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Abstract In this paper, we introduce the $CDM model,
and we compare to the concordance model. We provide their
epoch evolution, we perform a dynamical analysis to each
model, and a comparative analysis between the two mod-
els. We revitalise these two models, since we study them
in systems with higher number of variables. Furthermore,
the »CDM model is more complete than the one that we
found in the literature, since we take into account all the
so far discovered epochs, radiation, matter, and dark energy
epochs. In contrast in the literature there is no study including
the radiation epoch for this model. We find that both mod-
els can describe the generally accepted scenario of cosmic
evolution, and current observations. Both models, describe
qualitative and quantitative current observations about the
epoch behaviour of the species of the universe. We find the
¢CDM model has the following exotic transition from a dom-
inant radiation energy density ratio epoch and a low domi-
nant matter energy density ratio and high dominant radiation
energy density ratio epoch, towards a dominant scalar poten-
tial energy density ratio epoch, in the matter-potential-scalar
plane.

1 Introduction

Currently, most models of extension of gravity are written
by considering the ingredients of an action. Traditionally, we
modify the ingredients of either the ones of the geometry or
the ones of the matter lagrangian, with the goal to address and
possibly resolve cosmological tensions [1], among other fea-
tures of the concordance model. We assume a homogeneous
and isotropic universe [2-6]. We aim to address cosmologi-
cal tensions [1] by considering Riemannian geometries, with
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additional scalar fields, for which there is increasing interest
[7].

The community considers modifications of the geomet-
rical aspects of the theory [7-12], but we will not consider
them in this work. Note that there is some alternative exten-
sion of gravity where we can considered extension of gravity
by constructing mathematical models through the action as an
ingredient, i.e. f(R), Horndeski, non-Riemannian cosmolo-
gies, or the functor of actions theories [13,14], but we do
not consider them in this work. To avoid considering many
challenges in our analysis, we will focus first on a species
additional ingredient to construct the model of $CDM. This
new ingredient is a scalar dynamical field ¢ (¢), which help
us construct a dynamical dark energy model. This new dark
energy model is described not only by the dynamical scalar
field ¢ (¢), but also by its potential V¢, A; ¢ (¢)], which also
depends on the cosmological constant A.

The ¢CDM model has been extensively studied in the
past, [15-22]. Our study differs from the Copeland et al.
[15,17] who consider one barotropic fluid model, in the sense
that we consider the fluid of matter and radiation separately,
in the model. A previous study [20] focuses on interacting
dark energy model, even though they provide some descrip-
tion of the dynamics of the CDM. Another previous study
[23] qualitative features of models with a scalar field with
an exponential potential using standard FLRW and Bianchi
type manifold metric pairs. However, the previous study [23]
does not consider radiation and matter components. Neither
they consider explicit interpretation of the transition between
different epochs for the model we study in our study. Another
study [16], do study a model of dynamical dark energy, mat-
ter and radiation, however, they do not consider the set of
equations we do in our study, and in contrast to their work,
we do give explicit interpretation of the different transitions
between matter, radiation, and dark energy epoch, for differ-
ent configurations of the scalar potential, for example, pos-
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itive, 0, and negative values for the A parameter, while the
study [16] only considers certain values of A that are around
the value of 2.5.

In contrast, we focus in the CDM dynamical analysis,
and we provide further details. In our CDM, considers total
the matter energy density, the kinetic scalar energy density
and the potential scalar energy density, and our model differs
from a previous study [22], who consider all three fluids,
but they consider total radiation energy density, rather than
the matter energy density. Furthermore, we present further
details on the CDM model, than expressed in their study,
i.e. we provide all critical points, as well as further description
of the numerical solutions, as well further description in the
configuration of the potential of the dynamical scalar field.

In contrast with the previous studies, we develop a dynam-
ical analysis [8] on both ACDM and ¢ CDM, with 3 variables,
constructing 3D systems of the models, we solve them ana-
lytically and numerically, and provide their phase portraits
through the dynamical and stability analysis, and we apply a
comparative analysis, with many more interpretations.

Our focus includes the physics of the background evo-
lution at both early and late epochs. At early times, this
involves understanding the initial conditions and inflation-
ary dynamics, while at late times, it pertains to accelerated
expansion and large-scale structure formation. To tackle cos-
mological tensions, we will simulate equations describing
motions, energy densities, and characteristic scales of the
universe with the goal to lay the groundwork for studies of
non-Riemannian cosmologies. Key observables include mat-
ter, radiation, dark energy (simple and dynamical) densities
ratios, Hubble expansion rate. Reanalysing data, from cur-
rent surveys such as Euclid [24-26] and DESI [27], with these
new models, will provide further insights about the depth of
the cosmological model.

Through these efforts, we aim to provide a more compre-
hensive model of the universe, addressing existing tensions
and contributing to the broader field of cosmology. By inte-
grating the Riemannian geometry, a scalar dynamical field
and its potential into cosmological models, we hope to offer
novel explanations for observed discrepancies and enhance
our understanding of the universe’s fundamental properties.

This paper is structured as follows: in Sect. 2, we discuss
the overall methodology, and we present physical prelimi-
naries for the study. In Sect. 3, we describe the dynamical
analysis of the CDM model. In Sect. 3.1, we present the
numerical solutions of CDM. In Sect. 3.2, we present the
stability analysis. In Sect. 3.3, we present the CDM phase
portraits. In we compare the numerical solutions between
¢CDM and ¢CDM, while, in Sect. 5, we discuss the results
of all CDM phase portraits and compare them to the ACDM
one. Finally, in Fig. 6, we conclude and discuss our results.
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2 Overall methodology and physical preliminaries

The methodology involves developing new theoretical mod-
els based on a Riemannian geometries and an additional
scalar field. The methodology can be detailed as follows.

We derive the equations of motion of the ACDM and
¢CDM models. We provide analytical and numerical solu-
tions to these equations, which will provide us with the actual
evolution of the key observables. We apply a dynamical sys-
tem analysis, marking appropriately the key observables. We
present the results of the dynamical analysis through phase
portraits. We provide a comparative analysis between the two
models by comparing their numerical solutions We provide
a comparative analysis of their phase portraits.

The standard model of cosmology aims to describe the uni-
verse as a whole. Therefore we need to define our time vari-
ables, and their current observational values of these epochs.
The epoch variables for the cosmic time, #, which use in our
analysis is the lapse function is related to the Hubble expan-
sion rate as N = Ina(t), which depends on the scale factor,
a(t).

We assume the following species that fill the universe: the
total matter of the universe, m, which contains the baryonic,
lepton and the cold dark matter; the radiation of the universe,
r, which contains the total amount of photons and neutrini of
the universe; the dark energy, which is modelled either by just
the cosmological constant, A, or both the cosmological con-
stant, and the dynamical scalar field, ¢ (¢). Therefore we write
that the species variable takes the values: s € {m,r, A, ¢}.
We describe the energy density ratio of each species with,
25 = Q2[t; N(1)].

Initially, at some epoch of initial time, #;, we can assume
that N; = —12. Then this means that the scale factor at that
initially we have the following lapse function redshift, and
scale factor triplet: (NV;, z;, a(t;)) ~ (—12,1.6 x 10°,6 x
10’6) . Note the this assumption, under the standard ACDM
model corresponds to an initial time of the universe, which
corresponds to a cosmic lookback time, t., = 13.46 Billion
years. Therefore, this initial value for the lapse function is a
good assumption.

3 Dynamical analysis on ¢ CDM

In this section, we describe the $CDM, and then we describe
the dynamical analysis (DA) applied to it. The CDM model
is built on an action which has minimally coupled dynam-
ical scalar potential, ¢, is a scalar dynamical field, with
a kinetic term, described by partial derivatives, d¢, and
V = VIt, A; ¢(¢)] is its potential. Then by applying the
least action principle, 6Sscpm = 0, we get the following set
of equations. The CDM Friedmann equations are
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where H (t¢) is the hubble expansion rate, s is index of the
species, in our case, m matter, » radiation, ¢ dynamical scalar
field, where k2 = 87 GN / ¢2, where Gy is the Newton gravi-
tational constant, and c the speed of light. The Klein—Gordon
equation for the dynamical scalar field, ¢, is written as

¢+3HH+Vy=0 3)

where Vg = 04V (¢) = d‘;_((b@ is the derivative of the poten-
tial, in respect of the dynamical scalar field. In Appendix C.2,
we describe how the A appears in $CDM model, and how
this model reduces to ACDM model.

3.1 Dimensionless variables and the representative 3D
system

Assuming that the equations of states are well known for
these fields, and fixed to the following values, {w,,, w,} =

{0, 1/3}, while the scalar-field equation of state, wy =

I
w¢)(-xs J’) = x2+{,2'

Now we can assign the following dimensionless variables
as

K2 pm (1) 12 pr (1)
m(f)=9m(f)=W "(l‘)=9r(f)=w 4
K¢ Kk V(A, @)
= —_— - - = '7 5
x(t) JoH y(®) J3H (©)
~ 2 0
$(1) = 2p(1) = ”53”—1;’;2” = x2(1) + 2 (1) ©)

Note that we distinguish the scalar kinetic energy den-
sity ratio, x, from the scalar potential energy density ratio,
v, which is mathematically correct however physically one
measures just £2pg hence one cannot physically distinguish
the kinetic from the potential part of the scalar field energy,
yet.

Note that the effective equation of state is written as

Weft = D yemror.y) Ws(D2:() = "L +x2(1) = y2(1) (7)

With a specific choice of the parameters of the modelled
guided by the choice of the potential, we end up with a repre-
sentative 3D ¢ CDM model, rather than the 6D variables we
have. Briefly, we assume that

Vg
) = ——% = constant number, (8)
KV
4%
= ;’b‘é’ = 9)
(V)

where V 44 is the 2nd derivative of the scalar potential in
respect of the scalar field.

Effectively, the modified Friedman equations become:

m' = —3m+m@é—m+2x> —4y?) (10)

3 1
x’:—3x+\/;)»y2+§x(4—m+2x2_4y2) an

3 1
y = —)»\/;yx + 5y(4 —m+2x% — 4y?) (12)

where the r = 1 —m — x> — y2. To find the critical points,
we make the assumption that (m’, x’, y') = 0.

We solve numerical the 3D system which describes the
following variables, (£2,,, x, y) .

We use the scipy.integrate.solveivp to solve
the system of 3D system of differential equations. We find
the following numerical solutions and we present them in the
Fig. 1, for several specified conditions. We find the ¢CDM
results are similar to the ACDM model, on the behaviour
of the epoch evolution of the different species of the model.
What changes is the gradient behaviour of dark energy as
expected.

3.2 Stability analysis of 3D ¢ CDM

We perform a dynamical analysis of the 3D system which
describes the following variables, {m, x, y}. By solving the
linearised 3D system and by identifying the eigenvalues of
the Jacobian of the system, we find and characterise the crit-
ical points of the system. We provide the 3D points and their
characterisation in Table 1.

Note that when A = 1 we have that the point Oy is stable,
when A = —1 we have that the point Oy is stable, while
when the value X is different than 1, i.e. when the value is
A = 0or £ 10, then O7 (0,0, £1) is the stable point. The
determination is coming from the system of equations which
are solved.

3.3 Phase portraits of the projections of 3D system

In this section, we describe the phase spaces of the 3D system
projected to the 2D spaces, for different configurations of
A le. A = {—10,—1,0, 1, 10}. We selected these critical
values, to be the representatives of the different conditions
we found from the DA. Each point of the 2D diagram is
related to a critical 3D point characterised in the table. These
conditions are summarised in Table 1. We find similar results
for all these different configurations.

We categorise the critical points in 3D, using the notation,
O;, and we find points in the projected planes of 2D, using
the notation:
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Initial Condition: [0.009,0,2.5x 107°],A=1

Redshift z
OL L O QS
1.00
0.75 1
0.50 1
—
=2
=
N 025
(@
i 0.00 1
e
g -0.25 Qm(N)
° — Q4(N)
Vs QN = (1= O = x2 = y2)(N)
-== Werr(N) = G0, + x2 = y?)(N)
—o7sl ® MNNMN)=(-7.3,0.5), z=1484.0
o r(N)NG(N)=(-2.0,0.0), z,4=6.8
_1.004 ® mN)NG(N)=(-0.3,0.5), Zmp=0.3

-12 -10 -8

-6 -4
Lapse function N =In[a(t)]

Fig. 1 We illustrate the numerical solutions of the model of »CDM cosmology, in a representative case of the general behaviour of the system for

which var-zero-is = 2.5 x 1072, and A = 1. [See Sect. 3.1]

0i — Z&(x. v) (13)
where i is the number of point; Z represent the type of critical
point, and it takes values S for saddle, A for attractor, and R
for repeller; the superscripts a, b are the variable representing
the plane of the point, and they take values, m for matter, x
for the scalar kinetic term, and y for the scalar potential term;
the values in the parentheses (), v) take the numerical values
of the coordinates of the points in the corresponding planes;
the subscript s takes values 0, +, —, depending the position
of the point in respect of the origin of the plane.

In this section, we present the phase spaces of the case
of constant scalar potential, i.e. A = 0, while we present the
results for A # 01in Appendix C.3. We discuss our findings of
these phase portraits in Sect. 5. In Fig. 2, we plot the (m, x)-
plane phase portrait, and we find the following points:

— The saddle point, O — S3*(0,0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, Oy — Ri”‘ (0, 1), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R™*(0, —1), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

@ Springer

— The saddle point, O1 — SO"” (1, 0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio. Note that it looks like an attractor, but it is not
in the y-direction, in 3D.

We observe that the dynamical field starts from the
repellers R'*(0, 1) and R (0, —1) and they go towards
the attractor A" (1, 0). The fields also go towards the saddle
point S (0, 0), but they turn away before reaching it.

The physical picture is that we start with some high energy
density ratio for the kinetic term of the ¢[N (¢)]-field, i.e.
(1) < x? §2,» = %1, while vanishing energy density
ratio for matter of the universe, i.e. m = £2,,[N(¢)] = 0, and
then we move to a region where energy density ratio for the
kinetic term of the ¢[N (¢)]-field vanishes, i.e. (/")(t) & x2=
£2,» = 0, while the energy density ratio for matter of the
universe becomes dominant, i.e. m = £2,,[N(¢t)] = 1.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch, towards
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy density
ratio epoch.

Or in other words, this signifies the transition from a dom-
inant scalar kinetic energy density ratio epoch, towards a
dominant matter energy density ratio epoch.

In Fig. 2, we plot the (m, y)-plane phase portrait, and we
find the following points:
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Phase Portrait in (Qm, x) Plane, A =0.00

Phase Portrait in (m, y) Plane, A =0.00

Phase Portrait in (x, y) Plane, A =0.00
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Fig. 2 We illustrate the phase portrait of the 3D model, for A = 0. Left
Panel: We illustrate the phase portrait of the (i, x). We cannot observe
the (m, x) = (0, 0) as a unstable initial point, but we can observe it as
a saddle point. This is due to that this phase portrait is a projection of

— The saddle point, O — S, (0,0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, O¢ — Rf':y (1, 0), is characterised by
apositively dominant matter energy density ratio, vanish-
ing scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, Og — R™ (—1, 0), is characterised
by a negatively dominant matter energy density ratio,
vanishing scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The stable point, A"}” (0, 1), is characterised by a vanish-
ing matter energy density ratio, vanishing scalar kinetic
energy density ratio, positively dominant scalar poten-
tial energy density ratio, and vanishing radiation energy
density ratio.

— The stable point, 01 — A™ (0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

We observe that the dynamical field starts from the
repellers R} (1,0) and R™ (—1,0) and they go towards
the attractors A:'fy (0, 1) and A™ (0, —1). The fields also go
towards the saddle point Sé" ?(0, 0), but they turn away before
reaching it.

The physical picture is that we start with no matter energy
density ratio m = $£,,[N(¢#)] = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, ¢l & y2 = .Qyz = 0, and then we move to

@ Springer

the 3D case, where both points appear. Center Panel: We illustrate the
phase portrait of the (m, y) Right Panel: We illustrate the phase portrait
of the (x, y). [See Sect. 3.3]

a region where the energy density ratio for the potential
term of the V[¢; N(t), ¢ (N)]-field becomes dominant, i.e.
VIt; N, ¢] & y? = £2,» = =£1, while we also move to a
vanishing matter energy density ratio fo the kinetic term of
the m = £2,,[N(t)] = 0, while there is some increase in
between.

This signifies the transition from a non dominant energy
density ratio epoch for the potential energy density ratio
VIt; N(t), ¢(N)]-field and no matter energy density ratio
epoch, towards a V[t; N(t), ¢ (N)]-field potential energy
density ratio domination epoch in the far future. Note that the
V[t; N(t), ¢ (N)]-field potential energy density ratio domi-
nation epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

This signifies the transition from a dominant matter energy
density ratio, vanishing scalar kinetic energy density ratio,
vanishing scalar potential energy density ratio, and vanish-
ing radiation energy density ratio epoch towards a vanishing
matter energy density ratio, vanishing scalar kinetic energy
density ratio, dominant scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch.

In other words, simply, this signifies the transition from a
dominant matter energy density ratio epoch towards a dom-
inant scalar potential energy density ratio epoch.

Note that the scalar potential energy density ratio domi-
nation epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

In Fig. 2, we plot the (x, y)-plane phase portrait, and we
find the following points:

— The saddle point, O — S;” (0, 0), is characterised by a
vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.
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— The stable point, Og — A% (0, 1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, positively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The stable point, O¢ — A" (0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, Og — R’ (+1,0), is characterised
by a vanishing matter energy density ratio, positive scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

— The unstable point, O3 — R (41, 0), is characterised
by a vanishing matter energy density ratio, negative scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

We observe that the dynamical field starts from the
repellers Riy(l, 0) and R*"(—1,0) and they go towards
the attractors A3 (0, 1) and A™ (0, —1). The fields also go
towards the saddle point Sy” (0, 0), but they turn away before
reaching it.

The physical picture is that we start with no energy density
ratio for the kinetic term of the ¢[N (¢r)]-field, i.e. ¢(r) <
x? = §2,» = 0 and no energy density ratio for potential
term of the V[z; N(t), ¢ (N)]-field, i.e. V[t; N, 9] & y2 =
£2,> = 0, and then we move to a region where the energy
density ratio for the potential term of the V[¢; N (¢), ¢ (N)]-
field becomes dominant,i.e. V[f; N, ¢] & y2 = .Qyz = +1,
while we also move to a vanishing energy density ratio fo the
kinetic term of the p[N (1)]-field, i.e. p(r) < x> = 2,2 = 0.

This signifies the transition from a non dominant energy
density ratio epoch for the kinetic term of the ¢[N (¢)]-field
and vanishing V[¢; N(t), ¢ (N)]-field potential energy den-
sity ratio domination epoch towards a vanishing kinetic term
of the [ N (¢)]-field, while we gotowards a V' [t; N (t), ¢ (N)]-
field potential energy density ratio domination epoch in the
far future.

Note thatthe V[#; N(t), ¢ (N)]-field potential energy den-
sity ratio domination epoch corresponds to a A energy den-
sity ratio domination epoch in the far future.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and dominant radiation energy density ratio epoch, towards
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, dominant scalar potential energy
density ratio, and vanishing radiation energy density ratio
epoch.

In other words, simply, this signifies the transition from
a dominant radiation energy density ratio epoch, towards a
dominant scalar potential energy density ratio epoch, i.e. a
A energy density ratio in the far future.

Note that when y < 0, the behaviour of the solutions
corresponds to contracting universe. Note that the y never
diverges, since y &« H ~1 and when y ~ 0, then A is infinite.
The case where H =~ 0, does not appear in the diagrams, since
that would implies y — oo, and we know by construction
that0 < y < 1. Note that the saddle point O, and the unstable
points Og, are either tend to the Og — A4,y =1 or Og —
A_, y = —1, so there is no path that actually connects the
point Og — A4 and O¢ — A_. So there are no heteroclinic
orbits.

4 Numerical solution of ACDM and ¢ CDM model
comparison

We perform a comparison between the ACDM model (DA
investigated in Appendix B) and the ¢CDM model (DA
investigated in Sect. 3).

We identify similar numerical solutions of the two models,
which is an expected results for a simple modification of grav-
ity, such as this additional dynamical scalar fields. In agree-
ment with current observation, we find similar behaviour for
different epochs, at the level of the mean values,

— matter-radiation equality epoch redshift is the same
mr — ~mr —
ZACDM = 2¢ACDM — 1484,
— radiation-dark energy equality redshift epoch is the same
rA _ ~ TP _
Zicpm = 0.5 = Z$p ACDM — 6.8,
— matter-dark energy equality epoch redshift is the same
oM = Zg, =03
ZACDM =~ 2¢ACDM — Y-9»

— inthe farpast,t - —0c0 & N — —00 & 7 — —o00,the
models have a radiation domination epoch, i.e a radiation
repeller.

— in the far future, t — +00 & N — —00 & 7 —
+00, the models have cosmological constant domination
epoch, i.e. a A attractor, i.e. a dark energy attractor, i.e.
a de Sitter attractor.

— inthe recent past, N — —4 < z — 50, the models have
matter domination epoch, i.e. matter saddle point.

In Fig. 3, we present the ratio of energy density ratios
between the two models, as a function of lapse time,
9;” CDM (N)/ .QSACDM (N), for the different species, s. We find
that

— the matter between the two models, agrees at mosts times,
and in the late universe it diverges in favour of ACDM
for N € [-2, —0.2]; while for N € [—0.2, 1], itdiverges
in favour of CDM.

@ Springer
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Fig. 3 Comparison of
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— the radiation between the two models, agrees at mosts
times, and in the late universe it diverges in favour
of ACDM for N € [—4,—1.6]; while for N €
[—1.6, —0.2], it diverges a lot in favour of ACDM, but
there are huge oscillations of the ratio.

— the dark energy the constant and the dynamical between
the two models, does not agree at mosts times, and
in the early mid it diverges a lot in favour of ACDM
for N € [—12,—6.5]; while in the late universe for
N € [-6.5, —0.2], it diverges 20% in favour of pCDM.
Note that there are huge oscillations of the ratio in the
late universe. In the late universe, for N € [—0.2, 1], it
diverges again in favour of ACDM.

— the equation of state between the two models, agrees at
mosts times, and in the late universe it has a huge double
spike, in which it diverges in favour of ACDM for N €
[—4, —2.5]; while for N € [-2.5, —1], it diverges in
favour of CDM. Note that after for N € [—0.5, 1]; it
diverges in favour of ACDM.

Note that the huge spikes and oscillations are due to dividing
values which are close to 0, rendering these differences are
minor. While the oscillations for the dark energy models, are
significant and apparent at 20%.

5 Phase portraits of ACDM and ¢ CDM model
comparison

Both models have the following critical points:

— the models have a radiation domination epoch, i.e a radi-
ation repeller.

— the models have cosmological constant domination
epoch, i.e. a A attractor, i.e. a de Sitter attractor.

@ Springer
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Lapse function N = In[a(t)]

— the models have matter domination epoch, i.e. matter sad-

dle point.

The ACDM model has the following transitions:

— From a radiation domination epoch to a matter domina-

tion epoch to a dark energy/cosmological constant dom-
ination epoch.

The pCDM model has the following transitions:

— for constant exponential scalar potential, A = 0, has the

the following transitions:

— transition from a dominant radiation energy den-
sity ratio epoch, towards a dominant scalar potential
energy density ratio epoch, i.e. a A energy density
ratio in the far future, in the kinetic-potential-scalar
plane (r — y or A).

— transition from a dominant matter energy density
ratio epoch towards a dominant scalar potential
energy density ratio epoch, in the matter-potential-
scalar plane (m — y or A).

— transition from a dominant scalar kinetic energy den-
sity ratio epoch, towards a dominant matter energy
density ratio epoch, in the matter-kinetic-scalar plane
(x = m).

— transition from a dominant scalar kinetic energy den-
sity ratio epoch towards a dominant scalar kinetic
energy density ratio epoch, in the kinetic-potential-
scalar plane (x — x or A).

— for low decreasing/increasing exponential scalar poten-

tial, . = %1, has the the following transitions:

— transition from a dominant scalar kinetic energy den-
sity ratio epoch, towards a dominant matter energy
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density ratio epoch., in the matter-kinetic-scalar
plane (x — m).

— transition from a dominant radiation energy den-
sity ratio epoch, towards a dominant scalar potential
energy density ratio epoch, in the matter-potential-
scalar plane (r — y or A).

— transition from a dominant scalar kinetic energy den-
sity ratio epoch towards a dominant scalar potential
energy density ratio epoch, in the kinetic-potential-
scalar plane (x — y or A).

— for high decreasing/increasing exponential scalar poten-
tial, A = %10, has the the following transitions:

— transition from a dominant scalar kinetic energy den-
sity ratio epoch, towards a dominant matter energy
density ratio epoch., in the matter-kinetic-scalar
plane (x — m).

— transition from a dominant radiation energy den-
sity ratio epoch, towards a dominant scalar potential
energy density ratio epoch, in the matter-potential-
scalar plane (r — y or A).

— transition from a negatively dominant scalar kinetic
energy density ratio epoch towards a positively dom-
inant kinetic scalar energy density ratio epoch, in the
kinetic-potential-scalar plane (x — x).

Note that we have also the same transition for the matter-
kinetic-scalar plane, and for all exponential scalar potentials,
A ={-10,—1,0, 1, 10}, we have:

— transition from a dominant scalar kinetic energy density
ratio epoch, towards a dominant matter energy density
ratio epoch., in the matter-kinetic-scalar plane (x — m).

Note that we have also the same transition for the matter-
potential-scalar plane, and for all exponential scalar poten-
tials, A = {—10, —1, 0, 1, 10}, we have:

— transition from a dominant radiation energy density ratio
epoch, towards a dominant scalar potential energy den-
sity ratio epoch, in the matter-potential-scalar plane (r —
y or A).

In particular for the case A = —10, for the matter-potential-
scalar plane, we get:

— transition from a dominant radiation energy density
ratio epoch and a low dominant matter energy den-
sity ratio and high dominant radiation energy density
ratio epoch, towards a dominant scalar potential energy
density ratio epoch, in the matter-potential-scalar plane
(m,r —> y or A).

Note that in the we have also the same transition for
the kinetic-potential-scalar plane, and for constant and low
decreasing/increasing exponential scalar potential, A =
{—1, 0, 1}, we have:

— transition from a dominant scalar kinetic energy density
ratio epoch towards a dominant potential scalar energy
density ratio epoch, in the kinetic-potential-scalar plane
(x —> y or A).

Note that in the we have also the same transition for the
kinetic-potential-scalar plane, and for high decreasing expo-
nential scalar potential, A = 10, we have:

— transition from a negatively dominant scalar kinetic
energy density ratio epoch towards a positively domi-
nant potential kinetic energy density ratio epoch, in the
kinetic-potential-scalar plane (x — x).

6 Conclusions and discussion

In summary in this work we study the CDM model with
the standard ACDM model through the scope of dynamical
analysis. The $CDM model is more complete than the one
that we found in the literature, since we take into account
all the so far discovered epochs, radiation, matter, and dark
energy epochs. In contrast in the literature there is no study
including the radiation epoch for this model.

We find that both models have the following critical points:
aradiation domination epoch, i.e a radiation repeller; cosmo-
logical constant domination epoch, i.e. a A attractor, i.e. a de
Sitter attractor; and a matter domination epoch, i.e. matter
saddle point.

The ACDM model has the transition from a radiation
domination epoch to a matter domination epoch to a dark
energy/cosmological constant domination epoch.

The ¢CDM model has the previous transition as well as
several new transition that have not been discussed in the
literature. In particular we find the main new transitions:
transition from a dominant radiation energy density ratio
epoch, towards a dominant scalar potential energy density
ratio epoch, i.e. a A energy density ratio in the far future, in
the kinetic-potential-scalar plane (r — y or A); transition
from a dominant matter energy density ratio epoch towards
a dominant scalar potential energy density ratio epoch, in
the matter-potential-scalar plane (m — y or A); transition
from a dominant scalar kinetic energy density ratio epoch,
towards a dominant matter energy density ratio epoch, in the
matter-kinetic-scalar plane (x — m); and finally the exotic
transition from a dominant radiation energy density ratio
epoch and a low dominant matter energy density ratio and
high dominant radiation energy density ratio epoch, towards
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a dominant scalar potential energy density ratio epoch, in
the matter-potential-scalar plane (m,r — y or A).

Future work includes exploring the dynamics of several
potentials, and the dynamics of more interesting and sophisti-
cated systems such as the f(R), Horndeski, non-Riemannian
cosmologies, cosmologies at perturbation levels [28], com-
pactified dynamical system in cosmology, and functor of
actions theories [13,14].
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Table2 Classification of time triplet epoch according to species energy
density ratio

Epoch Lapse Redshift, Scale
function, z(1) factor,
N(t) a(t)
Today, 0 0 0 1
Matter-dark energy, m A —0.282 0.326 0.753
Radiation-dark energy, rA  —2.04 7.69 0.130
Decoupling —7.01 1089 9x10~*
Recombination —7.01 1100 9 x 1074
Matter-radiation, mr —7.31 1500 7x 1074
Initial, i -12 2% 10° 6 x 107°
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Appendix A: Triples in different epochs

In Table 2, we present the different epochs of time triplet
corresponding to the different energy density ratio species
equivalences.

Appendix B: Dynamical system analysis on ACDM

Following [8], we model the ACDM-Cosmology, and we
apply the dynamical system analysis as follows.

B.1 The ACDM model

We know that assuming a non-curved, flat FLRW metric,
and standard General Relativity Gravity, namely, R-Gravity,
we obtain the following cosmological scenario, using a cos-
mological constant and cold dark matter, and assuming the
least action principle, the ACDM-Cosmology is governed by
the background Einstein Field Equations equations, G, =
K2T,w , where k2 = 8”(# These result to Friedman equa-
tions which have the species matter, radiation, and cosmo-
logical constant, A. and we also use the continuity equation
T+, = 0.Foreachdifferent energy density species we have
a different equation of state: {w,,, w,, wa} = {0, 1/3, —1},
which corresponds to a different energy density species con-
tinuity equations.

B.2 Defining the dimensionless variables for ACDM
To apply the dynamical analysis, we need to simplify math-

ematically the problem, and we define the following dimen-
sionless variables

_ _ szm(t) _ _ szr(t)
x() = 2ut) = Sy YO =20 = 350
(14)
2
) = 2a) = 24 = 2 15)

3H2(t) ~ 3H2(1)

Using the previous definitions, we write the 3D set of
differential equations simply

x ' =x(=3+3x +4y) (16)
y' = y(—4+3x +4y) (17)
7 =+ —x—y)Bx+4y) (18)

where we integrate in the previous set of equations; the 1st
Friedmann equation for the model: z =1—x — y .
According to these definition, the effective equation of
state, for this model, is given by
1
wer = Y, wi(OR(0) = 33() = 2(). (19)

se{m,r, A}
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B.3 ACDM model: system in 2D, 3D projected to 2D and
3D approaches

We solve the system analytically and numerically in 2D, 3D
projected to 2D and in 3D and we find similar results for
the epoch evolution of the different species in our ACDM
model. We also apply the DA to the system and we obtain
similar phase portraits and results, in 2D in 3D projected to
2D and in 3D. The 3D projected to 2D and the 3D cases, are
not customary done in the literature, however we find that
they are equivalent. In this work, we provide 3D equivalent
approach. We use the solutions and the DA for the 3D model.

B.4 Dynamical analysis of the 3D set of differential
equations of ACDM model

We solve the system of simultaneous differential equations
of (x,y,z) as a function of lapse function N, described
by Egs. 16-18, numerically, using the ipython library
scipy.integrate.solveivp. The selection of the 3D
system is explained in Appendix B.3.

We use different initial conditions. However, the most
physical one, is the one where

{x(N;), y(N;), z(N;)} = {0.01, 0.99, 0}. (20)

This is the most physical one, since the sum of all these
functions should be equal to 1 at all times, and also because
we have good evidence that initial the universe was mostly
field with radiation, and some dark energy, and some matter
energy densities, although the latter two should be vanishing.
Note that the range for the lapse functionis AN = [—1, 1].

We find that the system with initial conditions for which
initial dark energy density ratio, is higher than or comparable
with the initial total matter density ratio, then the total matter
density ratio, is not allowed by the system to evolve, and
it is quickly suppressed. While in the case for which initial
dark energy density ratio, is lower than the initial total matter
density ratio, then the total matter density ratio, is allowed
by the system to evolve better, and it is quickly increases to
describe the matter dominated epoch, as we know so far by
observations and previous theories. We find the numerical
solutions of the 3D system.

B.4.1 Stability analysis on 3D system of ACDM

To analyze the stability of the critical points, we need to com-
pute the Jacobian matrix of the system. The Jacobian matrix
J is given by the matrix of partial derivatives of the right-
hand sides of the system with respect to the variables x, y,
and z. We find its corresponding eigenvalues to characterise
the critical points.

The summary of stability is the following:

Q(t)

y

0.4 0.6
X =Qm(t)

Fig. 4 We illustrate the phase portrait of ACDM cosmology. [See
Appendix B.4.1]

- The critical point (x, y) = (0, 0) is a stable point. The
eigenvalues of this matrix are —3, —4, and 0. Since two eigen-
values are negative and one is zero, this critical point is a
stable point (Attractor).

- The critical point (x, y) = (0, 1) is unstable. The eigen-
values of this matrix are 1, 4, and 0. Since two eigenvalues
are positive and one is zero, this critical point is unstable
(repelling).

- The critical point (x, y) = (1, 0) is a saddle point. The
eigenvalues of this matrix are 6, —1, and 0. Since one eigen-
value is positive and one is negative, this critical point is also
a saddle point.

This provides insight into the dynamics of your system
near these points.

We present the results in Fig. 4.

We find that the universe starts with a radiation energy
density ratio domination epoch at the unstable repeller point
R*(0,1) = R™ (0, 1), transits to a matter energy density
ratio domination epoch, at the saddle point, R*Y(1,0) =
R™ (1, 0), and it is attracted in the far future to the stable
attractor point, R*Y(0, 0) = R™" (0, 0), i.e it results to a dark
energy density ratio domination epoch.

In simple terms we conclude the following.

We find that the universe starts with a radiation energy
density ratio domination epoch, then it transits to a matter
energy density ratio domination epoch and it is attracted,
in the far future, to a dark energy density ratio domination
epoch.
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Appendix C: Details of the  CDM dynamical analysis

Below, we provide all the necessary details of the $CDM
dynamical analysis.

C.1 The ¢CDM action

The CDM action is written as

R
Spcom = CS/d(ct)d3X«/—g [16”GN + Lonr + 54
21
1
Lo = —58u0"¢0"¢ + VIt. A: ¢(1)] (22)

where c is the sped of light, Gy is the Newton constant, g
is the determinant of the metric, g,,, R = R[g] is the ricci
scalar, A is the cosmological constant, L[g, ¥, is the
lagrangian describing matter and radiation field, Yy, ¢ is
a scalar dynamical field, with a kinetic term, described by
partial derivatives, and V¢, A; ¢ (¢)] is its potential. Assum-
ing the least actionic principle, varying the aforementioned
action, we are lead to the following equations of motion of
the system.

C.2 The cosmological constant, A, in 9CDM

In the standard cosmological model, A cosmological con-
stant describe dark energy. In our case, the pCDM model,
now we have a dynamical scalar field which describes dark
energy, however the cosmological constant is still inherent
in our model, through the following consideration.

The choice of the potential of this scalar field is

V(p) = VIt, A; p(1)] = Vo(A)e <H¢®

where V(A) is the normailsation constant of the potential.
To retrieve the ACDM model from ¢ CDM model, we
need the condition:

1
A
16 GN
In that case the potential becomes
1

Vo(4) = —

and ¢()=0

\% = — A
@) 16w GN
and the action model
R
S, = | detyd?x /= Lo + L
$CDM C/ (et)d x g[16nGN+ mr + 4
(23)

becomes

R A
s = [ dend3xd=g | —— + Loy — ——— | .
ACDM C/ (cn)d”x g[l6nGN+ mr 16:1GN:|

(24)

@ Springer

C.3 Phase space portraits of CDM model, A 7#~ 0

In this section, we present the phase space portraits of CDM
model, A # 0, for an increasing (A < 0) or decreasing (A >
0) exponential scalar potential.

C.3.1 Phase portrait in (m, x, y) planes, Case: low decreas-
ing exponential scalar potential ). € [1, 2]

In Fig. 5, we plot the (m, x)-plane phase portrait for low
decreasing exponential scalar potential, A = 1, and we find
the same results as in the cases A = 0.

In Fig. 5, we plot the (m, x)-plane phase portrait, and we
find the following points:

— The saddle point, O — S5 (0, 0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, Oy — R_’,’_”‘ (0, 1), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R™* (0, —1), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The saddle point, Oy — S (1, 0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio. Note that this is a saddle point in 3D.

We observe that the dynamical field starts from the
repellers R'*(0,1) and R (0, —1) and they go towards
the saddle S"'* (1, 0). The fields also go towards the saddle
point S (0, 0), but they turn away before reaching it.

The physical picture is that we start with some high energy
density ratio for the kinetic term of the ¢[N(¢)]-field, i.e.
(1) & x* = §2,» = %1, while vanishing energy density
ratio for matter of the universe, i.e. m = £2,,[N(¢)] = 0, and
then we move to a region where energy density ratio for the
kinetic term of the ¢[N (r)]-field vanishes, i.e. ¢ (1) < x% =
§2,» = 0, while the energy density ratio for matter of the
universe becomes dominant, i.e. m = £2,,[N(t)] = 1.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
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Phase Portrait in (Qm, x) Plane, A =1.00
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Fig. 5 We illustrate the phase portrait of the 3D model, for A = 1, which represents the |A| € [1, 2]. Left Panel: We illustrate the phase portrait of
the (m, x). Center Panel: We illustrate the phase portrait of the (m, y) Right Panel: We illustrate the phase portrait of the (x, y). [See Sects. 1, 1,

and 1

and vanishing radiation energy density ratio epoch, towards
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy density
ratio epoch.

In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch, towards
a dominant matter energy density ratio epoch.

C.3.2 Phase portrait in (m, y)-plane, Case: low decreasing
exponential scalar potential A € [1, 2]

In Fig. 5, we find the results for the (m, y)-plane phase por-
trait for low decreasing exponential scalar potential, A = 1,
which are the similar as the results for A = 0.

In particular, in Fig. 5, we plot the (m, y)-plane phase
portrait, and we find the following points:

The unstable point, Og — Ry” (0, 0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

The stable point, O1 — A’} (0, 1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, positively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

The stable point, 07 — A" (0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

The saddle point, O7 — S,” (1, 0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential

energy density ratio, and vanishing radiation energy den-
sity ratio.

We observe that the dynamical field starts from the
repellers R} (1,0) and R™ (—1,0) and they go towards
the attractors A (0, 1) and A™ (0, —1). The fields also go
towards the saddle point Sy (1, 0), but they turn away before
reaching it.

The physical picture is that we start with no matter energy
density ratio m = £,[N(¢#)] = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, ¢] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[¢; N(t), ¢ (N)]-field becomes dominant, i.e.
VIt; N, ¢] & y2 = .Qyz = =+1, while we also move to a
vanishing matter energy density ratio fo the kinetic term of
the m = £2,,[N(¢)] = 0, while there is some increase in
between.

This signifies the transition from a vanishing matter
energy density ratio, vanishing scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and dominant radiation energy density ratio epoch, towards
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, dominant scalar potential energy
density ratio, and vanishing radiation energy density ratio
epoch.

In other words, simply, this signifies the transition from
a dominant radiation energy density ratio epoch, towards a
dominant scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.
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C.3.3 Phase portrait in (x, y)-plane, case: low decreasing
exponential scalar potential A € [+1, +2]

In Fig. 5, we plot the (x, y)-plane phase portrait, and we find
the following points:

— The saddle point, O — Siy (0, 0), is characterised by a
vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, O3 — R’ (1, 0), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R (—1, 0), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The stable point, O19 — Aﬁ_y (\/g , \/g), is characterised
by a vanishing matter energy density ratio, positively low
dominant scalar kinetic energy density ratio, positively
high dominant scalar potential energy density ratio, and
vanishing radiation energy density ratio.

— The stable point, 019 — A’iy(\/g, —\/g), is charac-
terised by a vanishing matter energy density ratio, pos-
itively low dominant scalar kinetic energy density ratio,
negatively high dominant scalar potential energy density
ratio, and vanishing radiation energy density ratio.

We observe that the dynamical field starts from the
repellers Rj_y (1,0) and R*(—1,0) and they go towards the

attractors Aiy (\/I , \/g yand A™ (\/I , —\/g). The fields also

go towards the saddle point Siy(l, 0), but they turn away
before reaching it.

The physical picture is that we start with no energy density
ratio for the kinetic term of the ¢[N (r)]-field, i.e. é(t) -
x? = 2,2 = 0 and no energy density ratio for potential
term of the V[r; N(¢), ¢(N)]-field, i.e. V[1; N, ¢p] < y2 =
2> = 0, and then we move to a region where the energy
density ratio for the potential term of the V[¢; N(¢), ¢ (N)]-
field becomes dominant,i.e. V[¢; N, ¢] < y2 = .Qyz = +1,
while we also move to a vanishing energy density ratio fo the
kinetic term of the ¢[ N ()]-field, i.e. p(r) & x? = 2,2 = 0.

This signifies the transition from a non dominant energy
density ratio epoch for the kinetic term of the ¢[N(7)]-
field and vanishing V[t; N(t), ¢ (N)]-field potential energy
density ratio domination epoch towards a vanishing kinetic
term of the @[ N (t)]-field, while we go towards a V[¢; N(¢),
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¢ (N)]-field potential energy density ratio domination epoch
in the far future. Note that the V[¢; N(t), ¢ (N)]-field poten-
tial energy density ratio domination epoch corresponds to a
A energy density ratio domination epoch in the far future.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch towards
a vanishing matter energy density ratio, positively low dom-
inant scalar kinetic energy density ratio, high dominant
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio epoch.

In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch towards
a positively low dominant scalar kinetic energy density ratio,
high dominant scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

C.3.4 Phase portrait in (m, x)-plane, case: low increasing
exponential scalar potential A € [—1, —2]

In Fig. 6, we plot the (m, x)-plane phase portrait for low
decreasing exponential scalar potential . = —1, and we find
the same results as in the cases A = 0 or 1.

In particular, in Fig. 6, we plot the (m, x)-plane phase
portrait, and we find the following points:

— The saddle point, O — S§;*(0,0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, Og — R'}*(0, 1), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R™* (0, —1), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The saddle point, Oy — S (1, 0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio. Note that this is a saddle point in 3D.

We observe that the dynamical field starts from the
repellers R'*(0,1) and R™*(0, —1) and they go towards
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the saddle S'* (1, 0). The fields also go towards the saddle
point S5 (0, 0), but they turn away before reaching it.

The physical picture is that we start with some high energy
density ratio for the kinetic term of the ¢[N(¢)]-field, i.e.
(1) & x* = §2,» = %1, while vanishing energy density
ratio for matter of the universe, i.e. m = £2,,[N(t)] = 0, and
then we move to a region where energy density ratio for the
kinetic term of the ¢[N (7)]-field vanishes, i.e. ¢(7) < x% =
§2,» = 0, while the energy density ratio for matter of the
universe becomes dominant, i.e. m = §2,,[N(t)] = 1.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch, towards
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy density
ratio epoch.

In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch, towards
a dominant matter energy density ratio epoch, in the matter-
kinetic-scalar plane.

C.3.5 Phase portrait in (m, y)-plane, case: low increasing
exponential scalar potential A € [—1, —2]

In Fig. 6, we find the results for the (m, y)-plane phase por-
trait for low increasing exponential scalar potential A = —1,
which are the same as the results for A = {1}.

In particular, in Fig. 6, we plot the (m, y)-plane phase
portrait, and we find the following points:

— The unstable point, O3 — R;,” (0, 0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential

energy density ratio, and dominant radiation energy den-
sity ratio.

— The stable point, 011 — A" (0, 1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, positively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The stable point, 01y — A" (0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The saddle point, Og — S_'fy (1, 0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

We observe that the dynamical field starts from the
repellers Rfy (1,0) and R™ (—1,0) and they go towards
the attractors Aﬁy (0, 1) and A™ (0, —1). The fields also go
towards the saddle point Sf':y (1, 0), but they turn away before
reaching it.

The physical picture is that we start with no matter energy
density ratio m = $£,[N(¢#)] = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, ¢l & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[¢; N(t), ¢ (N)]-field becomes dominant, i.e.
VIit; N, ¢] & y2 = .Qyz = =1, while we also move to a
vanishing matter energy density ratio fo the kinetic term of
the m = £2,,[N(t)] = 0, while there is some increase in
between.

This signifies the transition from a vanishing matter
energy density ratio, vanishing scalar kinetic energy den-
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sity ratio, vanishing scalar potential energy density ratio,
and dominant radiation energy density ratio epoch, towards
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, dominant scalar potential energy
density ratio, and vanishing radiation energy density ratio
epoch.

In other words, simply, this signifies the transition from
a dominant radiation energy density ratio epoch, towards a
dominant scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

C.3.6 Phase portrait in (x, y)-plane, case: low increasing
exponential scalar potential A € [—1, —2]

In Fig. 6, we plot the (x, y)-plane phase portrait for low
increasing exponential scalar potential, A = —1, and we find
similar but not the same results as in the cases . = {0, 1}.
The difference, is that the attractors appear to negative values
for energy density ratio for the kinetic term, x.

In particular, in Fig. 6, we plot the (x, y)-plane phase
portrait, and we find the following points:

— The saddle point, O — S’ (0, 0), is characterised by a
vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The unstable point, O3 — R (1, 0), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R (—1,0), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The stable point, 011 — Aiy(—\[%, \/g), is charac-
terised by a vanishing matter energy density ratio, neg-
atively low dominant scalar kinetic energy density ratio,
positively high dominant scalar potential energy density
ratio, and vanishing radiation energy density ratio.

— The stable point, 017 — A" (—fé , —\/é), is charac-
terised by a vanishing matter energy density ratio, neg-
atively low dominant scalar kinetic energy density ratio,
negatively high dominant scalar potential energy density
ratio, and vanishing radiation energy density ratio.

We observe that the dynamical field starts from the
repellers R}’ (1, 0) and R™(—1, 0) and they go towards the
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attractors Aiy(—\/z, \/g) and Afy(—\ﬁ, —\/g). The fields

also go towards the saddle point $;” (1, 0), but they turn away
before reaching it.

The physical picture is that we start with dominant
energy density ratio for the kinetic term of the ¢[N(¢)]-
field, ie. ¢(r) & x> = §£2,» = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, 9] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[t; N(t), ¢ (N)]-field becomes dominant, i.e.
VIt; N, ¢] & y2 = .Qyz = =+1, while we also move to a
low domination of energy density ratio fo the kinetic term of
the ¢[N (t)]-field, i.e. ¢(r) © x> = 2,2 = 0.

This signifies the transition from a dominant energy den-
sity ratio epoch for the kinetic term of the ¢[N (¢)]-field
and vanishing V[t; N(¢), ¢ (N)]-field potential energy den-
sity ratio domination epoch towards a low domination of
the kinetic term of the ¢[N (#)]-field, while we go towards
a high domination of the V[t; N(t), ¢ (N)]-field potential
energy density ratio epoch in the far future. Note that the
V[t; N(t), ¢ (N)]-field potential energy density ratio domi-
nation epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch towards
a vanishing matter energy density ratio, negatively low dom-
inant scalar kinetic energy density ratio, high dominant
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio epoch.

In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch towards a
negatively low dominant scalar kinetic energy density ratio,
high dominant scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

C.3.7 Phase portrait in (m, x)-plane, case: high decreasing
exponential scalar potential \ € [+2, +00)

In Fig. 7, we plot the (m, x)-plane phase portrait for high
decreasing exponential scalar potential, A = 10, and we find
the similar results as in the cases A = {—1, 0, 1}.

In Fig. 7, we plot the (m, x)-plane phase portrait, and we
find the following points:

— The saddle point, O — S§;*(0,0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
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energy density ratio, and dominant radiation energy den-
sity ratio.

The unstable point, Og — R'*(0, 1), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

The unstable point, Og — R™ (0, —1), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

The saddle point, O1 — S*(1,0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

The saddle point, Os — ST (0, —I—\/g(IO)_l), is char-
acterised by a vanishing matter energy density ratio, pos-
itively low dominant scalar kinetic energy density ratio,
vanishing scalar potential energy density ratio, and dom-
inant radiation energy density ratio.

The saddle poini, Os — S"™(0, —/3(10)"1), is char-
acterised by a vanishing matter energy density ratio, neg-
atively low dominant scalar kinetic energy density ratio,
vanishing scalar potential energy density ratio, and dom-
inant radiation energy density ratio.

We observe that the dynamical field starts from the
repellers R'*(0, 1) and R™*(0, —1) and they go towards
the attractor A (1, 0). The fields also go towards the saddle
points S (0, 0) S (0, +\/§(10)—1), $"%(0, —@(10)—1),
but they turn away before reaching them.

The physical picture is that we start with some high energy
density ratio for the kinetic term of the ¢[N(¢)]-field, i.e.

b(1) & x? = §2,» = %1, while vanishing energy density
ratio for matter of the universe, i.e. m = §2,,[N(¢)] = 0, and
then we move to a region where energy density ratio for the
kinetic term of the ¢[N (¢)]-field vanishes, i.e. ci)(t) & x? =
§2,» = 0, while the energy density ratio for matter of the
universe becomes dominant, i.e. m = £2,,[N(¢t)] = 1.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch, towards
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy density
ratio epoch.

In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch, towards
a dominant matter energy density ratio epoch.

C.3.8 Phase portrait in (m, y)-plane, case: high decreasing
exponential scalar potential \ € [+2, +00)

In Fig. 7, we find the results for the (m, y)-plane phase por-
trait for high decreasing exponential scalar potential, A = 10,
which are the same as the results for A = {—1, 1}.

In particular, in Fig. 7, we plot the (m, y)-plane phase
portrait, and we find the following points:

— The unstable point, O — Ry” (0, 0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The stable point, 07 — A’} (0, 1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, positively dominant scalar
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potential energy density ratio, and vanishing radiation
energy density ratio.

— The stable point, O7 — A™(0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The saddle point, O1 — S (1,0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

We observe that the dynamical field starts from the repeller
R;” (0, 0) and they go towards the attractors A”* (0, 1) and
A"™(0, —1). The fields also go towards the saddle point
S:'_’y (0, 0), but they turn away before reaching it.

The physical picture is that we start with no matter energy
density ratio m = $£,,[N(¢#)] = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, 9] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[¢; N(t), ¢ (N)]-field becomes dominant, i.e.
VIt; N, ¢] & y2 = Qyz = =+1, while we also move to a
vanishing matter energy density ratio fo the kinetic term of
the m = £2,,[N(t)] = 0, while there is some increase in
between.

This signifies the transition from a vanishing matter
energy density ratio, vanishing scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and dominant radiation energy density ratio epoch, towards
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, dominant scalar potential energy
density ratio, and vanishing radiation energy density ratio
epoch.

In other words, simply, this signifies the transition from
a dominant radiation energy density ratio epoch, towards a
dominant scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

C.3.9 Phase portrait in (x, y)-plane, case: high decreas-
ing/increasing exponential scalar potential A € [+2, +00)

In Fig. 7, we plot the (x, y)-plane phase portrait for high
decreasing exponential scalar potential A = 10, and we
find similar but not the same results as in in the cases
A = {—1, 0, 1}. The difference, is that the attractors appear to
negative values for energy density ratio for the kinetic term,
X.

In particular, in Fig. 7, we plot the (x, y)-plane phase
portrait, and we find the following points:

@ Springer

— The spiral CW point, O3 — R)’(0,0), is charac-
terised by a vanishing matter energy density ratio, vanish-
ing scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and dominant radiation
energy density ratio.

— The saddle point, Og — Siy(l, 0), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The unstable point, O3 — R (—1,0), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

— The spiral CW point, O5 — Riy(—l—lo\/g, —{—1—1()\/%), is
characterised by a vanishing matter energy density ratio,
negatively low dominant scalar kinetic energy density
ratio, positively low scalar potential energy density ratio,
and high dominant radiation energy density ratio.

— The spiral ACW point, Os — R™ —%\/g, —%\/g),is
characterised by a vanishing matter energy density ratio,
negatively low dominant scalar kinetic energy density
ratio, negatively low scalar potential energy density ratio,
and high dominant radiation energy density ratio.

‘We observe that the dynamical field start from an unstable
point, R (—1,0), and they go towards the saddle Sj_y (1, 0).
There are also the spiral CW ng (0,0) and Riy (— %

\/3’ +%\/§) and spiral AntiClockwise ACW point

R (/3 /D

The physical picture is that we start with negatively maxi-
mum energy density ratio for the kinetic term of the ¢p[ N (¢)]-
field, ie. ¢(r) & x> = §2,» = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, 9] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[¢; N(¢), ¢ (N)]-field becomes dominant, i.e.
V[t; N, ¢] & y2 = .Qyz = =1, while we also move to
a vanishing energy density ratio fo the kinetic term of the
¢[N (1)]-field, i.e. q'S(t) & x2 = £2.» = 0, and finally we
land to a vanishing energy density ratio for the potential term
and a maximum dominant energy density ratio for the kinetic
term.

This signifies the transition from a vanishing matter
energy density ratio, negatively dominant scalar kinetic
energy density ratio, vanishing scalar potential energy den-
sity ratio, and vanishing radiation energy density ratio
epoch towards a vanishing matter energy density ratio, posi-
tively dominant scalar kinetic energy density ratio, vanishing
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scalar potential energy density ratio, and vanishing radiation
energy density ratio epoch.

In other words, simply, this signifies the transition from a
negatively dominant scalar kinetic energy density ratio epoch
towards a positively dominant scalar kinetic energy density
ratio epoch.

C.3.10 Phase portrait in (m, x)-plane, Case: high decreas-
ing/increasing exponential scalar potential A € [—2, —00)

In Fig. 8, we plot the (m, x)-plane phase portrait for high
decreasing exponential scalar potential, A = —10, and we
find the similar results as in the cases A = {—1, 0, 1, 10}.

In Fig. 8, we plot the (m, x)-plane phase portrait, and we
find the following points:

— The saddle point, O — S§;*(0,0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

The unstable point, Og — R!*(0, 1), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

The unstable point, Og — R™* (0, —1), is characterised
by a vanishing matter energy density ratio, negatively
dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radi-
ation energy density ratio.

The saddle point, O1 — A{*(1,0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

— The saddle point, O4 — S'* (—G—\/g(— 10)~1, 0), is char-
acterised by a negatively low dominant matter energy
density ratio, vanishing scalar kinetic energy density
ratio, vanishing scalar potential energy density ratio, and
dominant radiation energy density ratio.

The saddle point, Oy — S™ (—\/g(— 10)~1, 0), is char-
acterised by a positively low dominant matter energy den-
sity ratio, vanishing scalar kinetic energy density ratio,
vanishing scalar potential energy density ratio, and dom-
inant radiation energy density ratio.

We observe that the dynamical field starts from the
repellers R''*(0, 1) and R™(0, —1) and they go towards
the attractor A{*(1,0). The fields also go towards the

saddle points Sg'* (0, 0) Sﬂx(+\/g(—10)_1, 0), S’_’“‘(—\/g
(—10)~1, 0), but they turn away before reaching them.

The physical picture is that we start with some high energy
density ratio for the kinetic term of the ¢[N (¢)]-field, i.e.
$(1) & x> = 2, = 1, while vanishing energy density
ratio for matter of the universe, i.e. m = £2,,[N(t)] = 0, and
then we move to a region where energy density ratio for the
kinetic term of the ¢[N (7)]-field vanishes, i.e. ¢ (1) < x% =
§2,» = 0, while the energy density ratio for matter of the
universe becomes dominant, i.e. m = £2,,[N(¢)] = 1.

This signifies the transition from a vanishing matter
energy density ratio, dominant scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and vanishing radiation energy density ratio epoch, towards
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy density
ratio epoch.
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In other words, simply, this signifies the transition from a
dominant scalar kinetic energy density ratio epoch, towards
a dominant matter energy density ratio epoch.

C.3.11 Phase portrait in (m, y)-plane, case: high decreas-
ing/increasing exponential scalar potential » € [—2, —00)

In Fig. 8, we find the results for the (m, y)-plane phase por-
trait for high increasing exponential scalar potential, A =
—10, which are similar but not the same as the results for
A ={-1,0,1,10}.

In particular, in Fig. 8, we plot the (m, y)-plane phase
portrait, and we find the following points:

— The unstable point, O3 — R;,” (0, 0), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and dominant radiation energy den-
sity ratio.

— The stable point, O7 — Aﬁy (0, 1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, positively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The stable point, 07 — A" (0, —1), is characterised by
a vanishing matter energy density ratio, vanishing scalar
kinetic energy density ratio, negatively dominant scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The saddle point, O1 — S;” (1,0), is characterised by
a dominant matter energy density ratio, vanishing scalar
kinetic energy density ratio, vanishing scalar potential
energy density ratio, and vanishing radiation energy den-
sity ratio.

— The unstable point, Oy — Rﬁy(—i-\/g(—IO)_l, 0), is
characterised by a negatively low dominant matter energy
density ratio, vanishing scalar kinetic energy density
ratio, vanishing scalar potential energy density ratio, and
high dominant radiation energy density ratio.

— The unstable point, Oy — RTy(—\/g(—lO)_l, 0), is
characterised by a positively low dominant matter energy
density ratio, vanishing scalar kinetic energy density
ratio, vanishing scalar potential energy density ratio, and
dominant radiation energy density ratio.

We observe that the dynamical field starts from the
RU0.0 BP0 0,
RT(—\/g (—10)_1, 0) and they go towards the attractors

A"”(0,1) and A™ (0, —1). The fields also go towards the
saddle point S,” (0, 0), but they turn away before reaching
it.

repellers

@ Springer

The physical picture is that we start with no matter energy
density ratio m = £2,,[ N(¢)] = 0, or low matter energy den-
sity ratio, m = £2,,[N(¢)] = i\/g(—IO)_l, and no energy
density ratio for potential term of the V'[#; N (¢), ¢ (N)]-field,
ie. V[t; N, ¢p] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[¢; N(t), ¢ (N)]-field becomes dominant, i.e.
VIit; N, ¢] & y2 = .Qyz = =1, while we also move to a
vanishing matter energy density ratio, m = £2,,[N(¢)] = 0,
while there is some increase in between.

This signifies the transition from a vanishing matter
energy density ratio, vanishing scalar kinetic energy den-
sity ratio, vanishing scalar potential energy density ratio,
and dominant radiation energy density ratio epoch and a
epoch towards a vanishing matter energy density ratio, van-
ishing scalar kinetic energy density ratio, positively dominant
scalar potential energy density ratio, and vanishing radiation
energy density ratio epoch.

In other words, simply, this signifies the transition from a
dominant radiation energy density ratio epoch and a low
dominant matter energy density ratio and high dominant
radiation energy density ratio epoch, towards a dominant
scalar potential energy density ratio epoch.

Note that the dominant scalar potential energy density
ratio epoch corresponds to a A energy density ratio domi-
nation epoch in the far future.

C.3.12 Phase portrait in (x, y)-plane, case: high decreas-
ing/increasing exponential scalar potential ) € [—2, —00)

In Fig. 8, we plot the (x, y)-plane phase portrait for high
increasing exponential scalar potential, A = —10, and we
find similar but not the same results as in in the cases A =
{—1, 0, 1, 10}. The difference, is that the attractors appear to
negative values for energy density ratio for the kinetic term,
X.

In particular, in Fig. 8, we plot the (x, y)-plane phase
portrait, and we find the following points:

— The spiral CW point, O5 — S;;Xr (0,0), is charac-
terised by a vanishing matter energy density ratio, vanish-
ing scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and dominant radiation
energy density ratio.

— The unstable point, Og — R’ (1, 0), is characterised by
a vanishing matter energy density ratio, positively domi-
nant scalar kinetic energy density ratio, vanishing scalar
potential energy density ratio, and vanishing radiation
energy density ratio.

— The stable point, Og — A™(—1,0), is characterised by
a vanishing matter energy density ratio, negatively dom-
inant scalar kinetic energy density ratio, vanishing scalar
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potential energy density ratio, and vanishing radiation
energy density ratio.

— The spiral CW point, O4 — Riy(}]o % +7+0\/§), is
characterised by a vanishing matter energy density ratio,
negatively low dominant scalar kinetic energy density
ratio, negatively low scalar potential energy density ratio,
and high dominant radiation energy density ratio.

— The spiral ACW point, Oy — R }10\/5 —}10\/;),
is characterised by a vanishing matter energy density
ratio, negatively low dominant scalar kinetic energy den-
sity ratio, positively low scalar potential energy density
ratio, and high dominant radiation energy density ratio.

We observe that the dynamical field start from an unsta-
ble point, R}'(1,0), and they go towards the attractor
AT (—1,0). There are also the spiral CW R;’(0,0) and

Riy (_+0\/5 , +_+0\/§ ) and spiral AntiClockwise ACW

point Rfy(_#lo\/g, —_+O %).

The physical picture is that we start with positively maxi-
mum energy density ratio for the kinetic term of the ¢p[ N (¢)]-
field, ie. ¢(r) & x> = §2,» = 0 and no energy den-
sity ratio for potential term of the V[z; N(¢), ¢ (N)]-field,
ie. V[t; N, 9] & y2 = .Qyz = 0, and then we move to
a region where the energy density ratio for the potential
term of the V[t; N(t), ¢ (N)]-field becomes dominant, i.e.
VIt; N, ¢p] & y2 = .Qyz = =+1, while we also move to
a vanishing energy density ratio fo the kinetic term of the
¢[N (1)]-field, i.e. </3(t) & x? = 2> = 0, and finally we
land to a vanishing energy density ratio for the potential term
and a maximum negatively dominant energy density ratio for
the kinetic term.

This signifies the transition from a vanishing matter
energy density ratio, positively dominant scalar kinetic
energy density ratio, vanishing scalar potential energy den-
sity ratio, and vanishing radiation energy density ratio
epoch towards a vanishing matter energy density ratio, nega-
tively dominant scalar kinetic energy density ratio, vanishing
scalar potential energy density ratio, and vanishing radiation
energy density ratio epoch.

In other words, simply, this signifies the transition from a
positively dominant scalar kinetic energy density ratio epoch
towards a negatively dominant scalar kinetic energy density
ratio epoch.
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