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Abstract

The cosmological tensions following observational analysis as well as the late-

time cosmic accelerated expansion provide a solid motivation for the adequacy of

General Relativity as the primary theory for describing gravity. Under that novel

viewpoint, scalar-tensor theories are commonly utilized as the typical method for

investigating potential deviations from the ΛCDM model. Scalar-tensor theories

are among the most extensively examined topics of modified gravity since their

dynamical analysis reveals quite interesting behaviour associated with the various

eras of cosmic evolution. The capacity of scalar-tensor theories to elucidate dif-

ferent cosmological epochs validates the increasing interest of the scientific com-

munity in the Horndeski theory of gravity, which is considered the most general

scalar-tensor theory resulting in second-order field equations. The revival of the

Horndeski theory in its contemporary form has generated profound research be-

yond the standard model of cosmology involving the broader framework of scalar-

tensor theories. Following the detection of the GW170817 event, the constraints

imposed on the terms of the Horndeski Lagrangian served as a starting point for

its incorporation into Teleparallel Gravity. This results in the Teleparallel Analogue

of Horndeski theory, known as the BDLS theory, which is discussed in the cur-

rent thesis, followed by the classification of its models using the Noether Symme-

try Approach. The investigation of the BDLS cosmological perturbations is also

included along with their potential for further research on whether the No-go ar-

gument could be circumvented in a healthy manner. Furthermore, the Einstein

Gauss-Bonnet model is examined by utilizing a dynamical system approach. This

scalar-tensor theory contains a highly diverse phase space due to the inclusion of

the fourth-order Gauss-Bonnet invariant combined with the second-order scalar

field contribution. The critical points that emerge have the potential to enhance

our comprehension of cosmic evolution as they differ noticeably compared to those

already present in the literature.
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Introduction

Modifying gravity on cosmological scales has gained increasing momentum over the

past decade. This has been prompted by the advancements in theoretical frameworks,

particularly in higher-dimensional theories, alongside the development of constructing

renormalizable gravitational theories. Of equal importance is the significant progress

that has been made on the observational front. A critical element in that direction

has been the ability to measure the growth of structure at redshifts of z ≃ 0.8. These

measurements provide a means to evaluate and potentially reject numerous proposals

and models related to modified gravity. In addition, a wealth of ongoing research en-

deavours focus on examining the impact of gravitational modifications on the Cosmic

Microwave Background Radiation (CMB) measurements, weak gravitational lensing

and various other cosmological probes. After all, and from the theoretical viewpoint,

constructing a cosmological model is a crucial part of interpreting the current observa-

tional data as well as making predictions for the future.

Still, a consistent cosmological framework requires a relativistic theory of gravitation.

Einstein’s theory of GR had a pivotal role in the advancement made in the field of cos-

mology which could be regarded as one of the major achievements in the scientific

research of the twentieth century. The theory of GR presents a coherent and exhaustive
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interpretation of the concepts of space, time, matter and gravity. In contrast to classi-

cal mechanics which regards space and time as absolute entities, GR recognizes them

as dynamical quantities that are influenced by the presence and motion of matter and

energy. This leads to the central concept of GR that, while most forces are represented

by fields defined on spacetime, gravity is an intrinsic property of spacetime itself. This

distinctive perspective of physics paved the way for further insight and understanding

into the nature of the Universe [102], [135].

Einstein’s theory revolutionized our comprehension of the Universe by recognizing

it, for the first time, as a dynamical system conducive to physical measurements and

mathematical modelling [94]. Consequently, cosmology was integrated into a scientific

discipline. Further scientific endeavours in the field of cosmic evolution culminated

in the development of the widely accepted Standard Big Bang model, which, until re-

cently, encompassed the majority of cosmological observations.

Nevertheless, GR is a classical theory in physics and thus raises the question of

whether it could still be a fundamental theory when attempting to describe gravity

and spacetime at scales below the Planck length. Furthermore, although GR has well

passed all observational tests so far, there are some extra theoretical arguments indi-

cating that we might want to consider a more consistent theory of gravity. Space-time

singularities arise as a result of the principles of GR, appearing in the solutions of the

gravitational field. Although the presence of the Big Bang singularity has gained sig-

nificant attention in the fields of theoretical astrophysics and cosmology, there are valid

concerns regarding whether this mathematical concept could represent the actual state

of the Universe in the past. In addition, the flatness and horizon issues along with the

observed late-time accelerated expansion have led to the realization that the standard

model of cosmology based on the principles of GR is insufficient for correctly depicting

the Universe at extreme regimes [136], [8]. This fact prompts the scientific community

to question the exclusivity of GR as the only accurate theory for explaining gravitational

2



Chapter 1. Introduction

interactions.

One of the most intriguing challenges in contemporary cosmology is the Hubble

tension, which has gained significant attention and has become a highly debated topic

since its appearance almost a decade ago [52]. In simple terms, this tension stems from

the discrepancy between the values of the current expansion rate of the Universe de-

termined either indirectly through a model-dependent method utilizing data from the

angular scale of standard rulers or directly from the luminosity of standard candles.

The former method primarily involves observational measurements of the sound

horizon angular scales concerning the CMB and Baryonic Acoustic Oscillations (BAO).

Considering the standard model of cosmology, the ΛCDM model for the Universe, the

Planck collaboration has announced the value for the current cosmic expansion rate to

be H0 = 67.36 ± 0.54 km/s/Mpc at 68% confidence level [66].

The second method incorporates the luminosity of the type-Ia supernovae (SNIa),

calibrated by Cepheids and it is based on the distance ladder technique. In this par-

ticular context, the prominent contributor is the Supernovae H0 for the Equation of

State (SH0ES) collaboration [120]. The SH0ES collaboration has introduced an en-

hanced measurement of the cosmic expansion rate of H0 = 73.29 +±0.90 km/s/Mpc

[104], leading to a tension of 5.6σ in comparison to the result of the Planck collaboration

measurements.

Numerous researches have been undertaken aiming to ascertain the origin of the

Hubble tension. However, to date, no compelling explanation has been derived [60],

[81], [120]. The reevaluations of the Planck measurements and observational data from

the Hubble Space Telescope (HST) suggest that the discrepancy in the value of H0 is

probably not connected to systematics such as calibration inaccuracies or photometric

biases. As a result, several researchers in the cosmological field assume that the Hubble

tension is a strong motivation that triggers the investigation of new physics extending

beyond the standard ΛCDM model of cosmology.
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Over time, a variety of alternative theoretical models have been developed in an

attempt to resolve or even relax the Hubble tension. While several extensions of the

ΛCDM model can mitigate this tension, the bulk of existing observational data does

not provide significant support for any of them.

Following the aforementioned motivations and facts, multiple alternative theories

of gravity have been proposed. These theories aim to develop a semiclassical theoreti-

cal framework that can effectively reproduce the achievements of GR. One of the most

compelling approaches has resulted in the emergence of modified theories of gravity

[68], [80]. According to these theories, gravity may exhibit different behaviours on

larger or smaller scales when compared to the thoroughly tested behaviour in the mid-

dle range of the spectrum.

In theoretical physics, one of the most widely used methods of modifying gravity is

the Brans-Dicke theory [36]. The primary objective in this theory is the modification of

Einstein’s formulation of GR by integrating Mach’s principle into the theory. According

to Mach’s perspective, the average motion of distant celestial objects determines the

local inertial frames. This concept indicates that the gravitational coupling at a specific

point in spacetime is defined by the presence of matter in its vicinity. For this reason, it

eventually becomes a function of the spacetime coordinates and the notion of inertia as

well as the Equivalence Principle must be revised according to this perspective.

Following that reasoning, the Brans-Dicke theory suggested that the inertial masses

of the particles should not be considered as fundamental constants but rather as a man-

ifestation of their interaction with some cosmic fluid. However, the absolute scale of

elementary particle masses can be determined by measuring gravitational accelera-

tions. This leads to an equivalent conclusion that the gravitational constant must be

linked to the average value of a scalar field associated with mass density. This scalar

field, denoted as ϕ, is expected to originate from all forms of matter, much like gravity

itself. Consequently, one could interpret this theory as an extension of the gravitational
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field from a purely geometric perspective to one that incorporates both geometric and

scalar components.

To advance further, there is no requirement to restrict the gravitational Lagrangian

to solely being a linear function of the Ricci scalar minimally coupled to matter. It is

possible to construct and investigate more complex forms of the Lagrangian that can

include additional interactions and terms. The formulation of the Lagrangian could

incorporate higher-order terms of the curvature tensor, such as R2, RµνRµν, RαβµνRαβµν

as well as nonminimally coupling terms between a scalar field and the geometry.

The second of these scenarios outlines the framework of scalar-tensor theories, often

utilized as the representative method to describe deviations for GR. Scalar-tensor theo-

ries are among the most recognized and extensively studied alternatives in the existing

literature. The most general form of the Lagrangian for scalar-tensor theories which

leads to second-order field equations in four dimensions is the Horndeski theory of

gravity [77]. The Horndeski theory has been utilized in various ways to develop cosmo-

logical models of inflation and dark energy. The significance of the second-order field

equations present in that theory lies in their capacity to prevent higher-order deriva-

tives, which have the potential to cause ghost-like instabilities often encountered in the

development of theoretical models.

The formulation of the Horndeski theory in its modern form resulted from the de-

velopment of Galileon theories. This resurgence has prompted significant research be-

yond the standard model of cosmology utilizing the broad framework of scalar-tensor

theories. Moreover, the Horndeski theory could be regarded as an extension of GR in

the sense that provides the proper platform to explore modified gravity theories that

might address the limitations of General Relativity and bring novel insights to sev-

eral cosmological inquiries, such as Brans-Dicke, quintessence and dilaton to mention

a few. This fact explains the increased interest in Horndeski’s theory which has led to

numerous studies and applications of its principles in interpreting cosmological and

5
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astrophysical observations beyond GR in recent years [77], [87].

Regarding the first scenario, it includes gravity theories that are higher than second-

order in derivatives. These theories exhibit intriguing phenomenology and are fre-

quently proved to be more resilient to instabilities than initially thought.

However, it is crucial for any innovative theory that attempts to explain gravity to

adhere to certain requirements in order to gain credibility and be considered valid. To

begin with, the candidate theory must be able to reproduce the Newtonian laws in the

weak-field and slow-motion limits. Additionally, the new theory must be able to suc-

cessfully depict the known behaviours and properties of baryonic matter and radiation,

while also possessing the capacity to provide a coherent explanation for the develop-

ment of large-scale structures in the Universe. Finally, the theoretical model that is

being suggested needs to effectively forecast and elucidate the cosmological dynamics

in a consistent and reliable manner which aligns with the results obtained from obser-

vations. This would ensure that the model is able to provide accurate insights into the

mechanisms of cosmological evolution.

General Relativity is considered as the fundamental theory capable of meeting the

aforementioned requirements. It posits the integration of space and time into a space-

time configuration and interprets gravitational interaction as a modification in the ge-

ometry of spacetime. In this context, the notion of gravitational force is absent. Conse-

quently, geometry replaces gravity and the trajectories followed by particles are deter-

mined by geodesics rather than force equations as seen in electrodynamics.

Even so GR stands out as a fundamental theory describing interactions, yet without

adhering to the gauge model. In order to bridge the gap and develop a gauge theory for

gravity an alternative approach is to explore the principles of TG as it can be regarded as

a gauge theory for the translation group. The utilization of TG as a framework provides

a unique opportunity to study the dynamics of gravity under this new perspective.

According to TG, every point in spacetime is associated with a Minkowski tangent
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space where the translation operates. The gravitational interaction is now described in

a manner similar to the Lorentz force equation of electrodynamics with torsion having

the role of the force. This fact indicates a change in the way gravitational interactions are

understood and interpreted. In comparison to GR where geodesic equations dominate,

in TG the focus shifts towards force equations that play a crucial role in determining

the trajectories of the particles in spacetime [6], [17].

The reason that gravity can be approached by two equivalent descriptions can be

attributed to its unique feature of universality. Gravity, along with the other funda-

mental interactions in nature can be elucidated within the context of a gauge theory

which is Teleparallel gravity theory. Yet, the universality of free fall permits a geomet-

ric approach based on the Equivalence Principle, which is GR. From this point of view,

when considering the field equations, curvature and torsion serve as complementary

methods for defining the gravitational field, therefore the choice between a curved or a

torsioned spacetime becomes a matter of convention.

As TG is a gauge theory of the translation group, the primary field now is a connec-

tion which is the translational gauge potential with respect to which the variations of

the action are calculated. While GR also involves a connection, the Levi-Civita connec-

tion, it does not serve as an actual gravitational variable or a gravitational connection in

terms of classical fields. The rationale behind this fact is that the Levi-Civita connection

represents both gravitational and inertial effects.

At this point, it is noteworthy to mention that numerous researchers of the scientific

community propose that torsion might have been a contributing factor in the dynamics

during the early stages of the Universe. Following this concept, torsion could also have

generated observable impacts today. Indeed, the presence of torsion results in repulsive

contributions to the energy-momentum tensor, leading to cosmological models without

singularities. In addition, torsion possesses the ability to account for topological effects

that could manifest themselves today as intrinsic angular momenta of cosmic structures

7
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such as galaxies. Furthermore, the presence of torsion within the energy-momentum

tensor could potentially impact the spectrum of cosmological perturbations leading to

characteristic lengths of large-scale structures in the Universe. As a result, it could influ-

ence the overall spatial distribution of matter and energy and introduce new dynamics

into the study of cosmological evolution and structure formation.

The teleparallel approach of gravitation has been a concept known since the early

twentieth century. It was initially introduced and employed by Einstein in an unsuc-

cessful endeavour to merge electromagnetism and gravity. However, the formulation

of teleparallelism as a gravitational theory was established in the 1950s following the

publication of Møller’s work.

Currently, Teleparallel Gravity represents a significant amount of gravity theories,

especially focusing on advancements in the scalar-tensor sector, where the teleparallel

equivalent of the Horneski theory has been gaining recognition in the scientific com-

munity because of its much richer phenomenology when compared to the classical

Horndeski case. Due to the torsion tensor and its irreducible decomposition, a compre-

hensive collection of 14 new scalar invariants can now be included in the Lagrangian.

As a result of the novel term, Gtele which includes the scalar invariants in the La-

grangian, the severely constrained terms of the classical Horndeski theory can now

survive the limitations imposed by the Gravitational Wave (GW) propagation speed.

It is important to highlight at this point, that the classical Horndeski theory, which

is formulated using curvature and the Levi-Civita connection, is now to be considered

as a subcase of the teleparallel Horndeski theory. This fact indicates a multitude of

possibilities for theoretical advancements in the study of scalar-tensor theories within

the teleparallel framework.

Recent results and measurements in the realms of observational astrophysics and

cosmology, particularly in precision cosmology, are significantly shaping the progress

of novel theoretical models in the teleparallel framework. Furthermore, as observa-
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tional cosmology continues its evolution, it is approaching the critical boundary of the

region where GR must align effectively with measurements such as the late-time ten-

sions and uncertainties in the physics that govern the early stages of the Universe.

As several important issues have been resolved in the context of TG and there is

an increasing demand generated from cosmological observations for novel and viable

gravity theories, scientific research is highly motivated to enhance the perspectives and

interpretations of TG. The exploration of the teleparallel framework may allow for a

further investigation of the fundamental interactions in the cosmos and provide valu-

able insights into the mechanisms of the Universe. This ongoing process is essential for

minimising the distance between theoretical predictions and data obtained through ob-

servation and contributing to the advancement of our understanding of the Universe.

Chapter 2 of the present thesis introduces the fundamental principles of TG as a dif-

ferent theoretical framework for describing gravity. The analysis highlights the fact that

TG – a gauge theory of translations – associates gravity with torsion rather than curva-

ture which is the prevailing explanation in GR. As a result, TG assumes the presence of

a gravitational force instead of relying on geometrization leading to the absence of the

concept of geodesics. Subsequent to this, the second chapter elaborates on the formula-

tion of the Teleparallel analogue of Horndeski theory (BDLS) which is the main topic of

the thesis. Due to the 14 new scalar invariants resulting from the decomposition of the

torsion tensor and its contractions with the scalar field, BDLS theory provides a wide

range of phenomenology. Based on this fact, Chapter 2 concludes that the Lagrangian

of the BDLS theory could actually endure the GW propagation speed constraint. This

conclusion paves the way for exploring the polarization of GW in the BDLS framework,

thus serving as a promising foundation for future research.

Chapter 3 incorporates the mathematical concept of dynamical systems to analyze

the Einstein Gauss-Bonnet model of modified gravity. The novel approach here is that

we focus on how the solutions of the system are affected when the Einstein Gauss-
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Bonnet theory is required to be consistent with the GW speed constraint. The require-

ments of compatibility result in an autonomous dynamical system without the need

to make any assumptions about the various periods of cosmic evolution. The analysis

of the dynamical system results in a total of seven critical points. These critical points

provide a new viewpoint to understand the phenomenology of the Einstein Gauss-

Bonnet model. Among them, two critical points do not correspond to the stages of

the CDM model and most likely are associated with the early stages of the Universe.

Additionally, the third critical point is a stable one, dominated by the potential en-

ergy of the scalar field. The important feature of this critical point is that is related to

a phase of late-time accelerated expansion of the Universe and could play the role of

the attractor of the model. The dynamical system also has two critical points related

to scaling solutions where the energy density of the scalar field tracks the one of the

background. Nevertheless, when attempting to combine these two scaling solutions

with the third critical point, they fail to describe the evolution of the Universe in the

Einstein Gauss-Bonnet framework. The characteristics and stability properties of the

seven critical points provide a richer perspective on the dynamical behaviour of the

Einstein Gauss-Bonnet model, warranting further investigation in future studies.

Motivated by the extensive theoretical landscape of the BDLS theory, Chapter 4

delves into the investigation of the symmetries derived from the Noether symmetry

approach applied in BDLS. Since Noether’s theorem relates symmetries with conser-

vation laws, this approach improves the accessibility of accurate solutions that may

otherwise be difficult to obtain. The investigation starts with the formulation of the

point-like Lagrangian of the theory and the next step is the utilization of the Rund-

Trautman identity to the point-like Lagrangian. This results in a system of 62 equations

for the coefficients of the generator vector and the Gi functions of the BDLS theory.

Consequently, a diverse range of cases has emerged. Each of these cases describes a

different cosmological model necessitating an in-depth investigation to achieve a de-
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tailed understanding of its characteristics. The fourth chapter presents a set of four

cases to effectively demonstrate the advantages of the methodology being examined.

In each of these four cases, the Gi functions along with the coefficients of the generator

vector are presented which are the crucial ingredients for the development of a cos-

mological model in the BDLS context. The main objective of this study is to illustrate

the successful correlation between the functions defining various cosmological models

and the application of the Noether symmetry approach. The wide range of classifica-

tion cases has revealed the multitude of distinct cosmological scenarios, each with its

own features. This fact presents intriguing dynamics that warrant additional study and

investigation.

Chapter 5 investigates the cosmological perturbations in the BDLS framework on

a Friedmann-Lemaître-Robertson-Walker (FLRW) background while assuming a zero

spin connection for the tetrad. After formulating the equations of motion for the FLRW

background, we decompose the torsion tensor and calculate its contractions with the

scalar field for tensor, scalar and vector modes. The next step includes the expansion of

the action of perturbations up to the second order. Analyzing the second-order action

enables a detailed examination of each type of perturbation. This analysis is crucial for

broadening our understanding of how the different types of perturbation impact the

dynamical features of BDLS theory. The following stage of the perturbation analysis

is to prevent the emergence of instabilities. To accomplish this, we derive the con-

straint equations by varying the action with respect to the non-dynamical fields for

each type of perturbation. In that way we have the final form of the quadratic action

for tensor, scalar and vector modes, facilitating the derivation of the stability criteria

that guarantee the absence of ghosts and gradient instabilities in the theory. The fifth

chapter also provides an in-depth study of the power spectrum related to scalar and

tensor perturbations. The study of the power spectrum allows a detailed examination

of the inflationary models in the context of BDLS and also enables the calculation of the
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tensor-to-scalar ratio related to the slow roll parameters. In addition, this chapter dis-

cusses the use of the α-parametrization in the perturbation analysis. Through the four

time-dependent αi(t) functions the perturbation results can be presented in an easy and

accessible manner that can be readily comprehended within the academic community.

Chapter 6 of the thesis investigates the possibility of having healthy non-singular

cosmological models in the BDLS framework thereby circumventing the No-go the-

orem. The classical Horndeski theory enables the generation of bouncing solutions,

however, these solutions are plagued with pathologies in the tensor sector. Because of

the novel Lagrangian contribution, Gtele, in the BDLS theory it is possible to develop

healthy non-singular models and this new possibility would have a significant positive

impact on the BDLS framework. Nonetheless, the probability of accomplishing this aim

remains uncertain and also the BDLS evading solutions may be relevant only to certain

scenarios. The sixth chapter demonstrates three BDLS toy models that offer a way to

evade the No-go theorem while meeting the GW propagation speed constraint. In these

three models, the cosmological perturbation results of Chapter 5 were incorporated. In

addition, the first two models use a power law bouncing scale factor while for the third

model, we use a scale factor which is an exponential function of the cosmic time. In all

these toy models the Gtele term is a simple function of the torsion scalar along with the

scalar invariants of the BDLS theory and the expressions of G4 and G5 are not trivial

ones. The evasion of the No-go theorem with these three BDLS toy models presents a

perfect starting point for exploring the research even more.
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2

The Teleparallel analogue of
Horndeski theory

This chapter first provides an overview of the fundamental concepts and principles of

the Teleparallel Gravity theory and then discusses the development of the analogue

of Horndeski’s theory within the teleparallel context. Additionally, it examines the

necessary conditions and constraints that the emerging theory must fulfil to establish

its validity.

2.1 | Teleparallel Gravity

Gravitation distinguishes itself among the four fundamental interactions inherent in

Nature. Its origin lies in energy-momentum and it assumes a unique description in

GR where gravitational phenomena coalesce with inertia. The other three recognized

interactions – electromagnetic, weak and strong forces – are defined by renormalised

quantum field theories – the Standard Model – and exhibit remarkable agreement with

experimental results. However, gravitation is the only interaction which deviates from

conforming to the gauge context and efforts of quantize GR are so far unsuccessful.

[113], [105]. In addition and despite achieving notable success, the ΛCDM model based
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on the principles of GR, faces numerous weaknesses that could be exploited. The in-

vestigation for determining the origin of the late-time accelerated expansion of the Uni-

verse along with the Hubble tension, presents two considerable challenges in the field

of contemporary cosmology. The previously outlined issues define a compelling case

for the scientific community to explore alternative methods and tactics in creating an

acceptable cosmological scheme.

Teleparallel Gravity (TG), a gauge theory of translations, is one such approach,

which involves transforming curvature-based theories of gravity to torsion-based ones.

In TG, we replace the Levi-Civita connection with the teleparallel, torsion-full connec-

tion which complies with the metricity condition [6]. This change in the geometric

framework leads to the conclusion that the Ricci scalar R̊ (over-circles denote quanti-

ties calculated with the Levi-Civita connection) is dynamically equivalent to the torsion

scalar T up to a boundary term B. The presence of this fact guarantees that GR is equiv-

alent to a Teleparallel Equivalent of General Relativity (TEGR) [17], [91].

Although equivalent, there is a clear distinction between the two theories in terms

of their conceptual framework. GR employs the notion of curvature to geometrize the

gravitational interactions; geometry replaces the concept of gravity and the trajecto-

ries are defined through geodesics rather than force equations. On the other hand, TG

assigns gravity to torsion not by utilizing geometrization, but through the action of a

force. Consequently, TG does not involve geodesic equations, instead it employs force

equations similar to the Lorentz force equations of electrodynamics.

In TG, similar to any other theory of gravity, the gravitational interactions are eluci-

dated using the concept of the tangent space, which is a Minkowski space conventionally

prescribed as nAB. In this context and for each point within the four-dimensional space-

time, we can establish four vector fields eA, that collectively constitute an orthonormal

basis in the tangent space. These frame fields operate as the general linear bases on the

differentiable manifold of spacetime. The complete assemblage of such frames, with
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the essential prerequisites for constructing a differentiable manifold, forms the bundle

of linear frames. At each point of spacetime, a frame field establishes a basis for the

vectors residing within the tangent space. The components of these fields, namely eA
µ,

correspond to the tetrad fields which comprise a non-degenerate matrix and they relate

Minkowski tangent space to the spacetime manifold,

gµν = eA
µ eB

ν ηAB and ηAB = EA
µ EB

ν gµν (2.1)

where EA
µ is the inverse tetrad field. Here, Greek indices pertain to the coordinates of

spacetime while Latin indices signify the Minkowski space.

The frame components, eA
µ, meet the following orthogonality conditions :

eA
µ EB

µ = δA
B and eA

µ EA
ν = δν

µ , (2.2)

It is worth mentioning that the tetrad fields along with their bundles are integral com-

ponents of spacetime; they are inherently present once the spacetime is defined as a dif-

ferentiable manifold. In addition, the bundle of linear frames exhibits the key property

of soldering, facilitating the link between the tangent space tensors (internal tensors)

with the space-time tensors (external tensors). As an example, consider the Lorentz

vector uB and the corresponding spacetime vector uµ. The relation between them, on

account of the soldering property, is defined as

uµ = EB
µ uB (2.3)

To ensure the covariant property of objects under general coordinate and gauge

transformations, it is essential to introduce a connection leading to derivatives with

well-defined tensorial behaviour under point-dependent transformations. Considering

the linear group GL(4, R) of transformations and particularly the Lorentz group SO(3, 1)

the related connection is the Lorentz connection, ωµ, defined on the bundle of linear

frames. The existence of the property of soldering in that bundle leads to the presence

of torsion for every connection.
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A Lorentz connection, also known as the spin connection, assumes values in the Lie

algebra of the Lorentz group,

ωµ =
1
2

ωAB
µ SAB, (2.4)

where SAB is a representation of the Lorentz generators, antisymmetric in the algebraic

indices, a property that the spin connection inherits. Through the spin connection, ωµ,

one is able to define the Fock-Ivanenko covariant derivative,

Dµ = ∂µ −
i
2

ωAB
µ SAB (2.5)

While the Fock-Ivanenko derivative can encompass all kinds of fields, both tensorial

and spinorial, the covariant derivative, ∇µ, is limited to tensorial fields only. As a result,

when describing the correlation between spinor fields and gravitation, it is mandatory

to employ the Fock-Ivanenko derivative [132].

When considering the relevant general linear and spacetime-indexed connection to

each spin connection under the soldering process, it becomes necessary to acknowl-

edge its non-tensorial character. Consequently, this leads to the emergence of a non-

homogeneous term and yields the following result [5]:

Γλ
νµ = EA

λ ∂µ eA
ν + EA

λ ωA
Bµ eB

ν = EA
λ Dµ eA

ν, (2.6)

which encapsulates the fact that the total covariant derivative of the tetrad with con-

nection terms for both internal and external indices vanishes,

∂µ eA
ν + ωA

Bµ eB
ν − Γλ

µν eA
λ = 0 (2.7)

It should be emphasized that the tetrad and the spin connection describing the

geometry are not uniquely defined by the metric and affine connection. Under a lo-

cal Lorentz transformation, ΛA
B(x), of the tetrad alone, the connection coefficients of

Eq.(2.6) are not invariant, unless the transformation is global, ∂µΛA
B = 0. To ensure
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that the connection is invariant when subjected to local Lorentz transformations, it is

necessary to transform the spin connection as well, which undergoes the rule:

ω′A
Bµ = ΛA

C(x)ωC
Dµ ΛB

D(x) + ΛA
C(x) ∂µΛB

C(x) (2.8)

Consequently, the tetrad and spin connection constructing a specific metric-affine ge-

ometry, are uniquely determined up to a local Lorentz transformation. This Lorentz

gauge freedom becomes significant when incorporating a flat, metric-compatible spin

connection. In this scenario, it is always feasible, at least locally, to select a gauge in

which the spin connection vanishes identically, ωA
Bµ = 0. This particular gauge is

referred to as the Weitzenböck gauge [72], [138].

In the TG context, the substitution of the Levi-Civita connection with the telepar-

allel connection leads to a significant change. One result of this procedure is that the

Riemann tensor of the theory will become zero. Essentially, by altering the underlying

connection, the geometrical structure is transformed, causing the Riemann tensor to

lose its previous non-zero values of GR. However, the presence of the torsion tensor is

guaranteed and is the antisymmetric part of the affine connection coefficients

TA
µν := 2 ΓA

[νµ] (2.9)

Under the Lorentz group, the torsion tensor is capable of being decomposed into

three distinct components which are irreducible by nature. These components include

the axial part, the vector part and the purely tensorial part as follows [11]:

aµ :=
1
6

ϵµνλρ Tνλρ , (2.10)

vµ := Tλ
λµ , (2.11)

tλµν :=
1
2
(

Tλµν + Tµλν

)
+

1
6
(

gνλ vµ + gνµ vλ

)
− 1

3
gλµ vν , (2.12)

where ϵµνλρ is the totally antisymmetric Levi-Civita tensor density in four dimensions.
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Figure 2.1: Geometric representation of the concepts of curvature and torsion. The
image on the left demonstrates how curvature causes a vector to change when it is par-
allel transported along a closed curve. In the presence of torsion, the process of parallel
transport does not exhibit symmetry when the transported vector and the direction of
the transport are exchanged, as illustrated in the image on the right [17], [28].

The previously stated process of decomposing the torsion tensor has a critical role

in facilitating the formation of the scalar invariants :

Tax := aµ aµ = − 1
18

(
TλµνTλµν − 2 TλµνTµλν

)
, (2.13)

Tvec := vµ vµ = Tλ
λµ Tρ

ρµ , (2.14)

Tten := tλµν tλµν =
1
2

(
TλµνTλµν + TλµνTµλν

)
− 1

2
Tλ

λµTρ
ρµ (2.15)

These three scalars are considered to be the most comprehensive torsion invariants,

showcasing their utmost generality. Being quadratic in the torsion tensor, these scalars

could be merged to yield the following formula of the torsion scalar :

T :=
3
2

Tax +
2
3

Tten −
2
3

Tvec (2.16)

Apart from the torsion tensor, TG theory enables the establishment of tensors with

comparable importance. The contortion tensor serves as an exemplification of such a

case. It is defined as the difference between the Levi-Civita connection Γ̊σ
µν and the
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teleparallel connection Γσ
µν [6]

Kσ
µν := Γσ

µν − Γ̊σ
µν =

1
2
(
Tµ

σ
ν + Tν

σ
µ − Tσ

µν

)
, (2.17)

and thus it is possible to establish a relation between TG and theories of gravity

based on curvature and the Levi-Civita connection.

Likewise, the incorporation of the superpotential tensor as a Hamiltonian boundary

term related to the gravitational energy-momentum pseudotensor, defined as

SA
µν := Kµν

A − EA
ν TAµ

A + EA
µ TAν

A (2.18)

An interesting property of the torsion scalar is that it can be expressed as [11, 17]

T := SA
µν TA

µν, (2.19)

which is a combination of the superpotential and torsion tensor.

The torsion scalar which is obtained using the teleparallel connection is ultimately

equivalent to the Ricci scalar as computed in GR up to a divergence term B [17, 6, 10]

R̊ = −T +
2
e

∂µ ( e Tλ
λ

µ ) = −T + B, (2.20)

where R̊ refers to the Ricci scalar calculated using the Levi-Civita connection and the

determinant of the tetrad field, e, is given by e = det(eA
µ) =

√−g.

The meaning of Eq.(2.20) implies that the field equations obtained from a Lagrangian

including the torsion scalar would be identical to those derived from the Einstein-

Hilbert action of GR. The presence of the term B establishes a dynamical equivalence

between these two theories, leading to the formulation of the TEGR.

Therefore, the action in the context of TEGR is as follows [17]:

STEGR = − 1
2κ2

∫
d4x e T +

∫
d4x eLm (2.21)

where κ2 = 8πG and Lm is the Lagrangian for the matter fields.
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Because of their dynamic equivalence, the field equations derived from the varia-

tion of Eq.(2.21) concerning the tetrad and spin connection allow for all the same so-

lutions as in GR. In the case of TEGR and as the tetrad and spin connection assume

the role of fundamental variables, they possess independent degrees of freedom (DoF)

and thus could in principle be determined by additional equations. However, the spin

connection in TEGR is related to DoF that are connected to the Lorentz group and do

not affect the number of dynamical equations. As a consequence, the field equations

for the spin connection are identically satisfied.

Figure 2.2: The dynamical equivalence between the two theoretical frameworks of TG
and GR. The arrow connecting the two frames in the image corresponds to Eq.(2.20)
which represents the relationship between the Ricci scalar of GR and the torsion scalar
of TG [17].

2.2 | Horndeski theory in General Relativity

Lovelock’s theorem asserts that the field equations of GR are the sole second-order

Euler-Lagrange equations derived from a local gravitational action involving only the

second derivative of the four-dimensional spacetime metric [49], [96], [97]. In light of

the rationales presented earlier and to advance GR, it is important to relax the assump-

tions of Lovelock’s theorem. For instance, to consider other fields rather than the metric

tensor or to accept higher than second-order derivatives of the metric. Furthermore, to

employ dimensionality other than four or even relinquish the demand for divergence-

free field equations. However, the easiest method to loosen Lovelock’s assumptions is
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to introduce an additional DoF, specifically a scalar field alongside the metric.

The Horndeski theory is the most general scalar-tensor theory which has been ex-

tensively employed due to its ability to generate second-order field equations in four

dimensions. This theory includes a single scalar field as a new DoF, with the computa-

tion of the Lagrangian relying on the Levi-Civita connection of GR [77], [87].

In four dimensions the Lagrangian of Horndeski theory that produces field equations

of second order for both the scalar field ϕ and the metric gµν is [56]

L =
5

∑
i=2

L̊i (2.22)

with,

L̊2 = G2(ϕ, X) (2.23)

L̊3 = −G3 (ϕ, X) □̊ ϕ (2.24)

L̊4 = G4(ϕ, X)R̊ + G4X(ϕ, X) [ (□̊ϕ)2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ ] (2.25)

L̊5 = G5(ϕ, X) G̊µν∇̊µ∇̊νϕ − 1
6

G5X(ϕ, X) [ (□̊ϕ)3 + 2 ∇̊ν∇̊µϕ ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ

− 3 □̊ϕ ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ ] (2.26)

The over-circles denote calculations using the Levi-Civita connection of GR. The

terms G2, G3, G4 and G5 are functions that depend on the scalar field and the kinetic

term X and can vary arbitrarily. When calculating the kinetic term, the Levi-Civita

connection covariant derivative of ϕ is utilized, X = − 1
2∇̊µϕ ∇̊µϕ. In addition, the

d’Alembertian operator can be expressed as □̊ = ∇̊µ∇̊µ. By strategically choosing

the functions outlined in Eqs (2.23)-(2.26), we are able to reproduce any second-order

scalar-tensor theory. For instance, with the special choice of G4 = M2
Pl/2 we can for-

mulate the Einstein-Hilbert action, while for the G4 = f (ϕ)R, a nonminimal coupling

can be achieved. In addition, the G2 term is used in building k-essence models. The G3

term has been studied within the framework of kinetic gravity braiding. This is a novel
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aspect of modifying gravity where the scalar equation of motion involves the second

derivative of the metric and vice versa [57].

Regarding the existence of the Ricci scalar, R̊, and the Einstein tensor G̊µν in the

previous formulation, it is important to address a specific observation. When gravity

is introduced into the theory, the process of covariantization occurs by promoting ηµν

to gµν and ∂µ to ∇̊µ. Nonetheless, this approach produces field equations with higher

derivatives which could potentially lead to instabilities. To mitigate this concern, the

inclusion of terms dependent on curvature becomes necessary. This inclusion justifies

the presence of R̊ and G̊µν as counter terms, thereby ensuring that the derived field

equations are genuinely of second order.

2.3 | Horndeski theory in Teleparallel Gravity

The theory of Horndeski distinguishes itself as the most comprehensive four-dimensional

scalar-tensor theory of gravity. Its foundation lies in contracting the metric tensor with

a scalar field, leading to the emergence of field equations of second order.

The dependence of Horndeski’s gravity on the Levi-Civita connection should not be

regarded as an unquestionable postulate of the theory. Therefore, it could be replaced

by a connection originating from an alternative theory linked to a distinct geometry,

and, on a broader scale, a dissimilar perspective of the nature of gravity. Based on that

argument, substituting the Levi-Civita connection with the torsion-full connection of

TG is a logical progression towards creating the teleparallel analogue of the Horndeski

theory. However, advancing this theory within the TG framework involves more than

just changing connections. In this approach, several requirements must be taken into

account to ensure the validity of the new theory [13], [17].

Firstly, it is necessary to ensure that the field equations do not exceed the second-

order in the derivatives of the tetrad fields to prevent the occurrence of ghost-like insta-
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bilities. Another important aspect is the requirement for a covariantization technique

for the scalar field ϕ from the tangent space to general manifolds. As indicated by the

contortion relation presented in Eq.(2.17), both TG and GR exhibit equivalent coupling

procedures. Taking this into consideration, the covariantization method in TG is

∂µ → D̊µ ≡ ∇̊µ (2.27)

where D̊ is the Levi-Civita covariant derivative calculated with the tetrads. The outcome

matches the one calculated in GR, guaranteeing that in the TG theory, the Horndeski

gravity will retain the same contributions as described in Eqs.(2.23)-(2.26). However,

the switch of the connection will inevitably incorporate extra terms in the ultimate

expression of the Lagrangian in the teleparallel context.

To determine those additional terms, it is necessary to take into account the contrac-

tions of the irreducible components of the torsion tensor, denoted in Eqs.(2.10)-(2.12),

together with a scalar field ϕ. Under the analysis presented in [13], the linear contrac-

tions of the irreducible parts result in the following family of scalars :

I1 = tµνσ ϕ;µ ϕ;ν ϕ;σ (2.28)

I2 = υµϕ;µ (2.29)

I3 = aµ ϕ;µ (2.30)

Each of these scalar quantities must remain invariant when subjected to parity trans-

formations. Consequently, I3 cannot be included in the set as it violates parity. Further-

more, due to the antisymmetry of the torsion tensor in its last two indices, I1 vanishes

leaving only I2 as the surviving scalar of the set.

Following the same reasoning for the quadratic contractions of the torsion tensor, it

is worth noting that the theorem of Lovelock explicitly prohibits the inclusion of any

additional term in the general relativistic version of Horndeski’s theory. Conversely, in

the TG scenario, an infinite array of terms can be constructed, contributing to the formu-

lation of second-order field equations. Yet, the attributing of physical meaning to these
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higher-order terms is severely doubtful. Therefore, the scalar invariants have been con-

strained to encompass no more than quadratic contractions of the torsion tensor.

As a result, the additional terms in the Lagrangian should initially include Tax, Tvec

and Tten of Eqs.(2.13)-(2.15). Following that, the entire family of quadratic contractions

of the torsion tensor with the scalar field can be established. By retaining solely those

scalars that remain invariant under parity transformations, the resulting outcome can

be summarized in the following manner :

J1 = aµ aν ϕ;µ ϕ;ν , (2.31)

J2 = υµ υν ϕ;µ ϕ;ν (2.32)

J3 = vσ tσµν ϕ;µ ϕ;ν , (2.33)

J4 = υµ tσµν ϕ;σ ϕ;ν (2.34)

J5 = tσµν tσ
α

ν ϕ;µ ϕ;α , (2.35)

J6 = tσµν tσ
αβ ϕ;µ ϕ;ν ϕ;α ϕ;β , (2.36)

J7 = tσµν tαβ
σ ϕ;µ ϕ;ν ϕ;α ϕ;β (2.37)

J8 = tσµν tσµ
α ϕ;ν ϕ;α , (2.38)

J9 = tσµν tαβρ ϕ;σ ϕ;µ ϕ;ν ϕ;α ϕ;β ϕ;ρ (2.39)

J10 = ϵµ
νσρ aν tαρσ ϕ;µ ϕ;α , (2.40)

In the above collection, J9 vanishes because of the antisymmetry property of the

torsion tensor in its last two indices. Furthermore, J2 = I2
2 , J3 = J4 and J7 = −2J6

due to tσµν + tµµσ + tνσµ = 0 and thus only seven scalars remain that contain quadratic

contractions of the torsion tensor and scalar field derivatives.

Following the above analysis, it is evident that a new component needs to be in-

corporated to accommodate the newly constructed scalar invariants of the theory. The

upcoming presentation will demonstrate each contribution of the Lagrangian and its

modifications made in the TG context.
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The first Lagrangian term shares an identical structure as the one observed in the

classical Horndeski theory of GR, and is

L2 = G2(ϕ, X), (2.41)

where the calculation of the kinetic term X was relied upon the use of tetrads,

X := − 1
2 D̊µϕ D̊µϕ = − 1

2 ∂µϕ ∂µϕ.

After implementing the coupling recipe provided in TG, the next Lagrangian term

possesses a comparable structure as well, leading to

L3 = −G3 (ϕ, X)□ ϕ. (2.42)

The d’Alembertian operator maintains its Levi-Civita formulation resulting from the

coupling procedure, evaluated via the tetrad fields, □ := D̊µ D̊µ = ∇̊µ ∇̊µ.

In line with the reasoning stated above regarding the coupling recipe, the next term

of the Lagrangian will conform to Eq.(2.20), thereby yielding the following :

L4 = G4(ϕ, X)(−T + B) + G4X(ϕ, X) [ (□ϕ)2 −∇µ∇νϕ∇µ∇νϕ ] (2.43)

When considering the final contribution to the Lagrangian, it becomes necessary

to substitute the Einstein tensor with its teleparallel equivalent, denoted as Gµν, which

ultimately yields the following result :

L5 = G5(ϕ, X) Gµν∇µ∇νϕ − 1
6

G5X(ϕ, X) [ (□ϕ)3 + 2∇ν∇µϕ∇ν∇λϕ∇λ∇µϕ

− 3□ϕ∇µ∇νϕ∇µ∇νϕ ] (2.44)

Upon examining the definitions of L4 and L5 terms, it becomes evident that the cou-

pling prescription when merged with the equivalence of torsion and Ricci scalars yields

identical counter terms to those observed in the classical Horndeski scenario. Never-

theless, the correlation between each term of the classical Horndeski Lagrangian fails to

encompass the entirety of the concept at hand. Incorporating a novel Lagrangian term
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is imperative to encapsulate the complete array of contractions, leading to second-order

field equations. Uniquely manifested in TG theory, this new term, referred to as Ltele, is

Ltele := Gtele (ϕ, X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10) , (2.45)

Therefore, the Lagrangian associated with the BDLS theory [13], can be expressed

as

LBDLS =
5

∑
i=2

Li + Ltele , (2.46)

The theory being discussed here is the most general theory involving a scalar field,

leading to second-order field equations concerning the derivatives for both the tetrad

and the scalar field. It is evident that to restore the classical Horndeski theory and its

subclasses, the newly introduced term, Ltele must be set equal to zero. In particular,

when the teleparallel Lagrangian term is zero and with the conditions of G4 = 1, G5 =

0, one could derive the kinetic braiding theory of gravity [58]. Continuing along the

same vein, under the conditions of G3 = G5 = 0 and G4 = G̃4(ϕ), the generalized

Brans-Dicke theory can be formulated [116] while for G̃4(ϕ) = 1 we could also derive

the quintessence modified theory [8] as special case of the classical Horndeski theory.

When the Ltele term is not zero, the BDLS theory could lead to the most important

of the modified teleparallel theories studied in the literature by taking certain com-

binations for the Lagrangian terms. In the case of G2 = G3 = G4 = G5 = 0 and

Gtele = c1Tax + c2Tten + c3Tvec, then one could derive the theory known as New General

Relativity (NGR) [75]. For c1 = 3/2, c2 = 2/3 and c3 = −2/3, the NGR Lagrangian

reduces to that of the TEGR. In addition, when Gtele = f (T), where f (T) is an arbitrary

function of the torsion scalar T, we can formulate the f (T) theory of teleparallel gravity

which can lead to an interpretation of the late-time acceleration of the Universe while

including the description of radiation and matter dominated eras [41].

Another avenue in the BDLS context is to set G3 = 0, G5 = 0, G4 = G̃4(ϕ) while

the Gtele is a function of the torsion scalar and the boundary term B [10]. The f (T, B)
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modified theory is a generalization of TEGR. When the function f is independent of the

boundary term, it leads to the f (T) theory. Additionally, if the combination of −T + B

appears in the argument of the function we can recover the standard f (R̊) theory of

modified gravity.

The inclusion of the novel Lagrangian term, Ltele, enables BDLS theory to offer an

explanation for the accelerated expansion of the late Universe without necessitating the

presence of the cosmological constant. In addition, BDLS has the potential to describe

different evolutionary eras in cosmic history and approach the inflationary process.

Moreover, the Ltele term enables the generation of numerous novel teleparallel the-

ories. It would be beneficial to conduct a comprehensive analysis of these newly for-

mulated theories, focusing on both cosmological and astrophysical aspects. In the same

line of thought, exploring the constraints arising from large-scale structures could lead

to the enhancement of physically viable choices for the BDLS Lagrangian.

In summary, BDLS theory encompasses the conventional Horndeski gravity but it

also has the capacity to advance it further by simply modifying the underlying geomet-

rical framework.

2.4 | BDLS Theory after GW170817

Recent gravitational wave observations by the LIGO Collaboration with an upper limit

of |cg/c − 1| ≳ 10−5 have placed stringent constraints on Horndeski gravity. This

section discusses the analysis of gravitational wave propagation within the context

of the Teleparallel analogue of Horndeski gravity. It is demonstrated that within this

framework is feasible to construct a broader Horndeski gravity model without elimi-

nating the highly constrained terms G4(ϕ, X) and G5(ϕ, X).
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2.4.1 | The Gravitational Wave Propagation Equation

As outlined by the principles of GR, compact concentrations of energy, such as neu-

tron stars and black holes, are expected to significantly distort spacetime. Any alter-

ation in the shape of these energy concentrations is predicted to generate a dynami-

cally evolving deformation that propagates at the speed of light. This phenomenon of

propagating distortion is defined as a gravitational wave (GW) [131]. The distortions

can be elucidated through tensor perturbations of the metric. Tensor perturbations are

characterized by the functions h+ and h× presumed to be both small and operating as

the dual components of a traceless, divergenless and symmetric tensor Hij [63].

To acquire the GW propagation equation, it is advisable to begin by examining a

cosmological background that is spatially flat, ds2 = −dt2 + a2(t)(dx2 + dy2 + dz2). The

metric perturbations about this background can then be defined as gµν → gµν + δgµν,

with the constraint that the magnitude of δgµν is very small, i.e. |δgµν| << 1.

The tensor perturbations of the metric, at first-order perturbation level, can be de-

scribed as δgµν = a2 δi
µ δ

j
ν hij, with i, j to account for the spatial indices. Within this

context, the general form of the propagation equation in a zero-curvature cosmological

background, [121], [17], assumes the following form :

..
hij + ( 3 + αM )H

.
hij − ( 1 + αT )

k2

a2 hij = 0, (2.47)

where H =
.a/a is the Hubble parameter, αM = 1

H M2
∗

dM2
∗

dt is the Planck mass running

rate which describes the rate of evolution of the effective Planck mass. This term con-

tributes to both tensor and scalar perturbations and its time evolution in the Jordan

frame leads to the appearance of anisotropic stress. The function αT = c2
T − 1 is the

excess speed tensor. It is related to the propagation speed of GW and signifies any

deviation of the propagation speed from the speed of light. [71], [26].

The collective findings of GW170817 and its electromagnetic counterpart impose

stringent constraints on the upper limit of aT with deviations of a maximum of one part
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in 1015 [3]. These constraints are contradictory to the most attractive versions of the

standard Horndeski theory due to the significant disparities between their propagation

speed and the speed of light. Quartic and quintic Galileon models, de-Sitter Horndeski

and the Fab Four have been extensively studied as they offer compelling scenarios that

encompass well-behaved inflationary stages and diverse phenomenology during the

cosmological history. In light of this circumstance, several theories have emerged that

transcend the conventional Horndeski. Conversely, the present investigation endeav-

ours to ascertain the extent to which the BDLS theory can uphold the original spirit of

the Horndeski theory of gravity.

Considering that the variables in Eq.(2.47) rely on the model being used, it becomes

essential to utilize the tetrad perturbation approach when operating within the BDLS

framework. In theories built upon tetrads the perturbation of the background tetrad,

denoted as eA
µ, without the inclusion of the spin connection, is expressed as

eA
µ → eA

µ + δ eA
µ. (2.48)

The diagonal tetrad eA
µ in the given context is defined as eA

µ = diag(1, a(t), a(t), a(t)),

where a(t) is the scale factor of the Universe. It is important to note that this tetrad

corresponds to a spatially flat FLRW cosmology. In this setting, the tetrad perturbation

related to the tensor modes is

δeK
µ =

1
2

δi
µ δKj hij, (2.49)

By replacing the above quantities into the field equations, which are obtained from the

Euler-Lagrange equations for the background variables and hij, the resultant formula

can be contrasted to Eq.(2.47). Although it requires considerable effort, this technique

has the potential to explore the characteristics of GW propagation in any modified the-

ory of gravity. The excess speed tensor can be expressed as [17], [14], [26], [71]

aT =
2 X
M2

∗

(
2 G4,X − 2 G5,ϕ − G5,X (

..
ϕ −

.
ϕ H) − 2 Gtele,J8 − 1

2
Gtele,J5

)
(2.50)
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and the effective Planck mass is defined as

M2
∗ = 2(G4 − 2X G4,X + X G5,ϕ −

.
ϕXHG5,X + 2XGtele,J8 +

1
2

XGtele,J5 − Gtele,T) (2.51)

There are only three scalars that survive in this setting and contribute to the formulation

of Gtele, which are T = 6H2/N2, Tvec = −9H2/N2 and I2 = 3H
.
ϕ/N2.

From the expression provided in Eq.(2.50), it becomes clear that the inclusion of the

Gtele term has the potential to reintroduce cosmological models that were previously

excluded due to the constraint of the GW propagation speed. By setting aT = 0, which

corresponds to the propagation speed being equal to the speed of light, this revival

becomes achievable. Consequently, this new constraint effectively transforms every

standard Horndeski model into a collection of solutions, thereby, broadening the range

of possibilities in the current framework.

By using Eq.(2.50), both the standard Horndeski models and potential new ones can

be restricted in terms of GW propagation speed, when solving for the Gtele contribution.

2.4.2 | Reviving Horndeski after GW170817

The GW170817 event – the first detection of GWs from the inspiral of a binary neutron

star – was observed by the two Advanced LIGO detectors and the Advanced VIRGO

detector. This event was followed by the detection of GRB170817A, a gamma-ray burst

observed by the Fermi Gamma-Ray Burst Monitor and INTEGRAL. The observation

of a GW and its electromagnetic counterpart confirm the beginning of a new era in

discoveries using multimessenger observations [3]. The detection of the GW170817

event imposes a significant limitation on the GW propagation speed when compared

to the speed of light [2], as indicated by

−3 · 10−15 ≲ cg − 1 ≲ 7 · 10−16, in c = 1 units (2.52)

where this constraint corresponds to aT = 0 in Eq.(2.50).
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In the conventional Horndeski gravitational framework, where Gtele equals zero,

the aforementioned condition has the potential to eliminate numerous cosmological

models. To be precise, according to Eq.(2.50), the subsequent conclusion holds :

aT = 0 ⇒ G4(ϕ, X) = G4(ϕ) and G5(ϕ, X) = const. (2.53)

If Gtele is not equal to zero, the application of the same constraint on the propagation

speed of GW is necessary for the validity of BDLS theory. To examine further, it is

essential to equate the aT term in Eq.(2.50) to zero. As elucidated by the authors in [14]

when the constraint aT = 0 holds in the BDLS framework, the outcome is

G5 = G5(ϕ) (2.54)

Gtele = Gtele(ϕ, X, T, Tvec, Tax, I2, J1, J3, J6, J8 − 4J5, J10), (2.55)

with the G4 term to depend on both the scalar field ϕ and the kinetic term X.

As a result, the ultimate form of the BDLS Lagrangian which satisfies the condition

of GWs travelling at the speed of light, becomes

L =G2(ϕ, X) + G3 (ϕ, X)□ ϕ + G4(ϕ, X)(−T + B) +

G4,X(ϕ, X) [ (□ϕ)2 − ϕ;µν ϕ;µν + 4J5] + G5(ϕ, X) Gµν ϕ;µν − 4J5 G5,ϕ+

Gtele(ϕ, X, T, Tvec, Tax, I2, J1, J3, J6, J8 − 4J5, J10) (2.56)

The inclusion of the functions G4(ϕ, X) and G5(ϕ) in the Lagrangian stated above

reveals a notable development, as these functions were previously omitted from the

standard Horndeski theory. It is crucial, at this point, to observe the newly introduced

terms that are proportional to J5. This correction has been incorporated to guarantee

that aT = 0. Consequently, numerous significant models could potentially meet the

constraint of GWs without necessitating any modification of the functions G4 and G5.

The detection of GW indicates a new era in modern astrophysics and cosmology

due to the fact that the underlying gravitational theory defines not only the features of
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GW such as the propagation speed and polarization but also the characteristics of the

background on which they propagate. As a result, by analyzing the properties of the

GWs we can impose constraints on the range of gravitational theories and also establish

a method to distinguish them.

In particular, the investigation of GW polarization is a crucial evaluation of gravity

that has not been thoroughly studied yet compared to other properties of GWs like their

propagation speed. In [16] the authors examined the properties of the DoF related to

the BDLS theory within a Minkowski background and they concluded to a maximum

of seven propagating DoF. Since the propagating DoF can be expressed as polarization

modes of the GWs, the authors in [16] have concluded that BDLS theory includes an

additional breathing mode in the polarization for the massless sector in comparison to

the classical Horndeski gravity [78]. This fact leads to a maximum of four polariza-

tion modes in the BDLS theory. While the existence of vectorial propagating DoF are

predicted, BDLS presents only the combination of scalar and tensor polarizations for

the massless sector and scalar models of the massive sector. Additionally, by analyz-

ing the GW signal from the merging of compact binaries consisting of neutron stars

and black holes we can obtain the measurement of the luminosity distance without the

need for the cosmic distance ladder. By identifying the accompanying electromagnetic

signal, one is able to establish the luminosity distance – redshift relation. Hence, from

the combination of GW and electromagnetic observational data we can investigate the

constraint ability on the cosmological parameters of the BDLS theory [40], [139].

2.5 | Conclusion

Even though Teleparallel Gravity is equivalent to General Relativity, it is important to

understand that it represents a different theoretical framework. In General Relativity,

gravitational interactions are interpreted through the concept of curvature. This means
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that geometry replaces the notion of gravitational force, therefore the trajectories are de-

fined by geodesics and not by force equations. On the other hand, Teleparallel Gravity

attributes gravity to torsion rather than curvature, even though without geometriza-

tion. This theory assumes the existence of a gravitational force, which results in the

absence of geodesics and the presence of force equations that bear resemblance to the

Lorentz equations in the field of electrodynamics.

The justification for gravity to possess two equivalent explanations is based on its

characteristic property of universality. Similar to the fundamental interactions, gravity

can also be approached as a gauge theory and this is exactly the Teleparallel Gravity.

Moreover, the universality of free fall enables the formulation of the second approach,

resulting from the Equivalence Principle, which is General Relativity. Since gravity

is a universal interaction, it permits a geometrical analysis, thereby allowing for the

existence of the two distinct explanations. According to this, curvature and torsion

serve as alternative representations of the same gravitational field.

Horndeski gravity distinguishes itself as the most comprehensive scalar-tensor the-

ory. It incorporates a single scalar field and results in second-order field equations.

This theory holds a profound significance in the realm of modified gravity, although it

has encountered significant challenges and limitations in light of the GW170817 event.

By recognizing its importance, the current chapter discusses the development of the

teleparallel equivalent of Horndeski gravity, known as the BDLS theory, by establish-

ing specific assumptions and designating torsion as the mediator of gravity. The BDLS

theory offers a vastly enhanced phenomenology due to the incorporation of a collection

of 14 novel scalar invariants derived from the decomposition of the torsion tensor and

its contractions with the scalar field. According to this fact, the conventional Horndeski

theory could potentially endure in the context of BDLS theory through the Lagrangian

as described in Eq.(2.45). It is important to highlight at this point the fact that the stan-

dard Horndeski using the Levi-Civita connection is now a subset of the broader BDLS
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theory when the condition Ltele = 0 holds.

Due to the fact that the classical Horndeski theory was severely constrained by the

propagation speed of GW, it is reasonable to explore the propagation of tensor modes

within the context of BDLS theory. To achieve this objective, a feasible option is to

utilize the flat FLRW metric and its associated tetrad with zero spin connection.

The crucial outcome of introducing cosmological perturbations is the form of the

excess speed tensor, which is indicated in Eq.(2.50). As stipulated by that equation, the

presence of a correction term is implicated in both L4 and L5, guaranteeing the viability

of various models when subjected to the constraint of aT = 0 in the BDLS scenario.

It is important to acknowledge the corrections made to the coefficients of the terms

G4 and G5, as indicated in Eq.(2.56). This is significant because it ensures that the

Lagrangian of the BDLS theory is consistent with the currently observed speed of GWs.

Importantly, these corrections are made without eliminating the coupling functions,

thus preserving the fundamental principles of the Horndeski theory. This fact leads

to new perspectives for investigating the polarization of GW within the framework of

BDLS, making it an ideal starting point for future research endeavours.

In recent years, TG has focused on utilizing its description of gravitational inter-

actions to address the Hubble tension and also to explain the late-time behaviour of

the Universe by employing contemporary observational data. Following that, conduct-

ing consistency tests using current cosmological data would enable the evaluation of

the validity of the BDLS theory. Certain data sets are influenced by the dynamical be-

haviour of the Universe, while others by the large-scale growth. Nevertheless, it is

important for these distinct observational sets to align with each other to approach and

explain the cosmological tensions within a valid theory of gravity.

In order to conduct cosmological examinations on the free parameters defined in

the BDLS context, numerical solutions can be employed over the theoretical parameters

and extract the cosmological parameters applicable to this theoretical framework.
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Considering the CMB dataset, the CMB shift parameter may be used which is asso-

ciated with the expansion history of the cosmological background from decoupling to

the present time. Then, one could estimate the ratio of the position of the first acous-

tic peak between the BDLS theory and the ΛCDM model. As a result, the CMB shift

parameter can be used to place constraints on the BDLS theory since the CMB acoustic

peaks are related to the geometry of the model being examined.

Before the recombination era, baryons exhibited a tight coupling with photons lead-

ing to the imprinting of sound wave oscillations on baryon perturbations and also on

the temperature anisotropies of the CMB radiation. The detection of these density

waves in the early Universe provides another independent way to constrain the cos-

mological parameters of the BDLS theory and could resolve the remaining degeneracies

within the CMB data.

GWs generated from the merging of binary black holes and neutron stars are con-

sidered to be an important observational tool for evaluating cosmological theories. The

GWs produced by a binary system carry significant information regarding the luminos-

ity of the system, thereby indicating its luminosity distance which can be compared to

the theoretical values predicted from BDLS theory.

In conclusion, it might be possible that future research focusing on investigating

large-scale constraints could justify the reintroduction of Horndeski’s theory in the

teleparallel framework. Such a prospect would enhance the development of viable

cosmological models in the BDLS context, thereby yielding more effective results de-

scribing the evolutionary history of the Universe.
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3

New insights from GW170817 in the
dynamical system analysis of Einstein

Gauss-Bonnet gravity

The chapter discusses the theoretical context of the Einstein Gauss-Bonnet theory of

gravity by employing a dynamical system analysis. The crucial requirement for the

theory to be compatible with the GW170817 event has a major impact on the autonomous

feature of the dynamical system and the properties of each critical point associated with

the different eras of cosmic evolution.

3.1 | NonminimallyCoupledGauss-BonnetCosmology

Over the last decades, there has been a revival of interest in theories that suggest alter-

natives or modifications to Einstein’s four-dimensional theory of gravity [68], [49], [80].

These theories vary in origin in addition to motivation. Several among them have their

foundations in multidimensional perspectives whereby gravity can propagate in more

than four dimensions. Various models also exist founded upon scalar-tensor couplings

that lead to detectable effects in cosmology or even violate the Equivalence Principle.

Among the vast number of these theories, one model exists which displays that
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gravity could be modified by incorporating quadratic order terms of the curvature ten-

sor in the Lagrangian. This particular form of gravity modification corresponds to the

n-dimensional spacetime Lagrangian formulation of Lovelock’s theorem [49]. Within

this context, there is a unique quadratic combination of the curvature tensor, defined as

Gauss-Bonnet (GB) term, considered to be a topological invariant in four-dimensional

spacetime. The inclusion of the GB term in the conventional Einstein-Hilbert action,

does not affect the differential order of the resulting equations of motion [69], [89].

Even though the GB term corresponds to a total divergence in four dimensions, it

can significantly influence the behaviour of a system provided that it is coupled to a

dynamically evolving scalar field. Scalar fields play a significant role in contemporary

cosmology. They appear as dilaton or moduli fields in the gravitational sector or as part

of the matter sector, such as the Higgs field. The inclusion of scalar fields broadens the

spectrum of qualitative dynamics within homogeneous and isotropic FLRW models be-

yond what conventional perfect fluid models can explain. Once such coupling occurs,

the Einstein Gauss-Bonnet (EGB) model emerges as a scalar-tensor theory of the Horn-

deski group and the main subject of the current chapter. The accelerated solutions that

this model or its modifications might generate [50], [89], along with its implication on

large-scale structure, have inspired scientific interest in pursuing further research on

the topic [108], [112].

The EGB model, similar to all the theories that aim to elucidate gravity, must pos-

sess the ability to accurately capture nearly every evolutionary phase of the Universe

while also providing insights and clarification of the observed dynamical behaviour.

The initial stage in determining whether the EGB model could accomplish such a task

involves the implementation of the action of the model, which is a combination of the

Einstein-Hilbert action of GR and the GB term, outlined below

S =
∫

d4x
√
−g
(

R
2
− ω

2
gµν ∂µϕ ∂νϕ − V(ϕ)− f (ϕ) G

)
+ Smatter , (3.1)
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where

G = R2 − 4Rαβ Rαβ + Rαβγδ Rαβγδ ,

is the Gauss-Bonnet (GB) term, a topological invariant in four dimensions spacetime.

We assume ω to be a constant, with allowed values ω = ±1. However, in the present

study, we focus only on the canonical scalar case, ω = 1, to avoid any potential presence

of phantom cases during the study. The action clearly indicates that the scalar field is

non-minimally coupled to the GB term through an arbitrary function f (ϕ). Each of the

matter fields of the model is collectively indicated by the action Smatter, and V(ϕ) is the

potential of the scalar field ϕ.

At this point, a suitable choice for the remainder of this study is to employ a spatially

flat FLRW spacetime – the spacetime in the comoving frame – with line element,

ds2 = −N2 dt2 + a2(t)
i=3

∑
i=1

( dxi )2 , (3.2)

where a(t) is the scale factor, dxi describes the Cartesian coordinates of the spatial

part of the metric, and N represents the lapse function or dilation factor, a real-valued

function used to quantify the rate at which time elapses for an observer in a different

reference frame. Typically, this function is determined through the application of the

Lorentz transformation, a set of equations that detail the alteration of spacetime mea-

surements across different reference frames. Due to its high degree of symmetry based

on isotropy and homogeneity of the Universe, FLRW metric is recognized to belong to

the general class of spherically symmetric spacetimes. For consistency with the cosmo-

logical principle, the lapse function is set to be a coordinate-time dependent function,

N = N(t) determining the relation between proper and coordinate time. This choice

facilitates the transition between various time parameterizations i.e. a change in the

frame of reference. In this particular setting, the scalar field of the theory is a function

of only the cosmic time since it inherits all the symmetries of spacetime.
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In that ansatz, the Ricci scalar and the GB term would lead to the following :

R =
6

N2

(
2H2 +

.
H −

.
N
N

H

)
, and G =

24H2

N4

(
.

H + H2 −
.

N
N

H

)
(3.3)

At the present stage, we introduced the Hubble parameter, identified as H =
.a/a,

with over-dots indicating the derivatives of the scale factor with respect to cosmic time.

Assuming the self-interaction potential to have an exponential dependence upon

the scalar field is a quite popular choice in the field of cosmology and the reason is that

the scale-invariant form makes the exponential potential particularly simple to study

analytically. The cosmological role of exponential potentials has been studied thor-

oughly, mostly as an effective way of leading to a phase of early inflation or as a means

to build quintessence models [8]. In addition, as it was pointed out in [53], if the po-

tential driving inflation is too steep, then the energy density of the scalar field with

exponential potential does not simply dissipate, but it converges towards an attractor

solution of the system. This solution mimics the equation of state (EoS) of a barotropic

fluid and remains a constant proportion of the total energy density. The exponential

potential form is frequently found in higher-dimensional theories of gravity and it pos-

sesses a solid theoretical basis in the context of string theory or Kaluza-Klein type of

models [53], [84], [99], [20], [106], [76].

Accordingly, the expression of the potential as a decreasing function of the scalar

field is provided by

V(ϕ) = V0e−λϕ , (3.4)

where λ and V0 are both real and positive constants. Additionally, λ is dimensionless

and characterizing the slope of the potential.

In terms of the coupling function, f (ϕ), it has been demonstrated in the literature

that both linear and exponential forms could result in scalarization, indicating that

black holes with non-trivial scalar hair exist. Consequently, the choice for the coupling
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function might be stated as follows :

f (ϕ) =
ekϕ

k
, (3.5)

where k is a real and positive constant.

After the replacement of each of these terms into Eq.(3.1), the gravitational part of

the model yields the following Lagrangian density :

L = −a3N V(ϕ) +
3a .a2

N
+

a3 .
ϕ2

2N
+

3
N

(
..a −

.a
.

N
N

)(
a2 − 8 f (ϕ) .a2

N2

)
. (3.6)

By performing integration by parts, the final form of the Lagrangian density reads

L = −a3NV(ϕ)− 3a .a2

N
+

8
.a3

.
f

N3 +
a3 .

ϕ2

2N
. (3.7)

As for the part of the action in Eq.(3.1) associated with the matter content of the

Universe, the corresponding action is determined by

Smatter =
∫

d4x
√
−gL matter (3.8)

Under the assumption that the Universe consists of a perfect fluid characterized by

an isotropic pressure, its energy-momentum tensor produced by the variation of the

preceding action is defined by

Tµν = − 2√−g
δLmatter

δgµν
= (ρ + p)uµuν + pgµν , (3.9)

where uµuµ = −1 is the four-velocity and ρ = ρm + ρr is the energy density of non-

relativistic matter and radiation. In addition, the related pressure is P = Pr = ρr/3.

The Euler-Lagrange equations for the scale factor, the lapse function and the scalar
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field lead to the following three equations of the model :

16H
(

H2 +
.

H
) .

f (ϕ)− 2
.

H + V(ϕ)−
.
ϕ2

2
+ H2

(
8

..
f (ϕ)− 3

)
= p , (3.10)

3H2 − V(ϕ)− 24H3 .
f (ϕ)− 1

2
.
ϕ2 = ρ , (3.11)

..
ϕ + 3H

.
ϕ + V ′(ϕ) + 24H2 f ′(ϕ)

(
H2 + Ḣ

)
= 0 (3.12)

The ˙ symbolizes derivatives with respect to cosmic time t and ′ derivatives with

respect to the argument. In particular, the variation of the action with respect to the

lapse function N(t), leads to the constraint equation of the model, Eq.(3.11). In the case

where the lapse function is fixed before the variation procedure, the constraint equation

simply does not exist. In the preceding analysis, and without any loss of generality, we

are free to employ the lapse gauge, N = 1.

3.2 | Dynamical System Analysis

A dynamical system is commonly referred to as an ensemble of components which

advances over a period of time. The basic objective of studying a dynamical system

is to determine whether or not a perturbation near a critical point increases or decays

with time. According to this concept, a dynamical system is composed of an abstract

phase space the coordinates of which indicate the state of the system at any moment

in time along with a set of differential equations which capture the imminent future of

the state variables provided their current values [38]. The dynamical system approach

provides enriched insight into the development of the cosmological models, however, it

faces the flaw of using highly idealised assumptions concerning the actual mechanisms

describing the evolution of the Universe [39], [51], [1].

The state of a physical system at any given moment in time is expressed as a specific

element x of the state space X, which could be either finite or infinite in dimensions.

42



Chapter 3. New insights ... 3.2. Dynamical System Analysis

It follows that the evolution of the system is outlined by autonomous differential

equations related to time derivatives, expressed implicitly as

dx
dt

= f (x), x ∈ X , (3.13)

where the map f : X → X. When X is finite-dimensional state space, Eq.(3.13)

describes an autonomous system of ordinary differential equations. In the case that X is

a function of space, the map f consists of spatial derivatives resulting in an autonomous

system of partial differential equations. It becomes evident that even though dynamical

systems offer an excellent method for investigating model evolution, a single general

framework to analyze their behaviour is highly unlikely to occur. Consequently, to

accurately describe the features of a dynamical system a wide range of techniques may

be used to the evolution rule governing it [82], [129], [4].

Numerous cosmological models are defined by a system of nonlinear differential

equations. However, considering that this system oftentimes proves hard to solve, the

dynamical systems method is one of the most effective ways to analyze cosmological

behaviour by focusing on key variables and parameters to simulate cosmological sce-

narios with accuracy [12], [70]. In particular, the qualitative examination of a spatially

homogeneous model where its dynamics are determined by an autonomous system of

ordinary differential equations. Inhomogeneous cosmological models might be investi-

gated as well, yet they present a challenging task due to their evolution equations which

are now partial differential equations. These equations lead to infinite-dimensional

state space, thereby making the investigation considerably more complicated in that

case. As a result, examining these models requires a more rigorous and intricate ap-

proach compared to the homogeneous cosmological models.

The initial step in investigating the EGB model using the dynamical system ap-

proach involves considering the constraint equation, Eq.(3.11), and then identifying the
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phase space variables that are crucial for the analysis [48], [8]

x1 =

.
ϕ√
6H

, x2 =

√
V√

3H
, x3 = H2 ∂ f (ϕ)

∂ϕ
, x4 =

√
ρr√

3H
, x5 =

√
ρm√
3H

. (3.14)

Both the first variables are linked to the kinetic term and potential energy of the scalar

field that appears in the theory. The coupling between the GB invariant and the scalar

field is expressed by the third variable, x3, while the variables x4 and x5 are related

to matter fields [8]. It is worth mentioning that while the solutions of the dynamical

system can be depicted as trajectories on the phase space determined by the previously

stated variables, its evolution is independent of the variables used to describe it.

Considering a flat FLRW spacetime, we can use the dynamical variables to define

the dimensionless density parameters. In a similar vein, we can express the scalar field

equation of state along with the effective equation of state of the EGB model as

Ωϕ = x2
1 + x2

2, ΩGB = 8
√

6 x1 x3, Ωr = x2
4, Ωm = x2

5 , (3.15)

wϕ =
x2

1 − x2
2

x2
1 + x2

2
, we f f = −1 − 2

3

.
H
H2 (3.16)

The constraint equation, Eq.(3.10), can be expressed now in the following manner :

x2
1 + x2

2 + 8
√

6 x1 x3 + x2
4 + x2

5 = 1 (3.17)

After defining the variables, the next step is developing a series of equations that

demonstrate how these variables evolve over time. Through these equations, we can

gain a deeper understanding of how the state variables impact the overall system dy-

namics. In order to ensure that the EGB model remains valid, a logarithmic time vari-

able is introduced. The logarithmic time variable, the number of e-foldings, is critical
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in ensuring the ongoing applicability of the EGB model and is described as

N =
∫ t f

ti

H(t) dt . (3.18)

The evolution equations of the variables with respect to the number of e-foldings are

dx1

dN
= x′1 = −3x1 +

√
3
2

λ x2
2 − 4

√
6 x3 − ( 4

√
6 x3 + x1 )

.
H
H2 (3.19)

dx2

dN
= x′2 = −

√
3
2

λx1x2 − x2

.
H
H2 (3.20)

dx3

dN
= x′3 = k

√
6 x1 x3 + 2 x3

.
H
H2 (3.21)

dx4

dN
= x′4 = −2 x4 − x4

.
H
H2 (3.22)

dx5

dN
= x′5 = −3

2
x5 − x5

.
H
H2 , (3.23)

The system described by the Eqs.(3.19)-(3.23) includes one pending issue associ-

ated with defining the fraction
.

H/H2, which might interfere with the dynamics of the

EGB model. This fraction has been regarded as a constant in several publications [48];

however, the present research aims at broadening the methodology and analysing any

potential consequences or impacts of its evaluation.

To calculate the aforementioned fraction, and therefore, obtain an autonomous dy-

namical system, the analyses of [110] and [111] will be applied, where it has been

proven that the EGB model might be compatible to the GW170817 event. The latter

is feasible considering that within the context of EGB, the gravitational wave speed is

c2
T = 1 −

Q f

2Qt
, (3.24)

where Q f = 8
( ..

f − H
.
f
)

and Qt = 1 − 4H
.
f .
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It follows that, since c2
T = 1 in accordance with the GW170817 event, then Q f |z=0 = 0

leading to k = H0 according to Eq.(3.5).

Taking the time derivative of Eq.(3.10) and replacing the derivative of the potential

from Eq.(3.12) while accounting for the contribution of all the matter fields, yields

−2
.

H −
.
ϕ2 + 8H2

( ..
f − H

.
f
)
+ 16H

.
H

.
f − ρm − 4ρr

3
= 0 . (3.25)

After solving Eq.(3.25) for
.

H/H2, we acquire the following formula :

.
H
H2 =

6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2
, (3.26)

By substituting this result in Eqs (3.19)-(3.23) we derived the final version of the

autonomous dynamical system, which is

x′1 = −3x1 +

√
3
2

λ x2
2 − 4

√
6 x3 − ( 4

√
6 x3 + x1 )

 6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2

 (3.27)

x′2 = −
√

3
2

λ x1x2 − x2

 6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2

 (3.28)

x′3 = k
√

6 x1 x3 + 2 x3

 6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2

 (3.29)

x′4 = −2 x4 − x4

 6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2

 (3.30)

x′5 = −3
2

x5 − x5

 6 x2
1 + 4 x2

4 + 3 x2
5

16
√

6 x1 x3 − 2

 (3.31)

It is evident now, that by employing the GW speed constraint, we can determine the

formula of the fraction
.

H/H2 as a function of the variables of the EGB model, leading
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to an autonomous dynamical system. Therefore, instead of making any assumptions

regarding the various evolutionary eras of the Universe, the subsequent paragraphs

demonstrate that these eras along with the value of that fraction can be obtained by

analyzing the characteristic features of each critical point of the dynamical system. This

approach allows for a more accurate understanding of the evolutionary processes and

their significance in cosmic history.

The constants k and λ are assumed to be arbitrary in the remainder of the research.

As it will be noticed in the following analysis, the fraction
.

H/H2 has a constant value at

each critical point of the system. This means that according to Eqs (3.27)-(3.31), when-

ever we focus on a critical point, the matter fields of the model do not interact with the

scalar field or with the GB invariant. Therefore, Eqs (3.30)-(3.31) evolve independently.

The critical points of the dynamical system are then computed to evaluate their

distinct characteristics and behaviour. The physical properties of these critical points

are outlined in Table (3.1) while Table (3.2) demonstrates the details of hyperbolicity

and stability conditions associated with them. The system contains a total of seven

critical points and the features of each one of them will be thoroughly discussed in the

subsequent section along with their connection to various eras of cosmic evolution.
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Point {x1, x2, x3, x4, x5} Existence Ωϕ ΩGB Ωm Ωr Ḣ/H2 wϕ weff

A { 0, 0, 0, 0, 1 } Always 0 0 1 0 −3/2 − 0

B { 0, 0, 0, 1, 0 } Always 0 0 0 1 −2 − 1/3

C { 0, 1, λ/8, 0, 0 } Always 1 0 0 0 0 −1 −1

D { 1, 0, 0, 0, 0 } Always 1 0 0 0 −3 1 1

E { 2
√

2/3
λ

,
2√
3λ

, 0,

√
λ2 − 4

λ
, 0 } λ2 > 4 4/λ2 0 0

λ2 − 4
λ2 −2 1/3 1/3

F {
√

3/2
λ

,
√

3/2
λ

, 0, 0,

√
λ2 − 3

λ
} λ2 > 3 3/λ2 0

λ2 − 3
λ2 0 −3/2 0 0

G { λ√
6

,

√
6 − λ2
√

6
, 0, 0, 0 } λ2 < 6 1 0 0 0 −λ2/2 −1 +

λ2

3
−1+

λ2

3

Table 3.1. The conditions for the existence along with the physical properties of the
seven critical points. It is important to note the range of the λ parameter for the critical
points E, F and G as this parameter can have a significant impact on the existence of a
critical point and the overall behaviour of the dynamical system.
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Point Eigenvalues Hyperbolicity Stability

A {−3, 3, −3/2, 3/2, −1/2} Hyperbolic Saddle

B {−4, 4, 2, −1, 1/2} Hyperbolic Saddle

C {−2, −3/2, 0,
1
2

(
−3 ±

√
3
√

3 − 4kλ − 4λ2
)
} Non-hyperbolic Stable

D { 6, 3/2, 1, −6 + k
√

6,
1
2

(
6 −

√
6λ
)
}

λ or k=
√

6, Non-hyperbolic

λ <
√

6, k>
√

6, Hyperbolic

λ <
√

6, k<
√

6, Hyperbolic

λ >
√

6, k≶
√

6, Hyperbolic

Unstable

Repeller

Saddle

Saddle

E { 1/2, 4,
4
(
k λ − λ2)

λ2 , ± −λ2 +
√
−λ2(−64 + 15λ2)

2λ2 } λ = k, Non-hyperbolic

λ ≶ k, Hyperbolic

Unstable

Saddle

F {−1/2, 3,
3
(
k λ − λ2)

λ2 , ± 3(−λ2 +
√
−λ2(−24 + 7λ2))

4λ2 } λ = k, Non-hyperbolic

λ ≶ k, Hyperbolic

Unstable

Saddle

G { λ2, kλ − λ2,
1
2
(−6 + λ2),

1
2
(−4 + λ2),

1
2
(−3 + λ2) } λ = k, Non-hyperbolic

λ ≶ k, Hyperbolic

Unstable

Saddle

Table 3.2. The stability properties of the seven critical points. Notice that k = H0, for
the speed of the gravitational waves to be equal to the speed of light and thus, even
though mathematically the above analysis is correct, physically not all the points are
viable.
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■ Point A. The first critical point in this investigation refers to a matter-dominated

Universe. Based on Table (3.1), Ωm = 1 and the critical point exists for every value

of the parameter λ. Moreover, the effective EoS matches with the matter EoS,

we f f = wm = 0, along with zero energy density for the scalar field. Therefore,

point A cannot exhibit late-time cosmic acceleration for any physically accepted

value of we f f . In the context of Table (3.2), point A is a saddle and hyperbolic

critical point characterized by a 3D local stable manifold where the trajectories

approach the critical point moving tangentially along the slower direction, that

is the line spanned by the eigenvector corresponding to −1/2 eigenvalue. In the

same vein, point A is characterized by a 2D local unstable manifold, while the

term local indicates that these two manifolds with boundaries reside only in the

vicinity of the critical point.

■ Point B. The second critical point is related to a radiation-dominated Universe. In

this specific situation, Ωr = 1 and the critical point is present for all the values of

the free parameter λ. In addition, the effective EoS coincides with the radiation

EoS, we f f = wr = 1/3 while the energy density of the scalar field is once again

equal to zero. Point B cannot account for cosmic acceleration either irrespective

of the physically accepted values of we f f . As indicated in Table (3.2), point B is a

saddle hyperbolic critical point that has a 2D local stable manifold where the tra-

jectories approach it moving tangentially on the line extended by the eigenvector

related to −1 eigenvalue, and a 3D local unstable manifold. Likewise, the term

local refers to manifolds defined in the proximity of point B.

■ Point C. Table (3.1) illustrates that the third critical point is dominated by the

potential energy of the scalar field, which behaves identically to the cosmolog-

ical constant. Given that we f f = wϕ = −1, the Universe exhibits acceleration,

yet matter and radiation are suppressed by the scalar field energy density which
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dominates point C. As the coupling to the GB invariant does not vanish in this

case, point C could potentially be linked with the early or late-time acceleration

phase of the Universe. From Table (3.2) we recognize point C as a non-hyperbolic

critical point featuring one centre manifold and a 4D stable manifold, therefore

linear stability theory fails to foresee its behaviour over time. By ignoring both

radiation and matter and assuming 3− 4kλ − 4λ2 > 0, the remainder of the equa-

tions can be studied by applying center manifold theory. Following that method,

the dimensions of the system are reduced to one. The resulting one-dimensional

system is studied by introducing a new variable, s(t), obeying the differential

equation s′(t) = s(t)3(−12k/λ(k + λ)2). In this system point C is regarded as a

stable critical point. Given that the Hubble rate is constant in the vicinity of this

critical point, the expansion continues to accelerate. As a result, the third critical

point operates as the attractor of the dynamical system.

■ Point D. The fourth critical point reveals a Universe dominated by the kinetic

energy of the scalar field. Table (3.1) indicates that Ωϕ = 1 and the critical point

can be present over all values of the parameters k and λ. Since we f f = wϕ = 1,

point D cannot enable acceleration. In addition, ρϕ ∼ a−6, meaning that in this

case, the energy density of the scalar field decreases considerably faster compared

to the background density. Table (3.2) states that depending on the values of k

and λ being greater or smaller than
√

6, point D is an unstable or saddle critical

point. Analyzing each one of this information, we conclude that critical points

with steep potentials, like point D, are not linked to any of the phases of the CDM

model or even the late-time accelerated expansion. Such solutions, however, are

presumably connected to the early cosmological states of evolution.

■ Point E. The fifth critical point differs from the previous cases since it refers to

a scaling solution. According to Table (3.1), the fraction Ωϕ/Ωr = 4/λ2 − 4 is a
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non-zero constant, indicating that exists a period where both radiation and the

scalar field could impact the cosmic evolution. Whenever this point exists, i.e.

λ2 > 4, the effective EoS aligns with the radiation EoS, we f f = wr = 1/3 and

wϕ = wr, hence point E exhibits no acceleration and the Universe expands as if it

is radiation-dominated. Over the evolution period, the existence of the scalar field

might have remained hidden on cosmological scales. Table (3.2) demonstrates

that the stability behaviour is determined by the relation between k and λ. Still,

point E is not a stable critical point in any case, therefore exiting the scaling regime

does not require an extra mechanism such as in the case of quintessence models.

■ Point F. This critical point illustrates one more scaling solution of the system. To

be precise, point F is a matter scaling solution where the effective EoS coincides

with matter EoS, we f f = wm = 0, wϕ = wm and the fraction Ωϕ/Ωm = 3/λ2 − 3 is

a non-zero constant. If this point exists, λ2 > 3, the Universe develops as though

it is dominated by matter preventing point F from exhibiting acceleration. Table

(3.2) indicates that the stability features depend on the relation between k and λ.

Point F, just like point E, is not a stable critical point either.

■ Point G. From Table (3.1) it is obvious that the last critical point occurs whenever

λ2 < 6. Since we f f = wϕ = 1 + λ2/3, point G is a scalar field-dominated critical

point. In order to enable acceleration, the condition we f f < −1/3 must hold, re-

sulting in the additional relation λ2 < 2 for the parameter λ. It is worth noting

that in the region of λ → 0, the EoS of the cosmological constant is recovered,

pointing to the stable accelerated point C of the current study. Far from this limit

and as long as λ2 < 2, Table (3.2) indicates that point G is not considered a stable

accelerated point of the system. The relation between the parameters k and λ de-

termines whether point G is a non-hyperbolic or hyperbolic critical point, which

nonetheless is unstable and cannot account for the attractor of the system. One

52



Chapter 3. New insights ... 3.2. Dynamical System Analysis

potential interpretation of point G is that it may represent an early accelerated

phase of cosmic evolution. Point G could indicate the inflationary period of the

Universe, since for λ2 < 2, we have ϕ2 << V(ϕ). This indicates that the poten-

tial is shallow enough and thus creates the necessary conditions for an inflation

period to take place in the early stages of cosmic evolution.

Studying the stability properties of the critical points aims to provide a profound

understanding of the cosmological evolution described by the EGB model, benefiting

interested readers and researchers. According to the results of the critical points anal-

ysis and provided that 3 − 4kλ − 4λ2 > 0, it has been proved that point C is the only

viable candidate for serving as a stable accelerated attractor of the model. Taking this

fact under consideration, either point B or the scaling solution described by point E

could result in a radiation-dominated era. However, the presence of point E is only

valid under the condition λ2 > 4. Yet, this condition directly contradicts the assump-

tion 3 − 4kλ − 4λ2 > 0 of point C. As a result, it can be inferred that the radiation-

dominated era is most likely associated with point B.

The examination of the critical points indicates two potential scenarios regarding

the defining characteristics of a cosmological period dominated by matter. These sce-

narios are represented either by the critical point A or by following the scaling solution

as described by point F. However, the existence of point F is based on the condition

λ2 > 3, contradicting the initial assumption made regarding point C. As a result, it

can be observed that point A emerges as the only valid critical point associated with a

matter-dominated era.
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3.3 | Visualization of Phase Portraits

A phase portrait is a geometric representation of the trajectories of a dynamical system

in its phase space. It depicts the evolution of an ensemble of trajectories with respect

to the nature of the critical points. In the field of cosmology, phase portraits are ideal

tools to observe the overall behaviour of every evolutionary era of the Universe – each

corresponding to a critical point – and the transition between different epochs. In this

context, employing proper diagrams to visualize the nature of the critical points of the

analysis facilitates comprehending their distinctive relation to a certain cosmological

period described by the variables of the system. The following paragraphs display

the phase portraits related to each critical point, discuss the significant steps for their

derivation and address whether they are consistent with Sec. (3.2).

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

x2

x
3

Fig. 3.1. 2D phase portrait of point A.

Given the results of the previous section, point A is a matter-dominated critical

point that exists regardless of the values assigned to the parameters k and λ. Since

we f f = wm = 0, it is evident that point A cannot be related to cosmic acceleration.
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Considering that x1 = 4
√

6 x3/3 +
√

3 x2
2/3

√
2 on this critical point, two equations

for the variables x2, x3 eventually emerge, namely, x′2 = 3 x2/2 − x3
2/4 − 2x2 x3 and

x′3 = −3 x3 + x2
2 x3/4 + 2 x2

3. Figure (3.1) illustrates the two-dimensional phase portrait

of point A for k= 1/4 and λ = 1/2. Blue arrows reveal the vector field whereas red

lines are numerical solutions representing some of the trajectories in the vicinity of

point A. In this phase portrait, the critical point is defined by the black dot in the centre

of the diagram. As stated in Tables (3.1), (3.2), point A is hyperbolic with eigenvalues

−3, 3,−3/2 and −1/2, hence, it is a saddle critical point. Figure (3.1) reveals the saddle

character of point A, in accordance with the Tables (3.1), (3.2) of the previous section.
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Fig. 3.2. 2D phase portrait of point B.

The second critical point describes a Universe that is dominated by radiation. Simi-

lar to point A, the characteristic features of point B do not permit an accelerated solution

since we f f = wr = 1/3. On that critical point, x1 = 4
√

6 x3/3 +
√

3 x2
2/2 and that leads

to two equations for the variables x2, x3 which are x′2 = 2 x2/2 − 3 x3
2/8 − 6x2 x3 and

x′3 = −4 x3 + 3x2
2 x3/8 + 6 x2

3 for k= 1/4 and λ = 1/2. The phase portrait of point B in
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two dimensions is illustrated in Figure (3.2) for the choice of k= 1/4 and λ = 1/2. The

vector field is denoted by the blue arrows, while the red lines represent several trajec-

tories in the surroundings of B. Once again the critical point is defined by the black dot

in the centre of the phase portrait. Based on Tables (3.1) and (3.2), point B is hyperbolic

whose eigenvalues are −4, 4, 2,−1 and 1/2 implying a saddle critical point. Figure (3.2)

reveals its saddle nature and confirms the results of the previous section.

The third critical point is dominated by the potential energy of the scalar field. As

stated in Table (3.1) we f f = wϕ = −1, thus point C could be associated with a period

of accelerated expansion. Based on its eigenvalues, point C is non-hyperbolic, there-

fore linear stability theory cannot forecast its behaviour. The phase space of the new

variables X, Y and Z are obtained by a shift to the origin according to X = x1, Y =

x2 − 1, Z = x3 − λ/8 for k= λ = 1/2. Through center manifold theory and ignoring

matter and radiation, the dimensions of the system are reduced to one. The equation

s′(t) = s(t)3 (−12k/λ(k + λ)2) describes the behaviour of the new variable s(t).
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Fig. 3.3. 2D phase portrait of point C.

Figure (3.3) demonstrates the one-dimensional phase portrait, where the grey line

indicates the trajectory for k = λ = 1/2 and the blue arrows denote the vector field. The
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red dot in the centre of the graph defines point C, a stable critical point which operates

as the attractor of the model in terms of the phase portrait.

The next critical point of the analysis, point D, refers to a Universe dominated by

the kinetic energy of the scalar field. Since we f f = wϕ = 1, it is not possible for point

D to sustain an accelerated solution. Following the information outlined in Table (3.2),

the critical point D is determined to be either unstable or featuring a saddle behaviour

depending on the values of k and λ in relation to
√

6.

Yet, this critical point is present regardless of the values assigned to these parameters.

Figure (3.4) displays the three-dimensional vector plot of x1, x2 and x3 for k= 3 and

λ = 1. Blue arrows represent again the vector field in the vicinity of point D while the

red dot signifies its coordinates at x1 = 1, x2 = 0 and x3 = 0. According to Table (3.2)

we conclude that for this specific choice of the parameters, point D is hyperbolic and

acts as a repeller of the system.

Fig. 3.4. 3D phase portrait of point D.

57



Chapter 3. New insights ... 3.3. Visualization of Phase Portraits

-1.0 -0.5 0.0 0.5 1.0

-1.0

-0.5

0.0

0.5

1.0

x2

x
3

Fig. 3.5. 2D phase portrait of point E.

The fifth critical point occurs for λ2 > 4 which indicates a radiation scaling solution,

where the ratio Ωϕ/Ωr = 4/λ2 − 4 is a non-zero constant. According to the data in

Table (3.1), we f f = wr = 1/3 and wϕ = wr which indicates that point E cannot be

considered as an accelerated solution of the system. Since x1 = 4
√

6 x3 + 5
√

3/2 x2
2 on

that critical point, the remaining variables x2, x3 behave as x′2 = 2 x2 − 75 x3
2/2− 60 x2 x3

and x′3 = −4 x3 + 75 x2
2 x3 + 120 x2

3 for the choice of k = λ = 5.

Figure (3.5) displays the phase portrait of point E considering the variables x2 and x3.

Once again, the blue arrows of the phase portrait represent the vector field. On the other

hand, the red lines correspond to numerical solutions illustrating several trajectories

that can be observed in the vicinity of point E. This critical point is defined by the black

dot with coordinates x2 ≃ 0.23 and x3 = 0. Furthermore, based on the information

presented in Tables (3.1) and (3.2) it can be concluded that point E, for that particular

choice of the parameters, is classified as an unstable and non-hyperbolic critical point.
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Fig. 3.6. 2D phase portrait of point F.

Point F exists when λ2 > 2 as a matter-scaling solution with Ωϕ/Ωm = 3/λ2 − 3

a non-zero constant. In this case, we f f = wm = 0 meaning that point F could not

be related to an accelerated phase of the Universe. As x1 = 4
√

2 x3/
√

3 + 5
√

6 x2
2,

the differential equations for the state variables x2, x3 are x′2 = 3 x2/2 − 9 x3
2 − 12 x2 x3

and x′3 = −3 x3 + 18 x2
2 x3 + 24 x2

3 for k = 4 and λ = 3. Figure (3.6) shows the two-

dimensional phase portrait for k = 4 and λ = 3. The critical point is marked by the

black dot at x2 ≃ 0.4 and x3 = 0. For that specific choice of parameters, point F exists

and behaves as a saddle and hyperbolic critical point.

The final critical point is present only when λ2 < 6 and indicates a Universe domi-

nated by the scalar field. Given that we f f = wϕ = −1 + λ2/3, for point G to represent

an accelerated solution, it is necessary that λ2 < 2. Since, x1 = −4
√

6 x3/5 +
√

6 x2
2/5

on the critical point G, the behaviour of the variables is described by the equations

x′2 = x2/2 − 3 x3
2/5 + 12 x2 x3/5 and x′3 = −x3 + 12 x2

2 x3/5 − 48 x2
3/5 for k = 2, λ = 1.

Figure (3.7) displays the two-dimensional phase portrait of G. As λ2 = 1 < 2, this last

critical point could be associated with an accelerated phase of the model under study.
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Similar to the previous graphs, blue arrows describe the vector field and red lines are

for the trajectories near G, marked by the black dot with coordinates x2 ≃ 0.91, x3 = 0.

According to Table (3.2) point G is a hyperbolic, accelerated and saddle critical point

for that choice of the parameters k and λ.
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Fig. 3.7. 2D phase portrait of point G.

To complete the visualization process, Figure (3.8) illustrates the evolution of the

density parameters for matter, and radiation as well as for the scalar field of the model

along with the effective EoS. In addition, the evolution of the deceleration parameter

over time is also displayed. The initial conditions are chosen to be x1 = 10−10, x2 = 2.8 ·

10−8, x3 = 9 · 10−9 and x4 = 0.975 for λ = 1/2 and k = 1/4. According to the analysis of

Sec.(3.2), for this choice of parameters the model does not exhibit any scaling solutions.

Initially, the scalar field is nearly frozen and Ωϕ begins to grow after the radiation-

matter equality and deep in the matter-dominated era. Close to the present epoch Ωϕ

continues to increase up to Ωϕ → 1 and the effective EoS resembles the behaviour

of the cosmological constant in the standard cosmological model. In these two plots,
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one can recognize the physical transitions of the Universe from being dominated by

radiation to a period where matter became dominant ultimately leading to a stable

phase characterized as a dark energy-dominated era where we f f → −1. Following the

first plot, the deceleration parameter of the second plot characterizes the expansion rate

of the Universe. This plot indicates that the deceleration parameter has changed from

positive to negative around the present epoch featuring a viable cosmological model

which aligns with the observed physical process of the Universe.
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Fig. 3.8. The evolution of Ωm, Ωr, Ωϕ and the effective equation of state weff in the
left panel, together with the deceleration parameter in the right panel versus time in
seconds. The values of the parameters are λ = 1/2 and k = 1/4 while the initial condi-
tions are chosen to be x1 = 10−10, x2 = 2.8 · 10−8, x3 = 9 · 10−9, x4 = 0.975. According
to the analysis of the critical points, for this choice of λ and k, point C could give rise to
an accelerated phase of the system where Ωϕ = 1 and we f f = −1. The scaling solutions
are absent for this choice of parameters.
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3.4 | 3-dimensional plots of the critical points

In this section, the 3D vector plots could provide a more precise illustration of the un-

derlying physics that influences the behaviour of the critical points. Through these

plots, the visual inspection of the flow properties in the vicinity of each critical point

could further emphasize the results conveyed in 2D phase portraits aligning with the

information provided in Tables (3.1) and (3.2). Each one of the 3D plots is followed by

a brief discussion according to the analysis of Sec.(3.2) and Sec.(3.3).

Fig. 3.9. 3D vector plots of points A, B and C.

The plot on the left side of Figure (3.9) demonstrates the three-dimensional phase

space of x1, x2 and x3 for k = 1/4 and λ = 1/2 for the first critical point. The blue

arrows define the vector field while the red dot in the centre identifies point A. The

vector field in this graph could not emphasize more the behaviour of A as a saddle

critical point of the system. The central plot describes the three-dimensional phase

space for point B for k = 1/4 and λ = 1/2. Once again blue arrows denote the vector

field and point B is indicated by the red dot in the centre. As was expected, this critical

point is a saddle one, linked to a radiation-dominated Universe. The plot on the right

describes the phase space of X, Y and Z variables obtained by a shift to the origin of
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the initial variables according to X = x1, Y = x2 − 1, Z = x3 − λ/8 for the choice of

k = λ = 1/2 of the third critical point. The red dot in the centre defines point C, while

the blue arrows are for the vector field. It is obvious that point C is a stable critical point

in full agreement with the previous section.

Fig. 3.10. 3D vector plots of points E, F and G.

According to the analysis of Sec.(3.2), point E is considered to be one of the two

scaling solutions present in the system. The left plot in Figure (3.10) illustrates the 3D

phase space of x1, x2 and x3 for the choice of parameters k = λ = 5. The critical point

is identified by the red dot with coordinates x1 ≃ 0.333, x2 ≃ 0.23 and x3 = 0. For

that specific choice of parameters, point E exists and behaves as an unstable and non-

hyperbolic critical point. The plot in the centre of Figure (3.10) showcases the second

scaling solution of the system for k = 4 and λ = 3. In that case point F is hyperbolic

and saddle critical point defined by the red dot with coordinates x1 ≃ 0.4, x2 ≃ 0.4 and

x3 = 0. Lastly, the plot on the right displays the 3D phase space of point G for k = 2

and λ = 1. This critical point is located at x1 ≃ 0.41, x2 ≃ 0.91 and x3 = 0. According

to the information provided in the Tables (3.1) and (3.2) and for that specific choice of

parameters, point G exists and is a saddle critical point of the system.
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3.5 | Conclusion

The concept of dynamical systems originated from the pioneering work of Poincaré.

Rather than focusing on finding exact solutions to a differential equation, this approach

involves the use of topological techniques to analyze the properties of the set of solu-

tions when viewed as trajectories on the phase space. The mathematical advancement

of dynamical systems involved the introduction of key concepts like the flow associ-

ated with a given differential equation. The objective of using the method of dynamical

system is to gain qualitative insights into the behaviour of the cosmological models,

encompassing both spatially homogeneous and inhomogeneous scenarios. Ultimately,

the aim is to elucidate the permissible range of initial conditions and subsequent evo-

lution that aligns with the current observational data.

Multiple techniques for dynamically analysing and evaluating the EGB model are

already present in the scientific literature. Nevertheless, the present analysis follows a

different approach and concentrates on the impact on the solutions of the system when

the EGB theory complies with the GW speed constraint. As indicated in Sec.(3.2), the re-

quirements of compatibility specified in Eq.(3.24) result in the formulation of Eq.(3.26).

Consequently, it has been proved that it is possible to identify the fraction Ḣ/H2 as an

expression of the variables of the dynamical system.

The inclusion of this novel element is crucial for the analysis that followed. It

clarifies that the autonomous feature of the dynamical system could be determined

from the beginning without the need to formulate any assumptions regarding the value

of that fraction throughout the periods of cosmic evolution. Instead, by considering the

characteristics and behaviour of every critical point in the analysis, we can successfully

determine the periods of cosmic evolution along with the value of that fraction in each

case. The investigation that follows identifies seven critical points of the autonomous

dynamical system, offering a new perspective which can potentially uncover new in-
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sights and enhance the existing phenomenology about the EGB theory. When examin-

ing the properties of each critical point, it is important to recognize that two of them

might be related to the early periods of the evolution of the Universe. According to the

analysis, it is evident that once λ2 < 2, point G represents an unstable and accelerated

solution of the dynamical system. This behaviour of point G might actually correspond

to a relation with the inflationary era of the model. Additionally, the analysis reveals

that, at point D, wϕ reaches its maximum value, wϕ → 1, indicating the absence of ac-

celeration. Considering that this critical point is connected to the phase in which the

kinetic energy of the scalar field is dominant, it is expected that the field will roll down

the potential. As a result, it is unlikely that point D aligns with the evolution stages

of the CDM model. These conclusions of the analysis suggest that further research is

necessary to investigate thoroughly the properties of the critical points D and G, and

their potential relations with the early Universe.

The crucial feature defining the critical point C is that it is dominated by the po-

tential energy of the scalar field which effectively behaves as a cosmological constant.

The underlying meaning of this important behaviour is that the Universe is driven to-

wards acceleration. The analysis indicates that point C is identified as a stable critical

point of the system. This means that it has the ability to function as the attractor of the

dynamical system leading the model towards a phase of accelerated expansion.

Moving forward with the evaluation of the critical points, it was revealed that the

system also possesses two scaling solutions. These solutions, namely points E and F,

have the characteristic property that the energy density of the scalar field tracks the

energy density of the background. These two scaling solutions initially appeared quite

promising as they have a significant contribution in the context of modelling dark en-

ergy. However, the combination of those two critical points with point C proved to not

meet the requirements for constructing a coherent evolutionary history of the Universe

within the EGB context. As a result, and intending of accurately describing the eras

65



Chapter 3. New insights ... 3.5. Conclusion

dominated by matter and radiation, it is necessary to consider points A and B.

The increasing statistical accuracy in galaxy surveys is driving the demand for more

precise predictions of the observable quantities that are crucial in shaping our un-

derstanding of cosmology and galaxy formation theories. As the field of cosmology

evolves and expands, there is a growing emphasis on ensuring that observations can

be used effectively to improve our knowledge of the Universe. Survey data from galax-

ies have successfully constrained certain cosmological parameters to a level similar to

the measurements from CMB. Nevertheless, these constraints are based on analyses of

nonlinear structures. As a result, these analyses are determined by systematic errors as

they often exclude a considerable amount of data to address uncertainties in modelling.

Analytical techniques face severe challenges in dealing with nonlinear structure for-

mation, but there exists a viable alternative route. Driven by the ongoing advancements

in numerical methods and computational progress, the forefront of the theoretical re-

search will probably be dominated by numerical simulations [92], [85], [59]. In this

context, the estimation of cosmological parameters is usually established by applying

methods such as the Monte Carlo Markov chain approach. In present-day analyses, a

considerable number of distinct cosmologies must be applied to achieve convergence.

Operating an N-body simulation at each one of these iterations is not a feasible endeav-

our. This means that we need procedures able to generate viable predictions for the

parameter space using a limited number of simulations.

Motivated by the interesting phenomenology of the EGB dynamical system analy-

sis, it would be logical to examine whether the EGB model is consistent with observa-

tions that provide insights into the expansion history of the Universe and the devel-

opment of structures. In particular, by using the combined data from CMB, BAO and

Supernovae, we may compare and constrain the parameters of the EGB cosmological

model employing the Monte Carlo Markov chain method.

Furthermore, the analysis of the background and perturbation evolution can serve
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as an additional way to constrain the EGB model. This involves examining how the

theoretical predictions align with observational data, ultimately narrowing down the

permissible range of the parameter values.

Considering the early-time behaviour, it would be advantageous to develop the

slow-roll framework of the EGB model and study the possibility of a viable period

of inflation. Within this study, we could examine whether the spectral index and the

tensor – to – scalar ratio are compatible with the Planck observational data.
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4

Classification of Teleparallel
Horndeski Cosmology via Noether

Symmetries

Incorporating the newly introduced terms in the Lagrangian has enriched the land-

scape of the theoretical models that can be formulated within the context of the telepar-

allel analogue of the Horndeski theory. The present chapter serves to introduce and also

explore the classification of this extensive range of models which are emerging from the

Teleparallel Horndeski. The Noether point symmetries approach provides a unique

perspective on that classification as it could elucidate the mathematical properties as

well as the symmetries found within these models. Furthermore, this method show-

cases its ability to differentiate between the various models in the context of second-

order teleparallel scalar-tensor theories and accurately determine solutions.

4.1 | The point-like Lagrangian

The Teleleparallel analogue of Horndeski theory, known as the BDLS theory [13], [14],

offers an expansive foundation for constructing and developing cosmological models

due to the incorporation of the torsion tensor in generating lower-order theories of
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gravity. Additionally, the BDLS theory is of particular interest since it offers a direct

method to circumvent the constraint imposed by the propagation speed of GW [15].

The Noether symmetries approach is widely regarded to be highly beneficial for

identifying and investigating these potential models. Utilizing this method allows for

the emergence of symmetries that preserve the action and ultimately simplify the equa-

tions that govern each system. These symmetries correspond to conserved quantities,

resulting in the possibility of finding exact solutions more easily compared to other

methods which typically yield limited results. This means that the Noether symmetries

approach enables the recognition of key patterns and structures within a system thus

shedding light on the principles that guide its dynamics. The concept of incorporating

Noether symmetries in the field of cosmology has been a topic of interest for a consid-

erable period of time and has received significant attention in various scholarly studies

[45], [124], [31], [44]. It has been suggested in [23] that identifying the Noether point

symmetries can serve as a selection criterion in determining the form of the potential

energy in dark energy models within the framework of GR. In addition, as reported in

[46] the classification of the classical Horndeski models was conducted according to the

particular forms of the functions Gi(ϕ, X) with the sole criterion being the requirement

for the field equations to remain invariant under Noether point symmetries. There-

fore, the Noether symmetry approach facilitated a rigorous and systematic process for

determining the appropriate forms of the arbitrary functions Gi.

Before examining the implementation of Noether symmetries, the current chapter

will commence by formulating the teleparallel Horndeski Lagrangian. The crucial task

of this process is to incorporate the newly introduced torsion scalars into Eq.(2.46).

To begin with, we consider the spatially flat FLRW spacetime defined in Eq.(3.2),

ds2 = −N(t)2dt2 + a(t)2(dx2 + dy2 + dz2) , (4.1)

where N(t) corresponds to the lapse function which quantifies the rate at which
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proper time elapses along a trajectory, and a(t) is the scale factor. This flat spacetime

model has a crucial role in contemporary cosmology, providing a fundamental frame-

work for analyzing the large-scale distribution of matter and energy. According to the

Cosmological Principle, the Universe is postulated to exhibit homogeneity and isotropy

on large scales, leading to the conclusion that the scalar field of the theory is solely

dependent on cosmic time, represented by ϕ = ϕ(t).

At this point, the Weitzenböck gauge, ωA
Bµ = 0, which is described in Sec.(2.1), can

be utilized to derive the metric of Eq.(4.1) by using the specific diagonal tetrad

eA
µ = diag ( N(t), a(t), a(t), a(t) ) (4.2)

By implementing the condition ωA
Bµ = 0, one can effectively relate the spin connec-

tion to the metric, resulting in a direct link between the two mathematical structures.

For the flat FLRW spacetime, the torsion tensor only retains its vectorial part,

υµ = (−3H, 0, 0, 0 ), (4.3)

with H =
.a/a being the Hubble parameter.

This indicates that the contractions of the torsion tensor in a flat FLRW spacetime,

without considering the contribution of the scalar field present in the theory, are solely

represented by Tvec. As a result, the torsion scalar, which is defined in Eq.(2.16), has the

following formula :

Tvec = −9H2

N2 ⇒ T =
6H2

N2 (4.4)

After analyzing the contractions of the irreducible components of the torsion tensor

with the scalar field, as outlined in Eqs (2.28)-(2.30), it becomes evident that only those

associated with the vectorial part υµ remain.
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As a consequence, the computation of the quadratic contractions of the torsion ten-

sor in a flat FLRW spacetime results in the following expression for the I2 scalar :

I2 = υµ ϕ;µ ⇒ I2 =
3H

.
ϕ

N2 (4.5)

In order to enhance the development of Lagrangian formulation, it is necessary to in-

corporate the derivative operators for the scalar field. This process is crucial as it will

elevate the accuracy of the Lagrangian framework allowing for a more comprehensive

examination. According to that reasoning, the derivative operators acting on the scalar

field ϕ(t) of the theory, that need to be included are

□̊ϕ = −
..
ϕ

N2 − 3
.a

.
ϕ

aN2 +

.
ϕ

.
N

N3 , (4.6)

(∇̊µ∇̊νϕ)2 =
3

.a2 .
ϕ2

a2N4 +
1

N4

(
..
ϕ −

.
ϕ

.
N

N

)2

, (4.7)

(∇̊µ∇̊νϕ)3 = −3
.a3 .

ϕ3

a3N6 − 1
N6

(
..
ϕ −

.
ϕ

.
N

N

)3

(4.8)

Moreover, the kinetic term and the Ricci scalar are expressed as

X =

.
ϕ2

2N2 , R̊ = −T + B =
6
..a

aN2 +
6

.a2

a2N2 − 6
.a

.
N

aN3 . (4.9)

At this point in the procedure, it would be beneficial to introduce two Lagrangian

multipliers denoted as λ1 and λ2 which are associated with the scalars T and I2 re-

spectively. The application of the Lagrangian multiplier method is focused on deriving

solutions that align with holonomic equations defining the potential constraints within

the system. This systematic integration of the potential constraints in the process com-

bined with the scalar contributions in the BDLS context, results in the formulation of
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the Lagrangian which is determined in the following manner :

L =a3N [G2(ϕ, X) + Gtele(ϕ, X, T, I2) + TG4(ϕ, X)− I2Gtele,I2(ϕ, X, T, I2)− TGtele,T(ϕ, X, T, I2)]

+
6a..a
N3

[
aN2G4(ϕ, X) + G5(ϕ)

.a
.
ϕ
]
+

a
..
ϕ

N3

[
a2N2G3(ϕ, X) + 3G5(ϕ)

.a2 + 6aG4,X(ϕ, X)
.a

.
ϕ
]

− a2
.

N
N2 [ 6G4(ϕ, X)

.a + aG3(ϕ, X)ϕ̇ ]− 3a .a
.

N
.
ϕ

N4

[
3G5(ϕ, X)

.a + 2aG4,X(ϕ, X)
.
ϕ
]

+
3a .a
N

[
aG3(ϕ, X)

.
ϕ + aGtele,I2(ϕ, X, T, I2)

.
ϕ + 2Gtele,T(ϕ, X, T, I2)

.a
]

+
3a .a2 .

ϕ

N3

[
G5(ϕ, X)

.a + 2aG4,X(ϕ, X)
.
ϕ
]

. (4.10)

It is evident that Eq.(4.10) contains terms involving second-order derivatives, which

can be eliminated by utilizing the technique of integration by parts. However, it is

important to note that there is one particular contribution, namely a3ϕ̈ G3/N, which

cannot be eliminated during this process. Therefore, in order for the Lagrangian to be

considered canonical and depend solely on the first-order derivatives of the variables,

a reasonable option would be [46]

G3XX = 0 ⇒ G3(ϕ, X) = g(ϕ)X + h(ϕ) . (4.11)

This choice may initially seem arbitrary. However, by imposing this limitation it

becomes possible to realize various cases of scalar-tensor theories that involve interac-

tion components of the form ∇µϕ∇µϕ□ϕ. In addition, it is important to acknowledge

that the coincident arrival of GW170817 and its electromagnetic counterpart provides

strong limitations on the wide range of scalar-tensor theories and eventually excludes

those theories that demonstrate a GW propagation speed which differs from observa-

tional data. Even though facing significant limitations, several models belonging to the
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scalar-tensor theories landscape have the ability to bypass these constraints rendering

them potentially valid. Within the Horndeski theory, these encompass kinetic gravity

braiding, cubic galileons and Brans-Dicke/ f (R) theories as the simplest modifications

of gravity. However, distinguishing between the various functional models proves to be

a more complex endeavour. Consequently, the choice is to concentrate on the selection

models stemming from the aforementioned option described in Eq.(4.11), providing a

new spectrum of cosmological scenarios to analyze.

The final form of the point-like BDLS Lagrangian for this setting is expressed as

L =a3N (G2(ϕ, X) + TG4(ϕ, X)− I2Gtele,I2(ϕ, X, T, I2)− TGtele,T(ϕ, X, T, I2) + Gtele(ϕ, X, T, I2))

− 3a .a2

N3

( .
ϕ2 (G′

5(ϕ)− 2G4,X(ϕ, X)
)
+ 2N2 (2G4(ϕ, X)− Gtele,T(ϕ, X, T, I2))

)
+

+
a2 .a

.
ϕ

N3

(
3N2 (Gtele,I2(ϕ, X, T, I2)− 2G4,ϕ(ϕ, X)

)
+ g(ϕ)

.
ϕ2
)
−

− a3 .
ϕ4g′(ϕ)
6N3 − a3 .

ϕ2h′(ϕ)
N

, (4.12)

The configuration space of Eq.(4.12) is the minisuperspace Q = {a, ϕ, N, T, I2}. The

utilization of a minisuperspace description is important in gravitational theories as it

aids in gaining deeper insight into the dynamics and enables the interpretation of terms

when physical observables are linked to symmetries of the minisuperspace [43], [114].

Furthermore, within the minisuperspace, the gravitational field equations can be sim-

plified, which in turn allows certain DoF to be equivalently described in terms of a

scalar field. Besides, by introducing a point-like Lagrangian function, it becomes possi-

ble to apply mathematical techniques to accurately derive precise and analytic solutions

for the field equations of the theory.
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4.2 | Noether Symmetries

According to the Noether theorem, any differentiable symmetry that is present in the

action of a physical system is associated with a corresponding conservation law [107].

Consequently, the Noether Symmetry approach is recognized as one of the most sys-

tematic and reliable methods to identify conserved quantities. These symmetries can

effectively reduce the complexities of a system that involves non-linear partial differ-

entiable equations, enabling the development of new solutions through the usage of

conserved quantities [74], [95].

The use of the Noether symmetries approach in the field of cosmological research, is

widely acknowledged and has gained considerable attention in the academic literature

[124], [140],[31], [45]. The investigation of a cosmological model through this method

involves analyzing how the Lagrangian of the model behaves under infinitesimal point

transformations that uphold the desired symmetry.

For that purpose, the starting point is to consider a physical system described by

the Lagrangian L, which consists of n generalized coordinates qi with t representing

the independent variable. Following that, the infinitesimal transformation applied to

the system can be summarized, in a general manner, by the formula below

t ⇒ t′ = t + ϵ ξ(qi, t) , qi ⇒ qi′ = qi + ϵ ηi(qi, t) , (4.13)

According to the Noether theorem, the transformation which is outlined in Eq.(4.13)

is associated with the generator vector X according to,

X = ξ(qi, t)
∂

∂t
+ ηi(qi, t)

∂

∂qi . (4.14)

The impact of this infinitesimal transformation upon any differentiable function
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with F = F(t, qi) is expressed by the following form :

F(t′, q′i) = F(t, qi) + ϵX (F(t, qi)) + O(ϵ2) (4.15)

In the case that the differentiable function F has also a velocity dependence, i.e.

F(t, qi,
.qi), then the impact of the transformation is described by

F(t′, q′i,
.
q′i) = F(t, qi,

.qi) + ϵX (1)(F(t, qi,
.qi)) + O(ϵ2) , (4.16)

where

X (1) = X + (
.
ηi − .qi .

ξ )
∂

∂q̇i , (4.17)

which is known as the first prolongation of the generator vector.

Similarly, if the function F has a second time-derivative dependence, i.e. F(t, qi,
.qi,

..qi),

then the second prolongation of the generator vector must be applied, which is

X (2) = X (1) + (
..
ηi − .qi ..ξ − 2

..qi .
ξ )

∂

∂
.qi . (4.18)

When examining a physical system characterized by the Lagrangian L = L(t, q,
.q),

then the action of this system remains invariant under an infinitesimal transformation,

up to a total divergence term, as long as the Rund-Trautman identity is satisfied,

X (1) L+
dξ

dt
L =

d f
dt

, (4.19)

where X (1) is the first prolongation of the generator vector while the function f is

regarded as the gauge function expressing the equivalence of the Lagrangian in the

action integral up to a total time derivative. In that particular case, the generator vector

X is identified as a Noether symmetry providing insights into the conservation laws

that apply to the system described by the Lagrangian L.
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Whenever a Noether symmetry exists, the function

I(t, q,
.q ) = f −L ξ − ∂L

∂
.qi (η

i − .qiξ) , (4.20)

is known as a Noetherian first integral or conservation law (dI/dt = 0) associated

with the symmetry expressed by the generator vector.

It is worth noting at this point, that a direct correlation between a Noether symme-

try and a first integral is hardly to exist. Once the symmetry has been identified, the

determination of the integral requires minimal effort. However, the reverse process is

more complex. Given the Lagrangian L and the integral, the symmetry involves solv-

ing a differential equation with the function f as an additional variable originating from

boundary terms. Consequently, numerous coefficient functions expressing symmetry

could exist associated with a specific first integral.

The utilization of Noether symmetry was introduced in scalar-tensor theories of

gravity by De Ritis and collaborators [54] as an effective way to determine the function

form of the potential. Through the application of Noether symmetry, it was discovered

that the exponential potential was favoured among other formulas leading to inflation-

ary dynamics in the early universe. This fact generated significant interest prompting

further investigations into the implementation of Noether symmetry in cosmological

scenarios, non-minimal and minimally coupled scalar-tensor theories [22], [55], [123],

as well as higher-order and f (R) theories of gravity [125], [124].

The existence of Noether symmetries enables the reduction of complex dynamics

and significantly facilitates the calculation of exact solutions. As a result, it was rea-

sonable to be applied in the context of teleparallel gravity as a selection criterion for

the cosmological models [23]. For instance, in [24], where Noether symmetries have

been employed to assess the viability of f (T) gravity in a background of spatially flat

FLRW metric. The objective for the authors was to discover the expressions of f (T)
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that can incorporate additional Noether symmetries and to solve the field equations for

those models aiming to derive analytical solutions for the cosmological functions. In

addition, following the rationale of [134], it has been argued that Noether symmetries

in a similar background lead to the function form of f (T) ∝ Tn, however, n = 3/2 as

it was claimed in [127]. Even more complex Lagrangians incorporating various com-

binations of topological invariants along with torsion scalar T could be studied using

Noether symmetries. In [9] the authors applied this method to investigate the dynam-

ics that emerge from f (T, B) gravity, where B is the boundary term which is defined

in Eq.(2.20). In [61] the formalism of f (TG , T) theory was investigated, where TG is

the torsion analogue of the Gauss-Bonnet topological invariant. The implementation of

Noether symmetries has led to specific forms of the function that admit symmetries as

well as the reduction of the dynamical system of the theory.

4.3 | BDLS Cosmologies

In Sec. (4.1) it was pointed out that the configuration space of the point-like Lagrangian

is represented as Q = {a, ϕ, N, T, I2}. When considering the cosmic time t as the inde-

pendent variable, then the generator vector is described by

X = ξ(t, a, ϕ, N, T, I2) ∂t + Σηqi(t, a, ϕ, N, T, I2) ∂qi , qi = a, ϕ, N, T, I2 . (4.21)

By utilizing the Noether symmetry approach and incorporating the Rund-Trautman

identity from Eq.(4.19) to the point-like Lagrangian defined in Eq.(4.12), a total of 62

equations are derived. This system of equations specifically addresses the coefficients

of the generator vector ξ, ηa, ηϕ, ηN , ηT and ηI2 as well as the contribution terms Gi(ϕ, X)

of the Lagrangian in BDLS theory.

The system of 62 equations combined with the behaviour of the function g(ϕ) as de-

scribed in Eq.(4.11), gives rise to genuine constraints on the unknown functions of the
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theory alongside the coefficients of the generator vector. The emergence of these con-

straints is crucial for understanding the underlying principles driving the behaviour of

the system. This includes fully considering symmetries and examining each symmetry

resulting from the procedure.

The presence of a non-zero coefficient in the generator vector establishes a Noether

symmetry. This particular symmetry leads to the development of a wide range of forms

for the Gi(ϕ, X) functions that could hold significant physical importance and interest.

The immense scope of the teleparallel analogue of the Horndeski theory indicates

that the analysis will yield a multitude of potential scenarios, some of which may elab-

orate lengthy and complex solutions that may not be applicable to the present chapter.

Therefore, the forthcoming discussion shall concentrate only on four particular cases

of the scenarios while preserving the complete set of the classification solutions sepa-

rately 1. The collection of Tables that encompass each case of the present study can

be found in [62]. Each Table provides the detailed results for the coefficients of the

generator vector and the Gi(ϕ, X) functions.

The thorough presentation of the results in the Tables of [62] allows a deeper under-

standing of how these coefficients and functions operate in the context of BDLS theory.

In addition, it enables the identification of patterns across different cases and thus facil-

itates a more comprehensive evaluation of the overall study results.

4.3.1 | Four examples of BDLS Cosmologies

This section provides a comprehensive overview of the results regarding the coeffi-

cients of the generator vector and the Gi functions of the Lagrangian for the four se-

lected cases of [62].

1The full set of Noether symmetry solutions can be found at
https://github.com/jacksonsaid/BDLS_Noether_classification.git
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Case 1 (2.a.ii.1.a.i.1.b.i.1.b in Table 2a):

Solving the system of the 62 equations leads to the calculation of the coefficients of the

generator vector which are

ξ(t, a, ϕ, N, T, I2) =ξ̃(t) , (4.22)

ηa(t, a, ϕ, N, T, I2) =− 1
3

c1 a , (4.23)

ηϕ(t, a, ϕ, N, T, I2) =
c1 g(ϕ)
g′(ϕ)

, (4.24)

ηN(t, a, ϕ, N, T, I2) =N
(

c1 − ξ(t)− c1 g(ϕ) g′′(ϕ)
g′(ϕ)2

)
, (4.25)

ηT(t, a, ϕ, N, T, I2) =2c1T
(

g(ϕ) g′′(ϕ)
g′(ϕ)2 − 1

)
, (4.26)

ηI2(t, a, ϕ, N, T, I2) =c1

(
I2

(
− c1g(ϕ) g′′(ϕ)

g′(ϕ)2 − 1
)
+

4
(2c2 + 3) g(ϕ)3

(
g(ϕ) g′(ϕ) G̃′

4(ϕ)

+ G̃4(ϕ)
(

g(ϕ) g′′(ϕ)− 2g′(ϕ)2) )) , (4.27)

f (t, a, ϕ, N, T, I2) =c7 , (4.28)
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For this solution, the BDLS functions are given by

G2(ϕ, X) =
g′(ϕ)

2
(
2c3 + c3X + 2X2)− G̃tele(ϕ, X) , (4.29)

G3(ϕ, X) =c4 + g(ϕ) (c5 + X) , (4.30)

G4(ϕ, X) =G̃4(ϕ) +
(2c2 + 3)X g(ϕ)2

4 g′(ϕ)
, (4.31)

G5(ϕ, X) =c6 +
∫ ϕ

1

c2 g(x)2

g′(x)
dx , (4.32)

Gtele(ϕ, X, T, I2) =G̃tele(ϕ, X) +
1
4

(
4G̃4(ϕ)T + 2g(ϕ)I2(c3 − 4c5 + 2X(3 + 2c2))+

+ 4Ḡtele (
g(ϕ)2 T
g′(ϕ)2 ) g′(ϕ) + 8I2 G̃′

4(ϕ) +
(2c2 + 3) g(ϕ)3 I2 T

g′(ϕ)2 +

+
2g(ϕ)2 X(2c2T g′(ϕ)− (2c2 + 3)I2 g′′(ϕ))

g′(ϕ)2

)
. (4.33)

The solution outlined above is quite interesting as the G4 function depends on both

the kinetic term and the scalar field, while the G5 function remains non-zero and is

the sole function not relying on X. The non-zero property of G5 is counterbalanced by

the complex structure of the GTele which encompasses multiple terms to comply with

the GW speed constraint. It is important to emphasize that in this particular scenario,

along with all the other cases of classification, the denominators cannot become zero

due to the specific conditions that govern each case of the study. This fact eliminates
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the possibility of divergences and ensures the viability of the solutions.

Case 2 (2.a.ii.1.a.ii.2.a.ii in Table 2a):

In this case of solutions, the coefficients of the generator vector are the following :

ξ(t, a, ϕ, N, T, I2) = ξ̃(t) , (4.34)

ηa(t, a, ϕ, N, T, I2) =
3c1 − a3η̃ϕ(t, a, ϕ, N, I2) g′(ϕ)

3a2g(ϕ)
, (4.35)

ηϕ(t, a, ϕ, N, T, I2) =η̃ϕ(t, a, ϕ, N, I2) , (4.36)

ηN(t, a, ϕ, N, T, I2) =N
(
− 3c1

a3g(ϕ)
+

η̃ϕ(t, a, ϕ, N, I2) g′(ϕ)
g(ϕ)

− ξ̃(t)
)
−

− N
η̃ϕ(t, a, ϕ, N, I2) g′′(ϕ)

g′(ϕ)
, (4.37)

ηT(t, a, ϕ, N, T, I2) =
1

c2 a3 N g(ϕ)2 g′(ϕ)

(
f ′(t) g′(ϕ)2+

+ a3 N η̃ϕ(t, a, ϕ, N, I2)
(
− 2c2T g(ϕ) g′(ϕ)2+

+ 2c2 T g(ϕ)2 g′′(ϕ)− g′ (ϕ)2 G̃′
Tele(ϕ)+

+ g′(ϕ) g′′(ϕ) G̃Tele(ϕ)
))

, (4.38)

ηI2(t, a, ϕ, N, T, I2) =ηI2(t, a, ϕ, N, T, I2) , (4.39)

f (t, a, ϕ, N, T, I2) = f (t) (4.40)
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In this particular case, the functions of the BDLS Lagrangian take the form

G2(ϕ, X) =G2(ϕ, X) , (4.41)

G3(ϕ, X) =c3 + g(ϕ) (c4 + X) , (4.42)

G4(ϕ, X) =
c2 g(ϕ)2

g′(ϕ)
, (4.43)

G5(ϕ, X) =c5 , (4.44)

Gtele(ϕ, X, T, I2) =− G2(ϕ, X) + G̃tele(ϕ) +
4
3

c2 I2 g(ϕ) + 2c4 X g′(ϕ)+

+ X2 g′(ϕ)− 8
3

c2 X g′(ϕ)− 2c2 g(ϕ)2 I2 g′′(ϕ)
g′(ϕ)2 . (4.45)

When comparing Case 1 and Case 2, it becomes apparent that in the latter the

G5 function remains constant and G4 is independent of the kinetic term. This differ-

ence ultimately allows these terms to meet the GW speed constraint in the classical

Horndeski context. However, in the BDLS theory, the inclusion of the correction term

gives rise to novel dynamical features that differ from the standard Horndeski theory.

Furthermore, it is crucial to recognize that the presence of the G2 function in the out-

come of the GTele term results in a coupling between the conventional term and the

BDLS correction term.
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Case 3 (2.b.i2.b.ii.2.b.ii.2 in Table 2b):

Following the same procedure, the coefficients of the Noether vector are

ξ(t, a, ϕ, N, T, I2) =ξ̃(t) , (4.46)

ηa(t, a, ϕ, N, T, I2) =
c1

c2 a2 , (4.47)

ηϕ(t, a, ϕ, N, T, I2) =0 , (4.48)

ηN(t, a, ϕ, N, T, I2) =− N ξ̃(t) , (4.49)

ηT(t, a, ϕ, N, T, I2) =− 3c1 ( 2 G̃tele(ϕ) + T G′
5(ϕ) )

c2 a3 G′
5(ϕ)

, (4.50)

ηI2(t, a, ϕ, N, T, I2) =ηI2(t, a, ϕ, N, T, I2) , (4.51)

f (t, a, ϕ, N, T, I2) =c3 , (4.52)

and the functions of the BDLS model for the third case are given by

G2(ϕ, X) =G2(ϕ, X) , (4.53)

G3(ϕ, X) =c4 + c5 X , (4.54)

G4(ϕ, X) =G̃4(ϕ) +
X
2

G′
5(ϕ) , (4.55)

G5(ϕ, X) =G5(ϕ) , (4.56)

Gtele(ϕ, X, T, I2) =− G2(ϕ, X) +
(G̃tele(ϕ) + T G′

5(ϕ)) (2 G̃4(ϕ) + X G′
5(ϕ))

G′
5(ϕ)

+

+ I2
(
c6 + 2G̃′

4(ϕ) + X (G′′
5 (ϕ)− c2)

)
. (4.57)
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In this solution, the G5 function depends on solely the scalar field while G4 relies on

both the scalar field and the kinetic term. As a result, the third case depicted above com-

plies once more with the GW constraint of the propagation speed in the BDLS context,

however, fails to meet the same requirement in the classical Horndeski theory.

Case 4 (2.b.ii1.a.ii.2.b.i in Table 2b):

In the final case, the coefficients of the generator vector are as follows :

ξ(t, a, ϕ, N, T, I2) =ξ̃(t) , (4.58)

ηa(t, a, ϕ, N, T, I2) =
c1√

a
, (4.59)

ηϕ(t, a, ϕ, N, T, I2) =0 , (4.60)

ηN(t, a, ϕ, N, T, I2) =− N ξ̃(t) , (4.61)

ηT(t, a, ϕ, N, T, I2) =− 3 c1 T
a3/2 , (4.62)

ηI2(t, a, ϕ, N, T, I2) =− 3c1 I2

2a3/2 , (4.63)

f (t, a, ϕ, N, T, I2) =c2 , (4.64)

85



Chapter 4. Classification of Teleparallel... 4.3. BDLS Cosmologies

The corresponding functions, in that case, are given by

G2(ϕ, X) =G̃2(ϕ)− G̃tele(ϕ, X) , (4.65)

G3(ϕ, X) =c3 , (4.66)

G4(ϕ, X) =Ḡ′
4(ϕ) + XG̃′

4(ϕ) , (4.67)

G5(ϕ, X) =G5(ϕ) , (4.68)

Gtele(ϕ, X, T, I2) =− G̃2(ϕ) + G̃tele(ϕ, X) + Ḡtele(ϕ) I2
√

T + Ĝtele(ϕ) T−

− G̃4(ϕ) T X + 2I2 (Ḡ′
4(ϕ) + X G̃′

4(ϕ)) +
3 X T

2
G′

5(ϕ) . (4.69)

In a manner analogous to the third case, the expression of the functions G4, G5 ren-

der the viability of the fourth case solely within the BDLS theoretical framework.

The motivation for utilizing the Noether symmetries in the current study is illus-

trated by the four cases that have been outlined. The presence of additional terms

in the Lagrangian within the Teleparallel analogue of Horndeski theory results in an

expanded array of cosmological models, some of which are highly intricate by nature.

An exploration of the dynamics of these complex cases can be effectively conducted

through the application of Noether point symmetries serving as a valuable tool and

criterion with the classification as the initial step towards further investigation.
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4.4 | Conclusion

The Teleparallel analogue of Horndeski theory, also referred to as the BDLS [13] the-

ory, presents a rich theoretical landscape that has the potential to enhance our under-

standing of cosmological models. In addition, the propagation speed constraint of the

GW can be overcome in the BDLS theoretical framework. This result ensures that the

BDLS theory provides an innovative approach for investigating the properties of grav-

itation and its implications on the cosmological mechanisms governing the evolution

of the Universe. Considering that most of the higher-order and curvature-based theo-

ries can be transformed into an equivalent of the Horndeski model, BDLS theory offers

the opportunity for even higher-order theories of gravity. This fact suggests that there

is considerable potential for conducting a thorough investigation of a wide range of

gravitational theories in the BDLS context.

Motivated by these reasons, the current chapter investigates the symmetries that

emerge from the Noether approach. Noether’s theorem focuses on the invariance of

the calculus of variations when subjected to an infinitesimal transformation. This trans-

formation is linked to a differential operator, referred to, in this context, as a Noether

symmetry. Consequently, this theorem establishes a fundamental connection between

symmetries and conservation laws providing insights into the underlying principles

governing physical phenomena. When a Noether symmetry is identified, it leads to

a simplification of the equations of motion of the system. As a result, this approach

enhances the accessibility of precise solutions, which, otherwise, might be elusive.

The initial phase of the research involves the identification of the point-like La-

grangian by utilizing the maximally symmetric configuration of the flat FLRW metric.

This process is further facilitated by the incorporation of a tetrad that aligns with the

Weitzenböck gauge. Subsequently, the method of integration by parts is implemented

to effectively eliminate the second-order derivative terms that are present in the expres-
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sion of the Lagrangian. Nevertheless, during the course of this procedure, one of the

components related to the G3 term proves resistant to being removed through the inte-

gration by parts method. In order to overcome this complication it becomes necessary

to implement the mathematical formula outlined in Eq.(4.11) and effectively navigate

through the impediment to achieve the desired outcome.

After a rigorous process, the final form of the point-like Lagrangian was derived by

removing all the second-order derivative terms. The methodology that guided the rest

of the research is outlined in Sec.(4.2), introducing the first-order equation of motion

resulting from Noether symmetry. The utilization of the Rund-Trautman identity to

the point-like Lagrangian has led to significant advancements in the present research.

This has culminated in the establishment of a system of 62 equations that pertain to

the coefficients of the generator vector and the contributions Gi of the theory. As a

result, a wide array of cases has emerged. Each of these cases corresponds to a distinct

cosmological model which requires a thorough examination and detailed analysis to

gain a complete understanding of its properties.

The magnitude of these cases is significant and the interested reader could refer to

the collections of cases in the Tables of [62]. These Tables contain a detailed list of the

solutions accompanied by the specific conditions that characterize each one of them.

Nevertheless, in the present chapter, only a selection of four of these cases is pre-

sented to showcase the effectiveness along with the practical benefits of the method-

ology under consideration. In each of these solutions, the functions within the theory

and the coefficients of the generator vector were determined which are the critical com-

ponents that contribute to the development and structure of a cosmological model in

the BDLS context. After all, the primary objective of this extensive investigation is to

demonstrate the prosperous relationship between the theoretical functions that charac-

terize each cosmological model and the practical implementation of the Noether sym-

metry approach.
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In conclusion, the extensive range of classification cases has brought to light a plethora

of different cosmological models each possessing unique characteristics and properties.

This diverse collection of models showcases captivating dynamics that require further

thorough investigation within the field of cosmology.
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5

Cosmological Perturbations in BDLS
theory

The current chapter discusses the cosmological perturbations within the framework of

BDLS theory, which serves as the teleparallel analogue of the Horndeski gravity. To

thoroughly understand the evolution mechanisms of a cosmological model it is imper-

ative to investigate its behaviour both in the background as well as at the perturbation

level. While the curvature-based Horndeski gravity and its teleparallel analogue have

been studied in the existing literature [77], [87], [13], [14], [88], [47],[101 [90], a more ro-

bust quantitative analysis necessitates a comprehensive understanding of their cosmo-

logical perturbations. Therefore, this chapter encompasses the tensor, vector, and scalar

components in BDLS theory while presenting the corresponding alpha parametrization

that illustrates potential deviations from the ΛCDM model thereby indicating a novel

way for the exploration of gravitational theories while, at the same time, aligns with

the existing observational context.
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5.1 | Background Cosmological Equations

In the realm of gravitational theories, it is commonly accepted that the TEGR theory

offers an alternative perspective on gravity by utilizing the torsion tensor rather than

curvature. The analysis conducted in Chapter 2 demonstrated that, within this par-

ticular framework, it was possible to formulate the teleparallel analogue of Horndeski

gravity - the BDLS theory [13]. In the same chapter, the investigation of the structure of

the torsion tensor as well as its irreducible decomposition led to the emergence of a new

array of scalar invariants characterizing the BDLS theory. Consequently, the severely

constrained terms of the classical Horndeski can persist in the current scenario due to

the introduction of the novel Lagrangian term, Ltele.

Nevertheless, to address the various perplexing aspects of cosmology, it is crucial

for any theory to undergo rigorous testing and assessments incorporating a wide range

of cosmological data sources. The investigation of cosmological perturbations is a sig-

nificant step in pursuing this objective. The homogeneous and isotropic FLRW model

can effectively describe the average expansion and density distribution of the Universe

on large scales. However, on smaller scales, the Cosmological Principle cannot interpret

the complex distribution of matter and energy in the observed Universe. Examining

the effects of small-scale inhomogeneous and anisotropic perturbations on the overall

structure of the cosmos could provide insights into the underlying mechanisms that

govern its evolution and behaviour [29], [100], [93], [37].

However, before investigating the cosmological perturbations, it is necessary first

to establish the definition of the background and the field equations within the BDLS

framework. This part of the study is crucial in order to accurately analyze and in-

terpret the subsequent results related to perturbations. A homogeneous and isotropic

FLRW model presents an appropriate option for this aim serving as the background

solution with already known and straightforward properties. This particular choice of

92



Chapter 5. Cosmological Perturbations... 5.1. Background Cosmological Equations

background enables the analysis and study of the increasing complexity of perturba-

tions systematically. The motivation for this choice of background stems from the idea

that selecting a specific set of coordinates in the inhomogeneous universe, which can

then be defined by a FLRW model plus perturbations, entails establishing a correlation

between spacetime points in the inhomogeneous universe and the homogeneous back-

ground. This correlation provides insights into the dynamics of the Universe and the

mechanisms shaping its development.

For simplicity, the homogeneous and isotropic FLRW background would include a

spatially flat sector as outlined in Eq.(3.2), and is

ds2 = −N(t)2dt2 + a(t)2(dx2 + dy2 + dz2) (5.1)

According to that line element, the corresponding tetrad ansatz can be written in

the following diagonal form :

ea
µ = diag(N(t), a(t), a(t), a(t)) (5.2)

This choice of the tetrad is compatible with the Weitzenböck gauge [72], [138] which

is defined in Sec.(2.1), and results in a vanishing spin connection.

The field equations that define the behaviour and properties of the flat, homoge-

neous and isotropic background can then be derived by varying the action obtained

from Eq.(2.46) with respect to the dynamical variables of the system. These dynamical

variables include the lapse function N(t), the scale factor a(t) and the scalar field ϕ(t)

present in the theory [14], [13].
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By varying the action with respect to the lapse function, the first field equation is

Etele +
5

∑
i=2

Ei = 0 . (5.3)

The analytical expressions of the Ei components are

Etele = 6H
.
ϕGtele,I2 + 12H2 Gtele,T + 2X Gtele,X − Gtele , (5.4)

E2 = 2X G2,X − G2 , (5.5)

E3 = 6X
.
ϕHG3,X − 2X G3,ϕ , (5.6)

E4 = −6H2 G4 + 24H2X(G4,X + XG4,XX)− 12HX
.
ϕ G4,ϕX − 6H

.
ϕ G4,ϕ , (5.7)

E5 = 2H3 X
.
ϕ (5G5,X + 2XG5,XX)− 6H2X

(
3G5,ϕ + 2XG5,ϕX

)
(5.8)

The term Ltele characterizing the BDLS theory and for the choice of a flat FLRW

background, is expressed as

Ltele = Gtele(ϕ, X, T, I2) , (5.9)

The Hubble parameter is denoted as H =
.a/a. The use of overdots represents

derivatives with respect to cosmic time and commas denote partial derivatives with

respect to the argument. In this background setting, the torsion scalar is defined as

T = 6H2 and I2 = 3H
.
ϕ is the only surviving scalar irreducible. In addition, the kinetic

term of the scalar field is X = 1
2

.
ϕ2. It is important to note at this point that in the case of

Gtele = 0, Eqs (5.5)-(5.8) become identical with the background equations of the classical

Horndeski case as presented in [88].

In a similar way, when considering variations with respect to the scale factor, the

second field equation can be derived. This equation is outlined as

Ptele +
5

∑
i=2

Pi = 0 . (5.10)
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The Pi components have the following expressions :

Ptele = −3H
.
ϕGtele,I2 − 12H2Gtele,T − d

dt

(
4HGtele,T +

.
ϕ Gtele,I2

)
+ Gtele , (5.11)

P2 = G2 , (5.12)

P3 = −2X
(

G3,ϕ +
..
ϕG3,X

)
, (5.13)

P4 = 2
(

3H2 + 2
.

H
)

G4 − 12H2XG4,X − 4H
.

XG4,X − 8
.

HXG4,X

− 8HX
.

XG4,XX + 2
( ..

ϕ + 2H
.
ϕ
)

G4,ϕ + 4XG4,ϕϕ

+ 4X
( ..

ϕ − 2H
.
ϕ
)

G4,ϕX , (5.14)

P5 = −2X
(

2H3 .
ϕ + 2H

.
H

.
ϕ + 3H2 ..

ϕ
)

G5,X − 4H2X2 ..
ϕG5,XX

+ 4HX
( .

X − HX
)

G5,ϕX + 2
[

2
d
dt

(HX) + 3H2X
]

G5,ϕ + 4HX
.
ϕG5,ϕϕ (5.15)

Finally, varying the action with respect to the scalar field results in the third field

equation, the modified Klein-Gordon equation, which is expressed as

1
a3

d
dt

[
a3(J + Jtele)

]
= Pϕ + Ptele (5.16)

This last background equation showcases the terms of the standard Horndeski the-

ory denoted as J and Pϕ, originating from the Lagrangian terms Li, with i = 2, 3, 4, 5.

On the other hand, the terms Jtele and Ptele are solely connected with the BDLS theory.
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The J and Pϕ terms are defined as follows [13], [88] :

J =
.
ϕ G2,X + 6HXG3,X − 2

.
ϕ G3,ϕ + 6H2 .

ϕ (G4,X + 2XG4,XX)− 12HXG4,ϕX

+ 2H3X (3G5,X + 2XG5,XX)− 6H2 .
ϕ
(
G5,ϕ + XG5,ϕX

)
, (5.17)

Pϕ = G2,ϕ − 2X
(

G3,ϕϕ +
..
ϕG3,ϕX

)
+ 6

(
2H2 +

.
H
)

G4,ϕ

+ 6H
( .

X + 2HX
)

G4,ϕX − 6H2X G5,ϕϕ + 2H3X
.
ϕ G5,ϕX , (5.18)

The new terms introduced in the BDLS theory have the expressions :

Jtele =
.
ϕ Gtele,X , (5.19)

Ptele = −9H2 Gtele,I2 + Gtele,ϕ − 3
d
dt

(HGtele,I2) . (5.20)

It is important to highlight, as indicated in Eq.(5.9), that the novel term, Gtele is

independent of the contributions of Tax and Tten. This outcome stems directly from the

choice to designate the background as a maximally symmetric and flat FLRW space-

time, resulting in the nullification of both Tax and Tten in this particular setup. However,

when examining perturbations, the factors contributing to the Gtele term are expected

to be diverse, potentially encompassing a significant array of scalars and irreducibles.

This additional information in Gtele could pave the way for further investigation of

models present in the BDLS framework potentially leading to a deeper understanding

of which models align best with observations.
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5.2 | Cosmological Perturbations

At present, a wide range of observational methods is used by the scientific community

to investigate the large-scale structure of the Universe. Among these methods, the CMB

stands out as an observational window that has provided valuable data concerning the

early stages of the cosmos. By detecting the anisotropies in the CMB across different

angular scales, researchers have gained valuable insights into the state of the Universe

at the time of recombination. Additionally, the large-scale galaxy redshift surveys have

a crucial role in expanding our knowledge about luminous objects which in turn reveals

the distribution of mass in the present time.

Furthermore, investigations on the spectra of quasar absorption lines and also on

weak gravitational lensing are opening new aspects of research by providing additional

information on the distribution of matter. These analyses are particularly significant as

they offer insights into the spreading of matter independent of its ability to emit light,

thereby addressing the biasing issue. The exploration of weak gravitational lensing is

not only limited to the baryonic form of matter, but it extends to dark matter, providing

a promising method to determine its concentration in the Universe with accuracy.

As a result, it is reasonable to acknowledge that the expansion of the FLRW back-

ground metric will eventually incorporate components capturing the intricate distribu-

tion of matter and energy in the observed Universe, characterized by the presence of

clusters and superclusters of galaxies and stars across various scales. To address this

issue, it is important to consider the spatial inhomogeneity and anisotropy. Following

that reasoning, the method of perturbations must be employed which will have as a

starting point the spatially homogeneous and isotropic FLRW model with straightfor-

ward characteristics [19], [100].

The concept of cosmological perturbations has emerged as one of the fundamental

components of quantitative cosmology. It provides the theoretical basis for establishing
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the connection between theories of the early Universe, such as the inflation paradigm

which profiles the causal structure for the emergence of fluctuations, and the extensive

array of up-to-date observational data about the complexity of cosmic structure. In the

perturbation analysis, the variables are defined by a homogeneous background com-

ponent which depends solely on the cosmic time and a perturbative component which

is reliant on spacetime [103], [25]. The analysis of linear perturbation on a spatially flat

FLRW background concerning the classical Horndeski theory was conducted in [88].

In the current chapter, the objective is to determine the appropriate configuration of

the tetrad matrix before proceeding to the calculation of the action for tensor, vector and

scalar perturbations. Additionally, it aims to establish the full perturbative approach in

the context of metric inherited perturbations. The analysis of the perturbations is con-

ducted by implementing the unitary gauge where the scalar field perturbations vanish,

δϕ = 0. Furthermore, the investigation extends up to the second-order perturbative

level, which is essential in verifying the non-existence of ghosts or gradient instabilities

according to the theoretical conditions.

The expansion of the metric, up to first order, is represented by

gµν = ḡµν + δgµν (5.21)

In Eq.(5.21), ḡµν represents the selection of the flat FLRW spacetime. The term δgµν

identifies the metric perturbation defined as

δgµν →



−2α aBi + a2∂iβ

aBi + a2∂iβ 2a2
[
ζδij +

1
2 hij + 2∂(ihj)

]


(5.22)
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The composing vector fields in Eq.(5.22), Bi = bi + βi and hj, are defined by being

divergence-free (solenoidal), meaning that ∂iXi = 0, leading to two DoF for each vector.

The scalar contributions α, β and ζ have one DoF each. The α component represents the

perturbation of the lapse function, the β component describes the shift vector and the ζ

identifies the spatial curvature perturbation. Scalar perturbations can be formed from a

scalar or its derivatives. Any 3-vector, such as ∂iX, which is constructed from the scalar

is curl-free (longitudinal), X,[ij] = 0. The terminology used as scalar or vector pertur-

bations reflects their transformation behaviour under spatial translations [19]. Finally,

the tensor contribution hij is both divergence-free, hj
ij, = 0 and traceless with hijδ

ij = 0

resulting in two DoF. Physically the tensor mode represents the gravitational radiation.

The two DoF correspond to the two polarizations present in a GW. It must be noted that

the terms "divergence-free" or "curl-free" are defined with respect to the flat spacetime

metric since perturbations are specified with respect to the FLRW background.

The perturbation of the tetrad is summarized in the subsequent form :

eA
µ = ēA

µ + δeA
µ (5.23)

Here, the tetrad denoted as ēA
µ = diag(N, a, a, a) corresponds to the spatially flat FLRW

background, while the perturbed component of the tetrad, δeA
µ, is defined as

δeA
µ →



α −aβi

δI
i (∂

iβ + bi) aδIi
[
ζδij +

1
2 hij +

1
8 hikhkj + 2∂(ihj)

]


(5.24)

The uppercase Latin indices correspond to the Lorentz spacetime components while the

lowercase Latin indices pertain to the three-dimensional spatial part of the spacetime.
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5.2.1 | Tensor Perturbations
A critical characteristic regarding the three types of perturbations is their ability to

decouple. This means that each type of perturbation progresses separately and inde-

pendently from the others [117 [103], [128]. Consequently, to study the tensor pertur-

bations described in Eq.(5.24), it is necessary to assign zero values to both the scalar and

vector components. Tensor perturbations are described by h+(t, x, y, z) and h×(t, x, y, z),

two functions that are assumed to have small values [137]. These independent of each

other functions obey the same equations of motion and are the components of the sym-

metric tensor Hij which is both traceless and divergence-free.

One effective method to streamline the following analysis is to limit the tensor per-

turbations only to the x − y plane. This involves aligning the z−axis with the direction

of the wavevector k⃗ resulting in k̂ = z.

By setting the vector and scalar perturbative components all to zero, the tetrad of

Eq.(5.23) takes the following form :

eA
µ →



1 0 0 0

0 −a − 1
2 ah+ − 1

8 a
(
h2
+ + h2

×
)

− 1
2 ah× 0

0 − 1
2 ah× −a + 1

2 ah+ − 1
8 a
(
h2
+ + h2

×
)

, 0

0 0 0 a



(5.25)
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In this configuration, the metric takes on a specific form as outlined below :

gµν = −N2dt2 + a2(δij + hij)dxidxj , (5.26)

where the background value of the lapse function is considered to be unity.

The next phase for the investigation of tensor perturbations within the BDLS theory,

is the calculation of the scalar invariants associated with the decomposition of the tor-

sion tensor as well as the quadratic contractions of the torsion tensor with the scalar

field which are both outlined in Chapter 2.

According to Eqs.(2.13)-(2.15), the related scalars are

Tax = 0 , (5.27)

Tvec = −9
.a2

a2 , (5.28)

Tten =
3

4a2

[
(∇h+)2 + (∇h×)2 − a2 .

h2
+ − a2 .

h2
×

]
. (5.29)

In the case of tensor perturbations, the complete set of the quadratic contractions

involving the torsion tensor and the scalar field, as described in Eqs.(2.31)-(2.40), results

in the following list of scalars :

I2 =
3

.a
.
ϕ

a
, (5.30)

J5 =

.
ϕ2

8
(

.
h2
+ +

.
h2
× ), (5.31)

J8 =

.
ϕ2

2
(

.
h2
+ +

.
h2
× ), (5.32)

J1 = J3 = J6 = J10 = 0. (5.33)
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The quadratic action of Eq.(2.46) in the case of tensor perturbations takes under

consideration all the scalar contributions as well as the selection of the tetrad matrix

and results in the following form :

S(2)
T =

∫
d4x

a3

4

[
GT

.
h2

ij −
FT

a2 (∇hij)
2
]

. (5.34)

The quadratic action of Eq.(5.34) showcases the propagation of tensor perturbations

in a flat FLRW background. Moreover, the entities GT and FT are explicitly defined as

GT = 2
(

G4 − 2XG4,X + XG5,ϕ − HX
.
ϕG5,X + 2XGtele,J8 +

X
2

Gtele,J5 − Gtele,T

)
(5.35)

FT = 2
(

G4 − XG5,ϕ − X
..
ϕG5,X − Gtele,T

)
. (5.36)

The expressions in the Eqs.(5.35), (5.36) involve Gi,A terms which represent the

derivative of Gi with respect to the quantity A. At this point, it is interesting to note

that in the case of Gtele = 0 then the results of classical Horndeski theory are obtained,

which are in agreement with the results of [88].

After varying the action of Eq.(5.34), the propagation equation of GW can be de-

rived, [14], [15]. More precisely, the squared sound speed of GW is given by

c2
T =

FT

GT
(5.37)

From Eq.(5.34) describing the quadratic action, it is obvious that the ghost and gra-

dient instabilities in tensor perturbations could be prevented as long as,

FT > 0 and GT > 0 . (5.38)

It is important to mention that the value of c2
T does not equal unity when considering

a random selection of the Gi terms.
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5.2.2 | Vector Perturbations

The divergence-free vector perturbations represent a significant component of the DoF

in cosmological perturbation theory. In the absence of any anisotropic stress, these per-

turbations typically experience a rapid decay in an expanding universe. The upcoming

paragraphs encompass a comprehensive examination of vector perturbations within

the BDLS framework. Their behaviour is anticipated to not deviate from their typical

evolutionary pattern as time progresses.

To investigate the vector perturbations the scalar contributions α, β, ζ along with the

tensor contributions hij must be all adjusted to zero. The corresponding tetrad matrix

is expressed as

eA
µ →



1 −aβi

δI
i bi aδIi

[
δij + 2∂(ihj)

]


(5.39)

Considering the decomposition of the torsion tensor, the scalar invariants for the

case of vector perturbations are formulated below :

Tax =
1

9a2 [∇× (β − b)]2 , (5.40)

Tvec =− 9
.a2

a2 +
1
a2

{
9

.a2 (2bβ + β2)− 6
.aa
[
b

.
β − 2(∇× h)(∇×

.
h)
]
− (5.41)

− 6
.a(∇× b)(∇× h)− 6

.a(b + β)
(
∇2h − a

.
β
)
+
(
∇2h − a

.
β
)2
}

,
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Tten =− 1
a2

[
a2 .

β2 − (∇× b)2 − (∇× b)(∇× β)− (∇× β)2
]

(5.42)

− 1
a2

[
3a(∇×

.
h)(b − ah) + a

.
β∇2h + (∇2h)2

]
.

The following step is the calculation of the contractions of the torsion tensor with

the scalar field of the theory. This process involves using Eqs.(2.31)-(2.40) to identify

and evaluate these contractions. The contractions that need to be taken into account

include the following :

I2 =
3

.a
.
ϕ

a
+

1
a

{ .
ϕ
[
−3

.a
(
2bβ + β2)+ a

(
b

.
β − 2(∇× h)(∇×

.
h)
)]

+ (5.43)

+
1
a

[
(

.
ϕ∇× b)(∇× h)

]
+

1
a

{ .
ϕ(b + β)

(
∇2h − a

.
β
) }

,

J3 =
1

6a2

{ .
ϕ2
[
2a2 .

β2 − (∇2h)2 − a
.
β∇2h

] }
, (5.44)

J5 =
1

4a2

{
.
ϕ2
[
∇2 × (−a

.
h + b + β)

]2
+

.
ϕ2
(

a∇×
.
h +∇× β

)2
}
− (5.45)

− 1
4a2

5
.
ϕ2
(

2a
.
β + ∆h

)2

9
,

J6 =
1

36a2

[
.
ϕ4
(

2a
.
β +∇2h

)2
]

, (5.46)

J8 =
1

2a2

[
.
ϕ2
(

2a∇×
.
h −∇× b

)2
−

.
ϕ2
(

2a
.
β + ∆h

)2

9

]
, (5.47)
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J10 =

.
ϕ2

6a2

[
(∇× b)(∇× β) + (∇× b)2 − 2(∇× β)2

]
, (5.48)

J1 = 0. (5.49)

The expansion of the action to incorporate terms up to quadratic order when con-

cerning the vector perturbations is outlined below :

S(2)
V =

∫
dtd3xa3

[
A1

a2 (∇
2h)2 + A2β̇2 + A3(∇×

.
h)2 − A3

a
(∇×

.
h)(∇× b)+ (5.50)

+
A4

a2 (∇× b)2 +
A5

a2 (∇× β)2 +
A6

a
(∇× h)(∇× β) +

A7

a
(∇× h)(∇×

.
β)+

+
A8

a2 (∇× β)(∇× b)

]

Each of the Ai entities present in Eq.(5.50) corresponds to a specific aspect of the

action, and contributes to the overall result. Their analytical expressions are

A1 :=
X
18
(
2XGtele,J6 − 6Gtele,J3 − 5Gtele,J5 − 2Gtele, J8

)
+ Gtele,Tvec (5.51)

A2 :=
2X
9
(
2XGtele,J6 + 3Gtele,J3 − 5Gtele,J5 − 2Gtele,J8

)
+ Gtele,Tvec (5.52)

A3 :=X
(
−4G4,X − 2G5,X H

.
ϕ + 2G5,ϕ + Gtele,J5 + 4Gtele,J8

)
+ 2 (G4 − Gtele,T) (5.53)

A4 :=
a

18

[
3X
(
−6G4X − 3G5X H

.
ϕ + 3G5ϕ + 3Gtele,J5 + 6Gtele,J8 + 2Gtele,J10

)]
+ (5.54)

+
a

18
[9G4 − 9Gtele,T + 2Gtele,Tax ]
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A5 :=
X
2

(
−2G4,X − G5,X H

.
ϕ + G5,ϕ + 2Gtele,J5

)
+

1
2

G4 −
1
2

Gtele,T + (5.55)

+
1
9

Gtele,Tax −
2X
3

Gtele,J10

A6 :=− 2
d
dt
(2XG4X − XG5ϕ − G4)− 2

.
ϕXG5,X

.
H −

.
ϕGtele,I2 − 4XG5.X H2 .

ϕ− (5.56)

H

{
2X
[
4G4,X + (2XG5,XX + 3G5,X)

..
ϕ + 2XG5,ϕX − 2G5,ϕ

]
− 4G4 + 4Gtele,T − 6Gtele,Tvec

}

A7 :=
X
9

(
−36G4,X − 18G5,X H

.
ϕ + 18G5,ϕ − 4XGtele,J6 + 3Gtele,J3

)
+ (5.57)

X
9
(
10Gtele,J5 + 4Gtele,J8

)
+ 2 (G4 − Gtele,T + Gtele,Tvec)

A8 :=X
(
−2G4,X − G5,X H

.
ϕ + G5,ϕ + Gtele,J5

)
+ G4 − Gtele,T − 2

9
Gtele,Tax (5.58)

+
X
3

Gtele,J10

The expressions provided for the components of the quadratic action are obviously

quite complex and detailed. Nonetheless, the coefficients associated with the quanti-

ties β2, βb and ∇× h become zero as a result of employing the background equations

leading to a considerable reduction of the complexity.

By integrating this result with the conditions of A1 = 0 and A3 = 0, we can deter-

mine a single dynamical variable β along with two auxiliary fields h and b.

When varying the second-order action of Eq.(5.50) with respect to these two auxil-
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iary fields h and b, we can establish the following set of constraint equations :

2
A4

a2 (∇× b) +
A8

a2 (∇× β) = 0 (5.59)

A6

a
(∇× β) +

A7

a
(
∇× β̇

)
= 0 (5.60)

Employing the results of Eqs.(5.59)-(5.60) in Eq.(5.50), the final form of the quadratic

action for vector perturbations can be expressed as

S(2)
V =

∫
dtd3xa3

[
GV

.
β2 − FV

a2 (∇× β)2

]
. (5.61)

The coefficients present in Eq.(5.61) are explicitly defined below :

GV = A2 and FV =
A2

8
4A4

− A5. (5.62)

It is evident from Eq.(5.61) that the ghost and gradient instabilities in the case of

vector perturbations can be avoided if the following conditions hold :

FV > 0, and GV > 0. (5.63)

As in the classical Horndeski theory, vector perturbations in BDLS context seem to

have minimal influence on the various eras during the evolution of the Universe, and

in general, do not significantly affect cosmological phenomena following the period of

inflation [98], [101].
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5.2.3 | Scalar Perturbations

Unlike vector and tensor perturbations which do not produce density perturbations

and therefore do not contribute to the formation of structure, scalar perturbations are

coupled to the matter perturbations. This characteristic coupling between the scalar

modes and matter has a crucial role in the evolution and development of the large-scale

structure in the Universe.

To proceed with the analysis of scalar perturbations, it is necessary to assign zero

values to the quantities bi, βi, hi vectors and to the hij tensor. The tetrad that character-

izes this type of perturbation has the following form :

eA
µ →



1 + α 0

aδI
i ∂iβ aδI

i (1 + ζ)


(5.64)

In the case of scalar perturbations, the expressions of the axial, vectorial and tenso-

rial components of the torsion tensor are :

Tax = 0 (5.65)

Tvec =− 9
.a2

a2 +
6

.a
a2

[
3

.aα + a(∇2β − 3
.
ζ)
]
+

1
a2

{
− 27α2 .a2 + 6 a .a (3∇β∇ζ)− (5.66)

6 a .a
(

2α(∇2β − 3
.
ζ)
)
+
[
(2∇ζ +∇α)2 − a2(∇2β − 3

.
ζ)2
] }
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Tten =

[
(∇ζ −∇α)2

a2 − (∇2β)2
]

(5.67)

The following step in the procedure is to employ Eq.(2.31)-Eq.(2.40) in order to cal-

culate the contractions of the torsion tensor with the scalar field. These contractions, in

the case of scalar perturbations, include the following :

I2 =
3

.a
.
ϕ

a
−

.
ϕ

a

[
6α

.a + a(∇2β − 3
.
ζ)− 9α2 .a − 2aα(∇2β − 3

.
ζ) + 3a∇β∇ζ

]
(5.68)

J3 =

.
ϕ2

3a2

[
(∇α)2 +∇ζ ∇α − 2 (∇ζ)2 ] (5.69)

J5 =

.
ϕ2

18a2

[
3a2 (∇2β)2 − 10 (∇ζ −∇α)2 ] (5.70)

J6 =

.
ϕ4

9a2 (∇α −∇ζ )2 (5.71)

J8 =
2

.
ϕ2

9a2

[
3a2 (∇2β)2 − (∇ζ −∇α)2 ] (5.72)

J1 = J8 = J10 = 0. (5.73)

The calculation of the action for the case of scalar perturbations involves inserting

the perturbed tetrad of Eq. (5.64) into the action of Eq.(2.46). After being expanded up

to the second order, the coefficients of ζ2 and αζ could be set equal to zero according to

the background equations of Sec.(5.1).

Considering all that, the quadratic action for the case of scalar perturbations ac-
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quires the particular form :

S(2)
S =

∫
dtd3xa3

[
− 3A

.
ζ2 +

B
a2 (∇ζ)2 + Σα2 − 2Θα∇2β + 2A

.
ζ∇2β+ (5.74)

+ 6Θα
.
ζ − 2Cα

∇2

a2 ζ

]

The coefficients that are present in Eq.(5.74) represent distinct components of the

action each playing a crucial role in determining the final result. The specific mathe-

matical formulae of these coefficients are provided below :

A :=2
[

G4 − 2XG4,X + XG5,ϕ − Gtele,T +
3
2
(Gtele,Tvec − XGtele,I2 I2)− (5.75)

3H2(4Gtele,TT − 12Gtele,TTvec + 9Gtele,TvecTvec)− H(XG5,X + 6Gtele,TI2 − 9Gtele,Tvec I2)
.
ϕ
]

B :=
2
9

(
9G4 − 9XG5,ϕ − 6XGtele,J3 − 5XGtele,J5 + 2X2Gtele,J6 − 2XGtele,J8− (5.76)

9Gtele,T + 18Gtele,Tvec − 9XG5,X
..
ϕ
)

Σ :=X
(
Gtele,X + 2XGtele,XX + 2XG2,XX + G2,X − 2XG3,ϕX − 2G3,ϕ

)
+ (5.77)

3H
.
ϕ
(
4XGtele,XI2 + Gtele,I2 + 2X2G3,XX + 4XG3,X − 4X2G4,ϕXX − 10XG4,ϕX − 2G4,ϕ

)
+

3H2(12XGtele,I2 I2 + 8XGtele,XT + 2Gtele,T − 2G4 − 3Gtele,Tvec + 8X3G4,XXX+

32X2G4,XX + 14XG4,X − 12XGtele,XTvec − 4X3G5,ϕXX − 18X2G5,ϕX − 12XG5,ϕ
)
+

2H3 .
ϕ
(
36Gtele,TI2 − 54Gtele,Tvec I2 + 2X3G5,XXX + 13X2G5,XX + 15XG5,X

)
+

18H4 (−12Gtele,TTvec + 4Gtele,TT + 9Gtele,TvecTvec)

Θ :=− 6H3(4Gtele,TT − 12Gtele,TTvec + 9Gtele,TvecTvec) + H(2G4 − 8XG4,X− (5.78)
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8X2G4,XX + 6XG5,ϕ + 4X2G5,ϕX − 2Gtele,T + 3Gtele,Tvec − 6XGtele,I2 I2−

4XGtele,XT + 6XGtele,XTvec)− H2(5XG5,X + 2X2G5,XX + 18Gtele,TI2 − 27Gtele,Tvec I2)
.
ϕ−

(XG3,X − G4,ϕ − 2XG4,ϕX +
1
2

Gtele,I2 + XGtele,XI2)
.
ϕ

C :=2
(
G4 − 2XG4,X + XG5,ϕ − HXG5,X

.
ϕ − Gtele,T + Gtele,Tvec

)
+

X
9
(3Gtele,J3 + 10Gtele,J5 − 4XGtele,J6 + 4Gtele,J8) (5.79)

As in the tensor perturbations case, by eliminating the term of Gtele in the above

equations, the results of classical Horndeski theory can be obtained which are in agree-

ment with the perturbation results of [88].

By varying the action of Eq.(5.74) with respect to α and β, the following constraint

equations can be derived, which are

Σα − Θ∇2β + 3Θ
.
ζ − C∇

2

a2 ζ = 0 (5.80)

Θα −A
.
ζ = 0 (5.81)

Inserting the constraints of Eqs.(5.80), (5.81) into the action, Eq.(5.74), the final form

of the quadratic action for scalar perturbations is

S(2)
S =

∫
dtd3xa3

[
GS

.
ζ2 − FS

a2 (∇ζ)2

]
. (5.82)

The new variables introduced in the action described by Eq.(5.82) are defined as

GS = 3A+
ΣA2

Θ2 , (5.83)

FS =
1
a

d
dt

(
aAC

Θ

)
−B (5.84)
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The square sound speed is given by c2
s = FS/GS while the ghost and gradient

instabilities are avoided if the following conditions are satisfied :

FS > 0, GS > 0. (5.85)

The above considerations are vital for comprehending the speed at which scalar

perturbations propagate from the early Universe, which probably affects the observed

magnitude of BAO.

5.3 | Applications ofBDLSCosmological Perturbations

The results of the perturbations analysis discussed in Sec.(5.2) have various implica-

tions in cosmology, particularly in the investigation of the early stages of the Universe.

It is crucial to fully comprehend the nature of perturbations to elucidate the develop-

ment and progression of large-scale structures. The current section aims to examine the

power spectrum of cosmological perturbations in the BDLS context and to present the

formulas of the alpha parameters. By utilizing the most recent CMB data, it is possible

to constrain the values of the alpha parameters without the need to define any spe-

cific model or initial conditions. This approach enables the detection of any deviations

between the standard cosmological model and alternative theories.

5.3.1 | Primordial Power Spectrum

One of the primary concerns of cosmology involves elucidating the origins of the pri-

mordial inhomogeneities which act as the precursors of the formation of structure. As

per the cosmic inflation theory, these primordial perturbations stem from quantum

fluctuations. While these fluctuations exhibit substantial amplitudes only on scales

near the Planck length, they stretched to galactic scales during the inflationary era

and established the initial conditions for the development of large-scale structures.
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Quantum fluctuations suggest that different regions in space could inflate by different

amounts resulting in local differences in the expansion history related to differences in

the post-inflation local densities [103], [25]. In this section, the discussion will be on the

power spectrum of these fluctuations. The power spectrum encompasses both scalar

and tensor modes.

■ Tensor Perturbations. To begin the analysis of the power spectrum in the case of

tensor perturbations, we use the canonical variables

dyT :=
F 1/2

T
aGT

dt , zT :=
a
2
(FTGT)

1/4 , vij(yT, x) := zThij , (5.86)

The quadratic action of Eq. (5.34) can now be written as

S (2)
T =

∫
dyTd3x

[
(v′ij)

2 − (∇vij)
2 +

z′′T
zT

v2
ij

]
(5.87)

The prime indicates derivative with respect to yT. Upon varying the action with

respect to vij and solving its equation, the result at superhorizon scales is

vij ∝ zT , vij ∝ zT

∫ dyT

z2
T

, (5.88)

Using the non-canonical variables, Eq.(5.88) can be rewritten as

hij = const , hij =
∫ t dt′

a3GT
. (5.89)

To assess the power spectral density, it is assumed that

ϵ := −
.

H
H2 ≃ const , fT :=

.
FT

HFT
≃ const , gT :=

.
GT

HGT
≃ const . (5.90)

To ensure that the canonical time coordinate ranges from −∞ to 0 during the

expansion of the Universe, it is necessary to apply the following condition :

ϵ +
fT − gT

2
< 1 (5.91)
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In order for the decay of the second solution in Eqs. (5.88)-(5.89) to occur, it is

necessary to assume that

ϵ − gT < 3 . (5.92)

Expressing the tensor modes using the eigenfunctions eik·x of the Laplacian and

the polarization tensor eij in the Fourier space, the equation for the mode function

has the following solution :

vij =

√
π

2
√
−yT H(1)

νT (−kyT)eij , (5.93)

where H(1)
νT is the Hankel function of the first kind (plus sign).

The entity νT is a positive scalar and it is defined as

νT :=
3 − ϵ + gT

2 − 2ϵ − fT + gT
. (5.94)

Finally, the power spectrum of the primordial tensor perturbations has the form :

PT = 8γT
G1/2

T

F 3/2
T

H2

4π2

∣∣∣
−kyT=1

(5.95)

with

γT = 22νT−3
∣∣∣∣ Γ(νT)

Γ(3/2)

∣∣∣∣2 (1 − ϵ − fT

2
+

gT

2
) .

The power spectrum is calculated at the sound horizon exit, −kyT = 1, since cT

does not necessarily equal c in all the cases. The spectral index in tensor pertur-

bation is given by

nT = 3 − 2νT (5.96)

The scale-invariant limit for tensor perturbations would be for νT = 3/2. It can

be observed From Eq. (5.96) that, the GW spectrum exhibit a blue tilt when

nT > 0 ⇒ 4ϵ + 3 fT − gT < 0 . (5.97)
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The criteria outlined in Eqs.(5.91) and (5.92) remain unchanged by this result and

even with the detection of B-mode polarization in the CMB, the theory could

remain a viable option.

■ Scalar Perturbations: To achieve canonical normalization of the quadratic action,

Eq.(5.74), the following variables are introduced :

dyS :=
F 1/2

S

aG1/2
S

dt , zS :=
√

2a(FSGS)
1/4 , u(yS, x) := zSζ . (5.98)

Substituting the new variables into the quadratic action of scalar perturbations,

the result is

S (2)
S =

1
2

∫
dySd3x

[
(u′)2 − (∇u)2 +

z′′S
zS

u2
]

(5.99)

and prime denotes differentiation with respect to the canonical time variable, yS.

Using a similar method as the one employed in tensor perturbations, the following

assumption is made for the derivation of the power spectrum :

ϵ := −
.

H
H2 ≃ const , fS :=

.
FS

HFS
≃ const , gS :=

.
GS

HGS
≃ const . (5.100)

The power spectrum has the form

PS =
γS

2
G1/2

S

F 3/2
S

H2

4π2

∣∣∣
−kyS=1

, (5.101)

where

νS :=
3 − ϵ + gS

2 − 2ϵ − fS + gS

and

γS = 22νS−3
∣∣∣∣ Γ(νS)

Γ(3/2)

∣∣∣∣2 (1 − ϵ − fS

2
+

gS

2
) .
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The spectral index in this case is

nS = 4 − 2νS (5.102)

To obtain equal amplitudes at horizon crossing, the following must hold :

ϵ +
3 fS

4
− gS

4
= 0 . (5.103)

Considering the limit ϵ, fT, gT, fS, gS ≪ 1, then νT, νS → 3/2 thus γT, γS → 1.

Finally, the ratio of tensor-to-scalar is

r = 16
FS

FT

cS

cT
. (5.104)

In light of this, it is possible to explore various inflation models as part of the

BDLS theory and derive the value of r in relation to the slow-roll parameters.

5.3.2 | Alpha Parametrization

The results of the perturbation analysis presented in Sec.(5.2) can be further revised

by considering five time-dependent functions, one of which is the Hubble parameter,

H(t), describing the expansion history of the Universe. The remaining four functions,

denoted as αi(t), are dimensionless and appear only within the perturbative frame-

work. The αi(t) functions offer the benefit of representing any deviations from GR at

the perturbative level [26] , [71], [90]. These four functions are independent of the back-

ground, the matter composition of the model being studied, and each independent of

the other. They could be accounted for as the set of functional parameters required to

explain cosmological perturbations, yet their scope is broader. Taking into account a

fixed background, then any pair of trajectories associated with distinct models but with

the same αi(t) exhibit no differences in their behaviour.
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Utilizing the αi(t) functions offers numerous benefits. This method allows for a

comprehensive overview of the theoretical models in cosmology, as they can now be

translated into the same language. As a result, facilitating the comparison between

different models is now achievable by identifying possible similarities. Furthermore,

having a precise mapping of models through these functional parameters enables re-

search to discover unexplored domains beyond that already known.

On the other hand, a unified approach to the cosmological models streamlines the

process of comparing them to observational data. Rather than individually constrain-

ing each theoretical model, the research can concentrate on constraining the parametrized

functions which are derived from general formalism. Then, one can analyze the impli-

cations of this procedure for each respective model.

For a cosmological model with explicit initial conditions of the background vari-

ables, the context of each αi(t) is defined as follows :

■ αK, kineticity. This term signifies the kinetic energy of scalar perturbations arising

from the action. The possible large values of αK can reduce the sound speed of

scalar perturbations. Since αK represents the kinetic energy, it is not constrained

by observations as it does not affect any of the observational quantities [26], [71],

[126]. The contributions of αK come from G2, G3, G4, G5 and Gtele.

■ αB, braiding. Whenever αB ̸= 0, a part of the kinetic term of scalar perturbations

is derived from the kinetic mixing, referred to as braiding that occurs between

gravitational and scalar degrees of freedom. The function αB indicates any possi-

ble deviation from the standard form of a =
.
ζ/H as specified in the notation of

Eq.(5.74) [26], [71] and it receives contributions from G3, G4, G5 and Gtele.

■ αM, Planck mass run rate. The third functional parameter denotes the evolution
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rate of the effective Planck mass. The case of αM ̸= 0 indicates that the theory

under study involves non-minimal coupling. This particular function induces

anisotropic stress in curvature perturbations and modifies the development of

GW [26], [71], [122]. It receives contributions from G4, G5 and Gtele.

■ αT, tensor speed excess. It outlines the propagation speed of tensor perturbations

and measures any deviations from the typical null geodesics [26], [71]. As a result,

αM and aT have an impact on the propagation speed with their values to be po-

tentially constrained by cosmological observations. The contributions on aT stem

from G4, G5 and Gtele.

According to the definitions of αi, the effective Planck mass can be formally defined

HM2
∗ αM =

dM2
∗

dt
(5.105)

Following that, the definition of the effective Planck mass can be further used in

expressing the quantities of tensor modes. In that case, the results outlined in Eqs.(5.35)-

(5.36), can now be expressed as

GT = M2
∗/2 and c2

T =
FT

GT
⇒ FT = (1 + αT)

M2
∗

2
(5.106)

The speed excess tensor is defined as

M2
∗αT = 4XG4,X − 4XG5,ϕ − 2X

..
ϕG5,X + 2XH

.
ϕG5,X − 4XGtele,J8 − XGtele,J5 (5.107)

The kineticity and braiding terms are formulated in the following manner :

AHαB = 2
.
ϕ(XG3X − G4ϕ − 2XG4ϕX) + 2XH(4G4X + 8XG4XX − 4G5ϕ− (5.108)

4XG5ϕX ++3Gtele,I2 I2 + 4Gtele,XT − 6GTele,XTvec) + 2
.
ϕXH2(3G5X + 2XG5XX)+

118



Chapter 5. Cosmological Perturbations... 5.3. Applications of BDLS Cosmological Perturbations

.
ϕ(Gtele,I2 + 12H2Gtele,TI2 − 18H2Gtele,Tvec I2 + 2XGtele,XI2),

AH2αK = 2X(G2X + 2XG2XX − 2G3ϕ − 2XG3ϕX) + 12
.
ϕXH(G3X + XG3XX− (5.109)

3G4ϕX − 2XG4ϕXX) + +12XH2(G4X + 8XG4XX + 4X2G4XXX − G5ϕ−

5XG5ϕX − 2X2G5ϕXX) + 4ϕ̇XH3(3G5X + 7XG5XX + 2X2G5XXX)+

2X(9H2Gtele,I2 I2 + 2XGtele,XX + 6
.
ϕHGtele,XI2 + Gtele,X).

Additionally, the Planck mass run rate is determined as

HM2
∗ αM =

dM2
∗

dt
(5.110)

Given the functional parameters, it is possible to redefine the quantities involved in

the action of scalar perturbations and the squared sound speed as

Θ =
AH

2
(2 − αB) and Σ = −AH2

2
(6 − αK − 6αB), (5.111)

GS =
2AD

(2 − αB)2 , where D = αK +
3
2

α2
B.

c2
s =

C
A

(2 − αB)(H2(1 + αX)− Ḣ) +
.

αBH
DH2 − B

A
(2 − αB)

2

2D
. (5.112)

To streamline the expression of squared sound speed, the parameter, CHαX = dC/dt

has been introduced. This was achieved by adopting a method similar to the approach

used for deriving aM in the Horndeski gravity. When the teleparallel term Gtele equals

zero, the classical Horndeski formula for the squared sound speed can be derived.
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5.4 | Conclusion

The comprehensive study of the expanding Universe can be conducted by considering

that it can be described by a FLRW metric with perturbations about that model being

adequate to explain the formation of large-scale structure. This approach enables a

thorough exploration of the origins of cosmic formation and the principles governing

the development of the Universe. After all, it is evident that the validity of isotropic

and homogeneous FLRW metric leads to the assumption that, on a specific scale, the

galaxies are distributed homogeneously in space. However, observational data reveal

deviations from a uniform Hubble flow on increasing large scales. This fact prompts

the question about the validity of the FLRW metric and, most importantly, about the

requisite averaging scale for interpreting it as a suitable model to describe the Universe.

The current chapter utilizes the teleparallel analogue of Horndeski gravity which

involves the exchanging of curvature with torsion and results in equations of motion

with at most second-order derivatives. The main objective is the investigation of the

cosmological perturbations in the BDLS context, propagating through a homogeneous

and isotropic FLRW Universe as the background. The investigation of perturbations

is conducted while assuming the choice of a zero spin connection at all perturbative

levels. The reason for choosing this option regarding the spin connection is to stream-

line the procedure since covariantization could result in the introduction of additional

variables, yet, without altering the physical predictions.

The initial stage of the perturbation analysis is to identify and establish the equa-

tions of motion that align with the chosen background settings. Through the incor-

poration of the background equations, the complexity of the perturbation formulas is

effectively reduced making the analysis more efficient. The investigation progressed

into deriving the decomposition of the torsion tensor and calculating its contractions

with the scalar field for three distinct perturbation types, namely tensor, vector and
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scalar modes. This extensive array of scalars is then integrated into the Gtele term and

followed by their inclusion in the expansion of the action up to the second order. By

studying the second-order action, each type of perturbation could be analyzed and

characterized in detail. This thorough analysis contributes to achieving a more pro-

found understanding of the ways in which different types of perturbation influence the

overall dynamics of the BDLS theory.

Scalar perturbations demonstrate a wide range of characteristics that are important

in enhancing our understanding of the formation of structures in the Universe. Tensor

perturbations, on the other hand, are connected with the generation of gravitational

waves and thus provide valuable insights into the mechanisms of cosmic evolution.

However, it is necessary to incorporate the decaying vector modes in the analysis to

thoroughly assess the validity of BDLS theory. As anticipated, it was confirmed in

Sec.(5.2) that vector perturbations have a negligible impact on cosmological phenom-

ena. Moving forward with the analysis, the next objective is to guarantee that the inves-

tigation of perturbations prevents the emergence of instabilities. In order to achieve this

objective, we derive the constraint equations through the variation of the relevant ac-

tion with respect to the non-dynamical fields in each perturbation case. Following that,

we establish the final form of the quadratic action for scalar, tensor and vector modes

which enables the derivation of the stability criteria that ensure the non-existence of

ghost and gradient instabilities for each type of perturbation.

Bearing in mind the wide range of implications that perturbations can have in the

field of cosmology, particularly when the focus is on investigating the early phases of

the Universe, Sec.(5.3) commences with a detailed discussion of the power spectrum as-

sociated with both scalar and tensor modes. This method facilitates a thorough investi-

gation of inflationary models within the framework of the BDLS theory. In addition, the

analysis of the power spectrum facilitates the evaluation of the ratio of tensor-to-scalar

in relation to the slow-roll parameters.
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The second part of Sec.(5.3) presents a comprehensive overview of the cosmological

perturbations by utilizing a concise set of four time-dependent functions, denoted as

αi(t) functions. Through the use of these functions, it becomes possible to present the

derived results of perturbations in a straightforward format that can be easily under-

stood and communicated further in the scientific community. The important feature of

the α-parametrization is that the αi(t) functions could effectively be constrained based

on cosmological observations. Along with the Hubble parameter, these functions play

a critical role in providing a comprehensive description of both the overall background

and the perturbations within the system. Analyzing the potential deviations between

observations and a current or newly introduced model by deriving these four functions

directly from the Lagrangian, presents an intriguing research opportunity.

Cosmological perturbations are widely acknowledged to have a profound impact

on shaping our understanding of the Universe. Owing to this, the present-day ad-

vancement of high-precision cosmology has brought the scientific community closer to

distinguishing the most suitable theory of gravity. However, despite this progress, the

ongoing task of reconciling theoretical models with actual observations continues to

pose a significant challenge for researchers in the field of cosmology [67], [27].

By directing attention towards this objective, the investigation of cosmological per-

turbations in the BDLS context could be further expanded to encompass the entire

range of the tetrad perturbations. Integrating this comprehensive approach into the

investigation could uncover new insights and implications. Ultimately, this could lead

to a more thorough evaluation of the validity of BDLS cosmology.

The results presented in the current chapter stem from analyzing the perturba-

tions originating from the metric combined with the implementation of the unitary

gauge choice. Yet, this analysis represents a preliminary step towards a more thorough

methodology which would include the gauge invariant quadratic action of perturba-

tions as well as the full spectrum of the tetrad perturbations in the realm of BDLS the-
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ory. The quadratic action for all the perturbation modes in the gauge invariant form

would lead to the identification of the propagating DoF and also to the necessary sta-

bility conditions in order to avoid any pathologies of the theory.

In the context of this method, and working in Fourier space, the non-dynamical

modes will be determined and then nullified through variations of the quadratic action

with respect to them. The gauge invariant action including only the dynamical modes

would be expressed by evaluating its variations with respect to the spatial and tem-

poral components of a vector field transformation and then ensuring that the result is

zero. Following that, a diagonalized kinetic matrix can be generated with each element

being associated with a specific constraint. According to this procedure, the concept of

Laplacian instability can be removed by imposing the requirement that the propagation

speed of the dynamical modes remains positive.

Furthermore, it is important to emphasize the significance of considering the de-

pendencies on the wave number k in this methodology. By recognizing that ghosts

tend to manifest themselves in high-energy domains, it is crucial to impose a high k

limit consistently during the entire procedure. As a result, both ghosts and Laplacian

instabilities can be avoided within this analysis.

The criteria for identifying and preventing ghost and gradient instabilities enhances

the overall quality of the scientific research leading to more robust and trustworthy

conclusions. According to that perspective, it would be intriguing to investigate the

possibility of a non-singular solution within the BDLS framework, with a specific focus

on the spatially flat sector. This line of investigation could open up the opportunity to

uncover solutions that may not have been previously considered.

Additionally, exploring the generalization of the no-go argument in a non-singular

BDLS model without considering a spatially flat sector could yield valuable insights in

the field of theoretical physics.
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6

Stable bouncing solutions in
Teleparallel Horndeski gravity:

violations of the no-go theorem

The Null Energy Condition (NEC), Tµν kµkν ≥ 0, can be violated in the case of clas-

sical Horndeski theory which could potentially lead to the development of a healthy

non-singular cosmological model. However, it has been demonstrated in [86] that in

the classical Horndeski case non-singular cosmological models characterized by a flat

spatial sector exhibit gradient instabilities and pathologies related to the tensor mode.

This is known as the no-go theorem and highlights the challenges involved in creating

a consistent and stable cosmological model in classical Horndeski gravity. The present

chapter begins by presenting the no-go theorem in classical Horndeski theory. Sub-

sequently, motivated by the extensive framework of the Teleparallel analogue of the

Horndeski theory, this chapter discusses possible methods that can be utilized for de-

veloping stable bouncing solutions within the context of BDLS. Following the analysis

of the perturbations in Chapter 5, it is crucial to consider how those results contribute

to understanding the topic at hand. As a result, the following study focuses on investi-

gating the properties and characteristics of three BDLS toy models that could evade the

no-go theorem in a healthy manner.
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6.1 | The no-go theorem in classical Horndeski theory

However successful, the ΛCDM concordance model faces numerous challenges when

extrapolated backwards in time. One of those challenges is that it fails to provide a valid

justification for the fact that baryons have been developed in an asymmetric way with

respect to antibaryons [42]. In addition, it does not provide the reason for the absence of

exotic relic particles, such as the monopole [130], which are expected by Grand Unified

Theories (GUT) to have a high abundance at the early stages of the Universe. Finally,

the ΛCDM model does not explain the origin of density perturbations that led to the

formation of large-scale structures and, furthermore, the initial singularity that results

in a minute horizon without any explanation for the extremely low spatial curvature.

The introduction of the inflationary phase to the ΛCDM model, [73, 83], has the

potential to effectively address a number of these challenging issues. The inflation

paradigm, defined as a period of accelerated expansion during the early stages of the

Universe, has evolved into a quite popular theory of contemporary cosmology. The

most straightforward models of inflation not only resolve the flatness and horizon is-

sues in the Universe, but they also forecast the characteristics and properties of the

temperature fluctuations in the CMB radiation. These predictions are found to be in

agreement with the most recent observations in the field of cosmology.

Nevertheless, the question regarding the initial singularity remains without a defini-

tive resolution and continues to perplex scientific research despite the notable advance-

ment made in the context of inflationary cosmology [34]. It has been demonstrated in

[32] and in [33] that generic models of inflation may indeed contain initial singularities.

This fact indicates that the inflationary framework remains geodesically incomplete.

The ongoing research regarding the initial singularity issue underscores the need for

further investigation into the dynamics of the early Universe and highlights the limita-

tions of our current theoretical frameworks.
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The fact that the initial singularity persists in the inflationary paradigm has led

scientific research towards the investigation of alternative scenarios involving non-

singular stages of the early Universe. These non-singular approaches serve as an effec-

tive way of completing the inflation phase in the initial stages of the Universe, thereby

eliminating the existence of a singularity. One such potential alternative proposes a

non-singular bouncing cosmological model, [35], [109], where there is a primary phase

of contraction that is connected to the currently expanding one by a minimal scalar

factor resulting in a vanishing Hubble rate.

In the context of GR, an advantageous bouncing cosmological model which is free of

singularities involves the violation of the NEC, ρ + P ≥ 0, in the vicinity of the bounce

[133]. To verify this fact, it is necessary to follow the Einstein equations which state that

the Hubble rate is defined by

.
H =

k
a(t)2 − 1

2
( ρ + P ), (6.1)

where k characterizes the spacetime curvature, a(t) is the scale factor, while ρ and P

are the energy density and pressure of the matter components.

In order to achieve the bounce in a flat FLRW cosmological background the negative

value of the Hubble rate during the contraction phase must increase since it reaches the

positive value related to the currently expanding Universe. It follows that according to

Eq.(6.1), the condition
.

H > 0 necessitates that ρ + P < 0 and hence, the violation of the

NEC which could lead to a singularity-free cosmological model.

However, the violation of the NEC in the context of a cosmological model results

in the emergence of fields possessing negative kinetic energy commonly referred to

as ghosts as well as the development of general instabilities, which are frequently ob-

served in such a model. The presence of these phenomena introduces an element of

uncertainty into the model making it more difficult to interpret as they complicate the
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analysis. Thus, additional considerations are required to account for their effects.

Therefore, violating the NEC in a healthy manner and at the same time avoiding the

emergence of pathologies proves to be a challenging task that presents difficulties and

obstacles which must be navigated carefully.

The NEC is inherently satisfied considering the inclusion of a canonical scalar field

ϕ in the theory. This condition is defined as Tµν kµkν =
.
ϕ2 ≥ 0, where Tµν is the energy-

momentum tensor and kµ represents the null vector. In the case of a non-canonical

scalar field where the Lagrangian of the model depends upon the scalar field ϕ and

its first derivatives, the NEC can be successfully violated, nevertheless, this violation

could lead to potential instabilities in the cosmological model.

The complete array of cosmological models incorporating a scalar field and whose

Lagrangian involves second-order derivatives of the scalar field ϕ leading to second-

order field equations are classified within the classical Horndeski theory [77]. Research

has demonstrated that this class of models can effectively be employed in the devel-

opment of bouncing cosmological solutions that do not exhibit any pathologies at the

moment of the bounce [64], [119]. Nonetheless, the challenge of avoiding the instabili-

ties becomes increasingly complex when attempting to prolong the bouncing solutions

over extended periods of time. In such cases, the encounter with gradient instabilities

or even ghosts is inevitable within the Horndeski class of theories [118], [86].

This situation is referred to as the No-go theorem within the classical Horndeski

theory. The No-go theorem demonstrates the inherent impossibility of developing a sta-

ble cosmological model corresponding to the course of cosmic history, t = (−∞,+∞),

without encountering issues such as gradient instabilities and ghosts. By exploring the

limitations imposed by this theorem it is possible to develop more robust models that

accurately capture the complexities of cosmic evolution. In addition, the No-go theorem

challenges scientific research to go beyond the conventional paradigms and explore in-

novative ways of studying the dynamics of the Universe.
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6.2 | The No-go theorem in BDLS Theory

In Chapter 2 it was demonstrated that the development of the BDLS theory has the

potential to revive the most interesting components of the classical Horndeski gravity

which had been previously constrained due to GW propagation speed. In addition, the

presentation of the analysis of cosmological perturbations in Sec.5.2 allows for a more

thorough examination of the intricate dynamics and mechanisms driving the evolu-

tion of the Universe according to the principles of the BDLS theory. At this point, it is

important to mention that the analysis conducted in Sec.5.2 does not provide the full

spectrum that can be derived from the tetrad perturbations. Nevertheless, it includes

a comprehensive and accurate set of the results of perturbations as they are inherited

from the metric itself when the unitary gauge is employed.

According to Eq.(2.46) which expresses the Lagrangian of the BDLS theory, the cor-

responding action including the presence of matter is defined as

SBDLS ∼
∫

d4x eLtele +
5

∑
i=2

∫
d4x eLi +

∫
d4x eLm , (6.2)

where e is the determinant of the tetrad matrix and Lm is the Lagrangian for the

matter fields. The analytical expressions of the Li components are

L2 = G2(ϕ, X) (6.3)

L3 = −G3 (ϕ, X) □̊ ϕ (6.4)

L4 = G4(ϕ, X)R̊ + G4X(ϕ, X) [ (□̊ϕ)2 − ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ ] (6.5)

L5 = G5(ϕ, X) G̊µν∇̊µ∇̊νϕ − 1
6

G5X(ϕ, X) [ (□̊ϕ)3 + 2 ∇̊ν∇̊µϕ ∇̊ν∇̊λϕ ∇̊λ∇̊µϕ

− 3 □̊ϕ ∇̊µ∇̊νϕ ∇̊µ∇̊νϕ ] , (6.6)

which coincide with the expressions of Eq.(2.23)-Eq.(2.26).
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Finally, the expression of the Ltele component is

Ltele = Gtele (ϕ, X, T, Tax, Tvec, I2, J1, J3, J5, J6, J8, J10) . (6.7)

The arguments of the Ltele are

Tax = aµ aµ = − 1
18

(
TλµνTλµν − 2 TλµνTµλν

)
, Tvec = vµ vµ = Tλ

λµ Tρ
ρµ (6.8)

Tten = tλµν tλµν =
1
2

(
TλµνTλµν + TλµνTµλν

)
− 1

2
Tλ

λµTρ
ρµ , (6.9)

T =
3
2

Tax +
2
3

Tvec −
2
3

Tten, I2 = υµϕ;µ, (6.10)

J1 = aµ aν ϕ;µ ϕ;ν , (6.11)

J3 = vσ tσµν ϕ;µ ϕ;ν , (6.12)

J5 = tσµν tσ
α

ν ϕ;µ ϕ;α , (6.13)

J6 = tσµν tσ
αβ ϕ;µ ϕ;ν ϕ;α ϕ;β , (6.14)

J8 = tσµν tσµ
α ϕ;ν ϕ;α , (6.15)

J10 = ϵµ
νσρ aν tαρσ ϕ;µ ϕ;α . (6.16)

For the evaluation that follows, the choice of the background is that of a flat FLRW

spacetime. The corresponding tetrad, taking into account a zero-spin spin connection,

is specified by Eq.(5.2), which is

ea
µ = diag(N(t), a(t), a(t), a(t)), (6.17)

where N(t) is the lapse function and a(t) is the scale factor. As it was discussed

in Sec.5.1, when varying the action obtained from Eq.(2.46) with respect to the lapse
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function, N(t), the first equation of motion is derived, Eq.(5.3). Once the equations of

motion are determined, the lapse function can be set to unity.

Based on the results obtained through the perturbation analysis while employing

the unitary gauge, δϕ = 0, as they are discussed in Chapter 5, the final form of the

quadratic action in the case of tensor modes, Eq.(5.34), is described by

S(2)
T =

∫
d4x

a3

4

[
GT

.
h2

ij −
FT

a2 (∇hij)
2
]

. (6.18)

In addition, the quadratic action for the scalar perturbations, Eq.(5.82), is

S(2)
S =

∫
dtd3xa3

[
GS

.
ζ2 − FS

a2 (∇ζ)2

]
. (6.19)

The components of the quadratic actions are given by

GT = 2
(

G4 − 2XG4,X + XG5,ϕ − HX
.
ϕG5,X + 2XGtele,J8 +

X
2

Gtele,J5 − Gtele,T

)
, (6.20)

FT = 2
(

G4 − XG5,ϕ − X
..
ϕG5,X − Gtele,T

)
, (6.21)

GS = 3A+
ΣA2

Θ2 , (6.22)

FS =
1
a

d
dt

(
aAC

Θ

)
−B . (6.23)

The analytical expressions of the quantities Σ, Θ,A,B and C are in Eq.(5.75)-(5.79).

In particular, the formulas for the quantities A,B and C can be rewritten as

A = GT + f1 (Gtele) , (6.24)

B = FT + f2 (Gtele) , (6.25)

C = GT + f3 (Gtele) . (6.26)
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Considering the functions fi(Gtele) that appear in Eqs (6.24)-(6.26), their detailed

expressions are listed below

f1 (Gtele) = 3Gtele,Tvec − X
(
Gtele,J5 + 4Gtele,J8 + 3Gtele,I2 I2

)
+ (6.27)

+ 6Hϕ̇ (3Gtele,Tvec I2 − 2Gtele,TI2) +

+ 6H2 (12Gtele,TTvec − 4Gtele,TT − 9Gtele,TvecTvec) ,

f2 (Gtele) =
2
9
(
18Gtele,Tvec − 6XGtele,J3 − 5XGtele,J5 − 2XGtele,J8 + 2X2Gtele,J6

)
, (6.28)

f3 (Gtele) =
1
9
(
18Gtele,Tvec + 3XGtele,J3 + XGtele,J5 − 32XGtele,J8 − 4X2Gtele,J6

)
. (6.29)

It is evident from Eqs (6.20)-(6.23), that to avoid the occurrence of ghost and gradient

instabilities, the following conditions must hold :

FT > 0, GT > 0, (6.30)

FS > 0, GS > 0. (6.31)

It should be mentioned that the speed of GW is equal to the ratio c2
T = FT/GT. In

the same trend, the propagation speed of scalar perturbations is c2
S = FS/GS.

Incorporating the Eqs(6.23), (6.25) and (6.26), the coefficient FS could be restated as

FS =
1
a

d
dt

(
aAGT

Θ

)
−FT +

1
a

d
dt

(
aA f3(Gtele)

Θ

)
− f2(Gtele) = (6.32)

=
1
a

dξ

dt
−FT +F0 .

The additional components introduced in Eq.(6.32) are ξ and F0. These new ele-

ments have a crucial role in determining the overall outcome of the No-go theorem in

the BDLS context.
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They have the following definitions :

ξ =
aAGT

Θ
and F0 =

1
a

d
dt

(
aA f3(Gtele)

Θ

)
− f2(Gtele) . (6.33)

Emphasis should be placed on the definition of the quantity ξ. According to Eq.(6.33),

ξ could only disappear in the case of scale factor a = 0, which clearly represents the sin-

gularity. This fact results from the behaviour of the quantity Θ which depends on the

Gi’s and Gtele and, similar to ϕ and the Hubble parameter H, it is expected to be a con-

tinuous function of time. Consequently, Θ is finite in all regions.

By incorporating Eq.(6.22) and Eq.(6.32), then the required conditions for preventing

gradient instabilities are outlined as

GS > 0 ⇒ A
(

3 +
ΣA
Θ2

)
> 0 ⇒ A ̸= 0 , (6.34)

FS > 0 ⇒ dξ

dt
> a (FT −F0) > 0 . (6.35)

Upon integrating Eq.(6.35) over the time interval represented by ti and t f , it can be

inferred that

ξ f − ξi >
∫ t f

ti

a (FT −F0)dt (6.36)

As was thoroughly demonstrated in [86], the utilization of Eq.(6.36) with the con-

dition F0 = 0 served as the basis upon which the No-go theorem was proven in the

classical Horndeski case. In particular, taking into account a non-singular and expand-

ing Universe with a > constant(> 0) for t → −∞, then the convergence or not of the

integral in Eq.(6.36) is contingent upon the asymptotic properties of FT as ti → −∞ and

t f → +∞. In the case that FT decreases rapidly towards zero, the integral converges
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as t → ±∞. However, this behaviour could lead to strong coupling issues in the tensor

sector and for that reason, this case is typically circumvented.

When the integral does not converge and ξi < 0, the Eq.(6.36) for F0 = 0 is

−ξ f < |ξi| −
∫ t f

ti

aFT dt . (6.37)

In that case, we have that a > 0 as well as FT > 0 for t → +∞ and the integral

becomes positive while the right-hand side is negative. This leads to the conclusion

that ξ f > 0, meaning that ξ crosses zero which is not possible for any value of t within

a non-singular Universe. The aforementioned rationale remains valid even when con-

sidering that ξ > 0, leading to the result that non-singular cosmological models contain

pathologies, thereby confirming the No-go theorem in the classical Horndeski theory.

Within the framework of the BDLS, the presence of a non-zero value for F0 in

Eq.(6.36), implies the possibility of stable and non-singular solutions. Furthermore,

when ξi < 0, then Eq.(6.36) can be expressed as follows :

−ξ f < |ξi| −
∫ t f

ti

a (FT −F0 )dt. (6.38)

Assuming that the integral in Eq.(6.38) is an increasing function, then the right-hand

side becomes negative as t grows leading to ξ f > 0. This scenario means that ξ crosses

zero in the BDLS case as well. Nevertheless, due to the presence of F0 in the BDLS

context, the integral may not always be an increasing function of t f . The upcoming

analysis will showcase particular models that are free of singularities and exhibit sta-

bility, thereby providing a fresh perspective on the validity and the limitations imposed

by the No-go theorem.
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6.3 | Evade the No-go theorem in BDLS theory

This section introduces three toy models which belong to the teleparallel Horndeski

framework and they satisfy the background equations Eq.(5.3), Eq.(5.10) and Eq.(5.16).

Each model was carefully chosen because it can support healthy non-singular bouncing

solutions. This means they can avoid pathological issues, such as ghosts and gradient

instabilities which can lead to unphysical behaviour. The analysis to follow will inves-

tigate how these selected models manage to avoid these problematic issues effectively,

allowing for stable cosmological behaviour. Each model’s characteristics will be ex-

amined in detail, showcasing how they contribute to a framework that supports these

non-singular solutions.

To achieve the bounce in the background level, we need to carefully select appro-

priate options for the scale factor. As different choices of the bouncing scale factor can

affect the outcome of the analysis, it is essential to explore various forms to understand

their implications fully. For the realization of the bounce in the current study, we con-

sider the following choices for the scale factor [79], [115] :

a(t) = a0 (1 + b t2)1/3 and a(t) = a0 exp
(

b t2

1 + b t2

)
(6.39)

where a0 is the value of the scale factor at the moment of the bounce, t = 0, and b is

a positive parameter. The expressions of the Hubble parameter for the above choices of

the scale factor are respectively

H(t) =
2 bt

3 (1 + b t2)
and H(t) =

2 bt
(1 + b t2)2 (6.40)

In each of these two cases and as t ∈ (−∞,+∞), we deduce that at the time of the

bounce, i.e. t = 0, H(t) = 0. Furthermore, during the expansion phase of the Universe

H(t) > 0 whereas for the period of contraction H(t) < 0.
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The exact formulas for the Gi terms and Gtele are derived through reconstruction

[18]. According to that procedure, each of the bouncing scale factors indicated in

Eq.(6.39) is assumed to be a valid solution within the framework of these theoretical

toy models. This method involves inserting generic configurations of the functions Gi

and Gtele into the background equations specified in Eq.(5.3), Eq.(5.10) and Eq.(5.16).

This method leads directly to finding the exact solutions for these functions.

6.3.1 | Model A

According to the analysis provided in Sec.2.4, the contributions of G4 and G5 within the

framework of the classical Horndeski theory are significantly limited due to the prop-

agation speed of GW. On the other hand, within the context of BDLS theory, the con-

dition cT = 1 is satisfied without having the need to eliminate the coupling functions

G4(ϕ, X), G5(ϕ, X). This distinction between the two theories highlights the intricate

balance between theoretical frameworks and the impact they have on the behaviour of

gravity and its associated properties.

Motivated by the form of G4(ϕ, X) and G5(ϕ, X) functions in BDLS theory, our in-

vestigation begins by assuming straightforward expressions for these two contribu-

tions. Specifically, for the G5 function, we adopt the approach of treating it as a con-

stant. This simplifies our calculations and allows us to understand its impact more

clearly. On the other hand, we define the contribution of G4 as a linear function of the

kinetic term X. In addition, the choice for the Gtele contribution presents a coupling be-

tween the torsion scalar and the kinetic term together with a linear term of the scalar J5.

By incorporating these choices into the background equations, Eq.(5.3), Eq.(5.10) and

Eq.(5.16), along with ϕ(t) = t, we determine the remaining functions in order to obtain

the power-law bouncing solution of Eq.(6.39).
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Following that procedure, the Horndeski functions Gi(ϕ, X) are given by

G2(ϕ, X) = X2
(

16 b
3(1 + b ϕ2)

)
+

b ϕ

1 + b ϕ2 , (6.41)

G3(ϕ, X) = X +
1
2

log (1 + b ϕ2) +
4bϕ

3(1 + b ϕ2)
+

8
√

b
3

tan−1(
√

bϕ) , (6.42)

G4(ϕ, X) = 1 + mX , (6.43)

G5(ϕ, X) = const. , (6.44)

The teleparallel Lagrangian term for this BDLS model is described by

Gtele = −mTX + 4mJ5 , (6.45)

where m is an arbitrary positive constant.

To effectively utilize this particular ansatz of Gi functions, is essential for the arbi-

trary positive constant m to be m ≥ 10. This specific range for m is a critical factor in

ensuring that the stability criteria, as they are outlined in Eqs (6.30)-(6.31), are success-

fully met and thus contributing to the robustness and validity of the calculations.

According to Eqs (6.20)-(6.21), the coefficients of the tensor perturbations are

GT = 2(1 + m) and FT = 2(1 + m) ⇒ c2
T = 1 (6.46)

It is evident from Eq.(6.46) that the propagation speed of GW is consistent with

observations since it is independent of m and always equal to unity. In addition, for

every value of the parameter m with m ≥ 10, the stability criteria are satisfied, i.e.

GT > 0 and FT > 0.
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Fig. 6.1. Model A: The coefficients of the scalar perturbations versus time. The plots are
presented for different values of m, i.e. m = 10, 20, 33 and b = 10−i, where i = 3, 4, 5.
All the plots are considered for a0 = 1.
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The coefficients of scalar perturbations can be determined by referring to Eqs (6.22)-

(6.23)-(5.75)-(5.76)-(5.77)-(5.78)-(5.79). For this particular model, they are

Θ = 2H − 1
2

, A = 2 , B =
2
9

(
9 − m

)
, C = 2 +

20m
9

, (6.47)

Σ = 18H2 + 6
.

H +
9
2

H , (6.48)

GS = 6

(
1 + 4

12H2 + 4
.

H + 3H
(4H − 1)2

)
(6.49)

FS = 8
4H2 − H + 4

.
H

(4H − 1)2 (1 +
10 m

9
)− 2 (1 − m

9
). (6.50)

In Figure 6.1 the plots of the scalar perturbation coefficients for the first model are

displayed with respect to the cosmic time t. It can be easily observed that, for a0 = 1,

the value of the parameter b can alter the shape of the plot. In addition, the change in

the value of the parameter m significantly impacts the vertical extent of the plot indicat-

ing a correlation between them. This fact could lead to the possibility of superluminal

sound speed in certain circumstances. Nevertheless, for all the chosen values of the pa-

rameter m employed in this scenario, i.e. m = 10, 20, 33 and for b = 10−3, 10−4, 10−5, the

coefficient Θ is negative and finite and, most importantly, does not intersect zero. This

behaviour of the coefficient Θ leads to the conclusion that the variable ξ remains nega-

tive for t ∈ (−∞,+∞), without crossing zero which is consistent with the behaviour of

the bouncing scale factor and Eq.(6.33) describing the relation between ξ and a(t). Fur-

thermore, Figure 6.1 illustrates the behaviour of GS and FS to be always positive and

finite and the propagation speed of scalar perturbation is less than unity. Therefore, the

stability conditions resulting from scalar perturbations are also satisfied, i.e. GS > 0

and FS > 0.
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Consequently, this non-singular BDLS model is free of any ghost and gradient in-

stabilities over the entire time interval t ∈ (−∞,+∞).

6.3.2 | Model B

In alignment with the same underlying motivation as the first model, we assume that

G5 is currently a linear function of the scalar field ϕ, while G4 is a linear function of

the kinetic term resembling Model A. The expression of the Gtele contribution consists

of two linear terms of the torsion scalar and J3 respectively. According to the recon-

struction method, by implementing the above choices into the background equations

together with ϕ(t) = t we can calculate the remaining Gi functions in order to obtain

the power-law bouncing solution of Eq.(6.39).

The Gi(ϕ, X) functions for Model B are listed below

G2 = X2

(
16b

3(1 + b ϕ2)

)
+

b ϕ

1 + b ϕ2 , (6.51)

G3 = X +
1
2

log (1 + b ϕ2) +
4b ϕ

3(1 + b ϕ2)
+

8
√

b
3

tan−1(
√

b ϕ) , (6.52)

G4 =
1
2
+ X , (6.53)

G5 = ϕ . (6.54)

Furthermore, the teleparallel Lagrangian term reads

Gtele = −T
2
+ α J3 , (6.55)

where α is a positive parameter and must be α > 3 for the stability criteria to hold.

It is evident that the Horndeski functions in this case bear a resemblance to the first

model except for the G5 contribution which is now a function of ϕ.
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The coefficients for the tensor modes in this case are

GT = FT = 2 ⇒ c2
T = 1. (6.56)

It is evident that the requirement for the propagation speed of GW is always satis-

fied for this model and GT > 0,FT > 0.

The coefficients of the scalar perturbations are listed below

A = 2 , B = 2 − 2α

3
, C = 2 +

α

6
, (6.57)

Σ = 18 H2 + 6 H + 6
.

H , Θ = 2 H − 1
2

, (6.58)

GS = 6

(
1 + 4

3H2 +
.

H + H
(4H − 1)2

)
, FS = 8

4H2 − H + 4
.

H
(4H − 1)2 (1 +

α

12
)− 2 (1 − α

3
) . (6.59)

Figure 6.2 illustrates the plots of the coefficients of scalar perturbations with re-

spect to the cosmic time t and with a0 = 1. It is evident that any change of b im-

pacts the overall shape of the plots. In addition, by utilizing different values for the

α parameter we can alter their vertical position. For the selected values of b, namely,

b = 10−3, 10−4, 10−5, the representation of the coefficient Θ indicates that it is always

negative and finite whereas it does not cross zero. Once again, the behaviour of Θ

guarantees that the coefficient ξ, which maintains a negative value, does not intersect

zero, therefore aligning perfectly with the bouncing scale factor described in Eq.(6.39).

This meticulous examination of the plots for Θ and ξ enhances the reliability of the

model. Considering the behaviour of the GS, Figure 6.2 demonstrates that for the

b = 10−3, 10−4, 10−5, GS is always positive and finite. Furthermore, for the values of

α = 7, 8, 9, 10, FS remains positive for t ∈ (−∞,+∞). Consequently, all the stability

criteria are met for this model and the speed of scalar perturbations is less than unity.
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Fig. 6.2. Model B: The coefficients of the scalar perturbations versus time. For a0 = 1
and different values of the α parameter, Θ is negative and never crosses zero while
GS > 0,FS > 0.
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6.3.3 | Model C

In this model, the expressions of G4 and G5 are the same as in Model B, while the Gtele

contribution includes two linear terms of I2 and J3 respectively. Following the recon-

struction procedure as before and integrating these choices into the background equa-

tions, namely Eq.(5.3), Eq.(5.10) and Eq.(5.16) alongside ϕ(t) = t, we can determine

the remaining Gi functions required to achieve the exponential form of the bouncing

solution described in Eq.(6.39).

The Gi(ϕ, X) functions in this case are

G2 = −X2

[
4b
(
−2 + 3αϕ − 8bϕ2 + 6bαϕ3 + 6b2ϕ4 + 3b2αϕ5)

(1 + b ϕ2)4

]
, (6.60)

G3 =
bϕ
(
9 + 20bϕ2 + 3b2ϕ4)

2(1 + b ϕ2)3 +
3 α

2(1 + b ϕ2)
+

3
√

b
2

tan−1
(√

bϕ
)

, (6.61)

G4 =
1
2
+ X , (6.62)

G5 = ϕ . (6.63)

The teleparallel Lagrangian term is described by

Gtele = αI2 + β J3 , (6.64)

where α and β are the parameters of the model.

In this case, the coefficients for the tensor perturbations are the following :

GT = FT = 1 ⇒ c2
T = 1, (6.65)

therefore, the propagation speed of GW is always constant and equals unity.
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Fig. 6.3. Model C: The coefficients of the scalar perturbations versus the cosmic
time with a0 = 1. For the different values of the negative parameter α, namely
α = −2,−3,−4,−6 along with the values of the positive parameter β, Θ is positive
and never crosses zero while GS > 0,FS > 0.
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Incorporating the Eqs (6.22)-(6.23)-(5.75)-(5.76)-(5.77)-(5.78)-(5.79), the coefficients of

the scalar perturbations in this model have the following forms :

A = 1 , B = 1 − 2β

3
, C = 1 +

β

6

Σ = 9 H2 − 9α

2
H + 3

.
H , Θ = H − α

2
, (6.66)

GS = 3

(
1 + 2

6H2 + 2
.

H − 3αH
(2H − α)2

)
, (6.67)

FS = 2
2H2 − αH − 2

.
H

(2H − α)2 ( 1 +
β

6
)− 1

(2H − α)2 ( 1 − 2β

3
) . (6.68)

According to the plots displayed in Figure 6.3, it is evident that varying the values

of the positive parameter β could lead to changes in the height of the plots representing

the coefficient FS and the sound speed c2
S while the height of the plots representing Θ

and ξ remain unaffected by any modification of β.

In addition, it can be observed from Figure 6.3 that different choices of the values

of the negative parameter α, i.e. α = −2,−3,−4,−6 have the ability to alter the overall

shape of all the plots displayed here.

On the other hand, it must be mentioned that the values of the α parameter affect

the vertical position of the Θ plot while b could change its shape. However, Θ remains

positive and finite everywhere without crossing zero for all the selected values of α and

b. As a result, ξ never crosses zero and the stability conditions are satisfied.

The analysis of this section reveals the possibility of developing non-singular cos-

mological models in the BDLS framework that are devoid of any instabilities. Even

though the three toy models illustrated here, along with their graphs, constitute mini-

mal examples, however, they provide a solid motivation and serve as a starting point
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to expand the research in order to incorporate several other forms of the bouncing scale

factor as well as investigate more comprehensive forms for the expressions of the Gi

and Gtele functions and thus, advancing the creation of non-singular BDLS models.

6.4 | Conclusion

In general, a No-go theorem is typically established when there is an inconsistency or a

contradiction between the deduced outcome of a set of physical assumptions portrayed

through the mathematical structure of a theoretical model, and a collection of physical

assumptions of a well-established theory.

However, a unique method to interpret the same No-go theorem is difficult to exist

as different approaches may lead to varying justifications on which elements of the

No-go theorem must be excluded or modified.

As a result, instead of understanding a No-go theorem as a direct revelation of what

is not possible, it should be regarded as an adequate method for developing a theoreti-

cal framework. This procedure could potentially uncover strategies for circumventing a

No-go theorem or enhance our comprehension of how to maintain certain assumptions

in order to achieve feasibility.

In the field of cosmological research, the No-go theorem has a pivotal role, partic-

ularly in examining the early stages of the Universe and, most of all, addressing the

existence of the singularity within the ΛCDM model. Even though the concept of the

inflation paradigm is widely recognized to be a significant feature of the early phases

of cosmic evolution, the singularity issue cannot be disregarded even in this concept.

Therefore, there is a compelling rationale for investigating the defining characteristics

of non-singular cosmological models such as bouncing cosmologies. These inquiries

have the potential to provide valuable insights into the dynamics and behaviour of the

early Universe in scenarios where the singularity is avoided. It is important to under-
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line that these theoretical models of the early Universe do not serve as a replacement for

inflation. Instead, their purpose is to complement the inflationary phase by removing

the presence of the initial singularity.

One significant characteristic of the Horndeski theory is its ability to provide a

framework for developing bouncing cosmological solutions. These solutions can be

formulated within various subcategories of the Horndeski theory, encompassing both

the evolution of the background as well as the advancement of perturbations. Despite

the fact that the Horndeski theory has been effective in generating models with non-

singular solutions, the discussion in Sec.(6.1) pointed out that these solutions with a flat

spatial sector may experience challenges such as gradient instabilities or have patholog-

ical outcomes in the tensor sector [86]. This particular fact represents the core concept

of the No-go theorem within the classical Horndeski theory.

According to the principles of the BDLS theory and in particular, because of the

emergence of the new Lagrangian contribution, Gtele, it is possible to evade the No-

go theorem in this context. This new possibility is explicitly stated in Eq.(6.38) and

this novel aspect of constructing healthy non-singular models would greatly benefit

the BDLS framework. Nevertheless, the likelihood of achieving this objective is still

ambiguous. Moreover, the existence of evading solutions may only be applicable to

specific scenarios due to the inequality in Eq.(6.38).

In this chapter, we discussed three toy models belonging to the framework of BDLS

theory that provide the means to evade the No-go theorem while also ensuring com-

pliance with the constraint related to the propagation speed of GW. In each of these

three models, the cosmological perturbation results as outlined in Chapter 5 were in-

corporated. This integration of the perturbation results is a crucial step in refining the

accuracy while also gaining new insights into the behaviour of each model under study.

Furthermore, it is important to mention that in these toy models the expressions of

the Lagrangian contributions, G4 and G5 are not trivial ones. In addition, the first two
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models utilize a bouncing scale factor which is of the power law form of Eq.(6.39) while

the scalar field is identified as a linear function of the cosmic time t. Regarding the third

toy model, the situation is different since the bouncing scale factor is now characterized

by the exponential function of the cosmic time described in Eq.(6.39).

In Model A, the expression of the Gtele function includes a coupling between the

torsion scalar and the kinetic term while also involving a linear term of the J5 scalar.

In this case, the propagation speed of scalar perturbation displays an antisymmetric

pattern around t = 0, while maintaining consistently positive and less than unity for a

wide spectrum of the values of the parameter m. According to Figure 6.1, the vertical

position and the width of the plots can alter for different values of the parameters.

In addition, the coefficient Θ does not cross zero and remains negative everywhere.

Therefore, Model A clearly evades the No-go theorem in a healthy manner.

The second model of the analysis, Model B, incorporates a form for the Gtele term as

linear functions of the torsion scalar and also the J3 invariant while the formula of G4 is

similar to Model A and G5 is a function of the scalar field. By varying the parameter α

of this model, it is observed that the propagation speed of scalar perturbations exhibits

again an antisymmetric shape around t = 0. However, it remains always positive

and less than unity for all the parameter values. In addition, the propagation speed of

tensor modes is always unity. Similar to Model A, this case also demonstrates a healthy

way to overcome the limitations imposed by the No-go theorem. This is evident when

analyzing the plot of the component Θ in Figure 6.2 which is apparently finite leading

to a healthy evasion solution.

In Model C, the bouncing scale factor is characterized by the exponential function

of the cosmic time of Eq.(6.39). Furthermore, the definition of the scalar field remains

the same as before, i.e. ϕ(t) = t. The Gtele contribution is now a linear function for

both the I2 and the J3 invariant and the model parameters in this case are α and β. This

model also illustrates a healthy solution to circumvent the No-go theorem. According to
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the plots illustrated in Figure 6.3, the coefficient Θ always has positive values without

ever reaching zero. In addition, the propagation speed of GW is unity for this model

as well. Furthermore, the plots of Figure 6.3 provide a visual representation of the sta-

bility criteria being satisfied for the scalar perturbations. This fact enhances the stable

behaviour of the third toy model under study.

Even though this chapter discusses the evasion of the No-go theorem based on the

results of the perturbation analysis conducted in Chapter 5, the detailed analysis of

these particular toy models provides a solid motivation and a reliable starting point for

broadening the investigation even further. Potential future endeavours may encompass

more than just the inherited metric perturbations, but rather the comprehensive pertur-

bation spectrum of the tetrad itself. Moreover, the form of the bouncing scale factor

could be broader and thus include several interesting formulas besides the power law

and the exponential function of cosmic time.
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Conclusions

Einstein’s theory of General Relativity is recognized as one of the central principles in

contemporary physics. As it is expressed within the framework of differential geom-

etry, this theory paved the way for the subsequent gauge theories and string theories.

It would not be an overstatement to say that GR marked the transformation of our un-

derstanding of the Universe challenging long-held beliefs and assumptions. However,

despite the significant achievements of GR, various alternatives to this theory have

been suggested. Even from its onset, there had been an effort to expand and integrate

GR into a broader theoretical framework. In addition, during the last decades, obser-

vational evidence has revealed several shortcomings of Einstein’s theory. This fact has

prompted scientific research to reevaluate the principles of GR and led to an increas-

ing number of theories attempting to modify it. These modifications could potentially

include additional DoF such as introducing a scalar field. Another option might be to

incorporate higher-order corrections in the action of each model.

Scalar-tensor theories, which are the primary focus of this thesis, represent perhaps

the most straightforward form of modified gravity. Within this context, gravitation is

mediated not only by the metric but also by the scalar field. Soon after the discovery of

the observed accelerated expansion of the Universe, numerous researchers have turned
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to scalar-tensor theories aiming to extend the concept of cosmological constant and

to tackle issues related to fine-tuning and the coincidence problem [21], [7], [30], [65].

The Horndeski theory [77] is recognized to be the most general scalar-tensor theory,

involving a single scalar field and field equations that do not extend the second-order,

regardless of the higher-order derivatives present in the Lagrangian. By selecting the

appropriate mathematical forms of the Li functions outlined in Eqs.(2.23)-(2.26), it is

possible to formulate any second-order scalar-tensor theory.

One example of scalar-tensor theory which belongs to the Horndeski class is the

Einstein Gauss-Bonnet model. This model features a non-minimally coupling of the

Gauss-Bonnet term and a scalar field. The coupling of this model is described as

f (ϕ)(R2 − 4Rαβ Rαβ + Rαβγδ Rαβγδ) , (7.1)

where f (ϕ) is an arbitrary function of the dynamically evolving scalar field.

The coupling illustrated in Eq.(7.1) can indeed be obtained by selecting the following

form of the functions within the standard Horndeski theory :

G2 = 8 f (4)X2(3 − ln X), G3 = 4 f (3)X(7 − 3 ln X) (7.2)

G4 = 4 f (2)X(2 − ln X), G5 = −4 f (1) ln X (7.3)

This model, along with its potential modifications, is recognized for its ability to offer

accelerated solutions that could have significant implications for the study of large-

scale structures, thereby sparking an increased interest among researchers looking to

delve into this topic more thoroughly. Following these objectives, Sec.(3.2) presents a

dynamical system analysis of the EGB model. A number of methods for conducting

such analysis are already present in the literature [48], [7]. However, the present work

focused on a different direction. The choice was to prioritize exploring the implications

of the EGB model in accordance with the GW speed constraint. Based on the require-

ment outlined in Eq.(3.24), it was possible to identify the fraction
.

H/H2 as a function
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of the dynamical variables governing the system. According to that novel approach,

the autonomous feature is established right from the beginning, without relying on

assumptions about the various eras of cosmic evolution. Instead, by analyzing the be-

haviour of the critical points, the identification of these eras was completed along with

determining the corresponding value of
.

H/H2 for each one of them.

The dynamical system analysis resulted in a total of seven critical points. These

critical points present a promising and rich area for further exploration. Among these

critical points, there are two that could provide valuable insights into the early phases

of cosmic development as well as shed light on the inflationary process. The critical

point C of the analysis, which is dominated by the potential energy of the scalar field,

leads to a stable acceleration solution. This result indicates that the presence of this

critical point could eventually serve as the stable attractor of the system.

It is evident that understanding the intricacies of the critical points and the general

behaviour of the EGB model would prove to be highly beneficial. One of the most

efficient methods to accomplish this objective is by employing numerical simulations

since the emergence and development of cosmic structures involve complex nonlinear

processes that can be effectively examined through the method of numerical simula-

tions. These simulations aim to provide reliable predictions that, when compared with

current and future observations, allow us to constrain the cosmological parameters.

Within this method, several techniques have been developed to monitor gravitational

interactions in cosmological volumes along with the impact of physical mechanisms

on the baryonic component. The insights obtained from numerical simulations could

provide a major understanding of the details and implications of the EGB model. This

represents a significant task worth exploring in our future scientific endeavours.

Although the Horndeski Lagrangian has been able to encompass a wide range of

modified gravity theories, this collection of models is now subject to severe limitations

due to the GW propagation speed constraint. Recognizing this fact, the teleparallel
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analogue of the Horndeski theory, known as BDLS, is introduced. By considering the

teleparallel framework, the objective is to overcome the constraints imposed by the

propagation speed of tensor modes. This novel approach challenges the conventional

perspective about the effects of these constraints by exploring the way an alternative

framework can expand the range of modified gravity models.

According to that motivation, the formation of the BDLS theory has been conducted

based on a specific set of principles, which requires that the theory yields second-order

field equations. In addition, this theory must not be parity-violating and also it has

to incorporate at most quadratic terms of the torsion tensor. Consequently, the BDLS

theory involves a novel set of scalar invariants described in Sec.(2.3), thus allowing

the constraint terms of the classical Horndeski to persist through the new contribution

in the Lagrangian, Eq.(2.45). It is important to acknowledge the result that the clas-

sical Horndeski theory is now regarded as a subset of the BDLS theory. This serves

as compelling evidence to support that this innovative scalar-tensor theory offers a

more extensive platform for constructing models and introduces new perspectives on

addressing the cosmological challenges and tensions. To investigate further the validity

of the BDLS theory, the next reasonable course of action is to perform tensor perturba-

tions of the tetrad and determine which models could eventually overcome the GW

speed constraint. For that purpose, the flat FLRW metric is used and the corresponding

tetrad with zero spin connection. Under this configuration, the presence of the correc-

tion term in Eq.(2.50) suggests that the previously ruled-out models could eventually

survive the αT = 0 constraint and regain their viability within the BDLS theory.

At this point, it is significant to highlight the corrections in the coefficients of G4

and G5. These corrections, which depend on J5 and are explicitly described in Eq.(2.56)

confirm that the BDLS theory adheres to the GW speed constraint. By retaining all of

the coupling functions one can conclude that the BDLS theory remains in accordance

with the original principles of the classical Horndeski theory.
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Considering that the BDLS theory presents a straightforward solution to overcome

the limitations imposed by GW and provides a solid foundation for constructing cos-

mological models, the symmetries that arise from the Noether approach are a suitable

mechanism for classifying those models. Since these symmetries are essential for sim-

plifying a system of equations, this method is critical for analyzing the models in ques-

tion, such as scalar-tensor theories. This method incorporates a point-like Lagrangian

along with a symmetry that preserves the invariance of that Lagrangian. Given that

Noether symmetries are consistently linked to conserved quantities, the initial step

was to define the appropriate form of the point-like Lagrangian within a maximally

symmetric FLRW spacetime, using a tetrad that aligns with the Weitzenböck gauge.

As described in Sec.(4.1), through integration by parts the elimination of second-order

derivatives was achieved leading to the derivation of the Lagrangian in its final form,

Eq.(4.12). After that, the Rund-Trautman identity was employed resulting in a system

of 62 equations for the coefficients of the Noether vector and the model functions Gi.

As anticipated, the system of equations gave rise to a vast array of cases, each of

which corresponded to a distinct cosmological model. The four specific cases outlined

in Sec.(4.3) serve to illustrate the advantages of utilizing this approach. Within these

cases, the functions of the theory and the Noether vector coefficients have been de-

termined in each of them to develop a complete model. Since most higher-order and

curvature-based theories can be mapped into an equivalent Horndeski case, the use of

Noether symmetries in BDLS theory allows for a more in-depth investigation of higher-

order theories of gravity within the teleparallel context.

While there are numerous models in the realm of scalar-tensor theories, the quest for

the most suitable theory of gravity remains an ongoing process. An important aspect is

the correlation between the theoretical structure of these models and the high-precision

observational data sets. After all, the intricate distribution of matter and energy within

the observable Universe cannot be captured solely by a homogeneous model. In order
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to include the inhomogeneous and anisotropic distributions within the BDLS context,

it is necessary to employ a perturbation method. A viable way to accomplish this is

to begin with a flat FLRW spacetime as the background with straightforward charac-

teristics upon which the study of perturbations would be performed. Additionally, the

study is conducted by selecting a zero spin connection for the tetrad field. For that par-

ticular setup, the background equations have been quite advantageous in streamlining

the complex mathematical calculations of perturbations. The perturbation level in the

analysis, Sec.(5.2), is established by the quadratic action for tensor, vector and scalar

modes. While scalar and tensor perturbations are crucial in structure formation and

GW research, the comprehensive analysis of the BDLS theory should also include the

vector modes. The subsequent stages of the research involve establishing the proper

conditions to prevent the occurrence of ghosts and gradient instabilities. By utilizing

these stability criteria, the appropriate formula for the propagation speed is derived for

the three types of perturbation.

A method for gaining a concise understanding of perturbations involves the incor-

poration of a group of four time-dependent functions, defined in Sec.(5.3.2), which have

the potential to be constrained by observations. When combined with the time evolu-

tions of the background, the αi functions encompass all relevant information for the

background and cosmological perturbations. An interesting field for future research

could involve examining deviations from observational data for an existing or novel

cosmological model, by computing the αi functions.

Knowing the conditions for avoiding ghost and gradient instabilities, a compelling

area of study is examining the existence of a non-singular solution within the BDLS

context and the possibilities to extend the no-go argument for non-singular BDLS mod-

els. The no-go argument asserts that, in the absence of gradient instabilities, ghosts and

strong coupling in the quadratic action, it is impossible to create a singularity-free so-

lution while allowing for complete evolution over the interval t = (−∞,+∞) within
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the standard Horndeski theory. This means that in GR and provided that the energy-

momentum tensor complies with the null energy condition, the expanding Universe

exhibits a singularity in its past which remains unresolved by the inflation phase. One

potential method to evade the no-go argument is the transition from the framework of

GR to the one of TG. Consequently, the BDLS theory presents an appropriate context

for investigating healthy non-singular models. Using the unitary gauge and the in-

herited metric perturbations as described in Chapter 5, we discussed three toy models

belonging to the BDLS context. These models demonstrate the possibility of evading

the no-go argument while meeting the constraint of the GW propagation speed. One of

the most crucial results of these models is that Θ does not cross zero which means that

ξ is not zero either in accordance with a non-singular cosmological model. Addition-

ally, the propagation speed of tensor modes remains unity at all times. In the first two

models, the choice is a power law function for the scale factor while the scalar field is

a linear function of cosmic time. The Gtele term in the first model presents a coupling

between the torsion scalar and the kinetic term while incorporating the J5 scalar. The

propagation speed of scalar perturbations remains positive and exhibits an antisym-

metric pattern around the zero point of time. This indicates that the first toy model

could healthily evade the no-go argument. The second model of the analysis features a

Gtele which is a linear function of the torsion scalar and a linear term for the J3 invariant.

The classical Horndeski terms are analogous with the first model, except G4, G5 terms

that show slight alterations. Similar to the first toy model, the scalar perturbations

exhibit a consistently positive propagation speed, characterized by an antisymmetric

pattern that can be prolonged depending on the values of the parameters.

The third toy model differs from the first two since it incorporates an exponential

form of the scale factor. The Gtele term in this model has contributions from I2 and J3

scalars in linear order. According to the plots displayed in Figure 6.3, the outcome for

this model is, once again, a healthy evasion of the no-go argument since the scalar mode
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propagation speed remains positive.

Motivated by the third toy model of the analysis, the investigation of alternative

forms of the scale factor presents a compelling avenue for further research within the

context of evasion of the no-go argument. Furthermore, prospective scientific endeav-

ours could involve analyzing the impact that these early Universe models could have

on the power spectrum of the CMB radiation.

In the field of cosmology, scalar-tensor theories present numerous promising char-

acteristics for the development of models and alleviating the tensions between observa-

tional data and theoretical context. Consequently, the following points outline potential

areas for further research in that direction.

■ Full tetrad perturbation spectrum in BDLS theory

The results of the analysis in Chapter 5 are based on the perturbation originating

from the metric in conjunction with the application of the unitary gauge choice.

Nevertheless, this analysis serves as the initial phase towards a more compre-

hensive approach. An area with significant potential for a forthcoming research

endeavour involves examining the complete spectrum of the tetrad perturba-

tions in the BDLS context. According to this perspective, the analysis will also

include both the pseudoscalar and pseudovector modes without utilizing any

gauge choice in the course of the research. Using this approach would allow for

the incorporation of gauge invariant variables in the expression of the quadratic

action for each type of perturbation. It is anticipated that this method will be

highly beneficial in advancing our understanding of the dynamical features and

behaviour of perturbations in the realm of BDLS. In particular, expanding the

gauge invariant action up to the second order would enable the detection of the
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potential presence of ghosts and Laplacian instabilities in the BDLS context.

Additionally, by employing the respective dispersion relations of the different

perturbative modes it would be possible to determine the full spectrum of BDLS

propagating DoF. The BDLS theory can be reduced for particular subclasses of

modified gravity models that have a smaller number of DoF. By incorporating

these subclasses into the gauge invariant action method, we could confirm the

expected number of DoF for each type of modified gravity theory belonging to

the general BDLS framework. Moreover, the results obtained from applying this

approach would probably contribute to the development of further BDLS cosmo-

logical models that could evade the No-go theorem in addition to the three toy

models discussed in Chapter 6.

■ Reconstruction methods in BDLS theory.

A promising research area in scalar-tensor theories is to focus on utilizing ob-

servational data to enhance the development of a solid theoretical model within

the TG context, meaning within the BDLS framework. In advancing towards

that research field, reconstruction methods offer a direct approach to describe the

behaviours consistently, thereby leading to the formation of valid cosmological

models that can produce these behavioural patterns. The central idea of this re-

search involves directly incorporating observations and selecting an appropriate

set of kinematic parameters, such as the deceleration parameter in order to formu-

late the gravitational Lagrangian. In that way, the formulation of the Lagrangian

is influenced to some extent by physical considerations. Through maximum like-

lihood analysis, the values of these parameters can be determined based on ob-

servational sources such BAO and Planck-CMB data. Nevertheless, the process

of reconstruction is subjected to two general issues. The first is that the observa-

tional data are defined only at discrete redshift values and are usually affected by
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systematic and statistical errors that can impact the accuracy of the reconstructed

model. The second issue is that discovering a cosmological model that includes a

trajectory does not necessarily ensure that the trajectory is stable. Even if a recon-

structed solution exits, a small perturbation could lead away from the solution.

Therefore, it is important to conduct a thorough stability analysis of the recon-

structed model. An alternative strategy involves conducting a non-parametric

reconstruction, where the evolution is determined exclusively from observational

data without any predefined assumptions about parameters. However, since a

valid cosmological model encompassing the entire history of the Universe is still

an ongoing study, utilizing a nonparametric methodology presents a compelling

area for future research.

■ Stability of FLRW cosmologies

In researching cosmological perturbations, the stability of the flat FLRW Universe

as a background serves as a vital indicator of the validity of the cosmological the-

ory under study. Within the BDLS cosmological models, the study of the stability

conditions of the background evolution of the Universe has the potential to nar-

row down the range of parameters employed in that theory. In this analysis, the

first-order perturbations of the Hubble parameter and the matter energy density

of the homogeneous and isotropic FLRW metric must be determined. In addition,

one should also examine possible connections between these two types of pertur-

bations with the Lagrangian coefficients of the BDLS theory. These first-order

perturbations depend only on the cosmic time and represent small deviations of

the Hubble parameter and the matter energy density from their zero-order val-

ues. Following that, one should analyze the behaviour of these first-order per-

turbations, since their evolution indicates whether the cosmological solutions are

160



Chapter 7. Conclusions

stable or not. According to that, the next step is constructing the perturbed form

of the field and the continuity equations. At this point, it is important to recognize

that stability is achieved when the perturbations of the Hubble parameter and the

energy density decay with cosmic time as the Universe evolves. Therefore, un-

derstanding the stability criteria of FLRW cosmologies cannot only reduce the

number of parameters but it can also be used to limit the potential models based

purely on theoretical considerations. Furthermore, applying the results of the sta-

bility analysis, we can create innovative models in the realm BDLS theory that

explore the intricacies of the gravitational interaction and cosmic dynamics. Such

advancements can deepen our understanding of the Universe and drive further

research in cosmology.
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