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Abstract

There are persisting tensions in the Hubble constant and in the og parameter
that have yet to be resolved. Different models have been used throughout
the years in an attempt to lessen these tensions and gain more knowledge
about the Universe. ACDM is the theoretical framework that describes the
origin, structure and evolution of the Universe. However, there are several
tensions between the predictions of standard cosmology and the observa-
tions of various cosmological probes, such as the Hubble constant (Hp) and
the o3 parameter. By investigating a reparametrisation of the ACDM, more
information can be obtained on these tensions and new physics can be un-
covered. The main objective of this research is to examine the viability of
wCDM as a solution to the observed tensions within the standard cosmolog-
ical model. The Cosmic Microwave Background (CMB) radiation, a power-
ful probe of the early universe, plays a central role in this study by analysing
CMB anisotropies and temperature fluctuations in conjunction with high-
precision data from Planck data. This project also takes the opportunity
to examine the new Planck likelihood (Planck 2020) with the previous one
(Planck 2018) and examine the new data of Dark Energy Spectroscopic In-
strument (DESI) with the previously released data set of Baryon Acoustic
Oscillations (BAO). The late-time data of Pantheon + SHOES (SN+SHOES)
and Cosmic Chronometers (CC) data will also be used to serve as a way to
add tighter constraints and, therefore, more accurate values with less uncer-
tainties. In this project, the wCDM models showed that the newer datasets
of Planck and BAO contained the models better than the previously released
datasets. However, the wCDM model still favoured Planck 2018 and the
older BAO data. Also, the tested models all had large uncertainties and de-
generacies when only early-time data was taken, but the addition of the late-
time data generally decreased the degeneracies and uncertainties. These key
findings are discussed in further detail in Chapter 4.

vii



Contents

1 Introduction 1
2 wCDM parameterisation 5
21 ACDM . . . e 5
211 The Friedmann equations of the ACDM model . . . . . . .. 6

2.1.2 Perturbation Equations . . . . .. ... ... .......... 12

2.1.3 ACDM parameters . . . ... ... ... ... ......... 14

22 wCDM . . .. e e 18
221 Constantmodel . . ... .. ... ... ... .. ... ... .. 23

222 Linearmodel . .. ... .. ... .. .. ... 25

223 QuadraticModel . ... ... ... ... ... ... ..., 28

224 Logarithmicmodel . . ... ... ... ............. 30

225 Barbozaand Alcaniz . . .. .. .. .. ... ... .. ..... 33

226 Oscillatorymodel . . . . ... .................. 36

227 Conclusion . . . . . . . . ... 40

3 Data & Simulations 41
31 Data . ... . . e 42
311 EarlyTimeData . .. ... ... ................. 43

312 LateTimeData .. ... ... ... ... ... .. ....... 46

3.2 Simulation . . .. . .. .. 47
321 CLASS . . . . e e 48

322 MontePython . .. ... ..... ... ... ... .. ... 51

3.3 Statistical Analysis . . .. ... .. Lo oo 59
331 Conclusion . . . . .. .. . . .. .. e 61

4 Data Analysis 63

viii



Contents

41 TheConstantmodel . . . . . . . . . . . . ..

4.2 Linear model . . .
4.3 Quadratic Model
4.4 Logarithmic Model

45 Barbozaand Alcaniz . . . . . . . . .

4.6 Oscillatory model
46.1 Conclusion

5 Conclusion
Appendix A Appendix

References

X

65
75
84
92
101
110
120

123

139

147



2.1

2.2

2.3

24

2.5

2.6

2.7

2.8

List of Figures

A Whisker plot [35] showing the inconsistencies with Hy when using
different measurements. . . . .. ... .. L L Lo
The CMB power spectrum; % versus the angular size and the
multipole moment / where the curve shows the theoretical prediction
while the points are the data obtained from the Planck 2018. Retrieved
from the Planck 2018 paper [5]. . . .. .. ... .. ... ... ... ...
A graph showing how w varies with the redshift, z, for the woCDM
parameterization. The red line is the equation of w,,ocpyr when using
the result of wg ,0cpm from Chapter 4. The light red shade represents
thelovariation. . . . . .. ... .. ... ... ... .. o L
This graph shows how the CPL parameterization describes how w
varies with z throughout the history of the Universe. The black line
represents the equation of wcpr and the grey shaded region represents
the 1o variation, where the values of wg cpr, w,cpr and 1o are results
that were obtained and shown in Chapter4. . . . . ... ... ... ...
This figure shows how w varies with z in the JBP parameterization.
The blue curve is the equation of state parameter of dark energy taking
the result achieved in Chapter 4 while the shaded region is the 1o
variation. . . ...
A graph of w against z for the GE parameterization, where the curve
shows how wgg varies when adding the values obtained as shown in
Chapter 4 while the shaded region shows the 1o variation. . . . . . ..
A graph demonstating how wg4 varies with z. The curve is wp4 when
z is varying while the shaded region is the 10 variation. The values
needed were taken from the results shown in Chapter4.. . . . . .. ..
This graph shows how the OSCILL model varies wpgcyrr with respect

31

to z. The curve shows the wocj 1 and the shaded shows the 10 variation. 37

X



List of Figures

3.1

3.2

4.1

4.2

4.3

44

4.5

4.6

4.7

4.8

A diagram of all the models showing which ones were already inbuilt
in CLASS and which models were not inbuilt and had to be imple-

A broad picture of how CLASS and MontePython work together using
the chosen datasets. [22] . . . . . . . . . . . . . .. ... ...

Three overlapping corner plots showing the constant model when
only using late-time data. The grey corner plot shows when CC +
SN+SHOES data was used, the red corner plot shows the parameteri-
sation when CC + SN+SHOES + BAO was used and the blue corner
plot shows the model when CC + SN+SHOES + DESI was used. . . . .

A graph of the woCDM model with PR3 and PR4 alone seen in red and
blue respectively. . . ... ... .. ... . o oo o

A graph showing the constant model when CC + SN+SHOES was
used in conjunction with one of the Planck data sets; PR3 seen in the
green corner plot or PR4 seen in the grey corner plot. Then CC +
SN+SHOES + DESI was used together with; PR3 seen in the red cor-
ner plot or PR4 seen in the blue cornerplot. . . . . ... ... ... ...

A graph of the linear model when taking the two late-time data com-
binations only made with GetDist. The CC + SN+SHOES data set is
shown in the grey corner plot, the CC + SN+SHOES + BAO data set is
shown in the red corner plot while the CC 4 SN+SHOES + DESI data
set is shown in the blue cornerplot. . . . . .. ... ... ... .. .. ..

A graph showing the CPL model when using only the two Planck
CMB data. The red corner plot shows when the PR3 was used and the
blue corner shows when the PR4wasused. . . . ... ..........

A graph of the CPL model using the two Planck early time data while
also using combinations of late time data. The green corner plot shows
the CPL model when PR3 + CC + SN+SHOES data was used, and the
grey corner plot shows the linear model when PR4 + CC + SN+SHOES
data was used. The red corner plot shows the model when using PR3
+ CC 4 SN+SHOES + DES], and the blue corner plot shows when PR4
+ CC + SN+SHOES + DESIwasused. . . . . ... ............

A graph showing the results obtained from the JBP model when only
late-time data was taken into consideration. The grey corner plot
shows the CC + SN+SHOES data set combination, the red corner plot
shows the CC + SN+SHOES + BAO data combination and the blue
corner plot shows the CC + SN+SHOES + DESI data combination.

A graph of the ]BP parametrisation when only having early-time data
PR4 seen in blue or PR3 seeninred. . ... ................

X1

88



Xii List of Figures

49 A graph generated with GetDist, showing the JBP model when PR3
with CC and SN+SHOES data was used seen in the green corner plot,
when PR4 with CC and SN+SHOES data was used which is seen in the
grey corner plot, when PR3 with CC, SN+SHOES and DESI was used
that can be seen in the red plot, and when PR4 with CC, SN+SHOES
and DESI was used seen in theblueplot.. . . . .. ... ... .... ..

4.10 A graph of the GE model when using only late-time data; CC + SN+SHOES

shown in grey; CC 4+ SN+SHOES + BAO shown in red; and CC +
SN+SHOES + DESI showninblue. . . ... ... ... ... .......

411 The GE parameterisation when taking the observational data of PR4
shown in the blue corner plot and PR3 shown in the red corner plot.

412 A graph showing the logarithmic model when the late-time data CC
and SN+SHOES are used with PR3 seen in green or PR4 seen in grey.
Then DESI was added to the two data combinations; PR3 + CC +

98

SN+SHOES + DESI seen in the red corner plot and PR4 + CC + SN+SHOES

+ DESI seen in the blue cornerplot. . . ... ...............

4.13 A graph of the BA model when using CC + SN+SHOES shown in the
grey corner plot, CC + SN+SHOES + BAO shown in the red corner
plot and CC + SN+SHOES + DESI shown in the blue corner plot. . . .

414 A graph showing the two early-time data sets when using the BA
parametrisation without the influence of late-time data. The results
obtained from the BA model when PR3 was used are depicted in the
red corner plot, and the results when PR4 was used are depicted in the
blue corner plot. . . . . .. ... .

99

105

4.15 A graph of the BA model when using late-time data of CC and SN+SHOES

with PR3 seen in the green corner plot and with PR4 seen in the grey
corner plot. Then the BA model was tested with the late-time data of
CC, SN+SHOES and DESI, with PR3 seen in the red corner plot and
then with PR4 seen in the blue cornerplot. . . . .. ... ... ... ..

4.16 A corner plot showing the OSCILL parameterisation when using CC
+ SN+SHOES, seen in the grey corner plot, then when using CC +
SN+SHOES + BAO data, seen in the red plot, and when using CC +
SN+SHOES + DESI data, seen in the blueplot. . . . ... ... ... ..

417 A graph showing the two CMB data sets without the influence of late-
time data. The red plot shows when PR3 was used, and the blue plot
shows when PR4wasused. . . ... ... ... ... ... .. ......



List of Figures xiii

4.18 The graph shows four overlapping corner plots of the OSCILL model
using the two Planck data sets with combinations of late-time data.
PR3 + CC + SN+SHOES is depicted in the green, PR4 + CC + SN+SHOES
is seen in the grey corner plot, PR3 + CC + SN+SHOES + DESI is seen
in the red corner plot, and PR4 + CC + SN+SHOES + DESI is seen in
thebluecornerplot.. . . . .. ... .. ... ... ... ... .. ... .. 118

5.1 A graph showing seven overlapping corner plots, showcasing the six
ACDM parameters that were retrieved from the standard model and
thesixwCDMmodels. . ... ... ....... ... ... ...... 126

5.2 A graph overlapping seven corner plots, showing the six ACDM pa-
rameters that were achieved from the standard model and the six
wCDM models that were tested in this project. . . . ... ... ... .. 127

5.3 A whisker plot [35] showing the results that were obtained from the
different wCDM models as well as the ACDM models only different
combinations of late-time data wereused. . . . . ... ... ... 129

5.4 A whisker plot [35] showing all the values that were achieved with
the wCDM reparametrisation models and the standard model when
using early-time and early-time with late-time combinations. . . . . . . 130

A.1 The graph showing the ACDM model when only late-time data was
used. The blue corner plot shows the standard model when using
DESI BAO data, the red corner plot depicts the model when using the
previously released BAO data, and the grey corner plot shows when

any BAO datawerenotused. . . . ... ... ... .. ... . ...... 142
A.2 A graph of the ACDM model: one using PR3 data seen in the red
corner plot and the other using PR4 seen in the blue corner plot. . . . 143

A.3 A graph showing two corner plots of the ACDM model when using
the two early-time data with CC and SHOES, and with DESI added
to the two data combinations. The green corner plot represents the
standard model when PR3 + CC 4 SN+SHOES was used, the grey
corner plot shows when the PR4 + CC 4 SN+SHOES was used, the
red corner plot shows when PR3 + CC + SN+SHOES + DESI was
used, while the blue corner plot shows when PR4 + CC + SN+SHOES
+ DESI data combination wasused. . . .. ... ... ........ .. 144



S1

S2

S3

S4

S5

Sé6

S7

S8

S9

S10

S11

S12

S13

S14
S15

List of Tables

The values of the wyCDM model using only background data obtained

from CLASS and MontePython simulations. . . . . . . ... ... .... 66
The values of the wyCDM model obtained from the chosen simula-
tions when only Planck datawasused. . . . . .. ... .......... 66
The values of the wyCDM model obtained from the two Planck data
when CC and SN+SHOES data wereadded. . . . ... ... ....... 67
The values of the wyCDM model obtained from the two Planck data
when DESI was added to the CC and SN+SHOES data. . ... ... .. 68
The CPL values using only CC 4 SN+SHOES + BAO without any
early timedata. . . ... ... ... ... . ... . 0 oo 75
The values of the CPL model that were obtained from CLASS and
MontePython using PR3orPR4. . . . ... ... .. ... ........ 76
The values of the CPL model when using PR3 and PR4 with CC and
SN+SHOESdata. . . . . . ... ... ... . . . 77
Values of the linear model obtained from the two Planck data with CC,
SN+SHOES and DESIdata. . . . .. ... .. ... ... .......... 78
The values of the JBP model when using only late-time data. . . . . . . 85

The values of the JBP model using the two Planck data sets: PR3 or PR4. 85
The values obtained from the JBP model when using PR3 and PR4

with CC and SN+SHOESdata. . . . . ... ................. 86
Values of the quadratic model obtained from PR3 + CC + SN+SHOES
+ DESI and PR4 + CC + SN+SHOES +DESL. . . . . . ... .. ... .. 87
The values of the GE model using only background data obtained
from CLASS and MontePython simulations. . . . . . . ... ... .... 93
The values of the GE model when only early-time data were used. . . . 94
The values of the logarithmic model when using PR3 and PR4 with
CCand SN+SHOESdata. . . . .. ...................... 95

Xiv



List of Tables XV

S16

S17

518

S19

S20

521

S22

523

S24

S1

S2

S3

S1

S2

S3

Values of the GE model obtained from the two Planck data with CC,

SN+SHOES and DESIdata. . . . . . ... .................. 96
The values of the parameters for the BA parameterisation using only
late-timedata. . . . ... ... ... ... . L 102
The values achieved from CLASS and MontePython when assuming
the BA parametrisation using PR3and PR4. . . . . ... ... ... ... 102
The values of the BA model when using only CC and SN+SHOES for
late-time data together with PR3orPR4. . . . . ... ... ... .. ... 103
Values of the BA model when the late-time data of CC, SN+SHOES
and DESI were used in conjunction with early-time data. . . . ... .. 104
The values of the oscillatory parameterisation when using only late-
timedata. . . . . .. ... L 110
The values obtained from CLASS and MontePython for the oscillatory
reparametrisation model using either PR3or PR4. . . ... ... .. .. 111

The values that were achieved from CLASS and MonetePython when
taking the OSCILL model when using CC and SN+SHOES either with

PR3 or PR4 for the observationaldata. . . ... ... ... ........ 112
The oscillatory model’s values when using each Planck data with CC,
SN+SHOES and DESIdata. . . . . . ... .. ................ 113
A table showing the list of models that were considered and their re-
spective equation of state of darkenergy w. . . . . ... ... ... ... 123
The table shows the values of the AAIC that were obtained from the

six wCDM parametrisation model for each data combination. . . . . . 131
A table showing the values of the ABIC that were obtained for each

data combination of each wCDM model. . . . . . ... ... ... .... 132
The ACDM values achieved from using only late-time data, one using

the older BAO data and the other using the new BAO data. . . . . . . . 140
The values of the ACDM model obtained from CLASS and MontePython
using only early-time data: PR3and PR4. . . . ... ... ........ 140

The values of the ACDM model when using the two Planck data sets:
PR3 and PR4, both using CC and SN+SHOES data, and then adding
DESItothem. . .. ... ... ... ... .. .. . ... . . ... 141



Xvi List of Tables



Introduction

The ACDM model is taken as the standard model in cosmology [5, 33], where A
[32] is the cosmological constant which results in an observable acceleration on
large scales during the dark energy domination regime [89, 83]. CDM [19] refers
to the cold dark matter which stabilises the structure of galaxies. This model was
taken as the standard model due to the successes that it has in explaining the
history and evolution of the Universe and explaining observational data. Some
of the key successes of the ACDM model are that it can predict the temperature
fluctuations in the CMB observed by missions like COBE [105], Planck [5, 110]
and WMAP [17]. It predicts the Big Bang nucleosynthesis and the distribution
of dark matter which is corroborated by the observation of gravitational lensing.
Despite, these successes, there are still unresolved issues [82, 34] such as the true
value of the Hubble constant (Hp) and this model also has a higher value of og
than found in observational data.

Hy essentially, represents the rate at which the Universe is expanding. When H)
was calculated by different collaborations, the value was found to be inconsis-
tent. Some of these collaborations include the SHOES collaboration [90] which
uses Cepheid variable stars and Type Ia supernovas [103] to measure distances
in the Universe since they are considered to be standard candles. From these
distance measurements, Hy was determined as 73.2 4+ 1.3 kms ™~ 'Mpc~!. Another
collaboration was the HOLICOW collaboration [117] which used strong gravita-
tional lensing to measure Hy. Gravitational lensing [116] is when a big astro-
nomical object, such as a galaxy cluster, bends space-time to the point that light
is visibly warped, as though through a lens. HOLiCOW used light from distant
quasars which was bent by the gravity of an intervening galaxy. By measuring
the time delays between multiple images of the quasar caused by the lensing ef-
fect, and knowing the mass distribution of the lensing galaxy, Hy was estimated

1



Chapter 1. Introduction

as 67.4+0.5km s™! Mpc‘l. TDCOSMO [118] is another collaboration that mea-
sured Hj to be 67.4J_r§:% km s~! Mpc~!; this value was found by using a similar
method to HOLiCOW of strong gravitational lensing and measuring the time de-
lays. The disparity in the values of Hy indicates an inconsistency [18, 35].

og refers to the quantity of density fluctuations in the matter distribution at a
specific scale and is directly related to the cosmic web. This parameter can be in-
ferred from the early universe, for instance from CMB observations and also from
the late universe such as from weak lensing. Similar to the Hy parameter, differ-
ent values of cg were obtained either late-time data or early-time data were used.
Large-scale structure surveys such as KiDS [88] found slightly lower values of o3,
around 0.75 — 0.80 while higher values were found in the DESI survey [2] varying
between 0.80 — 0.84. Planck 2018 [5] obtained a value for og of 0.811 4+ 0.006. The
value of o3 is a reflection of the evolution of the primordial density perturbations
meaning that larger values of oy indicate stronger clustering and denser regions,
while smaller values imply smoother distributions [84]. Therefore, this uncer-
tainty with the value of this parameter signifies tensions that need to be resolved
or at least lessened.

The equation of state parameter (w) is the ratio of the pressure and energy den-
sity. The value of w signifies the behaviour of dark energy so it directly influences
Hyp, and determines whether the expansion of the Universe is accelerating, decel-
erating or a constant. Hence, it determines the fate of the Universe. From the
inclusion of A in the ACDM model, the standard model makes the assumption
that w = —1 and that it is a constant throughout the history of the Universe.

To help solve the tensions that ACDM has with respect to Hy and o3, a parameter-
ization of extensions of ACDM can be tested. The wCDM model is an extension
of the standard model [123, 101] where it defines w as a dynamical variable. By
allowing w to vary, one accounts for the possibility of the emergence of phan-
tom energy or it accounts for the possible deceleration of the expansion of the
Universe [38]. It is also important to note that w also influences the dynamics
and the geometry of the Universe, particularly its curvature. This idea has been
explored by various cosmologists and researchers over the years. However, it
became more prominent in the early 2000s when research emerged, increasing
the possibility that wCDM could be a solution to the tensions [4, 15]. Over the
years more research has been done on it, showing more and more evidence for
this model [2, 42, 111]. The wCDM model can vary in its definition of w depend-
ing on the epoch of the Universe in question. For some variants of the wCDM
model, there may be epochs where w does not vary, while other variants may
have w varying for every epoch [123, 78].
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Since wCDM is a reparametrisation of the ACDM [123], it does not affect the
perturbation equations. However, w changes the values of the pressure, P, and
density, p, of the Universe hence, it does affect the background equations. The
background equations are important as they provide a foundational understand-
ing of the Universe. They explain the homogeneous and isotropic expansion of
the Universe depending on the model taken into consideration [37]. These equa-
tions incorporate the matter, radiation and dark energy, and energy densities and
describe how each of them influences the Hubble constant [12, 111]. They also ex-
plain the state and evolution of the Universe from the Big Bang to current times.

Since the Universe is not homogeneous and isotropic on small scales, the pertur-
bation equations account for the small deviations that are found in the Universe,
which grow over time to form galaxies, clusters, and the cosmic web. These
equations describe the evolution of small fluctuations found in the density, ve-
locity and gravitational potential [37]. The wCDM model has the advantage of
not changing the perturbations from the ACDM model. This is due to it being
a reparametrisation of the standard model. This simplifies the calculations as no
modifications need to be made regarding perturbations to test this model.

To be able to test the wCDM model, observational data is needed. Planck data
will be used as well as 2D Baryonic Acoustic Oscillations data (BAO) [53], DESI
2024 (DESI) [2], Pantheon + SHOES (SN+SHOES) [99] and Cosmic Chronometers
(CC) [43]. Planck data is Cosmic Microwave Background (CMB) radiation data
obtained from the Planck telescope [26], which is the remnant radiation of the
Big Bang and gives a snapshot of the Universe when it was only 380,000 years
old. Both Planck 2018 (PR3) [5] and Planck 2020 (PR4) [110] will be used for the
likelihood. This gives the opportunity to compare both likelihoods so that the
recently released PR4 can be tested for any inconsistencies.

Local time data are added to the early time data as they help constrain the data
and, therefore, should help achieve better results. The BAO data was chosen as it
contains data on large-scale structures [53]. This data set involves analysing the
angular distribution of galaxies and focuses on the angular separation of objects.
A newer 2D BAO data was released from the Dark Energy Spectroscopic Instru-
ment (DESI) [2] and this newer BAO was used to test the new likelihood and
compare it to the previous BAO data. CC is a sample of 31 model-independent
measurements and is primarily based on measurements of the age difference be-
tween two passively evolving [43]. SN+SHOES on the other hand, is the combi-
nation of two separate sets of cosmological measurements that use Type Ia su-
pernovae and Cepheid variables [90, 23], the latter being periodically pulsating
stars.
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To be able to get results from the wCDM model with the chosen data, a simu-
lator to calculate the theoretical predictions of the model together with a simu-
lator to plot the results are needed. Cosmic Linear Anisotropy Solving System
(CLASS) [62] and MontePython [22] were used to generate corner plots using
phenomenological dark energy models of wCDM and then compared to ACDM.
For the computation of the theoretical predictions, CLASS was chosen [62]. This
choice was due to the fact that it supports a wide range of cosmological models
like the ACDM model, modified theories of gravity and reparametrisations of
the ACDM model. Additionally, it is efficient as it is optimized for speed and
accuracy, making it a powerful tool for large-scale parameter estimation.

After the theoretical predictions are computed, MontePython comes in to plot the
results in the form of a corner plot so that they can be analysed. MontePython
uses Monte Carlo Markov Chain (MCMC), specifically Metropolis-Hastings al-
gorithm and Bayesian statistics to explore the parameter space of the given cos-
mological model, and derive constraints from the observational data [22]. The re-
sults produced are shown as corner plots by using GetDist. From MontePython,
the parameters of the wCDM model can be estimated by comparing the theo-
retical prediction, in this case calculated by CLASS, with the observational data
which in this case are the PR3, PR4, BAO, DESI, CC and SN+SHOES. So, CLASS
computes the theoretical predictions for the given parameter sets while MontheP-
ython assesses the likelihood of these predictions given the observational data.

This dissertation will be divided as follows: Chapter 2 will go over the tech-
nical specifications of wCDM as well as introduce and explain the six different
models of wCDM that were tested in this project, showing the calculations that
were done for these models; Chapter 3 will go through simulations of CLASS
and MontePython, the data sets that were used both early time data for the like-
lihoods and local time data used to help constrain parameters; Chapter 4 will
discuss the results achieved from the six tested models of wCDM, the important
findings and how they compare to the standard model; Finally, Chapter 5 will be
a summary of the results and they are compared to past research.



wCDM parameterisation

In the late 1990s and early 2000s researchers were exploring the idea of a vary-
ing equation of state parameter, w, for a more dynamical form of dark energy
[24] as a possible idea to solving the tensions found in cosmology. The wCDM
model is an extension of the ACDM model. It incorporates a more general form
of dark energy by a reparametrisation that moves away from a constant w to a dy-
namical one. The wCDM model can accommodate a wider range of dark energy
behaviours, providing a better fit to observational data in some cases. This new
model had reemerged as a response to quantifying deviations from the standard
model. By adding more parameters, the model becomes more general when com-
pared to the ACDM model since more parameters are taken into consideration.
Therefore, it relaxes assumptions meaning that it removes some assumptions and
parameterises them.

2.1 | ACDM

The ACDM model [37, 33] is the standard model in cosmology as it encapsulates
the most comprehensive understanding of the Universe’s structure, composition,
and evolution. This model, which has a cosmological constant (A) [32], that rep-
resents dark energy, and Cold Dark Matter (CDM) [19], successfully explains a
broad range of astronomical observations and underpins the theoretical frame-
work of contemporary cosmology. It provides a cohesive explanation for the
universe’s large-scale structure, the anisotropies in the Cosmic Microwave Back-
ground (CMB) [109], and the observed accelerated expansion. By encompassing
the essential components of dark energy, dark matter, baryonic matter, and radi-
ation, the ACDM model serves as a comprehensive theory that aligns with both
historical data and current observational evidence.
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Chapter 2. wCDM parameterisation 2.1. ACDM

Despite its successes, the ACDM model faces challenges, particularly concerning
the value of the Hubble constant (Hy) [18, 35]. The concept of the Hubble constant
dates back to the 1920s with the work of Edwin Hubble and Georges Lemaitre.
There are disagreements in the value of Hy that was calculated from early time
data, such as CMB and BBN, and from late-time data. There are measurements
from Planck 2018 that calculated Hy = 67.4 £ 0.5 kms_lMpc_1 [5], from ACT
DR6 [87] which calculate Hy as 68.3 £ 1.1 km s~! Mpc_l, from The TRGB col-
laboration [47] which uses measurements from the tip of the red giant stars and
calculated Hy to be 69.8 + 0.8 kms~'Mpc~! and many more shown in Fig. 2.1.

Fig. 2.1 shows a whisker plot of the different values of Hy found, measured
both directly and indirectly throughout the years by many astronomical mis-
sions and collaborations. The light pink vertical band corresponds to the Hj
value published by Planck 2018 team [5] taking the ACDM model, while the
cyan vertical band corresponds to the Hp value from SHOES Team [90] (R20,
Hy = 732 +1.3 kms "Mpc~! ). The ACDM model and all other cosmologi-
cal models describe the Universe, its history and its evolution using background
and perturbation equations to describe the Universe’s large-scale structure and
its small-scale fluctuations.

2.1.1 | The Friedmann equations of the ACDM model

The background equations describe the Universe assuming that it is homoge-
neous and isotropic ignoring small-scale inhomogeneities. The ACDM model
takes general relativity (GR) as its theory of gravity [37, 33]. Thus, to describe the
dynamics of spacetime it uses the principle of least action given by,

S=SEu+Sm, (2.1)
where Sgp is the Einstein-Hilbert (EH) action [30, 102] which corresponds to the

gravitational action, while Sj; represents the matter action. The EH action de-
scribes the dynamics of the spacetime geometry as,

17,
Spy = W/R,/—gd‘lx, 2.2)

where ¢ is the determinant of g;,, which is the metric. This ensures that the inte-
gration is performed over the proper volume element in curved spacetime. The
R is the Ricci scalar and k2 = 87tGc~* where ¢ = 1. The matter action [37] is

represented as,
Sy = / J—gLd*x 2.3)
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CMB with Planck
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Figure 2.1: A Whisker plot [35] showing the inconsistencies with Hy when using
different measurements.

where L is the Lagrangian density. This term describes how matter and energy
are distributed and how they interact with the gravitational field.

The cosmological principle states that on large scales, the Universe is homoge-
neous and isotropic. This allows the cosmos to be treated as a smooth fluid, ig-
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noring small-scale inhomogeneities like galaxies and clusters of galaxies [10, 37].
This approach naturally leads to a fluid description, where macroscopic proper-
ties like temperature, pressure, and density are considered [25]. Thus for a perfect
fluid, the stress-energy tensor is [95, 74, 69]

Ty = (o + P)uyuy + Pguy , (2.4)

where u, and u, are the four-velocity of the fluid, p and P are the density and
pressure of the fluid. The components of the stress-energy tensor describe how
energy and momentum are distributed and how they flow through spacetime.
The stress-energy tensor obeys the conservation laws given by the vanishing di-
vergence

VT, =0. (2.5)

Eq. 2.5 represents the local conservation laws of energy and momentum in space-
time. It implies that the flow of energy and momentum is continuous and con-
served. The Einstien-Hilbert action in Eq. 2.2 leads to the Einstien field equations
which incorporates Ty, [95, 60],

Guv + Aguy = 8nGTyy , (2.6)

where Gy, is the Einstein tensor describing the curvature of spacetime, g, is the
metric tensor and it defines the distance between nearby points in spacetime. G is
the gravitational constant and A is the cosmological constant. The Einstein’s field
equations, describe how matter and energy influence the curvature of spacetime
which in turn dictates the gravitational field.

The equation of state (EoS) [123, 78] is a thermodynamic equation that relates the
pressure, volume and mass of a fluid. The EoS for dark energy, w is defined by
the equation,

w==—, (2.7)

where p is the pressure of the Universe and p represents the energy density of the
Universe. The ACDM model assumes that w is constant and equal to —1 through-
out the history of the Universe. This assumption is due to the model treating dark
energy as a cosmological constant, A, representing a constant p filling space ho-
mogeneously while the expansion of the Universe is due to a negative P. This
assumption suggests that the Universe is flat and will continue to expand at an
accelerating rate indefinitely.

A metric is a mathematical framework used to describe the geometry of space-
time. It allows the ability to calculate the distances between two points in a man-
ifold. The Friedmann-Lemaitre-Robertson-Walker (FLRW) metric [36, 37] is a so-
lution to Einstein’s field equations and it has the general form, using spherical
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coordinates, of

dr?
1—kr2

ds* = —cdt* +a(t)? ( + 12d6* + 1* sin? 6d4>2> , (2.8)
where ds? is the spacetime interval, c is the speed of light. For simplification
of equations it is assumed that ¢ = 1. This assumption is commonly made by
researchers. t is the time coordinate measured by a comoving observer, r, 8 and ¢
are the comoving spherical coordinates, and k is the curvature parameter. a(t) is
the cosmological scale factor, both are a function of the cosmological time where
a is related to the redshift z, by the equation,

4 — 1
14z

As the Universe expands, the value of a increases and the wavelength of light
from distant objects stretches, leading to an increase in redshift. The FLRW met-
ric is a geometric description of spacetime by providing the framework of the
geometry assuming that it is homogeneous and isotropic [25, 10]. The ACDM
model assumes that the Universe is flat, hence, k = 0, which results in the FLRW
metric to be

(2.9)

$2=—m?+mw2@ﬂ+¢%¥+¢%m%m&). (2.10)
In the Cartesian coordinate system, the FLRW metric becomes [36, 102],
ds? = —dt? + a>(H)d % ?, (2.11)

where @2 = dx? + dy? + dz?. The flatness assumption that the standard model
makes was later backed up by collaborations such as the Planck data [5, 110].
With the FLRW and Einstien’s field equations, the equation that represents the
dynamics of the Universe known as the first Friedmann equation can be derived,

8nG _k A
3 T a3

where H is the Hubble parameter H = £, G is the gravitational constant and p;
is the total energy density. The Friedmann equation uses the framework of the
FLRW metric [36] to determine how the Universe’s scale factor changes over time
essentially describing the evolution of the Universe. This means that Eq. 2.12,
gives the history and evolution of the Universe as well as its future. In the case
of the ACDM model, k = 0 due to the cosmological constant, A, and the energy
density of a vacuum is defined as

(2.12)

A= o= - (2.13)
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The first Friedmann equation in the case of the ACDM model becomes

(2.14)

The continuity equation is a key component of the Friedmann equations [102]
as it is a manifestation of the principle of conservation of energy applied to an
expanding Universe. It states that the change in energy density of a component
within a comoving volume is due to the work done by or against the pressure as
the volume changes. This can be derived from the first law of thermodynamics.
The continuity equation can be expressed as [101, 60]

pi+3H(p; +P;) =0, (2.15)

where p is the time derivative of the energy density for each component of the
Universe represented by i. The Universe is composed of several key components,
each contributing to its overall energy density and dynamics. By solving the con-
tinuity equation for different components, it can be known how the energy den-
sities of matter, radiation, and dark energy change over time. Depending on the
component, the value of p changes. The cosmic fluid is composed of three ele-
ments: matter, radiation, and vacuum, each of which individually has a unique
equation of state [101]:

Pi = Pm +0r + oA, (2.16)

where p,, is the density of the matter component of the Universe, p; is the density
of radiation while p is the density of vacuum. There are different kinds of matter
found in the Universe. There is the normal baryonic matter such as protons and
electrons. However, there are non-baryonic dark matter, which interacts with the
electromagnetic field only very weakly and is invisible. Additionally, the name
of the various types of dark matter [69], such as cold dark matter (CDM) and
hot dark matter (HDM), is related to whether or not the particles” characteristic
energy is relativistic or not. The total matter density may be represented as the
sum of the contributions from baryonic and dark matter [101]

Pm = Pb + Pedm » (2.17)

where p, and p;,, are the density of baryonic matter and dark matter respec-
tively. Since the matter particles are assumed to have thermal energies that are
significantly lower than their rest mass energies, the matter is pressureless (dust).
Hence, the equation of state parameter in this instance is w = 0. By taking the
present-day proper density of matter to be p,,(t9) = pm,, the density can be then
expressed as [55]

pm(a) = pm,(a) ™2, (2.18)
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Eq. (2.18) is consistent with how we anticipate the spatial density of dust particles
to behave in an expanding Universe.

Radiation refers to photons as well as other species with very low or zero rest
masses that travel relativistically in the present [13]. The total equivalent mass
density of radiation in the cosmos at any cosmic time t may be expressed as the
sum of the photon and neutrino contributions

or(t) = py(t) +pu(t), (2.19)

where p,, and p, are the densities of photons and neutrinos respectively. In the
case of radiation, w is taken to be % If pr(to) = pr,, then the density of radiation
can be written as

or(a) = pry(a)~*. (2.20)

There is an additional factor of 2! when Eq. (2.20) is compared to Eq. (2.18). This
additional factor is due to the cosmic redshift of each photon. Neutrinos also ex-
perience redshifting as the universe expands, just like photons [37]. However, the
effect of redshifting on neutrinos is much smaller compared to that on photons,
because neutrinos have a much smaller interaction cross-section with matter, and
hence they decouple from matter much earlier in the history of the universe. This
means that p, changes very little during the later stages of the universe’s expan-
sion. So although p, also has a redshifting factor of (1 + z), the effect is much
smaller than that for photons.

Therefore, the first Friedmann equation in Eq. 2.12 for the ACDM model becomes
[37,10]
871G _ _
H? = =22 |prga ™ 4 pmga ™ 44 - 221)
After the first Friedmann equation, Eq. 2.12 which relates the expansion rate of
the Universe to its energy content, there is the second Friedmann equation which
describes the acceleration (or deceleration) of the Universe’s expansion. The sec-
ond Friedmann equation [60, 69] is derived by combining the first Friedmann
equation with the Einstein’s Field equations in Eq. 2.6 and relates the second
time derivative of the scale factor a(t) to the energy density and pressure of the
Universe’s contents with the equation,
i 4nG
L T (pi+3P), (2.22)
a 3
for each component of the cosmos represented by i, i is the second proper time
derivative of the scale factor, a. Eq. 2.22 shows how the p and p influences the
Universe’s acceleration or deceleration.
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2.1.2 | Perturbation Equations

In the Universe, the cosmological principle holds, but this starts to break down at
lower scales. In the early Universe, because the cosmos was expanding rapidly,
different regions of the universe were not able to "communicate" with each other.
This communication refers to the exchange of information or interactions, which
are limited to the speed of light. Due to this, there are anisotropies that need to
be accounted for to obtain a complete description of the cosmos. These perturba-
tions grow over time due to gravitational instability which leads to the formation
of large-scale structures. Before inflation, the Universe had small fluctuations but
when inflation happened, these fluctuations were stretched out to macroscopic
scales making the once small fluctuations now significant. As the Universe ex-
panded, these fluctuations grew and eventually crossed the cosmological hori-
zon. As soon as they crossed the horizon, these fluctuations stopped evolving
and became fixed [37]. These ’frozen’ fluctuations manifested in density per-
turbations. Regions with higher densities attracted more matter due to gravity,
which led to the formation of galaxies as well as galaxy clusters. After inflation
ended, the Universe still continued to expand, but at a slower rate. The pertur-
bations that had crossed the horizon during inflation eventually re-entered the
horizon. There are different types of perturbations; scalar perturbations, vector
perturbations and tensor perturbations [51].

The scalar perturbations are connected to the matter fluctuations. These are a
type of fluctuation in the density of the cosmological fluid; they play an impor-
tant role when it comes to the understanding of the formation of the large-scale
structure of the cosmos [10]. Since the Universe is taken to be a fluid, scalar per-
turbations can be thought of as small ripples in this fluid that are a result of the
differences in the density of matter and energy at different points in space. Fur-
thermore, the scalar perturbations represent the density fluctuations that lead to
gravitational potential wells, and because of gravitational instabilities, this type
of perturbations grow over time, which is the reason why they impact the forma-
tion of structures in the cosmos. These perturbations influenced the distribution
of matter and radiation in the Universe, leading to the anisotropies observed in
the CMB.

In perturbation theory, the two commonly used gauges are: the Newtonian gauge
and the synchronous gauge. [51] Gauges refer to different choices of coordinate
systems or reference frames [69]. They help simplify the equations of pertur-
bations, making them easier to solve. In the Newtonian gauge, the observer is
attached to the unperturbed frame, resulting in two potentials in the scalar per-
turbations. Thus, the metric of the scalar perturbations in the Newtonian gauge
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[74, 25] can be written as
ds? = —(1+2¥)dt* + a*(t) (1 — 2®)5;dx'dx/ , (2.23)

where J;; is the Kronecker delta which represents the unperturbed spatial part
of the metric indicating a flat, homogeneous, and isotropic Universe, ¥ is the
gravitational potential and @ is the curvature perturbation. In the absence of ®
and ¥, Eq. 2.23 simplifies to the FLRW metric seen in Eq. 2.11.

Since scalar perturbations involve density and gravitational potential variations,
w affects these fluctuations as it affects the growth rate of the density fluctua-
tions. If w = —1, which is the assumption that the ACDM model makes, the
growth of the density perturbations remains constant, meaning that the acceler-
ated expansion suppresses the growth of the perturbations. When w = 0, which
applies to a matter-dominated era, density perturbations grow linearly with re-
spect to a. This is because pressure is negligible, and gravity drives the growth
of density fluctuations. However, if w > —1, the rapid acceleration driven by
phantom energy leads to a strong suppression of the growth of scalar perturba-
tions. The expansion rate becomes so significant that density perturbations are
stretched apart, preventing them from growing. For —1 < w < 0, the growth of
perturbations is suppressed, but structure formation still occurs, while for w > 0
the growth of perturbations is suppressed by the fluid’s pressure. During radia-
tion radiation-dominated era (w = %), the growth of perturbations is suppressed
due to the pressure of radiation, leading to oscillations and damping.

Due to the fact that they decay quickly in the early Universe, vector perturbations
are less significant when it comes to structure formation. However, they still af-
fect the dynamics of the Universe. Vector perturbations are associated with the
rotational or vortical motion of the fluid. They describe how different parts of
the fluid move relative to each other in a rotational manner. These perturbations
can also be related to shear stress in the fluid [37], which is a measure of how
different layers of the fluid slide past each other. The dissipation of these pertur-
bations happens due to the expansion of the Universe during inflation, stretching
out the rotational motion resulting in these perturbations becoming less signifi-
cant towards the late Universe. The metric of the vector perturbations [51] in the
Newtonian gauge is represented as,

ds? = a®(t)[—dt* + (6;; + F;; + Fj;)dx'dx] (2.24)

where F; represents the vector perturbation. Vector perturbations rapidly decay
after inflation to the point that they do not affect the formation or evolution of
the Universe. Thus, the value of w does not affect this type of fluctuations, and
so they are not considered for this project.
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The tensor perturbations are related to inflation and primordial gravitational
waves. Tensor perturbations unlike the other previously mentioned perturba-
tions, are purely geometrical and represent ripples in the fabric of spacetime itself
[37]. These are ripples in spacetime that propagate at the speed of light, gener-
ated by accelerating masses, such as merging black holes or neutron stars. Tensor
perturbations propagate freely through the cosmos without being affected by the
matter content. This makes them good probes of the early Universe, as they carry
information from the inflationary period to the present day. Tensor perturbations
leave an imprint on the polarization of the CMB as they are responsible for the
B-mode polarization [10]:

" .
hi]' + 3th']' + a_2h1] =0, (2.25)

where h;; are the components of the tensor perturbation. Eq. 2.25 describes the
propagation and damping of gravitational waves in an expanding Universe. The
metric of this type of perturbations in the Newtonian gauge is given by [49]

ds? = ﬂz(t)[—dtz + (51] + hzj)dxldx]] . (2.26)

Gravitational waves propagate independently of matter content. For this project
the tensor perturbations will not be considered.

2.1.3 | ACDM parameters

The Cosmic Microwave Background Radiation (CMB) refers to a type of elec-
tromagnetic radiation that is a remnant of the Big Bang, and this fills the entire
observable Universe. The CMB offers a unique window into the early Universe,
providing a snapshot of when the Universe was just 380000 years old [109], when
photons decoupled from matter and were able to travel freely through space.
This radiation contains information about the structure of the primordial cosmos
and the physical conditions.

In Fourier space, a power spectrum is any real quadratic function of a pertur-
bation variable [10]. A more general description of a power spectrum would be
that it is a graphical representation of the distribution of a signal’s power when
taking into account different frequencies. Since the power spectrum measures
the amplitude of fluctuations as a function of their spatial scale or wavelength, it
enables us to interpret information about these fluctuations.
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First, it is good to note that any function on the surface of a sphere can be written
as a sum over complex functions. This can be seen in the following equation [75]:

l

®(x/13/77) = Z Z alm(xrﬂ)ylm(p) (2.27)
I=1m=-1

where T(6, ¢) represents the surface of the sphere, Y;,,(6, ¢) is the spherical har-
monics, a;,, is the amplitude, | represents the wavelength of the oscillations i.e. it
is the number of poles, and m is the multipole moment which ranges from —I to

L.

The purpose of a cosmological model, in general, is not to predict the tempera-
ture of the CMB in a particular direction, or the value for any given a;,,. In fact,
they actually predict properties of a more statistical nature such as the mean and
variance of those coefficients, which can take on predictable values given certain
cosmologies. For example, isotropic ones lead to the mean of every a;,,, except for
the monopole to be zero. As for the variance, it is independent of m in isotropic
theories and is given by [37]

C(l) = (amay,) . (2.28)

Incidentally, this function of / is what is referred to as the "power spectrum". The
distribution of the CMB’s anisotropies have frequency components which can be
represented by a power spectrum displaying a sequence of peaks and valleys.
These peaks hold valuable information regarding the physical properties of the
Universe.

Fig. 2.2 is a visual view of the CMB power spectrum. The curve shows the the-
oretical power spectrum while the points show the data from the Planck 2018
collaboration [5]. The angle 0 has a relation with the multipole I represented as
0 = 7. The first peak seen in Fig. 2.2 determines the overall curvature of the Uni-
verse, which is consistent with a flat Universe [29]. The second and third peaks
represent the density of normal matter and dark matter respectively as well as
give information on the baryonic acoustic oscillations that occurred in the early
Universe.

The fluctuations in the density of baryonic matter have a direct impact on the
prominence of the peaks [29]. When there is a high concentration of baryonic
matter, the odd-numbered peaks tend to be more pronounced than the even-
numbered ones. This is a consequence of the decreased oscillation frequency
brought about by the substantial baryons. As a result, one of the most straight-
forward parameters to determine from the CMB is the density of baryonic matter
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Figure 2.2: The CMB power spectrum; % versus the angular size and the

multipole moment / where the curve shows the theoretical prediction while the
points are the data obtained from the Planck 2018. Retrieved from the Planck
2018 paper [5].

[37]. It is also important to note that changes in the baryon density lead to a
shift in the locations of the peaks, due to the corresponding change in the sound
horizon. Additionally, these changes also result in changes in the peak heights.

The ISW is accountable for the low multiples in the CMB power spectrum [101].
This is due to the decrease in the gravitational potential when the Universe tran-

sitions from the standard matter era to an accelerated epoch, as predicted by the
ACDM model [10].

In order to constrain the CMB power spectrum, certain parameters need to be
chosen in such a way that impacts the state of the power spectrum. The ACDM
model takes specifically six parameters which are w.g,,, Wy, 05, Treio, As and ns.
These parameters are chosen because they effectively capture the essential state
of the early universe and its evolution which can then be extended to give in-
formation on the late Universe. The advantage of only having six parameters is
that it gives enough information on the early Universe yet at the same time it
simplifies simulations [37]. Other parameters can be considered though issues
with degeneracies can occur between parameters, and moreover, adding more
parameters can run into problems with simulations not being able to differenti-
ate between each one.
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The parameter wcpy, is the physical energy density in CDM and is represented
by the equation,
Wedm = thcdmr (2.29)

where h = 1%—% is the reduced Hubble constant and (4, represents the density
parameter for cold dark matter [109]. The parameter wy, is the physical energy
density in baryons and is described by the equation,

wy, = Q) , (2.30)

where (), is the density parameter for baryonic matter. It is the fraction of the
total energy density of the universe that is made up of baryons, which are parti-
cles such as protons and neutrons that make up ordinary matter. The parameters
Weam and wy, play a role in the CMB’s power spectrum, they influence the heights
and positions of the acoustic peaks. Baryons affect the amplitude of the peaks,
while cold dark matter affects the overall shape and position.

0 is the angular size of the sound horizon and represents the maximum distance
that sound waves could travel in the early universe before the photons decoupled
from matter that occurred in the time of last scattering [109]. This can be calcu-
lated from the distance from the angular size of 90° till the first peak in Fig. 2.2.
From 65, knowledge can be retrieved about the geometry and the expansion rate
of the Universe as the parameter can be taken as a standard ruler for measuring
distances in the cosmos.

Treio 15 the optical depth to reionization, it quantifies the amount of scattering
that CMB photons experienced due to free electrons released during the epoch
of reionization. The primary effect of 7., in the CMB power spectrum is that
it dampens small-scale fluctuations [37]. This happens because the reionization
process re-scatters CMB photons, which smooths out the temperature fluctua-
tions on small angular scales. Reionization also enhances the polarization signal
on large scales. This is because the re-scattering of CMB photons during reion-
ization generates additional polarization, which is observed as an increase in the
large-scale E-mode polarization power spectrum. The value of T, affects the
normalization of the matter power spectrum. A higher optical depth implies
more reionization, which in turn affects the amplitude of fluctuations observed
today.

As is the amplitude of the primordial scalar perturbations. With respect to Fig.
2.2 it is the amplitude of the primordial power spectrum which is the amplitude
of the first peak, as it measures the initial amplitude of the density fluctuations in
the Early Universe. The value of A directly influences the growth of structures in
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the Universe. Higher values of A lead to more pronounced density fluctuations,
which in turn lead to more efficient formation of galaxies and clusters.

The final parameter of the ACDM is n;. This parameter refers to the spectral
index of the primordial scalar perturbations, which is the distribution of the pri-
mordial density fluctuations across different scales. It thus, affects the "tilt" of
the primordial power spectrum. The ns parameter is crucial during the period
of inflation as it provides information about the energy scale at which inflation
occurred.

These six parameters are enough to constrain the CMB power spectrum curve.
However, due to the tensions found in the Hy and g parameters, other parame-
ters besides the six ACDM parameters can be added in hopes of constraining the
power spectrum curve in a way that could lessen these tensions when the early
Universe is extended to the late Universe. Models that add more parameters are
essentially a relaxation of the assumptions that are taken in that standard model
of cosmology as it generalises the ACDM model even more.

2.2 | wCDM

The wCDM model is an extension of the standard cosmological, ACDM, since
it is a reparameterization of it [120, 2]. The wCDM model, unlike the ACDM
model, does not assume that w = —1, and focusses on the idea that the true value
of the equation of state of dark energy could actually be different from what the
standard model takes it to be. By finding the true value of w a better model can be
obtained and could lessen the pressing tensions in cosmology. This idea has been
explored by various cosmologists and researchers over the years. This model
became more prominent in the early 2000s when significant research emerged,
increasing the possibility that wCDM could be a solution to the tensions [4, 15].
One of the notable and early contributors to the development and exploration of
the wCDM model is John D. Barrow [70, 73].

If w is different from —1, then from the definition of w in Eq. 2.7, the amount
of how much p and P are proportional to each other will be different from the
ACDM model. In the cases where the assumption of w being constant is also
removed and it is let to vary, then the rate at which p and P are proportional
to also changes over time. The value of w helps determine the behaviour of the
Universe regarding the pressure and energy density. In fact, it is often used to
characterize the nature of dark energy [37]. There are three scenarios of w and
they all have a different description of the Universe.
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When w < —1, the curvature is negative, implying an open Universe, leading to
a highly accelerated expansion of the Universe and is known as phantom energy.
Phantom energy is when dark energy is highly dominating and so the accelera-
tion of the Universe accelerates so much that there will be a big rip.

In the case of w > —1, dark energy becomes less dominant as the Universe ex-
pands, resulting in a deceleration of the expansion. It also means that the curva-
ture is positive, leading to a closed Universe.

Many observational data such as distant supernovae measurements like SHOES
[90], CMB observations such as Planck [5, 110] and other measurements from
COBE [105] and WMAP [17] all show that the Universe is experiencing an accel-
erating expansion. This results in considering a negative pressure component at
late times [42]. Substituting Eq. 2.7 into the second Friedmann equation Eq. 2.22,
gives
i 4706 1 | gy, (2.31)
a 3
Thus in order to have an accelerated cosmic expansion, at late times the pressure
is negative, and adding to the fact that energy is always positive it is required
that to satisfy those conditions, % > 0 [42] and A = 0. Knowing this, Eq. 2.31
becomes

_4npG

5 (1+3w) < 0, (2.32)

w o< — (2.33)

1
3
Therefore, for an accelerated expansion, at late times it is required that w < — %
This is taken as a constraint in this project. Since in the wCDM model w is
now time-dependent, this change also impacts the second Friedmann equation
as shown in Eq. 2.31 and introduces more complexity to the equation, as now w
impacts the acceleration rate of the cosmos. Allowing for more flexibility and is
capable of achieving a more accurate value of the second Friedmann equation.

The evolution of the energy density is governed by the fluid equation and can
be derived from the equation of the conservation of energy, Eq. 2.15. In the case
where w is time-dependent, Eq. 2.7 needs to be substituted into Eq. 2.15 for it to
be then integrated [123].

pi +3H(pi+P;) =0 (2.34)
0; + 3H(p; + piw;) =0 (2.35)
pi +3p;H(1+w;) =0. (2.36)
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Substituting the equations H = £, and then rewriting the Eq. 2.36 the equation
becomes ) )
Pi a
— = -3(1 )— . 2.37
=31+ w), 237)
Then, integration with respect to t is done to get the time-dependent equation of

p(a) [37],

bi, _ [_ N

far = / 3(1+w)dt, (2.38)
dp; _ 3(1—w,~)
/ = / -2, (2.39)
In(p) — / _Mda, (2.40)
p(a) o« exp [— /%31—‘_7&)({1)(14 , (2.41)

where gy is the scale factor at current times. The time-dependent density helps in
the understanding of how the density of the Universe evolves over time which
is important for the construction of cosmological models and then comparing its
theoretical predictions with observational data. For the ACDM model, w(a) =
—1 thus, the expression in Eq. 2.41 reduces to p(a) « 1[42]. Eq. 2.41 is then added
to Eq. 2.12 to have a complete first Friedmann equation for the wCDM model.

8tG _ _
H2 = T |:pr()ﬂ 4 —+ pmoﬂ 3:|
871G o 1
+ % {pm;exp {—/ﬂ °3+Tw(a)daﬂ . (2.42)

This means that no matter what the dark energy equation of state, w, a model has,

the Hubble rate can be found with Eq. 2.42. Consequently, the term [ 3”;&0161
in Eq. 2.41 would need to be calculated for each version of w for each model of
wCDM in order to know how p(a) varies over time and also for the Friedmann
equation to be calculated.

Since the wCDM model is an extension of reparametrisation of the ACDM model,
it does not affect the general form of the perturbation equations but this does not
mean that it does not affect them indirectly. The value of w and how it varies af-
fects the relationship between ppg and P, thus affecting the density fluctuations,
especially since the growth rate of cosmic structures is sensitive to the value of
w. A different time-dependent w changes the rate at which perturbations grow
over time. Changes in the density perturbation lead to a different prediction of
the CMB and the large-scale structure of the Universe [9].
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The impact of w on the perturbation can be more clearly seen by exploring the
perturbation equations of a general dark energy scenario by using the synchronous
gauge instead of the Newtonian gauge. In the synchronous gauge, the position
of the observer is chosen such that the time coordinate is synchronized with the
proper time of the comoving observers [74, 25]. This results in the metric pertur-
bations not affecting the time-time component and the time-space components
of the metric. The synchronous gauge is chosen since the specific choice of co-
ordinates simplifies the equations by setting certain components of the metric
perturbations to zero. Therefore, the general perturbed FLWR metric [120] in the
synchronous gauge is in the form of

ds? = a®(1)[—dt® + (8i; + hl-]-)dxidxj] , (2.43)

where 7 is the conformal time, £;; and J;; are respectively the perturbed and un-
perturbed metric, which can include scalar, vector, and tensor components. The
Euler equations help in understanding how small initial perturbations in the den-
sity of the Universe grow over time. Since the Universe can be considered as a
fluid, then the Euler equation can describe the dynamics of these fluids, includ-
ing their motion and interaction under the influence of gravity. Understanding
these dynamics is essential for predicting how structures in the Universe evolve
over time.

In the synchronous gauge, the continuity and Euler equations can also be ob-
tained as [78, 69, 51],

h/
5 = —(1+w) (91' + E) —3H (Cf - wi) i

OP; 0;
— 9H? ((5_pi - Ci,i) (1+ wl)k—; , (2.44)

OP; or; 1
o= —H(1-3) 6+ 25, — k%0 . 2.45
0 7—[( 35pi)91+5pi1_wik51 o (2.45)
In Eq. 2.44 and Eq. 2.45, the prime denotes differentiation with respect to the
conformal time T = [ a‘f—i). The density perturbation is represented by 6; = %,

the conformal Hubble parameter is represented as H = %/, h = hjj is the trace of

the metric perturbations /;;, the divergence of the i-th fluid velocity is denoted by
0; = ikl v, c2 is the sound speed for an imperfect fluid and it is defined as ¢ = ‘;—Z,
0; is the anisotropic stress of the fluid, which will be neglected in the analysis and

Cﬁ,i is the adiabatic speed of sound [74].

In early times, the Universe was a hot plasma of photons, electrons and baryons.
The interaction between photons and baryons created pressure waves, known
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as acoustic oscillations. These pressure waves affected the distribution of mat-
ter. Regions with higher density attract more matter due to gravity, leading to
clumping. However, the pressure waves can counteract this gravitational pull.
The balance between gravitational attraction and pressure support determines
the growth of these density perturbations.

The adiabatic sound speed [37] in a fluid is a measure of how fast pressure dis-
turbances propagate through the fluid when the process is adiabatic. It deter-
mines the rate at which pressure waves travel through the fluid. It influences the
balance between gravitational forces and pressure forces, affecting how matter
clumps together to form large-scale structures. The adiabatic speed of sound for
the i-th fluid is defined as, ‘
P;
2. =L (2.46)
TP
Knowing this definition, together with the continuity equation in Eq. 2.44 and
the Euler equation in Eq. 2.45, ¢2 ; can be related to w; with the equation [78],
2 w;

. S 247
i =T 3 H (A + wy) 247)

The speed of sound is a key factor in determining the stability of a fluid. For
instance, if perturbations grow too quickly relative to the speed of sound, it can
lead to instabilities that influence structure formation. Eq. 2.47 can be arranged
as shown below,

PLi
2 dt
Cc- . = w; — ——mmm———— , 248
o : 3%(1 + ZUZ') ( )
a dw;
- wi-— 7 2.49
i 3(1+w;) da 249)

Thus, for every wCDM parameterization model, the differentiation of w with
respect to a needs to be calculated for each one. Therefore, the value Ci,i can be
obtained and hence, the predicted perturbations for each parameterization can
be known.

For this project, six models are going to be considered; woCDM, CPL, JPB, GE, BA,
and OSCILL. These chosen models are generalised and are restricted to mostly
two free parameters because a large number of parameters is generally likely to
lead to degeneracy amongst them [78]. Also, each model was taken from liter-
ature and was chosen due to evidence towards the possibility of these models
lessening the tensions in cosmology.
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2.2.1 | Constant model

Recent advancements in machine learning and their applications have been made.
Neural networks [124, 113] is a modern and popular technique that is being used
for estimating cosmological parameters and is being utilized more frequently to
examine dynamical dark energy models such as quintessence [11, 80]. Despite
the advancements neural networks brings, it is computationally intensive [96],
which is the reason why neural networks were not used in this project.

The simplest form of generalisation of the ACDM model is woCDM model which
still assumes that w is constant but it removes the assumption that w = —1. This
is the first step to delve into reparametrisation or w. It is a basic model as it
allows for the possibility for the additional parameter to be different than one,
yet it is still taken to be a constant throughout the evolution of the Universe like
the ACDM model [123].

wywocpm (@) = WowocDM (2.50)

where wy ,0cpm is the equation of state parameter at current times for the wCDM
model. The parameter wg,,ocpym is taken instead of wyocpy to keep similari-
ties with the rest of the parameterizations. When wq ,,ocpm = —1, the woCDM
parametrisation reduces to the ACDM model.

Fig. 2.3 shows how the woCDM parameterization describes w as a constant pa-
rameter throughout the history of the Universe. The value of wgocpym was
taken as —1.046 while the shaded red area represents the 1¢ variation taken as
1o :fgzgii where both of which are results obtained that will be discussed fur-

ther in Chapter 4.

Since wCDM models affect the background and perturbation equations as seen in
this chapter, the first Friedmann equation shown in Eq. 2.12 as well as the adia-
batic speed sound, ¢, ; shown in Eq. 2.47 need to be retrieved for each parametri-
sation. Thus integration is needed for the Friedmann equation by evaluating the

term 3 [ (Haﬂda, and differentiation of w(a) with respect to a is needed for
¢, to be calculated, where w(a) of this model is given in Eq. 2.50. Starting with
integration for the background equation,

/“0 3(1+ wwOCDM(”))du _ /“0 3(1+ wO,wOCDM)d
a a a a

a, (2.51)

a

0
= 3(1 + wo,w()CDM) ln(a) L (252)

Since ag is the value of the scale factor at current times and taking into consider-
ation the definition of 2 in Eq. 2.9, a9 = 1 due to z = 0 at current times. Hence,
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Figure 2.3: A graph showing how w varies with the redshift, z, for the wyCDM
parameterization. The red line is the equation of w,ocpy When using the result
of wy wocpm from Chapter 4. The light red shade represents the 1o variation.

knowing that ap = 1, Eq. 2.52 becomes:

da = 3(1+wowocpm)In(1)
— 3(1+wowocpm) In(a) , (2.53)

1
= 3(1 + wO,wOCDM) In (E) . (2.54)

/“0 3(1 + wyocpm(a))
0 a

Subsequently, the evaluated term in Eq. 2.54 was added to the first Friedmann
equation in Eq. 2.42 and so the Friedmann equation for the woCDM parameteri-
zation is,

8nG . _ -
H? = 3 |Prod 4+pm0a 3}

8nG
3 L
8nG T

= =5~ |pna ™+ pmea + poE |0 aco)] | (2.56)

PDE €Xp {—3(1 + wo,wocom) In Gﬂ } , (2.55)

Now, moving to differentiating Eq. 2.50 with respect to a to obtain the adiabatic
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sound speed, c, ; that was previously discussed in Eq. 2.47,

dwwocom(@) - dWowocom (2.57)

da da !
~ 0. (2.58)

Therefore, after substituting Eq. 2.58 into the equation of the adiabatic speed

sound shown in Eq. 2.47, the equation of Ci,i for the wpCDM model becomes

2
Ca,w0CDM — Ww0OCDM - (2.59)

Therefore, the adiabatic speed sound of the wyCDM is constant. From Eq. 2.59,
the perturbation equations for the wyCDM parameterization can be known. By
now knowing the Friedmann and perturbation equations of wyCDM, results can
be retrieved from it by the help of simulations.

2.2.2 | Linear model

The Chevallier Polarski Linder (CPL) parameterization was first introduced by
Chevallier and Polarski in 2001 then was later expanded by Linder in 2003 [66].
This parameterization generalises the ACDM model even more than the wyCDM
parameterization by incorporating dynamical features by taking w to be time-
dependent instead of being constant, giving the freedom to reconstruct the ex-
pansion history of the Universe with observational data. moving away from the
concept that w is constant by allowing it to vary throughout the evolution of the
Universe [94]. This is done by using two parameters instead of one, allowing for a
smooth transition of the dark energy equation of state parameter from the present
value, wy cpy, to a different value in the past, controlled by w, cpy [42, 123, 66] as
seen below,

wepr(a) = wo,cpr + wacpr(l —a), (2.60)

When wocpr, = —1 and w,cpr = 0, the CPL parematrisation reduces to the
ACDM model. The additional parameter, w, cpy, is what determines how wcpy,
evolves over time. Consequently, if w,cp;r = 0 then wcp; becomes constant.
Additionally, it provides a linear function between wcp; and a which is one of
the reasons why this model is commonly used [95]. Eq. 2.60 describes how the
model describes the Universe at early and late times, by describing how wcpy,
varies with a.

At high redshifts, wcpy is constant and equal to wg cp;, + w, cpr, meaning that
for high reshifts, the CPL parameterization stops having a dynamical w. This
changes at smaller redshifts as it diverges towards larger wcp;, for negative w, cpr..
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The evolution from wcpr, = wo,cpr + Wy cpr at early times to wepr = wo,cpr. at
current times is gradual and linear, seen in Fig. 2.4. One of the main advantages
of this model is that it is well-behaved from a = 0 all the way toa = 1.

—0.8

710 .

—-1.2 1

werPL

—1.4 4

716 .

—-1.81

-2.0 T T T T T T
0 10 20 30 40 50

Figure 2.4: This graph shows how the CPL parameterization describes how w
varies with z throughout the history of the Universe. The black line represents the
equation of wcpr and the grey shaded region represents the 1 variation, where
the values of wg cpr, w, cpr and 1o are results that were obtained and shown in
Chapter 4.

Fig. 2.4 shows how the CPL parameterization is linear, and the main effect that
this parameterization has in late times, showing a rapid decrease in the value of
the equation of state parameter of dark matter from current times to late times.
In the figure, wycpr = —0.858418:822 and w, cpr. = —Q.84f8:%i the_se \{alues are
the results retrieved from this model. The results of this parameterization are in

Chapter 4 and discussed there.

Similar to the wCDM, the integration and differentiation of the CPL model shown
in Eq. 2.60, were also calculated for the background and perturbation equations
of this parameterization. Starting with integration,

da, (2.61)

% 3(14+wepr(a)) , (% 3(1+wycpr + wacpr(l —a))
. da = p
a a

26



Chapter 2. wCDM parameterisation 2.2. wCDM

_ / % 3(1 + wo cpr + Wa,cpL) i

a a ’

a

N / " StacrL g, (2.62)

a a
= [3(1 +wo,cpr + wqcpr) In(a)

a0

— 3w,,cpr 4] o (2.63)

Knowing that ag = 1, Eq. 2.63 continues as follows.

/“0 3(1+ wch(ﬂ))da

. = 3(14 wo,cpr + wycpr) In(ag) — 3w, cprao

( )
3(1 + wo,cpr + walch) 11’1( ) —+ Swa cpLa, (2. 64)
= 3(1 + wo,cPL + ZU,J,CPL) 111(1) 3w11CPL
3(1 + wo,cpr + Wa,cpr) In(a) + 3w, cpra, (2.65)
( )

= 3(1+wo,cpL + wycpr) In < )
+ 3walch (a - 1) . (2.66)

Thus, Eq. 2.66 was substituted into the complete first Friedmann equation of a
time-dependent w,

H* = % [proa_4—|—pm0a_3}

3
81G 1
+ 3 {PDE exp {—3(1 + wo,cpr + Wa,cpr) In <E)H

8ntG
5 &P Bwscpr(a—1)] . (2.67)

= |

oro8 ™ + g%
+ SZG [pDEa3(1+w0,CPL+wu,CPL) exp [3wa,CPL(a — 1)]] (268)

After the Friedmann equation of the CPL parametrisation in Eq. 2.68, the next
step is to differentiate Eq. 2.60 with respect to 4,

dwepr(a) _ d(wocpL + WacpL(1—a) (2.69)
da da
= —walch . (270)
Substituting deL() in Eq. 2.70 into the equation for ¢, ; in Eq. 2.47 to obtain the
equation for the adiabatic speed sound,
AW,,CPL
=wWcpL + 50— - 2.71
CacpL = WCPL 301+ wepy) (2.71)
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Thus, perturbation equations can be evaluated from Eq. 2.71. Since the first Fried-
mann equation and the adiabatic speed sound in Eq. 2.68 and Eq. 2.71 respec-
tively are known, then this model can be implemented in simulations, and results
of the CPL parametrisation can be achieved.

2.2.3 | Quadratic Model

The Jassal-Bagla-Padmanabhan (JBP) parametrisation was introduced by H. K.
Jassal, J. S. Bagla, and T. Padmanabhan in the early 2000s [67]. This parametriza-
tion is particularly useful because it provides a simple yet more flexible way than
the CPL model as it describes the dark energy equation of state parameter [123]
as,

wypp(a) = wo,jpp + Wa,ypp a(1 —a) . (2.72)

At first glance, Eq. 2.72 might seem to be very similar to the CPL. However, the
extra degree of a explains the evolution of w quadratically which is different from
the previous model and this extra degree is what makes this parameterization
more general. The JBP model explains the evolution of w such that it affects the
Universe only during early times. Thus, w is only dynamic at early times while
at current and late times w is constant.

Similarly to the CPL model, after the Big Bang, in the early Universe, w;gp does
not behave dynamically and is a constant, w;gp = wq jpp. It becomes dynamical
when it approaches late time and behaves quadratically unlike the previously
discussed parameterization. Similar to the CPL parameterization, JBP limits to
the ACDM model when wq jpp = —1 and w, jpp = 0.

Fig. 2.5 is a graph which shows how the JBP parameterization describes the Uni-
verse that has a varying w only at late times and it varies quadratically. The
values of wg jpp and w, jpp were taken as —0.878 and —1.12 respectively. The
shaded region representing the 10 variation of wg jpp and w, jpp were taken as
1004, 1 :f?):g;g and 10w, 15 :fgzi?. These values will be further discussed in
Chapter 4. Fig. 2.5 shows how at high and close to zero redshifts the value of
wypp is less than —1 but at low redshifts wpp is less than —1 showing that the

Universe is exhibiting phantom energy.

Similar to the previous parameterizations, the differentiated and integrated equa-
tion of wypp(a) are required to be known as they are needed for the first Fried-
mann equation as well as the equation for the adiabatic speed sound, which are
crucial in order to have a complete picture of the evolution of the Universe de-
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Figure 2.5: This figure shows how w varies with z in the JBP parameterization.

The blue curve is the equation of state parameter of dark energy taking the result
achieved in Chapter 4 while the shaded region is the 1¢ variation.

scribed by this model. First starting with integration,

da, (2.73)

/110 3(1 -+ w]BP(a))da _ /QO 3(1 + wo,BP + Wa,]BP a(l — a))
a a a a

a0 3(1
— / 0 M — 3w{1,]BP (1 — a)da , (274)
a

a
= [3(1 -+ wO,]BP) 11’1(11) —+ 3ZU,1,]BP a
3w ,JBP az ap
| (2.75)

Substituting agp = 1, Eq. 2.75 continues as follows.

2
3wa,]Bp Elo

% 3(1 + wypp(a
/ ( 18p( ))da = 3(1 4 wo,Bp) In(ag) + 3w, jp ao —
a

a 2
— 3(1 + ZUQJBP) 11’1(61) — 3wa,]Bp a
3w a2
+ % ) (2.76)
3w, 18P

1
= 3(1 + wO,]BP) In (Z) + SZU,Z,]BP - )
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3 2
— Bw.ppa+ % 2.77)
1
= 3(1 + wO]BP) In ( ) —1-3?/(),1]313 (1 — El)
3
4 2WaIBP 2 gy 2.78)

2

Therefore, from Eq. 2.54, the first Friedmann equation of the JBP parameteriza-
tion can be written as

G _
H? = T[Pro + Pt 3}

8tG 1

+ 5 [PDEGXP[ 3(1 + wo,sp) In (E)H
3w,
X exp [3w,1,13p(1—a)+%(a2—1)} , (2.79)
_ 8nG —4 -3
= 5 Lewn ™+ oma ™)
_|_ % |:pDEaf3(l+w0,]BP):|
21

X exp {3%,]313 {(1—a)+(“ : )H . (2.80)

Similar to the other parametrisation models, w is differentiated to get the equa-
tion for c, ; for this specific equation of state parameter.

dwypp(a) _ d(wosp + W, pp a(1 —a) (2.81)
da da ’ .
= Wq,jBp — 20Wa,[BP - (282)

The differentiation in Eq. 2.82 is then substituted in Eq. 2.47, resulting in the
equation of ¢, ; of the JBP parametrisation to be

ﬂwa/]Bp(l — 261)
3(1 + w]Bp)

From, Eq. 2.80 and Eq. 2.83 the background as well as the perturbation equations
are known and can be implemented into simulations so that results for the JBP
parametrisation can be retrieved.

u JBP — W]BP — (2.83)

2.2.4 | Logarithmic model

The G. Efstathiou (GE) parametrisation was proposed by George Efstathiou [41]
and is often referred to as the logarithmic model, as it describes the time evolution

30



Chapter 2. wCDM parameterisation 2.2. wCDM

for w(a) logarithmically by describing it as
w(a) = wo,Ge — Wy,ce In(a) . (2.84)

The evolution of this parameterization is completely different from all the other
models. Despite the fact that this model behaves logarithmically, when z = 0 this
model crosses the point of wgg = wocg. The value of w, g cannot be higher
than O or else there will be stability. Also, when w, g > 0, it will go against the
assumption that was taken that at late times, w(a) < —%, that is required for an
accelerating Universe.

T T T T T
0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
z

Figure 2.6: A graph of w against z for the GE parameterization, where the curve
shows how wgg varies when adding the values obtained as shown in Chapter 4
while the shaded region shows the 1¢ variation.

Fig. 2.6 shows visually the logarithmic effect on wgg when the values for wy gg
and w, gGg where taken as —1.000f8:8§§ and —0.146J_r8:8éi respectively. These val-
ues will be discussed in Chapter 4. The graph shows how the value of wgr in-
creases from early time to current time. During late times the increase is more
rapid when compared to early times. This model describes the Universe exhibit-

ing phantom energy throughout its history.

For the background equations, specifically for the complete first Friedmann equa-
tion of this version of wgg(a), the term | :0 3HwTGE(a)da needs to be calculated as
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follows:
/”0 3(1+ wGE(”))da _ /”0 3(1 + wo,GE — Wa,GE ln(a))da (2.85)
a a a a ! '
Taking u = 1+ wo,gg — W, e In(a) and du = —@ the equation becomes
a 1 a,
/03( +wGE(a))da = — 3 /Oudu, (2.86)
a a Wq,GE Ja
3 u?7 |0
= — — 2.87
Wa,GE {2:| a ( )
After substituting ag = 1, Eq. 2.87 becomes
/”0 3(1 +wge(a)) ,  _ 3 {(1+wO,GE)2}
a a Wa GE 2
1 - 1 2
3 |:( + Wo,GE — Wa,GE 1’1(5[)) :| (289
Wy, GE 2

ap 3(1+wge(a))

Then, the calculated term f . da in Eq. 2.88, is substituted into the first

Friedmann equation with a time-dependent w shown in Eq. 2.42.

871G _ _
B = =5 [+ o)

87G 3 |1+ 2

e |
AGE
_ 2
X exp {_w3GE |:(1+ZU()’GE Zwa,GEIn(a)) }:| . (2.89)
a,

So, Eq. 2.89 is the first Friedmann equation of the GE parametrisation. Since in
Eq. 2.88, w, g is in the denominator it cannot be zero. Therefore, the integral
needs to be recalculated for the case of when w, gg. Thus, the equation of the
model, after taking wy gg = 0, becomes wgg(a) = wo,ce. Then, the integration
goes as follows,

/“0 3(1+ ch(ﬂ))da _ /ao Mda ) (2.90)
a a a a
= 3(1+woce)In(a) ZO , (2.91)
= —3(1+woce)In(a). (2.92)
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So then, the Friedmann equation for the case when wg g = 0,

% [Pfoaiél + Pmoaiﬂ

8tG

+ 3 lope exp [3(1 + woce) In(a)]] , (2.93)

8tG _ _
= 5 [Proﬂ * 4 pmoa > + pppa®(1+ wO,GE)] : (2.94)
Hence, c,; needs to be obtained for the perturbation equations so, wgg(a) was

differentiated,

H?> =

dZUGE(El) . d(wo,GE — Wy,GE ln(a))
o — - , (2.95)

— —% . (2.96)

For the perturbation equations, the differentiation in Eq. 2.96 is input in Eq. 2.47,

2 Wa,GE
CoGE = WGE + 57— - 2.97

oGk “F T 3(1 + wer) 257)
Now, the cases of w, g < 0 and w,cg = 0 were implemented in simulations
for the two Friedmann equations, Eq. 2.89 and Eq. 2.94 and the equation for the
adiabatic speed sound in Eq. 2.97.

2.2.5 | Barboza and Alcaniz

The Barboza and Alcaniz (BA) is a parametric model for dark energy, proposed
by E.M. Barboza Jr. and J.S. Alcaniz which was first introduced in 2008 [14, 93]. It
is another model that has a dynamical w and that can be used to describe the time
evolution of this new varying parameter. This model was chosen since despite it
being different from the other four models it is still mathematically simple. The
BA model is represented by [123],

1—a
= —, 2.98
w(a) = Wo,pA + Wa,BA {Zaz sy 1} (2.98)
Eq. 2.98 shows that similar to the CPL parameterization, at high redshifts wp4 =
Wo A + W, pa, but for low redshifts wps = wppa. Also, similar to the previous
models, this parameterisation limits to the ACDM model when wyps = —1 and
wWa,gA = 0.

Fig. 2.7 shows how this parametrisation varies wg4 in a way that varies at late
and current times but quickly becomes constant when it approaches early time.
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5.0 7.5 10.0 12.5 15.0 17.5 20.0
z

Figure 2.7: A graph demonstating how wg 4 varies with z. The curve is wg4 when
z is varying while the shaded region is the 1¢ variation. The values needed were
taken from the results shown in Chapter 4.

It shows that at a point during late time w experiences a dip in its value just
before its value rapidly increases in current times. In order to plot wp,, results
that can be found in Chapter 4 were taken: wg,, = —O.890f8:8§; and wg,, =

—0.41f8:(1)g these will be further discussed later on. The figure shows that the
model describes the Universe as exhibiting phantom energy, except at current
times as it goes to values less than —1.

Like the other models that were discussed, integration as well and differentiation
are needed for the background and perturbation equations. Starting with the
calculation of the first Friedmann equation for this model, Eq. 2.98 was integrated
as follows,

a a0 3 (1+ WA+ Woa | 5757
/ 03(1+ wBA(El))da _ / 0 ( “ [2‘12 2‘1‘*‘1} ) da , (2.99)
a

a a
_ 3/ (—wo,pa —1)(20° —2a+1)
a(2a2 — 24+ 1)
wa,BA( 1)

, 2.100
a(2a®> —2a+1) v ( )
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_ / % 20w, A — Wa,BA
a

(242 —2a+1)
1
WaBa T Z’O'BA t i da (2.101)

To be able to continue with the integration, u = 24> — 24 + 1 and du = (4a — 2)da
were substituted into Eq. 2.101.

/ao 3(1 + wBA(a))da B _3wa,BA //10 ldu
a a 2 a
aog

u
+ 3(wapa+wopa+1)In(a)| , (2102

= WaBA

a
ag
+ 3(wa,BA + Wo,BA + 1) In(a)| , (2.103)
a
ag

3
= — wg’BA In(2a% — 2a +1)

+ 3(wapa +wopa +1)In(a)

3
= % In(2a* — 22 +1)

- 3(wa,BA + wp,pa + 1) ln(a) . (2.105)

auo
;o (2.104)

a

Therefore, the Friedmann equation for the BA parametrisation is

8nG 1 _ _
? ODE exXp [—3wg’BA In(24% — 2a + 1)”
% exp [3(wapa +wopa+1)In(a)] (2.106)

8nGr  _ _
= T3 |[Pnf - oy 3]

8G
3

3w

opE(20% — 20 +1)" “z’BAaB’(wﬂfBA*“’OfBA“)] . (2107)

+

Moving on to obtaining ¢, ;, the differentiation of Eq. 2.98 was done as shown:

1—
dwpa(a) _ d (wO,BA T Wa,BA [2a2—22+1D (2.108)
da da ’ '
B 1 (1—a)(4a —2)
- T Weba {(2512 a1 " @@—2rig | @19
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1 —4a% + 60 —2
= — — , 2.110
Wa,pA [2a2 2011 (202 —2a+ 1)21 (2.110)
(20> —2a+1) + (—4a* + 6a — 2)
- 2.111
ZUu,BA (Zaz —2a+ 1)2 s ( )
(2% —4a +1)
. 2.112
wa,BA (2612 py + 1)2 ( )
From Eq. 2.98, then Ci,i for the JBP parametrisation is,
) aw,ga 20 —4a+1
_ _ , , 2.11
“aBA = WBA T 3 wga) (242 20+ 1) @113

Since the background and perturbation equations for the BA parametrisation
were computed, the results for this parametrisation can be obtained with the help
of simulations that will be discussed more in chapter 3.

2.2.6 | Oscillatory model

A different model to the previous ones is the oscillatory (OSCILL) model [126, 77].
Oscillatory models are a good idea to be considered as they allow w to exhibit os-
cillatory behaviour over time, rather than being constant or following a simple
linear trend, offering a more flexible framework to describe the evolution of dark
energy. This parameterization is a general oscillatory wCDM parameterization
and it was chosen as it gives the opportunity to be able to test if an oscillatory
dark energy equation of state can lessen tensions when confronted with obser-
vational data. Some scalar field models of dark energy naturally lead to oscil-
latory solutions such as quintessence or phantom fields can exhibit oscillatory
behaviour. Thus, this periodic variation might be able to explain cosmological
discrepancies. [78]

. (1 .
wosciLL(a) = wo,0scILL + Wa,05CILL {a sin (E) - Sln(l)} , (2.114)
This parameterization also limits to the standard model wpscyrr(a) = —1 when
wooscit, = —1 and w, poscrrr = 0. The OSCILL model is the only model out of

the six models to vary woscyrr(a) throughout the history of the cosmos by oscil-
lating it at current time, late time and early time. The general version of Eq. 2.114
can be found in [126, 77] where the authors considered other free parameters
such as the period of oscillations, therefore leading to an extended parameter
space. As a large number of parameters generally leads to degeneracy among
them, in this work only two-parameter models were considered.
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WoSCILL

Figure 2.8: This graph shows how the OSCILL model varies woscrrr with respect
to z. The curve shows the wpcjr . and the shaded shows the 1¢ variation.

Fig. 2.8 shows the oscillatory behaviour of wpgcrrr. Showing that in late times
the amplitude of the oscillations are larger when compared to the oscillations in
early times. In fact the oscillations continue to decrease as z increases. The values
needed for the plotting of this graph are the results that were achieved from this
choice of parameterization that are shown in Chapter 4. The values of wg oscirL
and w, oscy L Were taken as —O.910f8:8§% and 1.08Jj8:§§ respectively.

Like the other models, the differentiation and integration of Eq. 2.114 are needed
for the background and perturbation equations respectively. For the completion

of the first Friedmann equation, the term [ 3(1+woflw

achieved by

da in Eq. 2.12 was

/”0 3(1+ wOSCILL(a))da _ /”0 3(1 + woosciLL)
a a . a
3wg,0sCILL [ﬂsin (%) - sin(l)}
a
/uo 3wg,0sCILL [ﬂ sin (%) - sin(l)]
a a

da (2.115)
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3
" % * gd” / (2.116)
ap 1 . 1
B 3/ Wa,08CILL SIN (_) _ Wa0sCILL sin(1)
a a 1
1
b O g, (2.117)
a a
ap 1
=3 / Wa,05CILL SIN (_) da
? a
— Bwgoscirrsin(1) In(a) + 3w oscrer In(a)
+ 3. (2.118)

For the term 3 | ;0 Wq,0SCILL SiN (%) da, the method of integration by parts can be
used. Taking the choice of,

f =sin (%) ,8 =1, (2.119)
1
COos | =

f= —ag”) ,g=a, (2.120)

The integral becomes

o (1 !
3 / Wa,08CILL SiN (E) da = 3w,osciLL {Sm (Eﬂ
a

ap COS (%)
+ Bwoscns | [~ | da, @121)
a

For simplicity, when substituting u = 1 and du = — alzda, the integration leads to

o . (1 . /1
3 / Wa,0scILL SN | — da = 3w,poscrrr |sin o)a
a L

ap u
+ 3w, 0scILL / cos( )du] . (2122)
| Ja

u

[ 1
= 3w, 0osciLL |4sin (E) + Ci(u)} , (2.123)
Since the integration of 3 [ ;0 Wapscr, SN (%) da is obtained, the full integration of
the OSCILL model is,

/”0 3(1+ ZUOSCILL(ﬂ))da
a a

ag

= —3(wa,05c1LL sin(1) — w0,0SCILL) In(a) .
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(1Y%
— |:3 ln(a) — 3wa,OSCILLa sm (E>‘|
a
(1) |70
— SwgoscriCi| - o (2.124)

= Bwy,oscrrr(sin(1) — Ci(1))
+ 3(wyoscrrr sin(l) — wooscir — 1) In(a)

— 3w, 0scILL [a sin (%) - Ci <%)] . (2.125)

Then, after substituting Eq. 2.125 into the first Friedmann equation for the wCDM
models in Eq. 2.42, the Friedmann equation for the OSCILL parameterization is

HZ

% Prot ™+ g™

8tG

—5 lepe exp 3w, 0scrir (sin(l) — Ci(1))]]

exp [—3(w, oscirr sin(1) — wooscirr — 1) In(a)]

oo [rasoscns iin () -ai (] e

8tG _ _
5 o o]
8tG

3 lopE exp [—3wg,0scrrL(sin(1) — Ci(1))]]

g~ 3(@a,0scirr sin(1)—wo,0scrLL—1)

exp {3wa,OSC1LL [a sin (%) —Ci (%)H . (2.127)

Then, for the ¢, ; of this parametrisation, the differentiation of Eq. 2.114 was com-
puted as demonstrated below:

dwoscrrr(a)

da

d (wo,OSCILL + W, 08CILL [ﬂ sin (%) - Sin(l)D

= o , (2.128)
(1 AWga,08CILL COS (%)

= Wa,0sCILL S (E) - " ’ (2.129)
(1 Wq,08CILL €OS (%)

= Wy,08CILL SIN (E) - p . (2.130)
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Substituting into Eq. 2.47,

2 awaOSC 1 o (%>
) . B i sin(2) -\ | 2.131
aOSCILL = WOSCILL = 34y e \ (“> ¢ By

Now, by having the equations, Eq. 2.127 and Eq. 2.131, the focus can shift to
simulating the model and obtaining results for the OSCILL parameterization.

2.2.7 | Conclusion

In conclusion, the literature reveals that the wCDM model, characterized by a dy-
namic w, offers a more general framework than the ACDM model by allowing w
to deviate from the cosmological constant value of —1 and adding it as a param-
eter with the six parameters that the ACDM model uses to constrain the CMB
power spectrum. This flexibility enables the model to better accommodate obser-
vational data from various cosmological probes, including the CMB, supernovae
Type Ia, and BAO. The changes in w affect the form of the background equations
since pg.(a) becomes time-dependent. However, when it comes to the perturba-
tion equations, the general form is the same as the ACDM model but they are
still affected indirectly. The six chosen models that are considered in this project
are: woCDM, CPL, JBP, GE, BA and OSCILL. The reason why these models were
considered is that apart from them being heavily backed up by research they all
describe the evolution of the Universe in different ways, especially in early times,
and they are all restricted to mostly two free parameters which avoids degenera-
cies between parameters. The integration and differentiation of w for each model
were calculated so that the first Friedmann equation for a time-dependant w and
for the adiabatic speed sound, c,; are known for each parametrisation, which is
in preparation for them to be implemented in the simulations, and hence, for the
results to be obtained. The next step is to discuss which simulations were cho-
sen for the generation of the results for each of the six parameterisation models,
which will be discussed in Chapter 3.
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In order to test out wCDM and produce results from it which are then later anal-
ysed, the data needs to be chosen as well as the simulators. The data is obtained
from telescopes which gather observational measurements from the early and
late time Universe. The role of the simulators is to make calculations by using the
model that is being tested together with the data and then plot graphs from the
results.

From the data sets, simulations are able to calculate the likelihood function L(®|D)
and it expresses the probability of the observed data given a particular model
with parameters ® where D is the vector of observed data points. The likelihood
function uses x2, which is a measure of how well a theoretical model fits observed
data. x? is defined as

x> =viclv, (3.1)

where V is the residual vector which represents the difference between observed
data and model predictions. This means that each component of this vector indi-
cates how far a data point is from the predicted value. C is the covariance matrix
which contains the uncertainties and correlations. If the data points are uncorre-
lated, the covariance matrix is diagonal, with each element being the variance of
a data point.

A low value of x? indicates a good fit, where the model predictions are close to the
data within the expected measurement uncertainties. On the other hand, a high
value of x? suggests a poor fit, meaning the model predictions are significantly
different from the observed data beyond what is expected by random chance.
Thus, simulations aim to minimize x* as much as possible.

The covariance matrix C is essential in the likelihood function as it captures the
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statistical properties of the data. The diagonal elements of the covariance ma-
trix represent the variances (squared uncertainties) of individual measurements.
Therefore, the larger values indicate more uncertainty. While the off-diagonals
represent covariances, which measure the degree of correlation between differ-
ent data points. Thus, non-zero off-diagonal terms indicate that changes in one
measurement are related to changes in another.

In MontePython, each likelihood module often includes a predefined or user-
provided covariance matrix that reflects the experimental uncertainties and cor-
relations. Accurate covariance matrices are crucial because incorrect variances
or correlations can bias parameter estimates and inflate or deflate uncertainties.
Including correlations helps MontePython correctly weigh the data, especially
when multiple measurements are not independent.

3.1 | Data

Observational data and measurements that provide insight into the conditions
and state of the early Universe are usually referred to as early time data. While
observations and measurements involving galaxies and galaxy clusters in the late
Universe are commonly referred to as local time data or background data. This
data particularly focusses on the cosmic structures that provide insights into the
current state of the Universe.

Both early and late-time data are crucial for testing models that describe the Uni-
verse as the predictions made with the models need to agree with the observed
data. They both separately are able to predict cosmological parameters such as
Hjp and the wCDM parameters [2]. However, the late-time on its own is not able
to make predictions on all the six ACDM parameter and on the og parameter
while early-time data on its own can. Despite this, together the predictions will
be more accurate since the combination of the observational data of the early and
the late Universe will give a clearer picture of how the Universe evolved over
time, and thus, constrain the model more efficiently [123].

In large datasets, for instance, Planck, Pantheon+SHOES and DESI data, machine
learning methods [21, 72] are particularly beneficial due to their ability to handle
vast amounts of data and uncover subtle patterns. Machine learning can be used
to preprocess and analyse data from the Planck satellite, improving the accuracy
of CMB measurements. Machine learning techniques can enhance data prepro-
cessing, feature extraction, and refine parameter estimation of large-scale data
sets by minimizing the error between predicted and actual values [40, 61]. More
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modern machine learning techniques like neural networks [124, 113] can model
complex relationships between parameters and data, providing highly accurate
estimations compared to traditional regression techniques.

3.1.1 | Early Time Data

The Cosmic Background Explorer (COBE) [105] satellite was launched in 1989
and was the first mission specifically designed to study the CMB radiation. COBE
did not directly measure absolute temperatures in the CMB. Instead, it focused
on mapping the “smoothness” of the CMB radiation field which in fact managed
to discover minute temperature fluctuations. The key measurements from COBE
were related to the anisotropies.

Then, the Wilkinson Microwave Anisotropy Probe (WMAP) [17] mission was
launched in 2001 as a follow-up to COBE. Its objective was to measure tempera-
ture differences across the sky in the CMB and was specifically designed to map
the temperature fluctuations in the CMB with much greater resolution and pre-
cision than COBE [105]. Instead of mapping the smoothness of the CMB, WMAP
measured the absolute temperature of the CMB. It provides precise temperature
values for different regions of the sky. WMAP data set produced an incredibly
detailed and more refined map of the CMB anisotropies than COBE, and it also
offered insights into the polarization of the CMB. Since WMAP has exact mea-
surements of the CMB temperatures from the satellite’s thermometers, it makes
the data less precise.

After WMAP, the Planck mission was launched in 2009, and its first data set was
released 2013 [3]. Planck also measures the CMB temperature fluctuations. How-
ever, it focusses more on relative temperature differences. Planck was designed
to measure the CMB with even higher sensitivity, angular resolution, and fre-
quency range than its predecessors. The Planck mission has an even broader fre-
quency coverage when compared to its predecessors, which allowed it to better
separate the CMB from foreground emissions [31]. It includes detailed maps of
the temperature fluctuations, polarization data, and information on foreground
emissions. Since the Planck data set has relative temperatures instead of exact
values, it makes the data set more precise. Therefore, for the early time data,
Planck 2020 (PR4) [110] and Planck 2018 (PR3) [5] were chosen. Both PR3 and
PR4 data matched very closely the theoretical predictions made by the ACDM
model which reinforces the validity of these early-time data sets.

Planck 2018 ! (PR3) consists of ten data sets in total, six of which belong to the

IThe PR3 data set can be found in the GitHub link:
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high-1 part and four belong to low-1 [5]. From those, the data sets chosen for this
project are:

m low-ITT:

With this data set, the CMB TT likelihood, where [ is 2 < | < 29, [5] can
be computed. By sampling the posterior distribution of the parameters
of a model that combines the Planck maps to represent the CMB and the
foreground emissions, the likelihood implements a Bayesian component-
separation approach in pixel space [121]. The samples are then used to de-
termine the low-/ likelihood for any TT CMB spectrum that is foreground-
marginalized [79].

® low-I EE:
Calculating the EE likelihood in the range | = 2 — 29 is possible with this
data set. High fidelity end-to-end simulations of the HFI instrument are
compared to a cross-quasi-maximum-likelihood method (QML) on the 100
and 143 GHz maps in order to estimate the probability, as explained in [79].

m high-I TT+TE+EE:

With the use of this data set, the CMB combined TT, TE, and EE probability
may be calculated in the range / = 30 — 2508 for TT and | = 30 — 1996 for TE
and EE. The file includes the binned half-mission T and E cross-spectra at
100 GHz, 143 GHz, and 217 GHz. Only the 100 x 100, 143 x 143, 143 x 217,
and 217 x 217 spectra are truly employed in temperature; in contrast, all of
them are used in TE and EE [5, 121]. For every spectrum, there are distinct
masks and multipole ranges that are detailed in [79].

Planck 2020 2 (PR4) data set used the six maps to derive the 15 cross-power spec-
tra for each CMB mode, one each for 100 x100, 143x 143, and 217 x217; and four
each for 100x143,100x217, and 143 x217 [110]. In PR4 there are four high-/ data
sets and one low-I data set. Thus, for this project, the following data combination
was chosen:

m Lollipop:

— low-I TT:
With this data set, the CMB TT likelihood, in the multipole range I < 30
can be computed. This data set used polarized frequencies from 30 to

https:/ / github.com/carronj/plancklens.git
2The PR4 data set can be found in the GitHub link: https:/ /github.com /planck-npipe
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353 GHz [110]. It is based on cross-power spectra for which the bias is
zero when the noise is uncorrelated between maps.

m Hillipop:

— high-I TT+TE+EE:

This data set covers the multipole range of I = 30 — 2500 of TT and
I = 30 — 2000 for EE and TE and from this the CMB of TT, TE, EE can
be calculated. The total number of multiples considered in this data
set for TT + TE + EE is 29758 which is higher than the number of
multiples in PR3 which was 25597 [110]. This data set makes use of the
15 cross-spectra computed from the six detset maps at 100, 143, and
217 GHz. From those 15 cross-spectra, the six cross-frequency spectra
were derived after recalibration and co-addition. The use of all cross-
frequencies allows the possibility of breaking some degeneracies in the
foreground domain [110].

Lollipop only has low - TT, so in the research, PR3 low- [ EE was used in addi-
tion to the Lollipop data set for completeness of data. Planck data also includes
data on massive neutrinos [52]. PR3 and PR4 have constraints on the sum of the
masses of the neutrinos. The total mass of neutrinos is important as it affects
the formation of large-scale structures in the universe and the CMB anisotropies
[119].

In the early Universe, neutrinos used to move at relativistic speeds because they
had very high kinetic energy compared to their tiny masses. This prevented
clumping on small scales, known as the free-streaming effect. As the Universe
expanded, it cooled down. This cooling process reduced the kinetic energy of
particles, including neutrinos. The mass of neutrinos, although very small, be-
came significant in this cooler, expanding Universe. Their mass influenced how
they interacted with other particles and how they contributed to the overall mass-
energy content of the Universe [119].

Planck data provides constraints on the sum of the masses of neutrinos, ) m,,
by analyzing the CMB temperature and polarization power spectra and lensing
potential power spectrum. The data does not measure the neutrino mass directly
but places an upper limit on their total mass by studying their impact on the CMB
and the distribution of matter [56].

Despite PR4 being the latest released data set by the Planck telescope, meaning
that it has improved processing and calibration when compared to PR3, it has not
been tested much, unlike PR3, which was used and tested for multiple models.
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This makes PR3 more trustworthy than PR4 as there could be hidden inconsis-
tencies with the recently released data set that have yet to be discovered through
testing.

3.1.2 | Late Time Data

Late time, also known as local time, data sets help refine measurements of cosmic
distances and refine the value of Hy as they provide insights into dark energy.
When late time data is added to early time data, it constrains the models even
more. For the local time data, the data sets Cosmic Clocks 2016 (CC), Pantheon
+ SHOES (SN+SHOES) and Baryonic Acoustic Oscillations (BAO) transverse were
used.

The CC data set [43] refers to a collection of observational data used to measure
the expansion rate of the Universe using a method that relies on what is known
as cosmic chronometers or cosmic clocks 2016 [59]. These chronometers are typ-
ically massive, passively evolving galaxies whose ages can be determined with
high precision. The cosmic chronometer approach utilizes the ages of galaxies to
measure Hy at different redshifts [43, 71]. By comparing the relative ages of galax-
ies at different redshifts, one can infer the rate at which the Universe is expanding
over time.

Pantheon+ (SN+) is an updated data set of Pantheon (SN) [23]. It is a compilation
of over 1500 Type Ia supernovae data points ranging from the nearby to those
at high redshifts. The SHOES (Supernova HO for the Equation of State) project
[90] focusses on measuring Hy using a variety of distance indicators, including
Cepheid variable stars and Type Ia supernovae. The SHOES team uses the Leavitt
Law (or Period-Luminosity Relation) for Cepheid variables where the law states
that the longer the pulsation period of a Cepheid variable, the brighter the star is
intrinsically [20]. From this law, the distances from our Galaxy to nearby galaxies
were measured. Then they used these measurements to calibrate the distances
to Type Ia supernovae and calculated the value of Hy. The updated SN+ data
set incorporates improvements in calibration, reduction of systematic errors, and
a more comprehensive range of supernovae compared to its predecessor. With
the incorporation of the SHOES prior to the SN+ data set, the SN+SHOES dataset
[99] combines high-redshift supernova data with local measurements, leading to
more accurate and reliable measurements of Hj.

The BAO transverse data set has measurements and data collected from the study
of BAO in the distribution of galaxies. BAO originated in the early Universe
when photons and baryons were tightly coupled due to Thomson scattering [37].
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After the Universe cooled and expanded, photons decoupled from baryons, leav-
ing an imprint in the form of density waves [53]. These oscillations affected the
formation of galaxies, and so it affects large-scale structure. Large-scale surveys
like the Sloan Digital Sky Survey (SDSS) [44, 50], the Dark Energy Survey (DES)
[1], and the Baryon Oscillation Spectroscopic Survey (BOSS) [7] collect data on
galaxy positions and redshifts. The data in this data set is one-dimensional,
meaning that the BAO measurements are taken as if you are looking at the oscil-
lations straight on, hence it is as if the oscillations are one-dimensional. The BAO
transverse data set includes angular correlations of galaxies at different redshifts,
allowing for the measurement of the BAO scale in the transverse direction taken
from SDSS DR10 [27], SDSS DR11 [28] and BOSS DR10 [8].

The DESI 2024 (DESI) is 2D BAO data that was taken from the Dark Energy Spec-
troscopic Instrument. This data set used data from bright galaxies, the combined
luminous red galaxies (LRGs) and emission-line galaxies (ELGs), quasars and the
Lyman-a Forest [2]. The LRGs are older and massive galaxies, ELGs are younger,
star-forming galaxies, quasars are luminous objects powered by supermassive
black holes at the centres of galaxies, and the Lyman-« is a series of absorp-
tion features in the spectra of distant quasars that help probe the intergalactic
medium. From these, DESI calculated the values of

rq n rq ' |
Dm(z) _ ¢

. = e (3.3)
Dv(z) _ (zDwm(2)?Du(2))3 (3.4)
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where Dy is the Hubble distance, D, is the comoving angular diameter distance,
Dy is the volume-averaged distance, da is the angular distance, the speed of light
c in the paper is taken to be 1, and r, is the sound horizon at the drag epoch which
is when baryons decouple (i.e. when they stop moving). r; can be expressed as

rg = °° CS(Z)
Z4 H(Z) ’

(3.5)

where c; is the speed of sound before recombination.

3.2 | Simulation

After the choice of the data was made, the next step was choosing the simulation
to calculate the theoretical predictions of the different models and choosing the
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simulation that would plot the results. Simulations play a crucial role in mod-
ern cosmology, as they provide the means to model the Universe’s evolution and
compare theoretical predictions with observational data. Among the many tools
developed for this purpose, Cosmic Linear Anisotropy Solving System (CLASS)
and MontePython stand out for their importance and wide usage in the cosmo-
logical community.

3.2.1 | CLASS

Cosmic Linear Anisotropy Solving System?® (CLASS) is a widely used software
package designed to compute theoretical predictions for various cosmological
observables [62]. It is a sophisticated software package designed to solve the
equations governing the evolution of the Universe, particularly focussing on the
behaviour of small perturbations around a homogeneous background as dis-
cussed in the previous chapter. It is a powerful tool that models the evolution
of the Universe by solving Boltzmann equations which govern the behaviour of
different components like dark matter, dark energy, baryons, photons, and neu-
trinos. CLASS can compute a wide range of cosmological observables, such as
the CMB power spectrum, including temperature, polarization, and lensing ef-
tects [64]. It is also able to compute large-scale structure (LSS) observables, like
the matter power spectrum, which is crucial for understanding the distribution
of galaxies and other large-scale structures in the Universe.

This simulator was chosen since CLASS is optimized for speed and can handle
complex computations in a relatively short time [63]. This efficiency makes it
suitable for parameter estimation tasks, where many different models must be
evaluated. CLASS can work with different cosmological models, including the
standard ACDM model, as well as other models that stray away from the stan-
dard model in cosmology. This simulator is designed in a way, which allows for
easy modification of the code to include these other models [62]. CLASS is coded
in the programming language C. However, it has a Python wrapper that provides
an interface to access its core functionalities directly from Python scripts, making
it easier to integrate CLASS with other simulators.

CLASS begins by setting up initial conditions for the Universe based on parame-
ters that are specified by the user. Then CLASS evolves the linear perturbations
of the different components over time using the chosen data sets, in this case,
PR4 or PR3 combined with CC, BAO and SN+SHOES [62]. This involves solving
the Boltzmann equations for the photons and neutrinos, the Einstein-Boltzmann

3CLASS can be downloaded with the GitHub link: https:/ /github.com /lesgourg/class_public.git
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equations for the metric perturbations, and continuity equations for matter com-
ponents. These equations govern how small perturbations grow or decay as the
Universe expands. Once the perturbations are evolved, CLASS calculates the rel-
evant cosmological observables, such as the CMB power spectrum or the matter
power spectrum [64]. These are derived from the evolved perturbations and can
be directly compared to observational data. Subsequently, CLASS is able to out-
put the computed observables in a format that can be used for further analysis,
such as comparing with observational data or performing statistical analysis to
constrain cosmological parameters [63].

In the baseline code, CLASS has inbuilt the wyCDM model as well as the CPL
model. However, the ]JBP, GE, BA and OSCILL models are not in CLASS. So, in
this project, CLASS had to be modified for the other four wCDM models to be
implemented. Additional code was added to the source code, which is written
using the programming language C, to add the new models specifically in the
section of the background wy;;. New cases were added one for each model. The
choice of using cases for the implementation of the models was taken due to its
simplicity and for it to be easy to switch from one model to the other by speci-
tying which parametrisation to use. Each case includes the equation of state, the
derivative of w with respect to a for the computation of the adiabatic sound speed
in Eq. 2.47 as well as the integral term of w for the calculation of the Friedmann
equation in Eq. 2.12 of each model. Each equation was shown and explained
in Chapter 2. Pointers were assigned to each equation in each model. This was
done to allow direct access to memory locations, which can lead to more efficient
memory usage.

Specifically for the OSCILL model, its Friedmann equation, which was shown in
Chapter 2 in Eq. 2.127, contains the Ci function [76], which is expressed as

Ci(x) = / “cos(t) 4y (3.6)

t

Unfortunately, CLASS does not have this function built into the base code. There-
fore, a new file was added to the source code to handle this function by coding a
numerical integrator. The code from this was taken from the Numerical Recipes
in C by W. H. Press, et al [114]. However, the library complex.h which was used
in the book was outdated, since from the time that the book was published, the
library was updated and changes were made. The complex.h library was needed
as it has the implementation of complex numbers.

So, the code from the book had to be adjusted and updated to work with the up-
dated library. A new file in the source folder was added and named cisi.c. This
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Figure 3.1: A diagram of all the models showing which ones were already inbuilt
in CLASS and which models were not inbuilt and had to be implemented.

new file contains the updated code of the numerical integration of Ci function.
Since a new file was added to the source folder, a header in the ‘include’ folder
of CLASS of this numerical integral for the Ci function was needed to declare the
function. The header file [115] is important as it enables the reusability of the
function across different parts of CLASS without having to rewrite or duplicate
the code. Therefore, a new header file cisi.h was added to the include folder.
Whenever new files were added to CLASS, the make file had to be adjusted so
that it includes the new files. This is so when CLASS is compiled, CLASS also
compiles the new files. Fig 3.1 shows the ACDM model in the yellow box, which
is inbuilt into the baseline code of CLASS and is automatically set as the default
model. The wyCDM and the CPL parametrisation models, shown in the grey
boxes, are also in the baseline code of CLASS. The red boxes are the parametrisa-
tion models (JBP, GE, BA, OSCILL) that are not inbuilt into the CLASS code and
had to be implemented by adding code to the source file of CLASS. Specifically
for the OSCILL model, the Ci function had to be implemented as it is not inbuilt
into CLASS.

The DESI data does not manage to constrain Hy on its own. However, it does
manage to constrain Hyry, where 7, is the sound horizon at the drag epoch, which
is when baryonic matter stopped moving. Hence, another parameter had to be
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added to the CLASS code as the parameter Hyr; is not inbuild in the baseline
code. The implementation of the additional parameter was done by going into
the .pyx file that CLASS has and adding an elif with the name of the parameter,
as well as its equation in the derived parameter section. Then the name of the
new parameter had to be added to the header file of the background data. After
all this, the new parameter Hyr; was added to CLASS.

3.2.2 | MontePython

MontePython* is a software package designed for Bayesian inference using Markov
Chain Monte Carlo (MCMC) methods. MontePython is a widely used cosmolog-
ical parameter estimation code that combines MCMC techniques with theoretical
predictions from cosmological models [22]. This simulator works in conjunction
with another simulator as the computation of the theoretical predictions is re-
quired for MontePython to work. For this research, CLASS was used to make the
theoretical predictions, as discussed in the previous section, while MontePython
was responsible for plotting the results of the wCDM models.

This simulator uses Bayesian statistics which is a statistical approach that in-
volves updating the probability of a model based on the data [106]. Bayesian
analysis is based on Bayes’ theorem [68, 100], which is defined as

D|©)P(0)

P(®|D):P( p(D) (3.7)

where O are the model’s free cosmological parameters, D represents the data,
P(®|D) is the posterior probability which is the updated probability of the pa-
rameters given the observational data. P(D|©) represents the likelihood. In other
words, it is the probability of observing the data given the parameters. P(®) is
known as the prior, meaning that is it the initial probability of the parameters be-
fore observing the data. P(D) is the evidence, the overall probability of the data,
and it acts as a normalization factor [13].

MCMC generates a number at random and assumes that it has the highest prob-
ability [107]. It then chooses the subsequent value and determines if the subse-
quent value has a better probability after plotting it as a normalisation curve. The
value would be regarded as having the highest probability if its probability was
higher than that of the initial value [39]. The process was then repeated for the

“MontePython can be downloaded using the GitHub link:
https:/ / github.com/brinckmann/montepython_public.git
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following value until it had a lower probability than the preceding value. Addi-
tionally, this analysis will result in selection criteria that will enable us to make
certain judgements [45].

A crucial characteristic of an MCMC is that it converges to a stationary position
in which each subsequent element of the chain represents a sample from the dis-
tribution; as a result, it converges to the posterior P(®|D, H ), where H represents
the hypothesised model [13]. The standard quantities of interest can be calculated
in this way. When the complexity of the problem rises, this technique becomes
significantly faster since the number of points needed to produce improved es-
timates in MCMC tends to scale linearly with the number of parameters in the
model. A series of delta functions provided are used to approximate the density
[58].

1 N
P(OID,H) = 1) 50— 0)), (3.8)
i=1

where N denotes the number of points in the chain and ©; represents the observ-
able data. Thus, the posterior mean can be evaluated by

@) = / OP(©,H|D)do (3.9)
® ! i@ (3.10)

~ — i 310
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where ~~ is utilised because the samples ©; are generated from the posterior by
numerical construction, and where the integral intervals are considered to be
[a, b], which can be partitioned into 1 evenly spaced points depending on the ob-
servational sample and size of the nested [13]. Hence, with Simpson’s technique,
any integral can be estimated as
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A representative set of samples from the distribution is drawn over time using
a random walk in the parameter space created by the MCMC technique. Hence,
in order to create a new point ©;; it must depend on the previous point ©;.
Accepting or rejecting ©@;,1 depends on whether this new point better suits the
data for the model or not. Since it is possible that, if steps with better probability
are accepted, we could be converging towards a local maximum in our parameter
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space, we may accept this new step with a specific probability even if it is worse
than the previous one [13].

For this project, the Metropolis-Hastings algorithm [91] is used, which proposes
new points based on a proposal distribution and accepts/rejects them based on
the ratio of posterior probabilities. This means that this kind of method requires
starting from a random pivot point 6;, with an associated posterior probability
pi = p(6;]D,H). Next, given a proposed distribution g(6;,6.), a candidate vari-
able 6, is suggested to be employed as a generator of new random points in the
series [16]. The likelihood of accepting the new point may then be determined by
i peq (6, 91’)}

p(acceptance) := min {1, D (6560 | - (3.13)

The approach simplifies the Metropolis algorithm with a symmetric suggested
distribution [91, 46] to be

p(acceptance) = min [1, &] . (3.14)

Pi

Consequently, the following procedures may be used to describe the whole algo-
rithm [39]:

B 1. Select a random initial condition 6; in the parameter space, and use Eq.
3.13 to calculate the posterior distribution.

B 2. Create a new candidate in the parameter space based on a proposal dis-
tribution, and then use Eq. 3.14 to calculate the associated posterior distri-
bution.

m 3. Using Eq. 3.13 and the Metropolis-Hastings algorithm, accept or reject
the new point.

B 4. Reiterate the preceding point in the sequence if the point is rejected.

W 5. Steps 2-4 are repeated until the chain converges which is determined by
the Gelman—Rubin criterion [13]).

The Gelman—Rubin diagnostic [112], also known as the Gelman-Rubin conver-
gence diagnostic or R statistic, is a method used in Bayesian statistics, which as-
sesses whether multiple MCMC chains have converged to the same distribution.
When running MCMC, it is essential to determine if the chains have converged
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to the target distribution, meaning that the results are reliable and can be used for
statistical inference. The method involves running multiple MCMC chains inde-
pendently, each initialized with different starting values. The idea is to compare
the behaviour of these multiple chains to assess convergence [39]. It measures
the variability within each individual chain as well as the variability between the
different chains. This is done by first calculating the mean value of an arbitrary
chain j,

1 L .
5=-Yy (3.15)
L i=1

where L is the number of points in the chain. The mean value is calculated for
each chain so then the mean of all chains is computed by the equation,

1 J
Ty = i Y %, (3.16)

where ] is the total number of chains. Since the mean value of each chain and the
mean of the means of all the chains were computed, the variance of the means of
the chains could then be calculated,

B—sz;(ae-—x)z (3.17)
= LR :

Then, across all chains the average variances of the individual chains would be
computed using the equation [57]:

(I SO By
= i=
Therefore, the Gelman-Rubin statistics, R, is estimated as
L—1 1
. =—W+ B
R=-+Lt L 3.19

In Eq. 3.19, when B tends to zero and L tends to infinity, R tends to 1. The
Gelman-Rubin statistic R compares the estimated between-chain variance to the
within-chain variance [112]. If all chains have converged to the same distribution,
the between-chain and within-chain variances should be roughly the same, and
R should be close to 1. If R > 1.1, it means that the chains have not yet converged,
and more iterations or further adjustments may be needed. The disadvantage of
this is that it requires running multiple chains, which can increase computational
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cost. Also, it assumes that the chains are long enough to represent the stationary
distribution, and it might not always detect issues like slow mixing [46]. This
analysis is crucial as it ensures that the parameter space has been thoroughly
explored and that the results of the analysis are reliable.

After making sure that the MCMC chain has converged, the burn-ins of the
chains need to be removed before plotting the results. At the beginning of an
MCMC run, the chain may start far from the target distribution. The early sam-
ples might not be representative of the desired distribution, as the chain is still
exploring the parameter space [16]. This initial phase of the chain is called burn-
ins and is important to remove to ensure that the remaining samples used for
analysis are drawn from the true stationary distribution, rather than being influ-
enced by the starting conditions. The purpose of burn-in is to allow the chain
enough time to converge to the stationary distribution. By discarding these ini-
tial samples, the risk of including biased or non-representative samples in your
tinal analysis is minimized. Including samples from the burn-in period in the
tinal analysis could lead to inaccurate estimates of parameters, higher variance,
and potentially misleading inferences. The amount of burn-ins that need to be
removed depends on the length of the chain. However, it is often suggested to
remove roughly 10% to 30% of the chain.

MontePython uses a param file to be able to run an MCMC chain [22]. This
tile contains the parameters to be varied during the MCMC process, as well as
their ranges, priors, and any fixed parameters. The param file starts with the
list of the likelihoods that are going to be used in the runs. The likelihoods are
the chosen data sets. In this research, they are the PR3, PR4, CC, SN+SHOES
and BAO transverse data sets. Each combination of the data sets requires its
own param file. To explore fully the wCDM models, the models are going to be
tested with late-time data on its own, to see the results that the wCDM models
would produce when they only have information on the late Universe. Since
there are four different late-time data combinations, CC and SN+SHOES will be
grouped together, and the models will produce results only on those two data
combinations. This is done so that the study of late-time is isolated and the BAO
data does not affect the models. Another reason is to then analyse the effect that
the BAO data has on the wCDM models with respect to the parameters and how
they are shifted, if not at all. Then the models are to be tested with CC, SN+SHOES
and BAO, then, with DESI instead of BAO. This is to compare the two BAO data
so that the better BAO data is chosen to be combined with early-time data later
on. After that, the wCDM models are tested using only early-time data. This is
done so that the two Planck data can be compared. Then, the late-time data of CC
and SN+SHOES are added to the Planck data so that the effects of the late-time
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data with the tested models can be analysed without the influence of the BAO
data. Finally, the better BAO data will be added.

After the likelihoods have been specified, the parameters are then to be defined.
Each parameter is specified with an array containing: the mean value, the mini-
mum value, the maximum value, the standard sigma deviation, the scale and the
type of parameter (for instance ‘cosmo’ for cosmological parameters), ‘nuisance’
for nuisance parameters, and ‘derived” for derived parameters. For CLASS and
MontePython, parameters are categorized into three main types: cosmological
parameters, derived parameters, and nuisance parameters.

Cosmological parameters are the fundamental parameters that describe the phys-
ical properties of the Universe. These parameters are directly varied during the
MCMC process to fit observational data. For the ACDM model, the cosmological
parameters were Wegyy,, Wy, Os, Treio, As and 1, [62, 37]. Since wCDM is an extension
of the standard model, the wCDM models use all the six ACDM parameters to
describe the power spectrum. However, since the wCDM relaxes the assumption
that w = —1 all throughout the history of the Universe, by turning w into a free
parameter, it requires two additional cosmological parameters: wy; and w,. The
parameter wy on its own being a free parameter makes w a constant but differ-
ent from —1. The parameter w, being a free parameter, turns w into a dynamical
parameter that varies in time depending on the chosen model. The parameter
wp and w, are readily in built into CLASS and their default values in CLASS,
of wy and w, are fixed values of —1 and 0 respectively. Thus, since the wCDM
models, wy in the case of the wyCDM model while both wy and w, for the other
five reprametrisation models are varying, they were set to be free parameters by
defining wy and w, in the param file as cosmological parameters depending on
the model.

Derived parameters are quantities that are not directly varied in the MCMC but
are calculated from the cosmological parameters during the analysis [64]. They
are important because they often provide more intuitive or direct interpretations
of the cosmological model and can be directly compared to observational data.
Therefore, for this project, Hy was taken as a derived parameter.

On the other hand, nuisance parameters are those that are not of direct cosmo-
logical interest but are included in the analysis because they describe systematic
effects or other influences that can impact the observational data [63]. These pa-
rameters are essential for accurately modelling the data and minimizing system-
atic biases. Hence, the nuisance parameters depend on the chosen data sets. For
instance, PR3 and PR4 have different nuisance parameters and SN+SHOES also
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has a nuisance parameter.

After defining the parameters, the cosmo arguments needed to be set. These are
parameters passed to CLASS that need to be fixed to non-default values. Since
there are five models that have a time-dependent w, and they were implemented
using cases. Each model required its own case which contained its equation of
state so that it can be taken for the computation of the theoretical prediction made
by CLASS. Each case had to be specified using cosmo arguments [64].

Finally, MCMC parameters like the number of steps and jumping factor are also
included. In the research, the number of steps was set to 400000, but if the chain
converged before all the steps were taken, the run was stopped. The conver-
gence of the chain was determined by the Gelman-Rubin statistics as previously
discussed in this Chapter. The jumping factor is a multiplier that influences the
step size of the MCMC sampling process for each parameter. It adjusts how far
the MCMC sampler "jumps" in the parameter space with each proposed move,
directly affecting the convergence speed and acceptance rate of the sampling pro-
cess [22].

A jumping factor greater than 1 increases the step size, resulting in larger jumps
in the parameter space, while a jumping factor less than 1 decreases the step size,
resulting in smaller jumps [46]. A well-chosen jumping factor helps achieve a bal-
ance between the acceptance rate and the exploration efficiency of the parameter
space [22]. A high jumping factor might lead to a low acceptance rate, causing
the chain to reject most proposals and thus slow down the convergence. A low
jumping factor might result in too small steps, increasing the acceptance rate but
slowing down the exploration and mixing of the chain. Selecting the right jump-
ing factor is often done by experimenting with different values and monitoring
the acceptance rate of the chain.

The acceptance rate is the percentage of proposed parameter updates that are
accepted by the sampler during the chain’s evolution. It serves as an important
diagnostic metric to evaluate the performance of the MCMC algorithm and helps
determine whether the parameter space is being explored efficiently [46]. An
ideal acceptance rate is typically around 0.2 — 0.3, which usually indicates good
mixing and efficient sampling. The equation of the acceptance rate is

Total Number of Accepted Steps

2
Total Number of Steps (3:20)

Acceptance rate =

If the steps are too large, the proposed points may fall into regions with low like-
lihood or prior density, leading to a low acceptance rate. If the steps are too small,
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Figure 3.2: A broad picture of how CLASS and MontePython work together using
the chosen data sets. [22]

the chain accepts more moves but explores the space slowly, resulting in a high
acceptance rate but poor mixing. If the acceptance rate is too low (< 0.2), it sug-
gests that the jumping factor is too large. Consequently, if the acceptance rate is
too high (> 0.3 — 0.5), it indicates that the jumping factor is too small, and the
chain might not be exploring the parameter space effectively [22]. The value of
the jumping factor depends on the model and the combination of data sets that
the chain has. So, for every run, the acceptance rate was monitored in the log
file which Montepython generates. This file updates every time MontePython
calculates the Gelman-Rubin statistics for the run. Fig. 3.2 shows pictorially
how MontePython and CLASS work together for the achievement of the results
of each model. The figure shows that the likelihoods which are determined in
the param file, in this case, Planck, CC, SN+ and BAO data sets, are sampled to
another simulator in this case CLASS to make the theoretical predictions using
Boltzmann equations, according to each model. CLASS has a Python wrapper
which makes it interact seamlessly with MontePython which is Python-based.
The param file also defines priors for each parameter, reflecting prior beliefs or
constraints before considering the new data. Using MCMC, MontePython gen-
erates samples from the posterior distribution. This is done by proposing new
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sets of parameters, calculating their likelihoods, and deciding whether to accept
or reject them based on the Metropolis-Hastings algorithm.

The Planck likelihood was added to the likelihood folder of MontePython and
the data of it was added to the data folder of MontePython as they are publicly
available. Since DESI data was used in this research, the likelihood had to be
coded, as only the data is available publicly. Subsequently, the testing of this
new likelihood was required to make sure that it was correctly implemented by
comparing the values that the code produced to the values found in the paper.
Therefore, the DESI likelihood had to be tested on its own. The DESI data has
three different types of data; 12[’1” , 13;/ and f so the data and the covariance matrix

and each type of data was separated. After loading the data, a for loop was

needed and for each type, the code calculated its own values of r;”, 1_3;/ and 2 i

by using Eq. 3.3, Eq. 3.4 Eq. 3.2 respectively, so that they would be compared to
the observed data that was obtained from DESI, using the equation

residuals = datacgicuiated — A0tAopserved » (3.21)

where data ,cyiated i the calculated values of D M D V and 2 H and data,pserped 1S the

observed data from DESI. This was needed to be able to compute the x2 by using
Eq. 3.1. Since DESI on its own does not manage to constrain Hy, the paper uses
priors of BBN and 1006s. The paper defines BBN as w;, = 0.02218 £ 0.00055 and
1000; = 1.04109 + 0.00030 [2] so the same values were used for the implementa-
tion of these likelihoods in this research. The likelihood was tested by comparing
the values produced by the paper to the values that were produced by the imple-
mented likelihood.

For the plotting of the Monte Carlo samples, that MontePython produced, Get-
Dist> was used as it is simpler to select which runs need to be plotted as well as
overlapping graphs for the ability to compare results [65]. It is also easier to set
the number of burnins that were required to be removed and modify the graphs
as needed depending on the results that were obtained.

3.3 | Statistical Analysis

To be able to determine which model fits the data better or if the wCDM models
fit the observational data better than the standard model, statistical criteria are
needed. Akaike Information Criterion (AIC) and Bayesian Information Criterion

5The link to the installation of GetDist can be found in the link:
https:/ / getdist.readthedocs.io/en/latest/intro.html
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(BIC) were taken as measures for how precise each model is compared to the
observational data. This is done to more accurately analyse the performance of
each model compared to the ACDM. AIC [6] was developed by Hirotugu Akaike
is represented by the equation,

AIC = —ZII’I(LMA)() + 2n, (3.22)

where Lyjax is the likelihood function’s maximum value for each model, data
set, and prior combination, and # is the total number of parameters used in the
estimate procedure. AIC provides a way to assess the quality of a model relative
to other models by considering both the goodness of fit and the complexity of
the model. Lower AIC values represent greater performance when compared to
combinations of observational data sets. As shown in Eq. 3.22, this analysis pe-
nalizes model complexity, specifically the number of parameters (n). This is done
because models with more parameters will always fit the data better, potentially
leading to overfitting. Therefore, the term 2n ensures that the AIC score discour-
ages overly complex models. On the other hand, AIC promotes models with a
better fit to the data, specifically higher likelihood values (Lyiax). Consequently,
the term —21In(Lyax) rewards models that better explain the observed data, as
higher likelihoods result in lower AIC values.

BIC [97] was developed by Gideon Schwarz and is derived from a Bayesian per-
spective. The criterion is closely related to AIC but places a stronger emphasis on
penalizing complexity compared to AIC. Hence, the BIC is described as

BIC = —2In(Lyax) — nln(m), (3.23)

where m is the combined sample size for the observational data. Additionally,
this variant of the AIC imposes a penalty on models with many parameters to
estimate, which is more significant in BIC. The term n In(m) grows with both the
number of parameters and the number of observations. This means that as the
dataset size increases, the penalty for adding parameters becomes larger, discour-
aging overfitting, resulting in this criterion to penalise the model for it. Similar
to the AIC, BIC promotes models that provide a better fit to the data, through the
term —21In(Lyax)

The BIC could be considered as a better indicator of how well AIC performs when
applied to observational data due to the clear appearance of the number of points
in a data collection, thus imposing a heavier penalty for the number of parame-
ters than AIC which helps prevent overfitting, especially in large datasets. AIC
is more suitable when the goal is to identify a model with a good predictive per-
formance, while BIC is often preferred for finding the true model among a set of
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candidates. Also, BIC is more conservative than AIC when it comes to adding
parameters, often favouring simpler models, especially when the sample size is
large. Both AIC and BIC are used to compare different models; the model with
the lowest AIC or BIC is typically chosen as the best model.

3.3.1 | Conclusion

For this project, early-time data and late-time data are used, as the wCDM models
will be tested using combinations of these data sets to obtain a complete analysis
of the results of the models. For the early-time data, Planck data containing CMB
data was used, specifically PR3 and PR4. From PR3, the data of low- [ TT, low-/
EE and high-I TT+TE+EE were chosen, while from PR4, Lollipop of low-/ TT and
Hillipop of high-I TT+TE+EE were taken. For the late-time data, CC, SN+SHOES,
BAO transverse and DESI BAO data were chosen. After choosing the data sets,
simulations are required to test the wCDM parameterizations and to plot the re-
sults. CLASS is a Boltzmann code that allows for the precise calculation of the
cosmic microwave background anisotropies and it was chosen to make the the-
oretical predictions of the models. CLASS had to be modified to implement the
models that are to be tested using cases as they are not implemented in the code’s
baseline. MontePython, on the other hand, uses Markov Chain Monte Carlo
for parameter inference, to extract cosmological parameters from observational
data effectively by analysing the probability of the parameter space and choos-
ing the most likely value using Metropolis-Hastings. MontePython was used in
this project to plot the results of the wCDM parametrisation models that were
discussed in Chapter 2. Likelihoods of Hillipop, Lollipop and DESI were added
to MontePython. MontePython requires a param file which contains information
about the parameters. Each model with a particular combination of data sets re-
quired its own param file. In the param file, which wCDM model CLASS needs
to take was specified and also wp and w, were set to be cosmological parameters
depending on the model instead of them being fixed to —1 and 0 which is the
default. Now, since the data sets were determined and the simulators in this case
CLASS and MontePython, were modified, the results of the reparametrisation
models of wCDM were achieved after the chains converged which was deter-
mined by Gelman-Rubin statistics. Their plots, that were generated by GetDist,
as well as their analysis, are shown and discussed in the next Chapter.
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This chapter presents the results derived from the wCDM reparametrisation mod-
els. By examining these results, conclusions about the models can be made from
the correlations produced between the parameters and how they would corre-
spond to the evolution of the Universe. The assessment of how the models re-
spond to the different observational datasets will be made with respect to the
wCDM parameters, the Hy parameter as well as the g parameter by addressing
the theoretical expectations and their alignment or deviations from the ACDM
model. This chapter will also emphasize the strengths and limitations of each
wCDM model for each data combination that was used.

From the theoretical predictions of each model (wyCDM, CPL, JBP, GE, BA, OS-
CILL) made by CLASS, MontePython was able to make corner plots and achieve
values using different data combinations. For each model four tables were made
that contain the values that were achieved from each model when using different
data sets: one table to show the values when using only background data CC +
SN+SHOES + BAO and CC + SN+SHOES + DESI, another table to show values
that were obtained when using early-time data of PR3 and PR4, a third table to
show PR3 + CC + SN+SHOES and PR4 + CC + SN+SHOES, and a fourth table to
show the model when using PR3 + CC + SN+SHOES + DESI and PR4 4 CC +
SN+SHOES + DESI. The tables are split up into 3 sections: the sampled parame-
ters, derived parameters and statistical criteria depending on the chosen data set
combinations.

The sampled parameters in the first table are (), wp and w, (depending on the
model) since without early time data, the six ACDM parameters cannot be con-
strained. The sampled parameters for the other three tables of each model contain
the six ACDM parameters that are wy, w g, 10065, In(10'°Ay), ns and T, which
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are the parameters that the standard model uses to describe the CMB power spec-
trum as discussed in Chapter 2, as well as the additional parameter wy for the
woCDM model and wy and w, for the other five parameterisation models. The
second section of all the tables is dedicated to the derived parameters; in the first
table the only derived parameter is Hy as 0g cannot be constrained with only late-
time data. For the rest of the tables, since early-time data was used, the derived
parameter section includes the values for Hy and og. For these two sections, all
of the three tables of each model have the best-fit value and the mean value, and
the 10 deviations of the mean value are also shown. On the other hand, the last
section of the tables is the x? statistics; the first column in this section has the
name of each statistical criteria, )(2, AAIC and ABIC, and the second column has
the value for each statistics. The AAIC and ABIC are the differences between the
values of the AIC and BIC of the parameterisation model and the values of the
AIC and BIC of the ACDM where the values of the ACDM model are found in
the Appendix. Thus, conclusions about whether or not the model is statistically
better than the standard model in cosmology can be made.

Corner plots were used for the assessment of the tested models. Corner plots
are a widely used visualization tool in Bayesian statistics and data analysis, and
are generated from the MCMC runs with MontePython. It provides a visual sum-
mary of the parameter space of the reparametrization model. To create the corner
plot, the MCMC samples are marginalized over all parameters except the two
being considered in a given 2D plot or the one being considered in the 1D his-
togram. Marginalization is the process of integrating over the other parameters
to focus on the distribution of interest. For each pair of parameters, a 2D con-
tour plot shows the joint probability distribution. The contours often represent
regions of 68 % (10) and 95 % (20) confidence levels. These contours highlight
how strongly correlated or independent different parameters are in the wCDM
models. The diagonal elements of the corner plot are 1D curves that show the
marginalized posterior distributions for each parameter. The peak of the curve
indicates the most probable value, while the width gives a sense of the parame-
ter’s uncertainty.

Thus, three corner plots for each model were plotted in total to be able to make
conclusions about the model and to be able to make conclusions about the re-
cently released data set, PR4, and the previously released data set, PR3, as well
as making conclusions on the different BAO data. The first corner plot was gen-
erated overlapping the results obtained by the model when late-time data only
is used; the grey corner plot shows the wCDM parameterisation model when CC
+ SN+SHOES data was used; the red corner plot showing when BAO data was
used; and the blue corner plot showing the model when DESI was used. The
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second graph was rendered showing two overlapping corner plots of the wCDM
parameterizations when only CMB data was used; PR3 shown in red, and PR4
shown in blue, to make conclusions on the model when using only early-time
data and to compare the two Planck data. The third corner plot was made by
overlapping the results achieved by the model using PR3 + CC + SN+SHOES
represented by a green corner plot, PR4 + CC 4 SN+SHOES represented by a
grey corner plot, PR3 4+ CC + SN+SHOES + DESI shown by a red corner plot
and PR4 + CC 4 SN+SHOES + DESI shown as a blue corner plot to be able to see
the effect that the addition of late-time data without BAO data has on the model
and its results as well as the effect the BAO data has on the models.

Each model was tested using only early-time data. However, the chosen wCDM
models only affect the late Universe. This means that it was expected that by us-
ing only early-time data the models would not be able to be constrained so there
would be degeneracies, especially with the parameters of wy, w, and Hy. The
models require late-time data for them to be constrained properly. The models
were tested using only early-time data mainly to compare the two Planck data
sets. Also, the data set combinations were tested with the standard model and
graphs were also made (these plots can be seen in the Appendix A). In Fig. A.1
it was noticed that the DESI data obtained higher values of (), and lower val-
ues of Hy. Also, the posteriors were smaller when DESI was used than when the
older BAO data was used, showing that it constrains the data better. Fig. A.2
showed that PR4 had narrower posteriors than the posteriors of PR3 showing
that the newer Planck data constrains better than the PR3 data set. These differ-
ences were expected to be seen when these data combinations were used in the
wCDM parameterisation models.

4.1 | The Constant model

The constant model or the wyCDM model is a model that takes w to be constant
but not necessarily equal to —1. The results that were generated when using this
parameterisation can be seen in Table S1, Table S2, Table S3, and Table S4.

Three corner plots were generated for better visualisation of the results shown
in Table S1, Table S2, Table S3, and Table S4. Fig. 4.1 shows the constant model
when only late-time data was used for the comparison of the different BAO data.
As expected, when the DESI data was added, higher values of (2, and lower
values of Hy were obtained, meaning that the Universe is expanding at a slower
rate. The parameter (),, represents the matter density of the Universe. Therefore,
a higher value of (), means that the gravitational pull is larger. Thus, more time
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Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean
Sampled Parameters
O 0270  0.270190% 0273  0.274 10%3 0317  0.318%901
WOOCDM -« -+ v e v - —0.88 —0.891)12 —0.888 —0.894 002  —1.054 —1.056"50%%
Derived Parameters
Hooooooiaii 72.35  72.34+0.88 72.35  72.33 0% 7143 7146708
x> Statistics
Xy e 1309 1322 1332
AAIC............... 0.91 —4.38 —0.65
ABIC............... 6.37 1.09 4.81

Table S1: The values of the wyCDM model using only background data obtained
from CLASS and MontePython simulations.

Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo, 0.02247  0.02239709001  0.02229  0.02224 + 0.00013
O 0.1191 0.1197+£0.0014  0.1184  0.1188 & 0.0012
1006s. ..o 1.0420  1.04197 00000 1.0418  1.0418 + 0.00025
In(100Ag) .......... 3.054 3.04210016 3.0366  3.0383 +0.014
Mg 0.9654  0.965110008 0.9691 0.967410.00°2
Treio « o v e eeeennennenns 0.0574  0.0592F 3005 0.0593 0.0576 10 00es
WO,0CDM -+ -+~ v v e e e —2.30 —1.92102° —1.24 —1.14702
Derived Parameters
Hy.ooovvoiiiiaen 11545  100.1677500 75.41 72.00"50
08 neeeaeaaeenn 1.17 1.0770:48 0.871 0.840 15071

X’ Statistics
Xy v e 2766 30570
AAIC............... —4.40 1.80
ABIC ............... 10.04 9.90

Table S2: The values of the wyCDM model obtained from the chosen simulations

when only Planck data was used.
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo, 0.02251 0.02252+£0.00015  0.02224 0.02235 =+ 0.00012
O 0.1179  0.1185+0.0013 0.11833  0.1176 = 0.0011
1000s. e 1.04210 1.04207 £0.00029  1.04180  1.0420 4 0.0039
In(1014,) .......... 3.049 3.050"0 012 3.041 3.041 +£0.014
Mseeiiiiiaians 0.9705 0.9693 100043 0.9684  0.9703 - 0.0039
Trpio e e nve e 0.0577 0.058370.0072 0.0616  0.0594 = 0.0062
WOOCDM -+ v v v e s —1.034 —1.05375058 —1.062  —1.049 +0.024
Derived Parameters
Hoooooieeeaan 69.40 69.801 057 69.74 69.76 & 0.66
% YITTITTITITrITeey 0.816 0.823 +0.011 0.823 0.818"0:015

x? Statistics
X oo 4107 31900
AAIC............... —4.44 —1.40
ABIC ............... 3.60 6.96

Table S3: The values of the wyCDM model obtained from the two Planck data
when CC and SN+SHOES data were added.

was required for dark energy to dominate in the Universe and, consequently,
more time was required for the Universe to transition from decelerated to accel-
erated expansion [37]. It is seen that the DESI data also produced lower values
of wo wocpm- While, the addition of the BAO data did not affect the parameters
except for constraining the parameters (), and wq ,,ocpym better and, as a result,
the parameters are more well-defined. There is a correlation between (), and
Hy when DESI or BAO data was added to the CC and SN+SHOES data while
an anti-correlation between (), and wq,0cpym is seen in all the data combina-
tions. This is expected as if (), increases then the expansion of the Universe is
slowed down due to the gravitational attraction [81]. Thus, to counter this effect
and match the observational distances, the value of Hy would need to be higher
and, subsequently, the value of wg,,ocpm Would be more negative. There is an-
other anti-correlation between Hy and wq ,0cppm seen when DESI or BAO data
was added to the late-time data. At late times, when the Universe becomes radi-
ation dominated, the equation of state w affects Hy the most, such that the more
negative w = wy ,,ocpM is, the higher the value of Hy will be.

When looking at Table S1 it can be concluded that the wpyCDM model does not
limit to the ACDM model regardless of the inclusion of the DESI and BAO data
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh e 0.02258 0.02256 £0.00014  0.02245 0.02236 =+ 0.00012
O 0.1176 0.1180* 00015 0.11704  0.117421005003
1006s. ... 1.04220 1.04210+£0.00029  1.04200  1.04200" (0002
In(100A;) .......... 3.056 3.054 5915 3.041 3.040 +0.015
Mgt 09747  0.97033750039 0.9709 0.9707+ 00052
Tygio « v eveneeneenenns 0.0623 0.06060. 000 00614  0.05971)00e
WO,0CDM -+~ n e e - —1.038 —1.04910%¢ —1.043  —1.046 £ 0.024
Derived Parameters
Hy.oooiioiiiin, 69.70 69.86 £ 0.61 69.89 69.761053
 YPTTRe 0.820 0.82370013 0.813 0.816 =+ 0.010
X’ Statistics
Xy o veeeneneeeennnn 4122 31920
AAIC............... —3.24 —1.00
ABIC............... 4.80 7.36

Table S4: The values of the wyCDM model obtained from the two Planck data
when DESI was added to the CC and SN+SHOES data.

as it can be seen that w ,0cpp is not 1o away from —1 which is the value of the
standard model. It can be noticed that the uncertainties of wg,0cpym are larger
when any BAO data is not included. This is to be expected because the parame-
ter varies only at the late Universe so the more late-time data it has the better the
data can constrain the model. The value of Hj in all the late-time data combina-
tions is within the expected range of past research which estimates that the value
of the parameter is between 67 — 75 Km s~ 1 Mpc’1 [2,90, 118, 3, 87]. The uncer-
tainties of Hy are small which was expected as wCDM parameterization models
require late-time data for the models to be constrained. The constant model fits
the data of CC + SN+SHOES + DESI and CC + SN+SHOES + BAO better than
the ACDM model when the AIC criteria was taken. However, in the case of the
BIC criteria, the standard model is statistically better. Between the two data set
combinations that contain BAO data, the constant model seems to fit the data
combination that contains the older BAO data than the DESI data. In Fig. 4.1 it
can be seen that the posteriors of the wyCDM model when DESI was included are
the smallest out of the three overlapping corner plots. Smaller posteriors indicate
that the parameter estimates for the variables are well-constrained, meaning the
data provides strong information to pinpoint the parameter values with little un-
certainty. In the case of corner plots [107], this means the posterior distributions
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Figure 4.1: Three overlapping corner plots showing the constant model when
only using late-time data. The grey corner plot shows when CC + SN+SHOES
data was used, the red corner plot shows the parameterisation when CC +
SN+SHOES + BAO was used and the blue corner plot shows the model when
CC + SN+SHOES + DESI was used.

for the parameters are narrow and peaked, which can result from strong prior in-
formation or highly informative data. This means that the DESI data constrains
the model better than the previously released BAO data. Therefore, the DESI data
will be used instead of the older BAO data. It can also be seen that the posteriors
that were obtained with the CC 4- SN+SHOES + DESI data combination and the
CC + SN+SHOES data combination are on top of each other. This means that
there are no tensions between the datasets, as the posteriors are 1o away from
each other and the rest of the wCDM models are expected to follow this trend.

We now move on to comparing the two Planck data sets, PR4 and PR3. Fig. 4.2
was generated to show the constant model when only early-time data was used.
By comparing the two CMB data sets, it can be seen that the area of the 2D off-
diagonal panels is significantly smaller for PR4 than for PR3. Smaller confidence
regions in the off-diagonal panels often result in a weaker correlation between
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Figure 4.2: A graph of the wyCDM model with PR3 and PR4 alone seen in red
and blue respectively.
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the variables [107]. This means that there is less dependency or relationship be-
tween the variables being plotted against each other. Similar to DESI, since PR4
has smaller posteriors, the newer CMB data set constrains the model better than
PR3. Also similar to the previous graph, the posteriors that were obtained from
the newer Planck data intersect the posteriors that were retrieved from the previ-
ously released Planck data in a way that they show that the newer Planck data is
1o away from PR3. Subsequently, there are no tensions between the two Planck
datasets. Fig. 4.2 also shows that PR4 obtained lower values of w;, and w4,
while higher values of ns and 7., than PR3. The parameter w, represents the
physical density of baryonic matter [10]. Thus, a lower value of wj, reduces the
abundance of light elements like helium and deuterium formed in the early Uni-
verse, as there are fewer baryons available for nuclear reactions. Baryons enhance
the odd-numbered acoustic peaks in the CMB temperature power spectrum due
to their gravitational coupling with photons [81]. Baryons play a key role in the
formation of galaxies and clusters. Lower wy, results in less baryonic matter, af-
fecting star formation rates and the distribution of gas in galaxies. The parameter
Wedm represents the physical density of cold dark matter. Therefore, a lower w4,
reduces the amount of dark matter available, weakening the gravitational poten-
tial wells [37]. This leads to a slower growth of structures, leading to less clus-
tering. A higher value of ny amplifies small-scale density perturbations, leading
to increased clustering of matter on small scales and more efficient galaxy and
cluster formation [10]. The optical depth to reionization, 7,.;,, quantifies the frac-
tion of CMB photons that were scattered by free electrons during the reionization
epoch. A higher 7, implies earlier reionization, likely driven by more abun-
dant or more efficient ionizing sources such as early stars, galaxies, or quasars
[5]. Discrepancies are seen in the two 1D curves for the wg ,0cpm, Ho and og
parameters as well as degeneracies when the recently released Planck data was
used. The degeneracies with the three parameters show that there is one highest
peak which is the most likely value of the parameters. However, the other peak
shows that there is another possible value that is less likely. wg ,,ocpm and Hy are
nearly perfectly anti-correlated and Hy and oy are almost perfectly correlated in
both data sets. Since Hy and wq ,,0cpym are anti-correlated with each other and Hj
and oy are correlated then, wg ,0cpym and og are almost perfectly anti-correlated
with each other as seen in Fig. 4.2.

When comparing the values in Table S2, the value of wg,0cpym using the PR4
data set is 1o away from —1 which is the assumed value in the ACDM model.
Hence, the constant parameterisation limits to the standard model when the
newer Planck data was used. Unfortunately, this is not the case when the pre-
viously released Planck data set was used, as wy yocpam is not 1o away from —1.
The value of Hy with the recently released data set agrees with past research.
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However, this is not the case when the older Planck data set was taken, as the
value of Hy is higher than the expected range and the uncertainties of this pa-
rameter are significantly larger than in PR4.

In past research, the value of og varies depending on which data set is used.
Large-scale structure surveys such as KiDS [88] found slightly lower values of o3,
around 0.75 — 0.80 while higher values were found in the DESI survey [2] varying
between 0.80 — 0.84. Planck 2018 [5] obtained a value for og of 0.811 + 0.006.
Hence, from Table S2, it can be seen that the value of og that was obtained from
the previously released CMB data set is higher than the expected range which is
0.7 — 0.9 while the value of og from the newer Planck data is within the expected
range. When looking at the values that were obtained from the AIC and BIC
criteria, it can be seen that the constant model only achieved one negative value
which was when PR3 was used and the AIC criteria was taken. Only that time
was the wyCDM model statistically better than the standard model. The rest of
the AAIC and ABIC show that the ACDM model fits the data better than the
constant reparameterisation. The AIC shows that PR3 is statistically better than
PR4 while the BIC shows that PR4 is statistically better.

Now, we add the late-time data of CC 4+ SN+SHOES to the previous early-time
data results to produce results that should be more constrained. The results are
shown pictorially in a graph seen in Fig. 4.3 showing two overlapping corner
plots. Without the need for the BAO data, CC and SN+SHOES managed to con-
strain the woCDM parametrisation as unlike the previous graph, no degeneracies
are seen in the parameters of Hy, 0g and wq,0cpym. In fact, the additional data
was enough to remove any differences that there were with the Hy and wg ,ocpm
parameters, between the two Planck data sets, such that now the 1D curves over-
lap each other. The anti-correlation between wq ,,ocpm and Hj is still preserved
but it is less defined than in the previous plot. Also, the correlation between Hj
and g and the anti-correlation between o3 and wy ,,0cpym are also still preserved
from the previous graph although they are also less defined. There are now dif-
ferences in the value of In(10!° A;) when different Planck data was used that was
not there when the early-time data was used on their own. On the other hand,
the CC and SH+SHOES data shifted the values of ns and T,,;, such that the differ-
ences in their values when using the two Planck data decreased. However, PR4
constrained the T,,;, parameter better than PR3, as PR4 has a slightly narrower
1D curve than PR3.

The addition of the DESI only affected slightly the results when PR3 was used.
The parameters w4, and ns were pushed to slightly higher and lower values, re-
spectively when DESI was included. For the rest of the parameters the 1D curves
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Figure 4.3: A graph showing the constant model when CC + SN+SHOES was
used in conjunction with one of the Planck data sets; PR3 seen in the green corner
plot or PR4 seen in the grey corner plot. Then CC + SN+SHOES + DESI was used
together with; PR3 seen in the red corner plot or PR4 seen in the blue corner plot.
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of PR3 + CC + SN+SHOES seen in green overlap the 1D curves of PR3 + CC +
SN+SHOES + DESI seen in red. On the other hand, the DESI data did not seem
to affect the newer CMB data, as the 1D curves of PR4 + CC + SN+SHOES seen
in grey overlap the 1D curves of PR4 + CC + SN+SHOES + DESI seen in blue.
Even for wg wocpm, Wa wocpm, Ho and o3, the DESI data did not affect the constant
model despite the fact that when only late-time data was used the DESI data in
Fig. 4.1, the values of Hy and wy ,0cpm were pushed to lower values. Similar to
the previous plot, the posteriors are smaller for when the recently released early-
time data was used than when the previously released data set was used. This
shows that the PR4 data set is more constrained and more well-defined despite
the late-time data of CC and SH+SHOES being added to the two Planck data.
Also, the DESI data constrained the data even more by obtaining smaller poste-
riors and so the wyCDM model obtained the smallest posteriors when the PR4 +
CC + SN+SHOES + DESI data combinations was taken. Also, as seen in the pre-
vious two graphs, Fig. 4.3 shows the posteriors to be overlapping or intersecting
each other, showing that with the constant model there are no tensions with the
datasets.

When looking at Table S3 and Table 54, it can be seen that the wyCDM parame-
terisation is no longer 1o away from the ACDM model when late-time data was
added. The value of Hy for the data combinations is around 69 Km s~ !Mpc~1,
showing that the CC and SHOES lowered slightly the values of Hy and o3 that
were obtained when only using early-time. In the case of PR4 + CC + SN+SHOES,
the addition of the late-time data lessened the uncertainties of Hp and g param-
eters, showing that with the additional data, the recently released Planck data is
well-defined for that parameter. When looking at the AIC and BIC in Table S3 it
can be concluded that for the AIC and BIC for all data combinations that were
used, the wpCDM model is statistically better than the ACDM model as all the
four values are negative. This is not the case for the BIC as positive values are
seen, meaning that when taking the BIC criteria, the standard model in cosmol-
ogy fits the data better than this parameterisation model. It also can be noted
that the AIC and BIC are lower for the PR3 + CC + SN+SHOES data combination
than for the other data combinations, showing that the wyCDM fit the data better
when the PR3 model was used than when PR4 was used and when DESI data
is not included. When comparing the values of the statistical criteria that were
obtained in Table S2 to Table S2, as expected the values show that the woCDM
model fit the data better when late-time data was added than when only early-
time data was used. This is due to the woCDM parameterisation being more
constrained when more data is sampled, and so the model now has information
on the late-time Universe.
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4.2. Linear model

Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean
Sampled Parameters
O P 012  0.2670% 0274  0.273 13017 0326  0.32679012
WO.CPL v evveennenn —0.81 —0.88%)12  —0902 -—0.895"00%°  —0.857 —0.8617005%
Wa,CPL - nvvvennnenns 062  —0.14%529 0.08 0.00 *040 —~1.14 114703
Derived Parameters
Ho...oooooiii 7246  72.31707 7227 7236 o) 7167  71.68757%
X’ Statistics
Xoiin <o 1309 1322 1325
AAIC............... 0.63 —2.39 —5.69
ABIC ............... 13.55 8.54 5.24

Table S5: The CPL values using only CC + SN+SHOES + BAO without any early
time data.

4.2 | Linear model

Now taking a look at the case if w has a linear form, known as the CPL model, the
values obtained by this model when sampling it through CLASS and MCMC are
shown in Table S5, Table S6, Table S7, and Table S8. The tables show the best-fit

and mean value of the sampled and derived parameters and also the x? statistics.

A graph showing three overlapping corner plots when taking the linear model
when only late-time data was used was generated, seen in Fig. 4.4. Similar to the
previous model, the DESI data produced higher values of (), and lower values
of Hy and w, cpr. The value of wy cpr. is slightly lowered when the BAO data
was used. When the older BAO data was used, it made the parameter (), more
well-defined as the CC and SN+SHOES data alone were not able to constrain
the parameter when the CPL model was taken. This is expected due to the fact
that the CPL parameterisation affects the late Universe so the additional late-time
data would help constrain the model better. The older BAO data did not make
any differences with the Hy parameter while constraining more the w, cpr. Cor-
relations are seen in Fig. 4.4, between Hy and (), when BAO or DESI was added
to the late-time data, which was also seen in the previous model, but unlike the
linear model, instead of an anti-correlation between wq cpr, and (), a correlation
is seen between them. This is due to the equation of state being different for the
linear model than for the constant model. As discussed in Chapter 2, the linear
model, wy cpr represents the value of w at current times while w, cp; is responsi-

75



Chapter 4. Data Analysis 4.2. Linear model

Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh eneeneanannenn, 0.022498 0.022379 +0.00016 ~ 0.02218 0.02225 £ 0.00013
O 0.1188  0.1198 +0.0014 0.1191  0.1187 £ 0.0012
10005 .o 1.0418  1.0419 + 0.00031 1.04170  1.04180 + 0.00025
In(100A) .......... 3.0499 3.043 £ 0.016 3.036 3.03919012
Msee it 0.9661  0.9647 & 0.0044 0.9680  0.9677 - 0.0041
Tyio e v eveeeneennenn 0.0582  0.0538 & 0.0078 0.0565 0.0581 150060
WO,CPL ++vvveennenns —1.01 ~1.011939 —0.93 ~1.23191¢
Wa CPL v vvveennnnnnn —3.09 —1.4013% —0.58 —0.05+0.39
Derived Parameters
Hooooooiieian 87.88 77.00175%5, 69.74 74.841775
o YT 0.983 0.907 15972 0.830 0.871362°

X’ Statistics
Xopin <o 2766 30570
AAIC............... —3.08 2.80
ABIC ............... 13.00 19.41

Table S6: The values of the CPL model that were obtained from CLASS and Mon-
tePython using PR3 or PR4.

ble for the rate at which the value of w changes from early-time to current times.
Therefore, the higher the value of (), is, the higher the value of Hy had to be
at early times to counteract the increase in matter in the Universe, and so in the
early Universe, w had to have a lower value. Thus, the value of w,cp; needs
to be more negative for the value of w to be equal to wy cpy, resulting in an anti-
correlation between w, cp; and (), as seen in Fig. 4.4 in all the late-time data
combinations. Due to this anti-correlation, a correlation between wg cp; and (),
is obtained when CC + SN+SHOES + DESI or CC + SN+SHOES + BAO data
combination was used, instead of an anti-correlation like the previous model.
Similar to the previous model, an anti-correlation between w cp; and Hy is seen
in the CPL model when CC + SN+SHOES + DESI and CC + SN+SHOES + BAO
were used. There is also another anti-correlation between the parameters w, cpy.
and wy cpr. when DESI or BAO data was used. This is because of the equation of
w of the linear parameterisation, from the equation if wg cp; has a higher value
then w, cp; needs to be more negative as the gradient of w from early-times to
current times would be higher.

From Table S5, it can be seen that when CC + SN+SHOES + BAO was used, the
CPL model achieved a value of w, cp; that was 0, which is exactly the value of
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh e 0.02247 0.02246 £0.00015  0.02238 0.02232 -+ 0.00012
Wednt e veeeeneennnns 0.1195  0.1193 £0.0013 0.1177  0.1180 = 0.0011
1006s. ... 1.04190  1.0420070 9003 1.0420  1.04191 + 0.00026
In(1004) .......... 3.051 3.047 1001 3.043 3.038 & 0.014
Mgt 0.9680  0.9672 = 0.0044 0.9695  0.9695 + 0.0038
Typio « v eveneeneenenns 0.0574  0.0561100080 0.0579 0.058510 0028
WOCPL <+ vvenenennn —0.829  —0.81610 0% —0.745  —0.766 + 0.081
W CPL e eveeeeennen 2.23 2,127 —-1.32 —1.291932
Derived Parameters
Hywooooeeaeainn, 71.65 70.97 071 70.40 70.57 4 0.69
YT 0.856 0.846001> 0.830 0.8320.019

X’ Statistics
Xpin < oeveeeeneeenn 4089 31890
AAIC............... —20.16 —14.40
ABIC............... —4.08 2.32

Table S7: The values of the CPL model when using PR3 and PR4 with CC and
SN+SHOES data.

the standard model, when CC + SN+SHOES + DESI was used the CPL model
achieved a value of w, cp; that was far away from the standard model with a
value of —1.14 while when only CC + SN+SHOES was used, w, cpr. is 10 away
from the value of the standard model. This was expected, as in the DESI paper
[2], when the CPL model was tested with the data, it did not limit to the ACDM
model as it obtained a value of < —1.32 for the w, parameter. Also, the value
of wy cpr is not 1o away from —1 for all data combinations. With the AIC cri-
teria, the CPL model is statistically better than the standard model when CC +
SN+SHOES + DESI and when CC + SN+SHOES + BAO were used, but for the
BIC criteria, the standard model is statistically better. When comparing the two
data combinations, the CPL model fits the CC + SN+SHOES + DESI data bet-
ter than the other data combinations. Also, when comparing the posteriors of
the CPL model when CC 4 SN+SHOES + DESI and when CC + SN+SHOES +
BAO data combinations were used, it shows that the data combination that con-
tains the DESI data obtained smaller posteriors than the previous BAO data. This
means that the DESI data constrains the linear model better than the older BAO
data. Subsequently, the DESI data will be used for the BAO data instead of the
previously released BAO data. Following the trend of the constant model, the
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh e 0.02250 0.02244 £0.00014  0.02222 0.02228 = 0.00012
Wedp < v eeeeeeeenn 0.1202 0.11970.000F 0.1184  0.1187 £ 0.0010
1000s. . 1.04190 1.04200 +£0.00030  1.04190  1.04180" (0005
In(100A4;) .......... 3.036 3.04610018 3.036 3.0381001
Mgt 0.9668 0.9662"0 002 09677  0.96771000%
Tygio « v eveeeeneenenns 0.0524  0.0555" 0004 0.0546  0.0575%000%0
WOOCDM «+ v v nveen —0.854 —0.848 505 —-0.854  —0.85810060
Wa,CPL -+ v e evveennenn —0.90 —-0.93557 —0.84 —0.841032
Derived Parameters
Hyooovooiiiiin 69.76 69.911043 69.78 69.77 1028
8. 0.824 0.836"0013 0.826 0.828"0015
x> Statistics
Xy o veereneeeennnn 4111 31910
AAIC............... —12.08 —8.20
ABIC............... 4.00 8.52

Table S8: Values of the linear model obtained from the two Planck data with CC,
SN+SHOES and DESI data.

graph shows that there are no tensions between the CC + SN+SHOES with the
CC + SN+SHOES + DESI as the posteriors that were achieved from when DESI
was added are found to be on top of the posteriors that were calculated when the
CC + SN+SHOES data was used on its own.

For the analysis of the two Planck likelihoods, Fig. 4.5 showing two corner plots
of the linear model when only early-time data was plotted. At first glance, it
can be pointed out that degeneracies are seen with the parameters of wg cp; and
w, cpr in both CMB data sets, showing that early-time data is not enough to con-
strain the linear model. This was expected as discussed in Chapter 2; the CPL
model varies w in the late Universe while during the early Universe, the w param-
eter is constant. So only having early-time data would not be able to make correct
predictions of the model as it would have missing information regarding the late
Universe. Consequently, the linear parameterisation requires late-time data of the
wo cpr and w, cpy parameters to be constrained. Unlike in the previous model,
no degeneracies can be seen with the parameters of Hy and o3 as their 1D curves
are well-defined. Higher values of w;, and w4, are seen for the older dataset
when compared to the newer data set. As for the parameters n; and 7,,;,, the PR4
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Figure 4.4: A graph of the linear model when taking the two late-time data com-
binations only made with GetDist. The CC + SN+SHOES data set is shown in the
grey corner plot, the CC 4+ SN+SHOES + BAO data set is shown in the red corner
plot while the CC 4 SN+SHOES + DESI data set is shown in the blue corner plot.

data obtained higher values. The parameters 1000; and In(10'°A;) are nearly the
same for the two data sets. Following the trend of the linear model, a strong
correlation can be seen between Hj and og in both Planck data sets. However,
the anti-correlation between wq cpr, and w, cpr, is only seen with PR3, while both
CMB data sets show an anti-correlation between wy cpr and Hy. Contrary to the
woCDM model, the CPL model does not have anti-correlations between Hy and
wo cpr and between w cp; and cg which were seen in the constant model. When
comparing the posteriors of the linear model from the two Planck datasets, the
PR4 dataset obtained smaller posteriors than when PR3 was used, and the pos-
teriors overlap each other. This means that the PR4 constrains the linear model
better, and PR4 is 10 away from PR3, meaning that there are no tensions between
the datasets, which is what was seen in the constant model.

From Table S6, it can be noted that when PR3 was used, the linear model limits
to the ACDM model as both values of wgycp; and w, cp; are 1o away from —1
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Figure 4.5: A graph showing the CPL model when using only the two Planck
CMB data. The red corner plot shows when the PR3 was used and the blue corner
shows when the PR4 was used.
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and 0 respectively, which are the values of the ACDM model. However, when
the newer Planck data was used the CPL model no longer limits to the standard
model as only w, cpy is 10 away from 0. Large uncertainties are seen for the
parameters Hy and o3, and the values of these two parameters are outside the ex-
pected range of values obtained from past research when the previously released
data set was used. On the other hand, when the newer CMB data set was used,
both Hy and o3 are within the range of past research. When comparing the AIC
and BIC of the CPL model to the AIC and BIC of the ACDM model, only one neg-
ative value was achieved which was when the PR3 was used and the AIC criteria
was taken. This shows that only in that case was the linear model statistically
better than the standard model. Otherwise, the values show that the standard
model fits the data better than the linear model. Then by comparing the four val-
ues of AAIC and ABIC, it can be concluded that the CPL parameterisation fits the
PR3 data better than the PR4 data.

Then, the late-time data sets, CC and SN+SHOES, were added to the Planck data
seen in Fig. 4.6 so that the linear model has information on the late Universe for
more accurate values of the parameters. When PR4 was used, the CPL model
produced lower values of wy, W, 1000s and In(10'° A;) and higher values of ;.
The recently released Planck data set helped constrain the T,,;, parameter better
than when PR3 data was used, as a narrower 1D curve is seen when PR4 was
used. When looking at the wq cp; and w, cpy, it can be seen that the linear model
obtained degeneracies when the previously released CMB data was used, as two
peaks are seen in the parameters’ 1D curves. This means that the addition of the
CC and SN+SHOES data was not enough to constrain the model and remove the
degeneracies that were seen in the previous model when only early-time data
was used. The curves show that the largest peak shows the most probable val-
ues of wg cpy, and w, cpr.. However, the smaller peak shows that there are other
possible values of wy cpr and w, cpr, which are not as likely, but the possibility is
high enough that there are uncertainties with the value of these two parameters.
This uncertainty is not seen when PR4 was used, as one peak is seen in the two
parameters, showing clearly which value of wycp; and w, cp; the CPL model
predicts. This means that when the PR4 data was used, the addition of the CC
and SN+SHOES data was enough to constrain the linear model and remove the
degeneracies seen in the previous plot. When PR4 data was used, the CPL model
obtained a lower value of w, cp; and a higher value of wy cpr. Two overlapping
1D curves are seen indicating that the linear model obtained the same Hj param-
eter even though the Planck data was updated. For the 0g parameter, when the
recently released CMB data was used, the CPL model achieved a lower value
than when the PR3 data was used.
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Figure 4.6: A graph of the CPL model using the two Planck early time data while
also using combinations of late time data. The green corner plot shows the CPL
model when PR3 + CC + SN+SHOES data was used, and the grey corner plot
shows the linear model when PR4 + CC + SN+SHOES data was used. The red
corner plot shows the model when using PR3 + CC + SN+SHOES + DESI, and
the blue corner plot shows when PR4 + CC + SN+SHOES + DESI was used.
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Then DESI data was added, which is also shown in Fig. 4.6. The addition of
the BAO data shifted the parameters wy, w4, and ns to lower values. When
PR4 data was used, the addition of DESI did not affect the CPL’s results of 1000,
In(10'° A5) and T,4j. This did not occur when PR3 was used, as it can be seen that
the results of the CPL parametrisation were affected when BAO data was added
by shifting the values of these three parameters to lower values. The DESI data
helped constrain the model by removing the degeneracies that occurred in the
parameters wg cp;, and w, cpr, when PR3 was used. In Fig. 4.4, which showed
the CPL model when only using late-time data, the graph showed that DESI low-
ered the value of Hy and w, cp; while wg cp; was not affected. Therefore, it was
expected that the DESI data would affect the CPL model the same way. How-
ever, the DESI data decreased the differences between the values of wg cpr and
w, cpr. that were seen in the previous graph. The addition of the newer BAO data,
lowered the value of wg cp; and slightly increased the value of w, cp;, when PR4
was considered, while the opposite effect occurred when PR3 was used. For the
Hj parameter, as expected, the DESI data lowered the value regardless of which
Planck data was used. Moving on to the ¢g parameter, the DESI data slightly
shifted the parameter’s values to lower values.

The correlation between Hj and oy that was seen in Fig. 4.5 is now also seen in
Fig. 4.6 regardless of the data combinations that were taken. However, it is not as
strong as when only early-time data was used. The anti-correlation that was seen
in the previous graph, between wg cp;, and w, cp; when only PR3 was used, was
also seen only late-time data was used with DESI in Fig. 4.4. This anti-correlation
is seen again in Fig. 4.6, except for when the PR3 + CC + SN+SHOES data com-
bination was used. When PR3 + CC + SN+SHOES data was taken, instead of
the expected anti-correlation, the linear model produced a correlation between
w, cpr, and wocpr. The linear model produced two other anti-correlations one
between w, cp; and og and another one between w, cpr, and Hp. The only time
these anti-correlations were not seen is when the CPL model was tested with PR3
+ CC + SN+SHOES data, as no correlations are seen. When the DESI data was
added, the CPL model shows an anti-correlation between w, cp; and Hp which
is not visible when only CC and SN+SHOES were taken as the late-time data.
This was expected as this anti-correlation was not produced when only CMB
data was taken and when CC + SN+SHOES was taken, but was seen when CC
+ SN+SHOES + DESI was taken seen, in Fig. 4.5 and Fig. 4.4 respectively. In
general, the linear model obtianed the smallest posteriors when the PR4 4 CC +
SN+SHOES + DESI was used. This was expected as DESI obtained the smallest
posteriors when only late-time data was used in Fig. 4.4, and PR4 obtained the
smallest posteriors when only early-time data was used in Fig. 4.5. It can also be
seen that like in the constant model, the linear model does not show any tensions
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between the dataset combinations.

Immediately, by looking at Table S7 and Table S8 it can be concluded that the
linear model does not limit to the ACDM model despite the addition of late-time
data. As neither wg cpy nor w, cpr are 1o away from 0 and —1 respectively. The
addition of the late-time data lowered the uncertainties of Hy and og that were
seen when only CMB data was used. Also, the addition of the late-time data
lowered the values of the two parameters and are within the expected range in
all four data combinations. When looking at the AAIC and ABIC it is concluded
that when the PR3 + CC + SN+SHOES data combination was used, the linear
model is statistically better than the standard model as negative values are seen
when taking both criteria. In the case of the other data combinations, the table
shows that negative values were achieved only when the AIC criteria was taken,
meaning that for the AIC, the CPL parametrisation fits the data better than the
ACDM model. On the other hand, when taking the BIC criteria, positive values
are seen, apart from the PR3 4+ CC + SN+SHOES data combination. This shows
that for the other three data combinations, the ACDM model remains to be the
better model. Out of all four data combinations, it looks like the CPL model fit
the PR3 + CC + SN+SHOES data the best, as when that data combination was
taken, the linear parametrisation model achieved the lowest values of AIC and
BIC.

4.3 | Quadratic Model

The quadratic model, also referred to as the JBP parametrisation model assumes
that w varies quadratically at current and late times but is constant at early times.
From the chosen simulations results were obtained for this model and the values
are shown in three tables: Table S9, Table S10, Table S11, and Table S12, where the
tables show the values of the parameters and the value of the statistical criteria.

First, the ]BP parametrisation was tested by using background data only, once CC
and SN+SHOES, then using CC and SN+SHOES with the older BAO and another
time using CC and SN+SHOES with DESI BAO data. Therefore, a corner plot was
made overlapping the three results as seen in Fig. 4.7. The graph shows that
when the CC + SN+SHOES data was used, the w, jpp parameter and (), were
not constrained well as a wide 1D curve is seen showing multiple values having
similar probability. The JBP model did not have any degeneracies when BAO or
DESI were used. It is clearly seen that the DESI produced smaller posteriors than
the other data combinations, showing that the JBP is more well defined when
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4.3. Quadratic Model

Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean
Sampled Parameters
O 0225 02427508 0270  0.273 70902 0.322  0.324+0.011
WOBP e vveeeennnn —0.89  —0.90%)12 —0.93 —0.91 59 —-0.83  —0.84%0%
W BP e veenennnn 0.73 0.28" a0 031  0.15 1) —-171 —1.64708
Derived Parameters
Hy..oooovii 7247 7240 +0.89 7229  72.36 *087 7149 7148108
X’ Statistics
X v 1309 1322 1327
AAIC............... 0.61 —0.38 -3.71
ABIC ............... 13.52 1.09 7.22

Table S9: The values of the JBP model when using only late-time data.

Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh eoneeneaieanan 0.02231  0.02238™09002 0.02233  0.02224 7000013
Wiy« v eveeeeeenenes 0.1204  0.1200 = 0.0014 0.11830 0.11876 = 0.00013
1000s. ... 1.04190 1.04190+0.00030  1.04190  1.04180"500%7
In(1010A4;) .......... 3.061 3.04610 018 3.040 3.040M0073
Mg e 0.9668  0.9652 = 0.0046 0.9700 0.96730.00%%
Thgio « + e e eeeenns 0.0619 0.0550 008t 0.0589  0.0575 + 0.0062
WOBP v evveneennnn —1.49 ~1.3175% —-1.32 ~1.19703
Wa[BP « e vveneeennen —0.03 0.34107% 0.64 0.1710%
Derived Parameters
Hyooooiooiaiie, 82.96 75401553 74.88 73.001 2%°
8. 0.959 0.88270 0% 0.867 0.848"0 0%

X Statistics
Xy o veeeneneeeennnn 2769 30570
AAIC............... 0.58 3.60
ABIC............... 16.66 20.32

Table S10: The values of the JBP model using the two Planck data sets: PR3 or

PR4.
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo 0.02250  0.0224870900%  0.02233  0.02232 £ 0.00012
e+ e eeeeeeenenn 01192  0.1191700003 0.1182  0.1180 + 0.0011
1000s. ..o 1.04190  1.042007" 500050 1.04200 1.04191 + 0.00025
In(1004;) .......... 3.049 3.046 10018 3.025 3.040 £ 0.014
Mg, 0.9653 0.9676 £0.0044 09670  0.9693 £ 0.0039
Thpi « + e e veeeeenns 0.0550  0.0558 00028 0.0540  0.0589 + 0.0063
WO JBP « v v enneennens —0.706  —0.790) Y —-0.802  —0.865"00%8
W JBP v eveeeennnn. —2.37 —1.84102 —1.63 —1.29102
Derived Parameters
Hy.ooovvoiiaian 70.10 70.247068 69.81 70.16 £ 0.67
OB 0.834  0.833+0.012 0.817 0.826 + 0.011

X’ Statistics
Xoyin < eveeeeeennnn 4098 31900
AAIC............... —11.36 —8.40
ABIC............... 4.72 8.32

Table S11: The values obtained from the JBP model when using PR3 and PR4
with CC and SN+SHOES data.

the DESI data was taken. So, following the trend of the previous parametrisa-
tion models, for the rest of the JBP model, the DESI data will be taken for the
BAO data. Also, following the trend of the constant model, the posteriors of
when DESI data or BAO data was used are within the posteriors of when only
CC and SN+SHOES data was used. This shows that there are no tensions within
the datasets. Similar to the previous model from the posteriors, correlations and
anti-correlations are seen between parameters. Similar to the two previously dis-
cussed models, when BAO data or DESI data were added to the other late-time
data, a correlation is seen between Hy and (), between wq jgp and (), and a
slight correlation between w, jpp and Hp which were also seen and discussed
in the CPL parametrisation. Also, similar to the CPL parametrisation, an anti-
correlation is seen between wy jpp and w, jpp, and there is an anti-correlation be-
tween (), and w, jpp which is seen in all the three data combinations. However,
when only CC and SN+SHOES were used, a non-linear anti-correlation between
wy,gp and (), is present showing that the two parameters are anticorrelated
when (), is larger than 0.2. If (), is smaller than 0.2, w,;gp and (), are not
correlated. Like in the previous models, the DESI data produced a higher value
of (), and a lower value of Hy than the two data combinations.
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh oo 0.02262 0.02247 £0.00014  0.02238  0.022327 00001
O R 0.1188  0.11910.0011 0.11825  0.118087 00007
1000s. . e 1.04190  1.0419070:950% 1.04190  1.041907590022
In(1004) .......... 3.044 3.046 +0.016 3.034  3.039+0.014
Mg 0.9697 0.96741 00010 0.9690  0.969210003
Tygio « v eveeeennenenns 0.0528 0.0559 ™ 0070 0.0572  0.0585" 0000
WOJBP v vveeeennnn —0.78 —0.8110%9 —0.830  —0.878"0 7%
W JBP - veeeeennen —1.75 —1.60102% —141 —1.1249%
Derived Parameters
Hy.oooiioiiiacn 69.68 69.80 = 0.59 69.67 69.751053
OB 0.825 0.830"001 0.820  0.822+0.010
X’ Statistics
Xy eeeeeeeeeennnn 4114 31910
AAIC............... —9.48 —6.40
ABIC............... 6.60 10.32

Table S12: Values of the quadratic model obtained from PR3 + CC + SN+SHOES
+ DESI and PR4 + CC + SN+SHOES + DESIL

When looking at Table S9, the value of Hyj is within the expected range of past
research. The JBP model limits to the ACDM model when CC 4 SN+SHOES
and CC + SN+SHOES + BAO data combinations were taken, as both w jgp and
w,,jpp are 1o away from —1 and 0 respectively. However, when DESI was used
the JBP model no longer limits to the standard model as wg jgp was pushed to a
higher value and the w, jgp was pushed to a lower value. The JBP parameteri-
sation is statistically better than the standard model when the AIC criteria was
used as negative values are seen in both BAO data combinations. This is not the
case when CC + SN+SHOES was taken and when the BIC criteria was used as
positive values are seen despite using different BAO data, meaning that for the
BIC criteria, the ACDM is still statistically better. Comparing the AIC and BIC
shows that the JBP fits the CC + SN+SHOES + DESI data better when it comes to
the AIC criteria while for the BIC criteria, the JBP parametrisation fits the CC +
SN+SHOES + BAO data better.

After the background data was analysed, the model was tested using only early-
time data PR3 and PR4. This was done to see how the model behaves when it
only has CMB data. Furthermore, Fig.4.8 was plotted so that the model could be
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Figure 4.7: A graph showing the results obtained from the JBP model when only
late-time data was taken into consideration. The grey corner plot shows the CC +
SN+SHOES data set combination, the red corner plot shows the CC 4 SN+SHOES
+ BAO data combination and the blue corner plot shows the CC + SN+SHOES
+ DESI data combination.

compared when different early-time data was used. The model was not able to be
constrained by using the Gelman-Rubin criteria, which was expected, as the JBP
parametrisation varies w quadratically only at the late Universe, while at early
times w is constant. Thus, similarly to the linear model, it is not enough to have
only early-time data to make the theoretical predictions on the JBP model. Sub-
sequently, degeneracies are seen with the parameters wg jgp and w, gp in both
Planck data sets. However, when the recently released Planck data was used,
degeneracies are also seen in the parameters Hy and oy, while no degeneracies
can be seen in these parameters when PR3 was used. When the newer Planck
data was used, the model had lower values of wy, Wy, and In(10'°A;) while
the values of 1000;, ns and T, stayed roughly the same. Following the trend
of woCDM model, there is an anti-correlation between wy jpp and Hy as well as
an anti-correlation between wg ;pp and 0g. Subsequently, there is a correlation
between Hj and 0g. The quadratic model achieved smaller posteriors in the six
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Figure 4.8: A graph of the JBP parametrisation when only having early-time data
PR4 seen in blue or PR3 seen in red.

ACDM model and in the w, ;pp parameter when the recently released Planck data
set was used, while smaller posteriors of wg jpp, Hy and 0g were obtained when
PR3 was used. This could be due to the quadratic model not converging with
the Gelman-Rubin criteria. Similar to the previous models, the graph shows that
there are no tensions between the Planck data as the posteriors either overlap or
intersect each other.

From the values that were generated from this model shown in Table 4.8, they
show that regardless of the chosen early-time data, w, jpp is 10 away from 0 but
the parameter wy jpp is not 1o away from —1, so the JBP parametrisation does not
limit to the ACDM model. The values of Hy and og obtained from PR4 are within
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the range of the expected value range while the value that was obtained from
the previously released Planck data set is above the expected range. It can be
noticed that the uncertainties of these values in both data sets are large which is
a consequence of early-time data not being enough to constrain wCDM models.
When comparing AAIC and ABIC, it seems like the standard model is statistically
better than the JBP parametrisation, as positive values are seen in both Planck
data sets regardless of whether AIC or BIC was chosen. From these values, it can
also be concluded that the JBP model fits the PR3 data better than the PR4 data.

Following the trend of the previous two parametrisation models, the late-time
data of CC and SN+SHOES were added to the JBP model, shown in Fig. 4.9. As
expected, the addition of the late-time data was enough to contain the JBP model
as no degeneracies are seen with the parameters Hy and cg. The late-time data
constrained the Hy parameter such that it removed any differences between the
values that the two Planck data had previously, as the two 1D curves are now
overlapping perfectly. When the PR3 was used the quadratic model did not pro-
duce any degeneracies with the w jpp and w, jpp parameters. On the other hand,
when the PR4 data was used, the quadratic model had small degeneracies with
the wCDM parameters, showing that there is a small possibility that the value
of wg,jpp would be around —1 and the value of w, jpp would be 0. The addition
decreased the differences between the values of In(10'°A;), n; and T,.;, that the
different data combinations obtained. When DESI data was added to the two
data combinations, it can be seen in the corner plot that the addition of the newer
BAO data did not affect the six ACDM parameters of the JBP parametrisation as
it can be seen that the diagonal panels of when PR3 + CC + SN+SHOES + DESI
was used overlap the diagonal panels of when PR3 + CC 4 SN+SHOES was used,
and the same thing happened when PR4 was used instead of PR3.

The DESI data affected the quadratic model by slightly shifting the value of o3
to lower values. It also affected the parameters wg jpp and w, jpp by constraining
them for when PR4 was used as no degeneracies can be seen. Additionally, in-
stead of obtaining narrower curves, which was what was expected, the quadratic
model widened the 1D curves of these two parameters. However, the posteriors
that were obtained when DESI was included are smaller than when DESI was not
included. Also, similarly to the previous graph, the newer Planck data produced
smaller posteriors, showing that it is more well-defined than the older Planck
data. Additionally, following the trend of the constant model, the graph shows
no tensions between the four data combinations. From Fig. 4.7, it was concluded
that the DESI data affected the quadratic model in a way that lowered the value of
w,,;pp and Hy and slightly increased the value of wy jgp. However, it can be seen
in Fig. 4.9 that the wy jpp parameter was not affected by this additional data. The
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Figure 4.9: A graph generated with GetDist, showing the JBP model when PR3
with CC and SN+SHOES data was used seen in the green corner plot, when PR4
with CC and SN+SHOES data was used which is seen in the grey corner plot,
when PR3 with CC, SN+SHOES and DESI was used that can be seen in the red
plot, and when PR4 with CC, SN+SHOES and DESI was used seen in the blue
plot.
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w,,;pp parameter was only slightly affected as it was pushed slightly to higher
values which is unlike what was seen in Fig. 4.7. The H parameter was shifted
to lower values like in Fig. 4.7.

In Fig. 4.9, correlations between parameters can be noticed. The anticorrelation
between wy jpp and Hy that was seen when only early-time data was used is no
longer visible when late-time data is added. However, similar to the previous
two wCDM parameterisation models, an anticorrelation is seen between w, jpp
and w jpp that was not seen in the previous graph but was seen when only late-
time data was used. A correlation between Hj and oy that was present in the
previous graph, when only early-time was used, is still seen when late-time was
added but it is less pronounced. Also, the JBP model reproduced the correlation
between wy jgp and og but it is also less defined than in the previous graph. The
quadratic model procured another slight anticorrelation when late-time data was
taken between w, ;pp and oy that was not present when only Planck data was
taken.

From Table S11 and Table S12, it can be noted that the JBP parametrisation does
not limit to the standard model as wg jpp and w, jpp are not 1o away from —1
and 0 respectively regardless of the chosen data combinations. CC and SN +
SHOES data lowered the value of Hy and lessened the parameter’s uncertainties
and DESI data slightly lowered the value and uncertainties of Hy even more.
The addition of the late-time data also lowered the values and uncertainties of
0g. The four values of Hy and og that the JBP parametrisation obtained with the
four data combinations are all within the expected range of past research. The
JBP model achieved negative values of AIC and positive values of BIC regardless
of whether the Planck data set was chosen and regardless of whether DESI was
added or not, meaning that for the AIC, the JBP model fit the data better than
the standard model while as for the BIC, the standard model fits the data better.
When comparing the AIC and BIC for all data set combinations, it can be noticed
that when DESI was included the JBP model achieved higher values of x> and
subsequently higher values of AIC and BIC. This shows that the quadratic model
does not fit the DESI data well. From these values, it also seems that the JBP
model fits the PR3 + CC 4 SN+SHOES the best out of the four data combinations.

4.4 | Logarithmic Model

The logarithmic model (GE model) is taken where it explains the evolution of w
as a logarithmic model. Table S13, Table S14, Table S15, and Table S16 show the
results of the GE model that were achieved from MCMC chains that were run by
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4.4, Logarithmic Model

Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean

Sampled Parameters
O P 0269  0.300790% 0274 0291 7508 0437  0.354100L7
WOGE «+vvveneenenn —-0.88  —0.9170% —0.888  —0.876 005  —1.023 —1.033700%
Wa,GE «evvvenveennens —0.014 —0.092750%  —0.01507 —0.12 ") o3 —0.183 —0.118709%
Derived Parameters
Hywoooeaiann, 72.34 70507790 72.25 70.73 *300 61.15  68.24"13%

X’ Statistics
Xy e 1309 1322 1329
AAIC............... 0.93 4.02 —1.86
ABIC ............... 13.84 14.95 9.06

Table S13: The values of the GE model using only background data obtained from
CLASS and MontePython simulations.

MontePython that used equations that were calculated by CLASS when the GE
model was tested using different combinations of early-time and late-time data
sets.

A graph was generated for the analysis of the logarithmic model when only using
background data, shown in Fig. 4.10. Contrary to the previous models, late-time
data on its own was not enough to constrain the logarithmic model as degenera-
cies are seen with the parameters of Hy and w, g for all late-time data combina-
tions while degeneracies are seen with ), when CC 4 SN+SHOES + DESI com-
bination was used. The only parameter that does not have degeneracies and is
well-defined in all the data combinations is the wg g parameter. Similarly to the
other parameterizations, DESI data pushed the value of (), to a higher value and
pushed Hj to a lower value. An anti-correlation is seen between (,,, and w, gg
in all the late-time data combinations, the rate at which they are anti-correlated is
constant regardless of the parameters” values. When CC + SN+SHOES data was
used an anti-correlation between wy g and (), was produced but can not be seen
when any of the BAO data were added. An anti-correlation is also seen between
Oy, and w, gr and a correlation is seen between Hp and w, gcg. However, unlike
in the previous models and in the anti-correlation of Hy and (), the posteriors
are curved. This means that the rate at which w, g and (), are anti-correlated
and w, cg and Hj are correlated depends on the values of the parameters and
the rate depends on the chosen data set combination. When CC + SN+SHOES
+ BAO was used, for values of w, gg that are below —0.1, the rate of the anti-
correlation and the correlation gradually decreases. On the other hand, when CC
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Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Whoooeeeaian 0.02233  0.02238™0.0002 0.02231  0.02223 + 0.00013
Wedpp -+ eveeeeeenenn 0.1203  0.1200 + 0.0014 0.1179  0.1188 £ 0.0012
1000s...ooveennns 1.0421 1.041940.00030  1.0418  1.0418 £ 0.00025
In(1010A45) .......... 3.052  3.045+0.016 3.034 3.039 +0.014
Mg 0.9659  0.9653" 00052 0.9681  0.9673 = 0.0040
Trpio oo e vveeneeennnn 0.0578 0.0544+0-007¢ 0.0571  0.0577 £ 0.0062
WOGE -+« v evveneennnn ~1.14 —1.0375% —-1.09 —0.99 £ 0.12
WaGE < v eveeeeennnn —0.07 —0.187097 —0.014  —0.077 £0.043
Derived Parameters
Hoooooooiaiein 72.54 70.775% 71.15 67.62302
OB e et 0.864 0.8431007 0.829 0.806 10028

x> Statistics
X v 2770 30570
AAIC............... 1.72 3.00
ABIC............... 17.80 19.61

Table S14: The values of the GE model when only early-time data were used.

+ SN+SHOES + DESI or CC 4 SN+SHOES was used, there is a noticeably sharper
shift from the rate at which w, gg and (), are anti-correlated and w, cg and Hy
are correlated from when w, g is higher than —0.1 to lower than —0.1. Thus,
when comparing the two posteriors of the two data combinations, the change in
rate when using DESI data or when not having any BAO data is less gradual than
when the older BAO data was used. These curved posteriors occurred due to the
logarithmic equation of w that the GE model has. Out of the two BAO data, DESI
obtained the smallest posteriors showing that it constrains the GE model better
than the older BAO data. Thus, the DESI data set will be used instead of the older
BAO data for the rest of the results obtained from the GE model. The posteriors
also show that there are no tensions between the datasets which is what was seen
in the previous reparameterisation models.

When looking at Table S13, when CC + SN+SHOES + BAO was used, w, gg is 10
away from 0 but wy g is not 1c away from —1. The opposite occurred when CC
+ SN+SHOES used and when DESI was added, as in both cases wy g is 10 away
from —1 but w, g is not 1o away from 0. This means that the GE model does
not limit to the ACDM model regardless of the chosen BAO data and regardless
of whether any BAO data is included or not. In all three cases, Hy agrees with
past research as it is within the expected range. However, it can be noticed that
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh e, 0.02248 0.02251£0.00015  0.022426 0.02235 + 0.00012
et ++ v eeeeennen 0.1182  0.1186 +0.0013 0.11743  0.1176 4 0.0011
10005 . .veeennnn. 1.0419  1.04205 + 0.00029 1.0420  1.04195 + 0.00024
In(100A4;) ...oo.... 3.055 3.046 +0.016 3.0464 3.040 +0.014
Mgt 0.9678  0.9688 = 0.0043 0.9704  0.9704 =+ 0.0039
Tygig « o v eeeeneeneenns 0.0630 0.0565 ") 0as 0.0588  0.0593 = 0.0063
WOGE «+vvereeennenn —-0.932  —0.960100 —0.978 —1.004100%
Wa,GE v eveeeeennnn —0.274  —0.246100% —1.9132  —0.149700%
Derived Parameters
2 69.83 70.22 +0.68 57.22 63.60 + 4.80
o YRR 0.828 0.830 = 0.012 0.713 0.76710:0%2
X’ Statistics
Xoyin <o 4098 31900
AAIC............... —11.54 —6.00
ABIC ............... 4.54 10.72

Table S15: The values of the logarithmic model when using PR3 and PR4 with
CC and SN+SHOES data.

the uncertainties of Hy are significantly higher than in the previous models this is
probably due to the degeneracies with the parameter that occurred in this model
that did not occur in the other models. From the AIC and BIC it is seen that only
one negative value was achieved from the GE when the CC + SN+SHOES + DESI
data combination was taken and when the AIC criteria was calculated, meaning
that only in that case was the GE model statistically better than the standard
model. By comparing the AIC and BIC for the three data combinations, it can be
concluded that the GE model fits the DESI data better than the other BAO data,
and better than when only CC and SN+SHOES data was used.

For the analysis of the two CMB data sets when using the GE parametrisation a
graph was rendered, overlapping the two corner plots that were obtained from
the results of the model. This graph can be seen in Fig. 4.11. By first focussing
on the six ACDM parameters, the figure shows that for the parameter 1000; the
results of the 1D curves overlap each other for the two Planck data sets while
for ns and T, there are only slight shifts to higher values and a slight shift
of the In(10'°A) parameter to lower values in the PR4 results. For the w;, and
wegm there are significant shifts towards lower values in the newer data set when
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh oo 0.02248  0.02251709%0° 0.02237  0.02234 = 0.00012
O 0.1182 0.1186 100013 0.11734  0.11776100000¢
1000s. .. .oveenenn 1.04190 1.04210+0.00030  1.04210 1.04190 4 0.00024
In(1010A4;) .......... 3.055 3.048 £ 0.016 3.025 3.041109°2
Mgt 0.9678 0.9688 1 0 004a 0.9707  0.9700 = 0.0035
(P 0.0622 0.05741000zs 0.0525 0.0592* 00020
WO.GE « v verneennens —0.932 —0.97010:93 —0.979 —1.00010:0%8
WaGE «vveneeennenn. —0.273 —0.2451001L —0.195 —0.146"508
Derived Parameters
Hyooovioiiiiin 69.83 70.201058 56.17 64.107355
Bt 0.828 0.830 +0.012 0.696 0.773%9%,
X Statistics
X e 4098 31910
AAIC............... —25.52 —4.60
ABIC............... —9.44 12.12

Table S16: Values of the GE model obtained from the two Planck data with CC,
SN+SHOES and DESI data.

compared to the older data set. Lowering w; reduces the amplitude of the CMB
power spectrum peaks discussed in Chapter 2, weakening the imprint of baryon-
photon interactions in the early Universe, and it also means that less baryonic
material is available to form stars, galaxies, and other structures. A lower w4,
would slow down the growth of cosmic structures like galaxies, clusters, and
superclusters thus, leading to weaker lensing effects observed in galaxy clusters
and along lines of sight to distant objects. Dark matter drives the initial collapse
of matter into gravitational wells, and with less dark matter, this process becomes
less efficient.

On the other hand, the area of the 2D panels in the PR4 run is smaller than in the
PR3 run. The smaller posteriors and confidence regions indicate that the prob-
ability mass is highly concentrated around a specific region, with little spread
across the parameter space. This is a sign of high certainty in the newer Planck
data set’s predictions. For the two additional parameters of the GE parameteri-
zation, wy g the two data sets give a similar 1D curve. This is not the case for
the w, g parameter, since PR4 shows a narrower curve and has a higher value
than PR3. For the Hy and the og parameters, the 1D curves are similar in shape
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Figure 4.10: A graph of the GE model when using only late-time data; CC +
SN+SHOES shown in grey; CC + SN+SHOES + BAO shown in red; and CC +
SN+SHOES + DESI shown in blue.

but for the PR3 data, the curve is narrower and shifted to higher values. Degen-
eracies are seen in the parameters wy gg with the recently released Planck dataset
and w, cg with both Planck datasets showing that there are a range of equally
likely values that the parameters can have. This indicates that the two Planck
data sets are not able to constrain the model on their own and might need addi-
tional data. Following the trend of the woCDM model, a strong anti-correlation
is seen between Hjy and w( cr and between w( cr and o3 in both of the Planck
data. Subsequently, there is also a strong correlation between Hy and o3 in the
two data sets. The posteriors also indicate that there are no tensions between the
two Planck datasets which was expected as it was seen in the previous models.

By analysing Table S14 it can be noted that in both Planck data sets, the value
of wy,gg is 1o away from the value of the standard model in cosmology while
for the w, g parameter is not 1o away. The PR4 data set obtained a lower value
of 67.62 for Hy than the expected possible values of Hy while the value of Hj
achieved from PR3 is within the expected range of values. The GE model, like
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Figure 4.11: The GE parameterisation when taking the observational data of PR4
shown in the blue corner plot and PR3 shown in the red corner plot.
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Figure 4.12: A graph showing the logarithmic model when the late-time data CC
and SN+SHOES are used with PR3 seen in green or PR4 seen in grey. Then DESI
was added to the two data combinations; PR3 + CC + SN+SHOES + DESI seen
in the red corner plot and PR4 + CC + SN+SHOES + DESI seen in the blue corner
plot.

the previously discussed wCDM parameterisation models, varies w in the late
Universe. Thus, CMB data is not enough to constrain the parameters of Hy and
og which results in high uncertainties with their values. The AIC for the PR3
is less than the AIC of the PR4, showing that PR3 is statistically better than the
recently released data set. However, the opposite is true when looking at the BIC
of the two runs, as they show that PR4 is statistically better.

For a better picture of the logarithmic model, the late-time of CC and SN+SHOES
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were added to the Planck data, and then DESI was added. The results were plot-
ted in a corner plot seen in Fig. 4.12 so that the 1D curves and the posteriors
between the parameters could be seen. From the graph, it can be seen that de-
spite the addition of the late-time data, the recently released data set still does
not manage to constrain the logarithmic model as degeneracies are still seen es-
pecially in the Hy and the g parameters, showing a range of possible values that
the logarithmic model has for Hy and 3. However, it is easily noticeable that the
late-time data has helped constrain the model, especially for the wg g and w, gg
parameter for both Planck data. The data combination that contains the PR4 data
generated a correlation between Hy and w, gr in the PR4 4+ CC + SN+SHOES
data combination, which was not seen in the previous graph. Changes in w, cg
imply a different rate of evolution in dark energy, which then affects the cur-
rent expansion rate and the inferred value of Hy. Unlike, what was seen in
previous parameterisation models, this correlation is not linear as it is seen as
curved. It is curved in a way that for values of Hy that are roughly higher than
65 kms_lMpc_l, w, e and Hy are no longer correlated. This is due to the equa-
tion of w for this model being logarithmic. The same correlation is seen between
w, e and og when PR4 data was used. The GE model exhibits an anti-correlation
between the parameters w, gg and wg g when the CC and SN+SHOES were used
regardless of the early-time data that was used. The posterior of these two pa-
rameters is also curved. This scenario shows that the rate at which w g and
w, GE are anti-correlated is dependent on the parameters” values. For larger val-
ues of wy g, and subsequently for smaller values of w, g the anti-correlation
is more present. The anti-correlation between the Hy and w g in Fig. 4.12 is
vaguely seen when the PR4 + CC + SN+SHOES data was used which was also
seen in the previous graph, but the anti-correlation is no longer there when the
early-time data PR3 was used. This anti-correlation is also curved as it shows that
the anti-correlation between Hp and wq g is more pronounced for values of Hy
that are roughly higher than 65 kms 'Mpc~!. These curved posteriors are due
to the logarithmic equation of wgg. A linear correlation is seen between Hp and
og when the recently released CMB data was used. The addition of the late-time
data, increased the differences between the values of 1000; while decreasing the
differences between the values of 7.

When the DESI data was added, it did not affect the diagonal panels of the six
ACDM parameters as the 1D curves of when PR3 + CC + SN+SHOES + DESI
overlap the 1D curves of when PR3 + CC 4 SN+SHOES, was used while the
results obtained from PR4 + CC + SN+SHOES + DESI overlap the 1D curves
obtained from PR4 + CC 4 SN+SHOES. Degeneracies are seen in the logarith-
mic model when the PR4 + CC + SN+SHOES + DESI, furthermore, this shows
that the DESI was not enough to constrain the Hy and og parameters. The DESI
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data also did not affect the correlations that were obtained when only CC and
SN+SHOES were used for the late-time data. When looking at the parameters
wo GE, Wa e and Hp, Fig. 4.10 showed that the DESI data affected the model by
lowering the values of Hy, wycg and w, gc. However, when DESI was added
to the early-time data, it seemed to not have affected these three parameters and
also did not affect og. The DESI data helped constrain the logarithm model better
as smaller posteriors were retrieved. Similarly, PR4 constrains the model better
than the PR3 data as the posteriors that the GE model obtained with the recently
released Planck data are smaller than the posteriors that the logarithm param-
eterisation obtained with the previously released Planck dataset. Subsequently,
the GE model obtained the smallest posteriors when the PR4 + CC + SN+SHOES
+ DESI data combination was used. Following the trend of the other models, the
posteriors in Fig. 4.12 show that the logarithmic model has no tensions between
the data combinations that were used.

From Table S15 and Table S16, it can be concluded that the GE model does not
limit to the ACDM model even though four data combinations were tested, as
wo,Gg is 10 away from —1 in all cases but w, g is not 1o away from 0 for none
of them. The model produced a lower value of Hy than what past research show
when the newer Planck data was used. The addition of the late-time data lowered
the values of Hy and o3 for the PR4 data combination and the uncertainty of this
parameter is still large. On the other hand, the parameterization obtained values
of Hy and oy of around 70.20 Km s_lMpc—l and 0.830 when PR3 was used, which
is within the range of past research and the uncertainties decreased as expected.
The AIC criteria shows that the GE parameterisation is statistically better than
the standard model as negative values are seen when two data combinations
were used. However, when the BIC criteria was taken, only when PR3 + CC +
SN+SHOES + DESI data was used was the logarithmic model statistically better
than the standard model. In the rest of the data combinations, the BIC criteria
shows that the ACDM model fits the data better than the GE model. From the
AAIC and ABIC values, it can also be concluded that the GE parameterisation fits
the data combinations that have PR3 better than the data combinations that have
PRA4.

4.5 | Barboza and Alcaniz

The values for this model are shown in Table S17, Table S18, Table S19, and Table
S20. The tables show the values of the samples and derived parameters as well as
the values of the statistical criteria. From these values, plot were generated and
conclusions were able to be made.
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Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean

Sampled Parameters
O 0.17 0.2710:39 0271  0.275 101 0.325  0.326 +0.011
WOBA v evveennnennn —-0.79  —0.891043 —0.901 —0.893 005 —0.901 —0.897"50¢7
WaBA «ovveneennnnn. 028  —0.127538 004  —0.02 1039 056  —0.59102
Derived Parameters
Hy.ooooiii 72.36  72.28+0.86 72.35 7235 +0.87 71.65  71.7670%

X Statistics
X oo 1309 1322 1324
AAIC ............... 0.68 —2.40 —6.33
ABIC ............... 13.59 8.53 4.60

Table S17: The values of the parameters for the BA parameterisation using only

late-time data.

Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oeoeeeeaeaen 0.02239  0.02240709001>  0.022264  0.022240 + 0.00013
A 0.1195 0.1199 + 0.0014 0.1190  0.1188£0.0012
10005 ..o 1.0417  1.0419 £ 0.0030 1.0417 1.041810-000%
In(10"0A;) .......... 3.048 3.04610013 3.031 3.042 +0.015
Mg 0.9682  0.9656")00s 0.9695  0.9701 = 0.0039
Thio « + e e eeeeenn 0.0555  0.05497 0001 0.0578 0.0590 + 0.0065
WOBA - vvvvrennnnnnn —1.38 120153 —1.08 —1.2270%2
WaBA ««nveerneennnns —0.46 —0.44755) -0.13 —0.111557
Derived Parameters
Howooooneaiieannn, 85.12 78.771772 71.73 72.8112%
YR 0.965 0.911700 0.842 0.850" 0020

x? Statistics
Xy e 2768 30570
AAIC............... —0.20 2.60
ABIC............... 15.88 19.21

Table S18: The values achieved from CLASS and MontePython when assuming
the BA parametrisation using PR3 and PR4.
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo 0.02252  0.02245) 9001 0.02242  0.0223210.990°
O R 0.1179  0.1191+£0.0013 0.1173  0.1180 = 0.0011
1000s. .. oveenn 1.04200 1.04200 +0.00030  1.04180 1.04190 00005,
In(1004;) .......... 3.041 3.04510018 3.047 3.03919012
Mgeiiaiaiaannn. 0.9726 0.967410.0012 0.9750  0.9695" 0005
(R 0.0523 0.0553 1) t0a 0.0634  0.0585")00e;
WOBA <« v evveneennnn —0.787  —0.797100% —0.741  —0.79970 0%
WaBA -« eveeeenennen. —0.71 —0.73"02% —0.81 —0.70023
Derived Parameters
Hy.oooivoiiiiaen 71.05 70.8410 70.90 70.81107
[ YITTTTTTTTeTey 0.835 0.842 + 0.012 0.836  0.835+0.011

X’ Statistics
Xy veeeeeeeeennnn 2046.21 31890
AAIC............... —16.70 —14.20
ABIC............... —0.62 2.52

Table S19: The values of the BA model when using only CC and SN+SHOES for
late-time data together with PR3 or PR4.

We first focus on the effect that the two BAO data have on the BA model, so a
graph showcasing the results seen in Table 517, was rendered and can be seen
in Fig. 4.13. Unlike in the logarithmic model, the late-time data on its own was
enough to constrain the BA model such that no degeneracies are seen in any of the
parameters. The 1D curve of the (), parameter is wide enough to show that any
BAO data was required for better constraints of that parameter. It is important
to point out that the BA model produced the same 1D curve for wgp4 for the
two different data set combinations that contain BAO. Similarly to the previously
discussed wCDM parameterisations, when the DESI data was used the BA model
achieved a higher value of (), and a lower value of Hy and w, g4, while the BAO
data achieved a lower value of ();,. Following the trend of the previous models,
the BAO data did not affect the model with regards to the Hy and w, p4 except
for constraining the model better. Also, DESI produced smaller posteriors than
when the older BAO data set was used, which was expected as this was seen in
the other models. Therefore, the DESI data is better data, so DESI will be added
to the early-time data instead of the older BAO data set. The posteriors show
that there are no tensions between the data combinations which is in agreement
with the other tested models. Like in the first three models, there is a correlation
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh oo 0.02252  0.022570 9001 0.02232  0.02228 - 0.00012
O 0.1179  0.1191+£0.0013  0.11901 0.11865 % 0.00010
1000s. . veeeenn. 1.0420  1.042040.00030  1.04170 1.04170 = 0.00024
In(100A4;) .......... 3.041 3.04510018 3.041 3.0391 000
Mgt 09726  0.9674"00013 0.9648 0.9679 109038
Tygig « o eeeeeeeeneenn 0.0523  0.0553")00% 0.0572 0.0580" ) tnea
WOBA <« venveneennnn —0.787  —0.797100% —0.869  —0.890"005
WaBA e vvernnennnns —0.71 —0.73707% —0.45 —0.4170:53
Derived Parameters
Hywooooeaeann, 71.05 70.841050 69.62 69.861051
8. 0.835  0.842+0.012 0.829 0.8290 019
X’ Statistics
Xopin <o 4109 31910
AAIC............... —14.28 —9.40
ABIC ............... 1.80 7.32

Table S20: Values of the BA model when the late-time data of CC, SN+SHOES and
DESI were used in conjunction with early-time data.

between (), and Hp and an anti-correlation between wgp4 and Hj that is only
seen when BAO or DESI data set were used. Also, similar to the CPL and JBP
parameterisations, there is an anti-correlation between wg g4 and w, p4 with the
two BAO data sets, another anti-correlation between (), and w, p4 that is seen
in the three data combinations, and the parameters wy g4 and (), are correlated
when DESI or BAO data was added. However, no correlations between Hy and
w, pA can be seen.

Moving on to analysing Table S17, it can be noted that the BA parameterisation
does not limit to the ACDM model regardless of using different BAO data, as
only w, pa is 1o away from 0 when CC + SN+SHOES + BAO and when CC +
SN+SHOES data were used. The value of Hy is in the expected range of past re-
search and unlike in the logarithmic model, the uncertainties of Hy are small in
the BA model. When looking at the AAIC and ABIC, the BA model is statistically
better than the standard model when the AIC criteria was taken, as negative val-
ues were found in both BAO data combinations. However, for the case of the BIC
criteria, the standard fits the data better than the BA parameterisation. As for
when CC + SN+SHOES was used, positive values of AAIC and ABIC are shown,
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Figure 4.13: A graph of the BA model when using CC 4 SN+SHOES shown in the
grey corner plot, CC + SN+SHOES + BAO shown in the red corner plot and CC
+ SN+SHOES + DESI shown in the blue corner plot.

meaning that the ACDM model fits the CC and SN+SHOES data better than the
BA parameterisation. When comparing the data combinations it seems that the
BA model fits the DESI data better than the other two late-time data combina-
tions.

Moving on to the analysis of the two CMB data sets, Fig. 4.14 was plotted to
show the two Planck data sets on their own when the BA model is taken. PR4
managed to obtain lower values of wy, w4y, 10005 and In(10'° A;) while obtain-
ing higher values of ns; and T, than PR3. Both the two corner plots were not
able to converge with the Gelman-Rubin criteria and degeneracies are seen in the
parameters of wy g4 and w, p4. Despite both of them not being able to converge,
the newer Planck data set still manages to obtain smaller posteriors showing that
it still constrains the model better than PR3, and from the posteriors it can be con-
cluded that there are no tensions between the PR3 and PR4, which agrees with
the previous models. The PR4 shifted the values of Hy and g to lower values
when compared to when PR3 was used. In both plots, there is an anti-correlation
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Figure 4.14: A graph showing the two early-time data sets when using the BA
parametrisation without the influence of late-time data. The results obtained
from the BA model when PR3 was used are depicted in the red corner plot, and
the results when PR4 was used are depicted in the blue corner plot.
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between Hy and wg g4, and another one between wg g4 and cg. A strong correla-
tion can be seen between Hj and ¢g in both data sets.

When looking at Table S18, the values of Hy and o3 for the previously released
data set are out of the expected range of possible values, while for the recently
released data set, they are both within that range. The BA model limits to the
standard model with the newer early-time data set but it does not with the older
Planck data set as when PR4 is used both wyps and w, g4 are 1o away from
—1 and 0 respectively but this is not the case when PR3 was used. When the
AIC statistic was taken a negative value was obtained when the PR3 was used,
meaning that the BA model fit the PR3 data better than the ACDM model but not
for the PR4 data. When the BIC statistic was taken it showed that the standard
model fits the PR3 and the PR4 data better than the BA parameterisation. The
AAIC and ABIC are lower for the older data set, showing that the BA model is
statistically better with the PR3 data than for the newer Planck data set.

Late-time data, CC, SN+SHOES were added to the early-time data, seen in Fig.
4.15. From the graph, it can be seen that the late-time data with the PR3 data was
not enough to constrain the model, as degeneracies are seen with wgy p4 and w;, ga.
When PR4 data was used no degeneracies in the two parameters were found in
the blue corner plot, showing that the BA model was constrained when PR4 +
CC + SN+SHOES was used. That means that the BA model is more well-defined
when PR4 is used. When CC and SN+SHOES were added to the early-time data,
they affected the results of the BA model in a way that the differences in results
between the two data combinations, in the values of 1006; and In(10'° A;) have in-
creased while the differences in the 7, 7., and Hp parameters decreased. When
looking at the two wCDM parameters, it can be seen that the additional data in-
creased the differences between the two Planck data. The CC and SN+SHOES
data affected the BA model by pushing the values of wy g4 to higher values and
w, pA to lower values. The CC and SN+SHOES data also shifted the values of Hy
and o that was produced when using PR3 to lower values and hence, decreasing
the difference between the BA model’s values of Hj and o5.

Then DESI was added also seen in Fig. 4.15. The addition of the DESI data did
not seem to affect the BA model when the recently released Planck data was used,
with regards to the parameters 1006, In(10'°A;) and Ty, as the 1D curves that
were obtained from the PR4 + CC 4 SN+SHOES data combination overlap the
1D curves that were obtained from PR4 + CC + SN+SHOES + DESI. While when
PR3 was used, the DESI data shifted these three parameters to slightly lower
values For the rest of the six ACDM parameters, the DESI data affects the BA
parameterisation by shifting the values of w;, and ns to lower values and shifting
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Figure 4.15: A graph of the BA model when using late-time data of CC and
SN+SHOES with PR3 seen in the green corner plot and with PR4 seen in the
grey corner plot. Then the BA model was tested with the late-time data of CC,
SN+SHOES and DESI, with PR3 seen in the red corner plot and then with PR4
seen in the blue corner plot.
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Wemg to higher values. Fig. 4.13 showed that values of Hy and w, g4 that were
obtained from the BA model were lowered when DESI was used. On the other
hand, the wy g4 was not affected by the DESI data. In Fig. 4.15, it can be seen
that when DESI was added to the other late-time data and to the Planck data,
the value of wy g4 was increased when PR3 was used and decreased when PR4
was used while the values of w, g4 was decreased when the previously released
Planck data was used and increased when the recent CMB data was used. This
decreased the discrepancies between the Planck data to the point that there is
only a slight discrepancy with the w, g4 while there are no discrepancies with
the wyp4 parameter as the two 1D curves overlap. As for the Hp parameter,
similar to Fig. 4.13, the DESI data shifted the parameter’s value to lower values
for both Planck data in a way that now the 1D curves overlap. Moving on to o,
the DESI data did not affect the BA model when the previously released CMB
data was used but it did affect the model when PR4 was used, as the additional
data pushed the parameter’s value to lower values.

Correlations are seen in Fig. 4.15. A slight anti-correlation between wgyp4 and
Hy is seen only when DESI was added to the Planck and CC + SN+SHOES data,
a strong anti-correlation is seen between w, g4 and wyp4 when late-time data
combinations were added that was not present when only CMB data was used,
and a slight anti-correlation is seen between Hp and w, g4 when PR4 + CC +
SN+SHOES data combination was used that was not achieved when only early-
time was used. The BA model also produced a correlation with all data combina-
tions between Hy and 0g which was also seen in the previous graph. However, it
is not as strong as when the model was tested using only early-time data. There
is another slight correlation between wgp4 and g that was caused by the ad-
dition of the DESI data. Also, a correlation is seen between the w, p4 and o3
parameters for all data combinations except for when PR3 + CC 4 SN+SHOES
was used. Following the trend of the previous plots and the previous models,
the posteriors that were produced when using PR4 are smaller than the posteri-
ors obtained from PR3, and when DESI was included it constrained the model
more and produced even smaller posteriors. Subsequently, the smallest posteri-
ors were obtained by the PR4 + CC + SN+SHOES 4 DESI data combination. In
addition, the posteriors show that there are no tensions between the data combi-
nations when the BA model was used as they are all 10 away from each other,
which is like what was seen in the previous four graphs.

From Table S19 and Table S20, it is seen that the BA model does not limit to the
standard model, as the values wg g4 and w, p4 are not 1o away from —1 and 0 re-
spectively regardless of the chosen data. The addition of the CC and SN+SHOES
was enough to constrain the Hp and g such that their uncertainties were low-
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4.6.

Oscillatory model

Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean

Sampled Parameters
O 0232  0.278M00% 0272  0.276 £0.016 0.326  0.327 +£0.011
WO.0SCILL -+ v evvenr —0.85 —0904+0.11  —0.885 —0.880 70>  —0914 —0.9157)0%
WaOSCILL -+« vvene- —044 050798 —0.07  —0.28 197 1.75 1.7970%1
Derived Parameters
Hyoooooeieannn, 7244 7228 +0.85 7226 72.37 +0.88 71.78  71.8470%

X Statistics
Xpin < oeveeeeneeene 1309 1322 1323
AAIC............... 0.89 —2.31 ~7.48
ABIC ............... 13.80 8.62 3.45

Table S21: The values of the oscillatory parameterisation when using only late-
time data.

ered and the values that were obtained with PR3 are now within the expected
range of past research. Thus, the four sets of values show that both Hy and o3
are within the range of expected values. When looking at the AAIC and ABIC,
negative values are seen when the AIC criteria was taken in the four data combi-
nations, showing that the BA model is statistically better than the ACDM model.
However, when the BIC criteria was taken, the BA model achieved a negative
value when PR3 + CC 4 SN+SHOES combination was taken but a positive value
was found when PR4 was used instead of PR3. Therefore, the BA model fits the
PR3 4 CC + SN+SHOES data better than the ACDM but the standard model fits
the PR4 + CC 4 SN+SHOES better than the BA parameterisation. When the DESI
data was added it was found that no negative BIC values were retrieved. Also,
lower values of AIC and BIC were obtained when PR3 with CC and SN+SHOES
was used meaning that the BA model fits that data better than the other data
combinations.

4.6 | Oscillatory model

The oscillatory model, in short, OSCILL model, allows w to vary in an oscillatory
manner. From CLASS and MontePython, the values of the six ACDM parameters
with the additional two parameters for the reparameterisation are given and are
shown in Table S21, Table S22, Table 523, and Table S24. The tables use different
data set combinations to obtain a good understanding of the model and its effect
on the parameters.
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Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo 0.02249  0.0224010 90072 0.02222  0.02226 = 0.00013
S 0.1191  0.1198 +0.0014 0.1192  0.1186 = 0.0012
1006s. ... .oeennenn. 1.04170 1.04190 £0.00030  1.04180 1.04184 4 0.00025
In(100A) .......... 3.040 3.046 4+ 0.018 3.036 3.038 +0.014
Mg, 0.9678 0.9658 " 0 00e 0.9694  0.9677 £ 0.0040
Trpio v e eeeeeeeeenns 0.0520 0.055275 0085 0.0580  0.0576 + 0.0061
WO,0SCILL -+ + v veene —1.39 ~1.1779% —0.83 ~1.301933
Wa OSCILL -+ v v v en e 0.71 1.25709% 1.52 0.1875:50
Derived Parameters
Hoooovooieiiin 83.41 77.39 508 69.09 79.00 = 10.00
L TP R 0.942 0.901 15082 0.83 0.891037

x> Statistics
Xy weeereneeanen 2768 30570
AAIC............... —0.96 2.67
ABIC ............... 15.12 19.21

Table S22: The values obtained from CLASS and MontePython for the oscillatory
reparametrisation model using either PR3 or PR4.

Three corner plots where each one shows pictorially the values obtained from the
simulations; one when using late-time on its own; another when using early-time
on its own; and lastly, when taking early-time with late-time data combinations.
Starting with the late-time data, Fig. 4.16 shows the results that were obtained
from the OSCILL parameterization using two different late-time data combina-
tions. As seen in the logarithmic model, degeneracies are seen when the OSCILL
parameterisation was taken specifically in the w, oscrr 1 parameter when either
DESI data or the older BAO data were used. This shows that any BAO data was
required to constrain the model. The DESI data obtained a higher value of (),
and a lower value of Hy when compared to the older BAO data, which is in agree-
ment with the previously discussed models. The older BAO data did not make
any changes to the Hy parameter, as the 1D curve when the BAO data was used
overlaps the 1D curve that the model produced when only CC and SN+SHOES
data was used. It can also be seen that the older BAO data also produced the same
result as when CC + SN+SHOES were used for the wyoscir parameter. How-
ever, when the BAO data was added it made the wyogscy . more well-defined.
This is also seen with the w, oscjr1 parameter. In this model, the DESI data ob-
tained a higher value of w, oscr 1 which is the opposite of what occurred in the
other wCDM models. In agreement with all the previous parameterisation mod-
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh oo 0.02247 0.02246170000°  0.02240 0.02234 £ 0.00012
Wit + e v e, 0.1187  0.1193*0001 0.1173  0.1178 4 0.0011
10005 ..o 1.04180 1.0420070000%  1.04190  1.04190F 000052
In(1014;) .......... 3.050  3.04470019 3.050 3.039 £ 0.014
Mg, 0.9688  0.9672F000:5 0.9721 0.9700™0.00%
Tyeig <« v eeveneennenns 0.0556  0.05491000% 0.0642 0.0588 0 t0es
WO.0SCILL -+« vvene- —-0.812  —0.81115¢ -0.836  —0.863700%
Wa,OSCILL -+ -« v v 2.30 2.1810>2 1.83 151755
Derived Parameters
Hyoooovioiaian 71.76 71.017072 71.45 70.80 079
U8 0.851 0.84510 013 0.841 0.833 + 0.010

X Statistics
Xpin < vveeeeeeeenn 4090 31890
AAIC............... —18.68 —18.00
ABIC............... —2.60 —2.04

Table S23: The values that were achieved from CLASS and MonetePython when
taking the OSCILL model when using CC and SN+SHOES either with PR3 or PR4
for the observational data.

els, the DESI data has smaller posteriors than the older BAO data, showing that
the DESI data is a better data set than the older BAO data set, meaning that for
the rest of the results of the OSCILL model, the DESI data will be used instead
of the older BAO data. Following the trend of the previous five wCDM models,
there are no tensions between the datasets as the posterior of CC + SN+SHOES
+ DESI were within the posteriors of CC + SN+SHOES. From the posteriors, it
can be concluded that there is an anti-correlation between wg oscrrr and Hp and a
correlation when any of the two BAO data were added while an anti-correlation
is seen when BAO or DESI were not used. A correlation is seen between H
and ),, when DESI or BAO data were added to the other late-time data which
was seen in the wyCDM, CPL, JBP and BA models. However, unlike what was
seen in the other wCDM parameterisations, a correlation between wg oscyrr, and
w, 0sciLL is seen with the two BAO data combinations and another correlation
between w, oscyrr and (), are seen for all the data combinations. This difference
is due to the equation of w that was chosen for the OSCILL model.

Moving on to analysing Table S21, the OSCILL model only limits to the standard
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Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh oo, 0.02251 0.02250 £0.00014  0.02219  0.02226 + 0.00013
2 0.1185 0.1187+0001% 0.11888  0.1189510000%
1000s. e 1.04180 1.04200 +£0.00029  1.04190 1.04180 = 0.00025
In(1014,) .......... 3.046 3.04610072 3.055 3.037 £0.014
Mg 0.9686 0.9685 00030 0.9667  0.9669 & 0.0035
Trio « e v v enveneanenn 0.0563 0.0563 10 00az 0.0600 0.0568™0.00%)
WO,0SCILL -+ -+ vvvenn- —0.980 —0.997105%9 —0.938 —0.910"50:3
W OSCILL -+ v v vvene- —0.48 038703 0.92 1.081028
Derived Parameters
Hyooooieeieaen 69.92 69.8715¢) 70.07 69.8510-8)
4 TR 0.826 0.8271001 0.836 0.831 +0.010
x? Statistics
Xy oo 4112 31910
AAIC............... -10.62 —8.80
ABIC............... 5.46 7.92

Table S24: The oscillatory model’s values when using each Planck data with CC,
SN+SHOES and DESI data.

model when no BAO data was used, as it can be seen from the table that both
wo oscirL and w, poscrrr are 1o away from 0 and —1 respectively. Once BAO or
DESI data is added, the oscillatory parameterisation model no longer limits to the
standard model, as only w, oscjrr is 1o away from 0. In all data combinations,
the OSCILL model achieved a value of Hy that is in the expected range of past
research and its uncertainties are small. Moving on to analysing the AAIC and
ABIC of the OSCILL model, it is seen that negative values of AIC were found in
both data combinations that contain any BAO data. This means that the OSCILL
model fits the DESI and the BAO data better than the standard model. Subse-
quently, a positive value of AAIC is seen when no type of BAO data was included
showing that the standard model fits the CC 4+ SN+SHOES data better than the
OSCILL model. When the BIC criteria was taken, the standard model fit the data
better than the OSCILL model, as positive values are seen when three late-time
data combinations were taken. It can also be noted that the CC + SN+SHOES
+ DESI data combination obtained lower values of AIC and BIC than the CC
+ SN+SHOES + BAO data combination, meaning that the OSCILL model fit the
DESI data better than the other BAO data.
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Figure 4.16: A corner plot showing the OSCILL parameterisation when using CC
-+ SN+SHOES, seen in the grey corner plot, then when using CC + SN+SHOES +
BAO data, seen in the red plot, and when using CC 4 SN+SHOES + DESI data,

seen in the blue plot.

To be able to compare the two Planck data sets without the influence of the late-
time data, a plot was made, and can be seen in Fig. 4.17. For both CMB data sets,
there are degeneracies in the wy poscyrr and w, pscrrr in both data sets. However,
when the newer Planck data set was used, a complete degeneracy can be seen
in the parameter of og showing that the OSCILL model did not manage to con-
strain the parameter at all with PR4, showing that all possible values of og are as
equally likely to be true. However, when the previously released data set was
used, the OSCILL model managed to constrain ¢g, showing clearly what is the
most possible value of the parameter.

The complete degeneracy in 0g could be due to the degeneracies found in w, oscrrr
and due to og being defined as a derived parameter. Since this model has an
oscillatory wpscrrr, where w, oscirr exhibits periodic variations over time, this
adds additional complexity to the evolution of dark energy. Instead of a smooth
or more predictible transition like in the previous models, oscillations introduce
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Figure 4.17: A graph showing the two CMB data sets without the influence of
late-time data. The red plot shows when PR3 was used, and the blue plot shows
when PR4 was used.

115



Chapter 4. Data Analysis 4.6. Oscillatory model

multiple phases of acceleration and deceleration in Universe’s expansion. The
oscillatory nature of the w directly affects the growth of matter perturbations,
which og measures. The amplitude of matter fluctuations depends on the rate
of expansion and the interplay between dark energy and matter. Therefore, de-
generacies in wyopscirr and w, oscrr, become even more pronounced, as they
can lead to degeneracies in structure growth. There is another reason why o3
was completely degenerate, which is due to the data itself. The oscillatory EoS
can amplify the correlation between wg oscirr and w, oscrrr effectively "washing
out" their individual contributions to the derived og. This results in a situation
where 0g becomes completely degenerate, not because it is inherently ill-defined,
but because the data cannot constrain it uniquely within the oscillatory parame-
terisation framework.

There are visible differences between the values of wy, W4, 1n(1010AS), ns and
Treio as PR4 has lower values of wy, W, 10065 and In(101° A), while it has higher
value of ns and T, than PR3. The OSCILL model produced lower values of
w, oscirL and Hyp when the recently released data set was used, while both Planck
data sets seem to roughly agree on the most probable value of wyoscrrr despite
the degeneracies. Following the trend of the other models, the posteriors and
the 1D curves that were obtained when using the recently released data set are
smaller than the posteriors that were obtained for the previously released data
set except for wg oscirr, Ho and og. This shows that the older data set only con-
strained the model better than the newer data set for the parameters of wp oscrrr,
Hp and og; for the rest of the parameters, PR4 constrained the OSCILL better.
From the posteriors, it can also be concluded that there are no tensions between
the Planck datasets as the posteriors are overlapping or intersecting each other,
this was seen in all the other previously discussed wCDM models. An anti-
correlation is seen in both data sets between the parameters of Hy and wg oscrrr.
On the contrary, the OSCILL parametrisation produced an anti-correlation be-
tween g and wy oscrrr and a strong correlation between Hy and cg when PR3
was taken.

From Table S22 it can be concluded that despite the large degeneracies seen when
PR4 was used, the OSCILL model limits to the ACDM model only when the re-
cently released Planck data was used, as wgoscrrr and w, oscyrr are 1o away
from —1 and 0 respectively. This is not the case when the previously released
Planck data was used, as the OSCILL parameterisation does not limit to the stan-
dard model since both parameters are not 1o away from the values of the stan-
dard model. It can also be noted that both values of Hy are higher than the ex-
pected range of possible values that Hy can have. Also, large uncertainties are
seen for Hy and o3, especially when PR4 was used. This correlates to the degen-
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eracies that were seen when the PR4 data set was used. When looking at the
values of og that were obtained from the two CMB data sets, it seems like when
using PR3 the OSCILL model achieved a high value which was outside the ex-
pected range of past research. On the other hand, when using PR4 the OSCILL
model obtained a value of g that was within the expected range, despite the
model not being able to constrain the parameter when the PR4 data was used.
Shifting the focus to AAIC and ABIC, it can be concluded that only when PR3
data was used and the AIC criteria was taken, a negative value was retrieved.
This means that only in that case was the OSCILL model statistically better than
the standard model. For the rest of the cases, the standard model fits the data
better than the OSCILL parameterisation. Similar to the previous models, the
OSCILL model fits the PR3 data better than the PR4 data.

The late-time data was added to the OSCILL model with the Planck early-time
datasets. The first thing that can be noticed is that with the addition of the CC
and SN+SHOES data, the OSCILL managed to constrain the g parameter with
PR4 unlike what was seen in the previous graph when only PR4 was used. It
can also be seen that with the addition of the late-time data, there are no longer
any degeneracies with w, oscir. However, degeneracies are still seen with this
parameter when PR4 was used. When looking at the six ACDM parameters it
can be seen that following the trend of the previous graph, with the newer Planck
data, the OSCILL model achieved lower values of wy, w4y, 10085 and In(101°Ay)
while higher values of 15 and 7,,, than PR3. Moving on to the analysis of the two
wCDM parameters, it can be found that the OSCILL parameterisation achieved
lower values of wy oscyrr and w, oscr . when PR4 was used than when the older
CMB data was used. A similar thing happened for the Hy and og parameters.

Then DESI data was added with the late-time data of CC and SN+SHOES, for the
analysis of the effect of the DESI data when the OSCILL model. It can be noted
that the DESI data affected the six ACDM parameters by lowering the value of
wp, 10085 and n; when PR4 was used but increased when PR3 was used, which
resulted in the difference in the values achieved from the two Planck data sets
to increase for wy, and 1006; while decreasing the difference for the ns parame-
ter. The addition of the DESI data also affected the w,;,,, parameter by increasing
the value that was produced by the recently released Planck data and decreasing
slightly the value that was obtained when the other Planck data was used. The
Treio parameter was also affected by pushing the parameter to lower values only
when PR4 was used as the DESI data did not seem to have affected the parame-
ter when the previously released data set was used. The additional late-time data
also did not have any effects on the In(101° A;) parameter as the 1D curve of PR4
+ CC + SN+SHOES + DESI overlaps the 1D curve of PR4 + CC + SN+SHOES

117



Chapter 4. Data Analysis 4.6. Oscillatory model

BN PR3__CC_SN+SHOES_
B PR4__CC_SN+SHOES_

BN PR3__CC_SN+SHOES_DESI_
BN PR4__CC_SN+SHOES_DESI_

=5

o
=
N
5]
T

=

o
-
=
w
T

1006,
T T

=

Iy
o
=
et
N
T

S
w
-
o
T

w

o

@
T

oem® e e ee@

o

=)

®
T

ol slele
30
=

@

x
0
=

Wo,osciLL
|
o
b
T

: N

>
®

®

. 4

.
®
=

Wa, osciLL

1 1 1 1 1 1 1 1 1 [
0.022 0.12 1.042 3.01 3.09 0.959 0.976 0.04 0.07 -1.0 -0.7 2 4 70 72 0.81 0.87

o

©

S
T
!
T

SO

Wp Weagm 10085 In10'°A;  ng Treio  Wo,0scit Wa,0scit— Ho Og

Figure 4.18: The graph shows four overlapping corner plots of the OSCILL model
using the two Planck data sets with combinations of late-time data. PR3 + CC +
SN+SHOES is depicted in the green, PR4 + CC + SN+SHOES is seen in the grey
corner plot, PR3 + CC + SN+SHOES + DESI is seen in the red corner plot, and
PR4 4 CC + SN+SHOES + DESI is seen in the blue corner plot.
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and the same occurred for when PR3 was used instead of PR4. When the OSCILL
model was tested with only late-time data seen in Fig. 4.16, the DESI data had af-
fected the OSCILL model as it lowered the value of Hy and increased the value of
w, osciLL, While keeping the parameter wg oscir the same. When DESI was used
with early-time data it resulted in the OSCILL model achieving lower values of
Wo,0SCILL, Wa,0scILL, Ho and og where the two Planck data sets obtained the same
1D curve for Hp. It can also be seen that the DESI data constrained the w, oscrrr
parameter more such that no degeneracies were obtained by the OSCILL model
when PR4 was used.

Correlations and anti-correlations are seen in Fig. 4.18. When only late-time
data was used, in Fig. 4.16, an anti-correlation between wyoscrrr and Hp and
a correlation between wy oscrrr and w, oscr.r were found. Following the trend
of the previous models, when late-time was added to the early-time data, the
OSCILL model produced a strong correlation between w, oscir and wgoscirL
and a slight correlation between Hy and o3 in all late-time data combinations.
This correlation was also seen in the previous graph but when only early-time
data was used, this correlation was stronger. A slight anti-correlation can be
seen between Hy and wy oscrrr when PR4 was used. However, a stronger anti-
correlation is present when the PR3 + CC + SN+SHOES + DESI data combination
was used even though this anti-correlation is not seen when only PR3 + CC +
SN+SHOES data combination was used. The anti-correlation that can be seen be-
tween wp oscyrr and oy is only visible when PR3 + CC + SN+SHOES + DESI and
PR4 + CC 4 SN+SHOES data combinations were used. The OSCILL model also
produced a slight correlation between w, oscrrr and og only when PR4 4 CC +
SN+SHOES + DESI and PR3 + CC + SN+SHOES data sets were used. Following
the trend of all the previously discussed models, the OSCILL parameterisation
produced smaller posteriors when the DESI data was used. However, this model
obtained the smallest posteriors for the parameters of w, oscrrr and wyoscirL
when the previously released Planck data was used with DESI while for the rest
of the parameters, the OSCILL model obtained smaller posteriors when the PR4
+ CC + SN+SHOES -+ DESI data combination was used. Thus, the PR3 + CC
+ SN+SHOES + DESI constrained the wy oscyrr and w, oscirr parameters better
than when PR4 data set was used instead of the older data set, while the PR4 +
CC + SN+SHOES + DESI constrained the six ACDM model parameters, Hy and
g better than the previously released early-time data. Like in the previous mod-
els, no tensions with the data combinations when the OSCILL model was used
can be seen in Fig. 4.18.

From Table S23 and Table S24 it can be seen that when late-time data was added to
the OSCILL model, the model no longer limits to the standard model when PR4
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was used as wg oscyrr is only 1o away from —1 when PR3 + CC 4 SN+SHOES
+ DESI was used. In the case of the other data combinations, wgoscrrr is not
lo away from —1. For all the data combinations w, oscjrr is not 1o away from
0. This means that the OSCILL model did not manage to limit to the standard
model in any of the data combinations. The addition of the late-time data helped
lower the values of Hp and o3 to be within the expected range of past research.
Also, the addition of the late-time data did lessen the uncertainties of these four
parameters, which was expected. When the AIC and BIC criteria were calculated
it was found that the OSCILL model fits the PR3 + CC + SN+SHOES + DESI
and the PR4 + CC + SN+SHOES + DESI data better than the ACDM model as
both AAIC and ABIC were negative. On the other hand, when the OSCILL was
tested with PR3 + CC + SN+SHOES and PR4 + CC + SN+SHOES, the AAIC was
found to be negative, while the ABIC was found to be positive. This means that
the OSCILL model was statistically better than the standard model with the AIC
criteria, while for the BIC criteria, the ACDM model was statistically better than
the OSCILL parameterisation. Out of all the four data combinations, the OSCILL
model fit the PR3 + CC + SN+SHOES data combination the best, as it obtained
the lowest AIC and BIC values.

4.6.1 | Conclusion

In conclusion, CLASS and MontePython were used to generate results and cor-
ner plots which represent the results of the wCDM parameterization models: the
constant model (woCDM), the linear model (CPL), the quadratic model (JBP), the
logarithmic model (GE), the factorial model (BA) and the oscillatory model (OS-
CILL). Three tables were made, showcasing the values of the models when using
different dataset combinations. Two corner plots were made for the analysis of
each model and two corner plots were generated for the analysis of the two dif-
ferent Planck data sets.

From these tables and graphs, the posteriors showed anti-correlations as well as
a correlation. The effect of the addition of the late-time data on the early-time
data on the parameters was analysed. From the tables, it was determined if a
model limits to the ACDM model when a particular data set was used. The AAIC
and ABIC were analysed and for particular data, negative values were found,
showing that for that data combination, the model fits the data better. The AIC
and BIC for the two Planck data were compared to see if the model fit the recently
released data set better than the previously released data.

In this chapter, it was seen how the models do not constrain well when only
early-time was used, in fact some of them did not manage to converge with the
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Gelman-Rubin statistics. As discussed, this was expected as the wCDM models
only affect the late Universe, and also the same was seen in the paper the models
were taken from [123, 78]. Out of the six models, the model that took the longest
to obtain all the results was the OSCILL model, this was to be expected as it varies
more than the other models. The first model to get all the results, apart from the
ACDM was the logarithmic model. This could be due to it having narrow priors,
much more than the other models, since positive values were not taken due to
stability reasons [123]. Also, when comparing the results that were achieved from
the six wCDM models, the constant model obtained the least degeneracies as the
model only had degeneracies with the w ocpam, Ho and og when the PR4 data
was used by itself. The models will be compared further, the final conclusions
will be made in the following, final chapter.
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Conclusion

In this project, the tensions within the ACDM model were explored, specifically
focussing on the discrepancies in the values of the Hy parameter and the og pa-
rameter. To address these tensions, the wCDM model, a dynamic extension of
reparametrisation of the standard model, was investigated using six different
parametrisations of w. These models allow for variations in the dark energy
equation of state parameter, w, offering a potential solution to the inconsistencies
between early-time and late-time data. Table S1 shows the wCDM parametrisa-
tion models that were considered in this project and their respective equations of
state of dark energy.

Observational datasets were used which include CMB Planck data for the early-
time data, while CC and SN+SHOES data were used as well as BAO transverse
data for the late-time data. The opportunity was taken to test the recently re-
leased Planck data set of PR4 with the previously released one of PR3. During
this project, the DESI data was also compared to the previously released BAO

Name of wCDM parametrisation model Equation of state of dark energy w
Constantmodel ....................... wWywocpm (a) = Wo wocDM

Linearmodel ......................... wepr(a) = wocpr + Wa,cpr(1 —a)
Quadraticmodel ...................... ZU]Bp(LZ) = Wo,jBP + Wa,[BP bl(l - a)
Logarithmicmodel .................... wee(a) = Wo.; — Wag, In(a)

Barboza and Alcaniz model ........... wpa(a) = wo,, + Way, [25121—;2?4“

Oscillatory model ..................... WosCILL (a) = W0,0SCILL + Wy 0SCILL [a sin (E) - s1n(1)]

Table S1: A table showing the list of models that were considered and their re-
spective equation of state of dark energy w.
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data, and conclusions were made about the data. The theoretical predictions for
the tested models were computed using the CLASS software, MontePython was
utilized for Bayesian statistical analysis and GetDist was used for the plotting of
the corner plots. CLASS and MontePython had to be modified for the implemen-
tation of the six models and the implementation of the data sets that were not
inbuilt. This approach ensured robust testing of the wCDM models with the use
of the observational data.

Despite the models being left for months even to converge, there were some mod-
els that did not converge when only early-time data was taken. The Barboza and
Alcaniz model and the quadratic model did not manage to converge when only
early-time data were given, as neither PR4 nor PR3 were able to converge the
model with the Gelman-Rubin statistics. Similarly, the linear model also did not
manage to constrain all the parameters when PR4 was taken by itself. How-
ever, it was constrained when the previously released CMB data was used. On
the contrary, even though the oscillatory model managed to converge with the
Gelman-Rubin statistics when PR4 on its own was used, the g parameter was
completely degenerate, showing that despite converging, the oscillatory model
did not manage to constrain the parameter at all. It was discussed that this com-
plete degeneracy could have been due to the degeneracies that the oscillatory
model had in the w, poscrr 1 parameter and due to the fact that og was taken to
be a derived parameter, or, it could be due to the data itself and the oscillatory
behaviour of w, making it harder to predict certain parameters. This complete
degeneracy was not produced when only PR3 was used. For the rest of the data
combinations and models, there were no complete degeneracies with any of the
parameters.

However, degeneracies were still seen with wy, wy, Hp and g with particular data
combinations. For instance, other degeneracies were seen with the oscillatory
model with the parameter w, oscir;, when CC 4 SN+SHOES was used, when
PR4 + CC + SN+SHOES was used and when PR4 or PR3 were used. When the
oscillatory model was tested with the PR4 data set, degeneracies were also seen
in the wy oscyr 1 parameter. The Barboza and Alcaniz had degeneracies with the
wopa and w, pa parameters when PR4, PR3 and PR3 + CC + SN+SHOES were
used. The logarithmic model obtained degeneracies with the parameters Hy and
0g when PR4 + CC + SN+SHOES was used and when DESI was added to that
data combination.

The logarithmic parameterisation had degeneracies with the w, cg parameter
when only combinations of late-time were taken and when only early-time data
was used. When combinations of late-time data were taken the logarithmic model
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also depicted degeneracies in the Hy parameter. When PR4 was used with the
quadratic model, degeneracies were seen in all of the four parameters of w gp,
w,,18p, Ho and g while when the late-time data of CC and SN+SHOES with PR4,
the quadratic model managed to constrain Hy and og but degeneracies were still
seen with wg ;pp and w, jpp. Degeneracies with these parameters were also seen
when the quadratic model was tested with PR3 by itself but not when late-time
data was used with PR3. Degeneracies with these two parameters were also
present with the linear model when only Planck data was used as the observa-
tional data. When CC and SN+SHOES were added to the Planck data, the linear
model managed to constrain the w, cp; parameter, but PR3 still did not manage
to constrain wg cpr, while PR4 did. In the case of the constant model, degenera-
cies were only seen when only the recently released Planck data was used with
the parameters of wg,,ocpm, Ho and og, while the model constrained all the pa-
rameters with the other data combinations.

This research also aimed to test the newer Planck dataset as well as the newer
BAO transverse data this being the DESI data. In all the models, regardless of the
data combinations that were tested, it was consistently seen that the DESI dataset
obtained smaller posteriors were obtained, showing that it is more precise than
the older BAO data. The same was seen with PR4, as it had obtained smaller
posteriors than when PR3 was used, showing that the recently released Planck
data is more precise than the previously released one. However, the oscillatory
model and the quadratic model did not follow this with the wy, Hy and o3, pa-
rameters as for those particular parameters the PR3 had smaller posteriors than
PR4. The quadratic model had not converged with the Gelman-Rubin criteria,
when only early-time data was used, so it could be the case that PR3 obtained
smaller posteriors for these three parameters because it had not reached the state
of convergence. In fact, the smallest posteriors were obtained when PR4 4 CC +
SN+SHOES + DESI data combination was used. The only exception to this was
for the oscillatory model, as for that particular model, the smallest posteriors for
the wg oscrrr and w, oscrLr were obtained with the PR3 + CC + SN+SHOES +
DESI data combination, for the rest of the parameters, the oscillatory model had
the smallest posteriors with the PR4 + CC + SN+SHOES + DESI. Therefore, in
general, PR4 and DESI both seemed to constrain the models better, as tighter
constraints were seen when compared to their predecessor. This shows that the
newer datasets had less systematic errors and less noise. In Chapter 4, it was seen
that there were no tensions between the datasets of SN+SHOES with SN+SHOES
+ DESI and SN+SHOES + BAO, and no tensions between the Planck datasets, as
the posteriors intersect each other.

Since the newer Planck dataset was tested, the six ACDM parameters were dis-
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Figure 5.1: A graph showing seven overlapping corner plots, showcasing the
six ACDM parameters that were retrieved from the standard model and the six
wCDM models.

cussed. To showcase the results that were achieved from the different models,
two corner plot were generated. The first corner plot shows the six ACDM pa-
rameters that were retrieved from the ACDM model and the six wCDM models
when the newer Planck dataset was used, seen in Fig. 5.1. The second corner plot
shows the six parameters of the standard model and of the tested models when
PR4 4 CC + SN+SHOES + DESI data combination was used, seen in Fig. 5.2.

Fig. 5.1 shows that when only early-time data was used, none of the wCDM mod-
els affected the six ACDM parameters as the 1D curves of all the wCDM reparam-
eterisation models overlap perfectly the 1D curves of the standard model, and the
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Figure 5.2: A graph overlapping seven corner plots, showing the six ACDM pa-
rameters that were achieved from the standard model and the six wCDM models
that were tested in this project.

posteriors that were calculated from the tested models overlap almost perfectly
the posteriors obtained from the ACDM model. This was also seen in the paper
the models were taken from, as the paper also showed that when early-time data
PR3 was used, the wCDM models did not impact the six ACDM parameters in
any way.

When late-time data of CC, SN+SHOES and DESI was added to the models, seen
in Fig. 5.2, the models produced different values of the ACDM parameter than
the ACDM model. The only parameter that was not affected was the In(10'° A;)
parameter as the 1D curves overlap each other almost perfectly. The correlations
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and anti-correlations that were present in the previous graph were not affected
by the additional data. Despite the models achieving different values, from the
posteriors of the parameters it can be seen that the values of the different models,
seem to be 1o away from each other. This means that the tested models, with
respect to the six ACDM parameters, are 1c away from each other, and, subse-
quently, 1o away from the standard model. Comparing Fig. 5.1 to Fig. 5.2, it can
be seen that when early-time and late-time data were used, the wCDM models
were 1o away from when only early-time was taken.

Two whisker plots were made so that the results that were obtained when only
using background data were grouped together and the results that were achieved
when using early-time and early-time with combinations of late-time were grouped
together to make it easier to compare the reparametrisation models. The code of
the whisker plot is public !. However, the code had to be changed to accommo-
date the results and the format of this project. The two whisker plots can be seen
in Fig. 5.3 which shows the whisker plot of the wCDM parametrisation models
when only late-time data was used and Fig. 5.4 shows the whisker plot of the
reparameterisation models when only early-time data was used and combina-
tions of early-time with late-time.

Fig. 5.3 shows that when only late-time data was used, the wCDM models con-
sistently constrained wy such that very low uncertainties were obtained except
for the woCDM model when DESI was included. When looking at the w, param-
eter, the logarithmic model obtained the lowest uncertainties and was to closest
to the value of the standard model. The CPL and OSCILL models produced the
highest uncertainty range. For Hj, the reparameterisation models except for the
BA model, roughly obtained the same uncertainty range as the ACDM model.

Fig. 5.4 shows that, in general, when only early-time data was used, the wCDM
parameterisation model had larger uncertainties than when combinations of late-
time data were added. This shows how the wCDM models need late-time data to
constrain these four parameters. Also, in the paper the models were taken from
[123, 78], degeneracies were seen with the parameters wy, w,, Hyp and o3, thus,
it was expected that degeneracies would show up in this project too. The pa-
rameters, wy, Hyp and og vary less from model to model when late-time data was
added to the CMB data. When late-time was added with the Planck data, the
values of wy seem to vary around —1, Hy seems to vary around 70, and og seems
to vary between 0.8 and 0.9. The logarithmic model (GE) obtained larger uncer-
tainties and achieved lower values of Hy and og than the other models when the
PR4 was used. The largest uncertainties that were obtained were from the CPL

ILink to the public whisker plot code: https:/ /github.com /lucavisinelli/HOTensionRealm
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Figure 5.3: A whisker plot [35] showing the results that were obtained from the
different wCDM models as well as the ACDM models only different combina-
tions of late-time data were used.
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Figure 5.4: A whisker plot [35] showing all the values that were achieved with
the wCDM reparametrisation models and the standard model when using early-
time and early-time with late-time combinations.
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CCSN CCSNBAO ALL PR3 PR4 PR3/CCSN PR4/CCSN PR3/ALL PR4/ALL

wCDM models

Constant ......... 0.91 —4.38 —0.65 —4.40 1.80 —4.44 —1.40 —3.24 —1.00
Linear ............ 0.63 —2.39 —-5.69 —-3.08 2.80 —20.16 —14.40 —12.08 —8.20
Quadratic ........ 0.61 —0.38 -3.71 058 3.60 —11.36 —8.40 —9.48 —6.40
Logarithmic ...... 0.93 4.02 —-1.86 1.72 3.00 —11.54 —6.00 —25.52 —4.60
Barboza & Alcaniz 0.68 —2.40 —-6.33 —0.20 2.60 —-16.70 —14.20 —14.28 —9.40
Oscillatory ....... 0.89 -2.31 —-748 —-096 2.67 —18.68 —18.00 —10.62 —8.80

Table S2: The table shows the values of the AAIC that were obtained from the six
wCDM parametrisation model for each data combination.

model, which is the linear model when only Planck data was used, especially in
the parameter of g when the PR4 was used and w, when PR3 was used. It can
be seen in Fig. 5.4, that w, varies significantly depending on the model and the
data combination that was taken.

Since the results of the wp and w, for all the models generally had small uncer-
tainty bars, only a few managed to be 1o away from —1 and 0 respectively to limit
to the ACDM model. The constant model, the linear model, the quadratic model
and the oscillatory model all limited to the standard model when only the late-
time data of CC 4+ SN+SHOES was used without any early-time data. The con-
stant model and the oscillatory model also limited to the standard model when
only early-time data of PR4 was used, the quadratic model limited to the standard
model when CC + SN+SHOES + BAO was used, while the linear model limited
again to the ACDM model when only the early-time data of PR3 was used. The
Barboza and Alcaniz model was able to limit to the ACDM model when the latest
Planck dataset was taken on its own. On the other hand, the logarithmic model
did not manage to limit to the standard model with any of the data combinations
that were taken.

Two tables were made for a better comparison of the AAIC and ABIC that were
calculated for each model for each data set combination that were taken. The
tirst column of both tables shows the list of wCDM models that were taken in
this project, while the first row shows the data combinations that were taken for
each model. Fig. S2 shows the values of AAIC and Fig. S3 shows the values
of ABIC where CCSN is short for CC 4+ SN+SHOES, CCSNBAO is short for CC
+ SN+SHOES + BAO, ALL is short for CC + SN+SHOES + DESI, PR3/CCSN is
short for PR3 + CC + SN+SHOES, PR4 /CCSN is short for PR4 + CC + SN+SHOES,
PR4/ALL refers to PR4 4+ CC + SN+SHOES + DESI and PR3/ALL refers to PR3
+ CC + SN+SHOES + DESI.
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CCSN CCSNBAO ALL PR3 PR4 PR3/CCSN PR4/CCSN PR3/ALL PR4/ALL

wCDM models
......... 6.37 1.09 481 10.04 9.90 3.60 6.96 4.80 7.36
............ 13.55 8.54 524 13.00 1941 —4.08 2.32 4.00 8.52
Quadratic ........ 13.52 1.09 722 16.66 20.32 4.72 8.32 6.60 10.32
Logarithmic ...... 13.84 14.95 9.06 17.80 19.61 4.54 10.72 —9.44 12.12
Barboza & Alcaniz ~ 13.59 8.53 4.60 15.88 19.21 —0.62 2.52 1.80 7.32
Oscillatory ....... 13.80 8.62 345 1512 19.21 —2.60 —2.04 5.46 7.92

Table S3: A table showing the values of the ABIC that were obtained for each data
combination of each wCDM model.

Table S2, shows that when each model was tested with CC and SN+SHOES, the
models had higher values of AIC than the standard model meaning that the
ACDM model fits the CC and SN+SHOES data better than any of the reparametri-
sation models. The standard model also fits the PR4 data better than the tested
models as the standard model. On the other hand, positive values of AAIC are
seen in all the models when CC + SN+SHOES + DESI, PR3 + CC + SN+SHOES,
PR4 + CC + SN+SHOES, PR3 + CC + SN+SHOES + DESI and PR4 + CC +
SN+SHOES + DESI data combinations were used. Thus, when DESI was used
and when late-time data was added to the Planck data, the wCDM models fit
those data combinations better than the standard model. When CC 4 SN+SHOES
+ BAO was taken only the logarithmic model had a higher value of AIC than the
standard model. The rest of the models fit the CC + SN+SHOES + BAO better
than the standard model. When comparing the models” values of AAIC that took
CC + SN+SHOES + BAO as the observational data with when the models took
CC + SN+SHOES + DESI as the data, it can be concluded that for all the models
except for the constant model, lower values of AIC were achieved meaning that
except for the constant model, the models fit the DESI data better than the older
BAO data and better than when only CC and SN+SHOES data was used. When
analysing the values when PR3 was used, it can be seen that the constant model,
the linear model, the Barboza & Alcaniz model, and the oscillatory model are
statistically better than the ACDM model. The models seem to fit the PR3 data
better than the PR4, as when PR3 was used the models obtained lower values of
AIC than when PR4 was used. This is also seen when late-time data was added
to the Planck data, as the wCDM models achieved lower values of AIC when
combinations of PR3 were taken than when combinations of PR4 were taken.

When looking at Table S3, it can be seen that the wCDM models had more positive
values than when the AIC criteria was taken. All the models retrieved a positive
value of ABIC when only combinations of late-time data were used, when only

132



Chapter 5. Conclusion

early-time data was taken and when PR4 + CC + SN+SHOES + DESI was taken.
This means that none of the tested models fit those data combinations better than
the standard model. When the reparameterisation models were tested with PR3
+ CC + SN+SHOES as the observational data, three models achieved a negative
ABIC: the linear model, the Barboza & Alcaniz and the oscillatory model. These
models also obtained a negative value of AAIC, meaning that both the BIC and
AIC criteria agree that the linear model, the Barboza & Alcaniz and the oscilla-
tory model are statistically better with the PR3 + CC + SN+SHOES data com-
bination. When the PR4 4 CC + SN+SHOES data combination was taken, only
the oscillatory model produced a negative value of ABIC, meaning that for both
AIC and BIC criteria, the oscillatory model is more consistent with the PR4 +
CC + SN+SHOES than the ACDM model. Similarly, only the logarithmic model
had a negative ABIC when the PR4 + CC + SN+SHOES + DESI data combina-
tion was taken. Subsequently, the logarithmic model is statistically better than
the standard model in the case of when the PR4 4+ CC + SN+SHOES + DESI
data combination is taken. It can be noted that when the BIC criteria was taken,
the models achieved higher values than when the AIC criteria was used. This
was to be expected, as the BIC criteria penalises the models more, as it takes into
consideration the number of data points that were taken.

Each model with each data combination produced its own value of 2. By com-
paring the x? with each data combination for each model it was concluded that
when the PR3 data was used the wCDM models obtained a lower of x? than
when the recently released Planck data was used. On the other hand, when the
PR4 data was used, the ACDM model produced a lower value of x?. This re-
sulted in the wCDM model obtaining lower values of AAIC and ABIC when the
PR3 was used. It could be that since PR4 is more constrained and has lower un-
certainties than PR3, it is less lenient than the PR3 data. Therefore, the standard
model, being more accurate, would fit the newer data set better, while the wCDM
models fit the PR3 data better as it has more uncertainties, is less constrained, and
is more lenient. Since DESI came out in the middle of this research the older BAO
data was used and the results were retrieved when using the older BAO instead
of DESI for all the models. Therefore, the x> was calculated and it turned out
that the x? of the ACDM model was significantly smaller when Planck data was
used with CC 4+ SN+SHOES + DESI than when the older BAO was used instead
of DESI. In fact, the wCDM models had lower values of AAIC and ABIC when
the older BAO was used than when DESI was used. Hence, similar to PR4, DESI
seems to be more accurate and the standard model favours it more than the older
BAO data, which was expected.

During this project, multiple challenges and changes occurred. At the start of
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this research, the recently released Planck data was not implemented into Mon-
tePython; it was only implemented for Cobaya which is another simulation that
handles the production of the MCMC chains. So, the first step was to change
both Hillipop and Lollipop from Cobaya to MontePython. Halfway through the
implementation, the implementation of Planck 2020 to MontePython was made
public and therefore, the public version of Planck 2020 was used.

Since the implementation of the OSCILL model required the implementation of
a numerical integral of the Ci function, a new file had to be added to CLASS.
Consequently, the make file of the simulator also had to be adjusted to include
the new file so that when CLASS is compiled, it also compiles the new file of the
numerical integral. Thus, the Ci function was included in the make file by an ob-
ject file for the function. When CLASS is compiled, the source code is translated
into object files. This object file is a compiled version of the source code but still
cannot be run on its own [62]. Object files are intermediate files that the linker
will later combine into an executable.

The DESI data was released in April 2024. Therefore, before that, the BAO that
was previously released was used and all of the models were tested using Planck
data and CC, SN+SHOES and BAO data. Conclusions for the models were made
using the previous BAO data. Later on, the decision was made to redo these runs
but use the DESI data instead. This resulted in the implementation of the DESI
data, as the previous BAO data was already inbuilt while DESI was not. Since
DESI was not inbuilt, testing of this implemented DESI was required to ensure
that the implementation was done correctly. Subsequently, runs were made using
only DESi data with the ACDM model, the wyCDM model and the CPL model so
that they would be compared to the values obtained from the paper [2]. After the
results obtained agreed with the paper, more testing was made to be fully certain
that the data was implemented correctly. Since DESI on its own does not manage
to constrain Hy, the paper uses priors of BBN and 1006;. The paper defines BBN
as wy, = 0.02218 + 0.00055 and 1000; = 1.04109 + 0.00030 [2] so the same values
were implemented as priors and used in conjunction with the DESI data. Thus,
the three models were run using DESI and these two priors and the results that
were achieved were also compared and found to agree.

Despite the results and conclusions that were retrieved from this project, more
work can be done to ensure that the wCDM models are fully explored as it could
help with the Hy and oy tensions. Some of these include:
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B An updated covariance matrix of the CC dataset was recently released?.
Since the updated CC dataset is not inbuilt into MontePython it would need
to be implemented. An updated dataset would give more accurate and
precise results.

m Since wCDM affects only the late Universe, more late-time data would help
get better results as there would be more information where the simulations
could be able to make better results. Union 3 was released at the end of
2023 and updated at the end of 2024 [92] and it is a compilation of Type Ia
supernovae. This data set has 2087 data points consisting of SNe Ia from 24
different datasets which is more than SN+ [86]. Therefore, Union 3 could
be used instead of SN+ as it contains more late-time data points and it has
been recently updated.

m The SHOES prior was included in the late-time runs where the prior bi-
ases the value of Hy to a specific value. Therefore, more results could
be obtained by testing the models without using the SHOES prior to see
if the prior made any significant changes, or if the differences between
the results obtained by the wCDM models and the ACDM model increase
or decrease. Also, the possibility of using a different prior could be ex-
plored, such as Carnegie Supernova Project prior [48] which obtained the
Hubble constant from the tip of the red giant branch which is reported as
Hp = 69.8 = 1.7 km s~ !Mpc~!. This prior is not inbuilt into MontePython
so the implementation of it would be required.

B There is lensing data which has information on gravitational lensing and
it provides valuable information about the matter distribution in the uni-
verse, including both dark matter and baryonic matter. No lensing data
was included in the research so that the two Planck data would be fairly
compared. Therefore, another way of improving this project is by adding
lensing data. The lensing data of Planck 2018 is already inbuilt. On the
other hand, the lensing data of Planck 2020 is not inbuilt into MontePython
but it is for Cobaya. Therefore, its implementation can be done for Mon-
tePython. Other lensing data can be used such as ACT data [87] which
was published in late 2023 and also contains CMB lensing. ACT data is
also inbuilt into Cobaya and not in MontePython so the implementation to
MontePython could be done. Otherwise, Cobaya [108] can be used instead
of MontePython so that the updated dataset would be readily inbuilt.

2The link to the updated CC covariance matrix can be found in the link:
https:/ / gitlab.com/mmoresco/CCcovariance
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B In past research, discrepancies were found between PR3 and ACTDR4 [54].
Therefore, possible work can be done in looking into the full data of ACTDR6
which will be released in the future, by replacing Planck data and com-
paring the results to see if there is any discrepancies between the newer
ACTDR6 data and the recently released Planck data PR4.

m For this project, all the models only affected the late Universe. Hence, mod-
els that affect the early Universe, such as the Early Dark Energy (EDE)
model [104] can be explored. This model proposes that a small fraction of
dark energy was present in the early Universe, typically around the epoch
of matter-radiation equality, which contributed to the Hubble rate in the
pre-recombination era, which in turn decreased the sound horizon [85]. The
EDE model is only half inbuilt in CLASS, so the rest of the implementation
would need to be done.

® In this project the chosen wCDM models all had the equation of state which
defines the model. However, there are wCDM parameterisations that use
Friedmann equations instead of EoS [122] and as a result would make the
computational side more complex. This means more researched models
can be tested such as Generalized Chaplygin gas model, New generalized
Chaplygin gas model, New agegraphic dark energy model, and the Holo-
graphic dark energy model [125]. There is research that shows that these
models could be possible solutions to the Hy tension [98].

® In this project, a more traditional method of machine learning was taken
due to it being less computationally complex. However, modern and more
popular techniques, such as neural networks [113, 124] can be used for the
estimation of the parameters and possibly improve the results of the tested
models, especially the ones that could not converge or had completely de-
generate parameters. This could open the possibility of comparing tradi-
tional techniques to modern ones.

The wCDM model explores the nature of dark energy, which constitutes about
70% of the Universe. By studying its dynamic equation of state, researchers can
investigate whether dark energy is a cosmological constant or something more
complex, potentially reshaping our understanding of the Universe’s expansion.
This research demonstrated that while ACDM remains the better model for un-
derstanding the Universe’s evolution, specific wCDM models fit certain dataset
combinations better than the standard model. This could suggest that a dynam-
ical dark energy component could possibly play a role in resolving these ten-
sions. This research also revealed certain issues some of the popular models
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such as CPL and OSCILL have with constraining the og parameter. The com-
parison of the six wCDM parameterizations revealed varying degrees of consis-
tency with observational data, underscoring the model’s flexibility in addressing
unresolved issues. Notably, the inclusion of the latest Planck dataset alongside
late-time data provided more insights into these models, while also enabling a
direct comparison to the previous Planck data and previous BAO data and iden-
tifying the impact of newer datasets as well as the impact that the combinations
of the early with late-time data brought to the constraints of the parameters.
Therefore, while wCDM shows promise, further work is needed to explore its
implications, including experimenting with more popular models that involve
the Friedmann equation directly instead of the equation of state, using different
datasets and also the possibility of introducing lensing data, to further the under-
standing of the wCDM models. Future advancements in observational precision
and theoretical modelling will undoubtedly shed more light on the Hy and o3
tensions, and would hopefully bring us closer to a better understanding of the
Universe. The skills and knowledge gained from studying these wCDM mod-
els, such as the data analysis, and computational adjustments that were made to
CLASS and MontePython, can be adjusted and applied to other popular models
such as quintessence [11, 80].
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Appendix

In order to test the six wCDM parametrisation models; woCDM, CPL, JBP, GE,
BA and OSCILL, results needed to be produced using the standard model in
cosmology, the ACDM model, so that it can be compared to the parameterisation
models and conclusions be made. Similar to how results were achieved in the six
models, CLASS and MontePython were used for the results of the ACDM model.

The values that were obtained are shown in Table S1, Table S2, and Table S3.
The tables are split into three sections: sampled parameters, derived parameters
and x? statistics. For the first two sections the values of the best-fit, mean, and
the 1o uncertainty are noted for each parameter. In the first table, Table. S1,
the sampled parameters section only has the (), parameter. While in the other
two tables, the section of sampled parameters includes the parameters, wy, wWegy,,
1006, ln(loloAs), ns and T,e;o. In all of the tables, Hy is the only derived parameter
and the section of x? statistics only includes the value of x2; . From this value,
the AIC and BIC were calculated and these values were compared to each of the
six wCDM models to see if any of the reparametrisation models fit the data better
than the standard model.

Three corner plots were made using GetDist so that they can be compared to the
corner plots that were obtained for the different wCDM parameterisation mod-
els. Fig. A.1 was generated for the analysis of the DESI data set with the older
BAO data and to analyse the effect BAO data has on the standard model. The
tigure shows that when the DESI data was added to the CC 4 SN+SHOES it did
not affect the value of (). This was expected as the DESI data does not have con-
straints on the (), parameter. The older BAO data pushed (), to lower values.
On the other hand, when looking at the Hy parameter, it can be seen that the ad-
dition of the DESI data lowered the parameter’s value while the older BAO data

139



Appendix A. Appendix

Parameters CC + SN+SHOES CC + SN+SHOES CC + SN+SHOES
BAO DESI
Best-fit Mean Best-fit Mean Best-fit Mean

Sampled Parameters
O T 0311 0312+0.016  0.29032 0.291 *5912 0.314  0.314 +0.011
Derived Parameters
Hy'ooooeaian, 72.38  72.3910% 73.35 73347078 7049 7051702

X Statistics
Xy e 1310 1329 1334

Table S1: The ACDM values achieved from using only late-time data, one using
the older BAO data and the other using the new BAO data.

Parameters PR3 PR4
Best-fit Mean Best-fit Mean

Sampled Parameters
Wh e, 0.02237 0.02236£0.00015  0.02224  0.02223"5900°3
O 0.1205  0.1202 = 0.0014 0.1187 0.1188130012
10065 .o 1.04220 1.04190 +£0.00030  1.04180 1.04180 4 0.00026
In(1004) .......... 3.045 3.046 £ 0.016 3.039 3.04119012
Mg 0.9646 0.9648 100042 0.9679 0.9673 1000
Tygi0 e e ee e 0.0567 0.0546 1008 0.0572 0.0586 " 0 oen
Derived Parameters
Hywooreoneeiain 67.32 67.3170] 67.67 67.657021
YR 0.8125  0.8115 = 0.0076 0.8058 0.8067 0002

x? Statistics
Xy e 2773 30570

Table S2:

The values of the ACDM model obtained from CLASS and Mon-

tePython using only early-time data: PR3 and PR4.
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Parameters PR3 PR4
CC + SN+SHOES CC + SN+SHOES
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh e 0.02262 0.02264 £0.00014  0.02243  0.02243")500"1
O 0.1170  0.1170 £0.0011 0.11682  0.11655 == 0.00099
1000s. ..o, 1.04220 1.04223 £0.00028  1.04200  1.042051395022
In(1014) .......... 3.0310 3.04910018 3.0402  3.042+0.014
Mgt 0.9743  0.9729 £ 0.0041 0.9725  0.9730 = 0.0036
Tyio « « e e eeeeeeeeen 0.0488 0.0597 000a2 0.0636 0.06141000°2
Derived Parameters
Hyooooiiiiiiaen 68.79 68.83 £ 0.50 68.60 68.72 +0.44
 YPTTTTTTTToe 0.7967 0.8037* 00rg 0.8005 0.8006 0 00c
x> Statistics
Xy e 4113 31910
Parameters PR3 PR4
CC + SN+SHOES + DESI CC + SN+SHOES + DESI
Best-fit Mean Best-fit Mean
Sampled Parameters
Wh eeeeneeneeaenn 0.02272 0.02266 £0.00013  0.02246 0.02242 = 0.00011
2 0.11659  0.11671 139008 0.11678  0.11648™ 000052
1000s. ..o, 1.04200  1.04220105505 1.04200  1.04210105005
In(1010A4,) .......... 3.064 3.052 +0.019 3.039 3.04110 07
Mg 0.9741 0.9737 1 0000 0.9753 0.97321 0005,
Typio <« o v e neeeeenenns 0.0653 0.06170.5%% 0.0601 0.0607 0006
Derived Parameters
Hooovooiiiaieen 68.98 68.947035 68.65 68.750%¢
[ YRTTTTTTITTTe 0.8079 0.804010.007% 0.8005 0.799910 0962
x? Statistics
X2y e 4127 31920

Table S3: The values of the ACDM model when using the two Planck data sets:
PR3 and PR4, both using CC and SN+SHOES data, and then adding DESI to them.
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BN CC_SN+SHOES_
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71}
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Figure A.1: The graph showing the ACDM model when only late-time data was
used. The blue corner plot shows the standard model when using DESI BAO
data, the red corner plot depicts the model when using the previously released
BAO data, and the grey corner plot shows when any BAO data were not used.

had increased the value. Also, it can be noticed that the posteriors are smaller
when DESI was used than when only CC and SN+SHOES were used or when
CC and SN+SHOES were used with the older BAO data. This shows that DESI
constrained the data better than the older BAO data showing that DESI is a bet-
ter BAO data. This trend was expected to be seen when these data combinations
were used in the wCDM parameterisation models.

Then, Fig. A.2 was rendered for the comparison of the two early-time data. The
tigure shows that the PR4 data set has smaller posteriors than when PR3 was
used. This indicates that the newer Planck data constrains the standard model
better than the previously released Planck data. Since the Planck data sets were
tested with the standard model without any late-time data, it will be expected
that PR4 will have smaller posteriors even in wCDM parameterisation models.
Both CMB data sets constrained all the parameters as anticipated. The PR4 data
set produced lower values of wy, w4, and og and higher values of n;, T, and Hp
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Figure A.2: A graph of the ACDM model: one using PR3 data seen in the red
corner plot and the other using PR4 seen in the blue corner plot.
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Figure A.3: A graph showing two corner plots of the ACDM model when using
the two early-time data with CC and SHOES, and with DESI added to the two
data combinations. The green corner plot represents the standard model when
PR3 + CC + SN+SHOES was used, the grey corner plot shows when the PR4
+ CC + SN+SHOES was used, the red corner plot shows when PR3 + CC +
SN+SHOES + DESI was used, while the blue corner plot shows when PR4 4 CC
-+ SN+SHOES + DESI data combination was used.

than the PR3 data set. The two Planck data sets produced similar 1D curves for
two parameters, 1006; and In(10'°A;). The Planck data is expected to affect the
parameters in the same way when wCDM parameterisation models are tested.

Then, another graph, Fig. A.3, was generated for the comparison of the two early-
time data when the late-time data of CC and SN+SHOES were added to them, and
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then when DESI was added. The addition of the two late-time data sets of CC
and SN+SHOES decreases the difference of w,g,,;, Treio Ho and n; between the two
Planck data. In fact, the parameter of 15 for the two early-time data seem to over-
lap each other perfectly. However, the addition of these two late-time data sets
increased the differences in the parameters of w;, and 1000s. The DESI data did
not affect the w,,;, 1000;, ln(lOloAs), Treio and og parameters, while the four data
combinations obtained the same 1D curve for the n; parameter. For the Hy pa-
rameter it can be seen that the DESI data constrained the standard model better,
as tighter 1D curves were achieved with the DESI data. Also, the data combina-
tions that contain DESI data achieved smaller posteriors. The smallest posteriors
out of the four data combinations were obtained from PR4 + CC + SN+SHOES
+ DESI. Similar behaviour is expected to be seen in the wCDM parameterisation
models when these data set combinations are used.
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