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Isolation of Regular Graphs and
k-Chromatic Graphs

Peter Borg

Abstract. Given a set F of graphs, we call a copy of a graph in F an
F-graph. The F-isolation number of a graph G, denoted by (G, F),
is the size of a smallest set D of vertices of G such that the closed
neighborhood of D intersects the vertex sets of the F-graphs contained
by G (equivalently, G — N[D] contains no F-graph). Thus, ¢(G, {K1}) is
the domination number of G. For any integer k > 1, let F; 1, be the set of
regular graphs of degree at least k—1, let F> j, be the set of graphs whose
chromatic number is at least k, and let F3 1 be the union of F; ; and
Fo,k. Thus, k-cliques are members of both Fi ; and F> . We prove that
for each ¢ € {1,2, 3}, (ZL)TQ is a best possible upper bound on (G, F; )

for connected m-edge 2graphs G that are not k-cliques. The bound is
attained by infinitely many (non-isomorphic) graphs. The proof of the
bound depends on determining the graphs attaining the bound. This
appears to be a new feature in the literature on isolation. Among the
result’s consequences are a sharp bound of Fenech, Kaemawichanurat,
and the present author on the k-clique isolation number and a sharp
bound on the cycle isolation number.
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1. Introduction

For standard terminology in graph theory, we refer the reader to [25]. Most
of the terminology used in this paper is defined in [1].

The set of positive integers is denoted by N. For n € {0}UN, [n] denotes
the set {¢ € N: i < n}. Note that [0] is the empty set (). Arbitrary sets and
graphs are taken to be finite. For a non-empty set X, ()2( ) denotes the set of
2-element subsets of X.

Every graph G is taken to be simple, meaning that its vertex set V(G)
and edge set E(G) satisfy E(G) C (V7). An edge {v,w} may be represented
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by vw. If n = |V(G)|, then G is called an n-vertex graph. If m = |E(G)|, then
G is called an m-edge graph. For v € V(G), Ng(v) denotes the set of neighbors
of v in G, Ng(v] denotes the closed neighborhood Ng(v)U{v} of v, and dg(v)
denotes the degree |Ng(v)| of v. For X C V(G), Ng[X] denotes the closed
neighborhood (J,c y Ng[v] of X, G[X] denotes the subgraph of G induced
by X, and G — X denotes the graph obtained by deleting the vertices in X
from G. Thus, G[X] = (X, E(G) N (3)) and G — X = G[V(G)\X]. With a
slight abuse of notation, for S C E(G), G — S denotes the graph obtained
by removing the edges in S from G, that is, G — S = (V(G), E(G)\S). For
z € V(G) U E(G), G — {x} may be abbreviated to G — x. The subscript
G may be omitted where no confusion arises; for example, N¢(v) may be
abbreviated to N(v).

For n > 1, K,, and P, denote the graphs ([n], ([g})) and ([n], {{i,7 +
1}: i € [n — 1]}), respectively. For n > 3, C,, denotes ([n], {{1,2},{2,3},...,
{n—1,n},{n,1}}). A copy of K,, is called a complete graph or an n-clique.
A copy of P, is called an n-path or simply a path. A copy of C,, is called an
n-cycle or simply a cycle. A 3-cycle is a 3-clique and is also called a triangle.

If G contains a k-clique H, then we call H a k-clique of G.

If D C V(G) = N[D], then D is called a dominating set of G. The dom-
ination number of G, denoted by v(G), is the size of a smallest dominating
set of G. If F is a set of graphs and F' is a copy of a graph in F, then we call
F an F-graph. A subset D of V(G) is called an F-isolating set of G if no
subgraph of G — N[D] is an F-graph. The F-isolation number of G, denoted
by «(G,F), is the size of a smallest F-isolating set of G. We may abbreviate
(G, {F}) to «(G, F). Clearly, D is a dominating set of G if and only if D is
a { K1 }-isolating set of G. Thus, v(G) = «(G, K1).

Caro and Hansberg introduced the isolation problem in [8]. It is a natu-
ral generalization of the classical domination problem [10,11,14-17]. Ore [22]
proved that v(G) < n/2 for any connected n-vertex graph G with n > 2
(see [14]). This is one of the earliest results in domination theory. While the
deletion of the closed neighborhood of a dominating set produces the null
graph (the graph with no vertices), the deletion of the closed neighborhood
of a {Ks}-isolating set produces an empty graph (a graph with no edges).
Caro and Hansberg [8] proved that if G is a connected n-vertex graph, then
(G, K3) < n/3 unless G is a 2-clique or a 5-cycle. Solving a problem of
Caro and Hansberg [8], Fenech, Kaemawichanurat, and the present author
[2] proved that

n
G, Kp) < —— 1
(G K) < 1)
unless G is a k-clique or £ = 2 and G is a 5-cycle, and that the bound is
sharp. Ore’s result and the Caro-Hansberg result are the cases k = 1 and
k = 2, respectively. Let C be the set of cycles. Solving another problem of
Caro and Hansberg [8], the present author [1] proved that

1(G,C) <

<3 2)
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unless G is a triangle, and that the bound is sharp. Domination and isolation
have been particularly investigated for maximal outerplanar graphs [4,5,7—
9,12,13,18-21,23,24], mostly due to connections with Chvital’s Art Gallery
Theorem [9].

Fenech, Kaemawichanurat, and the present author [3] also obtained a
sharp upper bound on ¢(G, K) in terms of the number of edges. The result
is the analog of (1) given by Theorem 1. We need the following construction
from [3].

Construction 1 ([3]). Consider any m, k € N. Let 5, = (g) +2and g = Lmt—':lj
Then, m+1 = gty +r for some r € {0}U[tr,—1]. Let @, be a g-element set. If
g > 1, then let vy,...,v4 be the elements of Qy, k, let Uy, ..., U, be k-element
sets such that Uy, ..., Uy, Qm i are pairwise disjoint, and for each i € [¢], let
ul,...,uf be the elements of U;, and let G; = (U; U {v;}, ([él) U {ulv;}). If
either ¢ =0, T = (0,0), and G is an r-edge tree T, or ¢ > 1, T is a tree with
V(T) = Qmpk, T' is an r-edge tree with V(T") N UL, V(G;) = {vy}, and
G=V({ITUUL,V(G,),E(T)UE(T") UL, E(G,)), then we say that G
is an (m, k)-special graph with quotient graph T and remainder graph T, and
for each i € [g], we call G; and v; a k-clique constituent of G and the k-clique
connection of G; in G, respectively. We say that an (m, k)-special graph is
pure if r = 0. (Figure 1 in [3] is an illustration of a pure (m, k)-special graph.)
Theorem 1 ([3]). If k > 1 and G is a connected m-edge graph that is not a
k-clique, then

m+1
(5) +2

L(G,Kk) S . (3)

Moreover,
(i) Equality in (3) holds if and only if either G is a pure (m,k)-special
graph or k =2 and G is a 5-cycle.
(ii) If G is an (m, k)-special graph, then (G, Kj) = {(m +1)/ ((g) + 2)J .

Problem 7.4 in [8] asks for bounds on (G, F) for other interesting sets
F. Section 1 of that seminal paper makes particular mention of k-colorable
graphs. We address the problem for such graphs and the problem for regular
graphs together. The main result presented here generalizes Theorem 1 in
these two desirable directions.

If V(G) # 0 and d(v) = r for each v € V(G), then G is said to be
r-reqular or simply reqular, and r is called the degree of G. For k > 1, let
F1,i be the set of regular graphs whose degree is at least £ — 1.

If there exists a function f: V(G) — [k] such that f(v) # f(w) for every
v,w € V(G) with vw € E(G), then G is said to be k-colorable, and f is called
a proper k-coloring of G. The chromatic number of G, denoted by x(G), is
the smallest non-negative integer k such that G is k-colorable. If k = x(G),
then G is said to be k-chromatic. For k > 1, let F»;, be the set of graphs
whose chromatic number is at least k.

Let F3 1 be the union of F; ;, and F3 ;. In Sect. 2, we prove the following
result.
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Theorem 2. If ¢ € {1,2,3}, k > 1, and G is a connected m-edge graph that
is not a k-clique, then

m+1

G,For) < .
L( f,k}) (];) + 2

(4)

Moreover,
(i) Equality in (4) holds if and only if G is a pure (m,k)-special graph, or
k=2 and G is a 5-cycle, or £ € {1,3}, k=3, and G is a 4-cycle.

(i) If G is an (m, k)-special graph, then (G, Fy ) = {(m +1)/ ((g) + Z)J .

The proof of the bound depends on determining the graphs attaining
the bound (i.e., the proof of (4) uses (i) and (ii)). This appears to be a new
feature in the literature on isolation.

Since k-cliques are (k — 1)-regular and cycles are 2-regular, Theorem 1
and the following analog of (2) are immediate consequences.

Theorem 3. If G is a connected m-edge graph that is not a triangle, then

m+1
(G, C) < E (5)

Moreover,
(i) Equality in (5) holds if and only if G is a pure (m,3)-special graph or
a 4-cycle.
(ii) If G is an (m,3)-special graph, then «(G,C) = [(m +1)/5].

2. Proof of Theorem 2
In this section, we prove Theorem 2. We start with two lemmas from [1].
Lemma 1 ([1]). If G is a graph, F is a set of graphs, X C V(G), and Y C
N[X], then
(G, F) <|X|+u(G-Y,F).
The set of components of a graph G will be denoted by C(G).
Lemma 2 ([1)). If G is a graph and F is a set of graphs, then

UG, F)= > uHF).

HeC(G)

A basic result in graph theory is that for any connected graph G,
|E(G)| > |V(G)| — 1, and equality holds if and only if G is a tree.

Proposition 1. If G is a pure (m, k)-special graph with exactly q k-clique con-
stituents, then m = ((g) +2)g—1 and (G, Fo ) = q for each £ € {1,2,3}.

Proof. Suppose that G is a pure (m, k)-special graph with exactly ¢ k-clique
constituents as in Construction 1. Then, {vy,... ,Uq} is an Fy p-isolating set
of G, s0 (G, Fu i) < q. The subgraphs G[Ui],...,G[U,] of G are k-cliques,
which are (k — 1)-regular and k-chromatic. Thus, if D is an F j-isolating set
of G, then D NV(G;) # 0 for each i € [g]. Therefore, (G, Fr ) = q. Now,
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clearly m = ((’;) + 1)g+ |E(T)|. Since T is a g-vertex tree, |E(T)| = ¢ — 1.
Thus, m = ((12“) +2)g — 1. O

If G is a copy of a graph H, then we write G ~ H. For a graph G, the
maximum degree of G (that is, max{d(v): v € V(G)}) is denoted by A(G).
We will use the following classical result.

Theorem 4 (Brooks’ Theorem [6]). If G is a connected n-vertex graph, then
X(G) < A(G) unless G ~ K,, orn is odd and G ~ C,,.

Proof of Theorem 2. Let t;, = (g) +2and F = F3 .

The argument in the proof of Proposition 1 yields (ii). If G is a 4-
cycle, then (G, Fr1) =2 < g = m“ UG, Feo) = 1< mt—jl, UG, Fi3) =
(G fgg) =1= m+1 (G .7:23) _0< m+1 andlszll then L(G fgk) =
0< 2H If G is a 5cycle then «(G, fgl) =2 < § =2 (G Fip) =
2 = m+1, WG, Frs) =1< m+1, and if & > 4, then (G, .T-g,k) =0< m:rl.
Together with Proposition 1, this settles the sufficiency condition in (i).

Using induction on m, we now prove that the bound in (4) holds, and
we prove that it is attained only if G and k are as in (i). For the bound,
since «(G, F) is an integer and (G, Fr i) < o(G,F), it suffices to prove that
G, F) < mt—:l If k£ < 2, then a {K}}-isolating set of G is an F; p-isolating
set of G, so the result is given by Theorem 1. Consider k > 3. The result
is trivial if m < 2 or «(G,F) = 0. Suppose that m > 3, «(G,F) > 1, and
G is not a k-clique. Let n = |V(G)|. Since G is connected, m > n — 1, so
n<m-+1.

Case 1: G has no k-cliques.

Subcase 1.1: d(v) < k—2 for some v € V(G). Let G' = G—v. Let Hy, ..., H,
be the distinct components of G’.

Consider any 7 € [r]. Let D; be a smallest F-isolating set of H;. Let
H! = H;— N[D;], let ¢; = x(H]), and let f; be a proper ¢;-coloring of H/. We
have that ¢; < k—1 and that H/ contains no regular graph of degree at least
k—1. Since G has no k-cliques, |D;| < % by the induction hypothesis.

Let D = |J._, D;. Suppose that G — N[D] contains a connected regular
graph R of degree at least k—1. Since dr(v) < dg(v) < k—2,v ¢ R. We obtain
that for some ¢ € [r], H] contains R, a contradiction. Thus, G— N[D] contains
no regular graph of degree at least k—1. Let f': V(G'—N¢/[D]) — [k—1] such
that f/'(w) = f;(w) for each i € [r] and each w € V(H). Since d(v) < k — 2,
[k — 1] has an element j that is not in {f'(w): w € N(v) NV (G’ — Ng:[D])}.
Let f: V(G — N[D]) — [k — 1] such that f(w) = f'(w) for each w € V(G —
N¢/[D]), and such that if v € V(G — N[D]), then f(v) = j. Since f is a
proper (k — 1)-coloring of G — N[D], D is an F-isolating set of G.

Since G is connected, for each i € [r], vw; € E(G) for some w; € V(H;).
We have

2 Ztk‘Dl| = tk‘D‘ Z tkL(G,]:),
i=1

U {vw;} U E(H,
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so (G, F) < m“

Subcase 1.2: d(v) >k —1 for each v € V(G). Then, A(G) > k — 1. Let
v € V(G) with d(v) = A(G). Let G' = G — N|v].

Suppose d(v) = k — 1. Then, G is (k — 1)-regular. Since G is not a k-
clique, we have n > k+ 1, so V(G’) # (). Suppose that G’ contains a (k — 1)-
regular graph R’. Since G is connected, uw € E(G) for some v € V(R') and
some w € V(G)\V(R'). We have dg(u) > dp/(u) + 1 > k, which contradicts
A(G) = k — 1. Thus, G’ contains no (k — 1)-regular graph. Since A(G’) <
A(G) =k —1, x(G") <k —1 by Theorem 4. Thus, {v} is an F-isolating set
of G. By the handshaking lemma we have 2m = (k—1)n > (k—1)(k+1) =
o +k—5,s0m—+1>t, + =3 > ¢, We have (s ]:)71<m+1 Suppose

(G, F) = 7’;‘:1 Then, n = k+ 1 and k = 3. Thus, G is a 4-cycle.

Now suppose d(v) > k. Let s = d(v). Suppose N[v] = V(G). By the

handshaking lemma,

2m =dv)+ Y dx v)+dw)(k—1)>k+k(k—1)=2t,+k—4

zGN(v)
> 2tk - ]-7

so t, < m + 1. Since {v} is an F-isolating set of G, +(G,F) =1 < mt—H

Now suppose N[v] # V(G). Then, V(G’') # 0. Let Hy = G[N(v)], and let

Hy, ..., H, be the distinct components of G’. Since G is connected, for each

i € [r], z;y; € E(G) for some z; € N(v) and y; € V(H;). Let A = {ay €

E(G): x € N(v),y € V(G")}. Then, x1y1,...,2,yr € A, so |A| > r. By the

handshaking lemma,

2AB(Ho)l= ) du,(@)= ) [IN@\({e}uV())

€N (v) €N (v)
= D (d@)=1-[N@)nV(&))
€N (v)
> (k=2)d(v) = Y [N@)nV(G)| = (k-2)s—|A],
z€N (v)

so |E(Hp)| > =274l Lot A’ = {vz: 2 € N(v)} U E(Hp) U A. Then,
sk+]Al (k- 1)k N (s —k+ 1)k +|A]

|A'| = s+ |E(Ho)| + |A] >

2 o 2 2
_ 1 A_
:tk+(s kE+ 1)k + |A]
2
Since B(G) = A’ U\Jl_, E(H;) and |A| > r,
—k 1k
|A’\+Z|E H)| >ty 4 SR DR+ Z\E (6)

For each i € [r], let D; be a smallest F-isolating set of H;. Let D = {v} U
Ui_; D;. Then, D is an F-isolating set of G. Since G has no k-cliques, for
each i € [r], H; is not a pure (|E(H;)|, k)-special graph.
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Suppose k # 3 or H; # C4 for each i € [r]. By the induction hypothesis,
for each i € [r], |D;| < %7 and hence, since t;|D;| < |E(H;)| + 1,
tk|Di| < |E(H;)|. By (6),

- s—k+10k+r—4 k+r—4
mzm<1+§]&0+f ; > t|D| + ——— > 1| D

i=1

as k>3 and r > 1. We have (G, F) < |D| < mt—tl

Now suppose k = 3 and H; ~ C, for some j € [r]. We may assume
that j = 1. Let z; and 2 be the two members of Ny, (y1), and let 23 be the
member of V(H1)\ Ny, [y1]. We have V(H;) = {y1, 71,22, 23}. Let G1 =G —
{11, 21, 22}. Note that Ng, (v) = Ng(v). If dg, (z3) = 0, then the components
of Gy are ({23},0) and Gy — 23, and we take I to be G1 — z3. If dg, (23) > 1,
then G is connected, and we take I to be G1. Since dj(v) = dg(v) > k = 3,
I is not a 4-cycle. Since G has no k-cliques, I is not a pure (|E(I)|, k)-special
graph. By the induction hypothesis, ¢(I, F) < lE(QH_l = |E(15)|+1. Let Dy be
an F-isolating set of I of size (I, F). Since {y1, 21,22} C Ny1], {y1} U D;
is an F-isolating set of G. Let J = {x1y1,y121, Y122, 2123, 2223 }. Note that
J C E(G)\E(I). We have

ED[+1 _ |EDI+]JI+1 _m+1 _m+1

G.F)<1+|Dfl <1
UG F) S 1+ |Drf <1+ = 5 =75 t

Case 2: G has at least one k-clique. Let F be a k-clique of G. Since G is con-
nected and G # Ky, N[v]\V(F) # 0 for some v € V(F). Let u € N[v]\V(F).
We have V(F) C N[v], so [N[v]| > k+ 1 and

|E(G[N[v]])| >t — 1. (7)

Suppose V(G) = N[v]. Then, {v} is an F-isolating set of G, so (G, F) =
1< 25 by (7). If (G, F) = ™, then V(G) = V(F) U {u} and E(G) =
E(F)U{uv}, so G is a pure (m, k)-special graph.

Now suppose V(G) # N[v]. Let G’ = G — N[v] and n’ = |V(G’)|. We
have

n>n+k+1 (8)

and n’ > 1. Let H = C(G’). For any H € H and z € N(v) such that
xy € E(G) for some y € V(H), we say that H is linked to x. Since G is
connected, for each H € H, H is linked to at least one member of N(v), so
xpyp € E(G) for some xy € N(v) and some yp € V(H). Clearly,

m > |E(F)U{uw}[+ Y |B(H)U{zayu}| = tx =1+ Y (E(H)|+1).

HeH HeH
(9)

Let
H' ={H € H: H ~ K}
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By the induction hypothesis, for each H € H\H', «(H,F) < %, and
equality holds only if H is a pure (|E(H)|, k)-special graph or k = 3 and H
is a 4-cycle.

Subcase 2.1: H' = (). By Lemma 1 (with X = {v} and Y = NJv]), Lemma 2,

and (9),

UG, F) <1+ UG F) =14 Yy t(H, F) S 1+ Y gy EUDIL < mid
(10)

Suppose (G, F) = m':l Then, the inequality in (9) is an equality, and

oH,F) = |E(H)|+1 for each H € H.

Let Hy,...,H, be the distinct members of H. Let I = {i € [r]: H;
is a pure (|E(Hi)|,k)—special graph}. For each i € I, let G;1,...,G,q be
the distinct k-clique constituents of H;, and for each j 6 [¢i], let v; ; be
the k-clique connection of G;; in H;, and let u”, N ” be the vertices
of G;; — v, where u} i.; is the neighbor of v; ; in G; ;. By Proposition 1,
|E(H;)| = trg; — 1 for each i € I. If i € [r]\I, then, by the above, k = 3, H;
is a 4-cycle, and |E(H;)| 4+ 1 = tj. Since equality holds throughout in (9), we
have

V(G)=V(F)U{u}U U V(H;) (11)
and
E(G) = E(F)U{w} U{zmym,,..z,yn,} U E(H). (12)
=1
Let

D= {v}U{ym:icN}U | |J U{u i}

el g=1

Then, D is an F-isolating set of G, and

|ID| =1+ Z& +Z_1+Z|E |+1 m+1

i€[r\I b i€l 2
= (G, F).

Suppose that [r]\I has an element j. Then, k = 3 and H; is a 4-cycle.
Suppose xp; = u. Then, we have that (D\{v,yn,}) U {u} is an F-isolating
set of G of size |D| — 1, contradicting |D| = «(G, .7-') Thus, zy,; € V(F). This
yields that D\{v} is an F-isolating set of G, contradicting |D| = (G, F).

Therefore, [r]\I = 0, and hence I = [r]. Consider any i € [r]. Sup-
pose zg, € V(F') and yu, = v; ; for some j € [¢;]. Then, the components of
G—N[(D\{v,uj ;})U{vi ;}] are G; j—{v; j,u} ;} and G[{u}UV (F —zp,)], and
clearly they contain no F-graphs (a proper (k—1)-coloring of G[{u}UV (F —
xp,)] is obtained by assigning different colors to the k—1 vertices of F'—xy,,
and coloring u differently from v). Thus, we have that (D\{v,u; ;})U{v;;} is
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an f—isolating set of G of size |D| — 1, a contradiction. Suppose x g, € V(F)
and yg, = uj; for some j € [¢;] and | € [k]. As above, we obtain that
(D\{v, u;;}) U {u ;1 is an f—lsolating set of G of size |D| — 1, a contradic-
tion. Thus Ty, = u. Suppose ym, = ul ; for some j € [¢:] and [ € [k]. Then,
we have that (D\{v,u; ;})U{u} is an F- 1solat1ng set of G of size | D|—1, a con-
tradiction. Thus, yg, = v; ; for some j € [¢;]. Since this has been established
for each i € [r], we have that G[{u}UU;_, UjZ,{vi;}] is a tree, and hence G is
a pure (m, k)-special graph with G[N[v]],G11,...,G1,415---,Gr1,...,Grg.
being its k-clique constituents and u being the k-clique connection of G[N|[v]]
in G.

Subcase 2.2: H' # (). Let H' € H'. Then, H' is linked to some x € N(v). Let
H1={H € H': H is only linked to =} and
Ho = {H € H\'H': H is only linked to x}.
For each H € Hs, let Dy be a smallest F-isolating set of H. Then, |Dy| =
oH,F) < % by the induction hypothesis.

Subcase 2.2.1: Each member of H' is linked to at least two members of N(v).
Thus, Hy = 0. Let
X ={2}UV(H') and G*=G-X.

Then, a component G}, of G* satisfies N[v]\{z} C V(G3), and the members
of Hy are the other components of G*. Let D} be a smallest F-isolating
set of GF. Since H' is linked to z and to some 2z’ € N(v)\{z}, there exist
v,y € V(H') with zy, 2"y’ € E(G). Let D = Dy U{y} UUpgey, D Since
X C NJy], D is an F-isolating set of G. Thus,

L

(G]—‘)<\D*\+1+Z|DH|<|D|+ Z H
HeH, HeHo
We have
m > |B(Gy) U{va}| + |E(H') U{zy, 2y} + Y |E(H) U{zgyu}|
HeH>
=BGy +1+t+ > ([E(H)|+1). (13)
HeH

If G # Ky, then |D}| < % by the induction hypothesis, so

|[E(GH)|+1 i |[E(H)|+1 m+1
24> . < .

<
(G.F) < R

t
HeH2 k k

Now suppose G} ~ K. Since |N[v]\{z}| > k and N[v]\{z} C V(G3),
V(GE) = Nv\{z}. Let Y = (X UV(G;))\{v,z,y} and Gy = G — {v,z,y}.
Then, the components of G[Y] and the members of Hy are the components
of Gy.

Suppose that G[Y] contains no F-graph. Since v,y € Nlz|, {z} U
UH€H2 Dy is an F-isolating set of G, so (G, F) <1+ ZHEHg |Dp]. Since
Gy =~ Ky, (13) gives us m + 1 > 2t) + 3 pq (IE(H)| + 1) > tx(1 +
Y omen, |1Pul) > tei(G, F), so oG, F) < m:rl



148 Page 10 of 13 P. Borg MIOM

Now suppose that G[Y] contains an F-graph Fy. Then, x(Fy) > k or
Fy is a regular graph of degree at least k — 1. Thus, [Ngy)[z]| > k for some
z € V(Fy); this is given by Theorem 4 if x(Fy) > k. Let W C Ngpy[z]
such that z € W and |W| = k. Let G1 = G, Go = H', v; = v, vy =y,
G| = Gy — vy, and G, = Gy — vo. We have

Nopwle] €Y = V(G UV(GY). (14)

[V(GS)] = k — 1, it follows that [W N V(G})| > 1 and
By (14), z € V(G’) for some j € {1,2}. Let Z = V(G;)UW.
and G; ~ Ky,

Since |V(GY)| =
WV (GY)| > 1.
Since z € V(Gy)
Z C N[z (15)

We have
1Z] = V(G| + IW\V(G))l =k + W V(Gs_j)l = k+1.  (16)

Let Gz = G — Z. Then, V(Gz) = {z} U (V(G3-)\W) UUpcn, V(H). The
components of Gz — x are the clique Gz[V(Gs—;)\W] (which has less than
k vertices) and the members of Hy. Moreover, vs_; € V(Gs—;)\W (by (14)),
vs_j € Ng,(x), and Ng, (x) NV (H) # 0 for each H € Ho (by the definition
of Hs). Thus, Gz is connected.

Suppose Ha # (). Then, Gz % Kj. By (15), Lemma 1, and the induction
hypothesis, L(G,f)§1+L(GZ,f)<1+% Let w* € WNV(G5_;)
(vecall that [W NV(G5_;)[ > 1). Since G3—; ~ Ky, w*w € E(G3—;) for each
w € V(Gs—;)\{w*}. We have

2 B(Gy) + oy, 20} + {w'w: w € V(G- p)\{w B +1(G2)
> (§) + 14 k4 IEG) 2 t+ 24+ B(G)

as k > 3. Thus, since ¢«(G,F) <1+ %, UG, F) < %
Now suppose Ha = 0. Then, G* = G, s0 V(G) = V(G:)U{z} UV (H').
Recall that the k-clique H' is linked to at least two members of N(v). Thus,

k
n=2k+1 and m22<2)+3:2tk—1.

If IN[w]| > k+2 for some w € V(G), then |V(G—N[w])| < k—1, so {w} is an
F-isolating set of G, and hence «(G, F) =1 < mt—:'l Suppose | N[w]| < k+1 for
each w € V(G). Then, A(G) = d(v) =k, N[z] = Z = V(G;) U {w} for some
w € V(G;_;) (by (15) and (16)), and V(G — N[z]) = {z} U V(G3-; — w).
If G — N|[z] contains no F-graph, then (G, F) =1 < mt—tl Suppose that
G — N|[z] contains an F-graph F’. Since |V(G — N[z])| = k, G — N[z] =
F' ~ Kj. Since A(G) = k, we have N(z) = {v;} UV (Gs-; — w) and,
since z € V(G;) and w € N[z] NV (G3—;), N[w] = {2} UV(G3_;). Thus,
V(G — N[w]) = {z} U (V(G;)\{z}). Since |V(G — N[w])| = k > 3 and
N[z] N V(G)) = 0, {w} is an F-isolating set of G, so 1(G,F) =1 < %

Subcase 2.2.2: Some member of H' is linked to only one member of N(v).
Thus, we may assume that H’ is linked to x only. For each H € Hi U Ho,
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yg € N(z) for some yy € V(H). By the same argument in the corresponding
Subcase 2.2.2 of the proof of Theorem 1.3 in [3], we obtain that +(G,F) <
m+l and that equality holds only if

E(G) = E(H")Ufzyn}u | (B(H)U {zyn}),
HeHY

where H), = Ho U {G}} for a connected subgraph G? of G with

ya; =v e V(Gy) = VI(G)\ <{1’} vvHu V(H)> :

HeEH

and «(H,F) = % for each H € H). Thus, if (G, F) = mt—':l, then G is
as in the case (G, F) = mt—i'l in Subcase 2.1 (with H' and x now taking the
role of F' and u, respectively, in (11) and (12)), so G is a pure (m, k)-special

graph. O
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