
)
, (4.35d)

δWV
[0i] = HV

(
β̇i, β̈i, ∂

2βi, ∂
2bi, ∂

2hi, ∂
2ḣi, ϵijk∂

jσk, ϵijk∂
j σ̇k
)
, (4.35e)

δWV
(ij) = IV

(
∂(iβj), ∂(iβ̇j), ∂(ibj), ∂(iḃj), ∂(iḣj), ∂(iḧj), ∂(i∂

2hj), ∂(i∂
2σj)

)
, (4.35f)

δWV
[ij] = J V

(
∂[iβj], ∂[iβ̇j], ∂[ibj], ∂[iḃj], ∂[i∂

2hj], ϵijkσ̇
k, ϵijkσ̈

k, ϵijk∂
2σk
)
, (4.35g)

while the remaining components and the scalar field equations are trivially zero (see Appendix A
for further details). The mode σi is a pseudovector that does not change direction under parity
transformation, unlike vector modes.

4.3.1.3 | Tensor Modes

Tensor perturbations are related to the geometrical effect stemming from GWs [270]. Their
contribution to the CMB anisotropies is overshadowed by those of scalar perturbations [269].
Primordial GWs produced during the inflationary period give rise to B-mode polarisation in
CMB. Hence, a spike in the BB power spectrum at large angular scales would indicate a key
prediction of inflation [269]. Such direct evidence has not been observed, yet. The tensor sector
contains solely the hij mode such that

eA T
µ =

 1 0

0 aδAj
(
δij +

1
2hij

)
 , (4.36)

resulting in the following field equations:

δW J T
i = δJjDT

(
hij , ḣij , ḧij , ∂

2hij ,
)
, (4.37)

which is symmetric by nature of the tensor mode hij and the rest of the components vanish and
once again the scalar field equation is trivial for the tensorial sector (see Appendix A).
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4.3.2 | Gauge Invariance
The gauge transformation of the perturbed tetrad and scalar field under the linear coordinate
transformation x̃µ → xµ+ξµ [271, 272, 273] is described as the difference between two manifolds
such that

δ̃Φ → δΦ+ LξΦ , (4.38)

where Φ = {ϕ, eAµ}, δΦ = {δϕ, δeAµ}, L is the Lie derivative along the vector change ξµ [9],
which is further split into

ξµ =

[
ξ0,

1

a

(
ξi + δij∂jξ

)]
(4.39)

where ξ0 is the temporal component, ξ is the scalar spatial component, and ξi is the vectorial
spatial component with the divergenceless condition ∂iξi = 0 [173]. The following identities are
applied to transform the tetrad and the scalar field:

δ̃e
A
µ = δeAµ + ξν ∂νe

A
µ + ∂µξ

ν eAν , (4.40)

δ̃ϕ = δϕ+ ξν∂νϕ . (4.41)

Evaluating all temporal, spatial, and temporal-spatial components, the transformation of each
perturbation mode can be obtained:

σ̃ = σ , ϵijkσ̃
k = ϵijkσ

k +
1

2a
∂iξj , (4.42a)

δ̃ϕ = δϕ+ ϕ̇ξ0 , (4.42b)

φ̃ = φ+ ξ̇0 , (4.42c)

ψ̃ = ψ +Hξ0 , (4.42d)

β̃ = β +
1

a
ξ0 , β̃i = βi , (4.42e)

b̃ = b−Hξ + ξ̇ , b̃i = bi −Hξi + ξ̇i , (4.42f)

h̃ = h+
1

a
ξ , h̃i = hi +

1

2a
ξi , h̃ij = hij , (4.42g)

where σ, βi and hij are gauge-invariant. The rest of the perturbations can be combined into the
following groups:

{δϕ, φ, ψ, β} , {b, h} , {σi, bi, hi} . (4.43)

It should be noted, that while the pseudoscalar can be treated as a separate mode from the scalar
modes, calculations dealing with the vector fields always need to include the pseudovector as it
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has a relationship with other vector modes unless the mode is ruled out through gauge fixing.
The gauge fixing would require one from each group to be set to vanish. Moreover, the common
gauges chosen for metric-based theories can be also replicated with the following restrictions in
tetrad-based theories for the scalar sector:

Flat Gauge : ψ = 0 , h = 0 , (4.44a)

Unitary Gauge : δϕ = 0 , h = 0 , (4.44b)

Newtonian/Longitudinal Gauge : b = β , h = 0 , (4.44c)

Synchronous Gauge : φ = 0 , b = β . (4.44d)

In Ref. [274], the longitudinal gauge is implemented by adding the condition β = 0 to mimic
an Arnowitt-Deser-Misner (ADM) decomposition with a gauge fix. In the context of SVT de-
composition, such a condition could lead to an over-fixing of the gauge. As shown in Ref. [275],
it is important not to eliminate the off-diagonals of the tetrad since technically β is present in
the field equations. In metric-based theories, the vector sector is not evaluated as it is typically
trivial. Another approach to gauge fixing is the consideration of combining the results given in
Eq. (4.42) from which new gauge-invariant quantities are created:

X1 = δϕ− aϕ̇β , (4.45a)

X2 = φ− a(Hβ + β̇) , (4.45b)

X3 = ψ − aHβ , (4.45c)

X4 = b− aḣ , (4.45d)

Yi = bi − 2aḣi , (4.45e)

Zij = ϵijkσ
k + ∂jhi . (4.45f)

The scalar gauge-invariant quantities {X1,X2,X3,X4} are not unique and other combinations
exist. This choice is opted for simply because it facilitates the analysis when transformation
equations in terms of gauge-invariant quantities. Changing equations to be in terms of gauge-
invariant quantities and β allows an easier way to identify terms that rely on β to ensure that
these contributions vanish. Therefore, the field equations can be cast in terms of these gauge-
invariant quantities. The scalar sector is summarised by the following:

δW S
00 = AS

(
X1, Ẋ1, ∂

2X1,X2, ∂
2X2,X3, ∂

2X3, ∂
2X4

)
, (4.46a)

δW S
0i = BS

(
∂iX1, ∂

iẊ1, ∂
iX2, ∂

iẊ2, ∂
iX3, ∂

iẊ3, ∂
iX4

)
, (4.46b)

δW S
i0 = CS

(
∂iX1, ∂iẊi, ∂iX2, ∂iẊ3, ∂i∂

2X4

)
, (4.46c)

δW S
ij = DS

(
∂i∂jX1, ∂i∂jX2, ∂i∂jX3, ∂i∂jX4, ∂i∂jẊ4

)
, (4.46d)
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δW i S
i = ES

(
X1, Ẋ1, Ẍ1, ∂

2X1,X2, Ẋ2, ∂
2X2,X3, Ẋ3, Ẍ3, ∂

2X3, ∂
2X4, ∂

2Ẋ4

)
, (4.46e)

Wϕ = FS
(
X1, Ẋ1, Ẍ1, ∂

2X1,X2, Ẋ2, ∂
2X2,X3, Ẋ3, Ẍ3, ∂

2X3, ∂
2X4, ∂

2Ẋ4

)
, (4.46f)

W(0i) = GS
(
∂iX1, ∂iẊ1, ∂iX2, ∂iẊ2, ∂iX3, ∂iẊ3, ∂iX4, ∂i∂

2X4

)
, (4.46g)

W(ij) = HS
(
∂i∂jX1, ∂i∂jX2, ∂i∂jX3, ∂i∂jX4, ∂i∂jẊ4

)
, (4.46h)

W[0i] = IS
(
∂iX1, ∂iẊ1, ∂iX2, ∂iẊ2, ∂iX3, ∂iẊ3, ∂i∂

2X4

)
, (4.46i)

W[ij] = J S
(
ϵijk∂

kσ, ϵijk∂
kσ̇, ϵijk∂

kσ̈, ϵijk∂
k∂2σ

)
, (4.46j)

and the vector sector transforms to

δWV
0i = BV

(
β̇i, β̈i, ∂

2βi, ∂
2Yi, ∂

jZij , ∂
jŻij

)
, (4.47a)

δWV
i0 = CV

(
∂2βi, ∂

2Yi, ∂
jŻij

)
, (4.47b)

δWV
ij = DV

(
∂iβj , ∂iβ̇j , ∂iYj , ∂iẎj , ∂

2Zij , Żij , Z̈ij

)
, (4.47c)

δWV
(0i) = GV

(
β̇i, β̈i, ∂

2βi, ∂
2Yi, ∂

jZij , ∂
jŻij

)
, (4.47d)

δWV
[0i] = HV

(
β̇i, β̈i, ∂

2βi, ∂
2Yi, ∂

jZij , ∂
jŻij

)
, (4.47e)

δWV
(ij) = IV

(
∂(iβj), ∂(iβ̇j), ∂(iYj), ∂(iẎj), ∂(i∂

kZjk)

)
, (4.47f)

δWV
[ij] = J V

(
∂[iβj], ∂[iβ̇j], ∂[iYj], ∂[iẎj], ∂[i∂

khZjk]

)
, (4.47g)

and the field equation of the tensor modes presented in Eq. (4.37) is already gauge-invariant.

4.4 | Summary
Cosmological perturbations play a crucial role in the study of cosmology. Small perturbations at
the early stages of the Universe can evolve and interact with matter to result in the formation
of large-scale structures observed nowadays. Perturbations of the tetrad in Eq. (4.2) and the
scalar field in Eq. (4.3) provide the foundation to perturb the dependencies in the BDLS action
when the Weitzenböck gauge is applied. These results have been tabulated in Tables 4.1-4.3 to
summarise perturbations up to second order.

The gravitational modes perturbations governing the tetrad cannot be perturbed within the
background equations in Eqs (3.19-3.23), hence it is more convenient to construct the equations
of motion by taking variations of the action with respect to the tetrad and scalar field to yield
Eq. (4.22) and Eq. (4.24), respectively. The SVT decomposition provides a system of linearised
field equations for the scalar, vector, and tensor sectors, separately. These results would apply
for all subclasses of BDLS, providing an avenue to apply a limit and obtain the results quickly
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starting from Eqs (4.29, 4.35, 4.37). Moreover, the equations can be cast in terms of the gauge-
invariant quantities. Applying a gauge transformation of each perturbation mode as done in
Eq. (4.42) confirms once again that the SVT decomposition allows for the sector to decouple.
The gauge-invariant quantities can be constructed as a linear combination of non-gauge-invariant
ones.

The linearised field equations for different sectors of SVT decomposition are used to study the
propagating DoFs and polarisation of GW in Chapter 5. By having such a generalised class of
MTG, subclasses calculations are facilitated. Chapter 6 explores the growth structures through
the effects of the scalar gravitational modes on CDM. The BDLS action can also be extended
further up to second order, corresponding to the linearised field equations, to study the ghost
and Laplacian instabilities to realise the model restrictions which do not give physically viable
cosmologies as done in Chapter 7.

The details of the functions of the linearised field equations have not been included here due
to the complicated nature of the expressions. Appendix A provides a link that summarises the
results obtained through Mathematica. In comparison with the results in Ref. [112] for standard
Horndeski gravity, an increasing number of terms are introduced by BDLS. The teleparallel
sector can provide a richer structure of viable cosmological models able to revive discarded
Horndeski cosmologies through an additional contribution and study theories beyond GR and
beyond the curvature-based formalism.
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Y δ̄Y = ∂
∂ϕY δ̃Y = ∂

∂(∂ρϕ)
Y δ̂Y = ∂

∂(∂ω∂ρϕ)
Y

ϕ 1 0 0

ϕ,µ 0 δρµ 0

ϕ,νµ 0 0 δρµδων

X 0 −ϕ,ρ 0

∇̊µ∇̊νϕ 0 −Γ̊ρ
µν δρµδων

∇̊µ∇̊νϕ 0 −gλνΓ̊ρ
µλ gωνδρµ

∇̊µ∇̊νϕ 0 −gλνgσµΓ̊ρ
σλ gρµgων

□̊ϕ 0 −gλµΓ̊ρ
µλ gωρ

I2 0 vρ 0

J1 0 2ϕ,µa
µaρ 0

J3 0 2ϕ,µvνt
ν(µρ) 0

J5 0 2ϕ,µtλµνt
λρν 0

J6 0 4ϕ,σϕ
,µϕ,νtλµνt

λ(ρσ) 0

J8 0 2ϕ,νtλµνt
λµρ 0

J10 0 −2ϕ,µa
νϵ

(ρ
ωνλ tµ)ωλ 0

Table 4.8: Terms from the variation of BDLS with respect to the scalar field ϕ. For each quantity
Y , the result for δ̄Y , δ̃Y and δ̂ are tabulated. A comma ( , ) represents the partial derivative to
simplify the expressions within the table.
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5

Propagating Degrees of Freedom and
Polarisation Modes of Gravitational

Waves

GWs were predicted through the formulation of GR [128], manifesting as gravitational radiation
when massive objects warp spacetime [121]. Recent observations of GWs [45, 80, 276, 55] have
launched a series of theoretical and observational work for a better understanding of GWs as they
provide a new window into the Universe to study theories of gravity, blackholes and neutron star
mergers, the early Universe through primordial GWs, and dark energy. Future missions, such
as LISA [277, 50] and Light satellite for the studies of B-mode polarization and Inflation from
cosmic background Radiation Detection (LiteBIRD) [278], will operate from space, primarily
focusing on GWs and primordial GWs.

The linearisation of weak field equations in GR represents a dynamical system for gravita-
tional radiation, behaving as a transverse wave travelling at the speed of light [121, 122]. In
1936, Einstein and Rosen questioned the existence of GWs, concluding that polarised plane
GWs would lead to a point of zero volume; a singularity [3]. The assumption that the coor-
dinate system utilised was free of singularities led to the conclusion that there were physical
singularities [279, 280]. The misunderstanding between coordinate and physical singularities led
to a revisit of the calculations, this time changing to a cylindrical coordinate system for the
metric [281], which confirmed that GWs could exist and carry energy [279].

The 1974 discovery of binary pulsar PSR B1913+16 by Taylor and Hulse provided direct
evidence of gravitational propagation at the speed of light [46], with the later observation of
energy loss as predicted by GR [47]. As the concept observed in the electromagnetic field came
to hold also for the gravitational field [209], the existence of GW became a more likely possibility,
hence propelling the search for the first GW observation.

Among the many attempts, the interferometric beam detector has become a favourable GW
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Chapter 5. Propagating Degrees of Freedom and Polarisation Modes of Gravitational Waves

detector [282]. The inspiration behind the interferometric GW detector is the 1800s Michel-
son interferometer initially designed to debunk the notion that there exists an aether around
Earth [283]. The laser interferometer is equipped with a laser source which is split upon falling
on a beam splitter, creating two separate beams travelling independently along perpendicular
arms. Mirrors positioned at both ends of the arms allow the laser to reflect and intersect onto
a photon detector. Here, phase differences can be recorded from the interference patterns gen-
erated [3]. The interferometer provides a system where two geodesics are generated, where one
acts as the stationary field while the other represents the tidal forces created due to gravitational
radiation [282], such that any change in displacement can be attributed to a GW [3].

LIGO is one such GW interferometer, having two separate interferometers at different loca-
tions (Hanford and Livingston Observatories in the United States) to account for local noise aris-
ing due to seismic activity, thermal variations, and electromagnetic interference [48]. The setup
is placed within a vacuum to minimise light phase fluctuations arising due to air molecules [51].
Additionally, the 4 km arms increase the sensitivity [51] and are not responsive to electromagnetic
waves induced by matter, primordial gases, stellar atmospheres, and interstellar media [283]. Fol-
lowing over 10 years of no GW detection, LIGO started to undergo a major upgrade to increase
its sensitivity, resulting in A-LIGO [52]. The upgrades affected the majority of the interferom-
eter, from an increase in laser power, larger and heavier test masses suspended by fused silica
fibers instead of the previous steel wire, and the use of a seismic isolation system, to name a few.
Shortly after its operation started in 2015, A-LIGO along with the Virgo Collaboration in Italy
confirmed the first detection of a GW signal, dubbed GW150914, arising from inspiral binary
blackhole merger [45]. The detection correlated with the theoretical prediction of GR [45, 122],
adding to the number of tests which GR has passed.

The first detection was followed by numerous other binary system mergers but further im-
provements are still being worked on. A-LIGO is restricted to detect oscillations of frequencies
over 10 Hz [48], as ground-based background disturbances create limitations along with the logis-
tical problem of increasing the arms’ length would require more land space. Hence, the next step
is to move to a space-based GW detector. LISA, planned to launch in the mid-2030s, will be the
first space-based interferometer operating at the low-frequency bandwidth of 10−4 and 10−1 Hz
in the Sun’s orbit with 20◦ behind Earth [49]. Apart from being able to generate arm lengths far
greater than those achievable on Earth, the setup will be made up of three identical free-flying
spacecraft forming an equilateral triangle to act as three pairs of Michelson interferometers. Also,
in place of end mirrors, optical transponders will reflect signals [277, 49].

The current detections of GWs being done by A-LIGO [51, 52], Virgo collaboration [53, 54],
Kamioka Gravitational Wave Detector (KAGRA)[55] and GEO600 [56, 57] rely on template
matching, wherein data collected from the detector is compared with a large framework of the-
oretical predictions. It is important to have a large number of waveform templates represent-
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ing a range of possible binary systems within astrophysically interesting regions containing the
parameters of mass, spin, orbital phase, fiducial reference time, and amplitude of massive ob-
jects [284, 285]. Generating a template bank requires an underlying gravitational theory, making
GR idyllic due to the vast work done, and continues to be explored, in this framework. Hence,
while detection infers a correlation with GR where only tensor mode polarisations appear [48],
it could be that GR is not the complete answer, especially with the numerous obstacles it faces1.
The possibility of other polarisation modes is still open as current Earth-based observers, includ-
ing the near-future operation of Indian Initiative in Gravitational-wave Observations (INDIGO),
are restricted to a set orientation, making it more difficult to detect other modes. Additionally,
the agreement between GR and detection only occurs at the lower end of the astrophysical energy
scale such that any other hidden signals could induce deviations from GR [45]. Therefore, an
increase in sensitivity, eliminating Earth-based interferences and tapping into frequency ranges
from below 10 Hz, particularly < 1 mHz, will result in additional sources of GWs and deviations
from GR might accumulate over long timescales. This makes the next generation of detectors,
of the likes of LISA, Einstein Telescope, and Cosmic Explorer, more likely to observe GR devi-
ations. For this reason, it has become increasingly appealing to develop well-posed frameworks
that adopt theories beyond GR, supported by a range of well-studied cosmological models, to
construct the necessary template bank.

In this chapter, the nature of GW polarisation modes in BDLS gravity is presented. Due to
the vastness of the theory, here perturbations about a flat Minkowski background are consid-
ered to generate the linearised field equations representing the effects of gravitational radiation.
Moreover, the propagating DoFs for the branches of cases stemming from BDLS are determined.
The exhaustive cases arising from BDLS, with some corresponding to well-studied classes of
gravity, show the rich approach and ease to reproduce the DoFs and polarisation modes of other
gravitational theories, while circumventing issues of the GR framework. The work done in this
section is based on the published work in Ref. [286]

5.1 | Modification to the System of Equations

Before commencing the analysis of DoFs and polarisation modes of gravitational waves, a
presentation of the modification to the field equations is presented in Chapter 4. Here, the
work is carried out in the signature (+,−,−,−), implying a switch in sign whenever temporal
and spatial derivatives are raised. Additionally, the scalar field is taken to be constant at the
background level such that ϕ(t) → ϕ = ϕ0 where ϕ0 is a constant, with a Minkowski background

1Refer to Sec. 2.1 for further details regarding issues in GR.
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gµν → ηµν . Hence, the gauge transformations given in Eq. (4.42) change to

σ̃ = σ , σ̃i = σi −
1

2
ϵijk∂

jξk , (5.1a)

δ̃ϕ = δϕ , (5.1b)

φ̃ = φ− ξ̇0 , (5.1c)

ψ̃ = ψ , (5.1d)

β̃ = β − ξ0 , β̃i = βi , (5.1e)

b̃ = b− ξ̇ , b̃i = bi + ξ̇i , (5.1f)

h̃ = h− ξ , h̃i = hi +
1

2
ξi , h̃ij = hij , (5.1g)

such that now the gauge invariant quantities increase {σ, δϕ, ψ, βi, hij} and the gauge invariant
quantities presented in Eq. (4.45)2 reduce to

X2 = φ− β̇ , (5.2a)

X4 = b− ḣ , (5.2b)

Yi = −bi + 2ḣi , (5.2c)

Zi = σi − ϵijk∂
jhk . (5.2d)

Moreover, for simplification, the modification to Fourier space, in particular for the spa-
tial components of the field equations, is adopted from this point forward. The Fourier space
decomposition

f(xµ) → f(kµ)e−iωt+ikjx
j
, (5.3)

yields the following identities:

∂j → ikj , (5.4a)

∂j∂
j = ηjl∂j∂l → −ηjlkjkl , (5.4b)

□ = ∂µ∂
µ → ∂20 − ηjlkjkl =: ∂20 + k2 . (5.4c)

Following all the modifications listed here, the gauge invariant field equations (4.37,4.46,4.47)
can be transformed to investigate the propagating DoFs and polarisation modes of GWs within
the BDLS framework. The propagating DoFs in GWs sheds light on the fundamental nature
of gravity. GR has two dynamical modes corresponding to the tensor sector: + and × modes.
Modified theories of gravity could realise extra DoFs which may alter the speed at which a GW
travels. The two propagating DoFs from GR are also the polarisation modes of GW within the

2Notation for Zij is altered to Zi for convenience to simplify the equations.
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theory, which reflect the behaviour of how spacetime is distorted. For + and × this corresponds
to a contraction and elongation at different axes and the same behaviour at a diagonal between
the axes, respectively. But these are not the only polarisation modes possible, theoretically.
The following sections will delve into the details of both properties within BDLS, while also
investigating interesting branches of the theory.

5.2 | Propagating Degrees of Freedom
The detection of GWs is realised by measuring the differences in arms’ length of the GW inter-
ferometer as a GW propagates. Current interferometers, such as A-LIGO, Virgo Collaboration,
KAGRA, and GEO600, are constrained by Earth-based limitations including a fixed orientation
of the arms themselves with respect to the direction of the wave [287]. Thus, while current obser-
vations appear to be in line with GR predictions of two polarisation modes in weak gravitational
radiation, + and × modes with helicity +2 and −2 respectively [3], other possible polarisation
modes have not been completely ruled out.

A schematic derivation to calculate the formalism of GWs in GR is presented. Additionally,
its modifications to adapt it to BDLS theory are provided as well. Consider a locally free-falling
observer. The test particle at spatial coordinates xj experiences a relative acceleration towards
its spatial origin such that

ẍi = −R̊0i0jx
j , (5.5)

where R̊0i0j are the electric components of the Riemann tensor which the GW detector de-
tects. The six possible components of R̊0i0j in Eq. (5.5) are used to describe the propagation of
GWs [288].

The linearised field equations presented in Sec 4.3.1 provide an avenue to explore the effects
of the weak gravitational field. While the GR limit results in the Einstein field equations with
two DoFs which all contribute as polarisation modes of GW, this might not be the case for
BDLS. This section explores all the possible propagating that could occur, of which some or all
can be detected as polarisation modes. Eqs. (4.37,4.46,4.47) are modified and listed separately,
according to mode.
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Scalar and Pseudoscalar Modes: The scalar sector is made up of five linearly independent
equations, corresponding to each of the five scalar gauge invariant scalars {δϕ, ψ,X2,X4, σ}3:

1
k2
W00 = (GTele,I2 − 2G4,ϕ)δϕ+ 4(G4 −GTele,T +GTele,Tvec)ψ + 2GTele,TvecX2 , (5.6a)

− i
k2
kjWj0 = (GTele,I2 − 2G4,ϕ)δϕ̇+ 2 (2(G4 −GTele,T ) + 3GTele,Tvec) ψ̇

+ 2k2GTele,TvecX4 , (5.6b)

ηjlW
jl = 3(GTele,I2 − 2G4,ϕ)δϕ̈+ 6 (2(G4 −GTele,T ) + 3GTele,Tvec) ψ̈

+ 2k2
[
(2(G4 −GTele,T ) + 3GTele,Tvec)Ẋ4 + (GTele,I2 − 2G4,ϕ)δϕ

+ 2(G4 −GTele,T +GTele,Tvec)X2 + 2 (G4 −GTele,T + 2GTele,Tvec)ψ
]
, (5.6c)

kl ϵ
ljkWjk = −8

3
iGTele,Taxk

2(σ̈ + k2σ) , (5.6d)

Wϕ =
(
GTele,ϕϕ +G2,ϕϕ + (GTele,X +G2,X − 2G3,ϕ)k

2
)
δϕ+ (GTele,X +G2,X

− 2G3,ϕ)δϕ̈− (GTele,I2 − 2G4,ϕ)
(
k2(Ẋ4 + X2 + 2ψ) + 3ψ̈

)
. (5.6e)

The pseudoscalar is only present provided GTele,Tax = 0. X2 is the only mode that is not dynamic
in the system. Only the scalar field equation indicates a dependency on G2 and G3 functions,
while G5 never appears in the scalar mode equations. It must be emphasised that this only holds
for a Minkowski background and a constant background scalar field. A more general system, with
cosmological perturbations and a time-dependent scalar field, would result in a more intricate
setup.

The system is further simplified through the temporal Fourier transformation

∂0 → −iω , (5.7a)

∂0∂
0 = ∂20 → −ω2 , (5.7b)

yielding a matrix of linearly independent equations

MS11 MS12 MS13 0 0

MS21 MS22 0 MS24 0

MS31 MS32 MS33 MS34 0

0 0 0 0 MS45

MS51 MS52 MS53 MS54 0





δϕ

ψ

X2

σ

X4


=:MSYS = 0 , (5.8)

3Technically, four equations correspond to four gauge invariant quantities {δϕ, ψ,X2,X4} and another equation
which corresponds to the gauge-invariant pseudoscalar {σ}.
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where

MS11 = (GTele,I2 − 2G4,ϕ) k
2 , MS13 =MS12 −

MS22

ω
,

MS12 = −4k2 (G4 −GTele,T +GTele,Tvec) , MS21 = ωMS11 ,

MS22 = −2k2ω [2 (G4 −GTele,T ) + 3GTele,Tvec ] , MS34 = iMS22 ,

MS31 =

(
2− 3ω2

k2

)
MS11 , MS33 = −MS12 ,

MS32 = −MS12 +
MS22

ω

(
2− 3ω2

k2

)
, MS24 =

ik2

ω
(ωMS12 −MS22) ,

MS45 =
8

3
iGTele,Taxk

2
(
ω2 − k2

)
, MS54 = iωMS11 ,

MS52 =MS31 , MS53 = −MS11 ,

MS51 = GTele,ϕϕ +G2,ϕϕ − (GTele,X +G2,X − 2G3,ϕ)
(
ω2 − k2

)
.

The same procedure is applied to the vectorial and tensorial sectors. The imaginary contributions
in the above equation may suggest that the system is complex. In reality, these would counter
the imaginary portion of the field equations as presented in Eq. (5.6) to ultimately obtain real
coefficients.

Vector Modes: The vector sector can be expressed with a system of three linearly independent
field equations, each one corresponding to a gauge-invariant variable from {βi,Yi,Zi}:

9W0j = −18GTele,Tvec β̈j − 2 (9GTele,Tvec + 2GTele,Tax) Żj

+ k2 [− (2GTele,Tax − 9 (G4 −GTele,T ))Yj + (9 (G4 −GTele,T ) + 2GTele,Tax)βj ] , (5.9)

9Wj0 = 4GTele,TaxŻj

+ k2 [−(2GTele,Tax − 9(G4 −GTele,T ))βj + (9(G4 −GTele,T ) + 2GTele,Tax)Yj ] , (5.10)

9iklWlj = k2
[
− (9 (G4 −GTele,T ) + 2 (9GTele,Tvec +GTele,Tax)) β̇j

− (9 (G4 −GTele,T )− 2GTele,Tax) Ẏj − 18GTele,TvecZj

]
+ 4GTele,TaxZ̈j . (5.11)

While all of {βi,Yi,Zi} have a time derivative, only {βi,Zi} have a second-order time derivative.
This indicates that Yi is not a dynamical DoF because it is not actively evolving in the action.
The temporal Fourier transformation, given by Eq. (5.7), is applied to the linearly independent
vectorial field equations:

MV11 MV12 MV13

MV21 MV22 MV23

MV31 MV32 MV33




βj

Zj

Yj

 =:MVYV = 0 , (5.12)

92



Chapter 5. Propagating Degrees of Freedom and Polarisation Modes of Gravitational Waves

where matrix MV components are

MV11 = 2ω2GTele,Tvec +
1

9
k2 (9G4 −GTele,T + 2GTele,Tax) , MV12 =

i (ωMV13 −MV31)

k2
,

MV 13 =
1

9
k2(9G4 +GTele,T − 2GTele,Tax) , MV21 =MV13 ,

MV22 =
−iω

[
−k2MV11 −

(
ω2 − k2

)
MV 13 + ωMV31

]
k2 (ω2 − k2)

, MV23 =

(
k2MV11 − ωMV31

)
ω2 − k2

,

MV31 =
1

9
ωk2 [9G4 −GTele,T + 2 (9GTele,Tvec +GTele,Tax)] , MV33 = ωMV13 ,

MV32 = − i

k2

[(
−k2MV11 − ω2MV13

)
+

(
ω2 + k2

)
ω

MV31

]
.

The matrix components have been expressed in terms of the components MV11, MV13 and MV31

whenever possible. The gauge invariant mode Zi, where the pseudovector σi is present within
the definition of Zi given by Eq. (5.2a), appears only coupled with coefficients GTele,Tax and/or
GTele,Tvec . This aligns with the fact that pseudovectors are absent in metric-based theories like
Horndeski gravity, as the symmetry of the metric tensor excludes contributions from the Levi-
Civita tensor. Therefore, only within the teleparallel formalism can the pseudovector mode be
realised. Moreover, if GTele = 0 is applied to generate the standard Horndeski theory, the system
boils down to a single mode by combining βi + Yi as a single gauge invariant quantity. This
quantity would be coupled with G4 such that to obtain a solution corresponding to a theory with
a R̊ contribution, G4 ̸= 0 must be imposed. This would result in a case where βi + Yi = 0 to
solve the field equation; the vector sector becomes trivial.

Tensor Modes: The tensor field results in a single equation corresponding to the only transverse-
traceless mode hij . Eq. (4.37) is expressed for a Minkowski background with signature (+,−,−,−)

to obtain

Wij = (G4 −GTele,T )
(
ḧij + k2hij

)
, (5.13)

which in matrix form is given by

− (G4 −GTele,T )
(
ω2 − k2

)
hij =:MTYT = 0 , (5.14)

where matrix MT := − (G4 −GTele,T )
(
ω2 − k2

)
and YT := hij is the tensorial gauge invariant

variable. Following the success of tensor mode GW detection, it is crucial to ensure that any
gravitational theory considered could realise this result. Specifically, this is done by stating

G4 −GTele,T ̸= 0 . (5.15)
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Later in the dissertation, it will be shown that this result is given, in particular, by G4−GTele,T >

0 to circumvent ghost and Laplacian instabilities. More details about the stability of the theory
will be explored in Chapter 7.

The effect of teleparallel gravity can be seen through a characteristic plot for the propagation
of tensor modes in comparison to its GR and ΛCDM counterparts since these modes always
appear in these models. In particular, in the context of Minkowski background, the propagation
of the tensor modes changes for a model which is dependent on T , such as f(T ) gravity. Fig. 5.1
illustrates different solutions corresponding to these models. The power law model, which will
be explored later in more detail in Sec. 6.4.1, is considered since the model has been well-studied
in literature [216, 217, 218, 275, 289]. The initial value of z = zi = 104 is taken to explore
a GW solution starting well within the radiation-dominated epoch. Therefore, h(zi) = 1 and
h′(zi) = − h(zi)

H(zi)(1+zi)
are the initial set of conditions for all models. Fig. 5.1 depicts only the

ranges from z = 0 and z = 1 to show the behaviour of the model during matter and late-time
eras; the current detectable ranges. The f(T ) model remains with a higher amplitude across
all redshifts. The change in h(z) is highlighted with the plot for h′(z) such that the GR model
can be seen to have an amplitude lower than f(T ) at early times but exceeds it at later times.
This shows that GR tensor modes diminish quicker than ΛCDM and f(T ) models. It should be
emphasised that this holds only for the tensor modes. An extra scalar or vector mode provided
by modified theories of gravity may result in more energy losses, and the propagation of GWs is
altered due to additional ingredients mixed in with the tensor modes. Further details regarding
additional polarisation modes are explored in Sec. 5.3.

Detection prospects of tensor polarisation deviations depend on the capabilities of the GW
detectors. Currently, A-LIGO operates in a high-frequency range and is sensitive to GR predic-
tions for binary blackhole and binary neutron star mergers [290]. Modified theories of gravity
would result in a deviation from GR through changes in amplitude and phase. In the case of
A-LIGO, this would require operations in conjunction with other detectors, such as Virgo and
KAGRA, to provide a network to break degeneracies between additional polarisation modes that
might be mixing with tensor modes which result in outcomes similar to GR. A-LIGO, Virgo,
and KAGRA are limited in sensitivity, due to their specific orientation and restriction of the
detector’s arms length. The proposal of the Einstein Telescope [291] could shed light on GWs in
modified theories of gravity due to its increased sensitivity through longer arms, triangular setup
(where each pair can be treated as an interferometer), and lower noise floor [292]. The future
mission carried out by LISA will result in higher sensitivity, explore lower frequencies (aiming
to reach 1µm), and have arms lengths much larger than those possible for ground-based detec-
tors [293]. LISA would observe GWs stemming from supermassive blackholes and extreme mass
ratio inspirals, providing additional sources that are more sensitive to GR deviations. Further
details on polarisation modes will be explored in Sec. 5.3.
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Figure 5.1: Characteristic plots for the propagation of tensor modes to redshift, where z =
0 is the Universe currently. The plot compares the results for GR, ΛCDM models (H0 =
67.4 km s−1 Mpc−1, Ωm0 = 0.315, Ωr0 = 8.4 × 10−5) using Planck collaboration data [2], and
f(T ) power law model introduced in Eq. (6.78) (H0 = 68.5 km s−1 Mpc−1, Ωm0 = 0.35, Ωr0 =
8.4× 10−5, β1 = −0.22) using data summarised in Table 6.1. The solution assumed k = 100H0.
Eq. (5.14) is solved with initial conditions at z = zi = 104 such that h(zi) = 1 and h′(zi) =

− h(zi)
H(zi)(1+zi)

. The figure illustrates the solution for tensor modes hij(z) and the change in solution
through the derivative h′ij(z).

In the meantime, astrophysical electromagnetic counterparts of GW are an important tool
to independently measure source properties. The observations of GRB170817A, counterpart
to A-LIGO’s GW detection, provided a limit on the GW’s propagation speed to be almost at
the speed of light: |cGW − 1| ≲ 10−15 [81]. Additionally, electromagnetic counterparts can
offer independent luminosity distance measurements that lead to breaking degeneracies in GW
observations, time delays, phase shifts, and identifying dampening effects, potentially giving
insight into deviations from GR [294].

The scalar, vector and tensorial systems given by Eqs (5.8,5.12,5.14) can be combined to
form a block matrix: 

MS 0 0

0 MV 0

0 0 MT




YS

YV

YT

 =:MY = 0 , (5.16)

where, since vectors and tensors have 2 DoFs for each mode, the system is slightly modified to
have

MV →MV ⊗ I2 , and MT →MT ⊗ I2 . (5.17)
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Here, I2 is the two-dimensional identity matrix such that a vector or tensor, say βi, is expressed
as βi = {βi,1, βi,2}. Hence, in Eq. (5.16), there is a maximally independent system M with the
basis set {YS, YV, YT}.

The characteristics of propagating GWs can be determined through the principal polynomial
of the block matrix [295, 296, 297], to realise the relationship for the wave whose propagation is
expressed through differential equations provided by the field equations [296, 297]. The spatial
Fourier principal polynomial is set to vanish, i.e., the diagonal matrix’s determinant is equal to
zero. The result, expressed in terms of the wave covector k, determines the nature of the propa-
gation velocity; whether it corresponds to the speed of light or behaves as a massive object [298].
The principal polynomial in the case of BDLS is given by

P (k) := det(M) = det(MS) det(MV) det(MT)

= −2143−5 (G4 −GTele,T )
5G3

Tele,TvecG
3
Tele,Taxk

12
(
ω2 − k2

)8 [
c̃1 + c̃2

(
ω2 − k2

)]
, (5.18)

where constants c̃1 and c̃2 are given by

c̃1 := 2 (GTele,ϕϕ +G2,ϕϕ) (2 (G4 −GTele,T ) + 3GTele,Tvec) , (5.19a)

c̃2 := −3 (GTele,I2 − 2G4,ϕ)
2

− 2 (GTele,X +G2,X − 2G3,ϕ) (2 (G4 −GTele,T ) + 3GTele,Tvec) . (5.19b)

Thus, apart from the trivial solution of k = 0, P (k) = 0 provides two nontrivial solutions:
massless k = ±ω or massive k2 = ω2 −m2, where m is the effective mass. Thus, the full BDLS
framework with a Minkowski background realises a maximum of 7 propagating DoFs.

The general case provided here shows that taking certain limits in Eq. (5.18), such as 0 =

G4 − GTele,T , 0 = GTele,Tvec , 0 = GTele,Tax , 0 = c̃1 + c̃2(ω
2 − k2), or a combination of these

conditions would result in a trivial solution. Thus, some subcases of BDLS cannot be analysed
through Eq. (5.18). These scenarios require a separate analysis, starting at the block matrix
level. This iterative process is not included in this section but can be found in Sec. 5.4 and
results summarised in Table 5.1. As examples, the cases of GR and standard Horndeski are
included to ensure that the expected results are realised through BDLS.

5.2.1 | General Relativity
The GR limit can be obtained from Eq. (2.98) by setting G4 = 1 and all other coefficients are
set to vanish. This limit increases the number of linearly dependent equations. Thus, the block
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matrix in Eq. (5.16) reduces to

MGRYGR =



4k2 0 0 0

4
(
3ω2 − k2

)
4k2 0 0

0 0 −k2 0

0 0 0 −ω2 + k2





ψ

X2

βi

hij


, (5.20)

where βi = {βi,1, βi,2} and hij = {hij,1, hij,2} to account for two DoFs of vector and tensor
modes. The principal polynomial becomes

PGR(k) = −16k8
(
ω2 − k2

)2
, (5.21)

wherein the only non-trivial solution for PGR(k) is given by ω2−k2 = 0, implying the dispersion
relation for massless, speed of light propagation. Thus, for the case ω = ±k, substituting back
in Eq. (5.20) yields

MGRYGR(ω → |k|) =



4k2 0 0 0

8k2 −4k2 0 0

0 0 k2 0

0 0 0 0





ψ

X2

βi

hij


. (5.22)

The nullspace of the linear transformation MGR provides a set of solutions for the invariants of
MGRYGR = 0 [299]:

YGR(ω) = {ψ,X2, βi1 , βi2 , hij1 , hij2}T =⇒ YGR(|k|) = {0, 0, 0, 0, A1, A2}T , (5.23)

where Ai ∈ C are elements of the nullspace generated by MGR. This procedure aims to obtain
the propagating DoFs and classify them according to their nature. Hence, the actual Ai value
is unimportant. As expected, two propagating DoFs corresponding to the tensor modes give
nontrivial solutions. Therefore, despite {ψ,X2, βi} modes are present in the field equations, they
are not necessarily propagating DoFs.

5.2.2 | Horndeski Gravity
BDLS, as a teleparallel analogue to Horndeski theory, provides a natural avenue to study standard
Horndeski by setting GTele = 0 and the rest of the arbitrary functions remain in the same form.
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This implies that terms associated with the pseudoscalar and pseudovector modes, which appear
in σi and Zi modes, vanish and the block matrix is given by

MHYH =



MH1 MH2 0 0 0

MH3 MH4 MH2 0 0

MH5 MH3 −MH1 0 0

0 0 0 −1
4MH2 0

0 0 0 0 MH6





δϕ

ψ

X2

βi

hij


, (5.24)

where

MH1 = −2G4,ϕk
2 , MH2 = −4G4k

2 ,

MH3 = −2MH1 − 6G4,ϕω
2 , MH4 = −MH2 − 12G4ω

2 ,

MH5 = G2,ϕϕ + (G2,X − 2G3,ϕ)
(
−ω2 + k2

)
, MH6 = −1

4
MH2 −G4ω

2 ,

such that βi and hij are still considered to represent two DoFs each. Thus, the principal poly-
nomial simplifies to

PH(k) = −16G5
4 k

8
(
ω2 − k2

)2 [
G4G2,ϕϕ +

(
−3G2

4,ϕ +G4 (2G3,ϕ −G2,X)
) (
ω2 − k2

) ]
. (5.25)

In line with the full BDLS principal polynomial given by Eq. (5.18), and in contrast with the GR
case of Eq. (5.21), a massive sector is realised in addition to the massless one. This is because
now there are two possible solutions for PH(k) = 0:

Case H.I: G4 ̸= 0, G2,ϕϕ ̸= 0,−3G2
4,ϕ +G4(2G3,ϕ −G2,X) ̸= 0

Case H.II: G4 ̸= 0, G2,ϕϕ = 0,−3G2
4,ϕ +G4(2G3,ϕ −G2,X) = 0

Case H.I does not alter the general principal polynomial presented in Eq. (5.25), generating a
massless and massive solution. For the massless case, substituting ω = ±k obtains the nullspace

YH.I(ω) = {δϕ, ψ,X2, βi1 , βi,2, hij1 , hij2}T =⇒ YH.I(|k|) = {0, 0, 0, 0, 0, B1, B2}T , (5.26)

where Bi ∈ C for the nullspace of MH for which two tensor modes can be seen to be propagating
DoFs. As for the massive case, substitution of ω = ±

√
m2 + k2 for which m is the effective mass

m2 = −
G4G2,ϕϕ

−3G2
4,ϕ +G4 (2G3,ϕ −G2,X)

, (5.27)
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which gives a nullspace solution of the form

YH.I(ω) = {δϕ, ψ,X2, βi1 , βi,2, hij1 , hij2}T

=⇒ YH.I(|m|) = {2G4C1,−G4,ϕC1, G4,ϕC1, 0, 0, 0, 0}T , (5.28)

where C1 ∈ C is also an element of nullspace of MH.
Case H.II is obtained by substituting

G2,X = −
3G2

4,ϕ

G4
+ 2G3,ϕ . (5.29)

The expressions obtained through this particular choice of substitution may differ in appearance
throughout the derivation, but the same result and solutions would be produced. The principal
polynomial reduces to

PH.II(k) = −8G5
4G4,ϕk

8
(
ω2 − k2

)2
, (5.30)

giving a massless solution when ω = ±k, and a scenario that is independent of the functions G2

and G3. In the case of G4,ϕ ̸= 0 the solutions are of the form

YH.II(ω,G4,ϕ ̸= 0) = {δϕ, ψ, βi1 , βi2 , hij1 , hij2}T

=⇒ YH.II(|k|, G4,ϕ ̸= 0) = {0, 0, 0, 0, D1, D2}T , (5.31)

for Di ∈ C, while for G4,ϕ = 0, the solution reduces to

YH.II(|k|, G4,ϕ = 0) = {ψ, βi1 , βi2 , hij1 , hij2}T =⇒ YHB(G4,ϕ = 0) = {0, 0, 0, E1, E2}T , (5.32)

where Ei ∈ C. Both cases show that only tensor modes propagate. In Ref. [300], the procedure
adopted to analyse GW propagation in Horndeski theory omits the latter subcase.

The branches of BDLS presented in Sec. 5.4 are obtained by taking all possible combinations
arising through the BDLS principal polynomial in Eq. (5.18). While these scenarios do not
explicitly result in the GR and Horndeski gravity cases depicted in this section, they can be
classified within the cases realised provided appropriate limits are taken. While the propagating
DoFs of the theory are identified, they do not necessarily act as a polarisation mode. The next
section will explore the procedure to show the nature of the polarisation modes.

5.3 | Polarisation Modes
For a weak, plane and nearly null GW propagating in the +z direction within a local Lorentz
frame with the delayed time u = t − z and the wave is travelling in the opposite direction
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described by the function of advanced time v = t+ z. These time functions are defined through
the Newman-Penrose (NP) formalism [301] where the gauge freedom depends on the choice of
tetrad based on a null basis rather than an orthonormal basis [302]. Therefore,

lµ := −u,µ , nµ :=
1

2
v,µ , (5.33)

to obtain the four-vector fields

lµ = (1, 0, 0, 1) , nµ =
1

2
(1, 0, 0,−1) , mµ =

1√
2
(0, 1, i, 0) , m̄µ =

1√
2
(0, 1,−i, 0) , (5.34)

with overbar m̄ denoting the complex conjugate of m. The four-vector fields are classified as
null, thus satisfying the orthogonality condition [3]

lµlνηµν = nµnνηµν = mµmνηµν = m̄µm̄νηµν = 0 , (5.35)

and satisfy the normalisation conditions

lµnνηµν = −mµm̄νηµν = 1 . (5.36)

A linear combination of these null tetrads basis constructs an additional GW vector

l̃µ = lµ − ϵn

(
1

2
lµ − nµ

)
, and ϵn =

c

vg
− 1 , (5.37)

where ϵn accounts for the discrepancy between the speed of light c and the speed of the GW
propagation vg [3], which vanishes in null scenarios. Thus, l̃ represents an observer oriented on
a spatial basis such that the null wave is acting in the same direction as the propagation.

The Riemann tensor in Eq. (2.9)4 can be reexpressed as follows:

R̊λµρν = C̊λµρν −
1

2

(
ηλρR̊µν − ηµρR̊λν − ηλνR̊µρ + ηµνR̊λρ

)
+

1

6
(ηλρηµν − ηλνηµρ) R̊ , (5.38)

where C̊λµρν is the Weyl tensor which represents the trace-free part of the Riemann tensor. Ten
independent components can be constructed from the five complex Weyl scalar [302]

Ψ0 = −C̊λµρν l
λmµlρmν , Ψ1 = −C̊λµρν l

λnµlρmν , Ψ2 = −C̊λµρν l
λmµm̄ρnν ,

Ψ3 = −C̊λµρν l
λnµm̄ρnν , Ψ4 = −C̊λµρνn

λm̄µnρm̄ν , (5.39)

along with the ten components from the Ricci tensor which are expressed in terms of the real
scalars {Φ00,Φ11,Φ22,Λ}5 and complex scalars {Φ02,Φ20,Φ01,Φ10,Φ12,Φ21}. The twelve spin
coefficients which describe rotational effects in the NP formalism [301] have been omitted in

4Eq. (2.9) has been modified to for a Minkowski background and for a signature (+,−,−,−)
5The Λ scalar representing the Ricci tensor should not be confused with the cosmological constant.
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this work as their application is more within blackhole studies [302]. This is because GWs are
studied at regions far away from the source, and spacetime can be assumed to be flat, while for
blackholes studied in strong gravitational fields these coefficients help to describe the rotations
and twists stemming from warped spacetime . Thus, the electrical components of the Riemann
tensor can be expressed in terms of the NP formalism [301]:

Ψ2 := −1

6
R̊nlnl +O(ϵnR) (s = 0) , (5.40a)

Φ22 := −R̊nmnm̄ +O(ϵnR) (s = 0) , (5.40b)

Ψ3 := −1

2
R̊nlnm̄ (s = −1) , (5.40c)

Ψ̄3 = −1

2
R̊nlnm̄ (s = 1) , (5.40d)

Ψ4 := −R̊nm̄nm̄ (s = −2) , (5.40e)

Ψ̄4 := −R̊nm̄nm̄ (s = 2) , (5.40f)

where s represents the helicity state. When ϵn = 0, these amplitudes become invariant and form
a subgroup of the Lorentz group E(2) [3] and result in the following classification:

II6 : Ψ2 ̸= 0 , III5 : Ψ2 = 0,Ψ3 ̸= 0 ,

N3 : Ψ2 = Ψ3 = 0,Ψ4 ̸= 0,Φ22 ̸= 0 , N2 : Ψ2 = Ψ3 = Φ22 = 0,Ψ4 ̸= 0 ,

O1 : Ψ2 = Ψ3 = Ψ4 = 0,Φ22 ̸= 0 , O0 : Ψ2 = Ψ3 = Ψ4 = Φ22 = 0 , (5.41)

such that the omission of an amplitude indicates there is an observer dependency [3, 288]. The
six possible polarisation modes of GWs travelling in the +z direction are given by the variables
{Ψ2,Φ22,ℜΨ3,ℑΨ3,ℜΨ4,ℑΨ4} and illustrated in Fig. 5.2. Mode classification can be deduced by
comparing the helicity of the electrical components of the Riemann tensor: Ψ2 and Φ22 are scalar
DoFs, Ψ3 and its complex conjugate are related to the vectorial DoFs, and Ψ4 and its complex
conjugate is the tensorial DoFs. The breathing mode Φ22 results in a circular pattern signifying
an isotropic expansion/contraction as particles move outwards/inwards while remaining perpen-
dicular to the wave. The longitudinal mode given by Ψ2 represents the compression/stretching
along the direction of the wave. x and y modes, respectively introduced by the appearance
of ℜΨ3 and ℑΨ3, represent transverse shearing through a stretch along one axis while moving
sideways along another axis. ℜΨ4 corresponds to the h+ tensor mode that elongates spacetime
along an axis and compressed from another. ℑΨ4 represents the h× tensor mode, whose effects
are similar to those of h+ but at a rotation of 45◦ such that the stretching and compression
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occurs diagonally. Thus,

R̊0i0j =


1
2(ℜΨ4 +Φ22)

1
2ℑΨ4 −2ℜΨ3

1
2ℑΨ4 −1

2(ℜΨ4 − Φ22) 2ℑΨ3

−2ℜΨ3 2ℑΨ3 −6Ψ2

 , (5.42)

is expressed in terms of NP variables.

Figure 5.2: Sphere deformation from a free-falling test particle depicting polarisation modes of a
GW travelling in the +z direction: scalar modes given by breathing b and longitudinal l, vector
modes given by x and y, and tensor modes given by + and ×. Illustration based on figure in
Ref. [3].

The SVT decomposition implemented in Sec. 5.2 can also be applied to the electric compo-
nents of the Riemann tensor through Eq. (2.9):

R̊0i0j =
1

2
(∂0∂iδg0j − ∂0∂0δgij + ∂i∂jδg00 + ∂j∂0δg0i)

=


ψ̈ − 1

2 ḧ+ −1
2 ḧ× −1

2 ik(β̇1 + Λ̇1)

−1
2 ḧ× ψ̈ + 1

2 ḧ+ −1
2 ik(β̇2 + Λ̇2)

−1
2 ik(β̇1 + Λ̇1) −1

2 ik(β̇2 + Λ̇2) ψ̈ − k2(χ̇+Φ)

 , (5.43)

where h+ = h11 = h22 and h× = h12 = h21, and R̊0i0j is expressed solely in terms of invariant
variables. The result holds for both massless and massive sectors, in contrast with the NP
formalism that only holds in the null scenarios of massless cases. Here, the GR and Horndeski
subcases are explored in this section. The analysis for other branches of BDLS have been fleshed
out in Sec. 5.4 and summarised in Table 5.2.

Before exploring branches of BDLS theory, it is important to note the phenomenological
implications of additional GW polarisation modes. In the discussion around Fig. 5.1 in Sec. 5.2,
the tensor modes stemming from the modified theory of gravity of f(T ) were shown to have
higher amplitudes than their GR counterparts. The presence of additional modes, either scalar
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or vector modes, is expected to result in more GW energy losses from the entire system as more
channels are available to carry away energy. Signals containing a combination of modes may
result in degeneracies with the GR predictions, therefore it becomes crucial for GW detectors to
distinguish between the different modes.

Currently, ground-based GW interferometers are classified as second-generation detectors,
reaching redshift of z ∼ 0.05 for binary neutron stars and z ∼ 0.5 for binary blackhole merg-
ers [303]. While waveforms used in A-LIGO, Virgo, and KAGRA have shown to realise only
tensor polarisation modes, the detection of additional polarisation modes has not been ruled
out. Long duration GW sources, in particular the stochastic background, have been used to
search for possible deviations from GR. Ref. [304] showed that at least three detectors are re-
quired to separate the mixture of polarisation mode that the detector picks up. A-LIGO, using
its first three runs in collaboration with Virgo and KAGRA, albeit not able to detect the presence
of background for any polarisation modes, has been able to provide an upper limit for the energy
density of different components of the SVT sectors: ΩT

GW < 6.4× 10−9, ΩV
GW < 7.9× 10−9, and

ΩS
GW < 2.1× 10−8 [305].

The upcoming third-generation of GW detectors are expected to improve the sensitivity of
over a factor of 10, reaching redshifts of z ∼ 2 for binary neutron star mergers and z ∼ 15 for
binary blackhole mergers [303]. The Einstein Telescope and Cosmic Explorer have been proposed
as such interferometers. Despite the triangulation topology of the Einstein telescope, the orienta-
tion of the ground-based interferometer is still proven to be limited. Ref. [306] considers different
possible orientations and locations of the Earth, providing the analysis for tests of scalar-tensor
and vector-tensor theories. Moreover, space-based operations such as LISA have been theoret-
ically shown to provide a smaller upper limit for the detectable energy density: ΩV

GW ∼ 10−12

and ΩS
GW ∼ 10−12 [307].

Branches of BDLS can predict additional polarisation modes. Identifying their nature is cru-
cial to map out how their signal will alter the waveform template. Here, the GW and Horndeski
subcases are explored in this section. The analysis for other branches of BDLS has been fleshed
out in Sec. 5.4 and summarised in Table 5.2.
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5.3.1 | General Relativity
The propagating DoFs in the GR limit of BDLS in Eq. (5.23) are solely the two tensor modes:
h+ and h×. Both DoFs survive when analysing the electric components of the Riemann tensor:

R̊0i0j (YGR(|k|)) =


−1

2 ḧ+ −1
2 ḧ× 0

−1
2 ḧ×

1
2 ḧ+ 0

0 0 0

 =
k2

2


A1 A2 0

A2 −A1 0

0 0 0

 . (5.44)

5.3.2 | Horndeski Gravity
The Horndeski branch in Sec. 5.2.2 realised two major subcases. Case H.I has two tensor modes
{h+, h×} as propagating DoFs in the massless sector and three scalars DoFs in the massive sector
{δϕ, ψ,X2}. Evaluation of R̊0i0j yields

R̊0i0j (YHI(|k|)) =


−1

2 ḧ+ −1
2 ḧ× 0

−1
2 ḧ×

1
2 ḧ+ 0

0 0 0

 = −k
2

2


B1 B2 0

B2 −B1 0

0 0 0

 , (5.45)

and

R̊0i0j (YHI(|m|)) =


ψ̈ 0 0

0 ψ̈ 0

0 0 ψ̈ − k2X2



= G4,ϕ


(
m2 + k2

)
C1 0 0

0
(
m2 + k2

)
C1 0

0 0 m2C1

 , (5.46)

respectively. Thus, the massive sector has an additional entry in the longitudinal and breathing
modes along with the tensorial modes in the massless sector, totalling to 3 polarisation modes;
in agreement with the results obtained in Ref. [300].

In case H.II, the solutions given by Eq. (5.31) and Eq. (5.32) both lead to the same electric
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Riemann tensor:

R̊0i0j (YHII(|k|)) =


−1

2 ḧ+ −1
2 ḧ× 0

−1
2 ḧ×

1
2 ḧ+ 0

0 0 0

 = −k
2

2


D1 D2 0

D2 −D1 0

0 0 0

 , (5.47)

where Di = Ei, with two tensorial polarisation modes. Note, that this result is not realised in
the Horndeski analysis in Ref. [300] due to the limitations of the technique applied.

In Ref. [300], the polarisation modes were obtained through the investigation of the transverse-
traceless gauge method in Horndeski gravity, while in Ref. [295] the principal symbol method
was adopted in NGR. These methods have been performed in BDLS but omitted in this work
as the transverse-traceless method was seen to be limiting and fails when subcases of the theory
are considered which do not utilise the full extent of the theory. Additionally, the principal
symbol method employed through the principal polynomial under a different tensor decompo-
sition resulted in an extra DoF in comparison to the results obtained in the literature. The
latter procedure would require a Hamiltonian analysis to provide the necessary constraints due
to differences between linearised and non-linear portions in the theory, as done in Ref. [308] for
NGR.

5.4 | Branches of BDLS
One of the interests in BDLS is the ability to obtain several subcases corresponding to theories
of gravity explored in literature, such as those of GR and Horndeski analysed in Secs (5.2-5.3).
Additionally, many subclasses naturally arise within BDLS, each with a variety of propagating
DoFs and polarisation modes. All subcases are determined by initially considering the general
form of the principal polynomial given by Eq. (5.18) while also imposing G4 − GTele,T > 0

to ensure that the two tensor modes favoured by A-LIGO observations [45] are present. The
eight major subclasses of BDLS can be obtained through a combination of the terms GTele,Tax ,
GTele,Tvec , c̃1 given by Eq. (5.19a) and c̃2 given by Eq. (5.19b). The procedure displayed in
Secs 5.2-5.3 for the GR and Horndeski cases is replicated to obtain all possible combinations of
the principal polynomial, in some cases producing their own subcases. All the results presented
in this section are summarised in Tables 5.1-5.2. Preemptively, some constants will be defined
here and used in later portions of the analysis:

Z2 :=
3(GTele,I2 − 2G4,ϕ)

2 + 2(2(G4 −GTele,T ) + 3GTele,Tvec)(GTele,X +G2,X)

4 (2(G4 −GTele,T ) + 3(GTele,Tvec))
, (5.48)

c̃3 := −GTele,ϕϕ −G2,ϕϕ , (5.49)

c̃4 := GTele,X +G2,X − 2G3,ϕ , (5.50)
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while c̃1 and c̃2 are given by Eq. (5.19a) and Eq. (5.19b), respectively. Throughout these cases,
the massless solutions are presented with Ai ∈ C and massive solutions are presented with
Bi ∈ C, where i ∈ Z+. In the following subsections, the notation Ai and Bi will be used across
different cases. While this does not imply that the solutions are identical for each case, Ai and
Bi serve as placeholders to indicate the existence of a solution. The explicit forms of these
solutions are not crucial at this stage, as the focus is on identifying the propagating modes and
determining the polarisation states.

5.4.1 | Case 1: GTele,Tvec ̸= 0 , GTele,Tax ̸= 0 , c̃1 ̸= 0 , c̃2 ̸= 0

Case 1 represents the full BDLS theory, meaning that no assumptions leading to vanishing
terms are applied, such that

GTele,Tvec ̸= 0 , GTele,Tax ̸= 0 . c̃1 ̸= 0 , c̃2 ̸= 0 . (5.51)

This case showcases the full extent of the theory in Minkowski background, where Ji terms from
action (2.98) do not play a role. The principal polynomial corresponds to the one presented in
Eq. (5.18), i.e.

P1(k) = −16384
243 (G4 −GTele,T )

5(GTele,Tvec)
3(GTele,Tax)

3k12(ω2 − k2)8(c̃1 + c̃2(ω
2 − k2)) , (5.52)

giving the non-trivial and non-degenerate solutions for the massless sector ω2 − k2 = 0 and
the massive sector c̃1 + c̃2

(
ω2 − k2

)
= 0 where the effective mass m2 = − c̃1

c̃2
> 0. Thus, the

propagating DoFs are given by:

Y1(ω) = {δϕ, ψ,X2,X4, σ, βj1 , βj2Zj1 ,Zj2 ,Yj1 ,Yj2 , hij1 , hij2}
T , (5.53)

Y1(|k|) =
{
0,− 1

k2
A1,−

2(G4−GTele,T+GTele,Tvec )

GTele,Tveck
2 A1,

i(2(G4−GTele,T )+3GTele,Tvec )

GTele,Tvec |k|3
A1,

A2,−A3,−A4, i|k|A3, i|k|A4, A3, A4,
2
k2
A5,

2
k2
A6

}T
, (5.54)

Y1(|m|) = {−2(2(G4 −GTele,T ) + 3GTele,Tvec)B1,−(GTele,I2 − 2G4,ϕ)B1,

(GTele,I2 − 2G4,ϕ)B1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}T , (5.55)

totaling to 7 DoFs, a maximum number generated through BDLS theory: 6 stemming from the
massless sector {A1, . . . , A6} of which {A1, A2} are from two scalars, {A3, A4} from one vector,
{A5, A6} from one tensor, and 1 massive scalar B1. The massless case given by Eq. (5.54) further
emphasises that GTele,Tvec . These solutions are employed to calculate the electric components of
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the Riemann tensor for each respective sector:

R̊0i0j (Y1(|k|)) =


A1 +A5 A6 0

A6 A1 −A5 0

0 0 0

 , (5.56)

R̊0i0j (Y1(|m|)) = (GTele,I2 − 2G4,ϕ)


(
m2 + k2

)
B1 0 0

0
(
m2 + k2

)
B1 0

0 0 m2B1

 . (5.57)

As (GTele,I2 − 2G4,ϕ) → 0, the massive scalar mode in Eq. (5.57) becomes undetectable by the
detector despite continuing to propagate. The massive sector indicates that the GW can exhibit
both breathing and longitudinal modes, which reflect the presence of a graviton with mass. The
breathing mode corresponds to a dilation of space perpendicular to the wave’s propagation, while
the longitudinal mode describes distortions along the direction of propagation of the GW. The
massless result of Eq. (5.56) realises the tensor modes through A5 and A6, and A1 specifically
comes from the ψ mode. Therefore, in addition to the tensor modes that appear in GR, a
breathing mode propagates at a relativistic speed.

5.4.2 | Case 2: GTele,Tvec ̸= 0 , GTele,Tax ̸= 0 , c̃1 = 0 , c̃2 = 0

By looking again at Eq. (5.18), a trivial solution can be obtained when setting

GTele,Tvec ̸= 0, GTele,Tax ̸= 0, c̃1 = 0, c̃2 = 0 . (5.58)

Merely applying these limits to the final result presented in Sec. 5.4.1 would result in an incorrect
or undefined solution. Starting from the block matrix of Eq. (5.16) and applying the conditions
of Eq. (5.58), the vanishing principal polynomial gives rise to two additional branches: subcases
2.I and 2.II.

5.4.2.1 | Case 2.I

The equations of c̃1 = 0 and c̃2 = 0 can be solved for different constants. For the choice of
substitution

GTele,Tvec = −2
3(G4 −GTele,T ) , and G4,ϕ = 1

2GTele,I2 , (5.59)
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the determinant of the system corresponding to the principal polynomial is given by

P2.I(k) = 2173−9(G4 −GTele,T )
8(GTele,Tax)

3k12
(
ω2 − k2

)7(
c̃3 + c̃4

(
ω2 − k2

))
, (5.60)

where c̃3 and c̃4 are given by Eq. (5.49) and Eq. (5.50), respectively. Once again, two additional
subcases emerge: c̃3 ̸= 0, c̃4 ̸= 0 and c̃3 = c̃4 = 0.

Case 2.I.a The first subcase for c̃3 ̸= 0 and c̃4 ̸= 0 does not alter the principal polynomial
presented in Eq. (5.60), hence the propagating DoFs arise in the massless and massive sectors:

Y2.I.a(ω) = {δϕ,X2,X4, σ, βi1 , βi2 ,Zi1 ,Zi2 ,Yi1 ,Yi2 , hij1 , hij2}
T , (5.61)

Y2.I.a(|k|) =
{
0, 0, 0, A1,−A2,−A3, i|k|A2, i|k|A3, A2, A3,

2
k2
A4,

2
k2
A5

}T
, (5.62)

Y2.I.a(|m|) = {B1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}T , (5.63)

The remaining DoFs are {σ, βi,Zi,Yi, hij} in the massless sector and {δϕ} in the massive sector.
The electric components of the Riemann tensor for the respective cases are given by

R̊0i0j (Y2.I.a(|k|)) =


A4 A5 0

A5 −A4 0

0 0 0

 , R̊0i0j (Y2.I.a(|m|)) =


0 0 0

0 0 0

0 0 0

 . (5.64)

Hence, while the scalar σ in the massless sector and the scalar δϕ in the massive sector are said to
be propagating DoFs, they do not contribute to the polarisation modes. Moreover, the massive
sector shows that no polarisation modes are detected in Eq. (5.64). Although their influence may
not be directly observable by GW interferometers, σ and δϕ could still impact the cosmological
growth of structures, the overall expansion of the Universe, and the strong-field regime. This
result can mimic the behaviour of GR, although the amplitudes at which the tensor modes are
observed would not necessarily be identical.

Case 2.I.b The other scenario arises when c̃3 = 0 and c̃4 = 0, which reduces the determinant
to

P2.I.b(k) =
131072
19683 (G4 −GTele,T )

8 (GTele,Tax)
3 k12

(
ω2 − k2

)7
, (5.65)

where only a massless solution can be obtained with a nullspace solution given by

Y2.I.b(ω) = {X2,X4, σ, βi1 , βi2 ,Zi1 ,Zi2 ,Yi1 ,Yi2 , hij1 , hij2}
T , (5.66)

Y2.I.b(|k|) =
{
0, 0, A1,−A2,−A3, i |k|A2, i|k|A3, A2, A3, ,

2
k2
A4,

2
k2
A5

}T
. (5.67)
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The only DoF which drops out from the system is δϕ but the massless sector appears identical
to Case 2.I.a explored in Sec. 5.4.2.1. While other DoFs are seen to propagate, only the tensor
modes leave an imprint on the polarisation of the system with the electrical component of the
Riemann tensor being

R̊0i0j (Y2.I.b(|k|)) =


A4 A5 0

A5 −A4 0

0 0 0

 . (5.68)

Therefore, the main distinction between Case 2.I.a and Case 2.I.b is that the former has an
additional DoF. In the field of GW studies, such a difference can manifest only when examining
the intricacies of the inspiral merger of two massive objects such as blackholes, neutron stars,
and pulsars. Both subclasses indicate no polarisation mode in the massive sector.

5.4.2.2 | Case 2.II

The other solutions c̃1 = c̃2 = 0 are given by

G3,ϕ = Z2 and G2,ϕϕ = −GTele,ϕϕ , (5.69)

which allow for 2(G4−GTele,T )+3GTele,Tvec ̸= 0 and GTele,I2−2G4,ϕ ̸= 0, although not necessarily,
giving rise to two scenarios.

Case 2.II.a The first scenario is the Case 2.II without any further modifications such that
2(G4 −GTele,T ) + 3GTele,Tvec ̸= 0. The determinant becomes

P (k) = 16384
243 (G4 −GTele,T )

5 (GTele,Tvec)
3 (GTele,Tax)

3 (GTele,I2 − 2G4,ϕ)k
12
(
ω2 − k2

)8
, (5.70)

which, when set to zero, results only in a massless case of ω = ±k such that the nullspace
solutions are

Y2.II.a(ω) = {δϕ, ψ,X4, σ, βi1 , βi2 ,Zi1 ,Zi2 ,Yi1 ,Yi2 , hij1 , hij2}
T , (5.71)

Y2.II.a(|k|) =
{
−4(G4−GTele,T+GTele,Tvec )

(GTele,I2−2G4,ϕ)k2
A1,− 1

k2
A1,

i
k3
A1, A2,

−A3,−A4, ikA3, ikA4, A3, A4,
2
k2
A5,

2
k2
A6

}T
. (5.72)

All modes available in the theory are DoFs. The denominator of GTele,I2 − 2G4,ϕ should not
vanish as it would result in an undefined region. The polarisation modes which can be detected
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are

R̊0i0j (Y2.II.a(|k|)) =


A1 +A5 A6 0

A6 A1 −A5 0

0 0 0

 , (5.73)

corresponding to the scalar ψ and the tensor modes h+ and h×. In this case, a propagating GW
would cause matter to stretch and squeeze in orthogonal directions, as described by the tensor
modes, while the additional scalar mode manifests as an isotropic expansion or contraction.
Unlike Case 1, the breathing mode in this scenario arises solely from a relativistic mode.

Case 2.II.b On the other hand, if GTele,I2 − 2G4,ϕ = 0 , the determinant is altered. Provided
G4 −GTele,T +GTele,Tvec ̸= 0, the principal polynomial and massless solution are given by

P2.II.b.1(k) = −16384
243 (G4 −GTele,T )

4

× (GTele,TvecGTele,Tax)
3(G4 −GTele,T +GTele,Tvec)k

12(ω2 − k2)7 , (5.74)

Y2.II.b.1(ω) = {X2,X4, σ, βi1 , βi2 ,Zi1 ,Zi2 ,Yi1 ,Yi2 , hij1 , hij2}
T , (5.75)

Y2.II.b.1(|k|) =
{
0, 0, A1,−A2,−A3, i|k|A2, i|k|A3, A2, A3,

2
k2
A4,

2
k2
A5

}T
. (5.76)

X2 and X4 drop from the list of propagating DoFs, and only pseudoscalar, vector and tensor
modes contribute. If G4 −GTele,T +GTele,Tvec = 0, the determinant further simplifies to

P2.II.b.2(k) = −4096
243 i(G4 −GTele,T )

7(GTele,Tax)
3ωk8(ω2 − k2)7 , (5.77)

Y2.II.b.2(ω) = {X2, σ, βi1 , βi2 ,Zi1 ,Zi2 ,Yi1 ,Yi2 , hij1 , hij2}
T , (5.78)

Y2.II.b.2(|k|) =
{
0, A1,−A2,−A3, i|k|A2, i|k|A3, A2, A3,

2
k2
A4,

2
k2
A5

}T
. (5.79)

When comparing to the latter two cases, the same propagating DoFs are present despite the
models being different. Moreover, both solutions Y2.II.b.1 and Y2.II.b.2 result in polarisation
modes similar in nature. The electric components of the Riemann tensor are given by

R̊0i0j (Y2.II.b(|k|)) =


A4 A5 0

A5 −A4 0

0 0 0

 , (5.80)

with only tensor modes being detectable.
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5.4.3 | Case 3: GTele,Tvec ̸= 0 , GTele,Tax = 0 , c̃1 ̸= 0 , c̃2 ̸= 0

The next branch sets the axial portion of the torsion tensor to vanish such that the model
has

GTele,Tvec ̸= 0 , GTele,Tax = 0 , c̃1 ̸= 0 , c̃2 ̸= 0 . (5.81)

Only σ mode is eliminated from the block matrix in Eq. (5.16) while the rest of the coefficients
simplify slightly such that the resulting determinant is given by

P3(k) = −32i(G4 −GTele,T )
5 (GTele,Tvec)

3 ω2k10
(
ω2 − k2

)3 (
c̃1 + c̃2

(
ω2 − k2

))
, (5.82)

and when it is set to zero, attains a massless and a massive sector. Hence, the nullspace solutions
become

Y3(ω) = {δϕ, ψ,X2,X4, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2} , (5.83)

Y3(|k|) =
{
0,−A1

k2
,−2(G4−GTele,T+GTele,Tvec )

(GTele,Tvec )k
2 A1,

i(2(G4−GTele,T )+3GTele,Tvec )

(GTele,Tvec )|k|3
A1, 0, 0, 0, 0,

2
k2
A2,

2
k2
A3

}T
, (5.84)

Y3(|m|) = {−2(2(G4 −GTele,T ) + 3GTele,Tvec)B1,

−(GTele,I2 − 2G4,ϕ)B1, (GTele,I2 − 2G4,ϕ)B1, 0, 0, 0, 0, 0, 0, 0}T , (5.85)

emphasising GTele,Tvec ̸= 0 as it appears in the denominator in the nullspace solution for the
massless sector. The electric components of the Riemann tensor, respectively, are given by

R̊0i0j (Y3(|k|)) =


A1 +A2 A3 0

A3 A1 −A2 0

0 0 0

 , (5.86)

R̊0i0j (Y3(|m|)) = (GTele,I2 − 2G4,ϕ)


(
m2 + k2

)
B1 0 0

0
(
m2 + k2

)
B1 0

0 0 m2B1

 . (5.87)

The massive sector has contributions from the scalar modes {δϕ, ψ,X2} whose combination boils
down to a solution proportional to B1. Both sectors appear to have an identical form as that of
Case 1 shown in Eqs (5.56-5.57), including the same condition (GTele,I2 − 2G4,ϕ) = 0 to produce
a hidden massive scalar polarisation. Albeit similar, the number of propagating DoFs is less in
Case 3 as this case contains fewer propagating DoFs.
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5.4.4 | Case 4: GTele,Tvec ̸= 0 , GTele,Tax = 0 , c̃1 = 0 , c̃2 = 0

Case 4 resembles the Case 2 branch discussed in Sec. 5.4.2, except for the addition of the
extra condition Tax = 0, such that

GTele,Tvec ̸= 0 , GTele,Tax = 0 , c̃1 = 0 , c̃2 = 0 . (5.88)

The omission of Tax creates a great distinction in the number of DoFs contributing to the
polarisation modes. Analogous to Case 2, further subcases arise, and a similar procedure is
applied.

5.4.4.1 | Case 4.I

Without imposing any further conditions, hence corresponding to the general scenario that
Case 4 by Eq. (5.88) provides, constants c̃1 = 0 and c̃2 = 0 are rearranged to obtain the limits

GTele,Tvec = −2
3(G4 −GTele,T ) and G4,ϕ = 1

2GTele,I2 , (5.89)

yielding a principal polynomial of the form

P4.I(k) =
256
81 i(G4 −GTele,T )

8ω2k10
(
ω2 − k2

)2 (
c̃3 + c̃4

(
ω2 − k2

))
, (5.90)

resulting in another branch of solutions surrounding the behaviour of the constants c̃3 and c̃4.
The general solution of P4.I(k) = 0 provides both massless and massive sectors, but if c̃3 = c̃4 = 0

the entire system is transformed and the analysis would need to be done separately.

Case 4.I.a Given c̃3 ̸= 0 and c̃4 ̸= 0, the principal polynomial in Eq. (5.90) becomes

P4.I.a(k) = P4.I(k) . (5.91)

The propagating DoFs are identified for both the massless and massive sectors:

Y4.I.a(ω) = {δϕ, ψ,X4, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2}
T , (5.92)

Y4.I.a(|k|) =
{
0, 0, 0, 0, 0, 0, 0, 2

k2
A1,

2
k2
A2

}T
, (5.93)

Y4.I.a(|m|) = {B1, 0, 0, 0, 0, 0, 0, 0, 0}T . (5.94)

In the massless sector, only the tensor modes hij are seen to propagate even though scalar and
vector modes are present in the field equations. On the other hand, the massive sector is dictated
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by δϕ which stems from the scalar inclusion of scalar-tensor theories. Eq. (5.43) gives

R̊0i0j (Y4.I.a(|k|)) =


A1 A2 0

A2 −A1 0

0 0 0

 , R̊0i0j (Y4.I.a(|m|)) =


0 0 0

0 0 0

0 0 0

 , (5.95)

for both sectors. While the massive sectors contain propagating DoFs, the electric components
of the Ricci scalar show that none of them contribute to the polarisation of GWs.

Case 4.I.b Next, consider the subcase when c̃3 = 0 and c̃4 = 0. These two equations are
rearranged to obtain G3,ϕ = 1

2(GTele,X + G2,X) and G2,ϕϕ = −GTele,ϕϕ, for which the principal
polynomial becomes

P4.I.b(k) =
256
81 i(G4 −GTele,T )

8ω2k10
(
ω2 − k2

)2
, (5.96)

providing a solution for the massless sector only, such that

Y4.I.b(ω) = {ψ,X5, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2}
T , (5.97)

Y4.I.b(|k|) =
{
0, 0, 0, 0, 0, 0, 2

k2
A1,

2
k2
A2

}T
, (5.98)

since δϕ contribution drops from the field equations. The polarisation modes, determined
from R̊0i0j in Eq. (5.43) shows a result similar in nature to Case 4.I.a on page 112 such that
R̊0i0j (Y4.I.b(|k|)) = R̊0i0j (Y4.I.a(|k|)).

5.4.4.2 | Case 4.II

Along with the conditions presented in Eq. (5.88), additional constraints are considered which
stem from the solution of c̃1 = 0 and c̃2 = 0 not considered in Case 4.I in Sec. 5.4.4.1:

G3,ϕ = Z2 , G2,ϕϕ = −GTele,ϕϕ , 2(G4 −GTele,T ) + 3GTele,Tvec ̸= 0 . (5.99)

The determinant alters to

P4.II(k) = −32i(G4 −GTele,T )
5 (GTele,Tvec)

3 (GTele,I2 − 2G4,ϕ)ω
2k10

(
ω2 − k2

)3
, (5.100)

immediately eliminating the possibility of having a massive sector. Now, only the conditions for
GTele,I2 − 2G4,ϕ would dictate the subcases of Case 4.II by further specifying constraints.
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Case 4.II.a Provided GTele,I2 − 2G4,ϕ ̸= 0 , the principal polynomial remains the same, i.e.

P4.II.a(k) = P4.II(k) , (5.101)

for which the nullspace solution can be obtained only for the massless sector:

Y4.II.a(ω) = {δϕ, ψ,X4, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2} , (5.102)

Y4.II.a(|k|) =
{
−4(G4−GTele,T+GTele,Tvec )

(GTele,I2−2G4,ϕ)k2
A1,− 1

k2
A1,

i
|k|3A1, 0, 0, 0, 0,

2
k2
A2,

2
k2
A3

}T
. (5.103)

The form of this branch is very distinct from Case 4.I.a in Sec. 5.4.4.1 as both scalar and tensor
modes are propagating DoFs. Specifically, all scalar modes {δϕ, ψ,X4} present in field equations
contribute. The polarisation modes which persist are

R̊0i0j (Y4.II.a(|k|)) =


A1 +A2 A3 0

A3 A1 −A2 0

0 0 0

 . (5.104)

such that in addition to the tensor modes, there is a scalar mode propagating which sets it apart
from other subcases obtained through Case 4 (Sec. 5.4.4). Only the print of scalar ψ appears
in the system, as it cancels out the contributions of X4 in the longitudinal contribution which
corresponds to the last entry of the matrix.

Case 4.II.b Adding the condition GTele,I2 − 2G4,ϕ = 0 while G4 − GTele,T + GTele,Tvec ̸= 0

leads to

P4.II.b.1(k) = 32iω2k10(ω2 − k2)2

× (G4 −GTele,T )
4(GTele,Tvec)

3(G4 −GTele,T +GTele,Tvec) , (5.105)

Y4.II.b.1(ω) = {ψ,X5, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2}
T , (5.106)

But, if G4 −GTele,T +GTele,Tvec = 0, the invariant X4 is eliminated from the possible solution as
given by

P4.II.b.2(k) = −8(G4 −GTele,T )
7ω3k6

(
ω2 − k2

)2
, (5.107)

Y4.II.b.2(ω) = {ψ, βi1 , βi2 ,Zi1 ,Zi1 , hij1 , hij2}
T . (5.108)

While the setups of these two scenarios appear different, both realise the same nature of propa-
gating DoFs:

Y4.II.b(|k|) =
{
0, 0, 0, 0, 0, 2

k2
A1,

2
k2
A2

}T
, (5.109)
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and the polarisation modes

R̊0i0j (Y4.II.b(|k|)) =


A1 A2 0

A2 −A1 0

0 0 0

 , (5.110)

replicating the behaviour similar to Case 4.I.b in Sec. 5.4.4.1

5.4.5 | Case 5: GTele,Tvec = 0 , GTele,Tax ̸= 0 , c̃1 ̸= 0 , c̃2 ̸= 0

The following cases will be carried out with the omission of the vectorial torsion tensor
contribution. The first of such cases is given by the conditions

GTele,Tvec = 0 , GTele,Tax ̸= 0 , c̃1 ̸= 0 , c̃2 ̸= 0 , (5.111)

where the determinant from the respective block matrix is given by

P (k) = −2048
243 i(G4 −GTele,T )

5 (GTele,Tax)
3 ω2k10

(
ω2 − k2

)3 (
c̃1 + c̃2

(
ω2 − k2

))
, (5.112)

The massless sector for ω2−k2 = 0 and massive sector for c̃1+ c̃2
(
ω2 − k2

)
= 0 provide possible

solutions of the nullspace to determine the propagating DoFs:

Y5(ω) = {δϕ, ψ,X2, σ, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2}
T , (5.113)

Y5(|k|) =
{
0, 0, 0, A1, 0, 0, 0, 0,

2
k2
A2,

2
k2
A3

}T
, (5.114)

Y5(|m|) = −(GTele,I2 − 2G4,ϕ)
{

4(G4−GTele,T )
(GTele,I2−2G4,ϕ)

B1, B1,−B1, 0, 0, 0, 0, 0, 0, 0
}T

. (5.115)

The denominator present in the massive sector for mode δϕ is balanced out by the common factor
of GTele,I2 − 2G4,ϕ, allowing to have cases where this expression is zero. The electric components
of the Riemann tensor are given by

R̊0i0j (Y5(|k|)) =


A2 A3 0

A3 −A2 0

0 0 0

 (5.116)

for the massless sector. This shows that X2, the only propagating DoF, does not contribute to
the polarisation imprint. For the massive sector, the result changes to

R̊0i0j (Y5(|k|)) = (GTele,I2 − 2G4,ϕ)


(
m2 + k2

)
B1 0 0

0
(
m2 + k2

)
B1 0

0 0 m2B1

 , (5.117)
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implying that now there is a dependency on the condition GTele,I2 − 2G4,ϕ ̸= 0 to realise polar-
isation modes. Unlike Case 1 and Case 3, the breathing mode appears alongside the longitudi-
nal mode in the massive sector only, meaning a non-relativistic graviton is responsible for the
isotropic expansion/contraction.

5.4.6 | Case 6: GTele,Tvec = 0 , GTele,Tax ̸= 0 , c̃1 = 0 , c̃2 = 0

Similar to other cases which include the vanishing c̃1 and c̃2, explored in Case 2 in Sec. 5.4.2
and in Case 4 in Sec.5.4.4, numerous subcases emerge. Case 6 starts with the conditions of

GTele,Tvec = 0 , GTele,Tax ̸= 0 , c̃1 = 0 , c̃2 = 0 , (5.118)

where the latter equations are chosen to be recast in the following equations

G3,ϕ =
3(GTele,I2−2G4,ϕ)

2

8(G4−GTele,T ) + 1
2(GTele,X +G2,X) , G2,ϕϕ = −GTele,ϕϕ . (5.119)

The subject of the formula does alter the appearance of the results but ultimately attains the same
nature of results, which is the interest of the analysis. Regardless, the substitutions suggested
here are favoured as the relationship G4−GTele,T ̸= 0 has already been imposed to attain tensor
modes, ensuring the equations do not result in undefined scenarios. The principal polynomial
becomes

P6(k) = −2048
243 i(G4 −GTele,T )

5 (GTele,Tax)
3 (GTele,I2 − 2G4,ϕ)ω

2k10
(
ω2 − k2

)3
, (5.120)

leading to several solely massless solutions corresponding to a variety of limits.

5.4.6.1 | Case 6.I

By imposing GTele,I2 − 2G4,ϕ ̸= 0, the generalised solution for Case 6 can be determined such
that

P6.I(k) = P6(k) . (5.121)

The nullspace solution obtained by setting the determinant to zero is given by

Y6.I(ω) = {δϕ, ψ, σ, βi1 , βi2 ,Zi1,Zi2 , hij1 , hij2}
T , (5.122)

Y6.I(|k|) =
{
0, 0, A1, 0, 0, 0, 0,

2
k2
A2,

2
k2
A3

}T
, (5.123)
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which holds for the massless case. Apart from the two tensor modes, the only other propagating
DoF is contributed by the pseudoscalar σ. The Riemann tensor is given by

R̊0i0j (Y6.I(|k|)) =


A2 A3 0

A3 −A2 0

0 0 0

 , (5.124)

such that only the tensor polarisation modes remain. As expected, due to the Riemann tensor
being constructed through the perturbation of the metric δgµν in Eq. (4.26), the pseudoscalar σ
stemming from the antisymmetry of the tetrad, does not contribute to the electric components
of the Riemann tensor since by definition it is symmetric.

5.4.6.2 | Case 6.II

The next subcase is for GTele,I2 − 2G4,ϕ = 0, modifying the principal polynomial to

P6.II(k) =
2048
243 i(G4 −GTele,T )

5 (GTele,Tax)
3 ω2k8

(
ω2 − k2

)3
. (5.125)

From this polynomial, no further subcases can be obtained unless a different branch is considered
where Tax = 0. This case eliminates the δϕ scalar as a possible contributing factor as shown in
the nullspace analysis given by

Y6.II(ω) = {ψ, σ, βi1 , βi2 ,Zi1 ,Zi2 , hij1 , hij2}
T , (5.126)

Y6.II(|k|) =
{
0, A1, 0, 0, 0, 0,

2
k2
A2,

2
k2
A3

}T
. (5.127)

This omission does not contribute to any additional polarisation modes, thus the R̊0i0j remains
the same as Case 6.I:

R̊0i0j (Y6.II(|k|)) = R̊0i0j (Y6.I(|k|)) . (5.128)

It should be noted that the equivalence between the two results only holds for the nature of
the polarisation modes, and the actual expressions for these modes will change according to the
expressions of the gravitational theory being represented by the particular subcase.

5.4.7 | Case 7: GTele,Tvec = 0 , GTele,Tax = 0 , c̃1 ̸= 0 , c̃2 ̸= 0

The remaining cases investigate the cases for gravitational theories independent of Tax and
Tvec, starting with the particular case

GTele,Tvec = 0 , GTele,Tax = 0 , c̃1 ̸= 0 , c̃2 ̸= 0 , (5.129)
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giving the principal polynomial of the form

P7(k) = −4(G4 −GTele,T )
5(ω2 − k2)2k8

(
c̃1 + c̃2

(
ω2 − k2

))
, (5.130)

where separate solutions are attained for the massless sector when ω = ±k and massive sector
with mass m = − c̃1

c̃2
.

Y7(ω) = {δϕ, ψ,X2, βi1 , βi2 , hij1 , hij2}
T , (5.131)

Y7(|k|) =
{
0, 0, 0, 0, 0, 2

k2
A1,

2
k2
A2

}T
, (5.132)

Y7(|m|) = −(GTele,I2 − 2G4,ϕ)
{

4(G4−GTele,T )
GTele,I2−2G4,ϕ

B1, B1,−B1, 0, 0, 0, 0
}T

, (5.133)

where the massless sector provides the two tensor modes as propagating DoFs, and the massive
sector produces one DoF appearing for the scalars δϕ, ψ,X2 scalars. The respective Riemann
tensor components are

R̊0i0j (Y7(|k|)) =


A1 A2 0

A2 −A1 0

0 0 0

 , (5.134)

R̊0i0j (Y7(|m|)) = (GTele,I2 − 2G4,ϕ)


(
m2 + k2

)
B1 0 0

0
(
m2 + k2

)
B1 0

0 0 m2B1

 . (5.135)

In this case, all the propagating DoFs realised from the theory also appear as contributing
polarisation modes of a GW. In the previous cases explored, the symmetric properties of the
Riemann tensor have eliminated at least one of the DoFs. This is largely because the majority of
constants have been set to vanish, corresponding to the terms that appear in the antisymmetry
of the field equations such as GTele,Tax and GTeleTvec

.

5.4.8 | Case 8: GTele,Tvec = 0 , GTele,Tax = 0 , c̃1 = 0 , c̃2 = 0

The final case is given by the combination

GTele,Tvec = 0 , GTele,Tax = 0 , c̃1 = 0 , c̃2 = 0 . (5.136)

The solutions of c̃1 = 0 and c̃2 = 0 are written as

G3,ϕ =
3(GTele,I2 − 2G4,ϕ)

2

8(G4 −GTele,T )
+ 1

2(GTele,X +G2,X) , G2,ϕϕ = −GTele,ϕϕ . (5.137)
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For these solutions, the principal polynomial expression (5.18) simplifies to

P8(k) = 4(G4 −GTele,T )
5(GTele,I2 − 2G4,ϕ)k

8
(
ω2 − k2

)2
. (5.138)

Setting the determinant to zero results in two additional subcases dictated by the expression
GTele,I2 − 2G4,ϕ.

5.4.8.1 | Case 8.I

The first of these cases leaves the principal polynomial unaltered

P8.I(k) = P8(k) , (5.139)

by imposing that GTele,I2 − 2G4,ϕ ̸= 0. The nullspace solution of the block matrix containing a
large number of vanishing terms is given by

Y8.I(ω) = {δϕ, ψ, βi1 , βi2 , hij1 , hij2}
T , (5.140)

Y8.I(|k|) =
{
0, 0, 0, 0, 2

k2
A1,

2
k2
A2

}T
, (5.141)

generating only a massless solution with tensor propagating DoFs, and present themselves as the
only polarisation modes:

R̊0i0j (Y8.I(|k|)) =


A1 A2 0

A2 −A1 0

0 0 0

 . (5.142)

Once again, a large number of vanishing terms result in the omission of antisymmetric contribu-
tions, thus all propagating DoFs correspond to the polarisation modes.

5.4.8.2 | Case 8.II

Finally, when GTele,I2 − 2G4,ϕ = 0, the principal polynomial becomes

P8.II(k) = −4(G4 −GTele,T )
5k6
(
ω2 − k2

)2
, (5.143)

whose solution is solely dependent on the terms G4 −GTele,T . In contrast to the previous cases,
the subcase of G4−GTele,T = 0 is not considered as this would result in a system without tensor
mode DoFs, thus contradicting the observations obtained in GR and the tensor mode natures
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detected in the A-LIGO experiments detailed in Ref. [45]. Hence, G4 − GTele,T ̸= 0 results in
the nullspace solution of

Y8.II(ω) = {ψ, βi1 , βi2 , hij1 , hij2}
T , (5.144)

Y8.II(|k|) =
{
0, 0, 0, 2A1

k2
, 2A2

k2

}T
, (5.145)

where δϕ is omitted from the system by nature of the limits from even being a possible DoF in
comparison with Case 8.I evaluated in page 119 but results in similar electric components of the
Riemann tensor:

R̊0i0j (Y8.II(|k|)) = R̊0i0j (Y8.I(|k|)) . (5.146)

The results for the different branches of BDLS presented here have been obtained by checking
the mathematical restrictions when solving the principal polynomial (5.18) which is set to vanish.
While these branches may not directly correspond to theories of gravity that have been studied
in the literature, they can be obtained by taking appropriate limits within the best-fit result.
Table 5.3 offers a short list of gravitational theories and their corresponding BDLS cases as
classified by the procedure in this chapter. These results only apply to a Minkowski background
and constant background scalar field. Here, GR and f(T ) can both be described by Case 8
where only the tensor modes propagate. This is a good example to point out that if an FLRW
background is considered the two theories would not have the same results. In Chapter 7 it
will be shown that f(T ) can realise an additional scalar propagating DoF when considering a
cosmological perturbation. The Horndeski case falls within category 7, with a total of 3 DoFs.
While subcases of Horndeski gravity can be adequately placed in this category, like BD and GBD,
others would be better suited within a different part of the branches, such as GR. Additionally,
noting the drop in the number of DoFs when comparing Horndeski gravity to a case where GTele

is the only function, shows how much the teleparallel portion of BDLS contributes. While not
subclasses of Horndeski gravity, the likes of Generalised Teleparallel dark energy, Generalised
Teleparallel Scalar Tensor, and Tachyonic Teleparallel Gravity share the same category.
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Cases Conditions

Sectors

DoFMassless Massive

S V T S m2

1 GTele,Tvec ̸= 0, GTele,Tax ̸= 0, c̃1 ̸= 0, c̃2 ̸= 0 2 1 1 1 − c̃1
c̃2

7

2 GTele,Tvec ̸= 0, GTele,Tax ̸= 0, c̃1 = 0, c̃2 = 0

2.I GTele,Tax ̸= 0, c̃3 ̸= 0, c̃4 ̸= 0

2.I.a GTele,Tax ̸= 0, c̃3 ̸= 0, c̃4 ̸= 0 1 1 1 1 − c̃3
c̃4

6

2.I.b GTele,Tax ̸= 0, c̃3 = 0, c̃4 = 0 1 1 1 - - 5

2.II G3,ϕ = Z2, G2,ϕϕ = −GTele,ϕϕ

2.II.a GTele,I2 − 2G4,ϕ ̸= 0 2 1 1 - - 6

2.II.b GTele,I2 − 2G4,ϕ = 0 1 1 1 - - 5

3 GTele,Tvec ̸= 0, GTele,Tax = 0, c̃1 ̸= 0, c̃2 ̸= 0 1 - 1 1 − c̃1
c̃2

4

4 GTele,Tvec ̸= 0, GTele,Tax = 0, c̃1 = 0, c̃2 = 0

4.I GTele,Tvec = − 2
3
(G4 −GTele,T ), G4,ϕ = 1

2
GTele,I2

4.I.a c̃3 ̸= 0, c̃4 ̸= 0 - - 1 1 − c̃3
c̃4

3

4.I.b c̃3 = 0, c̃4 = 0 - - 1 - - 2

4.II G3,ϕ = Z2, G2,ϕϕ = −GTele,ϕϕ

4.II.a GTele,I2 − 2G4,ϕ ̸= 0 1 - 1 - - 3

4.II.b GTele,I2 − 2G4,ϕ = 0 - - 1 - - 2

5 GTele,Tvec = 0, GTele,Tax ̸= 0, c̃1 ̸= 0, c̃2 ̸= 0 1 - 1 1 − c̃1
c̃2

4

6 GTele,Tvec = 0, GTele,Tax ̸= 0, c̃1 = 0, c̃2 = 0 1 - 1 - - 3

7 GTele,Tvec = 0, GTele,Tax = 0, c̃1 ̸= 0, c̃2 ̸= 0 - - 1 1 − c̃1
c̃2

3

8 GTele,Tvec = 0, GTele,Tax = 0, c̃1 = 0, c̃2 = 0 - - 1 - - 2

Table 5.1: Branches of teleparallel analogue of Horndeski theory with their respective propagating
DoFs. Each scalar represents 1 DoF, each vector represents 2 DoFs, and each tensor represents
2 DoFs. Quantities c̃1, c̃2, c̃3, c̃4 are defined respectively in Eqs (5.19a), (5.19b), (5.49), (5.50)
and Z2 defined in Eq. (5.48).
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Cases Conditions

Polarisations

Massless Massive

S V T S

b l x y + × b l

1 GTele,Tvec ̸= 0, GTele,Tax ̸= 0, c̃1 ̸= 0, c̃2 ̸= 0
√

- - -
√ √ √ √

2 GTele,Tvec ̸= 0, GTele,Tax ̸= 0, c̃1 = 0, c̃2 = 0

2.I GTele,Tax ̸= 0, c̃3 ̸= 0, c̃4 ̸= 0

2.I.a GTele,Tax ̸= 0, c̃3 ̸= 0, c̃4 ̸= 0 - - - -
√ √

- -

2.I.b c ̸= 0, c̃3 = 0, c̃4 = 0 - - - -
√ √

- -

2.II G3,ϕ = Z2, G2,ϕϕ = −GTele,ϕϕ

2.II.a GTele,I2 − 2G4,ϕ ̸= 0
√

- - -
√ √

- -

2.II.b GTele,I2 − 2G4,ϕ = 0 - - - -
√ √

- -

3 GTele,Tvec ̸= 0, GTele,Tax = 0, c̃1 ̸= 0, c̃2 ̸= 0
√

- - -
√ √ √ √

4 GTele,Tvec ̸= 0, GTele,Tax = 0, c̃1 = 0, c̃2 = 0

4.I GTele,Tvec = − 2
3
(G4 −GTele,T ), G4,ϕ = 1

2
GTele,I2

4.I.a c̃3 ̸= 0, c̃4 ̸= 0 - - - -
√ √

- -

4.I.b c̃3 = 0, c̃4 = 0 - - - -
√ √

- -

4.II G3,ϕ = Z2, G2,ϕϕ = −GTele,ϕϕ

4.II.a GTele,I2 − 2G4,ϕ ̸= 0
√

- - -
√ √

- -

4.II.b GTele,I2 − 2G4,ϕ = 0 - - - -
√ √

- -

5 GTele,Tvec = 0, GTele,Tax ̸= 0, c̃1 ̸= 0, c̃2 ̸= 0 - - - -
√ √ √ √

6 GTele,Tvec = 0, GTele,Tax ̸= 0, c̃1 = 0, c̃2 = 0 - - - -
√ √

- -

7 GTele,Tvec = 0, GTele,Tax = 0, c̃1 ̸= 0, c̃2 ̸= 0 - - - -
√ √ √ √

8 GTele,Tvec = 0, GTele,Tax = 0, c̃1 = 0, c̃2 = 0 - - - -
√ √

- -

Table 5.2: Branches of teleparallel analog of Horndeski theory with their corresponding polari-
sations. Quantities c̃1, c̃2, c̃3, c̃4 are defined respectively in Eqs (5.19a), (5.19b), (5.49), (5.50)
and Z2 defined in Eq. (5.48).
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Theory Case DoF Lagrangian Density Li

(
Si =

1
2κ2

∫
d4x eLi

)
GR or f(T ) 8 2 R̊ or f(T )

Horndeski 7 3 Eq. (2.24)

GTele 1 7 GTele (ϕ,X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10)

Generalized NGR 2.I.b 5 f(T, Tax, Tvec)

Generalized Teleparallel Dark Energy 7 3 −A(ϕ)T − 1
2
∂µϕ∂

µϕ− V (ϕ)

Generalized Teleparallel Scalar Tensor 7 3 F (ϕ)T + P (ϕ,X)−G3(ϕ,X)□ϕ

Tachyonic Teleparallel Gravity 7 3 f(T,X, ϕ)

Table 5.3: Categorisation of literature models within the branches of Teledeski found in Table
5.1. The models are a particular scenario that falls within the case indicated. Additionally,
standard Horndeski includes Brans-Dicke and f(R) theories.

5.5 | Summary
Considering the full BDLS cases, where no terms of the action (2.98) are omitted, the maximum
number of propagating DoFs is 7: 2 scalar modes, 1 vector mode, and 1 tensor mode in the
massless sector, and an additional scalar mode arising from the massive sector. This result has
been fleshed out in Sec. 5.4.1. Across the branches stemming from BDLS the tensor modes h+
and h× always appear as per the imposition of the condition G4 − GTele,T ̸= 0. Within the
massive sector, provided that ψ and X2 are nontrivial DoFs, realises a scalar propagating DoF.
Two distinct categories can be established from the analysis carried out in Sec. 5.4: propagating
DoFs in the massless sector only containing a combination of scalar-vector-tensor modes or an
amalgamation of massless and massive sectors. The propagating DoFs subcases obtained from
the generalised BDLS model have been summarised in Table 5.1.

By calculating the electric components of the Riemann tensor one can determine which of
the propagating DoFs appear as a polarisation mode to describe the nature of GW propagating.
While the tensor polarisation modes consistently appear in the massless sector, four subcases
(Cases 1, 2.II.a,3, 4.II.a) also include an additional breathing scalar mode. As for the massive
sector, scalar polarisation modes appear in four cases (Cases 1,3, 5, 7) contributing to the
breathing and longitudinal portions. Polarisation modes have been summarised in Table 5.2.

While additional scenarios can be explored, the nature of the results presented in Tables 5.1-
5.2 remains unaltered. Thus, theories of gravity explored in the literature that fall under the
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BDLS formalism, can be classified under these subcases. In fact, GR can be categorised within
Case 8 (Sec. 5.4.8) and Horndeski within Case 7 (Sec. 5.4.7). Hence, the gravitational theory
of BDLS, and the methodology of determining the propagating DoFs and polarisation modes
presented in this chapter can retrieve results for other established theories, some of which have
been listed in Table 5.3, while also providing results for other subclasses that fall under the
standard Horndeski model and second order tetrad-based theories.
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6

Growth of Structures in Teleparallel
Gravity

The current structures in the Universe have originated from gravitational instabilities, responsible
for matter accumulation which has led to the large-scale structure formation including clusters
of galaxies. The expansion rate of the Universe affects how the growth of structure behaves.
Slow growth is experienced during the radiation epoch in comparison to the matter-dominated
era, and growth slows down again as dark energy takes over and the Universe undergoes an
accelerated expansion. Additionally, baryons and photons exert pressure, thus as gas migrates
to lower pressure areas, baryons are unable to accumulate as much as the pressureless counterpart
of dark matter [88].

Cosmological evolution of perturbations can be split into three parts [88, 309]:

■ Superhorizon: The large scales, where long wavelength modes are initially outside the
horizon such that k ≪ aH, contribute to the conditions that shape the large-scale structures
of the early Universe.

■ Horizon entry: Wavelengths start to enter the horizon and the Universe shifts from a
radiation epoch where a ≪ aeq to a matter-dominated one where a ≫ aeq, given aeq

represents the point when radiation and matter densities are equivalent; linking the large
and small scale regions.

■ Subhorizon: Deep within the matter-dominated era, the growth of matter perturbations
overtakes that of radiation density, such that dark matter continues to evolve and the
radiation becomes negligible. Here, small-scale modes are represented by the relationship
k ≫ aH.

In this chapter, the main focus is the growth of CDM but it should be noted that other
constituents of the Universe play a role, somewhat small, which results in the small structures
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observed today. Within the horizon, baryon densities are suppressed as they are still tightly
bound to photons at early times. Post decoupling, the now free-moving baryons fall within the
gravitational wells that dark matter had time to create, ultimately also contributing to structure
formation [36, 37, 38]. Additionally, BAOs influence the transfer function and can be detected,
despite them being a small portion of the total matter [310]. Massive neutrinos, still retaining a
relatively high velocity, smooth out density perturbations, hence resulting in a dampening of the
growth of small structures [311, 312]. As the Universe enters a dark energy-dominated epoch,
the growth of perturbations is directly affected by the Hubble rate. Thus, the growth factor
behaviour is altered in accordance to the dark energy model used [313, 86, 269].

The chapter is split up as follows: Sec. 6.1 elaborates on the matter sector; Sec. 6.2 provides
a general overview of obtaining the Mészáros equations; Sec. 6.3 introduces the growth factor,
growth index, fσ8, and S8 parameters; Sec. 6.4 provides the cosmic growth structures of gravi-
tational models of f(T ) and modified GR; and all results summarised in Sec. 6.5. The following
work is based on the published work in Refs [314, 315]. In this chapter, the signature is changed
to (+,−,−,−) since data values are obtained from literature where this signature is utilised.

6.1 | Matter Perturbations
In the BDLS action given by Eq. (2.98), the matter has been introduced but not thoroughly
explored, as up to this point the systems were considered to be in a vacuum. As gravity interacts
with matter, it becomes important to understand the dynamics of gravitational theory to ensure
consistency with a viable Universe. It becomes crucial to make predictions and comparison with
observations such as gravitational lensing [316, 317, 318, 126], CMB [319], large scale structures
and BAO [310, 320, 321], and GWs [45, 80, 276]. The energy-momentum tensor Θµν for a perfect
fluid can be written in terms of the fluid four-velocity uµ [9]1:

Θµν := (ρ+ p)uµuν − pgµν −Πµν , (6.1)

where ρ is the energy density and p is the pressure which are solely time-dependent, and Πµν is
the anisotropic stress tensor with the properties

Π00 = Π0i = uµΠµν = 0 , (6.2)

where uµ is given by

uµ = (1, 0, 0, 0) , (6.3)

1This relationship has been introduced in Eq. (2.12). The minus sign in the second term arises due to the
opposite sign convention. Additionally, the anisotropic stress is included.
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which yields the property

uµuµ = gµνu
µuν = 1 . (6.4)

Note, under gauge transformation the background values of ρ and p maintain their functional
forms. The energy-momentum tensor Θµν is symmetric and can be obtained from the ac-
tion (2.98) through the variation with respect to the tetrad of the matter sector Lm:

Θ γ
C = e−1∂(eLm)

∂eCγ

, (6.5)

which can be contracted with the tetrad and inverse metric to obtain Eq. (6.1). The conservation
of the energy-momentum tensor implies [9]

∇̊µΘ
µν = ∂µΘ

µν + Γ̊µ
µαΘ

αν + Γ̊ν
µαΘ

µα = 0 , (6.6)

which at the background level results in the continuity equation

∇̊µΘ
µ0 = ρ̇+ 3H(ρ+ p) = 0 , (6.7)

while the component ∇̊µΘ
µi, corresponding to the Euler/velocity equation, gives a trivial result

at the background level.
The perturbation of the energy-momentum tensor up to the first order in the scalar sector is

given by

Θ ν
µ =

 ρ+ δρ (ρ+ p)∂iv

−a2(ρ+ p)∂iv −((p+ δp) δji + ∂i∂
jπs)

 , (6.8)

where δρ is the perturbation of the energy density, δp is the pressure perturbation, v is the scalar
component of the velocity vector

vi =
ui

u0
, (6.9)

and πs is the scalar component of the anisotropic stress [322]. The perturbations are taken to be
of both temporal and spatial coordinates. The gauge transformations of these additional matter
scalar perturbations are checked through the Lie derivative notation

Θ̃ ν
µ = Θ ν

µ + ∂αΘ
ν

µ ξα + ∂µξ
αΘ ν

α − ∂αξ
νΘ α

µ , (6.10)

where ξµ = {ξ0, 1a∂
iξ} for the scalar transformation, analogous to the procedure presented in

Eq. (4.40) and Eq. (4.41) for tetrad and scalar, respectively. Hence, the transformations are [271]

δ̃ρ = δρ+ ρ̇ξ0 , (6.11a)
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δ̃p = δp+ ṗξ0 , (6.11b)

π̃s = πs , (6.11c)

ṽ = v − 1

a2
ξ0 , (6.11d)

where πs is the only gauge-invariant quantity. The remaining variables can be combined to
construct other gauge-invariant quantities:

Γ = δp− ṗ

ρ̇
δρ , (6.12a)

δm =
δρ+ a2ρ̇v

ρ
, (6.12b)

∆m =
δp+ a2ṗv

ρ
=

Γ

ρ
+
ṗδm
ρ̇

, (6.12c)

where Γ is the entropy perturbation for which δp
δρ is referred to as the effective speed of sound

and ṗ
ρ̇ is the adiabatic speed of sound, δm is the comoving gauge density perturbation, and

∆m is the pressure perturbation. The conservation of energy-momentum relationship given
by Eq. (6.6) can be extended to the perturbative level to obtain the continuity and velocity
equations, respectively:

0 = δ̇ρ+ (ρ+ p)
(
−∂2v + 3ψ̇ − ∂2ḣ

)
+ 3H

(
δρ+ δp− ∂2πs

3

)
, (6.13)

0 = δp− ∂2πs + a2[(2H(ρ+ p) + ṗ)v + (ρ+ p)v̇] + (ρ+ p)[φ+ aH(b− β)] . (6.14)

The addition of Eq. (6.8) to Eqs (3.19-3.21) and Eq. (4.29) extends the scalar sector to include
matter contributions for a perfect fluid, such that

W 0
0 = 2κ2ρ , (6.15)

W i
i = −2κ2p , (6.16)

where the background equationsW 0
0 andW i

i are given by Eq. (3.19) and Eq. (3.21), respectively,
and

δW 0 S
0 = 2κ2δρ , (6.17a)

δW i S
0 = 2κ2(ρ+ p)∂iv , (6.17b)

δW 0 S
i = 2κ2(ρ+ p)∂iv , (6.17c)

δW i S
i = −2κ2δp , (6.17d)

δW j S
i = 0 , (6.17e)

wherein the background equations have already been applied. The gravitational portion of the
field equations (δW 0 S

0 , δW i S
0 , δW 0 S

i , δW i S
i , δW j S

i ) is given by Eq. (4.29). Thus, along
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with the conservation of momentum equations (6.7, 6.13-6.14), provide the tools to construct
the Mészáros equation.

6.2 | Mészáros Equation
The Mészáros equation can describe the growth of density perturbations originating in the early
Universe as they evolve during the matter-dominated eras. Through the lens of linear perturba-
tion theories, it combines the gravitational equations of motion with the dynamics of fluids to
understand small homogeneities grow at later stages due to gravitational instabilities. First, the
tools used throughout this section are introduced. The effective equation of state is given by

ωeff :=
p

ρ
, (6.18)

such that upon substitution of Eq. (6.15) for ρ and Eq. (6.16) for p, one retrieves an expression
in terms of the modified part of the theory. A similar relationship can be obtained for the
perturbative portions δρ and δp, in which Eqs. (6.17a,6.17d) are utilised to define the effective
sound speed as

c2s :=
δp

δρ
. (6.19)

The entropy perturbation given by Eq. (6.12a) is set to zero; it is said that there is adiabaticity
i.e.

Γ = 0 =⇒ δp

δρ
=
ṗ

ρ̇
. (6.20)

By using the continuity equation (6.13), velocity equation (6.14) and the gauge-invariant variables
δm and Γ given by Eq. (6.12b) and Eq. (6.12a), respectively, the variables v, δρ and δp can be
eliminated and replaced by gauge-invariant variables.

When studying the subhorizon epoch, it is assumed that the evaluation is being applied
within a deep matter era, such that only CDM is considered. Hence,

p = δp = 0 , (6.21)

such that ωeff = 0, c2s → 0, and subscript m is now associated with CDM only. The anisotropic
stress is excluded as it is associated with quadrupole contributions whose role is mainly within
the radiation epoch and are negligible when considering CDM in the matter epoch. Additionally,
longitudinal gauge2 is applied such that

b = β , and h = 0 . (6.22)

2Refer to Eq. (4.44) for a summary of different gauge choices which can be applied instead of the longitudinal
gauge.
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The gauge choice removes any residual freedoms, resulting in gauge-invariant field equations.
This implies that physical quantities are independent of arbitrary choices of coordinates or in-
ternal symmetries, reflecting only the underlying physics.

Due to the linear relationship between the perturbations, the field equations can be rewritten
to express gravitational perturbations as functions of matter perturbations. Given that the
antisymmetric W[ij] given by Eq. (4.33) corresponds to the {σ, σ̇, σ̈} terms in the Wij expression
in Eq. (4.29d), the σ mode can be eliminated. The remaining field equations are

δW 0
0 : F1(δϕ, δϕ̇, φ, β, β̇, ψ, ψ̇) = G1(δm, δ̇m) , (6.23)

δW i
0 : F2(δϕ, δϕ̇, φ, φ̇, β̇, β̈, ψ, ψ̇) = G2(δ̇m) , (6.24)

δW 0
i : F3(δϕ, δϕ̇, φ, β, ψ̇) = G3(δ̇m) , (6.25)

δW j
i : F4(δϕ, φ, β, β̇, ψ) = 0 , (6.26)

δW i
i : F5(δϕ, δϕ̇, δϕ̈, φ, φ̇, β, β̇, ψ, ψ̇, ψ̈) = 0 , (6.27)

δẆ 0
0 : F6(δϕ, δϕ̇, δϕ̈, φ, φ̇, β, β̇, β̈, ψ, ψ̇, ψ̈) = G6(δm, δ̇m, δ̈m) , (6.28)

δẆ i
0 : F7(δϕ, δϕ̇, δϕ̈, φ, φ̇, φ̈, β, β̇, β̈,

...
β , ψ, ψ̇, ψ̈) = G7(δ̇m, δ̈m) , (6.29)

δẆ 0
i : F8(δϕ, δϕ̇, δϕ̈, φ, φ̇, β, β̇, ψ̇, ψ̈) = G8(δ̇m, δ̈m) , (6.30)

δẆ j
i : F9(δϕ, δϕ̇, φ, φ̇, β, β̇, β̈, ψ, ψ̇) = 0 , (6.31)

δWϕ : F10(δϕ, φ, β, ψ, δϕ̇, φ̇, β̇, ψ̇, δϕ̈, ψ̈) = 0 , (6.32)

δW(0i) : F11

(
δϕ, δϕ̇, φ, φ̇, β, β̇, β̈, ψ, ψ̇

)
= G11

(
δ̇m

)
, (6.33)

δW[0i] : F12

(
δϕ, δϕ̇, φ, φ̇, β, β̇, β̈, ψ, ψ̇

)
= 0 (6.34)

δW(ij) : F13

(
δϕ, φ, β, β̇, ψ

)
= 0 , (6.35)

δẆ(ij) : F14

(
δϕ, δϕ̇, φ, φ̇, β, β̇, β̈, ψ, ψ̇

)
= 0 , (6.36)

cast in matrix form

Fχ = G , (6.37)

where F is a matrix of coefficients arising from functions [F1,F14] corresponding to the gravita-
tional perturbations given by χ = {δϕ, δϕ̇ δϕ̈, φ, φ̇, β, β̇, β̈,

...
β , ψ, ψ̇, ψ̈}, while each row of matrix G

is given by a linear combination of matter contributions {δm, δ̇m, δ̈m} corresponding to functions
{G1,G2,G3,G6,G7,G8,G11}. The number of equations in the system is larger than the number of
modes for which a solution is required. In the general case of BDLS, it is ideal to eliminate δẆ i

0

in Eq. (6.29) to avoid introducing higher order derivatives. It may be that the expression comes
in useful when dealing with subcases of BDLS where 9GTele,Tvec + 2X(−2GTele,J8 − 5GTele,J5 +

3GTele,J3 +2XGTele,J6) = 0 since these higher order derivatives are not present. Additionally, the
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choice of eliminating equations relies upon ensuring that the matrix F is constructed completely
with linearly independent equations, such that det(F) ̸= 0 and is invertible. By obtaining the
inverse of matrix F , the solution for χ is obtained:

χ = F−1G , (6.38)

giving a solution for each gravitational quantity.
Next, the initial form of the Mészáros equation can be obtained through the continuity and

velocity equations (6.13-6.14). These equations simplify upon applying Eq. (6.21), Eq. (6.12b)
and longitudinal gauge, yielding

0 = δ̇m + 3Ḣṽ + 3H ˙̃v − k2

a2
ṽ + 3ψ̇ , (6.39)

0 = ˙̃v + φ . (6.40)

where ṽ = a2v, and expressed with a spatial Fourier transformation. Substituting Eq. (6.40) in
Eq. (6.39), an expression for v can be obtained from

0 = δ̇m − 3Hφ+ 3ψ̇

(
k2

a2
− 3Ḣ

)
ṽ . (6.41)

Taking a time derivative, and substituting Eq.(6.41) and Eq. (6.40) results in the following:

0 = δ̈m + 3
(
Ḧṽ + Ḣ ˙̃v

)
− 3

(
Ḣφ+Hφ̇

)
+
k2

a2
(
2aHṽ − ˙̃v

)
+ 3ψ̈ . (6.42)

All gravitational potentials present in Eq. (6.42) can be substituted by the solution χ in Eq. (6.38)
where all modes are solved and expressed solely in terms of matter perturbation δm and its
derivative. Therefore, the Mészáros equation can be written in the form

0 = δ̈m + 2Hν(t)δ̇m − 1

2
κ2ρµ(t)δm , (6.43)

where ν and µ are time-dependent functions on the gravitational theory considered. Through
this equation, the evolution of CDM can be obtained when considering the matter-dominated
era by solving the second-order differential equation. This solution provides an avenue to study
growth parameters: growth factor D, growth index γ, fσ8, and S8. Eq. (6.43) resembles the form
of the Mészáros equation for the ΛCDM model. All the effective contributions from gravitational
potentials are encapsulated in the µ and ν coefficients.

6.3 | Cosmic Growth Parameters
Solving the second order differential equation given by the Mészáros equation (6.43) results in
the solution of the matter perturbation δm. By switching the equation to be dependent on the
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evolution scale of the scale factor a or redshift z, one can obtain an understanding of growth
structures assisted by observable data. The former notation has been adopted in this project.
The Mészáros equation is constructed under the assumption that the system is within the matter-
dominated era, hence the energy density is given by

ρ(t) =
3H2

0Ωm0

κ2
a−3 , (6.44)

where Ωm0 is the current matter density parameter. Additionally, the matter density parameter
can be derived to be

Ωm(a) =
Ωm0a

−3

h(a)2
, (6.45)

where h is the normalised Hubble parameter

h(a) =
H(a)

H0
. (6.46)

The evolution of the Hubble parameter can be obtained through the Friedmann equations (3.19-
3.21), provided a gravitational theory is supplied to substitute for the arbitrary functions Gi for
i ∈ [2, 5] and GTele. At a later point, the relationship

Ω′
m(a) = −3Ωm(a)

a

(
1 +

2ah′(a)

3h(a)

)
, (6.47)

becomes useful. Casting Eq. (6.43) in terms of a results in

0 = −3

2
Ωm(a)µ(a)δm(a) + a

(
2ν(a) + 1 + a

h′(a)

h(a)

)
δ′m(a) + a2δ′′m(a) , (6.48)

where ν and µ are now dependent on a, and primes (′) derivatives with represent to scale factor.
Next, derivations of the growth factor solution, growth index relationship, fσ8 and S8 parameters
using Eq. (6.48) are presented.

6.3.1 | Growth Factor
Growth is defined as a ratio of the matter perturbation amplitude at a scale factor a against its
value at scale factor ai when the deep-matter era begins [275]:

D(a) =
δm(a)

δm(ai)
. (6.49)

The solution of δm is obtained by solving Eq. (6.48), which requires setting some initial conditions.
To ensure that a ≫ aeq and in the matter-dominated era, the range 0.1 ≤ a ≤ 1 is considered
where ai = 0.1. The following initial conditions are imposed throughout the analysis [88]:

δm(ai) = 1 , δ′m(ai) = 10 , (6.50)

which implies that D(a) = δm(a) since the denominator is unitary.
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6.3.2 | Growth Index
The growth factor equation in Eq. (6.49) can also be expressed in terms of the variable growth
index γ(a) through the equation [313]

D(a) = exp

(∫ a

1

Ωm(ã)γ(ã)

ã
dã

)
, (6.51)

where the limit ã = 1 is included to represent the current time in the evolution of the Universe.
Therefore, the growth rate clustering [323]

g(a) =
d ln δm
d ln a

≃ Ωm(a)γ(a) . (6.52)

This relationship can quantify the growth of structure g as it shows that a small fluctuation in the
matter distribution influences the growth, linking the growth of matter to the expansion of the
Universe. As the solution for the function g arises from the solution of the Mészáros equation, the
growth index is useful to differentiate between different modified theories of gravity. Eq. (6.52)
yielding a restructuring of Eq. (6.48) as

0 = −3

2
µ(a)Ωm(a) + Ωm(a)γ(a)

+Ωm(a)

(
a(1− 2γ(a))

h′(a)

h(a)
+ 2ν(a)− 3γ(a) + aγ′(a) lnΩm(a)

)
. (6.53)

The growth index is considered to be a constant value, hence making it sufficient to analyse
Eq. (6.53) at current time a = 1 only. Regardless, the linear parametrisation of a dynamical
growth index [313, 323, 324, 325]

γ(a) = γ0 + (1− a)γ1 , (6.54)

is applied to be able to replicate the expected ΛCDM result by adjusting the γ1 value. Therefore,
Eq. (6.53) at a = 1 is given by:

0 = −3

2
µ(1)Ωm0 +Ω2γ0

m0 +Ωγ0
m0

(
−3γ0 + 2ν(1)− γ1 lnΩm0 + (1− 2γ0)h

′(1)
)
, (6.55)

where h(1) = 1 as per definition in Eq. (6.46). This equation can be solved for γ1 in terms of
γ0. The constant growth index value depending on the gravitational theory can be determined
when γ1 = 0.

6.3.3 | fσ8
The growth factor encapsulates the evolution of matter density perturbations and the growth in-
dex provides a good picture linking the evolution of matter to the formation of cosmic structures,
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but fσ8 provides a link with observable quantities as a measurable quantity. The parameter fσ8
is obtained through the combination of the growth clustering function given by Eq. (6.52) and

σ8(a) := σ8,0
δm(a)

δm(1)
, (6.56)

where σ8,0 is the current value of σ8(a) yielding [326]

fσ8(a) := g(a)σ8(a) = a σ8,0
δ′m(a)

δm(a = 1)
. (6.57)

The σ8 parameter is the root mean square fluctuations of matter density at the scale of 8 Mpc;
a scale at which the internal structures of galaxies can be averaged out but still small enough
to study galaxy clustering [327]. Apart from moving due to the expansion of the Universe,
galaxies experience motion due to peculiar velocities giving rise to distortions in the redshift
observed [328]. Measurements of Redshift Space Distortions (RSDs) provide direct observation
to these peculiar velocities which are linked to fσ8 [329].

6.3.4 | S8

An alternative to describe the amplitude of matter fluctuations is given by parameter S8, given
by

S8(a) := σ8(a)

(
Ωm(a)

0.3

)0.5

. (6.58)

This parameter takes into account both σ8 and Ωm quantities; a middle-ground between the
growth index relation given by Eq. (6.55) and that of fσ8 in Eq. (6.57). S8 tackles the de-
generacy that can arise when using σ8 and Ωm, as several combinations of these values yield
observational effects which appear identical [317]. Additionally, it is closely related to weak
lensing measurements of the distortion of light from distant galaxies, providing a direct observa-
tion [317, 318].

6.4 | Cosmic Growth in Teleparallel Gravity
The procedure introduced in the previous sections differs slightly from the method typically
adopted to analyse cosmological growth structures. Typically, when considering only the growth
of CDM, subhorizon limit k ≫ aH is applied at first principle when deriving the Mészáros equa-
tion within a theory of gravity. Within the teleparallel framework, this is exactly the procedure
taken in Refs [275, 322]. In the case of f(R̊) gravity, it was noted that the two approaches
(the method where the subhorizon limit is assumed throughout the calculations and the other
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method with a generalised approach as the one presented in Sec. 6.2) may result in inconsisten-
cies, yielding a different final result. Application of the subhorizon limit in the field equations,
as done in Ref. [330, 222], results in ignoring the time derivatives of potentials present in the
theory, providing a simplified system of equations to work with. Albeit being more appealing to
work with, especially when dealing with more complicated gravitational theories, it may result
in an oversimplification, in contrast to the quasi-static result obtained in Ref. [331]. To avoid
running into these issues, the generalised approach presented in Sec. 6.2 is favoured, allowing an
investigation of k-scales.

An important feature when determining viable k values is to ensure that they fall within
the expected values of the matter-dominated era. Hence, the k value at the radiation-matter
equality is determined as a comparative value. This is done by considering the energy densities
of radiation ρr ∝ a−4 and matter ρm ∝ a−3, and equating them to obtain

aeq =
ρr0
ρm0

=
Ωr0

Ωm0
(6.59)

and expressed in terms of current density parameters, where Ωr0 = Ωr(a = 1) = 8.4× 10−5. By
determining Heq from the Friedmann equation (6.15), it is used to determine k using

k ∼ aeqHeq , (6.60)

at radiation-matter equality.
Along with the comparison between different k values and the subhorizon limit, the deviations

from the ΛCDM are also taken into account. This is obtained by taking a Lagrangian of the
form f = −T + c, where c is a constant. The Planck collaboration results are given by

Ωm0 = 0.315 , H0 = 67.4 km s−1 Mpc−1 , σ8,0 = 0.811 , (6.61)

yielding the growth index value of

γΛCDM = 0.5595 , (6.62)

up to 4 d.p.

6.4.1 | f(T ) Gravity
The study of growth factor in f(T ) gravity has already been performed in Refs. [275] through
the application of the subhorizon limit throughout the analysis. In this section, the main focus
is to verify that such a procedure is sufficient within the realm of f(T ) by ensuring that there
are no spatial dependencies when considering growth structure studies.
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The action is of the form

Sf(T ) =
1

2κ2

∫
d4x e f(T ) +

∫
d4xeLm , (6.63)

yielding the background Friedmann equations from Eqs (3.19-3.21) for the case GTele = f(T )

and the remaining terms vanish:

2κ2ρ = f + 12H2fT , (6.64)

−2κ2p = f + 4(3H2 + Ḣ)fT − 48H2ḢfTT , (6.65)

from which the GR limit can be obtained for the case when f(T ) = −T , such that additional
terms stem from the modified theory and contribute to the effective dark energy density and
pressure. The effective portions are given by

2κ2ρeff = −2κ2ρ− 6H2 , (6.66)

−2κ2peff = 2κ2p− 2(3H2 + 2Ḣ) , (6.67)

such that the effective equation of state is

ωeff = −1 +
−4(ḢfT − 12H2ḢfTT + Ḣ)

f + 12H2fT + 6H2
. (6.68)

The linearised field equations (6.23)3 simplify to

δW00 : F1(φ, β, ψ, ψ̇) = G1(δm, δ̇m) , (6.69a)

δW0i : F2(φ,ψ, ψ̇) = G2(δ̇m) , (6.69b)

δWi0 : F3(φ, β, ψ, ψ̇) = G3(δ̇m) , (6.69c)

δWij : F4(φ, β, ψ) = 0 , (6.69d)

δW i
i : F5(φ, φ̇, β, β̇, ψ, ψ̇, ψ̈) = 0 , (6.69e)

˙δW 00 : F6(φ, φ̇, β, β̇, ψ, ψ̇, ψ̇) = G6(δm, δ̇m, δ̈m) , (6.69f)
˙δW 0i : F7(φ, φ̇, ψ, ψ̇, ψ̈) = G7(δ̇m, δ̈m) , (6.69g)
˙δW i0 : F8(φ, φ̇, β, β̇, ψ, ψ̇, ψ̈) = G8(δ̇m, δ̈m) , (6.69h)

δWij : F9(φ, φ̇, β, β̇, ψ, ψ̇) = 0 . (6.69i)

The expressions obtained for W i
i in Eq. (6.69e) and δẆi0 in Eq. (6.69h) are omitted as they are

linearly dependent on other equations in the system, totalling to 7 linearly independent equations
corresponding to the variables {φ, φ̇, β, β̇, ψ, ψ̇, ψ̈}. Additionally, the scalar field equation natu-
rally vanishes since there is no dependency on the scalar field ϕ. Since functions Fi and Gi are

3The detailed expressions of these functions have been omitted. Only the portions relevant to the derivation
are expressed at a later point.
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a linear combination of the variables associated with the function, a matrix can be constructed
as follows:

F

F11 0 F13 0 F15 F16 0

F21 0 0 0 F25 F26 0

F31 0 F33 0 0 F36 0

F41 0 F43 0 F45 0 0

Ḟ11 F11 Ḟ13 F13 Ḟ15 , F15 + Ḟ16 F16

Ḟ21 F21 0 0 Ḟ25 F25 + Ḟ26 F26

Ḟ41 F41 Ḟ43 F43 Ḟ45 F45 0



χ

φ

φ̇

β

β̇

ψ

ψ̇

ψ̈



=

G

G1

G2

G2

0

Ġ1

Ġ2

0



(6.70)

where

F11 = 3H2
(
F26 + 12H2fTT

)
, F13 = 12

k2

a
H3fTT , F15 =

k2

a2
fT ,

F16 = − 1

H
F11 , F21 = −HF26 , F25 = 12HḢfTT ,

F26 = −fT −
3
2κ

2ρ
k2

a2
− 3Ḣ

, F31 = − 1

3H
F11 , F33 = − 1

3H
F13 ,

F36 = − 1

3H
F16 , F41 = −fT , F43 = −aF25 ,

F45 = F41 , G1 = −1

2
κ2ρ

(
δm +

3H
k2

a2
− 3Ḣ

δ̇m

)
, G2 = − κ2ρ

k2

a2
− 3Ḣ

δ̇m .

Solving for matrix χ results in the Mészáros equation being solely dependent on the matter
perturbations δm:

0 = δ̈m + 2Hν(t)δ̇m − κ2ρ

2
µ(t)δm , (6.71)

where

ν = 1 +

18a2

k2

(
(2Ḣ2 +HḦ + 2H2Ḣ)fT fTT − 12H2Ḣ2fT fTTT + 6H2Ḣ2f2TT

)
fT

(
fT − 36a2

k2
H2ḢfTT

)
 , (6.72a)

µ =
1

fT − 36a2

k2
H2ḢfTT

−
36a2

k2

fT (fT − 36a2

k2
H2ḢfTT )

(
fTT (3H

2Ḣ + 2Ḣ2 +HḦ)

12H2Ḣ2

(
−fTTT +

f2TT

fT

))
. (6.72b)
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The subhorizon limit is set in the matter-dominated era where

a(t) ∝ t
2
3 =⇒

Ḣ = κ1H
2 ,

Ḧ = κ2H
3 ,

(6.73)

where κ1 = −3
2 and κ2 = 9

2 . By rewriting Eq. (6.71) in terms of the variable ξ = aH
k

ν = 1 +

(
18ξ2H2

fT − 36ξ2κ1H2fTT

)(
(2κ21 + κ2 + 2κ1)fTT − 12κ21H

2fTTT +
6κ21H

2f2TT

fT

)
(6.74)

µ =
1

fT − 36ξκ1H2fTT
− 36ξ2H2

fT (fT − 36ξ2κ1H2fTT )

(
fTT (3κ1 + 2κ21 + κ2)

12κ21H
2

(
−fTTT +

f2TT

fT

))
, (6.75)

and performing a Taylor expansion of ξ about 0 up to the first order, the possibly oversimplified
subhorizon limit is obtained such that

νsub = 1 , µsub =
1

fT
, (6.76)

corresponding to the result obtained in Ref. [275]. As the Universe enters into a dark energy-
dominated era, it is of interest to ensure that these results hold up when considering a de Sitter
phase where

a(t) ∝ eHdst , (6.77)

given Hds is a positive constant. Substitution within Eq. (6.72a-6.72b) gives the same result as
the subhorizon limit. The subhorizon and de Sitter results will be used to compare the results
obtained when considering the generalised Eq. (6.71) for different k values.

The Mészáros equation (6.71) along with the expressions (6.72a-6.72b) are recast in terms
of a to obtain a result in the form of Eq. (6.48). The growth factor given in Eq. (6.49) and
growth index result given in Eq. (6.55) are utilised to illustrate possible k-dependencies that
arise within f(T ) gravity. The models considered here have been chosen to ensure that the
dependency on torsion scalar T is recovered at late times while GR limits can be attained at early
times to be in accordance with CMB constraints and primordial nucleosynthesis observations.
f(T ) offers a plethora of viable models, but here are presented five models which have been
thoroughly studied in the literature: Power Law (6.4.1.1), Linder (6.4.1.2), Exponential (6.4.1.3),
Logarithmic (6.4.1.4) and Hyperbolic Tangent (6.4.1.5). For each model, the parameters H0,
Ωm0 and βi constant (i ∈ [1, 5] where the value of i corresponds to the different models) have
been obtained from different combination of observational data sets [289] based on the following
assumptions:
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■ Cosmic Chronometers (CC)4: Massive passively evolving galaxies, which rapidly ac-
cumulate their mass at high redshift and deplete their gas reservoirs early on, can serve
as cosmic chronometers. By examining two such galaxies with a slight redshift difference,
the age difference can be calculated [332]. The compilation of data sets [333, 334, 335,
336, 337, 338, 339] covers various redshift ranges up to z ≲ 2; some use the differential age
method, while others employ the differential D4000 technique, which necessitates stellar
population synthesis models for calibration.

■ Supernovae Type Ia (SN)5: These supernovae, distinguished by the absence of hydrogen
lines in their spectra, exhibit exceptional brightness and a consistent peak luminosity,
making them ideal standard candles for measuring distances in the Universe. Notably, the
Pantheon compilation of Type Ia supernovae (SNeIa), which combines data from multiple
surveys measuring relative luminosity distances in the redshift range of 0.01 < z < 2.26 [93],
is utilized.

■ Baryon Acoustic Oscillations (BAO): Remnants of sound waves that travelled through
the early Universe leave a distinctive imprint on the large-scale structure, creating char-
acteristic peaks in galaxy clustering at the sound horizon scale. BAO data sets utilise
several sources: the Sloan Digital Sky Survey (SDSS) Data Set 7 [340], the Six-degree
Field Galaxy Survey (6dFGS) [320], Lyα-forest flux transmission from the complete SDSS-
III [341], the Baryon Oscillation Spectroscopic Survey (BOSS) [321], and the extended
BOSS Data Release 14 quasar (DR14Q) survey [342].

The H0 priors are obtained from

■ Supernova H0 for the Equation of State (SH0ES): Estimates ofH0 (R19) are derived
from observing 70 long-period Cepheids in the Large Magellanic Cloud (LMC) using the
Hubble Space Telescope (HST) [102].

■ H0 Lenses in COSMOGRAIL’s Wellspring (H0LiCOW): Measurements ofH0 using
gravitational lensing are conducted by determining the time-delay distance D∆t, which is
sensitive to H0 [104].

■ Tip of the Red Giant Branch (TRGB): The TRGB occurs when stars on the red giant
branch reach maximum luminosity, just before they transition to helium core burning. At
the TRGB point, stars are bright and red, offering an independent method to determine
H0 [343].

4The acronym CC is reserved for Cosmic Chronometers throughout this chapter, not to be confused with the
acronym previously used for Cosmological Constant.

5Typically, acronym for Supernovae Type Ia is SNeIa. Since these are the only type of supernovae used, the
acronym has been shortened to SN.
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The remaining parameters introduced for each model can be obtained through the background
equations and the different constant values from the data sets provided. Note, future analysis
should also consider results stemming from weak gravitational lensing: slight distortion of light
from distant galaxies as it passes through the gravitational field of matter. These distortions are
affected by the large-scale distribution of matter, allowing for the mapping of matter and testing
modified theories of gravity on a cosmological scale. While HST [344] and Dark Energy Survey
(DES) [124, 345] have provided weak lensing maps to constrain dark matter and dark energy, the
upcoming Euclid [95] and LSST [8] will have higher precision. Modified theories of gravity alter
the matter power spectrum, which is closely linked to the shear power spectrum, and higher-
precision observations from missions like Euclid and LSST will be able to detect these deviations
from ΛCDM. Additionally, recent observations of BAO by DESI [94] have pointed towards a
time-varying equation of state which is supplied by some modified theories of gravity [346].

6.4.1.1 | f1(T ): Power Law Model

The first model considered is the Power Law model [216], able to produce the elements of late-
time accelerated cosmic expansion through the function

f1(T ) = −T + α1(−T )β1 , (6.78)

where α1 and β1 are constants. This is the torsionful analogy to the modified Einstein-Hilbert
Lagrangian f(R̊) = −α0R̊

β0 where α0 and β0 are constants. The power law model in f(R̊)

provides one of the simplest forms of models to study fourth-order field equations but does not
recover a matter-dominated era before the Universe reaches the status of an accelerated expan-
sion [347], diverging from the known cosmic history. Eq. (6.78) within the torsion framework,
can provide a linear relationship of matter density contrast provided α1 and β1 parameter are
suitable [275]. In addition to this, the power law model in f(T ) gravity has been well-studied,
retrieving promising results with solar system regime [348, 349, 350, 351], galactic realms [352]
and on a cosmological scale [353, 354]. The ΛCDM limit can be obtained directly from the func-
tion by setting β1 = 0 and mimicking GR at early times. The case of β1 = 1

2 result in function
corresponding to the higher dimensional theory of Dvali-Gabadadze-Porrati (DGP) gravity [355].
The parameter α1, being itself a constant throughout time, can be obtained by evaluating the
first Friedmann equation (6.64) at current time t0 such that a(t0) = 1, which gives

α1 =
(6H2

0 )
1−β1(1− Ωm0)

2β1 − 1
, (6.79)

and Eq. (6.64) can be rewritten using the relationship of Eq. (6.79) and Eq. (6.46) to obtain

h(a)2 = Ωm0a
−3 + (1− Ωm0)h(a)

2β1 . (6.80)
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The restrictions on the β1 parameter are determined through observations at the current time,
which show that the power law model fits for β1 ≪ 1, implying that f1,T ≪ 1 during the matter
era [217] and further derivatives of the f1 function are even smaller.

In Ref. [275], the growth factor was considered to be k independent. Next, it will be demon-
strated that only for high growth index precision, of order 10−4 and lower, do k dependencies
come into play. Assuming a constant γ value by setting γ1 = 0 in Eq. (6.55) and substituting
the solution of h through Eq. (6.80), the growth index value γ = γ0 can be obtained for different
Ωm0 and H0 values provided by different data set, tabulated in Table 6.1. These results tabulate
the k values at which the γ value matches with that expected from the subhorzion limit up to 4
d.p. For the Power Law model, it is crucial to identify where the subhorizon condition k ≫ aH

starts to apply, as not all k values larger than the matter-radiation equality keq necessarily fall
within the subhorizon regime. The highest γ value is given by the CC+SN-BAO set at 0.5718,
while the lowest value is for CC+SN at 0.5284. At face value, there seems to be a correlation be-
tween the growth index value and β1 value, as smaller model indices yield a smaller γ constant.
Additionally, the CC+SN+R19 case has the highest k value for which the subhorizon results
match up to four d.p.

Power Law Model

Data Set β1 H0 Ωm0 keq/H0 k/H0 γ

CC + SN −0.22 68.5 0.35 54.0062 > 411.89 0.5284

CC + SN + R19 −0.13 71.3 0.326 50.3029 > 1130.40 0.5398

CC + SN + HW −0.16 71.0 0.329 50.7658 > 1422.26 0.5361

CC + SN + TRGB −0.20 69.1 0.344 53.0803 > 327.57 0.5308

CC + SN + BAO 0.06 67.1 0.294 45.3652 > 204.17 0.5718

CC + SN + BAO + R19 −0.14 69.9 0.305 47.0625 > 176.48 0.5400

CC + SN + BAO + HW −0.12 67.7 0.304 46.9082 > 565.63 0.5424

CC + SN + BAO + TRGB −0.01 68.1 0.298 45.9824 > 123.77 0.5585

Table 6.1: Power Law model results for different data sets constraints. The first column gives
the data set combination considered, the second column corresponds to the β1 parameter value,
the third and fourth columns give the result of H0 and Ωm0, respectively. For each set, the fifth
column gives the keq value, and the sixth column shows the minimum value of k for the Mészáros
equation to behave like the subhorizon limit as determined by the constant value of γ obtained
up to 4 d.p. given by the sixth column.
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The variations with k are further illustrated in Fig. 1 when solving for the growth factor
D(a). In all cases, the values of keq and k = 100H0 are further from the subhorizon limit as they
fall below the required regime. However, the value given in the sixth column of Table 6.1, denoted
as klimit, approaches the subhorizon limit. Any value above klimit coincides with the subhorizon
curve and hence is not visible. Discrepancies are mainly observed when considering changes to
five significant figures (in the last 10−4 of the scale factor range). When considering growth at
0.1 ≤ a ≤ 1, the subhorizon limit from Ref. [275] suffices, as shown in Fig. 6.1a. For most of
the sets considered, the growth factor increases with the k value, as illustrated by the specific
case of CC+SN in Fig. 6.1b. The only exception to this pattern is the case of CC+SN+BAO in
Fig. 6.1c, primarily due to the positive nature of β1 in the CC+SN+BAO constraints.

6.4.1.2 | f2(T ): Linder Model

The Linder model [217] given by the function

f2(T ) = −T + α2T0

(
1− exp

(
−β2

√
T

T0

))
, (6.81)

where T0 = −6H2
0 , and α2 and β2 are constants, was originally constructed in the context

of late time cosmological issues but has shown to be more broadly applicable. The model
was motivated by the f(R̊) model with an exponential dependency on R̊ to allow for small
variations in gravitational coupling [217]. The ΛCDM limit of function (6.81) can be obtained
when β2 → +∞. When looking at the equation from ωeff given by Eq. (6.68), β2 determined
the amplitude deviation from equation of state around ωeff = −1, specifically allowing for values
satisfying ωeff > −1 [217]. The α2 parameter is obtained from the current expression of the first
Friedmann equation (6.64) and normalised to obtain

α2 =
eβ2(1− Ωm0)

eβ2 − 1− β2
, (6.82)

resulting in

h(a)2 = Ωm0a
−3 + (1− Ωm0)

1− e−β2h(a)(1 + β2h(a))

1− e−β2(1 + β2)
. (6.83)

where the solution of h is obtained numerically. The results associated with the Linder model
are shown in Table 6.2 and Fig. 6.2. Across the data sets, the growth index ranges from 0.5601 ≤
γ ≤ 0.5659, with the CC+SN+BAO model contributing to the upper end of this range when
considering up to 4 d.p. For the k values where the subhorizon limit applies, most are below
the radiation-matter equality value keq, except for the CC+SN+BAO model. These results
correspond to the growth factor behaviour where, in many cases, the growth factor at keq is not
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(a) Growth factor plots for all models at the subhorizon (solid line), the ΛCDM limits at β1 → 0 (dotted
line), and the result obtained in the Planck collaboration (ΛCDMPlanck) [2].
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Figure 6.1: Growth factor solution of the Power Law model.
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visible in the plot as these values are well within the subhorizon regime given by Eq. (6.76). In
Fig. 6.2b, all values satisfying k ≤ 119.26H0 exhibit a slight deviation from the subhorizon limit.
Values larger than klimit are encapsulated within the subhorizon plot. Additionally, the model
results are lower than the ΛCDM Planck collaboration result, as seen in Fig. 6.2a.

Linder Model

Data Set 1
β2

H0 Ωm0 keq/H0 k/H0 γ

CC + SN 0.101 68.7 0.298 45.9824 > 15.79 0.5603

CC + SN + R19 0.088 71.4 0.283 43.6679 > 15.05 0.5609

CC + SN + HW 0.096 71.0 0.285 43.9764 > 16.82 0.5608

CC + SN + TRGB 0.088 69.2 0.296 45.6738 > 24.25 0.5603

CC + SN + BAO 0.220 66.9 0.294 45.3652 > 119.26 0.5659

CC + SN + BAO + R19 0.079 68.71 0.300 46.2910 > 6.64 0.5601

CC + SN + BAO + HW 0.076 68.58 0.300 46.2910 > 5.61 0.5601

CC + SN + BAO + TRGB 0.128 67.7 0.297 45.8281 > 45.00 0.5606

Table 6.2: Linder model results for different data sets constraints. The first column gives the
data set combination considered, the second column corresponds to β1 parameter value, the
third and fourth columns give the result of H0 and Ωm0, respectively. For each set, the fifth
column gives the keq value, and the sixth column shows the minimum value of k for the Mészáros
equation to behave like the subhorizon limit as determined by the constant value of γ obtained
up to 4 d.p. given by the sixth column.

For the remaining datasets, the subhorizon limit can be considered to be appropriate given
k > keq, as the growth index listed in Table 6.2 can be attained for these values. The growth
factor solution for the radiation-matter equality can be described by the subhorizon limit where
Geff
G = 1

fT
, as shown in Eq.(6.76). Due to the large values of β2, its exponential behaviour yields

a solution closer to the ΛCDM limit. This can be seen in the absence of deviation in the growth
factor on a larger scale, in contrast with the CC+SN+BAO model in Fig. 6.2b. For the data
of CC+SN+BAO+TRGB in Fig. 6.2c, ksubhorizon ≈ keq, making it difficult to differentiate the
different k modes from the subhorizon plot without considering very small orders of magnitude.
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(a) Growth factor plots for all models at the subhorizon (solid line), their corresponding ΛCDM limits at
β2 → +∞ (dotted line), and the result obtained in the Planck collaboration (ΛCDMPlanck) [2].
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Figure 6.2: Growth factor solutions for the Linder model.
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6.4.1.3 | f3(T ): Exponential Model

Building on the exponential nature of the Linder model, the Exponential model is given by

f3(T ) = −T + α3T0

(
1− exp

(
−β3

T

T0

))
, (6.84)

where α3 and β3 are constants. The absence of the square root on the torsion scalar provides a
distinct cosmic evolution while keeping the important features that the exponential form provided
in the Linder model. Additionally, the form given by Eq. (6.84) is analogous to the exponential
model in f(R̊) gravity [217]. The Friedmann equation (6.64) at current time gives

α3 =
eβ3(1− Ωm0)

eβ3 − 1− 2β3
, (6.85)

yielding

h(a)2 = Ωm0a
−3 + (1− Ωm0)

(
1− e−β3h(a)2(1 + 2β3h(a)

2)
)

1− e−β3(1 + 2β3)
. (6.86)

The ΛCDM model is approached as β3 → +∞.
For the results obtained from the data set combinations, the subhorizon limits given in

Eq. (6.76) are appropriate for any value k ≥ keq. This is evident from the low k values in
the sixth column of Table 6.3, which yield γ values accurate up to 4 d.p. Consequently, the
k dependencies are only noticeable at very low orders of magnitude. Additionally, the growth
index values fall within the range 0.5603 ≤ γ ≤ 0.5613.

In Fig. 6.3, the subhorizon limits of different data sets presented in Table 6.3 are compared.
The distinction in the growth factor for various data set combinations is amplified by the inclusion
of the different β3 constant parameter. This amplification can be seen in the differences between
the subhorizon plots and their corresponding ΛCDM plots. Notably, the greatest deviation from
the ΛCDM model is shown by the CN+SN+BAO+HW model, particularly when compared to
its respective model without the BAO result.

6.4.1.4 | f4(T ): Logarithmic Model

The Logarithmic model [356] has similarities with self-accelerating cosmologies in DGP braneworld
models [355], and is given by

f4(T ) = −T + α4T0

√
T

β4T0
ln

(
β4T0
T

)
, (6.87)

with constants α4 and β4. The former constant is given by

α4 =

√
β4(1− Ωm0)

2
, (6.88)
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Exponential Model

Data Set 1
β3

H0 Ωm0 keq/H0 k/H0 γ

CC + SN 0.067 69.6 0.286 44.1308 > 0.66 0.5607

CC + SN + R19 0.042 72.0 0.273 42.1248 > 0.06 0.5613

CC + SN + HW 0.070 71.5 0.275 42.4334 > 1.31 0.5613

CC + SN + TRGB 0.048 69.7 0.285 43.9764 > 0.30 0.5608

CC + SN + BAO 0.043 67.35 0.289 44.5937 > 0.35 0.5606

CC + SN + BAO + R19 0.059 68.7 0.293 45.2109 > 1.19 0.5604

CC + SN + BAO + HW 0.034 68.52 0.295 45.5195 > 0.01 0.5603

CC + SN + BAO + TRGB 0.074 67.79 0.292 45.0566 > 2.34 0.5605

Table 6.3: Exponential model results for different data sets constraints. The first column gives
the data set combination considered, the second column corresponds to β1 parameter value, the
third and fourth columns give the result of H0 and Ωm0, respectively. For each set, the fifth
column gives the keq value, and the sixth column shows the minimum value of k for the Mészáros
equation to behave like the subhorizon limit as determined by the constant value of γ obtained
up to 4 d.p. given by the sixth column.

through the Friedmann equation (6.64) which becomes

h(a)2 = Ωm0a
−3 + (1− Ωm0)h(a) . (6.89)

It should be noted that the model does not retrieve ΛCDM cosmology but corresponds to
the DGP at a background level [355, 357], while this correspondence does not necessarily hold
at a perturbative level because the Geff value is expected to evolve differently on a subhorizon
level [353]. For this reason, it would be interesting to see whether tension in the data is realised
when performing the analysis throughout the deep matter-dominated era, despite having stable
perturbations, and whether the model can describe the cosmic history, as observed in Ref. [353].

In the logarithmic case, a different approach will be taken as no constraint was obtained
for the β4 parameter in Ref. [289], given its lack of influence on the Friedmann background
equation (6.89). However, the investigation of the growth factor and growth index still relies
on this value. Regardless of the β4 value, the background equation of state remains within the
non-phantom phase ωeff > −1 until it approaches the phantom divide line ωeff = −1 [358]. Some
constraints on the β4 value can be determined from the model and definitions of the growth
factor and growth index themselves. From Eq. (6.87), the logarithm must be positive definite.
Given the positve nature of T0

T , it is necessary to impose that β4 > 0. Next, consider the
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Figure 6.3: Growth factor solutions for the Exponential model at the subhorizon (solid line),
their corresponding ΛCDM limits at β3 → +∞ (dotted line), and the result obtained in the
Planck collaboration (ΛCDMPlanck) [2].

Mészáros equation (6.71), where both its general (6.72a-6.72b) and subhorizon limit (6.76) forms
are undefined at fT = 0. Thus, an undetermined result is obtained, holding for when

β4 ̸= h(a)2 exp

(
2− 4h(a)

1− Ωm0

)
, (6.90)

when the condition 1 − Ωm0 ̸= 0 is consistent with the data set values listed in Table 6.4. The
dependency on a indicates that this β4 value is undefined for a range of values as the Universe
evolves during 0.1 ≤ a ≤ 1. The solution of h and the value of Ωm0 depend on the data set
considered. Thus, the constraints for H0 and Ωm0 listed in Table 6.4 can be applied. It should
be noted that the range of β4 values is undefined when Eq. (6.90) does not hold, as such values
correspond to negative constant growth index γ values in Eq. (6.55).
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Logarithmic Model

Data Set H0 Ωm0 βa=0.1
4 ≤ β4 ≤ βa=1

4

CC + SN 68.8 0.207 6.45814× 10−30 ≤ β4 ≤ 0.0476374

CC + SN + R19 71.4 0.194 1.90723× 10−28 ≤ β4 ≤ 0.0516751

CC + SN + HW 71.0 0.195 1.47207× 10−28 ≤ β4 ≤ 0.0513575

CC + SN + TRGB 69.2 0.205 1.09022× 10−29 ≤ β4 ≤ 0.0482458

CC + SN + BAO 60.89 0.252 3.50098× 10−35 ≤ β4 ≤ 0.0351689

CC + SN + BAO + R19 62.77 0.261 2.81590× 10−36 ≤ β4 ≤ 0.0329515

CC + SN + BAO + HW 62.77 0.260 3.37274× 10−36 ≤ β4 ≤ 0.0331934

CC + SN + BAO + TRGB 62.02 0.257 8.67071× 10−36 ≤ β4 ≤ 0.0339258

Table 6.4: Undefined regions of β4 values determined through Eq. (6.90) which do not hold in
the Mészáros equation (6.71) in the general form (6.72a-6.72b) and in its subhorizon limit (6.76).

When taking into account the constraint fT ≪ 1, small deviations from the ΛCDM model
are expected. Additionally, this scenario works if the coupling condition Geff → G is viable.
Therefore, the constraint in Eq. (6.90) is restricted further through the requirement of

β4 ≪ h(a)2 exp

(
2 +

4h(a)

1− Ωm0

)
. (6.91)

The results, deep in the matter era (e.g. a = 0.1), correspond to β4 values of a large order of
magnitude, which exponentially decrease as the current time is approached (a = 1). To ensure
that the same β4 value remains adequate as the Universe evolves, the minimum value obtained
for current times, where β4 is much smaller, is listed in Table 6.5. Eliminating the ≪ symbol
yields to γ values using Eq. (6.55). Hence, the result obtained through Eq. (6.91) is required to
be smaller than that listed in Table 6.5.
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Logarithmic Model

Data Set H0 Ωm0 β4 γ

CC + SN 68.8 0.207 ≪ 1146.12 < 0.6908

CC + SN + R19 71.4 0.194 ≪ 1056.57 < 0.6860

CC + SN + HW 71.0 0.195 ≪ 1063.10 < 0.6863

CC + SN + TRGB 69.2 0.205 ≪ 1131.67 < 0.6900

CC + SN + BAO 60.89 0.252 ≪ 1552.46 < 0.7089

CC + SN + BAO + R19 62.77 0.261 ≪ 1656.93 < 0.7127

CC + SN + BAO + HW 62.77 0.260 ≪ 1644.85 < 0.7123

CC + SN + BAO + TRGB 62.02 0.257 ≪ 1609.34 < 0.7110

Table 6.5: Restrictions arising from the constraint fT ≪ 1. The fourth column gives the β4
values obtained through Eq. (6.91). The fifth column contains the γ values given the exact value
of the fourth column utilised (inequality ignored). The inequality symbol in Eq. (6.91) indicates
that significantly smaller values of β4 result in smaller γ values. Thus, the inequality symbol <
is introduced in the fifth column.

The growth index equation (6.55) in its subhorizon form for the logarithmic model is given
by

0 = Ω2γ
m0 −

6Ωm0

2(1 + Ωm0) + (1− Ωm0) lnβ4
+Ωγ

m0

[
2 + h′(1)− γ(3 + 2h′(1))

]
, (6.92)

where γ = γ0 is a constant and is undefined if 2(1+Ωm0)+ (1−Ωm0) lnβ4 = 0. Since Eq. (6.92)
is considered at a = 1, following the restriction given by Eq. (6.90), the β4 values at which the
growth index is undefined in the differential equation is given by the upper bound of the fourth
column in Table. 6.4. Solving Eq. (6.92) for β4 gives:

β4 = exp

[
−6Ωm0 + 2Ω2γ

m0(1 + Ωm0)− 2Ωγ
m0(1 + Ωm0) [−2 + 3γ + (−1 + 2γ)h′(1)]

Ωγ
m0(−1 + Ωm0) [2 + Ωγ

m0 + h′(1)− γ(3 + 2h′(1))]

]
, (6.93)

where h(1) = 1 has already been substituted. Another undefined region is obtained as the
exponent in Eq. (6.91) approaches +∞, i.e.

2 + Ωγ
m0 + h′(1)− γ(3 + 2h′(1)) = 0 , (6.94)

where the value of h′(1) changes with different data sets upon solving the Friedmann equations.
Hence, the constant γ also varies depending on the data sets. Solving Eq. (6.94) for γ gives the
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values for which the logarithmic model does not hold, as summarised in Table 6.6. Next, γ is taken
to be within the range 0 < γ < 1, consistent with studies carried out in f(R̊) [359, 360], running
vacuum models [361], DGP gravity [362, 363, 364, 365], Finsler-Randers type cosmologies [366]
and the GR result of γ = 6

11 . β4 values at γ = 0 are given in Table 6.6. β4 is noted to increase to
large orders of magnitude as γ increases, until they reach the undefined range given by γundefined

obtained when solving Eq. (6.94). Immediately after γundefined, β4 values drop to zero. Hence, the
spike in value and sudden drop corresponds to discontinuities due to the undefined expressions.
Once again, as the γ value continues to increase beyond γundefined, β4 increases. While the range
βγ=0
4 ≤ β4 ≤ βγ=1

4 coincide with the condition given by Eq. (6.91), the γ = 1 results are not
viable as per growth index values given by Table 6.5.

Logarithmic Model

Data Set H0 Ωm0 γundefined βγ=0
4 βγ=1

4

CC + SN 68.8 0.207 0.880459 0.0894568 7.57215× 10−14

CC + SN + R19 71.4 0.194 0.866199 0.0918131 3.67027× 10−12

CC + SN + HW 71.0 0.195 0.867282 0.0916297 2.81499× 10−12

CC + SN + TRGB 69.2 0.205 0.878239 0.0898153 1.47126× 10−13

CC + SN + BAO 60.89 0.252 0.933138 00817573 2.4102× 10−26

CC + SN + BAO + R19 62.77 0.261 0.944366 0.0802988 4.48921× 10−32

CC + SN + BAO + HW 62.77 0.260 0.943106 0.0804596 2.55792× 10−31

CC + SN + BAO + TRGB 62.02 0.257 0.939345 0.0809438 2.99871× 10−29

Table 6.6: The first column gives the data set considered, the second and third columns give the
corresponding H0 and Ωm0 values, the fourth column contains the γ value obtained when solving
Eq. (6.94) and giving an undefined value for β4 determined by Eq. (6.93). The fifth column gives
the β4 value when γ = 0: βγ=0

4 . As γ increases, β4 increases to large orders of magnitude until
it reaches undefined values corresponding to γundefined. Beyond this value, β4 drops to zero and
increases once again to the value of βγ=1

4 listed in the sixth column.

All the constraints for β4 have been summarised in Table 6.7. Next, a more restricted range
of γ is considered: 0.5 ≤ γ ≤ 0.6 as it is a significant range presented in the literature for
different models and gravitational theories. The β4 value is determined for both ends of the
range, tabulated in Fig. 6.4, along with the k values at which the subhorizon limit is replicated.
The γ = 0.5 case results in the range 1.74 ≤ β4 ≤ 1.99, while γ = 0.6 gives higher values with
a range of 15.51 ≤ β4 ≤ 16.31. Any k value well above keq can recover the subhorizon limit;
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k < 2.2keq is the minimum value to recover the subhorizon limit with the assumption of γ = 0.5,
in the case of CC+SN+BAO+R19. Irrespective of the growth index value within the range
0.5 ≤ γ ≤ 0.6 it is sufficient to consider k > 34.78keq across all data sets considered in Table 6.4.

Logarithmic Data Set β4 Range γ Range

CC + SN 0.0476374 < β4 ≪ 1146.12 γ < 0.6908

CC + SN + R19 0.0516751 < β4 ≪ 1056.57 γ < 0.6860

CC + SN + HW 0.0513575 < β4 ≪ 1063.10 γ < 0.6863

CC + SN + TRGB 0.0482458 < β4 ≪ 1131.67 γ < 0.6900

CC + SN + BAO 0.0351689 < β4 ≪ 1552.46 γ < 0.7089

CC + SN + BAO + R19 0.0329515 < β4 ≪ 1656.93 γ < 0.7127

CC + SN + BAO + HW 0.0331934 < β4 ≪ 1644.85 γ < 0.7123

CC + SN + BAO + TRGB 0.0339258 < β4 ≪ 1609.34 γ < 0.7110

Table 6.7: β4 parameter and growth index γ constraints obtained from restrictions of Eqs (6.90),
(6.91) and (6.94). The minimum growth index constraint is either negative or undefined.

Fig. 6.4 illustrates the growth factor solution for the logarithmic model for different data
sets. Fig. 6.4a shows the subhorizon limit when γ = 0.5, for which all data sets result in curves
above the ΛCDMModel (obtained through the values of the respective data set for a constant
function for f(T )). As for the γ = 0.6 results seen in Fig. 6.4b, they yield slower growth curves
in comparison with ΛCDMPlanck (value corresponding to the Planck collaboration data [2]). The
models without BAO data sets give a slower growth than the ΛCDMPlanck case. When the BAO
data is considered, an overall faster growth is noted in comparison to the other plots.

6.4.1.5 | f5(T ): Hyperbolic-Tangent Model

The last f(T ) model examined here is the Hyperbolic Tangent model [367], characterised by
asymptotes that align with the expansion profiles inferred from measurements of the Universe:

f5(T ) = −T + α5(−T )β5 tanh

(
T0
T

)
, (6.95)

where α5 and β5 are constants. The background Friedmann equation at current time provides
an expression for α5:

α5 =
(6H2

0 )
1−β5(1− Ω0)

tanh(1)(2β5 − 1)− 2 sech2(1)
, (6.96)
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Logarithmic Model

Data Set H0 Ωm0 keq/H0 βγ=0.5
4 kγ=0.5/H0 βγ=0.6

4 kγ=0.6/H0

CC + SN 68.8 0.207 31.9410 1.75 > 119.20 16.16 > 921.40

CC + SN + R19 71.4 0.194 29.9350 1.69 > 107.44 16.31 > 1041.72

CC + SN + HW 71.0 0.195 30.0893 1.69 > 82.62 16.30 > 808.05

CC + SN + TRGB 69.2 0.205 31.6324 1.74 > 107.14 16.18 > 569.75

CC + SN + BAO 60.89 0.252 38.8846 1.96 > 98.93 15.62 > 785.53

CC + SN + BAO + R19 62.77 0.261 40.2733 1.99 > 88.75 15.51 > 628.97

CC + SN + BAO + HW 62.77 0.260 40.1190 1.99 > 266.85 15.53 > 645.22

CC + SN + BAO + TRGB 62.02 0.257 39.6561 1.98 > 128.87 15.56 > 848.85

Table 6.8: Logarithmic model results for different data sets constraints. The type of data set
combination is listed in the first column, with the second and third columns listing the H0 and
Ωm0 values, respectively. For each set, the k cutoff value is listed in the fourth column to show
the k value at which radiation-matter densities are equal. The fifth and sixth columns give the
β4 and minimum k value required to obtain subhorizon limit results at γ = 0.5, and the seventh
and eighth columns represent the same quantities but for γ = 0.6.

CC+SN CC+SN+R19 CC+SN+HW CC+SN+TRGB ΛCDMPlanck CC+SN+BAO CC+SN+BAO+R19 CC+SN+BAO+HW CC+SN+BAO+TRGB
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(a) Subhorizon solution at γ = 0.5
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Figure 6.4: Growth factor solutions for the Logarithmic model at the subhorizon (solid line), their
corresponding ΛCDM case, and the result obtained in the Planck collaboration (ΛCDMPlanck) [2].
Fig. 6.4a corresponds to the solution when the growth index γ = 0.5, while Fig. 6.4b illustrates
the result for γ = 0.6.
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such that Eq. (6.64) becomes

h(a)2 = Ωm0a
−3

+
(1− Ωm0)h(a)

2(−1+β5)
(
−2 sech2(h(a)−2) + (−1 + 2β5)h(a)

2 tanh(h(a)−2)
)

tanh(1)(2β5 − 1)− 2 sech2(1)
. (6.97)

The ΛCDM limit is not attained by the hyperbolic tangent model. Regardless, it provides a model
behaving as a possible phantom divide line crossing the f(T ) model [367]. While, in line with the
logarithmic model, the lack of ΛCDM limit is expected to be in tension with observational data
as per results in Ref. [353]. Through the study of growth factor and growth index behaviour, the
tensions might materialise when considering the data set explored in Ref. [289]. The ΛCDM limit
is considered by setting f(T ) = −T + c, where c is a constant, for different data sets. Analogous
to the power law model explored in Sec. 6.4.1.1, the k values at which the subhorizon limit
is resolved when considering γ value up to 4 d.p., are always larger than the radiation-matter
equality value keq. In Table 6.9, subhorizon limit plays a role when k > 3.7keq at a minimum
for the CC+SN+BAO case and k > 8.39keq at a maximum for CC+SN+HW. The subhorizon
growth index when taken to be a constant, appears in a lower range when compared with the
rest of the models: 0.4905 ≤ γ ≤ 0.5193. The sets containing BAO data result in negative β5
values resulting with values γ < 0.5. On the other hand, the rest of the data sets have a positive
β5 value with corresponding γ values at γ > 0.5.

The distinction within the model when considering BAO values is also highlighted in the
growth factor solution plots in Fig. 6.5. Case CC+SN in Fig. 6.5b has faster growth than
the BAO counterpart of CC+SN+BAO in Fig. 6.5c. Additionally, when the BAO results are
considered, the ΛCDM limit given by f(T ) = −T +c is close to the result obtained by the Planck
collaboration [2].

From the f(T ) cases considered here, it suffices to conclude that the application of the
subhorizon limit at first principle provides an adequate result when considering precision up to
2 d.p. for the growth index value. Higher index precision can come into play as future surveys
realise improved analysis of the growth index, possibly becoming sensitive to k dependencies.
Table 6.10 shows the k requirement to produce the subhorizon γ value up to 2 d.p., all of which
correspond to scales smaller than those considered to evaluate the growth evolution of CDM.
Only four cases are listed, as for the rest of the models and data sets any value above keq holds;
lower values of k would not yield an adequate range to consider in the first place.

While f(T ) gravity does not result in a significant discrepancy among k values and the
subhorizon limit, this is not necessarily the case when considering broader classes of teleparallel
theories. One such class is that of scalar-tensor theories, in which the effects of a scalar field ϕ

can contribute to a richer phenomenology towards more physically viable models.
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Hyperbolic Tangent Model

Data Set β5 H0 Ωm0 keq/H0 k/H0 γ

CC + SN −0.36 69.2 0.369 56.9379 > 327.98 0.4905

CC + SN + R19 −0.28 71.8 0.349 53.8519 > 403.54 0.4946

CC + SN + HW −0.29 71.3 0.353 54.4691 > 456.95 0.4939

CC + SN + TRGB −0.35 69.5 0.366 56.4750 > 383.85 0.4911

CC + SN + BAO 0.144 68.4 0.302 46.5996 > 172.47 0.5193

CC + SN + BAO + R19 0.079 70.6 0.308 47.5254 > 217.63 0.5142

CC + SN + BAO + HW 0.039 70.2 0.308 47.5254 > 293.25 0.5118

CC + SN + BAO + TRGB 0.115 68.9 0.304 46.9082 > 275.94 0.5170

Table 6.9: Hyperbolic Tangent model results for different data sets constraints. The first column
gives the data set combination considered, the second column corresponds to β1 parameter value,
the third and fourth columns give the result of H0 and Ωm0, respectively. For each set, the fifth
column gives the keq value, and the sixth column shows the minimum value of k for the Mészáros
equation to behave like the subhorizon limit as determined by the constant value of γ obtained
up to 4 d.p. given by the sixth column.

Model Data Set γ (2 d.p.) k/H0

Power Law CC + SN + R19 0.54 > 79.9281

Power Law CC + SN + R19 0.54 > 49.1356

Hyperbolic Tangent CC + SN 0.49 > 94.5143

Hyperbolic Tangent CC + SN + TRGB 0.49 > 66.8440

Table 6.10: Models which attain the subhorizon growth index γ match up to 2 d.p. at k > keq.
The remaining cases reach 2 d.p. precision of all values above keq.

6.4.2 | Modified GR

An easy introduction of the scalar field is through the consideration of modified GR, given
by the action

SMod GR =
1

2κ2

∫
d4xe(−T + V (ϕ) + P (ϕ)X) +

∫
d4x eLm , (6.98)
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(a) Growth factor plots for all models at the subhorizon (solid line), their corresponding ΛCDM limits
when f(T ) = −T+c (dotted line), and the result obtained in the Planck collaboration (ΛCDMPlanck) [2].
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Figure 6.5: Growth factor solutions for the Hyperbolic Tangent model.
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where V and P are arbitrary functions of the scalar field ϕ. Such theories have been typically
used to explore inflationary models [368, 369], where the scalar field drives the expansion at very
early stages of the Universe to smoothen out spacetime, yielding a homogeneous and isotropic
Universe. Alternatively, the scalar field can be attributed to the effective portion of the theory,
driving the accelerated expansion at late times of the Universe.6 Through the BDLS action (2.98),
this can be attained for G2 = V + PX, GTele = −T and the rest of the terms vanish. While
the action is expressed in terms of tetrad notation, it can be modified to the curvature-based
formalism with the changes e →

√
−g and −T → R̊. Now, limits from the BDLS action are

attained for G2 = V + PX, G4 = 1, and the rest of the terms vanish. While at the action level,
there are distinctions, on a dynamical level the two actions are considered to be identical up to
a boundary term, as noted in Eq. (2.66).

The appropriate limits to the Friedmann equation (3.19-3.23) result in the background equa-
tions

2κ2ρ = 6H2 − V + PX , (6.99)

−2κ2p = 6H2 + 4Ḣ − V − PX , (6.100)

0 = Vϕ −XPϕ + 3HPϕ̇+ Pϕ̈ , (6.101)

such that the effective energy density ρeff and the effective pressure peff are defined by Eqs (6.66-
6.67) modified for the system in Eqs (6.99-6.100). The effective portions ρeff and peff stem from
the additional contributions of V and P , such that

ωeff =
peff

ρeff
= −1− 2PX

V − PX
, (6.102)

where the ΛCDM limit ωeff = −1 is obtained by elimination of P or X. The linearised field
equations (6.17) are given in the form presented in Eq. (6.23)

δW00 : F1(δϕ, δϕ̇, φ, ψ, ψ̇) = G1(δm, δ̇m) , (6.103a)

δW0i : F2(δϕ, φ, ψ̇) = G2(δ̇m) , (6.103b)

δWi0 : F3(δϕ, φ, ψ̇) = G3(δ̇m) , (6.103c)

δWij : F4(φ,ψ) = 0 , (6.103d)

δW i
i : F5(δϕ, δϕ̇, φ, φ̇, ψ, ψ̇, ψ̈) = 0 , (6.103e)

δẆ00 : F6(δϕ, δϕ̇, δϕ̈, φ, φ̇, ψ, ψ̇, ψ̈) = G6(δm, δ̇m, δ̈m) , (6.103f)

δẆ0i : F7(δϕ, δϕ̇, φ, φ̇, ψ̇, ψ̈) = G7(δ̇m, δ̈m) , (6.103g)

6It is worth noting that the same scalar field can be associated with both the inflationary and accelerated
expansion periods, though its behavior varies across different epochs. Alternatively, two distinct scalar fields can
be introduced to independently account for each phenomenon.
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δẆi0 : F8(δϕ, δϕ̇, φ, φ̇, ψ̇, ψ̈) = G8(δ̇m, δ̈m) , (6.103h)

δẆij : F9(φ, φ̇, ψ, ψ̇) = 0 , (6.103i)

δWϕ : F10(δϕ, δϕ̇, δϕ̈, φ, φ̇, ψ̇) = 0 , (6.103j)

of which 8 equations are linearly independent. By omitting δWi0 given by Eq. (6.103c) and δẆi0

given by Eq. (6.103h), the remaining equations can be used to solve for the eight gravitational
perturbation modes {δϕ, δϕ̇, δϕ̈, φ, φ̇, ψ, ψ̇, ψ̈}. These equations can be expressed as a matrix
system of the form Eq. (6.37)

F

F11 F12 0 F14 0 F16 F17 0

F21 0 0 F24 0 0 F27 0

0 0 0 1 0 −1 0 0

F51 −1
2Pϕ̇ 0 F54 24H F56 72H 24

Ḟ11 F11 + Ḟ12 F12 Ḟ14 F14 Ḟ16 F16 + Ḟ17 F17

Ḟ21 F21 0 Ḟ24 F24 0 Ḟ27 F27

0 0 0 0 1 0 −1 0

F101 F102 P 2Vϕ −Pϕ̇ −3Pϕ̇ F107 F108



χ

δϕ

˙δϕ

δ̈ϕ

φ

φ̇

ψ

ψ̇

ψ̈



=

G

C1

C2

0

0

0

Ċ1

Ċ2

0



, (6.104)

where

F11 =
1
4(2Vϕ + Pϕϕ̇

2) , −6F12 = 3F21 = −3Pϕ̇ ,

F14 = −HF17 + ϕ̇F12 , 4F16 = F56 = 8k2

a2
,

−3
2HF17 = HF24 = F27 , F27 = 4− 6κ2ρ

k2

a2
−3Ḣ

,

B54 = −8k2

a2
+ 6(12H2 + 8Ḣ + Pϕ̇2) , B51 = 3(2Vϕ − Pϕϕ̇

2) ,

B102 = (3HP + Pϕϕ̇) , B101 =
1
2

(
2k2

a2
− 4

Pϕ

P F11 + 2Vϕϕ + Pϕϕϕ̇
2
)
,

C1 = −κ2ρδm − 3H
k2

a2
−3Ḣ

δ̇m , C2 = − 2κ2ρ
k2

a2
−3Ḣ

δ̇m .

Solution of χ, and its substitution in the Mészáros equation (6.43) gives

0 = δ̈m + 2Hν(t)δ̇m − 1

2
κ2µ(t)ρδm , (6.105)
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where

ν = 1 +
36Ḣ + 3HPϕ̇2 + 12Ḧ

2H(4k2

a2
+ 3Pϕ̇2)

, (6.106)

µ = 1 +
4Pϕ̇2

4k2

a2
− Pϕ̇2

, (6.107)

implying that the growth of CDM is not explicitly dependent on the potential V (ϕ), but the
solution for the Hubble parameter H through the Friedmann equation (6.99) is. The conditions
of matter dominated era given by Eq. (6.73) simplify Eq. (6.106) to ν = 1 + 3Pϕ̇2

2(4
k2

a2
+3Pϕ̇2)

. The

magnitude of the scalar field ϕ in comparison to the k contribution is unknown, hence application
of the subhorizon limit at the field equation level would yield a superficial result. To contrast
with the solutions obtained for different values of ϕ, this superficial subhorizon estimate is still
included, which is given by

νsub = 1 , µsub = 1 , (6.108)

corresponding to the GR limit. The Mészáros equation (6.105) and Eqs (6.106-6.107) are ex-
pressed in terms of the scale factor to obtain the form in Eq. (6.48). The growth factor in
Eq. (6.49), growth index in Eq. (6.55), fσ8 in Eq. (6.57) and S8 in Eq. (6.58) are used to inves-
tigate the k dependencies for the modified GR model. The three cases considered have P = 1,
with different potentials: Quadratic in Sec. 6.4.2.1, Quartic in Sec. 6.4.2.2, and Exponential in
Sec. 6.4.2.3.

Next, it will be shown how the growth index result is independent of the potential function.
Eq. (6.55) is an evaluation at current time, where ν(1) and µ(1) are independent of the potential
V . Additionally, h(1) = 1 as per definition in Eq. (6.46), and ϕ(1) and ϕ′(1) are set constraints.
The first Friedmann equation evaluated at the current time gives an equation for the current
value of the potential:

V (1) = 6H2
0 (1− Ωm0)−

1

2
H2

0ϕ
′(1) , (6.109)

which when substituted into the equation of state (6.102) at current time results in

ωeff(1) = −1 +
ϕ′(1)2

6(1− Ωm0)
. (6.110)

By imposing that the current equation of state value recovers the result ωeff = −1, then

ϕ′(1) = 0 (6.111)

is the nontrivial solution and leaves only the choice of ϕ(1). In these cases considered, the P
function is given by the same constant, making only h′(1) a case-dependent constant. Regardless
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of the different background equations provided by different potentials, no alterations to the main
result are obtained. Fig. 6.6 illustrates the behaviour of a dynamical growth index at a = 1,
illustrating the balance between the γ0 and γ1 constants of Eq. (6.54) to obtain the ΛCDM value,
γΛCDM. As k increases, the results move towards the subhorizon solution, previously noted to
be obtained through an overlook of the magnitude of ϕ and ϕ′. In the f(T ) case, the majority of
the cases were seen to behave well into the subhorizon limit for modes k > 100H0 at a precision
of 4 d.p. The result presented here, hence, implies k dependency. Table 6.11 gives a summary of
coordinates (γ0, γ1) for different k values and at the subhorizon limit to obtain the ΛCDM limit,
γ0 = 0.55 and γ0 = 0.56, as it is the main range of interest.

k = 100 H0 k = 300 H0 k = 500 H0 Subhorizon

γΛCDM

0.5590 0.5592 0.5594 0.5596 0.5598 0.5600
-0.003

-0.002

-0.001

0.000

0.001

γ0

γ
1

Figure 6.6: Growth index plots for cases of the form −T + V (ϕ) +X comparing γ1 to γ0. The
ΛCDM limit γΛCDM = 0.5594792 can be obtained using different k values, depicted by a vertical
dashed line.

Up to this point, the value of ϕ0 = ϕ(1) has not been used. The value becomes crucial when
solving the background equations, which are substituted in the matter perturbation solutions.
The goal is to illustrate k dependencies that arise from the inclusion of a scalar field, but the
choice of ϕ0 has been determined through constraints on background equations, and detailed for
each case separately in the respective sections.
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(γ0, γ1)

γ = γ0 ΛCDM solution at
γ = γ0

γ0 = 0.55 γ0 = 0.56

k = 100H0 (0.559884, 0) (0.5594792,−0.001299) (0.55,−0.031657) (0.56, 0.000370)

k = 300H0 (0.559524, 0) (0.5594792,−0.000144) (0.55,−0.030503) (0.56, 0.001525)

k = 500H0 (0.559495, 0) (0.5594792,−0.000052) (0.55,−0.03041) (0.56, 0.001617)

Subhorizon (0.559479, 0) (0.5594792, 2.8× 10−16) (0.55,−0.030358) (0.56, 0.001669)

Table 6.11: Growth index with the dynamical relationship γ = γ0 + (1 − a)γ1 at different k
values and at subhorizon limit for models of the form −T + V (ϕ) +X depicted in Fig. 6.6. The
second column gives the result at which the growth index is taken to be a constant such that
γ1 = 0. The third column corresponds to a γ value at which the growth index is constant at the
ΛCDM limit. The fourth column and fifth column give the coordinates to obtain γ0 = 0.55 and
γ0 = 0.56, respectively.

6.4.2.1 | Quadratic

The first case in modified GR considered is for a quadratic potential [368] given by

V1(ϕ) = V0ϕ(a)
2 , P1 = 1 , (6.112)

mimicking a simple harmonic oscillator potential where V0 is a constant. Evaluation of the first
Friedmann equation (6.99) with functions in Eq. (6.112)

h(a)2 =
2(6H2

0Ωm0 + V0a
3ϕ(a)2)

a3H2
0 (12− a2ϕ′(a)2)

, (6.113)

where V0 is determined by setting the above equation to current time along with the equation
of case constraint of Eq. (6.111):

V0 =
4H2

0 (1− Ωm0)

ϕ20
, (6.114)

where ϕ0 = ϕ(1) is an unknown constant. The scalar field equation (6.101) is given by

0 = 12(1− Ωm0)
ϕ(a)

ϕ20
+ ah(a)((4h(a) + ah′(a))ϕ′(a) + ah(a)ϕ′′(a)) . (6.115)

Given a choice of ϕ0 and using Eq. (6.111) as the initial condition for ϕ′(1), Eq. (6.113) and
Eq. (6.115) are numerically solved simultaneously for h and ϕ. Fig. 6.7 illustrates the changes
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in the equation of state ωeff when changing the value of ϕ0. But, the field equation itself pro-
vides some constraints on the constant. The scalar field equation (6.115) resembles a damped
harmonic oscillator with a linear restoring force. Imposing an overdamped scenario by setting
the discriminant for real roots yields the constraint at a = 1:

ϕ20 >
192(1− Ωm0)

(8− 3Ωm0)2
∼ 1 . (6.116)

Values ϕ0 = 0.1 and ϕ0 = 1 result in an underdamped scenario, and are still considered through-
out the analysis to see the behaviour reflected within the Mészáros equation. In Fig. 6.7, the
ϕ0 = 0.1 case gives an equation of state which oscillates with a decreasing period at late times
are approached. The oscillatory nature for ωeff is not a favoured behaviour as it implies that
the matter-dominated era experiences periods of accelerated and decelerated expansion, which
would otherwise result in different large-scale structures observed today. ϕ0 = 1 exhibits a stiff
behaviour such that peff ∼ ρeff before setting the path the reach ωeff = −1, as imposed. These
evolutions show the interplay between different components. Setting ωeff = −1 at the final stage
of the scale factor’s evolution ensures a transition in the model from a matter-dominated era to
a dark energy-dominated era. The damped oscillator solution results in ωeff ∼ 1 at a = 0.1, im-
plying a high pressure-density state and deviating from the expected radiation or matter epochs.
Hence, it can be attributed to the kinetic energy of the scalar field dominating over its potential
term.7 The cases for ϕ0 = 10 and ϕ0 = 100 give a dynamical behaviour, thus favoured over the
oscillatory and stiff plots, in accordance to the constraint given by Eq. (6.116).

Fig. 6.8 illustrates the growth factor for the quadratic model. Each quadrant depicts the
results for different ϕ0 values, in which the deviations of the growth factor solutions for different
k values and subhorizon from the ΛCDM limit are considered. For large values of ϕ0, such as
ϕ0 = 100 in Fig. 6.8d, the k solutions are closer to the subhorizon and ΛCDM solutions, in
comparison with the other ϕ0 values. For ϕ0 = 0.1, shown in Fig. 6.8a, the deviations from the
ΛCDM solutions are more significant while for k > 100H0 results almost replicate the subhorizon
limit.

fσ8 given by Eq. (6.57) and S8 in Eq. (6.58) provide another avenue to observe how k

dependencies manifest in growth parameters. The cases satisfying the condition in Eq. (6.116)
are evaluated further, i.e. cases ϕ0 = 10 and ϕ0 = 100. In Fig. 6.9 for ϕ0 = 10, the difference
between k values and ΛCDM are presented for both parameters. In comparison with the ΛCDM
result, the solutions for fσ8 grow faster as point a = 1 is approached, while S8 solutions are
observed to be smaller throughout the matter-dominated era. For both cases, the subhorizon
results give the largest deviation. The results for ϕ0 = 100 were noted to be of deviations at the
order of 10−4, and not presented here as the plots appear to behave identical to ΛCDM. As ϕ0

7This point holds for all models considered in this section, as seen in Figs 6.10, 6.13, and 6.16.
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Figure 6.7: Effective equation of state ωeff for different values of ϕ0 for V (ϕ) = V0ϕ
2. ωeff ∼ 1

implies that the kinetic energy of the scalar field dominated at earlier stages of the Universe.

values increase, the results appear closer to ΛCDM values along with less significant distinction
between the different k values.

6.4.2.2 | Quartic

Adjacent to the quadratic potential considered in Sec. 6.4.2.1, is the quartic potential, previously
studied as an inflationary model wherein the expansion of the Universe initiates at earlier times:

V2(ϕ) = V0ϕ
4 , P2 = 1 . (6.117)

The Friedmann equation (6.99) alters to

h(a)2 =
2(6H2

0Ωm0 + a3V0ϕ(a)
4)

a3H2
0 (12− a2ϕ′(a)2)

. (6.118)

for which

V0 =
6H2

0 (1− Ωm0)

ϕ40
, (6.119)

is obtained when Eq. (6.118) is set to a = 1. For this case, the scalar field equation (6.101)
becomes

0 = −12(Ωm0 − 1)
ϕ(a)3

ϕ40
+ ah(a)((4h(a) + ah′(a))ϕ′(a) + ah(a)ϕ′′(a)) . (6.120)
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Figure 6.8: Difference in growth factor from the ΛCDM solution for the case V (ϕ) = V0ϕ
2. Each

quadrant presents the solution for the set boundary condition of ϕ0. Each plot compares k values
and the subhorizon limit result obtained through the immediate assumption of k ≫ aH. Plot
(b) requires a very large value of k to approach the subhorizon limit. The subhorizon limit can
be obtained, within an order of 10−2: (a) at k > 300, (c) at k > 400H0, and (d) at k > 30H0.

Again, solutions for h and ϕ are obtained through Eq. (6.118) and Eq. (6.120) when a ϕ0 value
is assumed.

Fig. 6.10 illustrates the behaviour of the effective equations of state ωeff for a range of ϕ0
values. ϕ0 gives an oscillatory pattern, with a shorter period in comparison with the quadratic
counterpart in Fig. 6.7. This is because the potential has a higher-order index. In fact, for the
quartic potential, the case ϕ0 = 1 exhibits a stiff behaviour, whereas ϕ0 = 10 and ϕ0 = 100

display dynamical behaviour. Consequently, the latter two boundary conditions are more viable.
For a small ϕ value, the scalar field equation (6.115) can be expanded up to first order to

obtain

2(11− 12Ωm0)(3ϕ(a)− 2ϕ0) + aϕ20h(a)[(4h(a) + ah′(a))ϕ′(a) + ah(a)ϕ′′(a)] = 0 , (6.121)
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Figure 6.9: ∆fσ8 = (fσ8)ΛCDM − fσ8 and ∆S8 = (S8)ΛCDM − S8 solutions for the case V (ϕ) =
V0ϕ

2 when ϕ0 = 10.

giving a result mimicking a linear harmonic oscillator analogous to the form obtained in Sec. 6.4.2.1
with an additional constant driving force. The discriminant for an overdamped system still holds
as the additional constant term would only affect the particular solution of the differential equa-
tion. The discriminant now becomes

ϕ20 >
96(11− 12Ωm0)

(8− 3Ωm0)2
∼ 10 . (6.122)

While ϕ0 > 100 values are not excluded through the discriminant, the equations of state illus-
trated in Fig. 6.10 indicates that these cases would give a sudden drop to ωeff while still in the
matter-dominated era. Hence, 10 ≤ ϕ0 ≤ 100 is still the most relevant range.

Evaluation of the Mészáros equation (6.105) for different values of ϕ0, considering a range of
k values, gives the solutions illustrated in Fig. 6.11. The results are similar to those obtained in
Fig. 6.8 with the exception of ϕ0 = 10 in Fig. 6.11c. Overall, quartic potential cases yield slower
growth than their quadratic potential counterparts in Fig. 6.8. Fig. 6.12 illustrates the faster
growth for ϕ0 = 10 in comparison to the rest of the quadrants within the quartic case through
the deviations of fσ8 and S8 results. Additionally, the discrepancies between the different k
values become more prominent. Once again, as the values of ϕ0 increase, the deviations become
significantly smaller across all the solutions.

6.4.2.3 | Exponential

The final model within modified GR is given by the exponential potential for which the scalar
field drives the inflationary expansion at early Universe [369]:

V3 = V0e
λϕ , P3 = 1 , (6.123)
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Figure 6.10: Effective equation of state ωeff for different values of ϕ0 for the case V (ϕ) = V0ϕ
4.

ωeff ∼ 1 implies that the kinetic energy of the scalar field dominated at earlier stages of the
Universe.

where V0 and λ are constants. The background equations given by the first Friedmann equa-
tion (6.99) and Klein-Gordon scalar field equation (6.101) for this model are given by

h(a)2 =
2(V0a

3eλϕ(a) + 6H2
0Ωm0)

a3H2
0 (12− a2ϕ′(a)2)

, (6.124)

0 = V0λe
λϕ(a) + aH2

0h(a)((4h(a) + ah′(a))ϕ′(a) + ah(a)ϕ′′(a)) . (6.125)

The constant V0 is determined by solving Eq. (6.124) at a = 1 to obtain

V0 = 6H2
0e

−λϕ0(1− Ωm0) , (6.126)

where the condition in Eq. (6.111) has been applied, and ϕ0 is an unknown constant.
Consider λ = 1 to focus on the growth factor evolution at different k values. The numerical

solutions for h and ϕ are determined simultaneously by Eqs (6.124-6.125), such that the effective
equation of state (6.102) is illustrated in Fig. 6.13. All the ϕ0 values seemingly give identical
results. It should be noted that there are in fact differences but are of a small order of magnitude
(≲ |10−8|) for the scale considered.

Difference in growth factor solutions, between particular k values and ΛCDM solution is
shown in Fig. 6.14. The plots appear to have identical behaviour. k = 100H0 gives slower
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Figure 6.11: Difference in growth factor from the ΛCDM solution for the case V (ϕ) = V0ϕ
4.

Each quadrant presents the solutions for a set of boundary conditions of ϕ0. Each plot compares
k values and the subhorizon limit result obtained through the immediate assumption of k ≫ aH.
Plot (b) requires a very large value of k to approach the subhorizon limit. The subhorizon limit
can be obtained, within an order of 10−2: (a) at k > 430, (c) at k > 870H0, and (d) at k > 60H0.

growth than the ΛCDM limit. Higher values, such as k = 300H0 and k = 500H0, give a higher
result than ΛCDM, with the subhorizon being the fastest growth within each subcase. Since
the ϕ dependency appears in the exponential portion of the function, the difference among the
quadrants appears in the last 10−6 of the scale. When comparing the results with the quadratic
and quartic case, shown in Sec. 6.4.2.1 and Sec. 6.4.2.2, the fσ8 and S8 result in larger deviations
from ΛCDM for the exponential case. This is illustrated in Fig. 6.15 for the same boundary
condition of ϕ0 = 10.

As the different ϕ0 values alter the system slightly, it would be interesting to see how the
growth function behaves for different λ values in the exponent. To obtain an estimate of the
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Figure 6.12: ∆fσ8 = (fσ8)ΛCDM − fσ8 and ∆S8 = (S8)ΛCDM − S8 solutions for the case
V (ϕ) = V0ϕ

4 when ϕ0 = 10.
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Figure 6.13: Effective equation of state ωeff for different values of ϕ0 for the case V (ϕ) = V0e
λϕ

when λ = 1. All cases of ϕ0 considered overlap. ωeff ∼ 1 implies that the kinetic energy of the
scalar field dominated at earlier stages of the Universe.

viable λ value, the scalar field equation (6.125) is expanded to

0 = 6λ(1− Ωm0)[1 + λ(ϕ(a)− ϕ0)] + a2h(a)2
[(

4

a
+
h′(a)

h(a)

)
ϕ′(a) + ϕ′′(a)

]
, (6.127)

to obtain a harmonic oscillator form, provided ϕ is small. The discriminant at current time gives
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Figure 6.14: Difference in growth factor from the ΛCDM solution for the case V (ϕ) = V0e
λϕ when

λ = 1. Each quadrant presents the solutions for a set of boundary conditions of ϕ0. Each plot
compares k values and the subhorizon limit result obtained through the immediate assumption
of k ≫ aH. The subhorizon limit corresponds to values of k > 2000H0.

a restriction on λ of

λ2 <
(−31 + 12Ωm0)

2

384H2
0 (Ωm0 − 1)

∼ 1 , (6.128)

indicating that negative values yield the same results. The sign changes in Eq (6.124-6.125)
are accounted for by the constant V0 in Eq. (6.126). Additionally, ϕ0 = 1 is set as per the
minute differences noted in Fig. 6.13. ωeff for different λ values is given in Fig. 6.16. λ = 0

gives a constant value of ωeff = −1. Albeit the result appears to be identical to that of GR, the
Lagrangian would be given by −T + V0 +X and also distinguishable from ΛCDM. Additionally,
breaking the constraint given by Eq. (6.128) would result in an effective equation of state with
stiff-like behaviour.

The growth factor solutions for different λ values are illustrated in Fig. 6.17, each quadrant
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Figure 6.15: ∆fσ8 = (fσ8)ΛCDM − fσ8 and ∆S8 = (S8)ΛCDM − S8 solutions for the case
V (ϕ) = V0e

λϕ when λ = 1 and ϕ0 = 10.
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Figure 6.16: Effective equation of state ωeff for different values of λ for the case V (ϕ) = V0e
λϕ

when ϕ0 = 1 and ϕ′(1) = 0. ωeff ∼ 1 implies that the kinetic energy of the scalar field dominated
at earlier stages of the Universe.

corresponding to a different k value. For λ = 0, the result is consistently replicating the ΛCDM
limit. Figure 6.17a illustrates that in the case k = 100H0, the growth factor increases with λ.
This is in contrast with the rest of the k and subhorizon results in Figs 6.17b-6.17d, where an
increasing λ gives a slower growth. Additionally, the latter cases result in solutions closer to each
other for different λ values.

While the f(T ) models have shown k independency, the additional scalar mode indicates
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Figure 6.17: Difference in growth factor from the ΛCDM solution for the case V (ϕ) = V0e
λϕ

for varying λ values when ϕ0 = 1. Each quadrant corresponds to different k values, including
the subhorizon limit result where k ≫ aH is assumed. The subhorizon corresponds to different
k values for different λ values; within order of 10−2: k > 520H0 for λ = 0.25, k > 1080H0 for
λ = 0.5, k > 1590H0 for λ = 0.75, and k > 2000H0 for λ = 1. λ = 0 corresponds to the ΛCDM
model.

possible significant deviations that are detectable through observations of large-scale structures.
The current work by DESI aims to map the three-dimensional dark matter distribution, covering
larger volumes than previous missions. Among other scientific goals, DESI can be used to
detect deviations from the ΛCDM model. In the recent results summarised in Ref. [94], it
has been shown that a dynamical equation of state is favoured over a constant dark energy
constant. Additionally, the mission has the capabilities of detecting k-dependencies through
precision measurements of the matter power spectrum, BAO features in clusters of galaxies, and
RSD; all measurements which would be appearing for different k values at redshifts z < 2 [370].
The upcoming missions by Euclid and LSST aim to achieve similar goals, focusing on redshift
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Model
Deviation from ΛCDM k Dependency Deviations

γ fσ8 S8 γ fσ8 S8

Instruments 10−2 10−2 10−2 10−2 10−2 10−2

Quadratic 10−3 10−3 10−3 10−3 10−4 10−4

Quartic 10−3 10−2 10−3 10−3 10−3 10−3

Exponential 10−3 10−2 10−1 10−3 10−2 10−2

Table 6.12: Order of magnitudes at which deviations from ΛCDM and from different k values
can be observed. The first row of results lists the limitations of the instruments for γ, fσ8, and
S8. The instruments considered are DESI (z < 2) [4, 5], Euclid (0.5 < z < 1.5) [6, 7] and LSST
(z ∼ 1) [8]. The rest of the results are estimates from the models presented in Figs 6.6, 6.9, 6.12,
and 6.15, with a focus around 0 < z < 1 (0.5 < a < 1). The k dependency deviations listed take
into consideration the largest deviations. Ideal instruments should operate within smaller orders
of magnitude.

ranges 0.5 < z < 1.5 [371] and z ∼ 1 [372], respectively. The current instruments’ precisions are
around (γ, σ8, fσ8, S8) = (10−2, 10−3 − 10−2, 10−2, 10−2) [6, 7, 4, 5, 8], where the lower range of
10−3 order of magnitude for σ8 measurements is provided only by Euclid mission proposal [7].

Table 6.12 is a list of orders of magnitude at which deviations from ΛCDM model and
deviation between different values of k can be detected. The estimates from the quadratic,
quartic, and exponential models are considered for initial conditions ϕ(1) = 10 and ϕ′(1) = 0,
corresponding to the plots given by Figs 6.6, 6.9, 6.12, and 6.15. Only the range 0.5 < a < 1

are considered, since these are the common redshifts that DESI, Euclid and LSST will operate.
The current proposed instruments would not be able to detect such deviations, except for the
Exponential model when measuring the S8 value. Ideally, the instruments used would also have
precision at a lower magnitude than those presented in the table. This is because only the largest
deviations are provided within the model. Smaller deviations would require better precision.

6.5 | Summary
The Mészáros equation (6.43) summarises the behaviour of matter perturbations governed through
gravitational perturbations, whose solution gives an understanding of the growth profile of struc-
tures. The subhorizon realm k ≫ aH, specifically, gives an insight into the behaviour of CDM.
In this chapter, a generalised approach to obtaining the solution of δm is presented. Matter
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is treated as non-relativistic, consistent with the conditions under which the subhorizon regime
occurs. The derivatives of potentials and k dependencies are not ignored, as they may contribute
significantly to certain gravitational theories. This allows the opportunity to construct an entire
system without any oversimplifications while providing an avenue to study spatial dependencies
and at which order of magnitude these come into play.

In Sec. 6.1, the matter sector is introduced in further detail, modifying the field equa-
tions (6.17), with the additional continuity (6.7-6.13) and velocity (Euler) (6.14) equations stem-
ming from the conservation of the energy-momentum tensor given by Eq. (6.6).

Sec. 6.2 provides an overview of obtaining the Mészáros equation. Assuming that subhorizon
limit applies deep within the matter-dominated era where relativistic matter is attributed mainly
to CDM, such that Eq. (6.21) applies. Moreover, the Newtonian (longitudinal) gauge (6.22) pro-
vides a gauge choice, while matter perturbations are reduced to the comoving gauge density
perturbation δm (6.12b), such that the entire system removes redundant DoFs. Expressing grav-
itation perturbations χ in terms of the matter perturbations given by Eq. (6.37), provides a sys-
tem to solve for χ. Hence, the CDM Mészáros equation (6.43) results in a second order ordinary
differential equation of δm. With the solution of δm, a variety of parameters/functions correlating
to growth structures can be explored, as introduced in Sec. 6.3: growth factor D (6.49), growth
index (6.55), fσ8 (6.57) and S8 (6.58).

While gravitational theories such as f(R̊) [330, 222], f(T ) [275] and f(T, T ) [322] have been
studied with the application of the subhorizon limit at each step of the Mészáros equation,
Ref. [331] showed that in the case of f(R̊), a generalised approach to obtaining the Mészáros
equation followed by the application of the subhorizon limit results in discrepancies in the result
often quoted from Refs [330, 222]. Hence, the question becomes whether or not the procedure
previously adopted to study the growth of CDM suffices, and if the subhorizon limit holds at
certain scales during the matter-dominated epoch. Within the realm of teleparallel gravity, f(T )
has been studied in Sec. 6.4.1 to compare with the established result in Ref. [275] and in modified
GR in Sec. 6.4.2 as a subcase of f(ϕ, T ) to explore how introducing a scalar field modifies this
behaviour, both theories explored through a variety of models. While the case of f(T ) concluded
that the result in Ref. [275] suffices, it is not the case when introducing ϕ, mainly due to the
fact the choice of boundary conditions of ϕ and ϕ′ do result in k dependencies, with some cases
pointing towards slight deviations from the subhorizon limit result.
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7

Ghost and Laplacian Instabilities

When considering modified theories of gravity, it is crucial to ensure that the models falling
within the formalism can realise physical viability. In the previous chapters, BDLS and its
subcases have been analysed as possible resolutions to the CC problem (Chapter 3), obtaining
the number of propagating DoFs and the polarisation modes of GW (Chapter 5), and the growth
structures of simpler models (Chapter 6). Another check is that the gravity theory is stable, as
understanding these instabilities limits pathological branches, in particular ghost and Laplacian
(gradient) instabilities.

Typically, ghost instabilities emerge when considering higher order derivatives gravitational
theories, where Ostrogradsky instabilities occur [222]. The Ostrogradsky theorem states that
non-degenerate higher-order derivative Lagrangians have a Hamiltonian without a lower bound [110].
Hamiltonian, which encapsulates the total energy, requires a lower bound as this correlates with
the ground state. As a result, certain DoFs may have a kinetic energy term associated with them,
implying that a system can produce a nonphysical negative energy [110, 111]. The construction
of BDLS (see Chapter 2) is by design free of higher order derivatives [78]. Even so, some sub-
cases of BDLS can be eliminated by studying the limits imposed by ghost stability. Laplacian
instabilities occur when the square of the propagating speed c2 is negative. This value has been
introduced in Sec. 6.2 as it is linked to the growth of perturbations when dealing with scalar
and matter perturbations. Thus, gradient instabilities influence the dynamics of perturbation at
early times in the Universe, as a negative value implies that small fluctuations result in rapid
and uncontrolled growth [112].

In this chapter, ghost, and Laplacian instabilities are investigated within BDLS gravity.
Sec. 7.1 illustrates the construction of an action expanded up to the second order. The action
is split into scalar, pseudoscalar, vector, and tensor sectors, and each sector can be expressed in
terms of gauge-invariant quantities. In Sec. 7.2, the ghost and Laplacian stability conditions are
obtained and summarised in Sec. 7.4. This work is based on an extension of Ref. [373].
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7.1 | Gauge-Invariant Action in BDLS

Up to this point, only first-order perturbations have been utilised. Preemptively, Chapter 4
presented the perturbations of each BDLS ingredient up to second order, with a summary given
by Tables 4.1, 4.2 and 4.3. The extension of the BDLS action given in Eq. (2.98) up to second-
order perturbations correlates with the linearised field equations listed in Sec. 4.3 and utilised in
Chapters 5 and 6. By compiling all these perturbations, the action becomes of the form

δ2S =
1

2κ2

∫
d4x
{
δ2e
[
G2 − ϕ̊ G3 +G4 R̊+G4,X

(
(□̊ϕ)2 − U

)
+G5 G̊µν ∇̊µ∇̊νϕ

− 1

6
G5,X

(
(□̊ϕ)2 − 2V − 3W

)]}
+ δe

[
δG2 −G3 δ(□̊ϕ)− δG3 □̊ϕ+G4 δR̊

+ δG4 R̊+G4,X

(
2 □̊ϕ δ(□̊ϕ)− δU

)
+ δG4,X

(
(□̊ϕ)2 − U

)
+G5

(
G̊µν δ(∇̊µ∇̊νϕ)

+ δG̊µν ∇̊µ∇̊νϕ
)
+ δG5 G̊µν ∇̊µ∇̊νϕ− 1

6
G5,X

(
3(□̊ϕ)2δ(□̊ϕ) + 2δV − 3δW

)
− 1

6
δG5,X

(
(□̊ϕ)2 + 2V − 3W

)
+ δGTele

]
+ e

[
δ2G2 −G3 δ

2(□̊ϕ)− δG3,X δ
(
(□̊ϕ)2

)
− δ2G3 □̊ϕ+G4 δ

2R̊+ δG4 δR̊δ
2G4 R̊+G4,X

(
δ(□̊ϕ)2 + 2□̊ϕ δ2(□̊ϕ)− δ2U

)
+ δG4,X

(
2 □̊ϕ δ(□̊ϕ)− δU

)
+ δ2G4,X

(
(□̊ϕ)2 − U

)
+G5

(
G̊µν δ

2(∇̊µ∇̊νϕ)

+ δG̊µν δ(∇̊µ∇̊νϕ) + δ2G̊µν ∇̊µ∇̊νϕ
)
+ δG5

(
G̊µν δ(∇̊µ∇̊νϕ) + δG̊µν ∇̊µ∇̊νϕ

)
+ δ2G5G̊µν ∇̊µ∇̊νϕ− 1

6

[
3G5,X □̊ϕ

(
(δ(□̊ϕ))2 + □̊ϕ δ2(□̊ϕ)

)
+ 2G5,X δ2V − 3G5,X δ2W

+ δG5,X

(
3(□̊ϕ)2 δ(□̊ϕ) + 2δV − 3δW

)
+ δ2G5,X

(
(□̊ϕ)3 + 2V − 3W

)]
+ δ2GTele

]}
,

(7.1)

where the superscript of δ determines the perturbative order to the quantity attached to it: δ is
first order and δ2 is second order. This action holds in a vacuum and

U = ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ , (7.2a)

δU = δ(∇̊µ∇̊νϕ) ∇̊µ∇̊νϕ+ ∇̊µ∇̊νϕ δ(∇̊µ∇̊νϕ) , (7.2b)

δ2U = δ2(∇̊µ∇̊νϕ) ∇̊µ∇̊νϕ+ δ(∇̊µ∇̊νϕ) δ(∇̊µ∇̊νϕ) + ∇̊µ∇̊νϕ δ
2(∇̊µ∇̊νϕ) , (7.2c)

V = ∇̊µ∇̊νϕ ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ , (7.2d)

δV = 3 δ(∇̊µ∇̊νϕ) ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ , (7.2e)

δ2V = 3 δ2(∇̊µ∇̊νϕ) ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ+ 3 δ(∇̊µ∇̊νϕ) δ(∇̊ν∇̊λϕ) ∇̊λ∇̊µϕ , (7.2f)

W = □̊ϕU , (7.2g)

δW = □̊ϕ δU + δ(□̊ϕ)U , (7.2h)

δ2W = □̊ϕ δ2U + δ(□̊ϕ) δU + δ2(□̊ϕ)U . (7.2i)

175



Chapter 7. Ghost and Laplacian Instabilities

SVT decomposition can be applied to this action, allowing sectors of scalars, vector, and tensor
modes to be treated separately as they do not interact with each other. Moreover, from the
gauge transformations given in Eq. (4.42), the pseudoscalar σ is gauge-invariant and can be
detached from the rest of the scalar quantities. This cannot be said for the pseudovector σi as it
can be expressed as a linear combination of bi and hi perturbations. The following explores the
perturbations of these actions for different sectors in their simplest form. Additionally, whenever
required, the action is transformed in terms of gauge-invariant quantities obtained in Eq. (4.45).
The results are presented in spatial Fourier transformation form as shown in Appendix B while
maintaining time derivatives unless stated otherwise.

Scalar: The scalar action governed by the scalar modes {δϕ, φ, β, b, ψ, h} presented in Eq. (4.27)
and the additional scalar field in Eq. (4.3) while excluding pseudoscalar σ, is given by

δ2SS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
k2

a2

(
k2

a2
A1

(
b− aḣ

)2
−
(
b− aḣ

)(
A2φ+A3ψ̇ +A4δϕ+A5

˙δϕ
)

−β
(
A6φ+A8δϕ+A9

˙δϕ+A10ψ +A12ψ̇
)
+A13β̇

2
)
+
k2

a2
β̇ (A7φ+A11ψ)

+φ

(
−k

2

a2
A14ψ +A15ψ̇ +A16δϕ− k2

a2
A17δϕ+A18

˙δϕ

)
+

(
k2

a2
A19 +A20

)
φ2

+
k2

a2
A21ψ

2 +A22ψ̇
2 +

k2

a2
A23ψ δϕ+A24δϕψ̇ +A25

˙δϕψ̇ +

(
k2

a2
A26 +A27

)
δϕ2

+A28
˙δϕ
2
]
, (7.3)

where coefficients Ai for i ∈ [1, 28] are listed in Appendix C. The {A1,A7,A10,A11,A13,A19}
coefficients are purely due to the teleparallel contribution, and all coefficients are of linear order
of BDLS contribution. All coefficients do not realise quantities with derivatives higher than two,
in line with the construction of BDLS presented in Sec. 2.4. The coefficients reduce significantly
when standard Horndeski gravity is considered, as obtained in Ref. [112]. This limit is discussed
further in Sec. 7.3. A gauge choice can be applied at this stage. For the scalar sector, the choice
is between the flat gauge, unitary gauge, longitudinal gauge, and synchronous gauge, whose
conditions are listed in Eq. (4.44). Depending on the choice, different coefficients are no longer
contributing, with the flat gauge and unitary gauges providing simpler actions upon application,
thus one of the reasons why the latter is favoured to perform theoretical calculations. The gauge
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choice actions are given by

δ2SFlat
S =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
k2

a2

(
k2

a2
A1b

2 − b
(
A2φ+A4δϕ+A5

˙δϕ
)
− β (A6φ

+A8δϕ+A9
˙δϕ
)
+A13β̇

2 −A7β̇φ
)
+ φ

(
A16δϕ− k2

a2
A17δϕ+A18

˙δϕ

)
+

(
k2

a2
A19 +A20

)
φ2 +

(
k2

a2
A26 +A27

)
δϕ2 +A28

˙δϕ
2
]
, (7.4)

δ2SUnitary
S =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
k2

a2

(
k2

a2
A1b

2 − b
(
A2φ+A3ψ̇

)
− β (A6φ+A10ψ

+A12ψ̇
)
+A13β̇

2
)
+
k2

a2
β̇ (A7φ+A11ψ) + φ

(
−k

2

a2
A14ψ +A15ψ̇

)
+

(
k2

a2
A19 +A20

)
φ2 +

k2

a2
A21ψ

2 +A22ψ̇
2

]
, (7.5)

δ2SLongitudinal
S =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
k2

a2

(
k2

a2
A1β

2 − β
(
A2φ+A3ψ̇ +A4δϕ+A5

˙δϕ
)

−β
(
A6φ+A8δϕ+A9

˙δϕ+A10ψ +A12ψ̇
)
+A13β̇

2
)
+ β̇

k2

a2
(A7φ

+A11ψ) + φ

(
−k

2

a2
A14ψ +A15ψ̇ +A16δϕ− k2

a2
A17δϕ+A18

˙δϕ

)
+

(
k2

a2
A19 +A20

)
φ2 +

k2

a2
A21ψ

2 +A22ψ̇
2 +

k2

a2
A23ψ δϕ+A24δϕψ̇

+A25
˙δϕψ̇ +

(
k2

a2
A26 +A27

)
δϕ2 +A28

˙δϕ
2
]
, (7.6)

δ2SSynchronous
S =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
k2

a2

(
k2

a2
A1(β − aḣ)2 −

(
β − aḣ

)(
A3ψ̇ +A4δϕ

+A5
˙δϕ
)
− β

(
A8δϕ+A9

˙δϕ+A10ψ +A12ψ̇
)
+A13β̇

2
)
+
k2

a2
A11 β̇ ψ

+
k2

a2
A21ψ

2 +A22ψ̇
2 +

k2

a2
A23 ψ δϕ+A24δϕψ̇ +A25

˙δϕψ̇

+

(
k2

a2
A26 +A27

)
δϕ2 +A28

˙δϕ
2
]
. (7.7)

Not only can the linearised field equation be expressed in terms of the gauge-invariant quan-
tities, but so can the action. This is done by applying the gauge-invariant variable definitions
given in Eq. (4.45) and substituting in Eq. (7.3) to express the action in terms of the variables
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{X1,X2,X3,X4}:

δ2SS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
{
Ã1X 2

2 +
k2

a2

(
Ã2X2 + Ã3X 2

3

)
+ Ã4Ẋ 2

3 + Ã5X 2
1 + Ã6 Ẋ 2

1

+
k2

a2

(
Ã7X 2

1 + Ã8
k2

a2
X 2
4

)
+ Ã9X2Ẋ3 +

k2

a2
Ã10X2X3a

2 + Ã11X2X1 + Ã12X2Ẋ1

+
k2

a2

(
Ã13X2X1 − Ã14X2X4

)
+ Ã15 Ẋ3X1 + Ã16 Ẋ3Ẋ1 +

k2

a2
Ã17X3X1

−k
2

a2
X4

(
Ã18 Ẋ3 + Ã19X1 + Ã20 Ẋ1

)}
, (7.8)

where coefficients Ãi for i ∈ [1, 20] are listed in Appendix C. The spurious DoFs are {X2,X4}
and the expressions remain as a linear combination of functions in BDLS. The non-dynamical
modes are removed by minimising the action with respect to them. This is done to obtain an
action that is only expressed in terms of dynamical modes. Taking variations with respect to X2

and X4, respectively, yields the constraints

0 = 2Ã1X2 + Ã11X1 + Ã9Ẋ3 + Ã12Ẋ1 +
k2

a2

(
Ã13X1 + 2Ã2X2 + Ã10X3 − Ã14X4

)
, (7.9)

0 = 2
k2

a2
Ã8X4 − Ã19X1 − Ã14X2 + Ã20Ẋ1 − Ã18Ẋ3 . (7.10)

Substituting Eqs (7.9-7.10) back into Eq. (7.8) gives an action expressed in only the dynamical
gauge-invariant modes:

δ2SS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
Â1X 2

1 + Â2X1Ẋ1 + Â3Ẋ 2
1 + Â4X 2

3 + Â5X3Ẋ3 + Â6Ẋ 2
3

+Â7X1X3 + Â8Ẋ1X3 + Â9X1Ẋ3 + Â10Ẋ1Ẋ3

]
, (7.11)

where coefficients Âi for i ∈ [1, 10] can be found in Appendix C. These coefficients highlight
the k dependencies within the action which become important when evaluating the Laplacian
instabilities. k dependencies appear in both the numerator and the denominator and their
influence is dictated by the coefficients stemming from the gravitational theory, hence cannot be
eliminated without imposing some sort of limits, be it on the scale of k or from the theory. After
performing integration by parts, the action is simplified to

δ2SS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[(

Â1 −
1

2a3
d
dt

(
a3Â2

))
X 2
1 + Â3Ẋ 2

1 +

(
Â4 −

1

2a3
d
dt

(
a3Â5

))
X 2
3

+Â6Ẋ 2
3 +

(
Â7 −

1

a3
d
dt

(
a3Â8

))
X1X3 +

(
Â9 − Â8

)
X1Ẋ3 + Â10Ẋ1Ẋ3

]
. (7.12)

The action has two interesting terms which could require further investigation. The first term
is given by (Â9 − Â8)X1Ẋ3, which can have a complex value upon introducing temporal Fourier
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transformation. The other term is that of Â10Ẋ1Ẋ3 which indicates that there is a mix kinetic
term contribution, making it ideal to diagonalise the kinetic portion of the action to obtain the
ghost stability conditions. This portion of the analysis will be delved into in Sec. 7.2.

The result in Eq. (7.12) holds provided ã ̸= 0, where equation for ã is given by Eq. (C.3). If
this is not the case, the result would need to be reevaluated, starting from Eq. (7.8) and applying
the substitution of

k2

a2
Ã2 =

Ã2
14

4Ã8

− Ã1 . (7.13)

The procedure is quite repetitive and the entire derivation is not shown here, but the key points
are highlighted. While the variation with respect to X4 provides a solution for it, variation with
respect to X2 gives a relationship in terms of X1 and X3 and their derivatives. Whether the
variation is solved for Ẋ1 or Ẋ3, the number of DoFs reduces to a single dynamical mode, and an
additional undefined region is identified, represented by Ã14Ã20+2Ã8Ã12 = 0 when eliminating
Ẋ1 and Ã14Ã18 − 2Ã8Ã9 = 0 when eliminating Ẋ3. The dynamical part of the mode eliminated
through this step requires performing an additional variation with respect to it as now it is a
superfluous mode, and eliminated from the action.

Pseudoscalar: Since the pseudoscalar in Eq. (4.27) is gauge-invariant (see Eq. (4.42)), it can
be treated separately from the rest of scalar modes. The expansion of Eq. (7.1) results in

δ2SPS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

9
k2
[
B1σ̇

2 − k2

a2
B2σ

2

]
, (7.14)

where

B1 = 4GTele,Tax + 9XGTele,J5 − 12XGTele,J10 ,

B2 = 4 (GTele,Tax − 2XGTele,J1) .

Fourth-order derivatives appear, as indicated by k4, as per the definition of the pseudoscalar in
the tetrad. All coefficients appearing in this action are purely teleparallel. This shows that the
pseudoscalar does not contribute in subcases of standard Horndeski, in line with the fact that
such theories are constructed by a symmetric metric tensor. Specifically, σ comes into play for
gravitational theories with non-vanishing terms {Tax, J1, J5, J10} with the exception of the case
B1 = 0.
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Vector: The vector sector governed by modes {βi, bi, hi, σi} in Eq. (4.34), this time including
the pseudovector mode, is given by the action

δ2SV =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2
C1 bi bi +

k4

a2
C2 hi hi + k2C3 ḣi ḣj +

k2

a2
C4 σi σi + C5 σ̇i σ̇i

+ C6 β̇i β̇i +
k2

a2
C7 βi βi +

k2

a
C8 bi ḣi +

k2

a2
C9 bi βi +

k2

a
C10 βi hi +

k2

a
C11β̇i hi

+ ϵijk
ikj
a

(
C12 bk σ̇i + C13βk σi + C14 σi β̇k + C15 σ̇i βk

)
− iϵijkkk

k2

a2
C16 σj hi

]
, (7.15)

where coefficients Ci for i ∈ [1, 16] are listed in Appendix C. Due to common coefficients, the
action can be simplified further to

δ2SV =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2

(
C1 bi bi + C2

(
k2hi h

i + σi σi − 2iϵijkkk σj hi

))
+ C6 β̇i β̇i

+ k2C3ḣi
(
ḣi −

1

a
bi

)
+ C5 σ̇i

(
σ̇i + iϵijk

kj
a
bk

)
+
k2

a2
(C7 βi + C9 bi)βi +

k2

a
C11β̇i hi

+ C10
(
k2

a
βi h

i + 4iϵijk
kj
a
βk σi

)
+ iϵijk

kj
a

(
4C12 σi β̇k + C15 σ̇i βk

)]
, (7.16)

and only coefficients {C2, C5, C6, C7, C15} contain purely teleparallel terms. At this stage, while
some terms contain standard Horndeski theory contributions, it does not necessarily mean that
vector modes propagate in Horndeski gravity. Investigating these particular cases would require
performing further analysis with the appropriate limits, as explored in Sec. 7.3.

While βi is gauge-invariant, the vector modes {bi, hi, σi} can be expressed as a linear combi-
nation to form other gauge-invariant quantities. Therefore, by setting any one of the non-gauge-
invariant quantities to zero, the action is gauge fixed, which reduces the number of redundant
DoFs that can be altered without affecting the physical content of the system. In the case of
tetrad-based theories, where antisymmetries of the tetrad result in the pseudovector contribu-
tions, dealing with the Levi-Civita tensor ϵijk may lead to cumbersome calculations due to having
additional indices to deal with. For this reason, the gauge σi = 0 is favoured, where

δ2Sσi=0
V =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2
C1 bi bi +

k4

a2
C2hi hi + k2C3ḣi

(
ḣi −

1

a
bi

)
+ C6 β̇i β̇i

+
k2

a2

(
C7 βi βi + C9 bi βi + aC10βi hi + aC11β̇i hi

)]
. (7.17)

Moreover, in the metric-based theories, the vector sector is not included in the calculations and
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is regarded as trivially zero. Moreover, the remaining possible gauge choices are presented here:

δ2Sbi=0
V =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2
C2
(
k2hi h

i + σi σi − 2iϵijkkk σj hi

)
+ k2C3ḣiḣi + C5 σ̇iσ̇i

+ C6 β̇i β̇i +
k2

a2
C7 βi βi + C10

(
k2

a
βi h

i + 4iϵijk
kj
a
βk σi

)
+
k2

a
C11β̇i hi

+ iϵijk
kj
a

(
4C12 σi β̇k + C15 σ̇i βk

)]
, (7.18)

δ2Shi=0
V =

1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2
(
C1 bi bi + C2σi σi

)
+ C5 σ̇i

(
σ̇i + iϵijk

kj
a
bk

)
+ C6 β̇i β̇i

+
k2

a2
(
C7 βi βi + C9 bi βi

)
+ iϵijk

kj
a

(
4C10βk σi + 4C12 σi β̇k + C15 σ̇i βk

)]
, (7.19)

The vector portions of Eq. (4.45) are solved to obtain equations for bi and σi in terms
of {Yi, Zi, hi}. When these equations are substituted back into the action (7.16), the terms
containing hi cancel each other out such that the action is only expressed in terms of the gauge-
invariant quantities {Yi, Zi}. The fully gauge-invariant action is given by

δ2SV =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[k2
a2

C̃1 Yi Y i − ikj
a

C̃2 Yi Ż ij + C̃3 Żij Ż ij +
k2

a2
C̃4Zij Z ij

− ikj
a

(
C̃5 βiZ ij + C̃7 βi Ż ij

)
+
k2

a2

(
C̃6 βi Y i + C̃8 βi βi

)
+ C̃9 β̇i β̇i

]
, (7.20)

where C̃i for i ∈ [1, 9] are detailed in Appendix C. Yi the only non-dynamical variable. All
coefficients are expressed in terms of a linear combination of functions from the BDLS action.
Additionally, the imaginary contributions of i do not imply that the action is complex. It should
be noted that the gauge-invariant Zij is imaginary, thus it always appears coupled with i such
that the action is real. Taking a variation with respect to Yi results in the constraint

0 = −2ikj C̃1Yi + aC̃2Żij − ikj C̃6βi , (7.21)

providing a solution for Yi which is substituted back into the action in Eq. (7.20) to obtain the
final form of the action

δ2SV =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[(
C̃3 −

C̃2
2

4C̃1

)
ŻijŻ ij + C̃9 β̇i β̇i +

k2

a2

[
C̃4Zij Z ij

+

(
C̃8 −

C̃2
6

4C̃1

)
βiβ

i

]
− ikj

a
βi

[(
C̃7 −

C̃2C̃6
4C̃1

)
Ż ij + C̃5Z ij

]]
, (7.22)

such that the only quantities present are {βi,Zij}, and the coefficients are a product of the
arbitrary functions of BDLS. The action holds provided C̃1 ̸= 0. If C̃1 = C1 = 0, Eq. (7.20)
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becomes

δ2SV,C̃1=0 =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
− ikj

a
C̃2 Yi Ż ij + C̃3 Żij Ż ij +

k2

a2
C̃4Zij Z ij

− ikj
a

(
C̃5 βiZ ij + C̃7 βi Ż ij

)
+
k2

a2

(
C̃6 βi Y i + C̃8 βi βi

)
+ C̃9 β̇i β̇i

]
, (7.23)

and Yi is still the only non-dynamical quantity. Variation with respect to Yi gives the relationship

0 = −ikjaC̃2Żij + k2C̃6βi . (7.24)

In order not to introduce higher order derivatives, Eq. (7.24) is solved for Z̃ij and substituted
back in Eq. (7.23) to obtain

δ2SV,C̃1=0 =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2

((
C̃8 −

C̃3C̃2
6

C̃2
2

− C̃6C̃7
C̃2

)
βiβ

i + C̃4Zij Z ij + 2C̃6 βi Y i

)

− ikj
a

C̃5 βiZ ij + C̃9 β̇i β̇i
]
, (7.25)

where Yi is still not eliminated and Zij is also non-dynamical. Hence, taking variations with
respect to Yi and Zij results in the constraints

0 = 2C̃6βi , (7.26)

0 = 2
k2

a2
Zij −

ikj
a

C̃5βi . (7.27)

The former constraint is solved by either setting βi = 0 such that all modes are non-dynamical
or C̃6 = 0. Hence, substituting Eq. (7.26) back into the action, gives

δ2SV,C̃1=C̃6=0 =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
k2

a2
C̃8βiβi −

C̃4C̃5
4

βiβ
i +

C̃2
5

2
βiβ

i + C̃9 β̇i β̇i
]
. (7.28)

with βi being the only propagating mode. From Eq. (7.23) the case C̃1 = C̃2 = 0 crops up.
Starting again from Eq. (7.20), the action becomes

δ2SV,C̃1=C̃2=0 =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

[
C̃3 Żij Ż ij +

k2

a2
C̃4Zij Z ij

− ikj
a

(
C̃5 βiZ ij + C̃7 βi Ż ij

)
+
k2

a2

(
C̃6 βi Y i + C̃8 βi βi

)
+ C̃9 β̇i β̇i

]
. (7.29)

Varying with respect to Yi gives two possible solutions: C̃6 = 0 or βi = 0. If βi = 0, then Zij is
the only dynamical mode in the system, while if C̃6 = 0 the action has two propagating modes.
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Moreover, if the ΛCDM case is considered, the coefficients {C̃2, C̃3, C̃4, C̃5, C̃7, C̃9} are killed out
and 2C̃1 = −C̃6 = 2C̃8 = 1 such that Eq. (7.20) simplifies to

δ2SV,ΛCDM =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

2

k2

a2
(Yi − βi)

(
Y i − βi

)
, (7.30)

where all modes are non-dynamical, which when minimised by varying with respect to the aux-
iliary mode Yi − βi and substituted back into the action yields a trivial vector mode.

Tensor: Finally, the tensor sector constructed through the mode hij , as seen in Eq. (4.36),
yields the gauge-invariant action of

δ2ST =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3

2

[
D1 ḣij ḣ

ij − k2

a2
D2 hij h

ij
]
, (7.31)

where

D1 = G4 −GTele,T +X
(
− 2G4,X +G5,ϕ −Hϕ̇G5,X + 2GTele,J8 +

1

2
GTele,J5

)
,

D2 = G4 −GTele,T −X(G5,ϕ + ϕ̈G5,X) .

When taking the Horndeski limit GTele → 0, the result corresponds to that obtained in standard
Horndeski in Ref. [112]. It is essential to require that D1 ̸= 0, as a vanishing kinetic term could
result in strong coupling of the graviton. In this case, graviton interactions would become non-
linear, causing perturbation theory to break down. In Chapter 5 this condition was emphasised
throughout the analysis to ensure that the tensor modes are always present in the theory. In the
propagating DoFs analysis through GW this condition appeared as G4−GTele,T ̸= 0 because the
derivation was done in a Minkowski background and for a constant scalar field. In Sec. 7.2, the
instability conditions will be calculated in detail. There, the excess speed of the tensor sector
for BDLS can provide a better comparison with the Horndeski gravity results.

Eqs (7.12, 7.14, 7.22, 7.31) give the actions for all sectors expressed in terms of gauge-invariant
quantities. To show how this formalism of BDLS can be easily adjustable to other theories, the
next section explores different branches of BDLS which have been studied in literature with a
particular gauge choice.

7.2 | Ghost and Laplacian Instabilities

The procedure to obtain the inequalities required to avoid ghost and Laplacian instabilities
is presented here. First and foremost, it is required to have an action that has been perturbed
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up to the second order. Any auxiliary / non-dynamical modes are identified and eliminated, by
substituting the result upon varying with respect to the auxiliary mode. In general, the action
is of the form

δ2S =
1

2κ2

∫
dt

d3k

(2π)3
a3
[
˙⃗χ⊺K(t, k) ˙⃗χ+ χ⃗⊺

(
k2

a2
G(t, k) +M(t, k)

)
χ⃗+ χ⃗⊺Q(t, k) ˙⃗χ

]
, (7.32)

where k is the co-vector obtained from spatial Fourier transformation, and matrices K, G, M,
Q correspond to coefficients to the dynamical modes in χ⃗ [374, 375].

The kinetic matrix K here is a diagonalised matrix. It is not the case that the action obtained
is of this form, hence extra steps are required. Consider a Lagrangian of the form

L = χ̇′⊺K′(t, k) χ̇′ + χ′⊺M′(t, k)χ′ + χ′⊺Q′(t, k)χ̇′ , (7.33)

where the kinetic term K′ is a non-diagonal matrix and χ′ represents the dynamical modes to
obtain a new Lagrangian of the form

Lnew = χ̇⊺K(t, k) χ̇+ χ⊺M(t, k)χ′ + χ⊺Q(t, k)χ̇′ . (7.34)

Additionally, matrix K′ is a real symmetric matrix that can be diagonalised using orthogonal
matrices. This would require obtaining the eigenvalues and eigenvectors of the matrix K′ and
extending the transformation to the rest of the matrices. This may give rise to complicated
expressions upon diagonalisation, introducing square roots in the system. Since there are a large
number of contributions in BDLS, as shown in the scalar and vector sectors in Sec. 7.1, an
alternative method is applied. One of the simpler methods is to transform the modes in χ′.
Assume K′ is a (2× 2) matrix and χ′ is a vector with two modes of the form

K′ =

 K11 K12

K12 K22

 , χ′ =

 X ′

Y ′

 . (7.35)

A transformation of the scalar fields is given by

X ′ = X , Y ′ = Y − K12

K22
X . (7.36)

where now χ⊺ = {X,Y } are the new modes in the system. The modification stems from the
triangulisation of a (2 × 2) matrix. In this work, the maximum number of dynamical modes is
two, so the above expressions suffice. In the case of a larger matrix, these transformations would
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need to be altered accordingly. The kinetic term transforms to

χ̇′⊺K′χ̇′ = χ̇⊺

K
K11 −

K2
12

K22
0

0 K22

 χ̇

+ χ⊺


K22

(
d
dt

(
K12
K22

))2
0

0 0


portion contributing to M

χ+ χ⊺


−2K22

(
d
dt

(
K12
K22

))2
0

0 0


portion contributing to Q

χ̇ . (7.37)

Extending transformations in Eq. (7.36) to the rest of the action gives

χ′⊺Q′χ′ = χ̇′⊺


Q11 Q12

Q21 Q22

 χ̇′ = χ⊺

portion contributing to M
(
−Q12 +

Q21

K22

)
d
dt

(
K12
K22

)
−Q22

2
d
dt

(
K12
K22

)
−Q22

2
d
dt

(
K12
K22

)
0

χ

+ χ⊺


Q11 − K12

K22

(
Q12 +Q21 − K12

K22
Q22

)
Q12 − K12

K22
Q22

Q21 − K12
K22

Q22 Q22


portion contributing to Q

χ̇ (7.38)

and

χ′⊺M′χ′ = χ′⊺


M11 M12

M12 M22

χ′

= χ⊺


M11 +

K12
K22

(
−2M12 +

K12
K22

)
M12 − K12

K22
M22

M12 − K12
K22

M22 M22

χ , (7.39)

resulting in the Lagrangian (7.34). Additionally, by performing a temporal Fourier transforma-
tion of the action in Eq. (7.32), the determinant of this system becomes

det
(
−ω2K+ iωQ+

k2

a2
G+M

)
= 0 , (7.40)

185



Chapter 7. Ghost and Laplacian Instabilities

which can be solved to obtain the Laplacian condition through c2, since ω2 = k2

a2
c2. When

considering stability conditions, the high-k limit is considered. At the small scales, where k has
a large value and wavelengths are short, small instabilities could lead to the rapid growth of
perturbations, resulting in non-viable structures. Hence, upon obtaining the determinant given
by Eq. (7.40), only the leading order of k is kept by taking the limit k → ∞, upon which some
terms in Eq. (7.32) can be deemed negligible.

Scalar: Starting from Eq. (7.8), it was noted that in the kinetic portion of the action there
is a mix of Ẋ1Ẋ3, which when expressed in terms of a matrix would result in a non-diagonal
kinetic matrix. As detailed at the beginning of the section, the (2 × 2) kinetic matrix can be
diagonalised by performing the transformation

X1 := Ψ1 , X3 := Ψ2 −
1

2

(
Â10

Â6

)
Ψ1 , (7.41)

which remains gauge-invariant since Ψ1 and Ψ2 are constructed through a linear combination
of gauge-invariant quantities X1 and X3. Performing a Taylor expansion at k → ∞ up to order
O
(
1
k

)
to obtain the kinetic term diagonalisation outlined in the beginning of this section. Hence,

the action at high-k limit becomes1

δ2SS =
1

2κ2

∫
dt

d3k

(2π)
3
2

a3
[
Ă1Ψ̇

2
1 + Ă2Ψ̇

2
2 +

k2

a2

(
Ă3Ψ

2
1 + Ă4Ψ

2
2 + Ă5Ψ1Ψ2

)
+Ă6Ψ

2
1 + Ă7Ψ

2
2 + Ă8Ψ1Ψ2 + Ă9Ψ1Ψ̇2

]
, (7.42)

where Ăi for i ∈ [1, 5] can be found in Appendix C and the rest of the terms can be eliminated
because they contribute at a lower k value when considering the leading order of k only. This is
further clarified when calculating the determinant in Eq. (7.40). Provided ω ∝ k, the determinant
becomes

0 = ω4 − ω2k
2

a2

(
Ă2Ă3 + Ă1Ă4

Ă1Ă2

)
+
k4

a4

(
Ă3Ă4 − Ă2

5

Ă1Ă2

)
, (7.43)

provided Ă1Ă2 ̸= 0. This indicates that only terms arising from Q and M do not contribute
at a high-k system and only [Ă1, Ă5] are present. Taking variations with respect to Ψ1 and Ψ2,
respectively, yields:

0 ≈ Ψ̈1 +

(
Ă′

1

Ă1

)
Ψ̇1 −

k2

a2

(
Ă3

Ă1

)
Ψ1 −

k2

a2

(
Ă5

2Ă1

)
Ψ2 , (7.44)

0 ≈ Ψ̈2 +

(
Ă′

2

Ă2

)
Ψ̇2 −

k2

a2

(
Ă4

Ă2

)
Ψ2 −

k2

a2

(
Ă5

2Ă2

)
Ψ1 . (7.45)

1Coefficients {Ă6, Ă7, Ă8, Ă9} have been omitted due to their complexity and because the coefficients were
not utilised for the remaining portion of the analysis as they correspond to lower orders of k.
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The variations decouple Ψ1 from Ψ2 under the condition

Ă5 = 0 . (7.46)

Under this condition, the propagating speed for each mode is given by

c2Ψ1
:= −Ă3

Ă1

> 0 , c2Ψ2
:= −Ă4

Ă2

> 0 . (7.47)

Ghost stability is achieved when

MΨ1 := Ă1 > 0 , MΨ2 := Ă2 > 0 , (7.48)

and Laplacian/gradient stability obtained when

NΨ1 := −Ă3 > 0 , NΨ2 := −Ă4 > 0 . (7.49)

Any model considered in this system would need to satisfy the conditions Eq. (7.46), Eq. (7.48)
and Eq. (7.49), which by definition would also satisfy Eq. (7.47).

Pseudoscalar: With no further modifications to the pseudoscalar action in Eq. (7.14), the
ghost and Laplacian stability conditions can be determined, respectively given by:

Mσ := k2B1 > 0 , (7.50)

Nσ = k2B2 > 0 , (7.51)

such that the c2PS is given by

c2σ :=
NPS

MPS
=

4 (GTele,Tax − 2XGTele,J1)

4GTele,Tax + 9XGTele,J5 − 12XGTele,J10
> 0 , (7.52)

corresponding to the solution of the determinant of Eq. (7.40) where the dispersion equation is
given by ω2 = k2

a2
c2σ. Given that the pseudoscalar action is dependent on the teleparallel portion

of BDLS gravity, in the cases of Horndeski [112], f(ϕ, T ) [376], f(T ) [274], GBD [175], BD [61],
f(R̊) [222] and GR, either the pseudoscalar reduces to a non-dynamical mode or is not present
at first principle, resulting in σ being a non-propagating mode. These results are realised in the
Minkowski background as well [373].

Vector: The gauge-invariant action in Eq. (7.20) contains two dynamical modes {βi, Z̃ij}. The
kinetic terms of each mode should impose ghost stability such that

Mβ = C̃9 > 0 , MZ = C̃3 −
C̃2
2

4C̃1
> 0 , (7.53)
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which is easily attained as the kinetic modes are decoupled. To obtain the gradient stability
condition, the determinant equation (7.40) is used. Thus, temporal Fourier transformation ∂0 →
iω is applied, and Eq. (7.20) is rewritten as follows, such that the Lagrangian density is of the
form:

δ2LV =
(
βi Z̃ij

) −ω2C̃9 + k2

a2

(
C̃8 −

C̃2
6

4C̃1

)
− ikj

2a

[
iω

(
C̃7 − C̃6C̃2

2C̃1

)
+ C̃5

]
− ikj

2a

[
iω

(
C̃7 − C̃6C̃2

2C̃1

)
+ C̃5

]
−ω2

(
C̃3 −

C̃2
2

4C̃1

)
+ k2

a2
C̃4


 βi

Z̃ ij

 ,

(7.54)

whose determinant is given by

0 = ω4 + ω2k
2

a2

(
C̃2
2(C̃2

6 − 2C̃1C̃8) + 2C̃1(−C̃2C̃6C̃7 − C̃3C̃2
6 + C̃1(C̃2

7 + 4C̃3C̃8 + 4C̃4C̃9))
2C̃1C̃9(C̃2

2 − 4C̃1C̃3)

)

+ iω
k2

a2
C̃5(C̃2C̃6 − 2C̃1C̃7)
C̃9(C̃2

2 − 4C̃1C̃3)
+
k4

a4
C̃4(C̃2

6 − 4C̃1C̃8)
C̃9(C̃2

2 − 4C̃1C̃3)
− k2

a2
C̃1C̃2

5

C̃9(C̃2
2 − 4C̃1C̃3)

. (7.55)

Provided that ω ∝ k, the leading orders surviving when considering a high-k limit, the determi-
nant reduces to

0 = ω4 + ω2k
2

a2

(
C̃2
2(C̃2

6 − 2C̃1C̃8) + 2C̃1(−C̃2C̃6C̃7 − C̃3C̃2
6 + C̃1(C̃2

7 + 4C̃3C̃8 + 4C̃4C̃9))
2C̃1C̃9(C̃2

2 − 4C̃1C̃3)

)

+
k4

a4
C̃4(C̃2

6 − 4C̃1C̃8)
C̃9(C̃2

2 − 4C̃1C̃3)
, (7.56)

which corresponds to matrices K, Q and G when compared to the action (7.32). Hence, the
Laplacian stability of all modes can be obtained directly from action (7.22):

N β
V = −C̃8 +

C̃2
6

4C̃1
> 0 , N Z̃

V = −C̃4 > 0 . (7.57)

Thus, the respective sound speed squared expression is given by(
cβV

)2
=

C̃2
6 − 4C̃1C̃8
4C̃1C̃9

> 0 ,
(
cZV
)2

=
4C̃1C̃4

C̃2
2 − 4C̃1C̃3

> 0 . (7.58)

When taking the Horndeski limit, the coefficients alter such that C̃1 = C̃18 = −2C̃6 and C̃2 =

C̃3 = C̃4 = C̃9 ̸= 0, thus resulting in non-propagating vector modes. Vector analysis is commonly
eliminated from Horndeski gravity studies and its subsets as vector modes do not propagate.
Theories containing the teleparallel sector, especially Ji terms, realise stability conditions for the
vector sector. While f(T ) and f(ϕ, T ) do not provide stability within the vector sector, the case
f(T, Tax Tvec) does, given all terms are present at least at linear order and 9GTele,T +2GTele,Tax =

0.
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To avoid repetition, the analyses for specific branches of the theory have been omitted.
However, the following are some of the key results. The case C̃1 = 0 requires repeating the above
analysis from the beginning; otherwise it leads to undefined regions. For the case C̃1 = C̃6 = 0

given by Eq. (7.28) the ghost stability condition is given by C̃9 > 0 and the Laplacian condition
is C̃8 > 0, implying that only βi is a dynamical mode. On the other hand, for C̃1 = C̃2 = 0 given
by Eq. (7.29) two dynamical modes persist, thus conditions for both would need to be satisfied
for the full extent of the subcase to give healthy branches. Conditions corresponding to βi are
still given by C̃9 > 0 and C̃8 > 0, and conditions for Zij are C̃3 > 0 and C̃4 > 0.

Tensor: The last modes considered are those of tensor nature. Eq. (7.31), naturally being
gauge-invariant, results in a kinetic and gradient entry, respectively corresponding to the ghost
and Laplacian condition for which stability is obtained if

MT := D1 > 0 , (7.59)

NT := D2 > 0 , (7.60)

such that the sound speed squared c2T is given by

c2T : =
NT

MT

=
G4 −GTele,T −X(G5,ϕ + ϕ̈G5,X)

G4 −GTele,T +X
(
− 2G4,X +G5,ϕ −Hϕ̇G5,X + 2GTele,J8 +

1
2GTele,J5

) > 0 . (7.61)

An interest in the deviation of light propagation has been shown following the results of GW
signal GW170817 [80] and its electromagnetic counterpart labelled GRB170817A [81], as theories
such as Horndeski have been ruled out due to being highly constrained to a minute graviton mass.
The excess speed is given by

αT = c2T − 1 =
X(2G4,X − 2G5,ϕ + (Hϕ̇− ϕ̈)G5,X − 2GTele,J8 − 1

2GTele,J5)

G4 −GTele,T +X
(
− 2G4,X +G5,ϕ −Hϕ̇G5,X + 2GTele,J8 +

1
2GTele,J5

) , (7.62)

corresponding to the result obtained in Ref. [78] when analysing GW propagation. The solu-
tion for ϕ̈ can be obtained from the scalar field background equation (5.6), indicating there
are, technically, dependencies on functions {G2, G3} and scalars {Tvec, I2}. This solution is not
substituted to avoid complicating the result in Eq. (7.62), but it further highlights the impor-
tance of ensuring that the background equations are always satisfied, as their solutions are used
throughout the perturbation sectors.
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7.3 | Actions in Branches of BDLS

The limits of BDLS theory can replicate results frequently studied in literature which would
require a different approach rather than working with the gauge-invariant quantities. Often-
times, gauge choices are implemented. In the case of the scalar sector, the unitary gauge in
Eq. (7.5) is used where {A4,A5,A8,A9,A16,A17,A18,A23,A24,A25,A26,A27,A28} coefficients
from Eq. (7.3) do not appear. For the vector sector it would be more useful to implement σi = 0,
a fix where {C12, C15} are not present from Eq. (7.16). In the following subsections, the GR,
Horndeski, f(T ), and f(ϕ, T ) theories are explored.

7.3.1 | GR
The GR limit provides one of the simplest subcases of BDLS, and a crucial one at that, where
G4 = 1 and all other terms in BDLS vanish. Starting from the scalar action in unitary gauge (7.5),
the coefficients {A1,A7,A10,A11,A13,A19} vanish while other coefficients can be combined to
result in the Lagrangian given in

LUnitary
S, GR =

k2

a2

[
B
(
A6φ+A12ψ̇

)
+ ψ (−A14φ+A21ψ)

]
+A22

(
H2φ2 + ψ̇2

)
+A15ψ̇φ . (7.63)

The modes β and b always appear as a linear combination and are expressed as B = −b+ β, as
they appear in the metric (4.26). Here, the non-dynamical modes are B and φ. Taking variations
with respect to both variables results in the following two conditions:

0 = A6φ+A12ψ̇ , (7.64)

0 =
k2

a2
(A6B −A14ψ) + 2H2A22φ+A15ψ̇ , (7.65)

where the former equation indicates that the dynamical mode of ψ̇ can be expressed in terms
of the non-dynamical mode of φ. Thus, solving and substituting back in Eq. (7.63) results in a
trivial Lagrangian that has no propagating modes. The pseudoscalar sector given by Eq. (7.14)
completely disappears in GR, correlating with the fact that the pseudoscalar mode does not
appear in the symmetric metric (4.26) in the first place since the pseudoscalar only contributes
due to the antisymmetric portion of the tetrad.

In the vector sector, starting from Eq. (7.17), {C1, C2, C6, C10} no longer contribute and the
action reduces to

Lσi=0
V, GR = 2k2ḣi

(
ḣi −

1

a
bi

)
+
k2

a2

(
1

2
βi β

i − bi β
i − 2aβ̇i h

i

)
. (7.66)
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bi is a non-dynamical term that is eliminated from the action by varying with respect to bi

0 = 2aḣi + βi , (7.67)

and substituting back in Eq. (7.66), yielding

Lσi=0
V, GR =

k2

a2

(
βiβ

i − 2aβ̇i h
i
)
, (7.68)

where once again, the action has a non-dynamical mode. Varying with respect to hi results in
β̇i = 0 such that the final vector action is trivially zero, implying that no vector modes propagate
in GR.

As for the tensor sector, action (7.31) simplifies to

LT, GR =
1

2

(
ḣij ḣ

ij − k2

a2
hij h

ij

)
, (7.69)

thus making the tensor modes the only modes propagating in GR, corresponding to the results
obtained in Table 5.2.

7.3.2 | Horndeski Gravity
In Ref. [112], the Horndeski action was obtained within the ADM decomposition [377] of the
metric. This result can be replicated by starting with the unitary gauge of the scalar action and
setting GTele = 0 such that

LUnitary
S, Horndeski =

k2

a2

(
B
(
A2φ+A3ψ̇

)
+A3ψ (φ+ ψ)

)
+A15ψ̇φ+A20φ

2 +A22ψ̇
2 , (7.70)

where once again β and b can be combined in B. Variations with respect to auxiliary modes B
and φ provide the constraints

0 = A2φ+A3ψ̇ , (7.71)

0 =
k2

a2
(A2B +A3ψ) +A15ψ̇ + 2A20φ , (7.72)

which when substituted back into Eq. (7.70) gives

LUnitary
S, Horndeski =

k2

a2

(
A2

3

A2
− 1

2a

d
dt

(aA3)

)
ψ2 +

(
A22 −

A3A15

A2
+

A2
3A20

A2
2

)
ψ̇2 , (7.73)

such that only one scalar mode propagates. On the other hand, the pseudoscalar mode completely
disappears, obtaining a trivial action for the Horndeski limit of Eq. (7.14).
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Next, the vector modes are analysed. In the Horndeski limit, the coefficients of {C2, C5, C6, C15}
vanish. Fixing the gauge through σi = 0 yields

Lσi=0
V, Horndeski =

k2

a2

[
C1
(
bi b

i + 4a2ḣi
(
ḣi −

1

a
bi

)
+ βi β

i − 2bi β
i + 4aβi ḣ

i

)
+

(
aC10 +

4

a

d
dt
(
a2C1

))
βi h

i

]
. (7.74)

where hi is dynamical upon performing integration by parts, but b and β are auxiliary modes.
Varying with respect to b and β gives

0 = 2bi − 4a2ḣi − 2βi , (7.75)

0 = 2C1
(
−bi + 2aḣi + βi

)
+ aC10hi +

4

a

d
dt
(
a2C1

)
hi (7.76)

which when substituted back in the action gives a trivial solution with no dynamical modes,
thus corresponding to the result in Ref. [112] where vector modes do not propagate in Horndeski
gravity. As for the tensor modes, the form of Eq. (7.31) is not altered but the limits of D1 and
D2 are modified to eliminate teleparallel contributions.

7.3.3 | f(T ) Gravity
f(T ) gravity has been widely studied in cosmology [206, 69, 215, 216, 217, 218, 219, 220, 221].
Standard Horndeski functions {G2, G3, G4, G5} completely vanish and GTele is a function of
torsion scalar T only. Applying f(T ) limits to Eq. (7.5), eliminates coefficients {A7,A12,A13}
and the Lagrangian becomes

LUnitary
f(T ) =

k2

a2

(
k2

a2
A1b

2 − b
(
A2φ+A3ψ̇

)
− β (A6φ+A10ψ)−A14ψφ+A21ψ

2

)
+A15ψ̇φ+A20φ

2 +A22ψ̇
2 − k2

a2

(
A11βψ̇ +

1

a

d
dt

(aA11)βψ

)
, (7.77)

where an integration by parts has been performed when the Lagrangian is assumed to be in the
action. φ, b and β are the auxiliary modes. Taking variation with respect to these quantities
yields

0 =
k2

a2
(−A2b−A6β −A14ψ) +A15ψ̇ + 2A20φ , (7.78)

0 = 2
k2

a2
A1b−A2φ−A3ψ̇ , (7.79)

0 = A6φ+A10ψ +A11ψ̇ +
1

a

d
dt

(aA11)ψ (7.80)
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and substituted back into the Lagrangian to retrieve

LUnitary
f(T ) = 2

Ḣ

H2

(
fT + 12H2fTT

) [
ψ̇2 − k2

a2
ψ2

]
+O(k0) , (7.81)

where ψ is the only scalar dynamical mode. Note, the leading order of k is listed in Eq. (7.81) and
ψ̇2 ∝ ω2ψ2 ∝ k2ψ2. The ghost and Laplacian conditions boil down to 2 Ḣ

H2 (fT + 12H2fTT ) > 0,
implying that the numerator needs to be positive since H2 > 0. In the TEGR limit, f(T ) = −T ,
and the condition becomes 2 Ḣ

H2 > 0. Since the analysis is being performed in high-k limit, the
system is within the matter-dominated era where a ∝ t

2
3 such that Ḣ = −3

2H
2. This implies

that the condition −3 ̸> 0, and the scalar mode ψ does not propagate. Hence, the TEGR result
corresponds to the GR solutions evaluated in Sec. 7.3.1.

The pseudoscalar sector is trivial but the vector realm with the gauge choice of σi of Eq. (7.17)
is given by

Lσi=0
V,f(T ) =
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a2
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2
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2
βi ḣ
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)
, (7.82)

where {C2, C5, C6} are removed as they are zero for the theory, other coefficients were reduced in
terms of C9 = fT , and additional integration by parts is performed to obtained only hi as the
dynamical mode. Upon variation with respect to b and β

0 = −bi + 2ḣi + βi , (7.83)

0 = bi −
a

2
ḣi + 4ahi − βi −

1

aC9
d
dt

(
a2

2
C9
)
hi , (7.84)

which ultimately results in a trivial solution and no vector modes propagate. As for the tensor
modes, Eq. (7.31) remains the same but D1 = D2 = −fT , ensuring that tensor modes still
propagate.

These results correspond to those obtained in Ref. [274], albeit the longitudinal gauge is used
an additional assumption of β = 0 is added in the scalar sector. While the number of dynamical
modes is not altered because β is non-dynamical, the result obtained in Eq. (7.81) would look
different because now {A2,A3,A6,A10,A21,A14,A11} would also not contribute. An overfixing
situation has also been identified in Refs [218, 378, 379, 380]. Compared to the propagating
DoFs analysis summarised in Table 5.1 in Minkowski background, f(T ) gravity falls under Case
7 where in the massive sector only one scalar mode propagates and in the massless sector has
the tensor modes propagating.
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7.3.4 | f(ϕ, T ) Gravity
The interest in non-minimally coupled scalar-tensor theories such as f(ϕ, T ) lies in its richer
phenomenology, where the scalar field drives late time acceleration and has direct coupling with
matter. f(ϕ, T ) action can be obtained through the unitary gauge of Eq. (7.5) and additionally
setting {A7,A12,A13} to zero. The action and the variations with respect to non-dynamical
terms are similar in form as those in the f(T ) case given by Eqs (7.77-7.80) with coefficients
being slightly different, yielding to the Lagrangian

LUnitary
S,f(ϕ,T ) = 2

Ḣ

H2

(
fT + 12H2fTT +

H

Ḣ
ϕ̇fϕT

)[
ψ̇2 − k2

a2
ψ2

]
, (7.85)

such that the stability conditions are dictated by the inequality Ḣ
(
fT + 12H2fTT + H

Ḣ
ϕ̇fϕT

)
>

0. The results for the remaining sectors are identical to the f(T ) subclass evaluated in Sec. 7.3.3:
pseudoscalar and vector modes do not propagate, and tensor modes propagate with a dependency
on T only.

7.4 | Summary

The final area tackled in this work within BDLS theory is to determine the pathological
branches within the gravitational theory. In the realm of vacuum, where matter is excluded,
Ostrogradsky ghosts and Laplacian/gradient instabilities may arise [381]. While caution is taken
in the construction of BDLS to avoid Ostrogradsky ghosts by ensuring that the theory does not
result in higher order derivatives [78], further restrictions can be obtained through the analysis
of the second order perturbation of the action. Additionally, to aid the study performed in
Chapter 6, it is crucial to work with models that do not lead to Laplacian instabilities, as these
would result in unphysical and non-viable rapid growths.

The perturbations introduced in Chapter 4 are used to extend the BDLS action (2.98) up to
second order perturbations to result in Eq. (7.1). Performance of SVT decomposition allows the
calculations to be broken down into sectors that do not interact with each other. These sectors
are dictated by the behaviour of the gauge transformations listed in Eq. (4.42). Apart from the
scalar-vector-tensor decomposition, the pseudoscalar also separates from the rest of the scalars as
it is classified to be gauge-invariant. The same cannot be said for the pseudovector mode, which is
a linear combination of other vector modes. For each sector, the action obtained is transformed in
terms of the gauge-invariant quantities summarised in Eq. (4.45), whenever required. Integration
by parts was performed throughout to yield the simplest form of the action. The auxiliary modes,
referring to the non-dynamical terms in the action, are removed by first varying with respect to
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the auxiliary quantity and substituting back the solution obtained. At this point, it is oftentimes
more helpful to work within the spatial Fourier transformation. Especially in the scalar sector,
it was noted that k dependencies appear in both the numerator and denominator along with
a linear combination with terms that are not associated with derivatives. In cases where the
kinetic portion of the action does not form a diagonal matrix, the diagonalisation process is
performed. Despite dealing with symmetric matrices, the diagonalisation through orthogonal
matrices yielded complicated systems. For this reason, a different approach was presented in
this chapter, opting to introduce a transformation through a redefinition of gauge-invariant
modes, as done in the scalar sector by Eq. (7.41). Expanding the action to obtain the high-k
limit and selecting the leading order contributors of k, allows one to determine the constraints
where ghost, Laplacian, and speed conditions are obtained.

Two scalar modes are noted to be propagating in Eq. (7.8) which upon diagonalisation and
application of the high-k limit can attain the ghost stability constraint given in Eq. (7.48) and
speed constraint Eq. (7.47) by imposing the condition (7.46) to ensure that the wave equations
of modes Ψ1 and Ψ2 can decouple and propagate separately. The initial action obtained for the
pseudoscalar, given by Eq. (7.14), did not require any further modifications. The ghost (7.50)
and speed squared (7.52) stability conditions could easily be retrieved from the action since only
kinetic and coefficients of k2 are contributing. Additionally, since only one mode is present,
no issues related to mode mixing occur. Constraints related to the pseudoscalar are dependent
on the behaviour of the teleparallel sector, specifically invariant quantities constructed from
the tetrad-scalar coupling. For the vector sector, a unique scenario is obtained. Typically, the
vector sector is eliminated from the analysis as vector modes do not propagate. Due to the
large number of invariants included within BDLS, two propagating gauge-invariant DoFs are
attained for the full theory, as seen in Eq. (7.20). Ghost and Laplacian conditions are listed in
Eq. (7.53) and Eq. (7.57), respectively. Then, the tensor modes were evaluated. Action (7.31) is
slightly altered from the standard Horndeski result with the inclusion of additional teleparallel
terms in the kinetic and Laplacian terms. Although the changes are minute, such a result has
been able to reconsider previous Horndeski models which were eliminated due to the observation
of GW170817 [80, 81]. This is because the excess speed in Eq. (7.62) allows for models which
contain G4,X and G5, as their behaviour can be balanced by teleparallel contributions without
altering the graviton speed.

The convenience of setting up a general approach to a theory such as BDLS, without assuming
a gauge choice, provides the structure to obtain the results of a large number of subclasses with
the convention preferred. This is illustrated in Sec. 7.3 where the cases of GR, Horndeski gravity,
f(T ), and f(ϕ, T ) are evaluated through the results presented in Sec. 7.1. The theories were
chosen due to the frequency with which they have been investigated, as well as their ability
to draw a direct comparison with the outcomes presented in this chapter. This chapter not
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only illustrates the intricacy that BDLS can reproduce, with several subclasses that have yet to
be explored in further detail, but also provides restrictions to produce healthy branches of the
theory.
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Conclusion

This work explores the richness of the teleparallel analogue of Horndeski gravity, as the most
general second-order theory of gravity under the torsionful formalism. This was done by in-
troducing the construction of the theory, exploring its ability to revive previously discarded
Horndeski models, tackling the CC problem, replicating the observed growth of structures, and
deriving the necessary constraints applicable across all theories falling within the BDLS formal-
ism. Throughout this work, the importance of presenting such a generalised formalism has been
emphasised as it provides an avenue to facilitate theoretical calculations.

Chapter 1 introduced the topics tackled throughout this work and their motivation. Chap-
ter 2 set up the assembly and technical details of BDLS. GR, which led to a paradigm shift in
how to tackle problems in cosmology, by having geometric distortions in spacetime influencing
the matter in the Universe. Given its success and passing the many classical and modern tests, it
is difficult for researchers to consider a complete overhaul in the formalism to study gravity. For
this reason, modified theories of gravity have become a natural alternative. One such approach is
that of Horndeski gravity. While still relying on the curvature-based formalism and introducing
an additional scalar field along with the metric tensors allows for relaxing Lovelock’s theorem [74].
In recent years, Horndeski gravity has regained interest, especially in light of improved observa-
tional data, as it can encompass and explore multiple classes within it, such as Brans-Dicke [61],
GBD [175], KGB [179], k-inflation [184], scalar-tensor form of f(R̊) [222] and GR, among oth-
ers. The observation of GW170817 [80] and electromagnetic counterpart GRB170817A [81] have
brought into question several subclasses of Horndeski gravity [83, 84]. The change in the geomet-
ric foundation, treating spacetime as torsionful rather than curvatureful, can replicate Horndeski
gravity with additional terms arising from the fundamental dynamical object of the tetrad and
its mixing with the scalar field. The teleparallel analog of Horndeski given by the action in
Eq. (2.98) has been shown to revive the Horndeski model solely by considering the additional
teleparallel term. Moreover, BDLS gravity can explore other well-studied subcases within the
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teleparallel formalism such as f(T ) [69], f(ϕ, T ) [298], NGR [70].
The previously disregarded Horndeski models had ruled out many models that could act as

well-tempering models to screen out the vacuum energy, in an attempt to tackle the CC prob-
lem. Chapter 3 explored several models falling under the BDLS umbrella, in particular with a
focus on the teleparallel sector, to construct viable well-tempering models. The methodology
of well-tempering [44], inspired by self-tuning, allows breaking of Weinberg’s no-go theorem [43]
by imposing that the model has a dynamical scalar field, allowing a dynamical screening of the
vacuum energy to account for the discrepancy between theoretical and observational CC value.
What sets well-tempering out from self-tuning, is the ability to screen solely the vacuum energy
while retaining radiation and matter epochs. By expressing the Hubble and scalar equations
in the form given by Eqs (3.30-3.31), four functions are utilised to build the degeneracy equa-
tion (3.38) and consistency conditions (3.39), which need to be satisfied. Finally, provided the
first Friedmann equation contains both the vacuum energy density and other time-dependent
terms, then the model is classified as a viable well-tempering model. In this work, 6 models have
been explored: 1) purely teleparallel arising from tetrad contribution in Sec. 3.2.1, 2) purely
teleparallel sector with both tetrad and scalar field contributions in Sec. 3.2.2, 3) teleparallel
function with scalar dependent quartic Horndeski function in Sec. 3.2.3, 4) teleparallel func-
tion with a quartic Horndeski function which had been eliminated within the standard Horn-
deski model in Sec. 3.2.4, 5) model containing all BDLS Lagrangians apart from the quintic in
Sec. 3.2.5, and 6) explores a case without ϕ contribution in Sec. 3.2.6. Case 1 and Case 6 show
models which do not well-temper, corresponding to models which do not contain a function of ϕ.
The remaining models, all containing ϕ, provide a viable well-tempering model. Despite being
able to well-temper, it does not necessarily imply that the model can attain the dynamics of a
viable cosmology. With a focus on Case 5, chosen due to its consideration of several functions,
the dynamical stability was investigated in Sec. 3.3. The main conclusion from these phase
diagrams indicates that the systems are independent of the magnitude of the vacuum energy ρΛ
and there is a link1 between contribution from the teleparallel sector and the quartic function
that is dependent on X. This further points towards the significance of the teleparallel sector
whenever Horndeski models are revived. Finally, the behaviour of this model is evaluated during
the matter-dominated era and while undergoing a phase transition, to ensure that the scalar field
continues to propagate with time (Fig. 3.3b) and is not affected by phase transition (Fig. 3.5b),
matter and dark energy density parameters add up to unity, and disturbances in the Hubble
function only occurs during phase transition (Figs 3.3c-3.3d).

Given that at the background level BDLS has already been shown to produce a plethora
of viable cosmologies, BDLS is extended to the perturbative level. Chapter 4 fleshed out per-

1In the particular model considered in Eq. (3.97) indicates a linear relationship
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turbations up to second order for all components of BDLS. While background field equations
are obtained in Sec. 3.1, the methodology restricts the possibility of obtaining the linearised
field equations. An alternative method was presented in Sec. 4.2 by considering performing
Euler-Lagrangian with respect to a generic tetrad and scalar field, under the assumption of the
Weitzenböck gauge. This provides the equations of motion which can be perturbed to obtain
linearised field equations for scalar, vector, and tensor modes upon applying an SVT decompo-
sition. The SVT perturbations are applied without imposing a particular gauge choice. This is
done to allow for any gauge choice to be obtained by taking appropriate limits. Additionally,
the field equations are expressed in terms of gauge-invariant quantities.

With this system of equations, Chapter 5 uses the SVT decomposition of the field equations
to obtain the propagating DoFs. This is done by deconstructing the field equations into a
block matrix 5.16. The determinant of the block matrix corresponds to the principal polynomial
equation, representing the propagating waves when set to vanish. Additionally, the determinant
establishes a list of subcases within BDLS. The nullspace solutions are attained for the massless
and massive sectors, whenever relevant, to determine which GW propagates. As summarised in
Table 5.1, scenarios where both c̃1 ̸= 0 (5.19a) and c̃2 ̸= 0 (5.19b) hold always realise a massless
and a massive sector. The other cases realise solely a massless cases unless further subcases
are considered, as realised in Case 2.I.a and Case 4.I.a where c̃1 = c̃2 = 0, c̃3 ̸= 0 (5.49) and
c̃4 ̸= 0 (5.50). The maximum number of propagating DoFs is 7 and the minimum is 2. While
the modes may propagate, it does not necessarily provide the polarisation modes of GWs. For
each subcase, the electric components of the Riemann tensor are evaluated to determine the
polarisation mode and its nature: whether they are breathing, longitudinal, x-, y−, + and ×
modes. As summarised in Table. 5.2, all the massless scenarios give both + and × tensor modes,
as expected, by imposing that G4 − GTele ̸= 0. Some cases give an additional breathing mode
in the massless sector and give a total of 3 polarisation modes, but across all cases there are no
vector polarisation modes. The branches explored can replicate the results of other theories of
gravity such as GR through Case 8, Horndeski gravity in Case 7, NGR in Case 2.I.b, among
others listed in Table. 5.3.

Chapter 6 investigated the behaviour of matter perturbation, with a focus on CDM as it
dominates the matter-dominated epoch. This stage of the Universe dictates the growth of struc-
tures as matter accumulates, responsible for the formations observed today. In this work, the
procedure for obtaining gravitational perturbations in terms of matter perturbations was out-
lined by using the linearised field equations and conservation of energy-momentum tensor is
presented (6.23) without assuming the subhorizon limit. These expressions yield the Mészáros
equation (6.43) with spatial dependencies still present. While typically k dependencies are elim-
inated through the assumption of k ≫ aH while deriving the Mészáros equation, theories such
as f(R̊) gravity have been shown to result in inconsistencies [330, 222, 331]. Thus, for the the-
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ories of f(T ) and f(ϕ, T ), the significance of k-dependencies are explored through the growth
parameters of the growth factor, growth index, fσ8, and S8. In the case of f(T ) in Sec. 6.4.1,
the five models of Power Law (6.78), Linder (6.81), Exponential (6.84), Logarithmic (6.87) and
Hyperbolic-Tangent (6.95), have shown that there are no discrepancies between k values within
matter dominated scales and the subhorzion limit. But, as soon as a scalar field is introduced, dis-
crepancies do arise. Sec. 6.4.2 investigates a particular subcase of f(ϕ, T ), mimicking a modified
GR model, with a quadratic (6.112), quartic (6.117) and exponential (6.123) scalar potentials,
highly influenced by the initial conditions of ϕ and its derivative ϕ′.

Given the increase in possible viable cosmologies due to the vastness of BDLS theory, it
becomes crucial to obtain the necessary constraints to narrow down and eliminate pathological
branches. This is done by the expressions which result in ghost and Laplacian instabilities. The
BDLS action is extended up to second order perturbation (7.1), and imposing that the kinetic
and gradient terms of the theory are positive definite. If this is not the case, this would result
in a theory that can produce negative energy and small perturbations result in rampant and
unrealistic growths [381]. In this work, the constraints are explored separately for the scalar,
pseudoscalar, vector, and tensor sectors in Sec. 7.2. Opting to express the action in terms of
gauge-invariant quantities is appealing due to the easy adaptability of the system to adjust it to
any gauge choice, especially given that theoretical and data analysis works tend to adopt different
gauge conventions. Both the scalar and vector sectors give a maximum of two propagating DoFs,
and an additional propagating mode for the pseudoscalar and tensor sectors, each. In comparison
with the standard Horndeski gravity, additional scalar, pseudoscalar, and vector conditions are
realised. While the pseudoscalar action (7.14) is dictated by purely teleparallel terms, the vector
sector (7.22) does contain standard Horndeski terms which cancel out if teleparallel terms are
removed. The tensor modes are always realised, as observed in Chapter 5. Subclasses of GR,
Horndeski, f(T ) and f(ϕ, T ) are also analysed in Sec. 7.3 to further drive the point that BDLS
facilitates this analysis.

Chapters 3-7 provide a study of BDLS and its subclasses, tackling different issues within
cosmology. From a theoretical point of view, BDLS allows obtaining a generalised formalism
and constraints for a large number of subclasses of MTG theories. This provides easy access to
different limits to carry out data analysis and comparison with observations. Due to the novelty
of BDLS, these projects encompass some of the initial work done in BDLS. The following lists
some of the future works to enhance the theoretical knowledge of BDLS.

Growth across Superhorizon and Subhorzion Scales: Chapter 6 explored the Mészáros
equation and its solution within the epoch where subhorizon limit applies, with the assumption
that CDM matter dominates and all matter contributions are boiled down to dust. As previously
mentioned, the analysis disregards the minute contributions of post-decoupling baryons and mas-
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sive neutrinos. It would be of interest to include these contributions within the subhorizon limit
but alternatively, a full Boltzmann equation analysis spanning the superhorizon and subhorizon
ranges. The Boltzmann equation governs the behaviour of matter and radiation through the
statistical distribution of a collection of particles classified with common properties, taking into
account collisions and interactions between particles, and accounting for the changes arising due
to phase transitions such as the different treatment of neutrinos during the radiation and mat-
ter eras [88, 271]. In conjunction with gravitational contributions offered by Einstein equation,
the complexity of these equations quickly arises, flagging the need of an Einstein-Boltzmann
solver to provide a model-independent approach to gravitational theories through the evolution
of cosmological perturbations in light of high precision surveys [2, 94, 345, 8, 106, 91, 95]. This
led to the development of the publicly available Code for Anisotropies in the Microwave Back-
ground (CAMB) [382, 383]. Implementation of modified theories of gravity allows the testing of
gravity on cosmological scales as done in the context of effective field theories [384]. Application
of these modifications would require an array of theoretical considerations to be investigated:
background equations, cosmological perturbations, gravitation and matter interactions, ghost,
Laplacian, and tachyonic stabilities, among others.

Tachyonic Instabilities: In Chapter 7 only ghost and Laplacian instabilities were investi-
gated. Due to the analysis being performed within a vacuum, these stability constraints sufficed.
The introduction of matter fields gives a scenario where matter and scalar field mix, hence the
mass of eigenvalues of the Hamiltonian of canonical fields could give rise to tachyonic insta-
bilities [381]. Such cases imply that there is a tachyon particle that can move with a speed
faster than light and its mass squared term is negative, resulting in rapid changes in the Uni-
verse’s large structures [385]. A particular subcase of tachyonic instabilities is Jeans’ instability,
related to star formation. Interstellar gas clouds that experience gravitational collapse result
in star formation [386]. Jeans studied the stability of self-gravitating bodies of homogeneous
and spherical density within Newtonian formalism. His work resulted in a dependency on the
mass and radius of the clouds, as functions of temperature and density [387]. Lifshitz adapted
this work with the GR formalism [388] and took into account that inhomogeneities result in
the growth of structures. This has also been adapted with modified theories of gravity, such
as f(R̊) to investigate hydrostatic equilibrium [167]. This work would require the inclusion of
the matter action, adopting the Schutz-Sorkin [389] to represent relativistic perfect fluids such
that the equations of motion and the energy-momentum tensor can be retrieved from the action
itself. The action perturbation would need to be calculated up to second order to obtain the
form given by Eq. (7.32) to investigate the canonical mass of the propagating DoFs. This is done
by normalising the fields and diagonalising the matrix associated with non-derivative terms i.e.
coefficient of ΨiΨj , where {Ψi,Ψi} are perturbation modes. The inclusion of this extension to

201



Chapter 8. Conclusion

the analysis performed in Chapter 7 provides a fuller stability analysis.

Vainshtein Screening: At the solar system level, local gravity tests are in agreement with
GR [123]. Thus, scalar-tensor theories with propagating scalar field coupled with baryons should
be limited at this scale. The Vainshtein mechanism suppresses the propagation of such modes
when dealing with short distances [390]. The methodology was originally constructed because
the quadratic Friez-Pauli theory suffers from the van DAM-Veltman-Zakharov (vDVZ) discon-
tinuity [390]. The Friez-Pauli theory was constructed as a massive gravity theory to modify
GR by implementing a graviton with mass that is nonzero wherein GWs would propagate with
a non-relativistic speed. As mass m → 0, GR is not recovered, dubbed as the vDVZ discon-
tinuity [391, 392]. Vainshtein showed that within the limit of the Vainshtein radius, rV, the
linear regime is broken and the theory behaves as nonlinear, implying that at these small scales,
nonlinear scalar modes contribute and recover GR. The mechanism has been adopted within
scalar-tensor theories, initially applied in DGP [355], to recover GR at solar-system scales [393].
The work has been extended to Horndeski gravity [394, 395, 396]. Applying such a mechanism
to BDLS ensures the subclasses of the gravitational model can recover GR and hold at the solar
system level. This would require the inclusion of the matter action, again adopting the Schutz-
Sorkin action [389] and taking the quasi-static approximation of the second-order perturbed
action. While within large distances the linear regime can be recovered, the nonlinear regime is
also obtained to implement the Vainshtein screening mechanism.

Multi-Scalar Field Theories: In both Horndeski gravity [66] and BDLS theory [78], weak-
ening of Lovelock’s theorem occurs through the introduction of a single scalar field in addition to
the respective fundamental dynamical objects. This does not restrict the possibility of consider-
ing multiple scalar fields. The concept of double scalar field theories has cropped up to account
for the initial inflation and late-time accelerated expansion that the Universe experiences. This
is done by assigning one scalar field to behave as the inflaton [76] which dictates the initial
inflationary epoch resulting from a period of rapid exponential expansion [76], while the other
scalar is attributed to dark energy and drives the accelerated expansion of the Universe [153].
By dealing with separate scalar fields, it is possible to represent the different behaviours, provide
distinct constraints on them, and explain their evolution as one scalar field is initially prominent,
dies down and another scalar dominates at late times. Not necessarily independent of each other,
the scalar fields could result in a coupling term. Construction of double scalar field Horndeski
theory can be expressed as a linear combination of standard Horndeski theory per scalar field,
and an additional term taking into account the interaction between the two fields, ensuring that
the theory does not result in higher order derivatives.
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In conclusion, this dissertation provides insight into the BDLS theory on the background
and perturbative level, providing constraints for different viable cosmological models stemming
from theoretical foundations and observational data. This research provides a critical step to
understanding second-order theories within MTG and opens up doors to tackle cosmological
issues through the lens of modified theories of gravity. Through continued investigation, such
as those proposed previously, it becomes possible to compare with observational data as higher
precision data from new surveys becomes available.
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SVT Decomposition of Linearised Field
Equations

The equations of motion given by the variation with respect to the tetrad (4.22a-4.22e) and
to the scalar field (4.24a-4.24e) gives the general result for the fundamental dynamical objects
for the Weitzenböck gauge (2.59). The SVT decomposition gives a system of equations for the
scalar, vector, and tensor sector in terms of the quantities listed in Eq. (4.2) and Eq. (4.3). The
gauge transformations given by Eq. (4.40-4.41) result in Eq. (4.42), verifying that the scalar,
vector, and tensor sectors decouple from each other, and thus can be treated separately. The
same can be said for the pseudoscalar. Due to the complexity of the field equations, they have
not been written down explicitly, but rather listed as functions of gravitational perturbations:
Eq. (4.29), Eq. (4.35), and Eq. (4.37). Snippets of the results obtained in Mathematica have been
compiled here. It should be noted that only one component for each field equation is considered
to illustrate the form of the result: W0i = W0x, W0i = Wx0, and Wij = Wyz. In general, all
components would need to be considered. Prime ( ′ ) denotes time derivatives in the file.

In Chapter 5, BDLS field equations are on a Minkowski background and for a constant
background scalar field. The results presented would require setting ϕ′ = ϕ′′ = X = H = H ′ = 0.
In Chapter 6 the subcases of f(T ) and Modified GR are used. f(T ) limit can be obtained if G2 =

G3 = G4 = G5 = 0 and GTele = f(T ). Modified GR can be obtained for G3 = G5 = GTele = 0,
G2 = V (ϕ) + P (ϕ)X and G4 = 1. Alternatively, Modified GR can be obtained through the
teleparallel formalism by setting G2 = G3 = G4 = G50 and GTele = −T + V (ϕ) + P (ϕ)X. As
for the standard Horndeski limit, the equations are obtained when GTele = 0, corresponding to
those given in Ref. [112].
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B

Fourier Transformation of a Perturbed
Action

To obtain ghost and Laplacian instabilities, the actions are extended up to second-order pertur-
bations. Following the complexity of the field equations in BDLS in Sec. 4.3, it is expected that
the additional terms in BDLS would result in a more elaborate perturbed action in comparison
with Horndeski. This is further confirmed in the GW analysis of Chapter 5, where a Minkowski
background yields a total of 7 propagating DoFs. In preparation for Chapter 7, it would be ideal
to introduce the Fourier transformation notation. While actions can be expressed in terms of
spatial and temporal derivatives, the analysis would be simplified by employing spatial Fourier
transformation while keeping time derivatives.

For the signature (−,+,+,+), the complex exponential function is eiωt−ikjx
j where k is the

covector associated with the spatial component and ω is the angular frequency. A variable
X(t, x, y, z) can be expressed as a combination of two parts:

X(t, xj) =

∫
d3k

(2π)3/2

[
X(t, k)e−ikjx

j
+X†(t, k)eikjx

j
]
, (B.1)

where † denotes a Hermitian conjugate of the function.
Tensor perturbations hij are traceless, divergenceless, and symmetric. These conditions ex-

tend to transformation as follows:

kjh
ij = 0 , kjh

† ij = 0 , (B.2)

h i
i = 0 , h† i

i = 0 , (B.3)

hij = hji , h†ij = h†ji . (B.4)

Similarly, the divergenceless condition in a vector, say βi, applies as

kjβ
j = 0 , kjβ

† j = 0 . (B.5)
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As explained in Sec. 4.3.1, these properties account for shear-like deformations for the vector
sector and shear deformation for the tensor sector. Hence, the sectors tackle separate issues
to ensure that the tetrad does not result in unwanted behaviours and there is no overlapping
between them.

Perturbations up to second-order yield actions with coupled variables, resulting in trans-
formation containing two different k covectors. Consider functions f(t, xj) and g(t, xj) with
covectors k and k′, respectively. Multiplication of the two functions is given by

f(t, xj) g(t, x′j) =

(∫
d3k

(2π)3/2

[
f(t, k)e−ikjx

j
+ f †(t, k)eikjx

j
])

×

(∫
d3k′

(2π)3/2

[
g(t, k′)e−ik′jx

j

+ g†(t, k′)eik
′
jx

j
])

=

∫
d3k

(2π)3/2

∫
d3k′

(2π)3/2

[
f g e−i(kj+k′j)x

j

+ f g† e−i(kj−k′j)x
j

+ f † g ei(kj−k′j)x
j

+f † g† ei(kj+k′j)x
j
]
. (B.6)

Upon including an integration of these functions, the expression is altered. Before continuing
with this derivation, it is important to introduce the notation for the Dirac delta function δ(xµ)
where

δ(xµ) = Π3
µ=1δ(x

µ) = δ(x1)δ(x2)δ(x3) , (B.7)

with the property of normalisation ∫
R3

d3x δ(xµ) = 1 , (B.8)

and symmetry

δ(xµ) = δ(−xµ) (B.9)

When considering the condition of equality between two 3-vectors in Fourier space the expression
becomes

δ(xµ − x′µ) =
1

(2π)
3
2

∫
R3

d3k ei(x
µ−x

′µ)kµ . (B.10)
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Applying the spatial integral to Eq. (B.6) and using Eq. (B.10), the action becomes∫
d3x

∫
d3k

(2π)3/2

∫
d3k′

(2π)3/2
f(t, kj) g(t, k

′
j) e

i(kj+k′j)x
j

=

∫
d3k

(2π)3/2

∫
d3k′

(2π)3/2
(2π)

3
2 δ(kj + k′j) f(t, kj) g(t, k

′
j) =

∫
d3k

(2π)3/2
f(t, kj) g(t,−kj) , (B.11)∫

d3x

∫
d3k

(2π)3/2

∫
d3k′

(2π)3/2
f(t, kj) g(t, k

′
j) e

i(kj−k′j)x
j

=

∫
d3k

(2π)3/2

∫
d3k′

(2π)3/2
(2π)

3
2 δ(kj − k′j) f(t, kj) g(t, k

′
j) =

∫
d3k

(2π)3/2
f(t, kj) g(t, kj) . (B.12)

Hence, Eq. (6.117) simplifies to∫
dt d3x f(t, xj) g(t, xj) =

∫
dt

d3k

(2π)3/2

[
f g + f g† + f † g + f † g†

]
. (B.13)

For the analysis in Sec. 7.2, it suffices to not include the Hermitian conjugate portion of the
integral. Additionally, the following identities are used:∫

dt d3x∂if(t, x
j) ∂ig(t, x′j)

=

∫
dt

d3k

(2π)3/2
d3k′

(2π)3/2
(2π)

3
2 δ(kj + k′j) [−ikif(t, kj)] [−ik′ig(t, k′j)]

=

∫
dt

d3k

(2π)3/2
kik

i f g =

∫
dt

d3k

(2π)3/2
k2 f g , (B.14)∫

dt d3x∂i∂
if(t, xj) g(t, x′j)

=

∫
dt

d3k

(2π)3/2
d3k′

(2π)3/2
(2π)

3
2 δ(kj + k′j) [(−iki)(−iki)f(t, kj)] g(t, k′j)

=

∫
dt

d3k

(2π)3/2
(−kiki) f g =

∫
dt

d3k

(2π)3/2
(−k2) f g , (B.15)∫

dt d3x∂i∂
if(t, xj) ∂m∂

mg(t, x′j)

=

∫
dt

d3k

(2π)3/2
d3k′

(2π)3/2
(2π)

3
2 δ(kj + k′j) [(−iki)(−iki)f(t, kj)] [(−ik′i)(−ik′i)g(t, k′j)]

=

∫
dt

d3k

(2π)3/2
(kik

i)2 f g =

∫
dt

d3k

(2π)3/2
k4 f g . (B.16)

Here, it is clear that the spatial Fourier transformation takes into account the spatial integration
by parts from the sign difference between Eq. (B.14) and Eq. (B.15). Upon attaining the action
in its desired form, an additional transformation can be applied to express time derivatives into
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the temporal Fourier variable of ω. The next sections would show only first-order time derivatives
appear, and as such would transform as

Ẋ → iωX , Ẋ2 → −ω2X2 . (B.17)

In Chapter 7, only spatial Fourier transformations are applied since ghost instabilities are tied
to time derivatives which yield the kinetic term.
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C

Coefficients of Second Order
Perturbations

The expansion of the BDLS action (2.98) up to second-order perturbations is required to deter-
mine the ghost and Laplacian instabilities. The results obtained in Chapter 7 contain a large
number of terms, particularly in the scalar and vector sectors. The following sections list all the
details of the coefficients for these sectors and should be used as a supplement to Chapter 7.

C.1 | Scalar Sector
The initial scalar perturbation yields an action given by Eq. (7.3) where coefficients Ai are given
by

A1 = a2
(
−GTele,Tvec + 2H2 (9GTele,TvecTvec − 12GTele,TTvec + 4GTele,TT ) + 2Hϕ̇ (−3GTele,TvecI2

+2GTele,T I2) +
X

3
(4GTele,J8 +GTele,J5 + 3GTele,I2I2)

)
,

A2 = −a
[
−12H3 (9GTele,TvecTvec + 4(−3GTele,TTvec +GTele,TT )) + ϕ̇ (2G4,ϕ −GTele,I2

−2X (G3,X − 2G4,ϕX +GTele,XI2))−H2ϕ̇ (−54GTele,TvecI2 + 36GTele,T I2 + 10XG5,X

+4X2G5,XX

)
+ 2H (2G4 + 3GTele,Tvec − 2GTele,T + 2X(−4G4,X − 2GTele,XT + 3 (G5,ϕ

−GTele,I2I2 +GTele,XTvec)) + 4X2(−2G4,XX +G5,ϕX)
)]
,

A3 = a
[
4G4 + 6GTele,Tvec − 4GTele,T − 12H2 (9GTele,TvecTvec − 12GTele,T Tvec + 4GTele,TT )

+2X (−4G4,X + 2G5,ϕ − 3GTele,I2I2)− 2Hϕ̇ (−18GTele,Tvec I2 + 12GTele,T I2 + 2XG5,X)
]
,

A4 = a [H (−2G4,ϕ + 6XG3,X − 20XG4,ϕX + 4XG5,ϕϕ + 3GTele,I2 + 6GTele,ϕTvec − 4GTele,ϕT )

+H2ϕ̇ (6G4,X − 6G5,ϕ + 12XG4,XX − 8XG5,ϕX) +H3
(
6XG5,X + 4X2G5,XX

)
+ϕ̇ (G2,X − 2G3,ϕ + 2G4,ϕϕ +GTele,X −GTele,ϕI2)

]
,
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A5 = −a
[
− 2G4,ϕ +GTele,I2 + 2X(G3,X − 2G4,ϕX +GTele,XI2) +Hϕ̇(4G4,X − 4G5,ϕ

+ 3GTele,I2I2 − 6GTele,XTvec + 4GTele,XT + 4X(2G4,XX −G5,ϕX))

+H2(−18GTele,TvecI2 + 12GTele,T I2 + 6XG5,X + 4X2G5,XX)
]
,

A6 = a
[
ϕ̇ (2G4,ϕ −GTele,I2 − 2X(G3,X − 2G4,ϕX)) + 2H (2G4 + 3GTele,Tvec − 2GTele,T

+2X(−4G4,X + 3G5,ϕ) + 4X2(−2G4,XX +G5,ϕX)
)
− 2Xϕ̇H2 (5G5,X + 2XG5,XX)

]
,

A7 = −2

9
a [9GTele,Tvec + 2X (−2GTele,J8 − 5GTele,J5 + 3GTele,J3 + 2XGTele,J6)] ,

A8 = −a
[
2XH3(3G5,X + 2XG5,XX) +H2ϕ̇[6G4,X − 6G5,ϕ − 2GTele,J3 + 6Ḣ(3GTele,TvecJ3

− 2GTele,TJ3) + 4X(3G4,XX − 2G5,ϕX)− 3ϕ̈GTele,I2J3 ] + ϕ̇[G2,X − 2G3,ϕ + 2G4,ϕϕ

+GTele,X −GTele,ϕI2 − Ḣ(GTele,J3 + 3GTele,I2I2)− ϕ̈GTele,XI2 ] +H[−2G4,ϕ +GTele,I2

+ 18ḢGTele,TvecI2 − 12ḢGTele,T I2 + 2X(3G3,X − 10G4,ϕX + 2G5,ϕϕ −GTele,ϕJ3

− 3ḢGTele,I2J3)− ϕ̈(GTele,J3 + 3GTele,I2I2 + 2XGTele,XJ3)]
]
,

A9 = a
[
− 2G4,ϕ + 2X

(
G3,X +H2 (3G5,X + 2XG5,XX)− 2G4,ϕX

)
+GTele,I2 +Hϕ̇ (4(G4,X

+2XG4,XX −G5,ϕ −XG5,ϕX) +GTele,J3)
]
,

A10 = −2a
[
H (−6GTele,Tvec + 4GTele,T ) + ϕ̇GTele,I2

]
,

A11 = −2

9
a [18 (GTele,Tvec −GTele,T ) +X (4GTele,J8 + 10GTele,J5 + 3GTele,J3 − 4XGTele,J6)] ,

A12 = 4a
[
−G4 +X

(
2G4,X −G5,ϕ +Hϕ̇G5,X

)]
,

A13 =
1

9
a2
[
2X (−2GTele,J8 + 2XGTele,J6 − 5GTele,J5 + 3GTele,J3) + 9GTele,Tvec

]
,

A14 =
2

9

[
− 18 (G4 −GTele,T +GTele,Tvec) +X (36G4,X − 3GTele,J3 − 2(9G5,ϕ + 2GTele,J8

+5GTele,J5)) + 18ϕ̇XHG5,X + 4X2GTele,J6

]
,

A15 = −3
[
12H3 (9GTele,TvecTvec + 4(−3GTele,TTvec +GTele,TT )) + ϕ̇ (−2G4,ϕ +GTele,I2

+2X(G3,X − 2G4,ϕX +GTele,XI2)) +H2ϕ̇ (−54GTele,TvecI2 + 36GTele,T I2 + 10XG5,X

+4X2G5,XX

)
+ 2H (−2G4 − 3GTele,Tvec + 2GTele,T + 2X(4G4,X + 2GTele,XT

−3(G5,ϕ −GTele,I2I2 +GTele,XTvec)) + 4X2(2G4,XX −G5,ϕX)
) ]
,

A16 = G2,ϕ +GTele,ϕ + 6H2 (G4,ϕ + 3GTele,ϕTvec − 2GTele,ϕT +X (−4G4,ϕX − 4XG4,ϕXX

+3G5,ϕϕ + 2XG5,ϕϕX))− 2X(G2,ϕX −G3,ϕϕ +GTele,ϕX)− 2XH3ϕ̇ (5G5,ϕX

+2XG5,ϕXX)− 6Hϕ̇ (XG3,ϕX −G4,ϕϕ − 2XG4,ϕϕX +GTele,ϕI2) ,
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A17 = −2G4,ϕ + 2X
(
G3,X − 2G4,ϕX +H2(3G5,X + 2XG5,XX)

)
+GTele,I2 +Hϕ̇ (4G4,X

+8XG4,XX − 4(G5,ϕ +XG5,ϕX) +GTele,J3) ,

A18 = −2H3[15XG5,X + 4X2(5G5,XX +XG5,XXX)− 27GTele,TvecI2 + 18GTele,T I2 ]

− 3H[−2G4,ϕ +GTele,I2 + 2X(3G3,X + 2XG3,XX − 8G4,ϕX − 4XG4,ϕXX

+ 3GTele,XI2)]− 6H2ϕ̇[3G4,X +X(12G4,XX + 4XG4,XXX − 7G5,ϕX − 2XG5,ϕXX)

− 3(G5,ϕ −GTele,I2I2 +GTele,XTvec) + 2GTele,XT ]− ϕ̇[G2,X − 2G3,ϕ +GTele,X

+ 2X(G2,XX −G3,ϕX +GTele,XX)] ,

A19 =
1

9

[
2X(−2GTele,J8 + 2XGTele,J6 − 5GTele,J5 + 3GTele,J3) + 9GTele,Tvec

]
,

A20 = 18H4(9GTele,TvecTvec − 12GTele,TTvec + 4GTele,TT ) + 3H2[−2G4 − 3GTele,Tvec

+ 2GTele,T + 2X(7G4,X +X(16G4,XX + 4XG4,XXX − 9G5,ϕX − 2XG5,ϕXX)

− 6(G5,ϕ −GTele,I2I2 +GTele,XTvec) + 4GTele,XT )] +X[G2,X − 2G3,ϕ +GTele,X

+ 2X(G2,XX −G3,ϕX +GTele,XX)] + 3Hϕ̇[−2G4,ϕ +GTele,I2 + 2X(2G3,X +XG3,XX

− 5G4,ϕX − 2XG4,ϕXX + 2GTele,XI2)] + 2H3ϕ̇[15XG5,X + 13X2G5,XX + 2X3G5,XXX

− 54GTele,TvecI2 + 36GTele,T I2 ] ,

A21 =
2

9

[
9(G4 + 2GTele,Tvec −GTele,T ) +X(−9G5,ϕ − 2GTele,J8 + 2XGTele,J6 − 5GTele,J5

− 6GTele,J3 − 9ϕ̈G5,X)
]
,

A22 = −6G4 + 12XG4,X − 6XG5,ϕ + 9XGTele,I2I2 − 9GTele,Tvec + 6GTele,T

+ 18H2[9GTele,TvecTvec − 12GTele,TTvec + 4GTele,TT ] + 6Hϕ̇[XG5,X − 9GTele,TvecI2

+ 6GTele,T I2 ] ,

A23 =
[
− 4XH2G5,X + 4G4,ϕ − 2GTele,I2 + 4X(−2G4,ϕX +G5,ϕϕ − ḢG5,X)

+ 4ϕ̈(−G4,X − 2XG4,XX +G5,ϕ +XG5,ϕX) +Hϕ̇(−4G4,X + 4G5,ϕ − 4XG5,ϕX

+GTele,J3 − 4ϕ̈(G5,X +XG5,XX))
]
,

A24 = −3
[
2XH3(3G5,X + 2XG5,XX) +H(6XG3,X − 2G4,ϕ + 4X(−5G4,ϕX +G5,ϕϕ)

+ 3GTele,I2 + 6GTele,ϕTvec − 4GTele,ϕT ) + 2H2ϕ̇(3G4,X + 6XG4,XX − 3G5,ϕ − 4XG5,ϕX)

+ ϕ̇(G2,X − 2G3,ϕ + 2G4,ϕϕ +GTele,X −GTele,ϕI2)
]
,

A25 = 3
[
2XG3,X − 2G4,ϕ − 4XG4,ϕX +GTele,I2 + 2H2(3XG5,X + 2X2G5,XX − 9GTele,TvecI2

+ 6GTele,T I2) + 2XGTele,XI2 +Hϕ̇(4G4,X + 8XG4,XX − 4G5,ϕ − 4XG5,ϕX + 3GTele,I2I2

− 6GTele,XTvec + 4GTele,XT )
]
,
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A26 =
1

2

[
−G2,X + 2G3,ϕ −Gtele,X − 4Ḣ(G4,X −G5,ϕ)− 2ϕ̈(G3,X − 3G4,ϕX)− 4H3ϕ̇(G5,X

+XG5,XX) +H2(−6G4,X + 6G5,ϕ − 2ϕ̈G5,X + 10X(−2G4,XX +G5,ϕX − ϕ̈G5,XX)

− 4X2(G5,ϕXX + ϕ̈G5,XXX)) +Hϕ̇(−4G3,X + 12G4,ϕX − 4ḢG5,X − 12ϕ̈G4,XX

+ 8ϕ̈G5,ϕX + 4X(−2G4,ϕXX +G5,ϕϕX − ḢG5,XX − 2ϕ̈G4,XXX + ϕ̈G5,ϕXX))

+X(−2G3,ϕX + 4G4,ϕϕX − 4Ḣ(2G4,XX −G5,ϕX)− 2ϕ̈(G3,XX − 2G4,ϕXX))
]
,

A27 =
1

2

[
− 6H4X(3G5,ϕX + 2XG5,ϕXX) +G2,ϕϕ +GTele,ϕϕ + 3Ḣ(2G4,ϕϕ −GTele,ϕI2)

− 3Hϕ̇
(
G2,ϕX − 2G3,ϕϕ + 2XG3,ϕϕX − 4XG4,ϕϕϕX +GTele,ϕX +GTele,ϕϕI2 + Ḣ(4G4,ϕX

+ 8XG4,ϕXX − 4G5,ϕϕ − 4XG5,ϕϕX + 3GTele,ϕI2I2 − 6GTele,ϕXTvec + 4GTele,ϕXT )
)

− ϕ̈(G2,ϕX − 2G3,ϕϕ +GTele,ϕX)− 6Hϕ̇ϕ̈(G3,ϕX − 3G4,ϕϕX +X(G3,ϕXX − 2G4,ϕϕXX)

+GTele,ϕXI2) + 3H2(4G4,ϕϕ + 2X(−3G3,ϕX + 6G4,ϕϕX +G5,ϕϕϕ + 2X(−2G4,ϕϕXX

+G5,ϕϕϕX))− 3GTele,ϕI2 − 2Ḣ(3XG5,ϕX + 2X2G5,ϕXX − 9GTele,ϕTvecI2 + 6GTele,ϕTI2)

− 2G4,ϕX ϕ̈+ (2G5,ϕϕ + 2X(−8G4,ϕXX + 5G5,ϕϕX + 2X(−2G4,ϕXXX +G5,ϕϕXX))

− 3GTele,ϕI2I2)ϕ̈) + 2X(−G2,ϕϕX +G3,ϕϕϕ −GTele,ϕϕX − 3Ḣ(G3,ϕX − 2G4,ϕϕX

+GTele,ϕXI2)− ϕ̈(G2,ϕXX −G3,ϕϕX +GTele,ϕXX))− 2H3ϕ̇(9G4,ϕX − 9G5,ϕϕ + 3ϕ̈G5,ϕX

+X(18G4,ϕXX − 7G5,ϕϕX + 2XG5,ϕϕXX + (7G5,ϕXX + 2XG5,ϕXXX)ϕ̈))
]
,

A28 =
1

2

[
G2,X − 2G3,ϕ +GTele,X + 2X(G2,XX −G3,ϕX +GTele,XX) + 6Hϕ̇(G3,X − 3G4,ϕX

+X(G3,XX − 2G4,ϕX) +GTele,XI2) + 2H3ϕ̇(3G5,X + 7XG5,XX + 2X2G5,XXX)

+ 3H2(2(G4,X −G5,ϕ) + 2X(8G4,XX − 5G5,ϕX) + 4X2(2G4,XXX −G5,ϕXX)

+ 3GTele,I2I2)
]
.

Action (7.3) is rewritten in terms of gauge invariant quantities (4.45), yielding Eq. (7.8) where
coefficients Ãi are

Ã1 = X (G2,X − 2G3.ϕ +XGTele,X) + 2X2 (G2,XX −G3,ϕX +GTele,XX)− 9H2GTele,Tvec

+ 6XHϕ̇
(
2G3,X +XG3,XX − 5G4,ϕX − 2XG4,ϕXX + 2GTele,XI2 + 5H2G5,X

)
+ 6H2 (−G4 +GTele,T + 7XG4,X + 4XGTele,XT + 6X(−G5,ϕ +GTele,I2I2

−GTele,XTvec)) + 6X2H2 (4(4G4,XX +XG4,XXX)− 9G5,ϕX) + 2H3X2
(
13ϕ̇G5,XX

+2Xϕ̇G5,XXX

)
+ 3Hϕ̇

(
GTele,I2 − 2G4,ϕ − 6H2(6GTele,TvecI2 − 4GTele,T I2)

)
+ 18H4 (9GTele,TvecTvec − 12GTele,TTvec + 4GTele,TT )− 12X3H2G5,ϕXX ,

Ã2 =
1

3

(
3GTele,Tvec + 2XGTele,J3 −

10X

3
GTele,J5 +

4X

3
(XGTele,J6 −GTele,J8)

)
,
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Ã3 = 2
(
G4 −X(ϕ̈G5,X +G5,ϕ) + 2GTele,Tvec −GTele,T

)
− 10X

9
GTele,J5

+
4X

9
(XGTele,J6 −GTele,J8 − 3GTele,J3) ,

Ã4 = 6 (X(2G4,X −G5,ϕ)−G4 +GTele,T ) + 6Hϕ̇ (XG5,X + 6GTele,T I2 − 9GTele,TvecI2)

+ 9
(
XGTele,I2I2 −GTele,Tvec + 2H2(9GTele,TvecTvec − 12GTele,TTvec + 4GTele,TT )

)
,

Ã5 = Hϕ̇

(
−3

2
G2,ϕX − 3

2
GTele,ϕX − 3ϕ̈(G3,ϕX − 3G4,ϕϕX +GTele,ϕXI2)− 3Xϕ̈(G3,ϕXX

−2G4,ϕϕXX) + 6Ḣ

(
G5,ϕϕ −G4,ϕX − 3

4
GTele,ϕI2I2 +

3

2
GTele,ϕXTvec −GTele,ϕXT

)
+3X

(
2Ḣ(G5,ϕϕX − 2G4,ϕXX)−G3,ϕϕX − 6G4,ϕXX + 2G4,ϕϕϕX

)
+ 3G3,ϕϕ

)
+

1

2
G2,ϕϕ

+
1

2
GTele,ϕϕ + ϕ̈(G3,ϕϕ − 1

2
G2,ϕX −XG2,ϕXX +XG3,ϕϕX − 1

2
GTele,ϕX −XGTele,ϕXX)

−X(G2,ϕϕX +GTele,ϕϕX) + 9H2X(2G4,ϕϕX − 3G3,ϕX −H2G5,ϕX) + 3XḢ(2G4,ϕϕX

−G3,ϕX − 3H2G5,ϕX +GTele,ϕXI2) +H3ϕ̇
(
9(G5,ϕϕ −G4,ϕX)− 3ϕ̈G5,ϕX − 2X2G5,ϕϕXX

+7X(G5,ϕϕX − ϕ̈G5,ϕXX)
)
+ 3H2ϕ̈ (G5,ϕϕ −G4,ϕX + 5XG5,ϕϕX − 4X(2G4,ϕXX

+XG4,ϕXXX)− 2

3
HX2ϕ̇G5,ϕXXX + 2X2G5,ϕϕXX − 3

2
GTele,ϕI2I2

)
+ 6X2H2(G5,ϕϕϕX

− 2G4,ϕϕXX −H2G5,ϕXX − ḢG5,ϕXX) + 3H2

(
2G4,ϕϕ +XG5,ϕϕϕ − 3

2
GTele,ϕI2

+9ḢGTele,ϕTvecI2 − 6ḢGTele,ϕTI2

)
+ 3ḢG4,ϕϕ − 3

2
ḢGTele,ϕI2 +XG3,ϕϕϕ − 3

2
Hϕ̇GTele,ϕϕI2 ,

Ã6 =
1

2

(
G2,X − 2G3,ϕ + 2X(GTele,XX +G2,XX −G3,ϕX) + 6Hϕ̇(G3,X +H2G5,X − 3G4,ϕX

−2XG4,ϕXX +GTele,XI2) + 2XHϕ̇(2G3,XX + 7H2G5,XX) +GTele,X + 6H2 (G4,X

+4X(2G4,XX +XG4,XXX)−G5,ϕ − 5XG5,ϕX − 2X2G5,ϕXX

)
+ 4X2H3ϕ̇G5,XXX

+9H2GTele,I2I2
)
,

Ã7 = −1

2
G2,X − 1

2
GTele,X +G3,ϕ + ϕ̈

(
2XG4,ϕXX + 3G4,ϕX −H2G5,X −G3,X −XG3,XX

)
+ 5XH2(G5,ϕX − ϕ̈G5,XX − 2G4,XX) + 2XHϕ̇(−ḢG5,XX − 2ϕ̈G4,XXX − 2G4,ϕXX

+ ϕ̈G5,ϕXX +G5,ϕϕX)− 2XH2(Hϕ̇G5,XX +Xϕ̈G5,XXX +XG5,ϕXX) + 3H2(G5,ϕ −G4,X)

+ 2Ḣ(G5,ϕ −G4,X) + 2XḢ(G5,ϕX − 2G4,XX) + 2Hϕ̇(−G3,X −H2G5,X − ḢG5,X

− 3ϕ̈G4,XX + 3G4,ϕX + 2ϕ̈G5,ϕX) +X(2G4,ϕϕX −G3,ϕX) ,

Ã8 =
1

3
a2 (X (4GTele,J8 +GTele,J5 + 3GTele,I2I2)− 3GTele,Tvec + 6H (H(9GTele,TvecTvec

−12GTele,TTvec + 4GTele,TT ) + ϕ̇(−3GTele,TvecI2 + 2GTele,T I2)
))

,
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Ã9 = 3
[
−12H3 (9GTele,TvecTvec + 4(−3GTele,TTvec +GTele,TT )) + 2H

(
2G4 + 4X2(−2G4,XX

+G5,ϕX) + 3GTele,Tvec − 2GTele,T + 2X(−4G4,X + 3G5,ϕ − 3GTele,I2I2 + 3GTele,XTvec

−2GTele,XT ))− 2H2ϕ̇(5XG5,X + 2X2G5,XX − 27GTele,TvecI2 + 18GTele,T I2)

−ϕ̇ (−2G4,ϕ +GTele,I2 + 2X(G3,X − 2G4,ϕX +GTele,XI2))
]
,

Ã10 =
2

9

(
18(G4 +GTele,Tvec −GTele,T ) +X(−36G4,X + 18G5,ϕ + 4GTele,J8 − 4XGTele,J6

+ 10GTele,J5 + 3GTele,J3 − 18Hϕ̇G5,X)
)
,

Ã11 = G2,ϕ +GTele,ϕ + 6H2 (G4,ϕ +X(−4G4,ϕX + 3G5,ϕϕ − 4XG4,ϕXX + 2XG5,ϕϕX)

+3GTele,ϕTvec − 2GTele,ϕT )− 2X(G2,ϕX −G3,ϕϕ +GTele,ϕX)− 2H3Xϕ̇(5G5,ϕX

+ 2XG5,ϕXX)− 6Hϕ̇ (−G4,ϕϕ +X(G3,ϕX − 2G4,ϕϕX) +GTele,ϕI2) ,

Ã12 = −H3
(
30XG5,X + 40X2G5,XX + 8X3G5,XXX − 54GTele,TvecI2 + 36GTele,T I2

)
− 3H (−2G4,ϕ +GTele,I2 + 2X(3G3,X − 8G4,ϕX + 2X(G3,XX − 2G4,ϕXX)

+3GTele,XI2))− 6H2ϕ̇ (3G4,X +X(12G4,XX + 4XG4,XXX − 7G5,ϕX − 2XG5,ϕXX)

−3(G5,ϕ −GTele,I2I2 +GTele,XTvec) + 2GTele,XT )− ϕ̇ (G2,X − 2G3,ϕ +GTele,X

+2X(G2,XX −G3,ϕX +GTele,XX)) ,

Ã13 = 2G4,ϕ − 2X
(
G3,X +H2(3G5,X + 2XG5,XX)− 2G4,ϕX

)
−GTele,I2 −Hϕ̇ (4(G4,X

−G5,ϕ +X(2G4,XX −G5,ϕX)) +GTele,J3) ,

Ã14 = −aÃ9

3
,

Ã15 = 3ϕ̇ (2G3,ϕ −G2,X −GTele,X − 2G4,ϕϕ +GTele,ϕI2) + 6H2ϕ̇ (3(G5,ϕ −G4,X)

+2X(2G5,ϕX − 3G4,XX)) + 3H (2G4,ϕ + 4GTele,ϕT − 6GTele,ϕTvec − 3GTele,I2)

+ 6XH
(
2(5G4,ϕX −G5,ϕϕ)− 3(G3,X +H2G5,X)

)
− 12X2H3G5,XX ,

Ã16 = 3 (2XG3,X − 2G4,ϕ +GTele,I2) + 6Hϕ̇ (2G4,X − 2G5,ϕ − 3GTele,XTvec + 2GTele,XT )

+ 6X (GTele,XI2 − 2G4,ϕX) + 9Hϕ̇GTele,I2I2 + 12XHϕ̇ (2G4,XX −G5,ϕX)

+ 6H2 (6GTele,T I2 − 9GTele,TvecI2 +X(3G5,X + 2XG5,XX)) ,

Ã17 = 4Hϕ̇
(
G5,ϕ −G4,X − ϕ̈G5,X −X(ϕ̈G5,XX +G5,ϕX)

)
+ 4ϕ̈ (XG5,ϕX +G5,ϕ −G4,X

−2XG4,XX) + 4G4,ϕ − 2GTele,I2 − 4XḢG5,X + 4X
(
G5,ϕϕ − 2G4,ϕX −H2G5,X

)
+Hϕ̇GTele,J3 ,

Ã18 = a
[
4 (G4 −GTele,T +X(G5,ϕ − 2G4,X)) + 4Hϕ̇ (−XG5,X + 9GTele,TvecI2 − 6GTele,T I2)

+ 6 (GTele,Tvec −XGTele,I2I2) + 12H2 (12GTele,TTvec − 9GTele,TvecTvec − 4GTele,TT )
]
,

Ã19 = a
[
ϕ̇ (G2,X − 2G3,ϕ + 2G4,ϕϕ +GTele,X −GTele,ϕI2) +H (3GTele,I2 − 2G4,ϕ

+6GTele,ϕTvec − 4GTele,ϕT ) + 6H2ϕ̇ (G4,X −G5,ϕ) + 2XH
(
3G3,X + 6Hϕ̇G4,XX
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−10G4,ϕX + 2G5,ϕϕ) + 2XH2
(
3HG5,X + 2XHG5,XX − 4ϕ̇G5,ϕX

) ]
,

Ã20 = a
[
2X (2G4,ϕX −G3,X −GTele,XI2)−GTele,I2 + 2G4,ϕ +Hϕ̇ (4(G5,ϕ −G4,X

−2XG4,XX +XG5,ϕX −GTele,XT ) + 3(2GTele,XTvec −GTele,I2I2))

+H2
(
6(3GTele,TvecI2 − 2GTele,T I2 −XG5,X)− 4X2G5,XX

) ]
,

The elimination of auxiliary modes gives action (7.12), where

ãÂ1 = Ã11Ã14Ã19 − Ã1Ã2
19 − Ã5Ã2

14 − Ã8

(
Ã2

11 − 4Ã1Ã5

)
+
k2

a2

(
Ã13Ã14Ã19 − Ã2Ã2

19

−Ã7Ã2
14 + 2Ã8

(
−Ã11Ã13 + 2Ã2Ã5 + 2Ã1Ã7

))
− k4

a4
Ã8

(
Ã2

13 − 4Ã2Ã7

)
,

ãÂ2 = Ã20

(
−Ã11Ã14 + 2Ã1Ã19

)
+ Ã12

(
Ã14Ã19 − 2Ã8Ã11

)
+
k2

a2

(
2Ã2Ã19Ã20

−Ã13

(
Ã14Ã20 + 2Ã8Ã12

))
,

ãÂ3 = −Ã12Ã14Ã20 − Ã1Ã2
20 − Ã6Ã2

14 − Ã8

(
Ã2

12 − 4Ã1Ã6

)
− k2

a2
Ã2

(
Ã2

20 − 4Ã6Ã8

)
,

ãÂ4 = −k
2

a2
Ã3

(
Ã2

14 − 4Ã1Ã8

)
− k4

a4
Ã8

(
Ã2

10 − 4Ã2Ã3

)
,

ãÂ5 =
k2

a2
Ã10

(
Ã14Ã18 − 2Ã8Ã9

)
,

ãÂ6 = −Ã4Ã2
14 − Ã1

(
Ã2

18 − 4Ã4Ã8

)
+ Ã9

(
Ã14Ã18 − Ã8Ã9

)
− k2

a2
Ã2

(
Ã2

18 − 4Ã4Ã8

)
,

ãÂ7 =
k2

a2

[
−Ã2

14Ã17 + Ã10Ã14Ã19 − 2Ã8Ã10Ã11 + 4Ã1Ã8Ã17

]
− 2

k4

a4
Ã8

(
Ã10Ã13 − 2Ã2Ã17

)
,

ãÂ8 = −k
2

a2
Ã10

(
Ã14Ã20 + 2Ã8Ã12

)
,

ãÂ9 = −Ã2
14Ã15 + Ã11Ã14Ã18 − 2Ã1Ã18Ã19 + 4Ã1Ã8Ã15 + Ã9Ã14Ã19 − 2Ã8Ã9Ã11

+
k2

a2

(
Ã13Ã14Ã18 − 2Ã2Ã18Ã19 + 4Ã2Ã8Ã15 − 2Ã8Ã9Ã13

)
,

ãÂ10 = −Ã2
14Ã16 + Ã12Ã14Ã18 + 2Ã1Ã18Ã20 + 4Ã1Ã8Ã16 − Ã9

(
Ã14Ã20 + 2Ã8Ã12

)
+ 2

k2

a2
Ã2

(
Ã18Ã20 + 2Ã8Ã16

)
,

and

ã = −Ã2
14 + 4Ã8

(
Ã1 +

k2

a2
Ã2

)
. (C.3)

After diagonalisation of the kinetic matrix, the significant coefficients of Eq. (7.42) are given by

Ă1 = −Ã6 −
Ã16Ã18Ã20 + Ã4Ã2

20 + Ã8Ã2
16

Ã2
18 − 4Ã4Ã8

,
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Ă2 = Ã4 −
Ã2

18

4Ã8

,

Ă3 =
1

2
(Ã10Ã13 − 2Ã2Ã17)(Ã18Ã20 + 2Ã8Ã16) +

(Ã2
10 − 4Ã2Ã3)(Ã18Ã20 + 2Ã8Ã16)

2

4(Ã2
18 − 4Ã4Ã8)

+
1

4
(Ã2

13 − 4Ã2Ã7)(Ã2
18 − 4Ã4Ã8) ,

Ă4 = Ã3 −
Ã2

10

4Ã2

,

Ă5 = Ã17 −
Ã10Ã13

2Ã2

− (Ã2
10 − 4Ã2Ã3)(Ã18Ã20 + 2Ã8Ã16)

2Ã2(Ã2
18 − 4Ã4Ã8)

.

Coefficients Ăi for i ∈ [6, 9] vanish, which when considering a high-k limit, are seen to contribute
at a lower k value than the rest of the coefficients.

C.2 | Vector Sector
The vector perturbations start off with the action (7.15) where Ci coefficients are given by

C1 =
1

18

[
2GTele,Tax + 3[3(G4 −GTele,T ) +X(−6G4,X + 3G5,ϕ + 2GTele,J10 + 6GTele,J8

+ 3GTele,J5 − 3Hϕ̇G5,X)]
]
,

C2 = GTele,Tvec +
X
18 [−2GTele,J8 − 5GTele,J5 − 6GTele,J3 + 2XGTele,J6 ] ,

C3 = 2(G4 −GTele,T ) +X[−4G4,X + 2G5,ϕ + 4GTele,J8 +GTele,J5 − 2Hϕ̇G5,X ] ,

C4 = C2 ,

C5 =
1

9

[
3X(4GTele,J10 + 3GTele,J5) + 4GTele,Tax

]
,

C6 = GTele,Tvec +
2X

9
[−2GTele,J8 − 5GTele,J5 + 3GTele,J3 + 2XGTele,J6 ] ,

C7 =
1

18

[
2GTele,Tax + 9(G4 −GTele,T )− 3X(6G4,X − 3G5,ϕ + 4GTele,J10 − 6GTele,J5

+ 3Hϕ̇G5,X)
]
,

C8 = −C3 ,

C9 = −1

9

[
9(G4 −GTele,T )− 2GTele,Tax + 3X(−6G4,X + 3G5,ϕ − 3Hϕ̇G5,X +GTele,J10

+ 3GTele,J5)
]
,

C10 = −
[
− 4XH2G5X ϕ̇+H(4G4 − 8XG4X + 4XG5,ϕ − 4X2G5ϕX − 4GTele,T

+ 6GTele,Tvec − 6XG5,X ϕ̈− 4X2G5,XX ϕ̈) + ϕ̇(2XG5ϕϕ + 2G4,ϕ − 4XG4,ϕX −GTele,I2

− 2XG5,XḢ − 2G4,X ϕ̈− 4XG4,XX ϕ̈+ 2G5,ϕϕ̈+ 2XG5,ϕX ϕ̈)
]
,
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C11 = −1

9

(
18(G4 −GTele,T )−X(36G4,X − 18G5,ϕ − 3GTele,J3 − 10GTele,J5 + 4XGTele,J6

− 4GTele,J8 − 18GTele,Tvec + 18HG5,X ϕ̇
)
,

C12 = C5 ,

C13 = 4C10 ,

C14 = 4C12 ,

C15 =
8

9

[
− 3X(GTele,J10 + 3GTele,J5) + 2GTele,Tax + 9GTele,T

]
,

C16 = 2C2 .

The fully gauge invariant action is given by Eq. (7.20) where the coefficients C̃i are

C̃1 =
1

18

[
9(G4 −GTele,T ) + 2GTele,Tax + 3X(−6G4,X + 3G5,ϕ + 2GTele,J10 + 6GTele,J8

+ 3GTele,J5 − 3Hϕ̇G5,X)
]
,

C̃2 = −1

9

[
3X(4GTele,J10 + 3GTele,J5) + 4GTele,Tax

]
,

C̃3 = −C̃2 ,

C̃4 =
1

18

[
18GTele,Tvec +X(−2GTele,J8 + 2XGTele,J6 − 5GTele,J5 − 6GTele,J3)

]
,

C̃5 =
2H

9

(
X(−4GTele,J8 + 4XGTele,J6 − 30GTele,J5 − 3GTele,J3) + 9GTele,Tvec + 9Ḣ(X(4GTele,TvecJ8

− 4XGTele,TvecJ6 + 10GTele,TvecJ5 + 3GTele,TvecJ3) + 18GTele,TvecTvec +
X

3
(−8GTele,TJ8

+ 8XGTele,TJ6 − 20GTele,TJ5 − 6GTele,TJ3)− 30GTele,TTvec + 12GTele,TT )
)
+ ϕ̇

(
−GTele,I2

+
X

9
(−4GTele,ϕJ8 + 4XGTele,ϕJ6 − 10GTele,ϕJ5 − 3GTele,ϕJ3)− 2GTele,ϕTvec + 2GTele,ϕT

+
XḢ

3
(−4GTele,I2J8 + 4XGTele,I2J6 − 10GTele,I2J5 − 3GTele,I2J3)− 6Ḣ(GTele,TvecI2 −GTele,T I2)

)
+Hϕ̈

(X
3
(−4GTele,I2J8 + 4XGTele,I2J6 − 10GTele,I2J5 − 3GTele,I2J3)− 6(GTele,TvecI2

−GTele,T I2)
)
+

1

9
ϕ̇ϕ̈
(
− 4GTele,J8 + 8XGTele,J6 − 10GTele,J5 − 3GTele,J3 +X(−4GTele,XJ8

+ 4XGTele,XJ6 − 10GTele,XJ5 − 3GTele,XJ3)− 18GTele,XTvec + 18GTele,XT

)
,

C̃6 = −1

9

[
9(G4 −GTele,T )− 2GTele,Tax + 3X(−6G4,X + 3G5,ϕ +GTele,J10 + 3GTele,J5 − 3Hϕ̇G5,X)

]
,

C̃7 =
1

9

[
X(6GTele,J10 − 4GTele,J8 + 4XGTele,J6 + 8GTele,J5 − 3GTele,J3)− 2(9GTele,Tvec + 2GTele,Tax)

]
,

C̃8 =
1

18

[
9(G4 −GTele,T ) + 2GTele,Tax − 3X(6G4,X − 3G5,ϕ + 4GTele,J10 − 6GTele,J5 + 3Hϕ̇G5,X)

]
,

C̃9 =
1

9

[
9GTele,Tvec + 2X(−2GTele,J8 + 2XGTele,J6 − 5GTele,J5 + 3GTele,J3)

]
,
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and no further steps are required since the system already has a diagionalised kinetic matrix.
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