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Abstract

This thesis is divided into two main parts. The first three chapters

focus on the study of order and unbounded order convergence. We ex-

amine various well-established definitions of order convergence, that

have emerged over time, each associated with a corresponding topol-

ogy. These notions are compared in detail, with particular attention

to the conditions under which they coincide or differ. Furthermore, in

the context of a semi-finite measure space, we investigate the relation-

ship between the topologies on L∞ arising from the duality (L∞, L1),

and we compare these to the order topology. Notably, we establish

a condition under which the Mackey topology is strictly weaker than

the order topology.

Compared to order convergence, unbounded order convergence is

relatively new and is generally studied on Riesz spaces. In this the-

sis, we explore it in the broader context of lattices. Our results show

that, similar to the order topology, the unbounded order topology is

independent of the definition of order convergence. In addition, we

extend key properties known to hold in Riesz spaces to lattices. We

prove that order continuity of unbounded order convergence is equiv-

alent to the lattice being infinitely distributive. Moreover, we show

that the O-closure and uO-closure of a sublattice coincide and form a

sublattice. Furthermore, we show that the uO-adherence of an ideal

is an O-closed ideal. We also examine the MacNeille completion of a

sublattice Y relative to that of a lattice L, identifying two conditions

under which the completion of Y embeds regularly in that of L.

The last chapter is dedicated to the study of lattice uniformities. It

is known that for a locally solid Riesz space (X, τ) there exists a locally

solid linear topology uτ on X such that unbounded τ -convergence

coincides with uτ -convergence. This topology is the weakest locally

solid linear topology that agrees with τ on all order bounded subsets.

Thus, for a uniform lattice (L,U), we introduce the weakest lattice
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uniformity U∗ on L that coincides with U on each order bounded

subset of L. We see that if U is the uniformity induced by the topology

of a locally solid Riesz space (X, τ), then the U∗-topology coincides

with uτ . We also provide answers to several questions posed in [44, 37].
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Publications

This thesis is based on research carried out between 2019 and 2025.

The first three chapters draw upon results presented in [1, 2], while

the final chapter builds on the work in [3].

Introduction

Order convergence in partially ordered sets has long been studied.

One finds different definitions for order convergence that all reduce

for complete lattices to the requirement that lim sup = lim inf. Each

notion of order convergence gives rise to a topology, defined by taking

as closed sets those subsets of the poset such that no net in them

order converges to a point outside of the set. This topology is called

the order topology and it is intrinsic to the poset since it is the finest

topology which preserves order convergence. The simplest example

is the set of real numbers. The order topology on the real line is

the standard topology and if a sequence converges with respect to the

order topology, it is also order convergent. Caution is required, since in

general nets that converge with respect to the order topology need not

be order convergent. Order convergence is not topological in general.

For example, the order topology on a Riesz space is topological if

and only if it is finite-dimensional (see, for example, [44, Theorem

18.36]). The question of characterizing those posets for which order

convergence is topological has received considerable attention. Our

work builds on earlier results in [12, 14, 15, 16, 17], in which the

order topology associated with a partially ordered structure arising

naturally in the realm of functional analysis is studied and related to

the functional-analytic properties of the structure.

A systematic treatment of the order topology on various structures

associated with a von Neumann algebra was carried out in [17]. In

that case, the order topology comes from the standard operator order
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defined on the self-adjoint operators acting on a Hilbert space; namely,

for self-adjoint operators T and S, we have T ≤ S if the operator S−T
has a positive spectrum. It was shown that the order topology on the

self-adjoint part of a σ-finite von Neumann algebra, albeit far from be-

ing a linear topology in general, on bounded parts, coincides with the

strong operator topology. The proof is based on the Noncommutative

Egoroff Theorem and rests heavily on the assumption of σ-finiteness.

Moreover, finite σ-finite von Neumann algebras were characterized in

terms of the order-topological properties of the associated lattice of

projections. In [2], for semi-finite measure spaces, we give a complete

picture between the topologies arising from the duality (L∞, L1) and

the order topology. Furthermore, we provide a condition under which

the Mackey topology is strictly coarser than the order topology.

The concept of unbounded order convergence (also referred to as

uO-convergence) was first introduced by Hidegorô Nakano under the

term individual convergence [38, 39]. The now commonly used term

unbounded order convergence was later coined by Ralph DeMarr [21].

In sequence spaces ℓp (1 ≤ p ≤ ∞), unbounded order convergence

coincides with pointwise convergence. Furthermore, in Lp spaces (1 ≤
p <∞), it is equivalent to almost everywhere convergence.

A pivotal advancement in the theory of unbounded order conver-

gence (uO-convergence) was made by Gao, Xanthos, and Troitsky [28],

who demonstrated that uO-convergence passes freely to and from reg-

ular sublattices. In particular, they established that for a sublattice,

the notions of uO-closure and order closure (O-closure) coincide. This

fundamental connection between unbounded and classical order struc-

tures has spurred further investigation. In subsequent work [27], the

relationship between uO-closure and O-closure of sublattices was fur-

ther studied.

Bilokopytov and Troitsky extended the study of unbounded order

convergence by analyzing the concept of uO-convergence in spaces
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of continuous functions, including C(X), Cb(X), C0(X) and C∞(X),

where X is a completely regular Hausdorff topological space. In this

context, they provided a detailed characterization of uO-convergence

in C(X), showing, notably, that a sequence uO-converges if and only

if it converges pointwise on a co-meagre subset [9].

Our work on unbounded order convergence builds upon the afore-

mentioned developments. In [3], we demonstrate that the unbounded

order topology is independent of the definition of order convergence.

In [1], we investigate uO-convergence within the setting of infinitely

distributive lattices. We establish that in a distributive lattice, uO-

convergence is order continuous if and only if the lattice is infinitely

distributive. Additionally, we show that similarly to the Riesz spaces

case, both the uO-closure and the O-closure of a sublattice are them-

selves sublattices, and, moreover, these two closure notions coincide.

Furthermore, we explore the MacNeille completion of a sublattice

within the MacNeille completion of the ambient lattice. In particu-

lar, we identify two sufficient conditions under which the MacNeille

completion of the sublattice embeds regularly in that of the larger

lattice.

Uniform lattices were introduced in [47, 49] as a generalization

of topological Boolean rings—that is, Boolean rings endowed with an

FN-topology—and locally solid Riesz spaces, or more generally, locally

solid ℓ-groups. A uniform lattice is defined as a lattice equipped with

a lattice uniformity, meaning a uniformity under which the lattice

operations ∨ and ∧ are uniformly continuous.

In particular, the uniformity induced by a group topology τ on a

Boolean ring is a lattice uniformity if and only if τ is an FN-topology.

Similarly, the right, left, or two-sided uniformity induced by a group

topology τ on an ℓ-group is a lattice uniformity if and only if τ is

locally solid (see [47, Propositions 1.1.7 and 1.1.8]).

In recent years, several authors have investigated the notion of
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unbounded τ -convergence in a locally solid Riesz space (X, τ). This

concept generalizes earlier work on unbounded convergence, which

was initially studied in the setting where τ is the norm topology on a

Banach lattice. A broader treatment was developed in [37], where τ

is taken to be any locally solid linear topology on a Riesz space.

In particular, Taylor [37, Theorem 2.3] established that there ex-

ists a locally solid linear topology uτ on X such that unbounded τ -

convergence coincides with uτ -convergence. Furthermore, as shown

in [44, Proposition 2.19], the topology uτ is the weakest locally solid

linear topology that agrees with τ on all order bounded subsets of X.

In our work [3], we consider uniform lattices (L,U) and introduce

the weakest lattice uniformity U∗ on L that coincides with U on all

order bounded subsets. This construction parallels the development

of the topology uτ in the setting of locally solid Riesz spaces. In

particular, we show that when the lattice uniformity U is induced by

a locally solid topology τ on a Riesz space, the topology induced by U∗

coincides exactly with uτ . Furthermore, we answer several questions

posed in [44, 37].

Finally, an important application of order-theoretic and lattice

structures arises in economics and finance. The work on the GRAS

(Generalised RAS) algorithm [4] and Social Accounting Matrices

(SAMs) [5] demonstrates how matrix balancing and block decompo-

sition can maintain structural consistency in economic and financial

data while adjusting for incomplete or updated observations. More-

over, lattice-theoretic approaches underpin the representation of pref-

erences, aggregation of economic quantities, and decision-making in

infinite-dimensional commodity or state spaces [20, 8]. The block de-

composition techniques used in [5] further allow for efficient compu-

tation and analysis by partitioning complex economic systems into

submatrices. Such connections illustrate that the abstract mathe-

matical structures we study can directly inform practical methods for
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modeling, aggregating, and analyzing economic and financial systems.
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1 Basic Concepts

In this section, we review several well-known basic definitions of par-

tially ordered sets, lattices and Riesz spaces. In particular, we review

the construction of the MacNeille completion.

1.1 Partially Ordered Sets and Lattices

Definition 1.1.1. Let P be a set. A partial order (or order) on P is

a relation ≤ on P such that, if a, b, c ∈ P , then

(i) a ≤ a (reflexivity),

(ii) a ≤ b and b ≤ a imply a = b (antisymmetry),

(iii) a ≤ b and b ≤ c imply a ≤ c (transitivity).

A pair (P,≤) is called a partially ordered set (or poset). Sometimes

we write b ≥ a instead of a ≤ b, and write a < b when a ≤ b and

a ̸= b. A total order is a partial order in which every two elements

are comparable. A set endowed with a total order is said to be totally

ordered. An element 1 ∈ P is called a maximum element (or greatest

element) and 0 ∈ P is called a minimum element (or least element)

if 0 ≤ x ≤ 1 for every x ∈ P . Whenever maximum and minimum

elements exist, they are unique.

Definition 1.1.2. Let P be a poset and B ⊆ P .

(i) An element a ∈ P is an upper bound of B if b ≤ a for every

b ∈ B. Similarly, a ∈ P is a lower bound of B if a ≤ b for every

b ∈ B.

(ii) If a ∈ P is an upper bound of B and a ≤ c for every upper bound

c ∈ P of B, then a is the supremum (or least upper bound) of B

in P . This is denoted by supP B or
∨P B. Similarly, if a is a

lower bound of B and c ≤ a for every lower bound c ∈ P of B,

then a is the infimum (or greatest lower bound) of B in P . This

Page 1
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is denoted by infP B or
∧P B. When there is no ambiguity, we

simply write supB or
∨
B for the supremum and inf B or

∧
B

for the infimum.

(iii) For a, b ∈ P , the set {x ∈ P : a ≤ x ≤ b} is an order interval,

denoted by [a, b].

(iv) If there exist a, b ∈ P such that B ⊆ [a, b], then B is order

bounded.

(v) B is order convex if, whenever a, b ∈ B with a ≤ b, we have

[a, b] ⊆ B.

In the following example, we note that a subset of a partially or-

dered set might not have a supremum nor an infimum, and when they

exist they are unique.

Example 1. Consider the subset B := {x ∈ Q : 2 < x2 < 3} of Q,

viewed also as a subset of R. Then B has neither an infimum nor a

supremum in Q. Indeed,
√
2 and

√
3 exist in R but not in Q. On the

other hand, in R we have
∨RB =

√
3 and

∧RB =
√
2. Thus, the

existence of suprema and infima depends on the ambient poset.

Proposition 1.1.3. If P is a poset with B ⊆ P0 ⊆ P and
∧P B exists

and is an element of P0, then
∧P0 B =

∧P B. A dual statement holds

for suprema.

Proof. Let a :=
∧P B. Then B is bounded below in P0 by a. Let

b ∈ P0 be another lower bound of B. Since b ∈ P , we have b ≤ a,

hence a =
∧P0 B.

Proposition 1.1.4. Let A and B be subsets of a poset P .

(i) If
∨
B or

∧
B exist, they are unique.

(ii) Suppose A ⊆ B. If both A and B have suprema in P , then∨
A ≤

∨
B. Dually, if both A and B have infima in P , then∧

B ≤
∧
A.

Page 2



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

Definition 1.1.5. Let P1 and P2 be posets. A map φ : P1 → P2 is

said to be:

(i) order-preserving (or isotone) if x ≤ y in P1 implies φ(x) ≤ φ(y)

in P2;

(ii) an order-embedding (written φ : P1 ↪→ P2) if x ≤ y in P1 if and

only if φ(x) ≤ φ(y) in P2;

(iii) an order-isomorphism if it is an order-embedding which maps P1

onto P2.

Definition 1.1.6. A poset in which every finite subset has an infimum

and a supremum is called a lattice. A subset S of a lattice L is said

to be a sublattice if a ∨L b ∈ S and a ∧L b ∈ S for all a, b ∈ S.

Definition 1.1.7. A sublattice S of L is said to be regular if, for every

subset A ⊆ S, whenever
∧S A exists in S, we have

∧S A =
∧LA, and

dually for suprema.

Lemma 1.1.8. Let L be a lattice. Then for all a, b, c ∈ L:

(i) (a ∨ b) ∨ c = a ∨ (b ∨ c) and (a ∧ b) ∧ c = a ∧ (b ∧ c) (associative

laws);

(ii) a ∨ b = b ∨ a and a ∧ b = b ∧ a (commutative laws);

(iii) a ∨ a = a and a ∧ a = a (idempotency laws);

(iv) a ∨ (a ∧ b) = a and a ∧ (a ∨ b) = a (absorption laws).

Lemma 1.1.9. Let L be a lattice. Then for all a, b, c, d ∈ L:

(i) If a ≤ b, then a ∨ c ≤ b ∨ c and a ∧ c ≤ b ∧ c;

(ii) If a ≤ b and c ≤ d, then a ∨ c ≤ b ∨ d and a ∧ c ≤ b ∧ d;

(iii) a ≤ b if and only if a ∨ b = b (equivalently, a ∧ b = a).

Proof. We shall only prove statements that involve ∧; dual statements

for ∨ are analogous. (i) First note that a ∧ c ≤ a ≤ b and a ∧ c ≤ c.

Then, a ∧ c is a lower bound of {b, c}, hence a ∧ c ≤ b ∧ c.

Page 3
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(ii) Using (i) we have that a ∧ c ≤ b ∧ c and b ∧ c ≤ b ∧ d. By

transitivity it follows that a ∧ c ≤ b ∧ d.

(iii) If a ≤ b, then a is a lower bound of {a, b}, hence a ≤ a ∧ b.

Since a ∧ b ≤ a, we conclude a ∧ b = a. Conversely, if a ∧ b = a then

a is a lower bound of {a, b}, as required.

Definition 1.1.10. Let L1 and L2 be lattices. A map φ : L1 → L2 is

said to be:

(i) a lattice homomorphism if φ is both join-preserving and meet-

preserving, i.e., for every a, b ∈ L1, φ(a∨b) = φ(a)∨φ(b) and φ(a∧b) =
φ(a) ∧ φ(b);

(ii) a lattice embedding if φ is an injective lattice homomorphism;

(iii) a lattice isomorphism if φ is a bijective lattice homomorphism.

Proposition 1.1.11 ([19], Proposition 2.19, p. 44). Let L1 and L2 be

lattices and f : L1 → L2 be a map.

(i) The following are equivalent:

(a) f is order-preserving;

(b) f(a) ∨ f(b) ≤ f(a ∨ b) for every a, b ∈ L1;

(c) f(a ∧ b) ≤ f(a) ∧ f(b) for every a, b ∈ L1.

In particular, if f is a lattice homomorphism, then f is order-

preserving.

(ii) f is a lattice isomorphism if and only if it is an order - isomor-

phism.

Definition 1.1.12. A poset Γ is said to be directed (resp. filtered), if

for every γ1, γ2 ∈ Γ there exists γ ∈ Γ such that γ1 ≤ γ and γ2 ≤ γ

(resp. γ ≤ γ1 and γ ≤ γ2).

Definition 1.1.13. A net in a set X is a function f from a directed

set Γ into X. We write f(γ) as xγ and the net by (xγ)γ∈Γ.

Definition 1.1.14. Let P be a poset and let κ be an infinite cardinal.

Page 4
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(i) P is called κ-order-complete if every non-empty κ-subset (i.e.,

subset of cardinality at most κ) of P has a supremum and an

infimum. P is said to be order-complete if it is κ-order-complete

for every infinite cardinal κ.

(ii) P is called κ-Dedekind-complete if every non-empty κ-subset that

is bounded above has a supremum and every non-empty κ-subset

that is bounded below has an infimum. P is said to be Dedekind-

complete if it is κ-Dedekind-complete for every infinite cardinal

κ.

(iii) P is called order separable if every non-empty subset B of P with

a supremum contains a countable subset with the same supremum

and, dually, every non-empty subset of P having an infimum

contains a countable subset with the same infimum.

(iv) P is called monotone order separable if every directed subset

admitting a supremum contains an increasing sequence with the

same supremum and, dually, every filtered subset of P with an

infimum contains a decreasing sequence with the same infimum.

Clearly, every order-complete poset is Dedekind complete and ev-

ery order separable poset is monotone order separable. We write σ-

Dedekind complete when the cardinal κ is ℵ0.

Example 2. For a set X, consider the power set P(X) ordered by

inclusion. For A,B ∈ P(X), A ∩ B is the infimum and A ∪ B is

the supremum. Furthermore, P(X) is an order-complete lattice in

which, for any collection {Aα : α ∈ A }, the supremum
∨

α∈A Aα is⋃
α∈A Aα, and the infimum

∧
α∈A Aα is

⋂
α∈A Aα.

In this thesis, the collection 2X will denote the space of closed

subsets of a topological space X.

Example 3 (Hyperspace). For a topological space X, let 2X denote

the space of closed subsets of X ordered by inclusion. For A,B ∈ 2X ,

A∩B is the infimum and A∪B is the supremum. For a collection {Aα :

Page 5
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α ∈ A }, the supremum is
⋃

α∈A Aα and the infimum is
⋂

α∈A Aα.

Thus, 2X is an order-complete lattice.

Example 4 ([29], Example 3.6). Let A := {(x, 0) : x ∈ [0, 1)} and

B := {(0, y) : y ∈ [0, 1)}. Then P := A∪B∪{(1, 1)} under coordinate-
wise order is order-complete.

The next proposition shows that for a poset P to be Dedekind

complete, it suffices to show that every non-empty subset which is

bounded above has a supremum.

Proposition 1.1.15. A poset P is Dedekind complete if and only if

every non-empty subset of P that is bounded above in P has a supre-

mum in P .

Proof. One direction follows by definition. Conversely, we need to

show that every non-empty subset of P that is bounded below in P

has an infimum in P . Let A ⊆ P be bounded below. Let B be

the set of lower bounds of A. Then B is non-empty and bounded

above by every element of A. By hypothesis
∨
B exists in P , and∨

B =
∧
A.

Theorem 1.1.16. A lattice L is order separable if and only if it is

monotone order separable.

Proof. First assume that L is order separable and (xγ)γ∈Γ is an in-

creasing net with
∨

γ∈Γ xγ = x. Then there exists a countable subset

B ⊆ {xγ : γ ∈ Γ} satisfying
∨

y∈B y = x. Let B := {xγn : n ∈
N}. Define α1 := γ1. For α2 choose ξ ∈ Γ such that α1 ≤ ξ and

γ2 ≤ ξ. Let α2 := ξ. Repeating this process, we get an increasing

sequence (xαn)n∈N which is bounded above by x. Finally we show

that
∨

n∈N xαn = x. If xαn ≤ b for every n ∈ N, then xγn ≤ b for every

n ∈ N, concluding that x ≤ b as required.

Conversely assume L is monotone order separable. Let A ⊆ L with

supA = x and Γ := {B ⊆ A : |B| < ω} ordered by inclusion. It is

Page 6
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easy to see that Γ is directed. For each B ∈ Γ let xB :=
∨

b∈B b to get

an increasing net (xB)B∈Γ with supremum x. By the monotone order

separability of L, there exists {An : n ∈ N} ⊆ Γ such that (xAn)n∈N

is increasing with supremum x. Let C :=
⋃∞

n=1An. Then, C ⊆ A is

countable and
∨
C = x, as required.

Proposition 1.1.17. Let P and Q be order isomorphic posets. If Q

is order-complete, then P is order-complete as well.

Proof. Consider the order isomorphism φ : P → Q. Let A ⊆ P . Then

φ(A) = {φ(a) : a ∈ A} has a supremum φ(p) in Q. Therefore p is

the supremum of A in P . Indeed, since φ is an order isomorphism,

we have a ≤ p for every a ∈ A. Moreover, if b ∈ P is such that

a ≤ b for every a ∈ A, then φ(b) is an upper bound of φ(A). Hence,

φ(p) ≤ φ(b), which implies p ≤ b.

Proposition 1.1.17 also holds for other properties, such as κ-Dedekind

completeness, order separability, and monotone order separability.

The mapping φ : P → Q preserves suprema and infima if for ev-

ery A ⊆ P , whenever x0 =
∨
A exists in P , then

∨
{φ(x) : x ∈ A}

exists in Q and

φ(x0) =
∨
{φ(x) : x ∈ A}.

Likewise for infima.

Given a subset A of a poset P , the set of upper bounds of A,

denoted by A+, is given by

A+ := {x ∈ P : a ≤ x for every a ∈ A}.

Similarly, given a subset B of P , the set of lower bounds of B,

denoted by B−, is defined as

B− := {x ∈ P : x ≤ b for every b ∈ B}.
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For a poset P , if A = ∅ then A+ = P . The converse also holds if

P does not have a minimum. One also has that A+ = ∅ if and only

if A is not bounded above.

Similarly, for a subset B of a poset P , if B = ∅ then B− = P .

The converse also holds if P does not have a maximum. One also has

that B− = ∅ if and only if B is not bounded below.

For every A ⊆ P , we write A+− for (A+)−. A subset satisfying

A = A+− is called an l-cut in P . The collection of l-cuts, ordered by

inclusion, is non-empty since P is an l-cut.

Lemma 1.1.18. Let P be a poset and A,B ⊆ P . Then:

(i) A ⊆ A+− and A ⊆ A−+.

(ii) If A ⊆ B, then B+ ⊆ A+ and B− ⊆ A−.

(iii) A+ = A+−+ and A− = A−+−.

Proof. (i) Let a ∈ A. Then for every b ∈ A+, a ≤ b, showing that

a ∈ A+−. Similarly, one can show that A ⊆ A−+.

(ii) Assume A ⊆ B and x ∈ B+, then b ≤ x for every b ∈ B. From

A ⊆ B, it follows that a ≤ x for every a ∈ A, hence x ∈ A+. Similarly

one can show that B− ⊆ A−.

(iii) From (i) and (ii), it follows that A+−+ ⊆ A+. To see the

reverse inclusion, take a ∈ A+. Then b ≤ a for every b ∈ A+−, so that

a ∈ A+−+. That A− = A−+− can be shown in a similar way.

Lemma 1.1.19. For any subset A of a poset P , the set A+− is an

l-cut, and A+− is the smallest l-cut containing A. In particular, the

set (←, x] is an l-cut.

Proof. That A+− is an l-cut follows from Lemma 1.1.18 (iii). More-

over, if B is another l-cut containing A, from Lemma 1.1.18 (ii) it

follows that A+− ⊆ B+− = B. Therefore, A+− is the smallest l-cut

containing A. To see that (←, x] is an l-cut, it suffices to note that

{x}+− = (←, x].
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Proposition 1.1.20. Let P be a poset and {Aα : α ∈ A } a family of

subsets of P . Then
⋂

α∈A A+−
α =

(⋃
α∈A A+

α

)−
.

Proof. First note that A+
α ⊆

⋃
α∈A A+

α . By Lemma 1.1.18 (ii),

(
⋃
α∈A

A+
α )
− ⊆

⋂
α∈A

A+−
α .

To see the reverse inclusion, take x ∈
⋂

α∈A A+−
α . Then for every

α ∈ A and every y ∈ A+
α , we have x ≤ y . In particular, x ≤ y for

every y ∈
⋃

α∈A A+
α , i.e., x ∈ (

⋃
α∈A A+

α )
−. Therefore, the reverse

inclusion holds.

Definition 1.1.21. A subset A of a poset P is said to be join-dense

in P if, for every x ∈ P , there exists B ⊆ A such that
∨
B = x.

Definition 1.1.22. A subset A of a poset P is said to be meet-dense

in P if, for every x ∈ P , there exists B ⊆ A such that
∧
B = x.

Theorem 1.1.23 (MacNeille Completion). Given a non-empty poset

P containing no smallest or largest element, there exists an order-

complete lattice DM(P ) and an order embedding φ : P → DM(P ),

where x 7→ (←, x]. More precisely, DM(P ) is the set of all l-cuts of

P , partially ordered by inclusion. In addition, P is join-dense and

meet-dense in DM(P ). Equivalently, every l-cut A of P satisfies( ⋃
(←,x]⊆A

(←, x]
)+−

= A =
⋂

A⊆(←,x]

(←, x].

Proof. First we show that the set of all l-cuts of P is order-complete.

Let (Aα)α∈A be an arbitrary subset of DM(P ). Let A :=

(
⋃

α∈A Aα)
+−. By Lemma 1.1.19, A is an l-cut, and moreover the

smallest l-cut containing (
⋃

α∈A Aα). If B is another l-cut containing

Aα for every α ∈ A , it follows that
⋃

α∈A Aα ⊆ B. Thus by Lemma

1.1.18 (i), we get A ⊆ B. For the infimum, consider C :=
⋂

α∈A Aα.

The set C is an l-cut by noting that C ⊆ Aα for every α ∈ A and
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C+− ⊆ Aα by Lemma 1.1.18 (i). Then C+− ⊆ C and, by Lemma

1.1.18 (i) it follows that C = C+−. If D is another l-cut satisfying

D ⊆ Aα for every α ∈ A , it follows that D ⊆ C. Thus C is the

greatest lower bound, i.e., the infimum.

By Lemma 1.1.19, we observe that φ is an injective mapping of P

into DM(P ). Next, we show that φ preserves suprema and infima.

Let E ⊆ P , and let x0 := supE. Using the above, the set {(←, x] :

x ∈ E} has supremum A = (
⋃

x∈E(←, x])+−. It suffices to show that

A = (←, x0]; equivalently, that A
+ = [x0,→). Clearly z ∈ A+ if and

only if x ≤ z for every x ∈ E if and only if x0 ≤ z if and only if

z ∈ [x0,→).

Next we show that the mapping φ preserves infima. Let E ⊆ P

with x0 := inf E. We know that B :=
⋂

x∈E(←, x] is the infimum of

{(←, x] : x ∈ E}, thus it suffices to show that B = (←, x0]. Indeed,

z ∈ B ⇐⇒ z ≤ x ∀x ∈ E ⇐⇒ z ≤ x0 ⇐⇒ z ∈ (←, x0].

Finally, we show that every A ∈ DM(P ) satisfies

A = sup{(←, x] : (←, x] ⊆ A} = inf{(←, x] : A ⊆ (←, x]}.

The claim is trivial if A = ∅. Assume that A ̸= ∅. Since A is an

l-cut, we have x ∈ A ⇐⇒ (←, x] ⊆ A. Then,

A =
⋃
x∈A

(←, x] =
⋃

(←,x]⊆A

(←, x] =
( ⋃

(←,x]⊆A

(←, x]
)+−

Furthermore, A ⊆ (←, x] if and only if x is an upper bound of A.

Then,

A = A+− =
⋂

x∈A+

(←, x] =
⋂

A⊆(←,x]

(←, x]
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Theorem 1.1.24 ([19], Theorem 7.41, p. 167). Let P be a partially

ordered set and let φ : P ↪→ DM(P ), where x 7→ (←, x], be the order-

embedding of P into its MacNeille completion. Then,

(i) φ(P ) is both join-dense and meet-dense in DM(P ).

(ii) If L is an order-complete lattice and P is a subset of L which

is both join-dense and meet-dense in L. Then L and DM(P )

are order-isomorphic via an order-isomorphism that agrees with

φ on P .

From Theorem 1.1.24 it follows that up to order isomorphism, the

MacNeille completion is unique.

Example 5 ([35], p. 190). Let P = {x1, x2}, where x1 and x2 are

incomparable. For A ⊆ P , the set A+− is one of ∅, {x1}, {x2}, or

P . Thus, DM(P ) = {∅, {x1}, {x2}, P}, which is isomorphic to the

four-element Boolean lattice.

The example above is trivial in nature; however, it highlights an

important aspect of the order-completion of a poset. If we remove

the element P from DM(P ), the order-completion may no longer be

a lattice. On the other hand, if the poset P is a lattice, and we

delete the smallest and largest elements from DM(P ), the remaining

set is still a Dedekind complete lattice. For a poset P , the DM(P )

completion of P without its greatest and smallest elements will be

denoted by P δ.

Lemma 1.1.25 ([35], p. 190). Let L be a lattice without smallest

and largest elements. Then L can be embedded as a sublattice in a

Dedekind complete lattice.

Proof. Let L be a lattice without smallest and largest elements. The

set Lδ is Dedekind complete since DM(L) is Dedekind complete by

construction; removing the trivial bounds ∅ and L does not affect the

existence of suprema and infima of non-empty bounded subsets. To
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see that Lδ is a lattice, take l-cuts A,B in DM(L) such that A ̸= L

and B ̸= L. By the meet-density of L inDM(L), there exist x1, x2 ∈ L

satisfying A ⊆ (←, x1] and B ⊆ (←, x2]. Again, using the fact that L

does not have a largest element,

A ∨Lδ
B ⊆ (←, x1] ∨L

δ
(←, x2] = (←, x1 ∨ x2] ̸= L.

Thus A∨Lδ
B ∈ Lδ. The argument for infimum follows by duality.

Definition 1.1.26. A lattice L is called a distributive lattice if

a ∧ (b ∨ c) = (a ∧ b) ∨ (a ∧ c)

for all a, b, c ∈ L.

Proposition 1.1.27 ([19], Lemma 4.3, p. 85). Let L be a lattice. The

following are equivalent:

(i) L is distributive;

(ii) a ∨ (b ∧ c) = (a ∨ b) ∧ (a ∨ c) for all a, b, c ∈ L.

Proof. Assume that L is distributive. Then, by distributivity

(a ∨ b) ∧ (a ∨ c) = ((a ∨ b) ∧ a) ∨ ((a ∨ b) ∧ c)

= a ∨ ((a ∨ b) ∧ c)

= a ∨ (a ∧ c) ∨ (b ∧ c)

= a ∨ (b ∧ c).

Conversely, assume that a∨(b∧c) = (a∨b)∧(a∨c) for every a, b, c ∈ L.

Then, by the assumed identity,

(a ∧ b) ∨ (a ∧ c) = ((a ∧ b) ∨ a) ∧ ((a ∧ b) ∨ c)

= a ∧ ((a ∧ b) ∨ c)

= a ∧ (a ∨ c) ∧ (b ∨ c)

= a ∧ (b ∨ c).
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For a lattice L and fixed a, b ∈ L, define the maps f(a,b), g(a,b) :

L→ L by

f(a,b)(x) := (x ∧ b) ∨ a, g(a,b)(x) := (x ∨ a) ∧ b,

for all x ∈ L.

Proposition 1.1.28 ([3], Proposition 3.10). (a) For a lattice L, the

following statements are equivalent:

(i) L is distributive.

(ii) For all a, b ∈ L, f(a,b) is a lattice homomorphism from L to L.

(iii) For all a, b ∈ L, g(a,b) is a lattice homomorphism from L to L.

(b) If L is distributive, then for all a, b ∈ L, f(a,b) = f(a,a∨b) = g(a,a∨b)

and g(a,b) = g(a∧b,b) = f(a∧b,b).

Proof. (i)⇒ (ii) is obvious. Furthermore, (ii)⇒ (iii) follows by noting

that

g(a,b)(x ∨ y) = (x ∨ y ∨ a) ∧ b

= ((x ∨ a) ∨ (y ∨ a)) ∧ b

= (((x ∨ a) ∨ (y ∨ a)) ∧ b) ∨ (a ∧ b)

= f(a∧b,b)((x ∨ a) ∨ (y ∨ a))

= f(a∧b,b)(x ∨ a) ∨ f(a∧b,b)(y ∨ a)

= g(a,b)(x) ∨ g(a,b)(y).

Similarly, one can show that g(a,b)(x∧y) = g(a,b)(x)∧g(a,b)(y). Finally,
to show that (iii) ⇒ (i), observe that for every x, a, b ∈ L, g(a∧x,b)(x∨
a) = g(a∧x,b)(x)∨g(a∧x,b)(a) which is exactly the distributive law. Part

(b) follows directly from the distributive property of L.
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Definition 1.1.29. A lattice L is said to satisfy the join-infinite dis-

tributive law if for x ∈ L and {xα : α ∈ A } ⊆ L such that
∨

α∈A xα

exists in L, one has

x ∧
∨
α∈A

xα =
∨
α∈A

(x ∧ xα).

Definition 1.1.30. A lattice L is said to satisfy the meet-infinite

distributive law if for x ∈ L and {xα : α ∈ A } ⊆ L such that
∧

α∈A xα

exists in L, one has

x ∨
∧
α∈A

xα =
∧
α∈A

(x ∨ xα).

Definition 1.1.31. A lattice L is infinitely distributive if it satisfies

both the join-infinite distributive law and the meet-infinite distributive

law.

The inequalities x∧
∨

α∈A xα ≥
∨

α∈A (x∧xα) and x∨
∧

α∈A xα ≤∧
α∈A (x ∨ xα) hold in every lattice. If a lattice satisfies the join or

meet-infinite distributive laws, then it is distributive by Proposition

1.1.27. However, not every distributive lattice satisfies the join- or

meet-infinite distributive laws. The next examples exhibit distributive

lattices that do not satisfy the join-infinite distributive law.

Example 6. Let L be the collection 2R ordered by inclusion. Clearly

this is an order-complete distributive lattice. For every n ∈ N, consider
the increasing sequence Xn := [2−n,∞). Then (supn∈NXn) ∧ {0} =⋃

n∈NXn ∩ {0} = [0,∞) ∩ {0} = {0} but supn∈N(Xn ∧ {0}) = ∅.

Example 7. Let Z+ ∪ {0} be ordered by a ≤ b if a divides b. This is

an order-complete distributive lattice where 1 and 0 are the minimal

and maximal elements, respectively. However, it is not join-infinite

distributive. Let A := {p : p is odd prime}. Then, 2 ∧ (
∨

p∈A p) = 2,

but
∨

p∈A(2 ∧ p) = 1.
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We conclude this section with a brief mention of ideals and filters.

For a detailed treatment, including their role in Stone’s representation

theorem for Boolean algebras, see [19].

Definition 1.1.32. Let P be a poset and Q ⊆ P .

(i) Q is a down-set if, whenever x ∈ Q, y ∈ P and y ≤ x, then

y ∈ Q.

(ii) Dually, Q is an up-set if, whenever x ∈ Q, y ∈ P and x ≤ y,

then y ∈ Q.

Definition 1.1.33. Let L be a lattice. A non-empty subset I is called

an order ideal if it is a down-set satisfying a∨b ∈ I for every a, b ∈ I.
It is said to be proper if I ≠ L.

Proposition 1.1.34. Let L be a lattice. Every order ideal I is a

regular sublattice of L.

Proof. Let A ⊆ I and a :=
∨I A exists. Let b be an upper-bound

of A in L. Then a ∧ b is an upper-bound of A in I, concluding that

a =
∨LA.

The following example shows that the converse of Proposition

1.1.34 is not necessarily true.

Example 8. Consider the lattice R2 ordered coordinate-wise, i.e.,

(x1, y1) ≤ (x2, y2) if and only if x1 ≤ x2 and y1 ≤ y2. Take S :=

{(x, 0) : x ∈ R}, then S is a regular sublattice but not an order ideal

in R2 because it is not a down-set.

The set of order ideals will be denoted by I (L). An order ideal

is said to be prime if a, b ∈ L and a ∧ b ∈ I, then a ∈ I or b ∈ I.
The set of prime order ideals is denoted by Ip(L). When there is

no ambiguity, the set of order ideals and prime order ideals will be

denoted by I and Ip, respectively.

Lemma 1.1.35. Let L be a lattice. Then the intersection of two order

ideals is also an order ideal.
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However, the following example shows that the intersection of two

prime order ideals is not necessarily a prime order ideal.

Example 9. Let P(X) be the power set of a set X ordered by inclu-

sion. Let x and y be distinct elements of X and consider the prime

order ideals Ix = {A ⊆ X : x /∈ A} and Iy = {A ⊆ X : y /∈ A}. It

should be clear that Ix ∩ Iy is not a prime order ideal.

Definition 1.1.36. Let L be a lattice. A non-empty subset F is called

a filter if

(i) a, b ∈ F implies a ∧ b ∈ F ,

(ii) a ∈ L, b ∈ F and b ≤ a implies a ∈ F .

It is said to be proper if F ̸= L.

A filter is said to be prime if, whenever a, b ∈ L and a ∨ b ∈ F ,
one has a ∈ F or b ∈ F . The set of prime filters is denoted by Fp(L).

When the lattice is clear from the context, we simply write F and Fp

for the set of filters and prime filters, respectively.

Lemma 1.1.37. A subset I of a lattice L is a proper prime order

ideal if and only if L \ I is a prime filter.

Definition 1.1.38. Let L be a lattice, and let I be a proper order ideal.

I is said to be a maximal order ideal if the only order ideal strictly

containing I is L. Equivalently, I is a maximal order ideal if and only

if it is a maximal element of I \{L} ordered under inclusion. Dually,

one defines a maximal filter, which is also known as an ultrafilter.

Theorem 1.1.39 ([19], Lemma 10.11). Let L be a distributive lattice.

Then every maximal order ideal in L is prime, and every ultrafilter is

a prime filter.
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1.2 Riesz Spaces

In this section, we present an overview of Riesz spaces and establish

several well-known properties.

Definition 1.2.1. An ordered vector space is a real vector space V

endowed with a partial order that is compatible with the vector space

structure of V ; i.e.,

(i) x ≤ y implies x+ z ≤ y + z for all x, y, z ∈ V ;

(ii) x ≥ 0 implies αx ≥ 0 for all x ∈ V and all α ≥ 0 in R.

Proposition 1.2.2. Let V be an ordered vector space. Then the fol-

lowing properties hold:

(i) If x ≤ y, then αx ≤ αy for all x, y ∈ V and all α ≥ 0 in R.
(ii) If x ≤ y, then αy ≤ αx for all x, y ∈ V and all α < 0 in R.
(iii) If w ≤ x and y ≤ z, then w + y ≤ x+ z for all w, x, y, z ∈ V .

Proof. (i) Observe that y − x ≥ 0 since x ≤ y. By the definition of

ordered vector space, 0 ≤ α(y − x) = αy − αx, hence αx ≤ αy.

(ii) From (i) and the fact that −α ≥ 0, we obtain −αx ≤ −αy. It
follows that αy ≤ αx.

(iii) Observe that w + y ≤ x + y by the definition of an ordered

vector space. Moreover, by the fact that y ≤ z, it follows that x+y ≤
x+ z. By the transitivity of ≤, we obtain that w + y ≤ x+ z.

We now turn to Riesz spaces (also called vector lattices).

Definition 1.2.3. A Riesz space V is an ordered vector space that is

also a lattice, in which the lattice operations are compatible with the

vector space structure.

For an element x ∈ V , the positive part of x is defined by x+ :=

x ∨ 0, and the negative part of x is defined by x− := (−x) ∨ 0 . The

absolute value of x is defined by |x| := x ∨ (−x) . An element x ∈ V

is said to be positive if x ≥ 0. The set of positive elements of a Riesz
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space V is denoted by V+ , equivalently V+ := {u ∈ V : u ≥ 0}. This
set is called the positive cone.

Proposition 1.2.4. Let V be a Riesz space. Then, for all x, y, z ∈ V

and all scalars α ≥ 0, the following hold:

(i) x ∨ y = −((−x) ∧ (−y)) and x ∧ y = −((−x) ∨ (−y));
(ii) x+ y = (x ∧ y) + (x ∨ y);

(iii) x+ (y ∨ z) = (x+ y)∨ (x+ z) and x+ (y ∧ z) = (x+ y)∧ (x+ z);

(iv) α(x ∨ y) = αx ∨ αy and α(x ∧ y) = αx ∧ αy.

Proof. (i) First note that x ∧ y ≤ x and x ∧ y ≤ y. It follows that

−y ≤ −(x∧y) and −x ≤ −(x∧y). Thus (−x)∨(−y) ≤ −(x∧y). Now
let z be another upper bound of −x and −y, then −z ≤ x and −z ≤ y,

hence −z ≤ x∧y. This implies −(x∧y) ≤ z. Therefore −(x∧y) is the
supremum of −x and −y. The second identity is proved analogously.

(ii) From x ∧ y ≤ y it follows that y − x ∧ y ≥ 0. Adding x to

both sides yields x + y − (x ∧ y) ≥ x. Similarly, from x ∧ y ≤ x we

obtain x + y − (x ∧ y) ≥ y. It follows that x + y − (x ∧ y) ≥ x ∨ y.

Equivalently, (x ∧ y) + (x ∨ y) ≤ x+ y. On the other hand, from the

fact that x ≤ x∨y, subtracting x∨y yields x− (x∨y) ≤ 0 and adding

y to both sides yields x+y− (x∨y) ≤ y. Similarly, from y ≤ x∨y, we
obtain x+ y − (x ∨ y) ≤ x. Then x+ y − (x ∨ y) ≤ x ∧ y. Combining

both inequalities, we conclude that (x ∧ y) + (x ∨ y) = x+ y.

(iii) First note that x + (y ∧ z) ≤ x + y and x + (y ∧ z) ≤ x + z.

Hence, x+ (y ∧ z) ≤ (x+ y) ∧ (x+ z). Next observe that y = (−x) +
(x+ y) ≥ −x+ (x+ y) ∧ (x+ z), and similarly, z = (−x) + (x+ z) ≥
−x+(x+z)∧ (x+y). Thus, −x+(x+z)∧ (x+y) ≤ y∧z. Combining

both inequalities, we conclude that x + (y ∧ z) = (x + y) ∧ (x + z).

The other equality is proved analogously.

(iv) For α = 0, the result is trivial. For α > 0 we observe that

αx ∧ αy ≥ α(x ∧ y). Next let z be any lower bound of αx and αy.

Then, z
α ≤ x and z

α ≤ y, so z
α ≤ x ∧ y, concluding that z ≤ α(x ∧ y).

The dual statement follows analogously.
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Theorem 1.2.5 (Riesz Decomposition Inequality). Let x, x1, . . . , xn

be positive elements of a Riesz space V . Then:

x ∧
( n∑

i=1

xi

)
≤

n∑
i=1

(x ∧ xi).

Proposition 1.2.6. Let V be a Riesz space, A,B ⊆ V , x ∈ V , and

α ≥ 0. Then:

(i) sup(x+A) = x+ supA, whenever one of them exists.

(ii) sup(−A) = − inf(A), whenever one of them exists.

(iii) sup(A + B) = sup(A) + sup(B), whenever the right hand side

exists.

(iv) sup(αA) = α sup(A), whenever the right hand side exists.

Proof. (i) Let y := sup(x+A). Then for every a ∈ A we have a+x ≤ y,

hence a ≤ y−x. Now let w be another upper bound of A. Then a ≤ w

for all a ∈ A, so a + x ≤ x + w for all a ∈ A. Therefore y ≤ w + x,

which implies y − x ≤ w. Hence y − x = sup(A), or equivalently

sup(x+A) = x+ sup(A).

(ii) Let y := sup(−A). Then for every a ∈ A we have −a ≤ y.

Hence, multiplying both sides by −1, we get −y ≤ a for all a ∈ A.

Let x be any lower bound of A. Then x ≤ a and multiplying both sides

by −1 gives −a ≤ −x for all a ∈ A. Thus −x is an upper bound of

−A, hence y ≤ −x and multiplying by −1 yields x ≤ −y, as required.

(iii) Let x := sup(A) and y := sup(B). Then for every a ∈ A and

b ∈ B, we have that a + b ≤ x + y. Let z be another upper bound

of A + B. Then for all a ∈ A and b ∈ B, we have a + b ≤ z. Hence,

for each fixed b ∈ B, the element z − b is an upper bound of A, so

x ≤ z − b. Thus, x+ b ≤ z for every b ∈ B so that b ≤ z − x for every

b ∈ B. Consequently, y ≤ z − x which implies that x+ y ≤ z.

(iv) For α = 0, the result is obvious. Let α > 0 then the right hand

side exists if and only if t = sup(A) exists. Let x = αt, then αa ≤ x,
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so x is an upper bound of αA. Let y be another upper bound of αA,

then αa ≤ y for every a ∈ A. This implies that a ≤ α−1y for every

a ∈ A, concluding that t ≤ α−1y. Then x = αt ≤ y, as required.

Theorem 1.2.7. Let V be a Riesz space and x ∈ V . Then,

(i) x = x+ − x−.

(ii) |x| = x+ + x−.

(iii) x+ ∧ x− = 0.

Proof. (i) From Proposition 1.2.4 (ii) and Proposition 1.2.6 (ii) it fol-

lows that

x+ 0 = x ∨ 0 + x ∧ 0 = x ∨ 0− (−x ∨ 0) = x+ − x−.

(ii) Using Proposition 1.2.4 (iii), (iv) and (i) it follows that

|x| = x ∨ −x = −x+ (2x ∨ 0)

= −x+ 2x+

= 2x+ − x

= 2x+ − (x+ − x−)

= x+ + x−.

(iii) Observe that

x+ ∧ x− = (x+ − x−) ∧ 0 + x−

= x ∧ 0 + x−

= −((−x) ∨ 0) + x−

= −x− + x−

= 0.

Theorem 1.2.8. Let x, y ∈ V , where V is a Riesz space. Then:
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(i) x = (x− y)+ + (x ∧ y);

(ii) x ∨ y = 1
2(x+ y + |x− y|) and x ∧ y = 1

2(x+ y − |x− y|);

(iii) |x− y| = (x ∨ y)− (x ∧ y);

(iv) |x| ∨ |y| = 1
2(|x+ y|+ |x− y|);

(v) |x| ∧ |y| = 1
2(
∣∣|x+ y| − |x− y|

∣∣);
(vi) |x+ y| ∨ |x− y| = |x|+ |y|.

Proof. (i) From Proposition 1.2.4 (ii), x+ y = x ∨ y + x ∧ y, so

x = (x ∨ y) + (x ∧ y)− y = (x− y) ∨ 0 + (x ∧ y) = (x− y)+ + (x ∧ y).

(ii) We shall prove that x∧y = 1
2(x+y−|x−y|), the other identity

similarly follows.

x+ y − |x− y| = x+ y − ((x− y) ∨ (y − x))

= x+ y + (y − x) ∧ (x− y)

= (x+ y + y − x) ∧ (x+ y + x− y)

= 2y ∧ 2x = 2(x ∧ y).

(iii) Add and subtract the identities in (ii).

(iv) Since |x+ y| = (x+ y) ∨ (−x− y), we obtain

|x+ y|+ |x− y| = ((x+ y) ∨ (−x− y)) + |x− y|

= ((x+ y + |x− y|) ∨ (−x− y + |x− y|))

= 2((x ∨ y) ∨ (−x ∨ −y))

= 2((x ∨ −x) ∨ (y ∨ −y))

= 2(|x| ∨ |y|).

(v) Using (ii) and (iv) twice, we obtain

∣∣|x+ y| − |x− y|
∣∣ = 2(|x+ y| ∨ |x− y|)− (|x+ y|+ |x− y|)
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= 2(|x|+ |y|)− 2(|x| ∨ |y|)

= 2((|x|+ |y| − (|x| ∨ |y|)))

= 2((|x|+ |y|+ (−|x| ∧ −|y|)))

= 2((|x|+ |y| − |x|) ∧ (|x|+ |y| − |y|))

= 2(|y| ∧ |x|).

(vi) We use (iii) and (v) to get

|x+ y| ∨ |x− y| =
∣∣|x+ y| − |x− y|

∣∣+ |x+ y| ∧ |x− y|

= 2(|x| ∧ |y|) +
∣∣|x| − |y|∣∣

= 2(|x| ∧ |y|) + (|x| ∨ |y| − |x| ∧ |y|)

= |x| ∧ |y|+ |x| ∨ |y|

= |x|+ |y|.

Theorem 1.2.9 ([10], p. 296). For all x, y, z in a Riesz space V , we

have

|x ∨ z − y ∨ z|+ |x ∧ z − y ∧ z| = |x− y|.

Corollary 1.2.10 (Birkhoff’s Inequalities). For all x, y, z in a Riesz

space V , we have

|x ∨ z − y ∨ z| ≤ |x− y| and |x ∧ z − y ∧ z| ≤ |x− y|.

Definition 1.2.11. Let V be a Riesz space.

(i) A vector subspace W is called a Riesz subspace if it is a sublattice

of V .

(ii) A Riesz subspace W of V is called regular if it is a regular sub-

lattice of V .

(iii) V is called Archimedean if, for x, y ∈ V +, the condition nx ≤ y

for all n ∈ N implies x = 0.
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(iv) A Riesz subspace W of V is called order dense in V if, for every

0 < x ∈ V there exists w ∈W such that 0 < w ≤ x.

(v) A Riesz subspace W of V is called majorizing in V if, for every

x ∈ V there exists w ∈W such that x ≤ w.

(vi) A subset A ⊆ V is solid if, whenever w ∈ A and u ∈ V satisfy

|u| ≤ |w|, then u ∈ A.

(vii) A solid vector subspace U ⊆ V is called a Riesz order ideal.

Lemma 1.2.12. Every Riesz subspace W of a Dedekind complete

Riesz space V is Archimedean. In particular, every Dedekind com-

plete Riesz space is Archimedean.

Proof. Let x, y ∈W+ such that nx ≤ y for every n ∈ N. By Dedekind

completeness, let z :=
∨V

n∈N nx in V . Then, nx = (n+1)x−x ≤ z−x

for every n ∈ N, concluding that x ≤ 0, i.e., x = 0.

Theorem 1.2.13. Let W be a Riesz order ideal in a Riesz space V .

Then, W is a Riesz subspace of V .

Proof. From the definition of a Riesz order ideal, we have that |w| ∈W

for every w ∈ W . In particular, for any u, v ∈ W , it follows that

|u−v| ∈W . By Theorem 1.2.8 (ii) , this implies that u∨v, u∧v ∈W .

Hence, W is a sublattice of V . Since W is already a vector subspace,

it follows that W is a Riesz subspace of V .

Proposition 1.2.14 ([25], Proposition 353J, p. 239). Let W be a

Riesz order ideal in a Riesz space V .

(i) If V is Dedekind complete (resp. σ-Dedekind complete) then so

is W ;

(ii) If V is order separable then W is also order separable.

Remark 1.2.15. It is well known that if V is a vector space and W

is a vector subspace of V , then one can consider the quotient space

V/W =
{
v• : v ∈ V

}
where v• := v +W . The space V/W becomes a

Page 23



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

vector space when considering the operations (u + v)• = u• + v• and

(αv)• = αv• for all u, v ∈ V and α ∈ R. Moreover, if V is a partially

ordered set, one can define the relation ⪯ on V/W by defining v•1 ⪯ v•2

when there exists w1, w2 ∈W such that v1+w1 ≤ v2+w2 in V . When

there is no risk of ambiguity, we shall also write ≤ instead of ⪯.

Theorem 1.2.16. Let W be a Riesz order ideal of a Riesz space V .

Then the quotient space V/W with the induced order, is a Riesz space.

Proof. We start by showing that ≤ is a partial order. It is easy to see

that it is reflexive. To see that it is antisymmetric, assume that v•1 ≤ v•2

and v•2 ≤ v•1. Then there exists w1, w2 ∈ W such that v1 − v2 ≤ w1

and v2 − v1 ≤ w2. Hence, |v2 − v1 + w1| ≤ |w1 + w2|. Since W is a

Riesz order ideal, v2−v1+w1 ∈W and so v2−v1 ∈W , thus, v•1 = v•2.

To see that it is transitive, suppose v•1 ≤ v•2 and v•2 ≤ v•3. Then there

exist w1, w2 ∈ W such that v1 − v2 ≤ w1 and v2 − v3 ≤ w2. Adding

these inequalities yields v1 − v3 ≤ w1 +w2, so v•1 ≤ v•3. Thus, V/W is

a partially ordered set.

Next we show that this partial order is compatible with the vector

space structure of V/W . Assume v•1 ≤ v•2 and v•3 ∈ V/W . Then there

exists w ∈W such that v1 − v2 ≤ w. It follows that (v1 + v3)− (v3 +

v2) ≤ w, and therefore (v1 + v3)
• ≤ (v3 + v2)

•. Furthermore, suppose

0• ≤ v• and let α ∈ R with α ≥ 0. Then, −v ≤ w for some w ∈ W ,

which implies −αv ≤ αw. Hence 0• ≤ (αv)•. Thus V/W is an ordered

vector space. Finally, if v•1 ≤ v•2 and α ∈ R with α ≥ 0, it is easy to

see that (αv1)
• ≤ (αv2)

•.

We are left to show that V/W is a lattice, where v•1∨v•2 := (v1∨v2)•

and v•1 ∧ v•2 := (v1 ∧ v2)
•. Clearly v•1 ≤ (v1 ∨ v2)

• and v•2 ≤ (v1 ∨ v2)
•.

If v• is another upper bound of v•1 and v•2, there exist w1, w2 ∈ W

such that v1 − v ≤ w1 and v2 − v ≤ w2. By Proposition 1.2.4 (iii),

(v1 − v) ∨ (v2 − v) = (v1 ∨ v2) − v ≤ w1 ∨ w2 ∈ W , hence v•1 ∨ v•2 =

(v1 ∨ v2)
•. The statement for infimum follows dually.
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The Riesz space in Theorem 1.2.16 is called the quotient Riesz

space of V by W .

Definition 1.2.17. A linear operator T : V → U between Riesz spaces

U and V is said to be

(i) a Riesz homomorphism if T (x∨y) = T (x)∨T (y) for all x, y ∈ V .

(ii) Positive if T (x) ≥ 0 whenever x ≥ 0.

The following three propositions are easy to show.

Proposition 1.2.18. Let T : V → U be a linear operator between

Riesz spaces U and V . The following statements are equivalent:

(i) T is a Riesz homomorphism.

(ii) T (x) ∨ T (y) = 0U whenever x, y ∈ V satisfy x ∨ y = 0V .

(iii) T (x ∧ y) = T (x) ∧ T (y) for all x, y ∈ V .

(iv) T (x) ∧ T (y) = 0U whenever x, y ∈ V satisfy x ∧ y = 0V .

Proposition 1.2.19. Let V and W be Riesz spaces, and T : V →W

be a Riesz homomorphism. Then:

(i) T is positive;

(ii) T (x+) = (T (x))+, T (x−) = (T (x))−, and T (|x|) = |T (x)| for all

x ∈ V ;

(iii) ker(T ) is a Riesz order ideal in V .

Definition 1.2.20. A Riesz homomorphism between Riesz spaces V

and W is called a σ-Riesz homomorphism if T (v) =
∨W

n∈N T (vn) when-

ever v =
∨V

n∈N vn.

Remark 1.2.21. If W is a σ-order-complete Riesz order ideal in V ,

then the quotient map T : V → V/W is a Riesz homomorphism.

Moreover, since Ker(T ) = W , it follows that T is also a σ-Riesz-

homomorphism.
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Theorem 1.2.22. Let W be a σ-order-complete Riesz order ideal of

a Riesz space V . If V is σ-Dedekind-complete, then so is V/W .

Proof. Let B = {b•n : n ∈ N} be a subset of V/W bounded above by

b•. For each n ∈ N, there exists wn ∈W such that bn−b ≤ wn. Hence

the set {bn − wn : n ∈ N} is bounded above in V and therefore has a

supremum v ∈ V . By Remark 1.2.21, the quotient map is a σ-Riesz

homomorphism, and thus v• =

(∨V
n∈N(bn − wn)

)•
=
∨V/W

n∈N b•n.

Theorem 1.2.23. Let V be a Riesz space, W a Riesz order ideal in

V , and U a linear subspace of W . Then:

(i) U is a Riesz order ideal in W if and only if U is a Riesz order

ideal in V ;

(ii) If U is a Riesz order ideal in V , then W/U is an order ideal in

V/U .

Proof. (i) If U is a Riesz order ideal in V , then it is trivially a Riesz

order ideal in W . Conversely, assume that U is a Riesz order ideal in

W . Suppose v ∈ V and u ∈ U satisfy |v| ≤ |u|. Since U ⊆ W and W

is a Riesz order ideal in V , it follows that v ∈ W . Finally, because U

is a Riesz order ideal in W , it follows that v ∈ U .

(ii) Let v• ∈ V/U and w• ∈ W/U satisfy |v•| ≤ |w•|. Then

(|v|)• ≤ (|w|)•, which means that |v| − |w| ≤ u for some u ∈ U . As W

is a Riesz order ideal in V and |v| ≤ u + |w| with u ∈ W , it follows

that v ∈ W . Therefore v• ∈ W/U , and hence W/U is a Riesz order

ideal in V/U .

1.3 The space L0

Definition 1.3.1. Let X be a set. A collection Σ of subsets of X is

called a σ-algebra on X if:

(i) X ∈ Σ;

(ii) X \ E ∈ Σ for every E ∈ Σ;
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(iii)
⋃

n∈NEn ∈ Σ for every sequence (En)n∈N in Σ.

Elements of a σ-algebra are called measurable subsets of X, and the

pair (X,Σ) is called a measurable space.

Definition 1.3.2. A map f : X → Y from a measurable space (X,Σ)

into a topological space (Y,T ) is said to be measurable if f−1(V ) ∈ Σ

for every V ∈ T .

Let (X,Σ) be a measurable space. The set of measurable functions

f : X → R will be denoted by L 0(X,Σ), or simply by L 0 . For f, g ∈
L 0, define a relation ≤ on L 0 by f ≤ g if and only if f(x) ≤ g(x) for

all x ∈ X. Clearly, ≤ is a partial order on L 0, which we shall refer to

it as the pointwise partial order on L 0.

Theorem 1.3.3. Equipped with pointwise addition, multiplication,

and scalar multiplication, together with the pointwise partial order,

the space L 0 is a σ-Dedekind complete Riesz space.

Definition 1.3.4. Let (X,Σ) be a measurable space. A measure on

X is a function µ : Σ→ [0,∞] such that:

(i) µ(∅) = 0;

(ii) for every sequence (En)n∈N of pairwise disjoint sets in Σ,

µ(
⋃

n∈NEn) =
∑∞

n=1 µ(En).

In this case, the triple (X,Σ, µ) is called a measure space. When

the measure µ is understood from the context, we denote by Σf the

collection {E ∈ Σ : 0 < µ(E) < ∞}. i.e., the sets of positive finite

measure.

Definition 1.3.5. Let (X,Σ, µ) be a measure space. Then N ⊆ X is

called negligible if there is a set E ∈ Σ such that N ⊆ E and µ(E) = 0.

A set A ⊆ X is called conegligible if the complement X\A is negligible.

If (X,Σ, µ) is a measure space and P (x) is a statement concerning

elements x of a subset A ⊆ X, we say that P (x) holds almost every-

where on A if P (x) is true for all x ∈ A except possibly on a negligible
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subset of A. In particular, if A = X, we simply say that P (x) holds

almost everywhere, often abbreviated as “P (x) a.e.”. The set of real-

valued measurable functions that vanish almost everywhere on X, i.e

{f ∈ L 0 : f(x) = 0 a.e.} is denoted by N (X,Σ, µ) or simply N .

Proposition 1.3.6. Let (X,Σ, µ) be a measurable space, N is a σ-

order-complete Riesz order ideal of L 0.

For a measure space (X,Σ, µ), the quotient space L 0/N =
{
f• :

f ∈ L 0
}
is denoted by L0(X,Σ, µ), or simply L0. Clearly, f• ≤ g• in

L0 if and only if f(x) ≤ g(x) a.e.

Theorem 1.3.7 ([23], 241G(a), p. 137). L0 is an Archimedean, σ-

Dedekind complete Riesz space.

Proof. That L0 is a σ-Dedekind complete Riesz space follows by The-

orems 1.3.6, 1.3.3, and 1.2.22. That it is Archimedean follows by

Lemma 1.2.12.

Definition 1.3.8. Let (X,Σ, µ) be a measure space and let E ⊆ Σ. A

set H ∈ Σ is called an essential supremum of E if:

(i) E \H is negligible for every E ∈ E; and

(ii) whenever G ∈ Σ such that E \G is negligible for every E ∈ E, it
follows that H \G is negligible.

Definition 1.3.9. A measure space (X,Σ, µ) is said to be:

(i) complete if every negligible subset of X is measurable;

(ii) totally finite if µ(X) <∞;

(iii) σ-finite if there exists a sequence (En)n∈N in Σf that covers X,

that is X =
⋃

n∈NEn;

(iv) semi-finite if for every E ∈ Σ with µ(E) > 0 there exists an

F ∈ Σf such that F ⊆ E;

(v) localisable if it is semi-finite and every subcollection of Σ has an

essential supremum.
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The following theorem provides two conditions under which L0 is

Dedekind complete and order separable, respectively.

Theorem 1.3.10 ([23], Theorem 241G(b), Exercise 241Y(d), p. 140).

Let (X,Σ, µ) be a semi-finite measure space. Then,

(i) L 0 is Dedekind complete if and only if (X,Σ, µ) is localisable;

(ii) L0 is order separable if and only if (X,Σ, µ) is σ-finite.

Corollary 1.3.11. Let (X,Σ, µ) be a semi-finite measure space.

Then, L0 is Dedekind complete if and only if (X,Σ, µ) is localisable.
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1.4 Integrability

In this section, we briefly discuss integrable functions. For a detailed

exposition of this topic, see [18, 24].

Definition 1.4.1. Let (X,Σ, µ) be a measure space. An element f ∈
L 0 is said to be integrable if

∫
|f | dµ <∞.

Remark 1.4.2. Let p ≥ 1 be a real number. Denote by L p the set of

measurable pth-power integrable real functions; that is, L p is the set

of f ∈ L 0 such that
∫
|f |p dµ <∞.

Define the following function on L p for 1 ≤ p <∞:

ρp : L p −→ [0,∞) : f 7−→
(∫
|f |p dµ

) 1
p

.

Then ρp is non-negative and ρp(f) = 0 if and only if f ∈ N .

Moreover, if f ∈ L p and α ∈ R, then (ρp(αf))
p = |α|p

∫
|f |p dµ, so

that ρp(αf) = |α|ρp(f). Finally, for any f, g ∈ L 1,

ρ1(f + g) =

∫
|f + g| dµ ≤

∫
|f |+ |g| dµ = ρ1(f) + ρ1(g).

Theorem 1.4.3 (Cauchy-Minkowski Inequality). Let 1 ≤ p <∞ and

f, g ∈ L p. Then f + g ∈ L p and ρp(f + g) ≤ ρp(f) + ρp(g).

If p > 1 is a real number, then there exists a q = p
(p−1) > 1 such

that 1
p +

1
q = 1. The numbers p and q are called conjugate exponents.

Theorem 1.4.4 (Hölder’s Inequality). Let 1 < p, q <∞ be conjugate

exponents. If f ∈ L p and g ∈ L q, then fg is integrable and ρ1(fg) ≤
ρp(f)ρq(g).

Theorem 1.4.5. Let (X,Σ, µ) be a measure space and let 1 ≤ p <∞.

Then L p is a Riesz order ideal of L 0 containing N .

As the space L 0 is σ-Dedekind complete, it follows from Theorem

1.4.5 and Proposition 1.2.14 that L p is also σ-Dedekind complete.
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Following remark 1.2.15, we consider the quotient space L p/N :=

{f• : f ∈ L p} denoted by Lp(X,Σ, µ) or simply Lp, where f• := {g ∈
L p : f − g ∈ N}. We define a relation ≤ on Lp by setting f• ≤ g•

whenever there exist h1, h2 ∈ N such that f + h1 ≤ g + h2 in L p.

Theorem 1.4.6. Let (X,Σ, µ) be a measure space and 1 ≤ p < ∞,

then Lp is a σ-Dedekind-complete Riesz space.

Proof. From Theorem 1.4.5, L p is a Riesz order ideal in L 0 that

contains N . By Theorem 1.3.6, N is a Riesz order ideal in L 0, so

it follows by Theorem 1.2.22 (ii) that Lp is a Riesz order ideal in

L0. Finally, by Theorem 1.3.7 together with Proposition 1.2.14, we

conclude that Lp is a σ-Dedekind-complete.

In fact more can be said for the space Lp.

Theorem 1.4.7 ([23], 244L & 244Y (b), p. 167 & p. 170). Let (X,Σ, µ)

be a measure space and 1 ≤ p < ∞. Then Lp is order-separable and

Dedekind complete.

Definition 1.4.8. Let V be a vector space over the scalar field C. A

function p : V → [0,∞) is called a seminorm on V if, for all x, y ∈ V

and a ∈ R,

(i) p(x+ y) ≤ p(x) + p(y);

(ii) p(ax) = |a|p(x).

A norm is a seminorm satisfying p(x) = 0 implies that x = 0.

From Remark 1.4.2 and Theorem 1.4.3, the map ρp is a seminorm

on L p. The following theorem shows that ρp defines a norm on Lp

for 1 ≤ p <∞.

Theorem 1.4.9 ([23], Theorem 244F, p. 162). Let (X,Σ, µ) be a

measure space and let 1 ≤ p < ∞. Then the seminorm ρp induces a

norm ∥·∥p on the quotient space Lp, defined by ∥f•∥p = ρp(f), for all

f ∈ L p.
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Theorem 1.4.10 ([23], Theorem 244G, p. 163). (Lp, ∥·∥p) is a Banach

space.

1.5 The Space L∞ of Essentially Bounded Functions

In the previous section, we discussed the spaces Lp of integrable func-

tions for 1 ≤ p < ∞. In this section, we consider the case when

p =∞.

Definition 1.5.1. Let (X,Σ, µ) be a measure space. A measurable

function f : X → R is said to be essentially bounded if there exists

M > 0 such that µ(x ∈ X : |f(x)| > M) = 0. Equivalently |f | ≤ M

a.e. The set of all such functions is denoted by L∞(X,Σ, µ), or simply

L∞.

Proposition 1.5.2. Let (X,Σ, µ) be a measure space. If f, g ∈ L∞

and c ∈ R, then f + g, cf and fg are elements of L∞.

Proof. Let f, g ∈ L∞. Then there exist M1,M2 ∈ R such that

|f(x)| ≤M1 and |g(x)| ≤M2 a.e. Hence,

|f(x) + g(x)| ≤ |f(x)|+ |g(x)| ≤M1 +M2 a.e.

Also,

|cf(x)| = |c||f(x)| ≤ |c|M1 a.e.

Concluding that f + g ∈ L∞ and cf ∈ L∞. Finally, |f(x)g(x)| ≤
|f(x)||g(x)| ≤M1M2 a.e, which shows fg ∈ L∞.

Proposition 1.5.3. The space L∞ is a Riesz order ideal in L 0.

Moreover, L∞ is σ-Dedekind-complete and, if (X,Σ, µ) is localisable,

then L∞ is Dedekind complete.

Proof. From Proposition 1.5.2, L∞ is a vector subspace of L 0. It is

easy to see that L∞ is a Riesz order ideal in L 0 containing N . For
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σ-order completeness (respectively, Dedekind completeness), the re-

sult follows by Proposition 1.2.14 (i) and Theorem 1.3.3 (respectively,

Theorem 1.3.10 (i)).

For every f ∈ L∞, the essential supremum of f is defined as the

infimum of the set {M ∈ R : |f(x)| ≤M a.e.}. We now define

ρ∞ : L∞ → [0,∞) : f 7→ ess sup |f |.

Proposition 1.5.4 ([23], Proposition 243D, p. 153). Let f, g ∈ L∞

then

(i) If f(x) = g(x) a.e, then ess sup |f | = ess sup |g|;

(ii) |f | ≤ ess sup|f | a.e;

(iii) ess sup |fg| ≤ (ess sup |f |)(ess sup |g|);

(iv) ess sup |f + g| ≤ ess sup |f |+ ess sup |g|.

Proposition 1.5.5. Let (X,Σ, µ) be a measure space. Then:

(i) ρ∞ is a seminorm on L∞ satisfying ρ∞(fg) ≤ ρ∞(f)ρ∞(g) for

all f, g ∈ L∞.

(ii) The seminorm ρ∞ induces a norm on the quotient space L∞/N
given by ∥f•∥∞ = ρ∞(f).

Proof. (i) Clearly ρ∞ satisfies ρ∞(f+g) ≤ ρ∞(f)+ρ∞(g) and ρ∞(fg) ≤
ρ∞(f)ρ∞(g) by Proposition 1.5.4 (iii) and (iv). Next let a ∈ R. For

a = 0, the result is immediate. Suppose a ̸= 0. Then,

ρ∞(af) = ess sup|af | = inf{M ∈ R : |af(x)| ≤M a.e}

= inf{M ∈ R : |a||f(x)| ≤M a.e}

= inf

{
M ∈ R : |f(x)| ≤ M

|a|
a.e

}
= |a| inf

{
M

|a|
∈ R : |f(x)| ≤ M

|a|
a.e

}
= |a|ρ∞(f)
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(ii) We start by showing that ∥·∥∞ is well-defined. Assume that

f• = g•. Then |f(x)| = |g(x)| a.e, and by proposition 1.5.4 (i), it

follows that ρ∞(f) = ρ∞(g), or equivalently ∥f•∥∞ = ∥g•∥∞. Now if

∥f•∥∞ = 0, then ess sup|f | = 0, i.e |f(x)| = 0 a.e, thus f ∈ N . The

other properties of a norm follow because ρ∞ is a seminorm.

Let L∞ be the space L∞/N .

Theorem 1.5.6. The space L∞ is a Riesz space.

Proof. By Proposition 1.5.3, we know that L∞ is a Riesz order ideal

in L 0 and that it contains N . Therefore, by Theorem 1.2.23 (ii), L∞

is a Riesz order ideal in L0. Hence, by Theorem 1.2.13, L∞ is a Riesz

space.

Theorem 1.5.7 ([23], Theorem 243E, p. 154). The space (L∞, ∥·∥∞)

is a Banach space.

Theorem 1.5.8. The space L∞ is Dedekind σ-complete. Moreover,

if (X,Σ, µ) is localisable, then L∞ is Dedekind complete.

Proof. By Theorem 1.5.6, L∞ is a Riesz order ideal in L0. Moreover,

Theorem 1.3.7 shows that L0 is σ-Dedekind complete. Hence, by The-

orem 1.2.14, it follows that L∞ is also σ-Dedekind complete. Finally,

if (X,Σ, µ) is localisable, then L∞ is Dedekind complete by Corollary

1.3.11 together with Theorem 1.2.14.

Theorem 1.5.9 ([45], Proposition 3.3.9). The space L∞ is order sep-

arable if and only if (X,Σ, µ) is σ-finite.

Proof. Suppose first that L∞ is order separable, and define F :=

{F ∈ Σ : 0 < µ(F ) < ∞}. The net {χ•F : F ∈ F} is increasing

with supremum χ•X . By order separability, there exists a countable

family {Fi : i ∈ N} such that
∨

i∈N χ•Fi
= χ•X . Let F :=

⋃∞
i=1 Fi.

Then χ•Fi
≤ χ•F for every i ∈ N, and hence µ(X \ F ) = 0. Therefore,

(X,Σ, µ) is σ-finite.
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Conversely, if (X,Σ, µ) is σ-finite, then L0 is order separable by

Theorem 1.3.10 (ii), and L∞ is a Riesz order ideal in L0. By Theorem

1.2.14 (ii), it follows that L∞ is order separable.

1.6 The Embedding of L∞ into B(Lp) for 1 ≤ p <∞.

Proposition 1.6.1. Let g ∈ L∞ and f ∈ L p with (1 ≤ p ≤ ∞).

Then fg ∈ L p and ρp(fg) ≤ ρ∞(g)ρp(f).

Proof. If p = ∞ and f, g ∈ L∞, the result follows by Proposition

1.5.4 (iii). For 1 ≤ p <∞, since |g(x)| ≤ ρ∞(g) a.e., we have

ρp(fg)
p =

∫
|f |p|g|p dµ ≤ ρ∞(g)p

∫
|f |p dµ = ρ∞(g)pρp(f)

p <∞.

A linear operator is a mapping T : V → G between two vector

spaces V and G over the same field R satisfying T (αv1 + βv2) =

αT (v1) + βT (v2) for all v1, v2 ∈ V . If V and W are normed spaces

with norms ∥·∥V and ∥·∥W , respectively, then T is called a bounded

linear operator if there exists C ≥ 0 such that ∥T (v)∥G ≤ C ∥v∥V
for all v ∈ V . The set of bounded linear operators from V into G is

denoted by B(V ,G ); when V = G we simply write B(V ). For any

T ∈ B(V ,G ), the operator norm of T is given by

∥T∥ := inf{C ≥ 0 : ∥T (v)∥G ≤ C ∥v∥V for every v ∈ V }.

For two linear operators S, T : V → G and a scalar α ∈ R, we
define operators S + T : V → G and αT : V → G by (S + T )(v) :=

S(v) + T (v) and (αT )(v) := α(T (v)) for all v ∈ V .

Lemma 1.6.2. For any g ∈ L∞ and 1 ≤ p ≤ ∞ the mapping Mp
g :

Lp → Lp : f• 7→ (fg)• is a bounded linear operator with ∥Mp
g ∥p ≤

∥g•∥∞.
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Proof. Let 1 ≤ p ≤ ∞, f1, f2 ∈ L p, and α, β ∈ R. To see that Mp
g

is well defined, note that if f•1 = f•2 , then (f1g)(x) = (f2g)(x) almost

everywhere. Next, Mp
g is linear since

Mp
g ((αf1 + βf2)

•) = ((αf1 + βf2)g)
•

= ((α(f1g) + β(f2g))
•

= α(f1g)
• + β(f2g)

•

= αMp
g (f
•
1 ) + βMp

g (f
•
2 ).

Finally, for any f ∈ L p, ∥Mp
g (f•)∥p = ∥(fg)•∥p = ρp(fg) ≤

ρ∞(g)ρp(f). Thus M
p
g is bounded, and ∥Mp

g ∥p ≤ ρ∞(g) = ∥g•∥∞.

The following theorem shows that L∞ can be embedded in B(Lp).

Theorem 1.6.3 ([45], Theorem 3.4.3). For any 1 ≤ p ≤ ∞, the map

Tp : L
∞ −→ B(Lp) : g• 7→Mp

g is a bounded linear operator. If p =∞,

then Tp is an isometry. When p ̸=∞, the following are equivalent:

(i) (X,Σ, µ) is semi-finite;

(ii) Tp is an isometry;

(iii) Tp is injective.

Definition 1.6.4. A linear functional is a linear operator λ : V → R.
A family of linear functionals F is said to be separating if, for every

x ∈ V with x ̸= 0, there exists some ℓ ∈ F such that ℓ(x) ̸= 0.

Remark 1.6.5. The integral defines a linear functional I on L1 by

I(f•) =
∫
f dµ. Clearly, I is well-defined and satisfies:

(i) I(f•) ≥ 0 for all f• > 0•;

(ii) If f• ≥ 0• and I(f•) = 0, then f• = 0•;

(iii) I is bounded with ∥I∥ ≤ 1, and ∥I∥ = 1 whenever there exists

F ∈ Σ with 0 < µ(F ) < ∞. Indeed, if we take k := χF

µ(F ) , then

|I(k•)| = 1 = ∥k∥1.
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Let g ∈ L∞ and f• ∈ L1. Define

(I ◦M1
g )(f

•) = I(M1
g (f
•)) = I((fg)•) =

∫
fg dµ.

Theorem 1.6.6. Every g ∈ L∞ induces a bounded linear functional

I ◦M1
g on L1 with

∥∥I ◦M1
g

∥∥
1
≤ ∥g•∥∞.

Proof. By remark 1.6.5, we have ∥I∥1 ≤ 1. By Lemma 1.6.2, M1
g ∈

B(L1) and
∥∥M1

g

∥∥ ≤ ∥g•∥∞. Therefore the composition I◦M1
g satisfies

∥∥I ◦M1
g

∥∥ ≤ ∥I∥ ∥∥M1
g

∥∥ ≤ 1 · ∥g•∥∞ = ∥g•∥∞ .

We end this section with the following theorem, which shows how

L∞ is viewed as a subspace of the space of linear functionals on L1,

denoted by (L1)∗.

Theorem 1.6.7 ([23], Theorem 243G, p. 155). The mapping T ∗1 :

L∞ → (L1)∗ : g• 7→ I ◦M1
g is a bounded linear operator. Moreover:

(i) T ∗1 is an isometry if and only if (X,Σ, µ) is semi-finite;

(ii) T ∗1 is a surjective isomorphism if and only if (X,Σ, µ) is localis-

able.

1.7 A note on nets

Recall that a net is a generalization of a sequence. In this section,

we give a brief overview of nets. For further details, the reader can

consult [40].

Definition 1.7.1. Let Γ be a directed set and Γ0 ⊆ Γ. Then Γ0 is

cofinal in Γ if, for every γ ∈ Γ, there exists γ0 ∈ Γ0 such that γ ≤ γ0.

A mapping g : Ω → Γ between two directed sets is called final if its

range g(Ω) is cofinal in Γ.
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Definition 1.7.2. Let f : Γ→ X be a net in X. If Ω is a directed set

and g : Ω → Γ is a final function such that g(γ1) ≤ g(γ2) whenever

γ1 ≤ γ2 in Ω, then the composite function f ◦ g : Ω → Γ is called a

subnet of f . The subnet of (xα)α∈Γ is denoted by (xγα)α∈Ω.

For a net (xγ)γ∈Γ, the set EΓ(γ0) := {xγ : γ ≥ γ0} is said to be a

residual of (xγ)γ∈Γ. Let A ⊆ X. A net (xγ)γ∈Γ is said to be eventually

in A if there exists γ0 ∈ Γ such that EΓ(γ0) ⊆ A. On the other hand,

it is said to be cofinal in A if for every γ ∈ Γ there exists γ0 ≥ γ with

xγ0 ∈ A.

If X is a poset, a net is called increasing (respectively, decreasing)

if xγ ≤ xβ(respectively, xβ ≤ xγ) for every γ ≤ β. It is said to be

diverse if, whenever γ ̸= β, the elements xγ and xβ are incomparable.

Although this thesis primarily works with nets, it is well known

that there is a one to one correspondence between nets and filters. In

what follows, we review only the essential aspects. We begin by recall-

ing the definition of a filter, but rather than considering an arbitrary

lattice, we restrict our attention to the complete lattice P(X) ordered

by inclusion.

Definition 1.7.3. A filter F on a set X is a non-empty collection of

subsets of a set X such that:

(i) ∅ /∈ F ;

(ii) if A ∈ F and A ⊆ B ⊆ X, then B ∈ F ;

(iii) if A,B ∈ F , then A ∩B ∈ F .

Definition 1.7.4. If a filter F on a set X is maximal with respect to

inclusion among collections satisfying (i)–(iii), that is, if there is no

proper extension of F that is also a filter, then F is called a maximal

filter. Such a maximal filter is also referred to as an ultrafilter.

Theorem 1.7.5. Let H be a collection of subsets of X satisfying the fi-

nite intersection property, i.e., for all finitely many elements F1, ..., Fk
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of H, ∩ki=1Fi ̸= ∅. Then there exists a maximal filter F on X such

that H ⊆ F .

Proof. Consider

A := {H ⊆ G : G is a collection of sets with the f.i.p}.

We partial order A by set inclusion. Clearly, A is partially ordered

and every totally ordered subset has a supremum. By Zorn’s lemma,

there exists a maximal element F ∈ A . We now show that F is a filter.

First, ∅ /∈ F by the finite intersection property. Next, if A,B ∈ F ,
then F ∪{A∩B} ∈ A also has the finite intersection property, hence

maximality of F forces A∩B ∈ F . Finally, if A ∈ F and A ⊆ B, then

F ∪ {B} has the finite intersection property, so again by maximality

B ∈ F . Therefore, F is a maximal filter on X containing H.

Recall that a filter F on X is said to be a prime filter if, whenever

A,B ⊆ X with A∪B ∈ F , it follows that A ∈ F or B ∈ F . The next

theorem collects several important properties of maximal filters.

Theorem 1.7.6 ([19], Theorem 10.14, p. 234). Let F be a filter on

X. Then the following are equivalent:

(i) F is a maximal filter;

(ii) F is a prime filter;

(iii) for every A ⊆ X, either A ∈ F or X \A ∈ F ;

(iv) for each B ⊆ X, if A ∩B ̸= ∅ for all A ∈ F , then B ∈ F ;

(v) given pairwise disjoint sets A1, A2, . . . , An with A1 ∪ A2 ∪ · · · ∪
An = X, there exists a unique j such that Aj ∈ F .

Theorem 1.7.7. Let (xγ)γ∈Γ be a net in a set X, and let A be a

family of subsets of X satisfying:

(i) the net (xγ)γ∈Γ is cofinal in every A ∈ A ;

(ii) for every A1, A2 ∈ A there exists A ∈ A such that A ⊆ A1∩A2.
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Then there exists a subnet of (xγ)γ∈Γ which is eventually in A for

every A ∈ A .

Proof. First note that A is a filtered set when ordered by inclusion.

Define Ω := {(γ,A) : γ ∈ Γ, A ∈ A , xγ ∈ A}. Order Ω by setting

(γ1, A1) ⪯ (γ2, A2) whenever γ1 ≤ γ2 and A2 ⊆ A1. To see that Ω

is directed, let (γ1, A1), (γ2, A2) ∈ Ω. By assumption (ii), there exist

A ∈ A with A ⊆ A1∩A2. Moreover, there is γ0 ∈ Γ with γ1 ≤ γ0 and

γ2 ≤ γ0. Since (xγ)γ∈Γ is cofinal in A, there exists β ∈ Γ satisfying

γ0 ≤ β and xβ ∈ A. Then (β,A) ∈ Ω, and we have (γ1, A1) ⪯ (β,A)

and (γ2, A2) ⪯ (β,A). Define g : Ω → Γ : g(γ,A) 7→ γ. Clearly, g(Ω)

is cofinal in Γ, so (xg(γ,A))(γ,A)∈Ω is the required subnet. Indeed, let

A ∈ A and γ0 ∈ Γ such that xγ0 ∈ A. If (γ0, A) ⪯ (β,B) we have

that B ⊆ A and γ0 ≤ β. Then, xβ ∈ B ⊆ A, i.e xg(β,B) ∈ A for every

(γ0, A) ⪯ (β,B).

Theorem 1.7.8. For a net (xγ)γ∈Γ in a poset P , there exists a family

F of subsets of P satisfying

(i) (xγ)γ∈Γ is cofinal in every C ∈ F ;

(ii) if C1, C2 ∈ F , then C1 ∩ C2 ∈ F ;

(iii) for every A ⊆ P , either A ∈ F or P \A ∈ F .

Proof. Let F ′ = {A ⊆ P : EΓ(γ0) ⊆ A for some γ0 ∈ Γ}. It is

clear that F ′ satisfies the finite intersection property, and hence, by

Theorem 1.7.5, it can be extended to a maximal filter F . For every

C ∈ F and every γ0 ∈ Γ, we have C ∩EΓ(γ0) ̸= ∅. Hence there exists

γ ≥ γ0 with xγ ∈ C. This shows that F satisfies (i). Finally, note that

(ii) follows by the definition of a filter, and (iii) follows by Theorem

1.7.6 (iii).

Definition 1.7.9. A net (xγ)γ∈Γ in a poset P is said to be universal

if, for every A ⊆ P , it is eventually in A or in P \A.

Theorem 1.7.10 ([34], p. 81). Every net has a universal subnet.
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Proof. The proof follows from Theorems 1.7.8 and 1.7.7

Recall the well known result in analysis, the monotone subsequence

theorem, which states that every sequence in R has a monotone subse-

quence. The next result is an analogue of the monotone subsequence

theorem for nets.

Proposition 1.7.11 ([30], Theorem 1). Every universal net in a par-

tially ordered set P has a monotone or diverse subnet.

2 Different modes of order convergence

2.1 Order Convergence

Recall that for a net (xγ)γ∈Γ, the residual {xγ : γ ≥ γ0} is denoted by

EΓ(γ0).

Definition 2.1.1. A net (xγ)γ∈Γ in a poset P is said to O1-converge

to x if there exist an increasing net (yγ)γ∈Γ and a decreasing net

(zγ)γ∈Γ in P such that eventually yγ ≤ xγ ≤ zγ, and
∨

γ∈Γ yγ =

x =
∧

γ∈Γ zγ. This will be written as xγ
O1−→x.

Definition 2.1.2. A net (xγ)γ∈Γ in a poset P is said to O2-converge

to x if there exist a directed subset M ⊆ P , and a filtered subset

N ⊆ P , such that supM = inf N = x, and for every (m,n) ∈M ×N

there exists γ0 ∈ Γ such that EΓ(γ0) ⊆ [m,n]. This will be written as

xγ
O2−→x.

Definition 2.1.3. A net (xγ)γ∈Γ in a poset P is said to O3-converge

to x if there exist two subsets M,N ⊆ P such that supM = inf N = x,

and for every (m,n) ∈M×N there exists γ0 ∈ Γ with EΓ(γ0) ⊆ [m,n].

This will be written as xγ
O3−→x.

It is clear that for a net (xγ)γ∈Γ in a poset P ,

xγ
O1−→x ⇒ xγ

O2−→x ⇒ xγ
O3−→x (x ∈ P ).
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1The convergences defined above are not necessarily equivalent.

The following examples illustrate this fact. For another example show-

ing that O2-convergence does not imply O1-convergence see [36].

Example 10 (O2-convergence does not imply O1-convergence on

Boolean algebras). Let X be an uncountable set and let A be the al-

gebra of all finite and cofinite subsets of X (ordered by inclusion). Let

(xn)n∈N be a sequence of distinct elements of X and set An := {xn}.
Then the sequence (An)n∈N O2-converges to ∅ in A , since the filtered

family of all cofinite subsets of X has infimum ∅. However, it is not

O1-convergent, because any O1-convergent sequence in A is eventually

constant.

The following example, credited to D. Fremlin [43, Ex. 2, pg. 140],

shows that the notions of O1- and O2-convergence differ, even in Riesz

spaces.

Example 11 (O2-convergence does not imply O1-convergence). Let

X be an uncountable discrete space and X0 := X ∪{∞} the one-point

compactification of X. Let (xn)n∈N be an arbitrary sequence in X0

with all terms distinct. Then the corresponding sequence of character-

istic functions fn := χ{xn} lies in the Banach lattice C(X0,R). The

sequence (fn)n∈N is O2-convergent to 0, but is not O1-convergent.

Example 12 (O3-convergence does not imply O2-convergence). Let

A := {an : n ∈ N} and B := {bn : n ∈ N} be two countable sets such

that A ∩B = ∅, and let P := A ∪B ∪ {0, 1} equipped with the partial

order defined by:

0 ≤ x ≤ 1 (∀x ∈ P ) and x ≤ y ⇔ x = an, y = bm (∃n ≤ m),

for all x, y ∈ A∪B. Note that any infinite directed (or filtered) subsets

of P must contain 1 (resp. 0). On the other hand, supA = 1. Thus,

the sequence (bn)n∈N is O3-convergent to 1 but not O2-convergent.

1For every i ∈ {1, 2, 3}, when sequences are considered instead of nets, we refer to this
as sequential Oi-convergence.
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Proposition 2.1.4. Let (xγ)γ∈Γ be a net in a poset P and i ∈ {1, 2, 3}.
For any x, z ∈ P :

(i) If (xγ)γ∈Γ is increasing with supremum x, then xγ
Oi−→x.

(ii) If xγ
Oi−→x and xγ ≤ z for all γ ∈ Γ, then x ≤ z.

(iii) Every Oi-convergent net is eventually order bounded.

Proof. (i) It suffices to prove the result for i = 1. If (xγ)γ∈Γ is increas-

ing with supremum x, in the definition of O1-convergence, let yγ = xγ

and zγ = x for every γ ∈ Γ.

(ii) Since O1-convergence implies O2-convergence, which in turn

implies O3-convergence, it suffices to prove the claim for i = 3. Assume

xγ
O3−→x. Then there exist M,N ⊆ P with supM = x = inf N ,

and for every (m,n) ∈ M × N there is some γ(m,n) ∈ Γ such that

EΓ(γ(m,n)) ⊆ [m,n]. If xγ ≤ z for every γ ∈ Γ, it follows that m ≤ z

for every m ∈M . Since supM = x, it follows that x ≤ z.

(iii) As in (ii), it suffices to prove the claim for i = 3. Recall that

a net (xγ)γ∈Γ is eventually order bounded if there exists a, b ∈ P and

γ0 ∈ Γ such that EΓ(γ0) ⊆ [a, b]. Now suppose xγ
O3−−→ x. Then

there exist subsets M,N ⊆ P with supM = x = inf N , and for every

(m,n) ∈ M ×N there is some γ(m,n) ∈ Γ such that EΓ(γ(m,n)) ⊆
[m,n]. Thus, choosing any m ∈ M and n ∈ N we get that the net is

eventually contained in [m,n], hence eventually order bounded.

Lemma 2.1.5. For i ∈ {1, 2, 3}, every Oi-converging net (xγ)γ∈Γ has

a unique Oi-limit. Moreover, every subnet of an Oi-convergent net

(xγ)γ∈Γ also Oi-converges to the same limit.

Proof. To show uniqueness of the limit, it suffices to prove the as-

sertion for O3-convergence, since O1- and O2-convergence imply O3-

convergence. Suppose (xγ)γ∈Γ O3-converges to both x and y. Then

there exist subsets Mx,My, Nx and Ny satisfying the definition of O3-

convergence. For any m ∈ Mx and n ∈ Ny we have that m ≤ n and
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so x ≤ y. By symmetry, one can show that y ≤ x, and thus x = y.

This proves uniqueness of the limit.

To show the second part of the lemma, we shall prove it separately

for for O1-, O2- and O3-convergence, respectively.

If (xγ)γ∈Γ O1-converges to x, there exist an increasing net (yγ)γ∈Γ

and a decreasing net (zγ)γ∈Γ such that eventually yγ ≤ xγ ≤ zγ , and∨
γ∈Γ yγ = x =

∧
γ∈Γ zγ . For any subnet (xγω)ω∈Γ′ , the net (yγω)ω∈Γ′

is increasing, (zγω)ω∈Γ′ is decreasing,
∨

ω∈Γ′ yγω = x =
∧

ω∈Γ′ zγω and

eventually yγω ≤ xγω ≤ zγω , which shows that the subnet O1-converges

to x.

If (xγ)γ∈Γ O2-converges to x, there exists a directed set M and a

filtered set N such that
∨
M = x =

∧
N , and for every (m,n) ∈M ×

N the net (xγ)γ∈Γ is in [m,n]. For any subnet (xγω)ω∈Γ′ , the cofinality

of Γ′ in Γ ensures that for each (m,n) ∈ M ×N there exists ω0 ∈ Γ′

with γω0 ≥ γ(m,n). Consequently, EΓ′(ω0) ⊆ EΓ(γ(m,n)) ⊆ [m,n],

which shows that the subnet O2-converges to x.

The proof for O3-convergence is similar to the the one of O2-

convergence.

In example 12, we showed that in a poset, O3-convergence does not

necessarily imply O2-convergence. However, if one considers a lattice

instead of a poset, then O2- and O3-convergence coincide.

Theorem 2.1.6. If L is a lattice, then O2-convergence and

O3-convergence are equivalent.

Proof. It suffices to show that O3-convergence implies O2-convergence.

Assume that (xγ)γ∈Γ O3-converges to x. Then there exist subsets

M,N ⊆ L such that supM = x = inf N , and for every m ∈ M

and n ∈ N there exists γ(m,n) ∈ Γ with EΓ(γ(m,n)) ⊆ [m,n]. De-

fine M ′ := {
∨
A : A ⊆ M and |A| < ω} and N ′ := {

∧
B : B ⊆

N and |B| < ω}. Since L is a lattice, M ′ is directed and N ′ is filtered
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and, supM ′ = x = inf N ′. Moreover, the net (xγ)γ∈Γ is eventually

in the interval
[
a′, b′

]
for any a′ ∈ M ′ and b′ ∈ N ′. Thus (xγ)γ∈Γ

O2-converges to x.

Matthews and Anderson further showed that O1-convergence and

O2-convergence coincide when the poset P is monotone order separa-

ble. The following argument provides a simplification of their proof

from [36, Theorem 1].

Theorem 2.1.7 ([2], Theorem 4). If P is a monotone order separable

poset, O2-convergence implies O1-convergence.

Proof. Suppose (xγ)γ∈Γ O2-converges to x ∈ P . Then there exist

a directed subset M ⊆ P and a filtered subset N ⊆ P such that

supM = inf N = x, and for every (m,n) ∈M×N there exists γ(m,n)

with m ≤ xγ ≤ n for all γ ≥ γ(m,n). Since P is monotone order

separable, there exists an increasing sequence (mi)i∈N in M , and a

decreasing sequence (ni)i∈N in N , such that supi∈Nmi = infi∈N ni = x.

Define γ1 := γ(m1, n1). For i ≥ 2 define inductively γi by choosing

an arbitrary γi ∈ Γ satisfying γi ≥ γi−1 and γi ≥ γ(mi, ni). Let

Γ0 := {γ : γ ≱ γ1} and for i ≥ 1 let Γi := {γ : γ ≥ γi and γ ≱ γi+1}.
If Γ \

⋃∞
i=0 Γi ̸= ∅, then (xγ)γ∈Γ must be eventually constant equal to

x, and therefore the assertion follows. Suppose that {Γi : i ≥ 0} is a

partition of Γ and {γ : γ ≥ γi} =
⋃

k≥i Γk. Put m0 and n0 equal to

any element of P and define the nets (mγ)γ∈Γ and (nγ)γ∈Γ by setting

mγ = mi and nγ = ni if γ ∈ Γi. Then, (mγ)γ≥γ1 is increasing with

supremum x, (nγ)γ≥γ1 is decreasing with infimum x andmγ ≤ xγ ≤ nγ

for every γ ≥ γ1, i.e., eventually, mγ ≤ xγ ≤ nγ .

For two nets (xγ)γ∈Γ and (yω)ω∈Ω, and for ⋄ ∈ {∨,∧}, we define

the net (xγ ⋄ yω)(γ,ω)∈Γ×Ω where Γ × Ω is endowed with the product

order, that is, (γ1, ω1) ≤ (γ2, ω2) if and only if γ1 ≤ γ2 and ω1 ≤ ω2.

Proposition 2.1.8. Let L be an infinitely distributive lattice, let i ∈
{1, 2}, and let ⋄ ∈ {∨,∧}. If (xγ)γ∈Γ

Oi−→x and (yω)ω∈Ω
Oi−→ y, then
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the net (
xγ ⋄ yω)(γ,ω)∈Γ×Ω

Oi-converges to x ⋄ y.

Proof. We prove the result for i = 2 and ∨. The cases i = 1 and ∧
follow similarly. There exist directed subsetsMx, My, and filtered sub-

sets Nx, Ny, such that for (mx, nx) ∈Mx ×Nx, and (my, ny) ∈My ×
Ny, one can find γ(mx, nx), ω(my, ny) satisfying EΓ(γ(mx, nx)) ⊆
[mx, nx] and EΩ(ω(my, ny)) ⊆ [my, ny]. Define M := Mx ∨ My =

{mx ∨my : mx ∈Mx,my ∈My} and N := Nx ∨Ny = {nx ∨ ny : nx ∈
Nx, ny ∈ Ny}. Then M is directed, N is filtered, and

∨
M = x ∨ y,

and
∧
N = x∨y, where the last equality follows from infinite distribu-

tivity. Finally, for mx∨ny ∈M and nx∨ny ∈ N , it is easy to see that

xγ ∨ yω ∈ [mx ∨my , nx ∨ ny] for (γ, ω) ≥ (γ(mx, nx), ω(my, ny)).

It is worth noting that in Proposition 2.1.8, infinite distributivity is

essential; the conclusion might not hold under the weaker assumption

of distributivity.

Example 13. Let L be the complete lattice 2R and i ∈ {1, 2}. When

endowed with set inclusion, L forms a bounded distributive lattice.

For n ∈ N let Xn := [2−n,∞) and X := [0,∞). Then (Xn)n∈N is

increasing and
∨LXn = X. In particular, Xn

Oi−→X. On the other

hand, let B := (−∞, 0]. Then (Xn ∧ B)n∈N does not Oi-converge to

X ∧B. Indeed, Xn ∧B = ∅ for every n ∈ N, however, X ∧B = {0}.

Let (xγ)γ∈Γ be a net in a partially ordered set P . Define:

lim sup
γ∈Γ

xγ =
∧
γ∈Γ

∨
γ′≥γ

xγ′ and lim inf
γ∈Γ

xγ =
∨
γ∈Γ

∧
γ′≥γ

xγ′

as the limit superior and limit inferior, respectively, of (xγ)γ∈Γ

provided that the corresponding infima and suprema exist in P .
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Proposition 2.1.9. Let P be a Dedekind complete poset. A net

(xγ)γ∈Γ in P , O1-converges to x if and only if there exists γ0 ∈ Γ

such that lim supγ≥γ0 xγ = lim infγ≥γ0 xγ = x in P .

Proof. Assume that for a net (xγ)γ∈Γ, eventually lim inf xγ = x =

lim supxγ . Then there exists γ0 ∈ Γ satisfying
∨

γ≥γ0
∧

β≥γ xβ = x =∧
γ≥γ0

∨
β≥γ xβ. Take yγ :=

∧
β≥γ xβ and zγ :=

∨
β≥γ xβ for every

γ ≥ γ0. Clearly, (yγ)γ≥γ0 is increasing with supremum x and (zγ)γ≥γ0

is decreasing with infimum x. Furthermore, it is clear that for every

γ ≥ γ0,

yγ ≤ xγ ≤ zγ

concluding that (xγ)γ∈Γ O1-converges to x.

Conversely, we prove that if (xγ)γ∈Γ O1-converges to x in P , even-

tually lim supxγ = x. If (xγ)γ∈Γ O1-converges to x in P , there exist

an increasing net (yγ)γ∈Γ, a decreasing net (zγ)γ∈Γ and γ0 ∈ Γ such

that yγ ≤ xγ ≤ zγ for every γ ≥ γ0 and, supγ yγ = x = infγ zγ .

Therefore for every γ ≥ γ0, aγ :=
∨

β≥γ xβ exists in P by Dedekind

completion. Clearly (aγ)γ≥γ0 is decreasing and every aγ is an upper

bound of (yγ)γ∈Γ. Indeed let γ ∈ Γ, choose β ∈ Γ with γ ≤ β and

γ0 ≤ β, then

yγ ≤ yβ ≤ aβ.

This implies that eventually x ≤ lim supxγ because x ≤ aγ for

every γ ≥ γ0. Finally if x′ ≤ lim supγ≥γ0 xγ we have that x′ ≤ aγ

for every γ ≥ γ0. For any γ ∈ Γ choose β ∈ Γ such that β ≥ γ0

and β ≥ γ. Then, x′ ≤ aβ ≤ zβ ≤ zγ concluding that x′ ≤ x,

i.e. eventually lim supxγ = x. That eventually lim inf xγ = x follows

similarly.

Proposition 2.1.10. Let P be a Dedekind complete poset. If a net

(xγ)γ∈Γ O3-converges to x then it also O1-converges to x. Thus, the

three notions of order convergence coincide.
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Proof. Let (xγ)γ∈Γ be a net O3-converging to x. Then there exist

subsets M,N ⊆ P with supM = inf N = x, and for every (m,n) ∈
M × N there exists γ(m,n) ∈ Γ with EΓ(γ(m,n)) ⊆ [m,n]. Fix

(m0, n0) ∈ M × N . By Dedekind completeness of P , both aγ :=

infβ≥γ xβ and bγ := supβ≥γ xβ exist in P for every γ ≥ γ(m0, n0).

For any (m,n) ∈ M × N , choose γ0 ∈ Γ satisfying γ0 ≥ γ(m0, n0)

and γ0 ≥ γ(m,n). Then m ≤ aβ ≤ bβ ≤ n for β ≥ γ0. Hence,

x ≤ lim infγ≥γ(m0,n0) xγ ≤ lim supγ≥γ(m0,n0) xγ ≤ x, and the result

follows by Proposition 2.1.9.

In light of Proposition 2.1.10, when working with order convergence

on Dedekind complete posets, we write O-convergence instead of Oi-

convergence. In examples 10 and 11, we saw that O2-convergence and

O1-convergence are not equivalent. The next result shows, however,

that every O2-convergent net has a subnet O1-converging to the same

limit.

Theorem 2.1.11 ([3], Corollary 2.5 (ii)). Let (xγ)γ∈Γ be a net in a

poset P that O2-converges to x. Then there exists a subnet of (xγ)γ∈Γ

that O1-converges to x.

Proof. Assume that (xγ)γ∈Γ is a net in P that O2-converges to x.

Then there exist a directed set M ⊆ P and a filtered set N ⊆ P such

that supM = inf N = x, and for every (m,n) ∈ M × N there exists

γ(m,n) ∈ Γ with EΓ(γ(m,n)) ⊆ [m,n]. Define Ω := {(m,n) : m ∈
M and n ∈ N}. For (m1, n1), (m2, n2) ∈ Ω, set (m1, n1) ≤Ω (m2, n2)

if m1 ≤ m2 and n2 ≤ n1. Then (Ω,≤Ω) is directed. Now define

Λ := {((m,n), γ) ∈ Ω× Γ : γ(m,n) ≤ γ}

with order given by ((m1, n1), γ1) ≤ ((m2, n2), γ2) if (m1, n1) ≤Ω

(m2, n2) and γ1 ≤Γ γ2.

We first check that Λ is directed. Indeed, for every ((m1, n1),

γ1), ((m2, n2), γ2) ∈ Λ, there exists (m3, n3) ∈ Ω such that (m1, n1),
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(m2, n2) ≤Ω (m3, n3). Since Γ is directed, there exists γ3 ∈ Γ with

γ1, γ2, γ(m3, n3) ≤Γ γ3. Then, ((m3, n3), γ3) is the required element

in Λ. Define the order-preserving map φ : Λ→ Γ by φ((m,n), γ) = γ.

Then the net (xφ(α))α∈Λ is a subnet of (xγ)γ∈Γ. Finally, for each

α = ((m,n), γ) ∈ Λ set mφ(α) = m and nφ(α) = n. Then (mφ(α))α∈Λ

is increasing with supremum x, (nφ(α))α∈Λ is decreasing with infimum

x, and for all α ∈ Λ,

mφ(α) ≤ xφ(α) ≤ nφ(α).

Thus, (xφ(α))α∈Λ O1-converges to x.

Recall that for a subset A ⊆ P , we define the set A+ := {x ∈
P : a ≤ x for every a ∈ A} and dually, A− := {x ∈ P : x ≤
a for every a ∈ A}. For a net (xγ)γ∈Γ, set

PΓ :=
⋃
γ∈Γ

[EΓ(γ)]
− and QΓ :=

⋃
γ∈Γ

[EΓ(γ)]
+.

Lemma 2.1.12 ([51], Remark 1). Let (xγ)γ∈Γ be a net in a poset P ,

and let M,N ⊆ P . Then M ⊆ PΓ and N ⊆ QΓ if and only if, for every

m ∈M and n ∈ N , there exists γ0 ∈ Γ such that EΓ(γ0) ⊆ [m,n].

Proof. Assume that for every (m,n) ∈ M × N there exists γ0 ∈ Γ

such that EΓ(γ0) ⊆ [m,n]. Then clearly m ∈ [EΓ(γ0)]
− ⊆ PΓ and

n ∈ [EΓ(γ0)]
+ ⊆ QΓ. Hence, M ⊆ PΓ and N ⊆ QΓ.

Conversely, suppose M ⊆ PΓ and N ⊆ QΓ. Then for each m ∈M

and n ∈ N , there exists γ1, γ2 ∈ Γ such that m ∈ [EΓ(γ1)]
− and

n ∈ [EΓ(γ2)]
+. Choose, γ ∈ Γ with γ1 ≤ γ and γ2 ≤ γ. Then,

EΓ(γ) ⊆ [m,n], as required.

The following proposition was partially established in [51, Theorem

1]. An equivalent formulation in terms of l-cuts was later given in [2,

Proposition 2].
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Proposition 2.1.13 ([3, 51]). Let (xγ)γ∈Γ be a net in a poset P , and

let x ∈ P . Then the following are equivalent:

(i) xγ
O3−→x;

(ii) supPΓ = x = inf QΓ;

(iii)
⋂

γ∈ΓEΓ(γ)
+− = (←, x] and

⋂
γ∈ΓEΓ(γ)

−+ = [x,→).

Proof. (i)⇒ (ii) Assume that xγ
O3−→x. LetM,N ⊆ P satisfy supM =

inf N = x and, for every (m,n) ∈ M × N , there exists γ(m,n) such

that EΓ(γ(m,n)) ⊆ [m,n]. By Lemma 2.1.12, M ⊆ PΓ and N ⊆ QΓ,

so it suffices to show that x is an upper-bound of PΓ and x is an

lower-bound of QΓ.

Fix a ∈ PΓ and b ∈ N . Choose γ(a), γ(b) ∈ Γ such that a ≤ xγ

for all γ(a) ≤ γ and xγ ≤ b for all γ(b) ≤ γ. Let γ0 ∈ Γ satisfy

γ(a), γ(b) ≤ γ0. Then EΓ(γ0) ⊆ [a, b]. It then follows that a ≤ x. A

similar argument shows that inf QΓ = x.

(ii)⇒ (iii) Assume that supPΓ = x = inf QΓ. Since EΓ(γ)
+ ⊆ QΓ,

by Proposition 1.1.18 it follows that (←, x] ⊆ EΓ(γ)
+− for every γ ∈ Γ.

For the reverse inclusion, let z ∈
⋂

γ∈ΓEΓ(γ)
+−. Then z ≤ a for every

a ∈ EΓ(γ)
+ and γ ∈ Γ. Hence, z ∈ (←, x]. The other equality follows

by a symmetric argument.

(iii) ⇒ (i) Take M := PΓ and N := QΓ in the definition of O3-

convergence. If
⋂

γ∈ΓEΓ(γ)
+− = (←, x] and

⋂
γ∈ΓEΓ(γ)

−+ = [x,→)

then it follows immediately that supM = x = inf N . The result

therefore follows by Lemma 2.1.12.

Recall that, by Theorem 1.1.23, every poset P can be embedded

into an order-complete poset DM(P ). Birkhoff introduced an alter-

native notion of order convergence, defined via the embedding of the

poset in its MacNeille completion [11].

Definition 2.1.14. A net (xγ)γ∈Γ in a poset P is said to ODM-

converge to x ∈ P if the net
(
(←, xγ ]

)
γ∈Γ O-converges to (←, x] in

DM(P ).
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However, in [11, pg. 244], Birkhoff does not clearly distinguish

between different modes of convergence. In particular, he states that

O1-convergence is equivalent to ODM-convergence. The following the-

orem shows that this claim is incorrect. Moreover, in [2, Theorem 3],

it is proved that ODM-convergence coincides with O3-convergence.

Theorem 2.1.15 ([2], Theorem 3). Let P be a poset. Then:

(i) O3-convergence is equivalent to ODM-convergence.

(ii) If, in addition, P is a lattice, then O2-, O3-, and ODM-

convergence are equivalent.

Proof. Let (xγ)γ∈Γ be a net in a poset P , and let x ∈ P .

(i) Observe that EΓ(γ)
+ =

(⋃
β≥γ(←, xβ]

)+

.

Hence

(←, x] =
⋂
γ∈Γ

EΓ(γ)
+− =

⋂
γ∈Γ

⋃
β⪰γ

(←, xβ]

+−

= lim sup
γ

(←, xγ ].

From Proposition 1.1.20, we have
⋂

γ∈ΓEΓ(γ)
−+ =

(⋃
γ∈ΓEΓ(γ)

−
)+

.

Therefore,

(←, x] =

⋂
γ∈Γ

EΓ(γ)
−+

− =

⋃
γ∈Γ

EΓ(γ)
−

+−

= lim inf
γ

(←, xγ ].

Then by Proposition 2.1.13 (iii) we have,

xγ
O3−→x ⇐⇒

⋂
γ∈Γ

EΓ(γ)
+− = (←, x] =

( ⋂
γ∈Γ

EΓ(γ)
−+)−

⇐⇒ lim inf
γ

(←, xγ ] = (←, x] = lim sup
γ

(←, xγ ]

⇐⇒ xγ
ODM

−→ x.

(ii) This follows directly from (i) together with Theorem 2.1.6.
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Corollary 2.1.16. Let L be a lattice and (xγ)γ∈Γ a net in L. Then

xγ
O2−→x in L if and only if xγ

ODM

−→ x in DM(L).
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2.2 Order Topology

Each notion of order convergence gives rise to a corresponding topol-

ogy, called the order topology. In this section, we introduce these

topologies and compare them. We start by recalling the definition of

convergence of a net (xγ)γ∈Γ in a topological space.

Definition 2.2.1. A net (xγ)γ∈Γ in a topological space (X,T ) is said

to converge to x ∈ X with respect to T if, for every neighbourhood U

of x, there exists γ0 ∈ Γ such that EΓ(γ0) ⊆ U .

For a subset F of a poset P , define

FOi
1 := {x ∈ P : there exists a net in F that Oi-converges to x} .

The set FOi
1 is called the 1-Oi-adherence of F . More generally, we

define the λ-Oi-adherence FOi
λ recursively as follows.

Set FOi
0 := F , and for every ordinal λ > 0 define the λ-O-adherence

FOi
λ by:

FOi
λ :=

⋃
β<λ

FOi
β

Oi

1

.

Definition 2.2.2. For i ∈ {1, 2, 3}, a subset F of a partially ordered

set P is called Oi-closed (respectively, sequentially Oi-closed) if the

Oi-limit of every Oi-convergent net (respectively, sequence) in F is

contained in F . Equivalently, F is Oi-closed if F = FOi
1 .

Proposition 2.2.3. Let P be a poset and let i ∈ {1, 2, 3}. Let C
denote the collection of all Oi-closed subsets of P . Then:

(i) P ∈ C and ∅ ∈ C;

(ii) If F1, F2 ∈ C, then F1 ∪ F2 ∈ C;

(iii) If (Fη)η∈A ⊆ C, then
⋂

η∈A Fη ∈ C.

Proof. (i) Trivially, P ∈ C and ∅ ∈ C.

Page 53



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

(ii) Let F1, F2 ∈ C and (xγ)γ∈Γ ⊆ F1∪F2 be a net that Oi-converges

to x. Then either F1 or F2 contains a subnet of (xγ)γ∈Γ. By

Proposition 2.1.5, this subnet Oi-converges to x, and hence x ∈
F1 ∪ F2.

(iii) Let (xγ)γ∈Γ ⊆
⋂

η∈A Fη be a net that Oi-converges to x. Since

(xγ)γ∈Γ ⊆ Fη for every η ∈ A , it follows that x ∈
⋂

η∈A Fη.

Hence
⋂

η∈A Fη ∈ C.

Definition 2.2.4 (Order Topology). For i ∈ {1, 2, 3}, the order topol-

ogy on a poset P , denoted by τOi
(P ), is the topology on P whose closed

sets are precisely the Oi-closed subsets of P .

Definition 2.2.5 (Sequential Order Topology). For i ∈ {1, 2, 3}, the
sequential order topology on a poset P , denoted by τ sOi

(P ), is the topol-

ogy on P whose closed sets are precisely the sequentially Oi-closed

subsets of P .

The Oi-closure of F ⊆ P is the smallest Oi-closed subset of P con-

taining F ; equivalently, it is the topological closure of F with respect

to the order topology. Note that, in general, this set is strictly larger

than F
Oi
1 .

Remark 2.2.6. We note that, for every i ∈ {1, 2, 3}, τOi ⊆ τ sOi
.

Furthermore, since O1-convergence implies O2-convergence and O2-

convergence implies O3-convergence, we have

τO3 ⊆ τO2 ⊆ τO1 and τ sO3
⊆ τ sO2

⊆ τ sO1
.

In Proposition 2.1.10 we observed that the three notions of order

convergence coincide when P is Dedekind complete. In this case, it

is customary to denote the order topology by τO(P ), or simply by τO

when there is no risk of confusion.
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Let P0 be a subset of a poset P . Since P0 itself is a poset, we

can endow it with order topology τOi(P0), as well as with the sub-

space topology τOi(P ) ↾P0 induced by τOi(P ). In general, these two

topologies are not comparable.

Example 14 (τO(P0) ⊈ τO(P ) ↾P0). Consider the Dedekind complete

lattices P := [0, 1] and the subset P0 := {12 −
1
n : n ∈ N, n ≥ 2} ∪ {1}

endowed with the natural order. It is easy to see that τO(P ) ↾P0 is the

discrete topology. Let F := {12 −
1
n : n ∈ N, n ≥ 2}. The order closure

of F in P0 is P0. However, the order closure of F in P is F ∪ {12}.
Thus, (F ∪ {12}) ∩ P0 = F , which shows that τO(P0) ⊈ τO(P ) ↾P0.

Example 15 (τO(P ) ↾P0⊈ τO(P0)). Let P := P(N) and P0 := {A ∈
P : |A| < ∞}, ordered by inclusion. Clearly both P and P0 are

Dedekind complete lattices. Moreover, every increasing and decreas-

ing net in P0 satisfying the definition of O1-convergence is eventually

constant. Consider F := {{n} : n ∈ N}. The set F is order closed

in τO(P0), since no net in F has an order limit outside F in P0. On

the other hand, the sequence ({n})n∈N O1-converges to ∅ in P . Thus,

τO(P ) ↾P0⊈ τO(P0).

In examples 10 and 11, we showed that O1-convergence and O2-

convergence differ on boolean algebras and Riesz spaces (in particular,

lattices). Nevertheless, the following theorem demonstrates that they

generate the same order topology.

Theorem 2.2.7 ([2], Theorem 5). Let P be a poset.

(i) τO1 = τO2.

(ii) If P is a lattice then τO1 = τO2 = τO3.

Proof. (i) We need to show that every O1-closed subset F of P is

O2-closed. Let F be an O1-closed subset of P . Suppose that (xγ)γ∈Γ

is a net in F that O2-converges to x ∈ P . By Theorem 2.1.11, there

exists a subnet (xγ)γ∈Γ′ that O1-converges to x. Since F is O1-closed,
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it follows that x ∈ F . Hence F is O2-closed. This completes the proof

of (i).

(ii) This follows by (i) and Theorem 2.1.15.

As in the case of Dedekind complete partially ordered sets when

working with lattices, we denote the order topology by τO.

Theorem 2.2.8 ([2], Theorem 5(ii)). Let P be a poset and let DM(P )

denote its MacNeille completion. Then τO3
(P ) ⊇ τO(DM(P )) ↾P .

Proof. Let F ⊆ P be closed with respect to τO(DM(P )) ↾P , and let

(xγ)γ∈Γ be a net in F that O3-converges to some x ∈ P . By (i)

of Theorem 2.1.15, this net is also ODM-convergent to x in DM(P ).

Since F is closed with respect to τO(DM(P )) ↾P , it follows that x ∈ F .

Therefore, F is O3-closed.

The inclusion of Theorem 2.2.8 may be proper. The following

example by Olejček (see [41]) was used in [2] to highlight this fact.

Example 16 ([2]). Let Z′ := Z\{0}. Define L1 :=
⋃

i∈Z′{a(i), b(i)}∪
{0}, and endow L1 with partial order ≤ specified as follows:

• a(i) ≥ a(j) ≥ 0 and b(i) ≥ b(j) ≥ 0 for every i, j ∈ Z′ satisfying
1 ≤ i ≤ j,

• a(i) ≤ a(j) ≤ 0 and b(i) ≤ b(j) ≤ 0 for every i, j ∈ Z′ satisfying
−1 ≥ i ≥ j,

• a(i) ≤ b(i) if i ≥ 1 and a(i) ≥ b(i) if i ≤ −1.
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For every k ∈ N let Lk be a copy of L1. Endow L′ :=
⋃

k∈N Lk∪{e}
with the partial order ⪯ induced by:2

x ⪯ y ⇐= (∃k ∈ N)



(x, y ∈ Lk, x ≤ y) or

(x = ak(−1), y = ak+1(−1)) or

(x = ak+1(1), y = ak(1)) or

(x = ak(−1), y = e) or

(x = e, y = ak(1)).

Figure 1: A poset P satisfying τO3
(P ) ⊃ τO(DM(P ))|P .

One can verify that L := L′∪{0,1} is a complete lattice. Figure 1

shows the Hasse diagram of L. Define B := {bk(i) : k ∈ N, i ∈ Z′} and
2For typographic reasons we write aki (resp. bki) instead of ak(i) (resp. bk(i)) and ī

instead of −i.
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O := {0k : k ∈ N}. Then, L \O is a lattice and its MacNeille comple-

tion can be identified with L. To prove the claim, it suffices to show

that τO(L\O) ̸= τO(L)|L\O, equivalently that τO1(L\O) ̸= τO(L)|L\O.
To this end, one needs to observe that in L\O every (nontrivial) mono-

tonic net has to either be eventually in Lk (and therefore converges

to 0k) for some k or be eventually in one of the sets {ak(1) : k ∈ N}
or {ak(−1) : k ∈ N}. Hence, the set B is closed w.r.t. τO1

(L \ O).

On the other-hand, every subset F ⊂ L that is closed with respect to

τO(L) and that contains B must necessarily contain O – and therefore

e – since (0k)k∈N O-converges to e. This means that B is not closed

w.r.t. τO(L)|L\O.

Definition 2.2.9. Let L be a lattice. A topology T on L is said to

be order-continuous if every net (in particular, sequence) in L that

O2-converges to some x ∈ L also converges to x with respect to T ;

that is xγ
O2−→x =⇒ xγ

T−→x.

Theorem 2.2.10. Let L be a lattice. Then the order topology τO is

the finest order-continuous topology on L.

Proof. We first show that τO is order-continuous. Suppose, for con-

tradiction, that there exists and open set U containing x and a net

(xγ)γ∈Γ that O2-converges to x but is not eventually in U . Then there

exists a subnet (xγ)γ∈Γ′ contained in L \ U . By Theorem 2.1.5, this

net also O2-converges to x, which implies x ∈ L \ U , a contradiction.

Next we show that τO is the finest order-continuous topology. Let

T be another order continuous topology, and let F be a closed set in

T . Suppose (xγ)γ∈Γ is a net in F that O2-converges to x ∈ L. As-

sume, for contradiction, that x /∈ F . By hypothesis, the net converges

to x with respect to T , which implies that it is eventually in L \F , a

contradiction.

By Theorem 2.2.10, every order-convergent net in a lattice con-

verges to the same limit with respect to the order topology. The

following example shows that the converse is not necessarily true.
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Example 17. Consider the Dedekind complete space ℓ∞, ordered by

point-wise partial order. For each n ∈ N, let en denote the sequence

that is 1 at the nth term and on all other terms is 0. For every k ∈ N,
consider the sequence (ken)n∈N in ℓ∞.

We note that the sequence (ken)n∈N O-converges to the zero se-

quence, denoted by 0. Indeed, let bn be the sequence that is 0 on

the first n-1 terms and 1 thereafter. Then
∧

n∈N kbn = 0, and we

have kem ≤ kbn for every m ≥ n. By Theorem 2.2.10, it follows

that (ken)n∈N converges to 0 with respect to τO. Hence, for every open

neighbourhood U of 0, there exists N(k, U) ∈ N such that EN(N(k, U)) ⊆
U . Define

Γ := {(k, U) : k ∈ N and U a τO-open neighbourhood of 0}

Order Γ by (k1, U1) ≤ (k2, U2) whenever k1 ≤ k2 and U2 ⊆ U1.

Then, Γ is a directed set. Define φ : Γ → ℓ∞ : (k, U) 7→ keN(k,U).

Clearly, φ((k, U)) ∈ U . Moreover, the net (φ(k, U))(k,U)∈Γ τO - con-

verges to 0. Indeed, let V be a τO-neighbourhood of 0, and consider

(1, V ) ∈ Γ. For any (1, V ) ≤ (k, U), we have U ⊆ V and hence

φ(k, U) ∈ V for every (1, V ) ≤ (k, U). However, this net is not even-

tually order bounded, and therefore it does not O-converge to 0.

We conclude this section by noting that the order topology need

not be Hausdorff. In particular, τO is not Hausdorff on Boolean alge-

bras and Riesz spaces.

Recall that for a topological space (X,T ), the interior of A ⊆ X,

denoted by int(A), is given by X \X \A. A subset A ⊆ X is called

regular open if it coincides with the interior of its closure, i.e. A =

int(A). Let R be the collection of regular open sets:

R := {A ⊆ X : A = int(A)}.

Then R is a lattice, where the order is inclusion, i.e., A ≤ B if and
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only if A ⊆ B, and the operations are given by A∨B = X \X \A ∪B

and A ∧ B = A ∩ B for all A,B ∈ R. The complement of A ∈ R,
denoted by A′, is X \A. Then, (R,⊆, ′) is a complete Boolean algebra.

Example 18 (τO is not Hausdorff for Boolean algebras). Let X =

[0, 1] with the natural topology, and consider the lattice R of regular

open sets. For every p ∈ X, consider the intervals [0, p) and (p, 1].

We show that ∅ and X cannot be separated by open neighbourhoods of

τO(R). Consider the countable base {[0, p) : p ∈ Q ∩ (0, 1]} ∪ {(p, 1] :
p ∈ Q ∩ [0, 1)} ∪ {(p, q) : p, q ∈ Q ∩ [0, 1]} for the natural topology

on [0, 1], and enumerate it as (Un)n∈N. Each Un is an upper-bound

of a decreasing sequence (An
m)m∈N ⊆ R with infimum ∅. Since τO(R)

preserves order convergence, every open neighbourhood U ∈ τO(R)
of ∅ contains a residual of (An

m)m∈N. Taking n = 1, choose B1 =

A1
m ∈ U . Then, consider the decreasing sequence (A2

m ∨ A1
m)m∈N

which decreases to A1
m. Again, there exists B2 = A2

k ∨ A1
m ∈ U .

Continuing inductively, we obtain an increasing sequence (Bn)n∈N in

U . Let B =
⋃

n∈NBn. Then B is dense in X, and the only regular

open set containing B is X. Thus,
∨

n∈NBn = X, so X ∈ U .

Example 19 (τO is not Hausdorff for Riesz spaces). We use a similar

argument to the Example 18 to show that the order topology is not

Hausdorff on Riesz spaces. Let X = C[0, 1], the space of continuous

functions on [0, 1]. Denote by 1 the constant 1 function and by 0 the

constant function equal to 0. Let U and V be neighbourhoods of 0

and 1, respectively. Let (an)n∈N be an enumeration of the rational

numbers in (0, 1). For each n, k ∈ N, consider the interval In,k :=

[an − 1
k , an + 1

k ] ∩ [0, 1]. Define a continuous function fn,k on [0, 1] by

letting fn,k(an) = 1, extending linearly on [an− 1
k , an+

1
k ], and letting

fn,k(x) = 0 for every x ∈ [0, 1] \ In,k. Observe that for fixed n ∈ N,
the sequence (fn,k)k∈N order converges to 0, and hence converges to

0 with respect to τO. Thus, for n = 1, we may choose k1 ∈ N such

that g1 := f1,k1 ∈ U . Next, note that the sequence (f2,k ∨ g1)k∈N

order converges to g1, so there exists k2 ∈ N such that g2 := f2,k2 ∨
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f1,k1 ∈ U . Proceeding inductively, we construct an increasing sequence

(gn)n∈N in U with pointwise supremum 1, and by Theorem 2.2.10, it

also converges to 1 in τO. Therefore, (gn) is eventually in V , which

shows that U ∩ V ̸= ∅.

2.3 Unbounded Order Convergence

Definition 2.3.1. A net (xγ)γ∈Γ in a lattice L is said to unbounded

order converge (uO-converge) to x ∈ L if for every s, t ∈ L and s ≤ t,

(xγ ∧ t) ∨ s
O2−→(x ∧ t) ∨ s. In this case we write xγ

uO−→x.

Lemma 2.3.2. If a net uO-converges, then its uO-limit is unique.

Proof. Take s := x and t := x∨ y in the definition of uO-convergence.

Then, by applying the same reasoning as in Lemma 2.1.5, it follows

that if a net uO-converges to both x and y, then x = y. Hence, the

uO-limit is unique.

In the following lemma we observe that in a distributive lattice the

condition s ≤ t in the definition of unbounded order convergence is

redundant.

Lemma 2.3.3. Let (xγ)γ∈Γ be a net in a distributive lattice L. Then

xγ
uO−→x iff (xγ ∨ s) ∧ t

O2−→(x ∨ s) ∧ t for all s, t ∈ L.

Proof. The proof follows directly by Proposition 1.1.28.

Proposition 2.3.4. Let (xγ)γ∈Γ be a net in a distributive lattice L.

(i) If xγ
uO−→x and eventually xγ ≤ u (respectively, xγ ≥ u) for some

u ∈ L, then x ≤ u (respectively, x ≥ u).

(ii) If (xγ)γ∈Γ is monotone, the following implication holds:

xγ
uO−→x =⇒

xγ ↑ x (if the net is increasing),

xγ ↓ x (if the net is decreasing).
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Proof. (i) Assume that xγ
uO−→x, and that xγ ≤ u for every γ ≥ γ0.

Define a := u∧x and b := u∨x. Then by definition of uO-convergence,

we have (xγ∧b)∨a
O2−→(x∧b)∨a. Since x = (x∧b)∨a ≤ (u∧b)∨a = u,

we conclude that x ≤ u. The dual statement is proved analogously.

(ii) Assume that (xγ)γ∈Γ is increasing and that xγ
uO−→x. By

part (i), it suffices to show that x is an upper bound for the net. Fix

γ0 ∈ Γ. By uO-convergence, we have

(xγ ∧ xγ0) ∨ x
O2−→(x ∧ xγ0) ∨ x = x.

Hence there exist subsets M,N ⊆ L with
∨
M = x =

∧
N , such that

for each (m,n) ∈M×N , there is γ(m,n) ∈ Γ satisfying (xγ∧xγ0)∨x ∈
[m,n], for all γ ≥ γ(m,n). Fix (m,n) ∈ M × N , and take γ′ ∈ Γ

satisfying γ′ ≥ γ(m,n) and γ′ ≥ γ0. Then

xγ0 ∨ x =
(
xγ′ ∧ xγ0

)
∨ x ∈ [m,n] ∀(m,n) ∈M ×N.

This implies that xγ0 ∨ x = x, and therefore xγ0 ≤ x. As γ0 was

arbitrary, it follows x is an upper bound for (xγ)γ∈Γ.

Using Example 6, we observe that the assumption of infinite dis-

tributivity in Proposition 2.3.4 is essential; without it, the conclusion

does not necessarily hold.

Example 20. Let L be the complete lattice 2R of closed subsets of

R. For each n ∈ N, define Xn := [2−n,∞) and X := [0,∞). Then

(Xn)n∈N is increasing and
∨LXn = X, that is, Xn ↑ X in L. In par-

ticular, Xn
O2−→X. On the other hand, (Xn)n∈N does not uO-converge

to X. Indeed, let A := (−∞,−1] and B := (−∞, 0]. Then for every

n ∈ N, we have (Xn ∧ B) ∨ A = A , so that (Xn ∧ B) ∨ A
O2−→A.

However, (X ∧B) ∨A = {0} ∪A, showing that uO-convergence fails.

Proposition 2.3.5. Let L be an infinitely distributive lattice. If
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(xγ)γ∈Γ
uO−→x and (yω)ω∈Ω

uO−→ y, then the following hold:

(
(xγ ∨ yω) : (γ, ω) ∈ Γ× Ω

)
uO-converges to x ∨ y, and similarly,

(
(xγ ∧ yω) : (γ, ω) ∈ Γ× Ω

)
uO-converges to x ∧ y.

Proof. For any s, t ∈ L, we have

(xγ ∧ t) ∨ s
O2−→ (x ∧ t) ∨ s,

(yω ∧ t) ∨ s
O2−→ (y ∧ t) ∨ s.

Therefore, by Proposition 2.1.8,

((xγ ∧ t) ∨ s) ∨ ((yω ∧ t) ∨ s)
O2−→ ((x ∧ t) ∨ s) ∨ ((y ∧ t) ∨ s),

and

((xγ ∧ t) ∨ s) ∧ ((yω ∧ t) ∨ s)
O2−→ ((x ∧ t) ∨ s) ∧ ((y ∧ t) ∨ s).

By distributivity,

((xγ ∨ yω) ∧ t) ∨ s
O2−→ ((x ∨ y) ∧ t) ∨ s,

and

((xγ ∧ yω) ∧ t) ∨ s
O2−→ (x ∧ y ∧ t) ∨ s.

Theorem 2.3.6. Let L be a distributive lattice and (xγ)γ∈Γ a net in L.

Then L is infinitely distributive if and only if xγ
O2−→x =⇒ xγ

uO−→x.

Proof. If L is infinitely distributive, that O2-convergence implies

uO-convergence follows by Proposition 2.1.8. Conversely, assume that
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if a net (xγ)γ∈Γ O2-converges to x, then it uO-converges to x. Let

A ⊆ L and y ∈ L. We want to show that if
∨
A = u (resp.

∧
A = v)

then
∨
{a ∧ y : a ∈ A} = u ∧ y (resp.

∧
{a ∨ y : a ∈ A} = v ∨ y). Let

A := {B ⊆ A : |B| < ω} and for every B ∈ A let aB =
∨
B, to get an

increasing net {aB : B ∈ A} in L with supremum u. Then (aB)B∈A is

O2-convergent to u, and by hypothesis, (aB)B∈A uO-converges to u.

Take t = y and s = a0 ∧ y, where a0 ∈ A is arbitrary. Then

(aB ∧ y) ∨ (a0 ∧ y)
O2−→(u ∧ y) ∨ (a0 ∧ y) = u ∧ y.

Observe that the net

{(aB ∧ y) ∨ (a0 ∧ y) : B ∈ A}

is increasing, and so by Proposition 2.3.4,∨
{(aB ∧ y) ∨ (a0 ∧ y) : B ∈ A} = u ∧ y.

Since (aB ∧ y) ≥ (a0 ∧ y) when a0 ∈ B, it follows that∨
{(aB ∧ y) ∨ (a0 ∧ y) : B ∈ A} =

∨
{(aB ∧ y) : B ∈ A}.

Finally, if B = {a1, . . . , an}, then aB ∧ y =
∨

i≤n(ai ∧ y), because L is

distributive. Thus∨
{a ∧ y : a ∈ A} =

∨
{(aB ∧ y) : B ∈ A} = u ∧ y.

A similar argument can be made to prove the dual statement.

Proposition 2.3.7. Let L be an infinitely distributive lattice. If

(xγ)γ∈Γ is an order bounded net, then xγ
uO−→ x if and only if xγ

O2−→x.

Proof. The implication xγ
O2−→x implies xγ

uO−→ x follows directly from

Theorem 2.3.6. Conversely, suppose there exist a, b ∈ L such that

xγ ∈ [a, b] for every γ ∈ Γ, and assume xγ
uO−→ x. For all α, β, γ ∈ Γ,
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(xα∧xγ)∨xβ ∈ [a, b], and (x∧xγ)∨xβ ∈ [a, b]. Repeating this argument

we get that x ∈ [a, b]. Hence, xγ = (xγ ∧ b) ∨ a
O2−→(x ∧ b) ∨ a = x, as

required.

Although we have so far discussed uO-convergence in the setting of

lattices, the concept is most commonly studied in the narrower context

of Riesz spaces. In what follows, we present several results concerning

uO-convergence in Riesz spaces.

Proposition 2.3.8 ([42], Proposition 7.2). For a net (xγ)γ∈Γ and an

element x of a Riesz space V , the following statements are equivalent:

(i) |xγ − x| ∧ u
O2−→ 0 for every u ∈ V+;

(ii) (xγ ∧ t) ∨ s
O2−→(x ∧ t) ∨ s for every s, t ∈ V .

Proof. Assume that (xγ)γ∈Γ is a net and x ∈ V such that |xγ − x| ∧
u

O2−→ 0 for every u ∈ V+. Take s, t ∈ V . Then (t− s)+ ≥ 0, and

|(xγ ∧ t) ∨ s− (x ∧ t) ∨ s| ≤ |xγ − x| ∧ (t− s)+
O2−→ 0.

Conversely, let u > 0 and choose s = x, t = x+ u, then

|(xγ ∧ (x+ u)) ∨ x− (x ∧ (x+ u)) ∨ x| O2−→ 0. Then,

|(xγ ∧ (x+ u)) ∨ x− x| O2−→ 0 =⇒ |((xγ − x) ∧ u) ∨ 0| O2−→ 0

=⇒ ((xγ − x) ∨ 0) ∧ u
O2−→ 0

=⇒ (xγ − x)+ ∧ u
O2−→ 0. (1.1)

On the other hand, take s = x− u and t = x. Then

|((xγ ∧ x) ∨ (x− u))− ((x ∧ x) ∨ (x− u))| O2−→ 0 which gives

|((xγ ∧ x) ∨ (x− u))− x| O2−→ 0 =⇒ |((xγ − x) ∧ 0) ∨ −u| O2−→ 0

=⇒ |−[((x− xγ) ∨ 0) ∧ u]| O2−→ 0

=⇒ |((x− xγ) ∨ 0) ∧ u| O2−→ 0

=⇒ |(xγ − x)− ∧ u| O2−→ 0
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=⇒ (xγ − x)− ∧ u
O2−→ 0. (1.2)

Combining, (1.1) and (1.2), we obtain |(xγ−x)|∧u
O2−→ 0 as desired.

In the literature of uO-convergence in Riesz spaces, property (i) of

Proposition 2.3.8 often appears in the definition of uO-convergence.

Moreover, Proposition 2.3.8 shows that this definition coincides with

our definition of uO-convergence on lattices.

The following example shows that in ℓp spaces with 1 ≤ p ≤ ∞,

unbounded order convergence coincides with pointwise convergence.

Example 21. uO-convergence coincides with pointwise convergence

in ℓp for 1 ≤ p ≤ ∞ and in c0. We prove the result for ℓ∞; the

statement for the other spaces can be shown similarly. Let (xγ)γ∈Γ be

a net converging pointwise to x, and let u ∈ ℓ∞ with u > 0. For every

m ∈ N, define

ym =

(
min

{
u1,

1
m

}
, . . . ,min

{
um, 1

m

}
, um+1, um+2, . . .

)
,

which yields a decreasing sequence (yn)n∈N. Clearly, 0 = inf{yn : n ∈
N}. For each i ∈ N, since (xγ)γ∈Γ converges pointwise to x, there

exists γ0(i) ∈ Γ such that

|xiγ − xi| ≤ 1

i

for all γ ≥ γ0(i). Fix n ∈ N, and for all i ∈ {1, 2, 3, ..., n}, let γ0 ≥
γ0(i). Then for γ ≥ γ0, |xγ − x| ∧ u ≤ yn which shows that |xγ − x| ∧
u

O2−→0.

Conversely, assume that (xγ)γ∈Γ uO-converges to x. Fix i ∈ N
and let u(i) = (δn,i)n∈N, the sequence with 1 in the i-th coordinate and

0 elsewhere. Then
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|xγ − x| ∧ u(i)
O2−−→ 0.

Hence there exists a decreasing net (yω)ω∈Ω with infimum 0 and

for every ω ∈ Ω there exists an γ(ω) ∈ Γ such that,

|xγ − x| ∧ u(i) ≤ yω, for all γ ≥ γ(ω).

Equivalently, |xiγ − xi| ∧ 1 ≤ yiω for γ ≥ γ(ω). As i was arbitrary,

we conclude that (xγ)γ∈Γ converges pointwise to x.

For a given measure space (X,Σ, µ), consider the Riesz space L0.

This space consists of real-valued measurable functions on X, where

functions that agree almost everywhere are identified. The order is

defined by

f• ≤ g• ⇐⇒ f ≤ g a.e.,

where f• denotes the equivalence class of f .

Proposition 2.3.9 ([28], Proposition 3.1). For a sequence (f•n)n∈N in

L0 and f• ∈ L0, the following are equivalent:

(i) f•n
uO−→ f•;

(ii) f•n −→ f• almost everywhere;

(iii) f•n
O2−→ f•.

In view of example 21 and Proposition 2.3.9, it is natural that uO-

convergence is generally studied in the setting of Riesz spaces. The

following theorem explains why O2-convergence is generally preferred

over O1-convergence in the definition of uO-convergence.

Recall from Corollary 2.1.16, that on lattices, O2-convergence passes

freely to its MacNeille completion. The following theorem is an ana-

logue, showing that uO-convergence passes freely between a Riesz

space and a regular Riesz subspace.

Theorem 2.3.10 ([28], Theorem 2.5). Let W be a Riesz subspace of

a Riesz space V . The following statements are equivalent.
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(i) W is regular;

(ii) For any net (yγ)γ∈Γ in W and y ∈ W , yγ
uO−→ y in W implies

yγ
uO−→ y in V ;

(iii) For any net (yγ)γ∈Γ in W and y ∈W , yγ
uO−→ y in W iff yγ

uO−→ y

in V .

If V is an Archimedean Riesz space, there is another completion,

namely the universal completion. It is known that V is a regular Riesz

subspace of the universal completion. In particular, uO-convergence

passes freely between V and the universal completion. For details on

the construction of the universal completion V u of an Archimedean

Riesz space, see [7, p. 187].

2.4 The unbounded order topology

In example 11, it was shown that on Riesz spaces, O1-convergence

and O2-convergence are not equivalent. Thus, in the definition of

uO-convergence, one may consider another type of unbounded order

convergence by considering O1-convergence instead of O2-convergence.

Definition 2.4.1. A net (xγ)γ∈Γ in a lattice L is said to be uO1-

convergent to x ∈ L if (xγ ∧ t)∨ s
O1−→(x∧ t)∨ s for every s, t ∈ L with

s ≤ t. In this case we write xγ
uO1−→x.

The following theorem generalizes the argument of Theorem 2.1.11

to the setting of uO1-convergence and uO-convergence.

Theorem 2.4.2 ([3], Theorem 2.4). Let L be a lattice and let (xγ)γ∈Γ

be a net uO-convergent to x. Then there exists a subnet (xγω)ω∈Ω that

uO1-converges to x.

Proof. Let F := {f(s,t) : s, t ∈ L and s ≤ t}, where f(s,t)(x) :=

(x∧ t)∨ s. Assume that xγ
uO−→ x. Then, for every f(s,t) ∈ F , we have

f(s,t)(xγ)
O2−→ f(s,t)(x). Hence, there exist sets Mf(s,t) and Nf(s,t) with
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supMf(s,t) = f(s,t)(x) = inf Nf(s,t), such that the net (f(s,t)(xγ))γ∈Γ is

eventually in [m,n] for every (m,n) ∈M(s,t) ×N(s,t).

Let F0 = {F ⊆ F : |F | < ω} denote the collection of finite sets of

F . Assume F0 ∈ F0 with |F0| = n, and write F0 = {f(s1,t1), . . . , f(sn,tn)}.
Define

MF0 :=
{{

mf(si,ti)
, . . . ,mf(sn,tn)

}
: mf(si,ti)

∈Mf(si,ti)
for i = 1, . . . , n

}
and

NF0 :=
{{

nf(si,ti)
, . . . , nf(sn,tn)

}
: nf(si,ti)

∈ Nf(si,ti)
for i = 1, . . . , n

}
.

Let Ω =
{
(F0, A,B) : F0 ∈ F0, A ∈ MF0 and B ∈ NF0

}
. On Ω we

define a relation ⪯ by declaring (F1, A1, B1) ⪯ (F2, A2, B2) if and only

if

(i) F1 ⊆ F2, and

(ii) for every f(s,t) ∈ F1 with corresponding elements m1
f(s,t)

∈ A1,

m2
f(s,t)

∈ A2, n
1
f(s,t)

∈ B1, and n2
f(s,t)

∈ B2, we have

m1
f(s,t)

≤ m2
f(s,t)

and n2
f(s,t)

≤ n1
f(s,t)

.

We first show that (Ω,⪯) is a partially ordered set.

(i) Reflexivity follows by definition.

(ii) (Antisymmetry) : Suppose (F1, A1, B1) ⪯ (F2, A2, B2) and

(F2, A2, B2) ⪯ (F1, A1, B1). Then F1 = F2, and for each f(s,t) ∈
F1 we have m1

f(s,t)
≤ m2

f(s,t)
and m2

f(s,t)
≤ m1

f(s,t)
, hence m1

f(s,t)
=

m2
f(s,t)

by the antisymmetry of ≤. Thus A1 = A2. The same

argument shows B1 = B2, so (F1, A1, B1) = (F2, A2, B2).

(iii) (Transitivity) : If (F1, A1, B1) ⪯ (F2, A2, B2) and (F2, A2, B2) ⪯
(F3, A3, B3). Then F1 ⊆ F2 ⊆ F3, m

1
f(s,t)

≤ m2
f(s,t)

≤ m3
f(s,t)

and

n3
f(s,t)

≤ n2
f(s,t)

≤ n1
f(s,t)

for every f(s,t) ∈ F1. Then (F1, A1, B1) ⪯
(F3, A3, B3) as required.
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Next we show that the partially ordered set (Ω,⪯) is directed. Let
(F1, A1, B1), (F2, A2, B2) ∈ Ω. We need to find (F3, A3, B3) ∈ Ω such

that

(F1, A1, B1) ⪯ (F3, A3, B3) and (F2, A2, B2) ⪯ (F3, A3, B3).

If F1 ∩ F2 = ∅, set

(F3, A3, B3) := (F1 ∪ F2, A1 ∪A2, B1 ∪B2).

If F1∩F2 ̸= ∅, take f(s,t) ∈ F1∩F2. For i ∈ {1, 2} and mi
f(s,t)

∈ Ai,

since Mf(s,t) is directed, there exists m3
f(s,t)

∈ Mf(s,t) with mi
f(s,t)

≤
m3

f(s,t)
for i = 1, 2. Define A3 by taking these upper bounds for all

common f(s,t) ∈ F1 ∩ F2, and leaving the elements unchanged for

f(s,t) ∈ F1 \ F2 or f(s,t) ∈ F2 \ F1. A similar construction, using that

each Nf(s,t) is filtered, produces B3.

Thus

(F3, A3, B3) := (F1 ∪ F2, A3, B3)

satisfies (F1, A1, B1) ⪯ (F3, A3, B3) and (F2, A2, B2) ⪯ (F3, A3, B3).

Hence (Ω,⪯) is directed.

Consider the product Ω×Γ with order defined by ((F1, A1, B1), γ1)

≪ ((F2, A2, B2), γ2) if and only if (F1, A1, B1) ⪯ (F2, A2, B2) and γ1 ≤
γ2. Since both Ω and Γ are directed sets, their product Ω×Γ is directed

as well.

For every (F,A,B) ∈ Ω and each f(s,t) ∈ F with mf(s,t) ∈ A and

nf(s,t) ∈ B, there exists γ(s,t) ∈ Γ such that f(s,t)(xγ) ∈ [mf(s,t) , nf(s,t) ]

for all γ ≥ γ(s,t). Since F is finite, we can choose γ(F,A,B) ∈ Γ such

that γ(s,t) ≤ γ(F,A,B) for every f(s,t) ∈ F .

Let Λ := {((F,A,B), γ) : (F,A,B) ∈ Ω, γ ∈ Γ and γ(F,A,B) ≤
γ}. Then Λ is cofinal in Ω × Γ. Indeed, let ((F,A,B), γ) ∈ Ω ×
Γ. Choose β ∈ Γ such that γ(F,A,B) ≤ β and γ ≤ β. Then

((F,A,B), β) ∈ Λ and ((F,A,B), γ)≪ ((F,A,B), β).
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Now consider the map φ : Λ→ Γ where ((F,A,B), γ) 7→ γ. Clearly

φ is isotone: if ((F1, A1, B1), γ1) ≪ ((F2, A2, B2), γ2), then γ1 ≤ γ2,

hence φ((F1, A1, B1), γ1) ≤ φ((F2, A2, B2), γ2). To see that φ is a final

map, take λ ∈ Γ and ((F,A,B), γ) ∈ Λ. Choose β ∈ Γ such that γ ≤ β

and λ ≤ β. Then, ((F,A,B), β) ∈ Λ and φ(((F,A,B), β)) ≥ λ. Thus,

φ is a final map.

Consider the subnet (xφ((F,A,B),γ))((F,A,B),γ)∈Λ of (xγ)γ∈Γ. We show

that this subnet is uO1-convergent to x. Fix f(s,t) ∈ F and define

Λf(s,t) := {((F0, A,B), γ) : f(s,t) ∈ F0}.

For every ((F0, A,B), γ) ∈ Λf(s,t) , set m((F0,A,B),γ)) = mf(s,t) and

n((F0,A,B),γ)) = nf(s,t) . By construction, the net

(m((F0,A,B),γ))((F,A,B),γ)∈Λf(s,t)
is increasing and

sup{m((F0,A,B),γ) : ((F0, A,B), γ) ∈ Λf(s,t)} = f(s,t)(x).

Similarly, the net (n((F0,A,B),γ))((F,A,B),γ)∈Λf(s,t)
is decreasing and

inf{n((F0,A,B),γ) : ((F0, A,B), γ) ∈ Λf(s,t)} = f(s,t)(x).

Now observe that

m((F0,A,B),γ) ≤ f(s,t)(xφ((F1,A1,B1,α))) ≤ n((F0,A,B),γ)

for every ((F0, A,B), γ) ≪ ((F1, A1, B1), α) Finally, note that for

((F0, A0, B0), λ0) ∈ Λf(s,t) , we have that

EΛf(s,t)

(
((F0, A,B), γ)

)
= EΛ

(
((F0, A,B), γ)

)
,

which shows that the subnet
(
xφ((F,A,B),γ)

)
((F,A,B),γ)∈Λ is indeed

uO1-convergent to x.

Recall that for O1-, O2- and O3-convergence, we defined the order-
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adherence and the order topologies τO1
, τO2

and τO3
, respectively. For

uO- and uO1-convergence, we can similarly define the respective un-

bounded order adherence (uO-adherence). The unbounded order ad-

herence is denoted by X
uOi
λ for every ordinal λ > 0 and defined by

recursion in the same way that we defined the λ-O-adherence XO
λ , i.e.

X
uOi
λ =

⋃
β<λ

X
uOi
β

uOi

1

.

Definition 2.4.3. A subset F of a lattice L is called uO1-closed if

the uO1-limit of every net in F belongs to F . Equivalently, F is uO1-

closed if F = F uO1
1 .

Definition 2.4.4. A subset F of a lattice L is called uO-closed if the

uO-limit of every net in F belongs to F . Equivalently, F is uO-closed

if F = F uO
1 .

Definition 2.4.5. The topology τuO1 on L is the topology whose closed

sets are precisely the uO1-closed subsets of P .

Definition 2.4.6 (Unbounded Order Topology). The unbounded or-

der topology on L, denoted by τuO, is the topology whose closed sets

are precisely the uO-closed subsets of L.

In Theorem 2.2.7 we saw that on a poset P , τO1 = τO2 . A natural

question that arises, posed in [44, Question 18.50], is whether the same

equality holds for τuO1 and τuO.

Theorem 2.4.7 ([3], Proposition 2.8). Let L be a lattice. Then τuO1 =

τuO.

Proof. The inclusion τuO ⊆ τuO1 is immediate. The reverse inclusion

τuO1 ⊆ τuO follows from Theorem 2.4.2.
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2.4.1 The O2-closure and uO-closure of sublattices and

ideals

From the definition of unbounded order convergence, it is evident that

it is closely related to O2-convergence. In the setting of Riesz spaces,

the O-adherence and uO-adherence have been extensively studied on

sublattices [27]. In this section we extend the discussion to λ-O-

adherence and λ-uO-adherence of sublattices and ideals in infinitely

distributive lattices.

In Theorem 2.2.7 and Proposition 2.4.7, it was shown that when

working with lattices, the order and unbounded order topologies that

arise from different modes of convergence are equivalent. Thus in this

section, we will simply write λ-O-adherence and λ-uO-adherence.

Lemma 2.4.8. Let L be an infinitely distributive lattice and X ⊆ L.

Then,

(i) XO
1 ⊆ XuO

1 ;

(ii) The cuts [a,→) and (←, a] are O-closed and uO-closed;

(iii) There exist an ordinal λ such that XO
λ = XO

λ+1.

Proof. (i) This follows easily from Theorem 2.3.6.

(ii) We give the proof for [a,→); the case of (←, a] is similar. Let

(xγ)γ∈Γ be a net in [a,→) that O2-converges to x. Then there exist

a directed set M and a filtered set N such that supM = x = inf N

and for every (m,n) ∈M ×N , the net (xγ)γ∈Γ is eventually in [m,n].

Then N ⊆ [a,→), concluding that x ∈ [a,→). By the distributivity

of L and Proposition 2.3.4 (i), it follows that both [a,→) and (←, a]

are uO-closed.

(iii) To see this, it is enough to observe that XO
κ = XO

κ+1 when κ is

equal to any cardinality greater than the cardinality of L. The same

holds for uO-adherence. If we let

α :=min{λ ≥ 0 : XO
λ = XO

λ+1}
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β :=min{λ ≥ 0 : XuO
λ = XuO

λ+1} ,

then XO
α coincides with the O-closure of X and XuO

β with the uO-

closure of X. If L is infinitely distributive, then XO
α ⊆ XuO

β (by The-

orem 2.3.6).

Proposition 2.4.9. Let Y be a sublattice of an infinitely distributive

lattice L. For every ordinal λ ≥ 0, each of the sets Y O
λ and Y uO

λ is a

sublattice of L.

Proof. We prove only the case of O-adherence; the uO-adherence case

follows by the same argument (applying Proposition 2.3.5 instead of

Proposition 2.1.8). We prove this result by transfinite induction. The

assertion is trivially satisfied when λ = 0.

For x, y ∈ Y O
λ there exist two nets (xσ)σ∈Σ and (yω)ω∈Ω in

⋃
β<λ Y

O
β

such that xσ
O2−→x and yω

O2−→ y. By the induction hypothesis, each

Y O
β (0 ≤ β < λ) is a sublattice of L, and hence so is

⋃
β<λ Y

O
β . Hence,

(xσ ∨ yω)(σ,ω)∈Σ×Ω is a net in
⋃

β<λ Y
O
β . Proposition 2.1.8 implies

xσ ∨ yω
O2−→x ∨ y and so x ∨ y ∈ Y O

λ . Similarly, x ∧ y ∈ Y O
λ .

Note that in Proposition 2.4.9, infinite distributivity cannot be

weakened to distributivity.

Example 22. Consider the following subsets of 2R.

C− ={(−∞, a] : a ≤ 0}

C ′− ={(−∞, a] : a < 0}

C+ ={[a,+∞) : a ≥ 0}

C ′+ ={[a,+∞) : a > 0}

The ring L of subsets of R generated by C− ∪ C+ consists of all sub-

sets of R that have one of the following types: ∅, (−∞,−a], [b,+∞),

(−∞,−a] ∪ [b,+∞), {0}, where a, b ≥ 0. This forms a distributive
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lattice. The subring Y generated by C ′− ∪ C ′+ consists of all sub-

sets of R that have one of the following types: ∅, (−∞,−a], [b,+∞),

(−∞,−a] ∪ [b,+∞), where a, b > 0. Clearly Y is a sublattice of L.

The O-closure Y of Y in L consists of the subsets of R that have one

of following types: ∅, (−∞,−a], [b,+∞), (−∞,−a] ∪ [b,+∞), where

a, b ≥ 0. Observe that the infimum in Y of (−∞, 0] and [0,+∞) is

equal to ∅, whereas the infimum taken in L equals {0}.

Proposition 2.4.10. Let Y be a sublattice of an infinitely distributive

lattice L. For every ordinal λ ≥ 0 there exists an ordinal f(λ) ≥ λ

such that

Y O
λ ⊆ Y uO

λ ⊆ Y O

f(λ). (2.1)

Proof. The function f shall be defined recursively. Let f(0) = 1.

Clearly (2.1) is satisfied. Suppose that {f(β) : β < λ} have been

constructed satisfying Y O
β ⊆ Y uO

β ⊆ Y O

f(β) for every β < λ. The inclu-

sion
⋃

β<λ Y
O
β ⊆

⋃
β<λ Y

uO
β follows by the induction hypothesis and

therefore

Y O
λ =

( ⋃
β<λ

Y O
β

)O

1
⊆
( ⋃

β<λ

Y uO
β

)O

1
⊆
( ⋃

β<λ

Y uO
β

)uO

1
= Y uO

λ ,

where the last inclusion follows by Lemma 2.4.8 (i). Let ω := sup{f(β) :
β < λ}. Then ⋃

β<λ

Y uO
β ⊆

⋃
β<λ

Y O

f(β) ⊆
⋃
β<ω

Y O
β .

Let x ∈
(⋃

β<λ Y
uO
β

)uO
1
, so there exists a net (xγ)γ∈Γ in

⋃
β<λ Y

uO
β ⊆⋃

β<ω Y O
β such that xγ

uO−→x, i.e (xγ ∧ t) ∨ s
O2−→(x ∧ t) ∨ s for every

s, t ∈ L. For any triple γ1, γ2 and γ3 in Γ, the element (xγ1∧xγ2)∨xγ3
lies in

⋃
β<ω Y O

β because the latter is a sublattice by Proposition 2.4.9.

This implies that (x ∧ xγ2) ∨ xγ3 belongs to
(⋃

β<ω Y O
β

)O
1
= Y O

ω , for

every γ2, γ3 in Γ. For fixed γ3 ∈ Γ and using the uO-convergence of

(xγ)γ∈Γ, it can be concluded that x∨xγ ∈ Y O
ω+1 for every γ ∈ Γ. Using

that Y O
ω+1 is a sublattice, we note that (x ∨ xγ) ∧ (x ∨ xγ′) ∈ Y O

ω+1 for
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every γ, γ′ ∈ Γ. Invoking once more the uO-convergence of (xγ)γ∈Γ to

x, it can be concluded that x = x ∧ (x ∨ xγ′) belongs to Y O
ω+2. Define

f(λ) = ω + 2, to get the required inclusion.

Theorem 2.4.11. The O-closure and the uO-closure of a sublattice

of an infinitely distributive lattice L coincide, and the resulting subset

is again a sublattice of L.

Proof. Let Y be a sublattice of L and

α := min{λ ≥ 0 : Y O
λ = Y O

λ+1} and β := min{λ ≥ 0 : Y uO
λ = Y uO

λ+1},

i.e. O-closure of Y equals Y O
α and the uO-closure of Y equals Y uO

β .

These are sublattices by Proposition 2.4.9, and Y O
α ⊆ Y uO

β by Theorem

2.3.6. By definition of α, observe that

Y O
α = Y O

f(α) = Y O

f(f(α))

and therefore Y O
α = Y uO

α = Y uO

f(α), by Proposition 2.4.10. In particular,

we get that Y O
α = Y uO

α = Y uO
α+1, i.e. Y O

α is uO-closed. Therefore Y uO
β

(the uO-closure of Y ) is contained in Y O
α .

Corollary 2.4.12. A sublattice of an infinitely distributive lattice is

O-closed if and only if it is uO-closed.

The following theorem is the analogue of Proposition 2.4.10, The-

orem 2.4.11 and Corollary 2.4.12 for Riesz spaces. We remark that, in

the Riesz spaces setting, Proposition 2.4.10 admits a slight strength-

ening.

Proposition 2.4.13 ([27], Proposition 2.1). Let Y be a sublattice of

a Riesz space X. Then, Y O
1 ⊆ Y uO

1 ⊆ Y O
2 . Moreover,

(i) if Y O
1 is order closed, then it is the smallest order closed sublattice

of X containing Y , and Y O
1 = Y uO

1 ;
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(ii) if Y uO
1 is order closed, then it is the smallest order closed sublat-

tice of X containing Y , and Y uO
1 = Y O

2 .

We now examine the adherence of down-sets and order ideals in

lattices.

Proposition 2.4.14. Let Q be a down-set in a lattice L. Then every

element x ∈ QO
1 can be expressed as the supremum of an increasing

net in Q. Moreover, if L is infinitely distributive, then QO
1 itself is a

down-set.

Proof. Let x ∈ QO
1 . Then there exists a net (xγ)γ∈Γ in Q such that

xγ
O2−→x. There exist a directed set M and a filtered set N satisfying∨

M = x =
∧
N and, for every (m,n) ∈ M × N , the net (xγ)γ∈Γ is

eventually in [m,n]. Since Q is a down-set, we have M ⊆ Q. As M

is directed, it can be viewed as an increasing net indexed over itself,

yielding the desired conclusion.

Furthermore, let a ∈ QO
1 and x ∈ L with x ≤ a, and assume that

L is infinitely distributive. By the argument above, there exists an

increasing net (aγ)γ∈Γ ⊆ Q such that
∨

γ∈Γ aγ = a. Since Q is a

down-set, {aγ ∧ x : γ ∈ Γ} ⊆ Q, and
∨
{aγ ∧ x : γ ∈ Γ} = a ∧ x = x,

which shows that x ∈ QO
1 .

Theorem 2.4.15. Let L be an infinitely distributive lattice, and let

I ⊆ L be an order ideal. Then IO
1 = IuO1 , and both are uO-closed

order ideals, and hence O-closed.

Proof. If I is an order ideal, then IO
1 is an order ideal by Propositions

2.1.8 and 2.4.14.

Next, we prove that IO
1 is O-closed. Let x ∈ IO

2 . Then there

exists an increasing net (xγ)γ∈Γ in IO
1 such that

∨
γ∈Γ xγ = x. Define

B := {a ∈ I : ∃γ ∈ Γ such that a ≤ xγ}. Then B is non-empty,

directed, and x is an upper bound of B. Moreover, if k ∈ L satisfies

b ≤ k for all b ∈ B, then xγ ≤ k for every γ ∈ Γ, and hence x ≤ k. It

Page 77



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

follows that x = supB ∈ IO
1 . Consequently, IO

2 = IO
1 , showing that

IO
1 is O-closed.

Finally, Theorem 2.4.11 implies that IO
1 is the uO-closure of I, and

therefore IO
1 = IuO1 .

2.5 Unbounded order closure of regular sublattices

In Proposition 1.1.34, we showed that every order ideal is a regular

sublattice. In this section, we aim to extend the results of Theorem

2.4.15 to sublattices. We begin with a result that holds in the setting

of Riesz spaces.

Theorem 2.5.1 ([27], Theorem 2.13). Let V be a Riesz space and W

a regular Riesz subspace. Then W uO
1 = WO

1 , and both are order closed.

The proof of Theorem 2.5.1 relies on the fact that, for a Riesz

space V and a regular Riesz subspace W , the Dedekind completion

W δ embeds as a Regular Riesz subspace of V δ [28, Theorem 2.10].

When working with infinitely distributive lattices, one must exer-

cise caution. While Riesz spaces are intrinsically infinitely distribu-

tive, and the MacNeille completion of a Riesz space preserves infinite

distributivity, the MacNeille completion of an infinitely distributive

lattice need not be infinitely distributive, as the following example

illustrates.

Example 23. When endowed with the pointwise partial order,

L := {(0, b) : 0 ≤ b < 1} ∪ {(1, b) : 0 ≤ b < +∞, b ̸= 1}

forms an infinitely distributive lattice. It is easy to see that

DM(L) = {(0, b) : 0 ≤ b < 1} ∪ {(1, b) : 0 ≤ b ≤ +∞} ,

Lδ = {(0, b) : 0 < b < 1} ∪ {(1, b) : 0 ≤ b < +∞} .

Page 78



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

To see that Lδ (and hence DM(L)) does not satisfy the join-infinite

distributive law, consider the sequence xn =
(
0, 1− 1

n

)
. Then

∨Lδ

xn =

(1, 1) and
(∨Lδ

xn
)
∧
(
1, 12
)
= (1, 12). On the other hand,

∨Lδ (
xn ∧

(1, 12)
)
=
(
0, 12
)
.

Definition 2.5.2. Let Y be a sublattice of a lattice L, and let D ⊆ Y .

Define D+Y := D+ ∩ Y and D−Y := D− ∩ Y .

Lemma 2.5.3. Let Y be a sublattice of a lattice L, and let A,B ⊆ Y .

If A+− ⊆ B+−, then A+Y −Y ⊆ B+Y −Y .

Proof. First, we show that B+Y ⊆ A+. Indeed, B+Y ⊆ B+ =

B+−+ ⊆ A+−+ = A+.

Next, we show that A+−Y ⊆ B+Y −Y . Let y ∈ A+−Y . Then y ∈ Y

and y ≤ b for every b ∈ A+. From B+Y ⊆ A+ it is clear that y ≤ c

for every c ∈ B+Y . Hence, y ∈ B+Y −Y , so A+−Y ⊆ B+Y −Y . Finally,

from A ⊆ A+−Y ⊆ B+Y −Y we conclude that A+Y −Y ⊆ B+Y −Y .

Theorem 2.5.4. Let L be a lattice, and let Y ⊆ L a sublattice. Then

the map

i : DM(Y )→ DM(L) : A 7→ A+−

defines an order-embedding of DM(Y ) into DM(L).

Proof. This follows by Lemma 2.5.3.

Definition 2.5.5. Let Y be a sublattice of a lattice L.

• We say that Y has Property (A) if, for every A ⊆ Y and every

x ∈ A− (in L), there exists y ∈ A− ∩ Y such that x ≤ y.

• Dually, Y has Property (B) if, for every A ⊆ Y and every x ∈ A+

(in L), there exists y ∈ A+ ∩ Y such that x ≥ y.

Lemma 2.5.6. Let L be a lattice, and Y a sublattice which satisfies

properties (A) and (B). Then Y is a regular sublattice of L.
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Proof. Let A ⊆ Y and b =
∨Y A. Assume x ∈ A+. Then, by property

(B), there exists a ∈ A+Y such that a ≤ x. Since b =
∨Y A ≤ a, it

follows that b ≤ x for all x ∈ A+. The dual statement for meets

follows similarly by Property (A).

In the following example, we note that the converse of Lemma 2.5.6

does not necessarily hold.

Example 24. Let L = {(0, b) : 0 ≤ b ≤ 1} ∪ {(1, b) : 0 ≤ b ≤ 1}
be ordered pointwise, and let L0 = {(0, b) : 0 ≤ b < 1} ∪ {(1, b) :

0 ≤ b < 1}. Clearly, L is complete, and L0 is a regular sublattice of

L. However, property (B) fails to hold in L0, since there exist upper

bounds in L that cannot be approximated by L0.

Proposition 2.5.7. Let L be a lattice, Y ⊆ L, and A ⊆ Y .

(i) If Y satisfies Property (A), then A−+ = A−Y +.

(ii) If Y satisfies Property (B), then A+− = A+Y −.

Proof. We shall only show the proof of (i), as the proof for (ii) follows

by a similar argument. Clearly, A−+ ⊆ A−Y +. To see the reverse

inclusion let x ∈ A−Y + and z ∈ A−. Then by Property (A) there

exists y ∈ A−Y satisfying z ≤ y. This implies that z ≤ y ≤ x, so

x ∈ A−+, concluding that A−+ ⊇ A−Y +.

Proposition 2.5.8. Let L be a lattice, Y ⊆ L a sublattice, and {Aα :

α ∈ A} a collection of sets in Y satisfying A+Y −Y
α = Aα for all α ∈ A.

(i) If Y satisfies Property (A), then

⋂
α∈A

A+−
α =

(⋂
α∈A

Aα

)+−

.

(ii) If Y satisfies Property (B), then(⋃
α∈A

Aα

)+Y −Y +−

=

(⋃
α∈A

A+−
α

)+−

.
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Proof. (i) We first note that the inclusion (
⋂

α∈AAα)
+− ⊆

⋂
αA

+−
α

is trivial. To see the reverse inclusion, recall from Proposition

1.1.20 that
⋂

α∈AA+−
α = (

⋃
α∈AA+

α )
−. Furthermore,

(⋃
α∈A

A+
α

)−
=

(⋃
α∈A

A+
α

)−+−

⊆

(⋃
α∈A

A+Y
α

)−+−

=

(⋃
α∈A

A+Y
α

)−Y +−

(By property (A))

=

(⋂
α∈A

A+Y −Y
α

)+−

=

(⋂
α∈A

Aα

)+−

.

(ii) To see this equality, note that(⋃
α∈A

Aα

)+Y −Y +−

=

(⋃
α∈A

Aα

)+Y −Y +Y −

(By property (B))

=

(⋃
α∈A

Aα

)+Y −

=

(⋃
α∈A

Aα

)+−

(By property (B))

=

(⋃
α∈A

A+−
α

)+−

.

Theorem 2.5.9. Let L be a lattice, and Y ⊆ L a sublattice. Let

i : DM(Y ) → DM(L) : A 7→ A+− be the order-embedding described

in Theorem 2.5.4.
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(i) If Y satisfies Property (A), then i preserves arbitrary meets.

(ii) If Y satisfies Property (B), then i preserves arbitrary joins.

Proof. Let {Aα : α ∈ A} ⊆ DM(Y ). Then, by Proposition 2.5.8, we

have:

i
(∧

DM(Y )
α∈A Aα

)
=

(⋂
α∈A

Aα

)+−

=
⋂
α∈A

A+−
α

=
∧

DM(L)
α∈A i(Aα) ,

if Y satisfies Property (A); and

i
(∨

DM(Y )
α∈A Aα

)
=

(⋃
α∈A

Aα

)+Y −Y +−

=

(⋃
α∈A

A+−
α

)+−

=
∨

DM(L)
α∈A i(Aα) ,

if Y satisfies Property (B).

Corollary 2.5.10. Let L be a lattice, and let Y be a sublattice satis-

fying Properties (A) and (B). Then i[DM(Y )] is a regular sublattice

of DM(L), where i : DM(Y )→ DM(L) and A 7→ A+− is the order-

embedding described in Theorem 2.5.4.

Proposition 2.5.11. Let L be a lattice, and let Y be an order convex

sublattice.

(i) If Y has a maximal element, then it satisfies Property (B);

(ii) If Y has a minimal element, then it satisfies Property (A).

Proof. We prove (i); the proof of (ii) is dual. Let amax be the maximal

element of Y . Let A ⊆ Y , and let x ∈ A+. Then, by order convexity,
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amax ∧ x ∈ Y and amax ∧ x ∈ A+Y .

Proposition 2.5.12. Let L be an order complete lattice, and let Y be

a sublattice of L. Then Y is O-closed if and only if Y is supremum

and infimum closed.

Proof. Assume that Y is O-closed. Let A ⊆ L with
∨LA = x. Let

F = {B ⊆ A : |B| < ω}. F is directed with respect to inclusion.

For every B ∈ F let xB =
∨LB =

∨Y B to get an increasing net

{xB : B ∈ F} in Y with
∨L

B∈F xB = x, i.e. a net in Y that O2-

converges to x. Since Y is O-closed, x ∈ Y . The dual statement can

be proved similarly.

Conversely, assume that for any subset A of Y , its supremum and

infimum in L belong to Y , and let x ∈ Y O
1 . Then there exists a net

(xγ)γ∈Γ satisfying∨
L
γ′∈Γ

∧
L
γ≥γ′xγ = x =

∧
L
γ′∈Γ

∨
L
γ≥γ′xγ .

By hypothesis it follows that x ∈ Y .

Proposition 2.5.13. Let L be an order complete lattice, and let Y be

an order complete and regular sublattice of L. Then Y is O-closed.

Proof. Since Y is closed under arbitrary suprema and infima in L,

result follows directly by Proposition 2.5.12.

Theorem 2.5.14. Let L be an infinitely distributive lattice and Y ⊆ L

a sublattice satisfying Properties (A) and (B). Then Y uO
1 = Y O

1 , and

both are simultaneously O-closed and uO-closed.

Proof. Identify DM(Y ) with i[DM(Y )] ⊆ DM(L). Corollary 2.5.10

implies that DM(Y ) is a complete regular sublattice of DM(L). In

particular, by Proposition 2.5.13, DM(Y ) is O-closed (and therefore

uO-closed because DM(L) has maximal and minimal elements).

Page 83



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

Next we show that DM(Y ) ∩ L = Y O
1 . For every x ∈ Y O

1 there

exists a net (xγ)γ∈Γ in Y such that xγ
O2−→x in L. From [2, Theorem

3], we have that xγ
O2−→x in DM(L). Since DM(Y ) is O-closed in

DM(L), it follows that x ∈ DM(Y ) ∩ L. To see the converse, take

x ∈ DM(Y ) ∩ L and A = {y ∈ Y : y ≤ x}. By Theorem 2.5.9,

DM(Y ) is regular in DM(L) and thus
∨DM(L)A =

∨DM(Y )A = x.

Since L is regular in DM(L), it follows that x ∈ Y O
1 . This shows that

DM(Y )∩L = Y O
1 . Now it is easy to see that Y O

2 = Y O
1 , and therefore

Y O
1 is simultaneously O-closed and uO-closed.

3 The topologies on the function space L∞

In this section, we discuss several topologies on the function space L∞.

These will eventually be compared to the order topology.

3.1 Topologies on L∞.

Definition 3.1.1. A topological vector space is a vector space V over

R endowed with a topology T , such that:

(i) The addition map (x, y) 7→ x+ y is continuous from V ×V into

V (where V × V has the product topology).

(ii) The scalar multiplication map (t, x) 7→ tx is continuous from

R×V into V (where R has its usual topology and R×V has the

product topology).

Definition 3.1.2. Let X be a set. A pseudometric on X is a function

ρ : X ×X → [0,∞) satisfying

(i) ρ(x, y) ≤ ρ(x, z) + ρ(z, y) for all x, y, z ∈ X;

(ii) ρ(x, y) = ρ(y, x) for every x, y ∈ X;

(iii) ρ(x, x) = 0 for every x ∈ X.
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Recall that for a pseudometric ρ, it is possible that ρ(x, y) = 0,

even when x ̸= y. A metric on X is a pseudometric ρ with the addi-

tional property that ρ(x, y) = 0 implies x = y.

Definition 3.1.3. A pseudometric ρ on a vector space V is said to

be translation invariant if ρ(u, v) = ρ(u+w, v+w) for all u, v, w ∈ V .

Definition 3.1.4. Let V be a vector space. An F -seminorm on V is

a function τ : V → [0,∞) satisfying, for all u, v ∈ V and α ∈ R,

(i) τ(u+ v) ≤ τ(u) + τ(v);

(ii) τ(αv) ≤ τ(v) whenever |α| ≤ 1;

(iii) limα→0 τ(αv) = 0.

Remark 3.1.5. Let V be a vector space and τ be an F -seminorm on

V . Define ρτ : V × V → [0,∞) by (u, v) 7→ τ(u − v). Then ρτ is a

translation-invariant pseudometric on V .

Several important topologies can be generated by families of pseu-

dometrics. The following theorem provides the general construction

of a topology from a family of pseudometrics.

Theorem 3.1.6 ([23, p. 525]). Let X be a set and P a non-empty

family of pseudometrics on X. Define TP as the family of those sub-

sets G of X such that for every x ∈ G there are {ρ1, ρ2, ..., ρn} ⊆ P

and ϵ > 0 satisfying

U(x; ρ1, ρ2, ..., ρn; ϵ) ⊆ G

where U(x; ρ1, ρ2, ..., ρn; ϵ) = {y ∈ X : max1≤i≤n ρi(x, y) < ϵ}. TP is

called the topology defined by P .

Proposition 3.1.7. Let (X,TP ) be a topological space, where TP is

defined by a non-empty family P of pseudometrics. The following

statements are equivalent :

(i) TP is T0.
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(ii) TP is Hausdorff.

(iii) The collection P separates the points of X; that is for every

pair of distinct points x, y ∈ X, there exists ρ ∈ P such that

ρ(x, y) > 0.

Theorem 3.1.8. Let V be a vector space and let T be a family of

F -seminorms on V . Define P := {ρτ : τ ∈ T}. Then the topology TP

generated by P turns V into a topological vector space.

3.1.1 Topology of convergence in measure

We begin this chapter by recalling the definition of a linear map

and a linear functional.

Definition 3.1.9. Let V and W be vector spaces over R. A map

T : V → W is called a linear map if

T (αx+ βy) = αT (x) + βT (y)

for all x, y ∈ V and all α, β ∈ R. A linear functional is a linear map

λ : V → R. A family of linear functionals F is said to be separating

if, for every x ∈ V with x ̸= 0, there exists ℓ ∈ F such that ℓ(x) ̸= 0.

Definition 3.1.10. Let (X,Σ, µ) be a measure space. For each F ∈
Σf , define a real valued functional τF : L 0 → [0,∞) by

τF (f) :=

∫
|f | ∧ χF dµ

for every f ∈ L 0.

Proposition 3.1.11. Let (X,Σ, µ) be a measure space, and let F ∈
Σf . The functional τF : L → [0,∞) satisfies the following properties:

(i) τF (f) = 0 if and only if f(x) = 0 almost everywhere on F ;

(ii) τF (f) = τF (g) if f = g almost everywhere on F ;
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(iii) τF (fχA) ≤ µ(F ∩A) for every A ∈ Σ;

(iv) τF (f) ≤ τF (g) whenever 0 ≤ f ≤ g;

(v) τF (f) ≤ τG(f) if G ∈ Σf such that F ⊆ G;

(vi) τF (αf) ≤ |α|τF (f) for every α ∈ R with |α| ≥ 1.

Proposition 3.1.12. Let (X,Σ, µ) be a measure space and F ∈ Σf .

Then the functional τF is an F -seminorm on L 0.

Let (X,Σ, µ) be a measure space. By remark 3.1.5, for each F ∈
Σf , one can define a pseudometric ρτF on L 0. By Theorem 3.1.6, the

family of pseudometrics {ρτF : F ∈ Σf} generate a topology on L 0.

Lemma 3.1.13 ([23], Remark 245B (b). p. 173). Let (X,Σ, µ) be

a measure space. The family of pseudometrics {ρτF : F ∈ Σf} is

directed. Then G ⊆ L 0 is open if and only if for every f ∈ G there

exists δ > 0 and F ∈ Σf such that U(f ; ρF ; δ) ⊆ G.

Proposition 3.1.14 ([23], 245A & 245B, p. 173). Let (X,Σ, µ) be a

measure space.

(i) If F ∈ Σ satisfies µ(F ) <∞, then the map

ρ̃τF :L0 × L0 → [0,∞)

(f•, g•) 7→ ρτF (f, g)

defines a pseudometric on L0.

(ii) The family {ρ̃τF : F ∈ Σ and µ(F ) <∞} is directed and gener-

ates a topology on L0, denoted by Tµ.

(iii) A subset G ⊆ L0 is open with respect to Tµ if, and only if, for

every f• ∈ G, there exist δ > 0 and F ∈ Σf such that

{g• ∈ L0 : τF (f − g) < δ} ⊆ G.

(iv) The topology Tµ is the finest topology that makes the quotient

mapping L 0 → L0 continuous.
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Theorem 3.1.15 ([23], Theorem 245E, p. 176). Let (X,Σ, µ) be a

measure space. Then the following hold:

(i) (X,Σ, µ) is semi-finite if and only if Tµ is Hausdorff.

(ii) (X,Σ, µ) is localisable if and only if Tµ is Hausdorff and L0 is

complete under Tµ.

(iii) (X,Σ, µ) is σ-finite if and only if Tµ is metrisable.

The topology defined above is called the topology of convergence

in measure on L0. Since L∞ is a Riesz subspace of L0, the topology

of convergence in measure on L∞ is obtained by considering Tµ ↾L∞ ,

which we denote by τµ.

3.1.2 The strong operator topology on L∞

We start this section by recalling the definition of a seminorm.

Definition 3.1.16. Let V be a vector space over the scalar field R.
A sublinear functional on V is a function p : V → R such that for all

x, y ∈ V and a ≥ 0,

(i) p(x+ y) ≤ p(x) + p(y);

(ii) p(ax) = ap(x).

Furthermore, if p(ax) = |a|p(x) for all a ∈ R and x ∈ V , then p is

called a seminorm.

Definition 3.1.17. A family S of seminorms on a vector space V

is said to be separating if, for every non-zero v ∈ V , there exists a

seminorm r ∈ S such that r(v) ̸= 0.

Definition 3.1.18. A subset A of a vector space V is said to be convex

if, for every u, v ∈ A and α ∈ [0, 1], the combination αu+(1−α)v ∈ A.

Note that every seminorm p on a vector space V induces a pseu-

dometric ρp(x, y) := p(x− y) for all x, y ∈ V .
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Theorem 3.1.19 ([32], p. 17). Let V be a vector space over R, and let

S be a family of seminorms on V . Define P := {ρr : r ∈ S }, where
ρr(x, y) := r(x − y). Then the topology generated by P turns V into

a locally convex topological vector space, with respect to which each

seminorm in S is continuous. Moreover, this topology is Hausdorff if

and only if S is separating.

Definition 3.1.20. The topology TS generated by a family of semi-

norms is called the vector space topology determined by S .

Theorem 3.1.21. Let V and G be normed spaces. Then the space

B(V ,G ), equipped with the operator norm, is itself a normed space.

Proposition 3.1.22. Let V and G be normed spaces. For each v ∈ V ,

define rv : B(V ,G ) → [0,∞) : rv(T ) 7→ ∥T (v)∥G . Then the family

{rv : v ∈ V } is a separating family of seminorms on B(V ,G ).

Definition 3.1.23. If V and G are normed spaces, the strong-

operator-topology on B(V ,G ) is the locally convex topology generated

by the family of seminorms {ρrv : v ∈ V }, where

ρrv := rv(S − T ) = ∥Sv − Tv∥G

for all S, T ∈ B(V ,G ) and v ∈ V .

From Lemma 1.6.2, for every g ∈ L∞ and 1 ≤ q < ∞, the mul-

tiplication operator M q
g : Lq → Lq : f• 7→ (fg)•, is well-defined and

bounded. If (X,Σ, µ) is semi-finite, then by Theorem 1.6.3, the map

Tq : L∞ → B(Lq) : g• 7→ M q
g is an isometric embedding. Thus, L∞

may be identified with a subspace of B(Lq).

Consider the family of pseudometrics {ρph : h• ∈ Lq} on L∞ ⊆
B(Lq), where for each h• ∈ Lq the seminorm ph : L∞ → [0,∞) :

f• 7→
∥∥∥M q

f (h
•)
∥∥∥
q
= (

∫
|fh|q dµ)

1
q is defined. By Theorem 3.1.19,

these seminorms induce a locally convex topology on B(Lq). This

topology is known as the strong operator topology. Restricting this

topology to L∞, we obtain a locally convex topology denoted by σq.
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3.1.3 The weak and Mackey topology

We start this section by recalling some basic definitions. Although

these are usually formulated over both R and C, for simplicity we

restrict to the real case.

Let V and G be vector spaces over R. A map B : V × G → R is

called a bilinear map if it is linear in each variable separately; that is,

for fixed y ∈ G the map x 7→ B(x, y) is linear on V , and for each fixed

x ∈ V , the map y 7→ B(x, y) is linear on G .

Definition 3.1.24. The algebraic dual space of a vector space V ,

denoted by V ∗, is the set of all linear functionals φ : V → R. Equipped
with pointwise addition and scalar multiplication, V ∗ is itself a vector

space.

Definition 3.1.25. Let V and G be vector spaces over R, and let

B : V × G → R be a bilinear map. We say that V and G are paired,

or they form a pairing with respect to B.

The pairing (or bilinear map) separates the points of V if for every

nonzero x ∈ V , there exists y ∈ G such that B(x, y) ̸= 0. Similarly,

it separates the points of G if for every nonzero y ∈ G , there exists

x ∈ V such that B(x, y) ̸= 0.

If the pairing separates points of both V and G , we say that it is

separated, or that (V ,G ) is a duality with respect to B.

Let V and G be paired vector spaces with respect to the bilinear

map B : V × G → R. For each y ∈ G , define the map py : V →
R : x 7→ B(x, y), which is a linear functional on V , i.e., an element of

V ∗. The assignment Ψ : G → V ∗ : y 7→ py is a linear map. If B is

injective in the second variable, Ψ is injective, and G can be identified

by Ψ(G ), so that G is viewed as a linear subspace of V ∗. Under

this identification, the bilinear map corresponds to the canonical map

B′ : V ×V ∗ → R to V ×G . Similarly, one can identify V as a subspace

of G ∗ via the mapping x 7→ B(x, ·).
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For any paired vector spaces V and G . Using Theorem 3.1.19, we

can define a locally convex topology on V by considering the family

of seminorms {|py| : y ∈ G }, where py(x) = B(x, y) for x ∈ V . We

denote this locally convex topology by σ(V ,G ).

Theorem 3.1.26 ([31], Proposition 2, p. 187). Let V and G be paired

vector spaces with respect to the bilinear map B : V × G → R, and
equip V with the σ(V ,G )-topology. Then:

(i) For every y ∈ G , the map py is a continuous linear functional

on V .

(ii) Conversely, if f is a continuous linear functional on V , then

there exists y ∈ G such that f(x) = py(x) for all x ∈ V .

Remark 3.1.27. The set of continuous linear functionals on V , de-

noted by V ′, is called the continuous dual space. From Theorem 3.1.26,

V ′ can be identified with G / ker(Ψ), where ker(Ψ) = {y ∈ G : Ψ(y) =

0}. Furthermore, if the pairing separates the points of G , then V ′ can

be identified with G when V is endowed with the σ(V ,G )-topology.

Theorem 3.1.28. Let V and G be paired vector spaces with respect

to the bilinear map B : V × G → R. If B separates the points of G ,

then σ(V ,G ) is the weakest locally convex topology for which all the

maps {py : y ∈ G } are continuous.

Proof. Let T be a locally convex topology such that each map py is

continuous for every y ∈ G . Let x0 ∈ V , ϵ > 0 and y1, y2, ..., yn in

G . For every yi, there exists a neighbourhood Vi ∈ T of x0 such that

x0 ∈ Vi ⊆ V (x0; |pi|, ϵ), where pi(x) = B(x, yi). Let V =
⋂n

i=1 Vi.

Then x0 ∈ V ⊆ V (x0; |p1|, |p2|, .., |pn|; ϵ), which shows that very basic

neighbourhood in σ(V ,G ) contains a neighbourhood from T . Hence,

σ(V ,G ) ⊆ T .

Proposition 3.1.29 ([31], Proposition 4, p. 188). Let V and G be two

paired vector spaces with respect to the bilinear map B : V × G → R
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which separates points of G , and let W be a proper subspace of G .

Then the topology σ(V ,G ) on V is strictly finer than the topology

σ(V ,W ).

Theorem 3.1.28 shows that if the bilienar map B separates the

points of G , then σ(V ,G ) is the weakest locally convex topology on

V for which G is the continuous dual of V . This topology is called the

weak topology on V . The weak topology is also known as the topology

of pointwise convergence, because a net (xγ)γ∈Γ in V converges to x

if and only if py(xγ)−→ py(x) for every y ∈ G .

Definition 3.1.30. Suppose that V and G form a pairing which sep-

arates the points of G . A locally convex topology T on V is said to

be compatible with the pairing if G coincides with the continuous dual

of V when V is equipped with T .

In view of the definition above, the weak topology σ(V ,G ) is the

weakest locally convex topology compatible with the pairing of V and

G . We now turn our attention to the finest topology that is compatible

with this pairing.

Definition 3.1.31. Let A be a subset of a vector space V over R.

(i) A is said to be absorbing if for every x ∈ V , there exists α > 0

such that x ∈ λA for all λ ∈ R with α ≤ |λ|.

(ii) A is said to be balanced if λA ⊆ A for all λ ∈ R with |λ| ≤ 1.

Theorem 3.1.32. In a topological vector space V , there exists a

neighbourhood base N of 0 satisfying:

(i) Every V ∈ N is absorbing and balanced.

(ii) For every V ∈ N , there exists U ∈ N such that U + U ⊆ V .

Conversely, let V be a vector space over R, and let N be a filter basis

on V satisfying (i)-(ii). Then there exists a unique topology on V for

which V is a topological vector space and N is a neighbourhood base

of 0.
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A topology T on a vector space V is said to be a vector topology,

or a topology compatible with the linear structure, if V becomes a

topological vector space under T .

Theorem 3.1.33 ([31], Proposition 6 & Corollary, p. 88). Let V be

a vector space, and let A be a collection of absorbing, balanced, and

convex subsets of V . Let N be the collection of all finite intersections

of sets of the form λV , where λ > 0 and V ∈ A . Then there exists

a unique topology on V for which V is a locally convex space and N

forms a neighbourhood base of 0.

Definition 3.1.34. Let V and G be paired vector spaces with respect

to a bilinear map B : V × G → R. For a subset A ⊆ V , the polar of

A is the subset A◦ of G defined by

A◦ := {y ∈ G : |B(x, y)| ≤ 1 for all x ∈ A}.

Proposition 3.1.35 ([31], Proposition 2, p. 192). Suppose that the

vector spaces V and G are paired with respect to a bilinear map B :

V × G → R. Then the polar A◦ of a subset A ⊆ V satisfies the

following properties:

(i) If A1 ⊆ A2 ⊆ V , then A◦2 ⊆ A◦1.

(ii) If A ⊆ V and D is the balanced hull of A (smallest balanced set

containing A), then A◦ = D◦.

(iii) A ⊆ A◦◦ := (A◦)◦.

(iv) A◦ = A◦◦◦.

(v) A◦ is a balanced, convex and σ(G ,V )-closed set in G .

(vi) (λA)◦ = 1
λA
◦ for λ ∈ R, λ ̸= 0. In particular, A◦ is absorbing if

and only if A is bounded in σ(V ,G ).

(vii) If (Aα)α∈A is a family of subset of V , then( ⋃
α∈A

Aα

)◦
=
⋂
α∈A

A◦α.
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Theorem 3.1.36 ([31], Theorem of the bipolars, p. 192). Let V and

G be paired vector spaces. If A is a non-empty subset of V , then A◦◦

is the balanced, convex, σ(V ,G )-closed hull of A; that is, A◦◦ is the

smallest balanced, convex set containing A which is σ(V ,G )-closed.

Let V and G be paired vector space, and let Θ be a collection

of σ(V ,G )-bounded subsets of V . From Proposition 3.1.35 (v) and

(vi), the polars A◦ are absorbing, balanced, and convex subsets of G .

By Theorem 3.1.33, these sets can be used to define a locally convex

topology on G .

This topology is called the Θ-topology, or the topology of uni-

form convergence on sets in Θ. A neighbourhood base of 0 for the

Θ-topology is formed by all finite intersections of sets of the form

λA◦, where λ > 0 and A ∈ Θ. Moreover, if we define qA(y) =

supx∈A |B(x, y)| for A ∈ Θ, then

y ∈ λA◦ ⇐⇒ y = λz for some z ∈ A◦

⇐⇒ |B(x, z)| =
∣∣∣∣B(x, yλ

)∣∣∣∣ ≤ 1 for every x ∈ A

⇐⇒ qA(y) ≤ λ.

Thus, the Θ-topology is precisely the locally convex topology gen-

erated by the family of seminorms {qA : A ∈ Θ}.

Theorem 3.1.37 ([31], Mackey Arens, p. 205). Suppose that V and

G form a pairing that separates the points of G . A locally convex

topology T on V is compatible with the pairing V and G if and only

if T is a Θ-topology, where Θ is a collection of balanced, convex,

σ(G ,V )-compact subsets of G that cover G .

Definition 3.1.38. Let V and G be two vector spaces forming a pair-

ing that separates the points of G . If Θ denotes the collection of all

balanced, convex, σ(G ,V )-compact subsets of G , then the correspond-

ing Θ-topology on V is called the Mackey topology and is denoted by
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τ(V ,G ).

Proposition 3.1.39 ([31], Proposition 4, p. 205). Suppose that V

and G are two vector spaces which form a pairing that separates the

points of G . A locally convex topology T on V is compatible with the

pairing of V and G if and only if σ(V ,G ) ⊆ T ⊆ τ(V ,G ).

3.2 Order Topology on L∞

Assume that (X,Σ, µ) is a semi-finite measure space and consider the

bilinear map B : L∞ × L1 → R : (f•, g•) 7→
∫
fg dµ. This bilinear

form induces a duality between L∞ and L1. Moreover, by Remark

1.6.5, every g ∈ L∞ defines a bounded linear functional on L1. Hence,

by Theorem 1.6.7, L∞ embeds isometrically into (L1)∗. It should be

noted that if (X,Σ, µ) is localisable, then this embedding is surjective.

Using this duality, we can consider the two topologies σ(L∞, L1)

and τ(L∞, L1). In this setting, the Mackey topology is defined by the

collection of balanced, convex and σ(L1, L∞)-compact subsets of L1,

or equivalently by the collection of balanced, convex and σ(L1, L∞)-

relatively compact3 subsets of L1. We next characterize the subsets

of L1 that are relatively compact with respect to σ(L1, L∞). It is

important to note that, since (X,Σ, µ) is not necessarily localisable,

the embedding of L∞ into (L1)∗ is not surjective. Consequently, under

semi-finite measure spaces, L∞ may be a proper subspace of (L1)∗.

In particular, by Proposition 3.1.29, the weak topology σ(L1, L∞) can

be strictly coarser than σ(L1, (L1)∗).

Definition 3.2.1. A set A ⊆ L1 is said to be uniformly integrable if

for every ϵ > 0, there exists a set E ∈ Σf , and a constant M > 0 such

that ∫
(|f | −MχE)

+ dµ ≤ ϵ

for every f• ∈ A, where (·)+ = max{·, 0}.
3A subset A ⊆ X is relatively compact in X if there is a compact subset containing A.
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Theorem 3.2.2 ([23], Theorem 246G, p. 187). Let (X,Σ, µ) be a

measure space and let A ⊆ L1. Then the following are equivalent:

(i) A is uniformly integrable.

(ii) supf•∈A |
∫
F f dµ| < ∞ for every µ-atom F ∈ Σ, and for every

ϵ > 0 there are E ∈ Σf and δ > 0 such that |
∫
F f dµ| ≤ ϵ

whenever f• ∈ A, F ∈ Σ and µ(E ∩ F ) ≤ δ.

(iii) supf•∈A |
∫
F f dµ| <∞ for every µ-atom F ∈ Σ, and

limn→∞ supf•∈A(|
∫
Fn

f dµ|) = 0 whenever (Fn)n∈N is a disjoint

sequence in Σ.

(iv) supf•∈A |
∫
F f dµ| <∞ for every µ-atom F ∈ Σ, and

limn→∞ supf•∈A(|
∫
Fn

f dµ|) = 0 whenever (Fn)n∈N is a non-

increasing sequence in Σ with empty intersection.

Definition 3.2.3. Let V be a vector space endowed with the weak

topology σ(V ,G ), and let A ⊆ V . Then:

(i) A is said to be weakly compact if it is compact with respect to the

weak topology σ(V ,G ).

(ii) A is said to be relatively weakly compact if it is a subset of a

weakly compact set.

Theorem 3.2.4 ([23], Theorem 247C, p. 189). Let (X,Σ, µ) be any

measure space and A a subset of L1. Then A is uniformly integrable

if and only if it is relatively compact with respect to the weak topology

σ(L1, (L1)∗).

Theorem 3.2.5 ([23], Exercise 246Y(k), p. 192). Let (X,Σ, µ) be a

measure space, and let A ⊆ L1 be a non-empty set. The following are

equivalent:

(i) A is uniformly integrable;

(ii) Whenever B ⊆ L∞ is a non-empty filtered subset with infimum

0• in L∞, we have infg•∈B supf•∈A |
∫
fg dµ| = 0.
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Let ca(Σ) be the space of all σ-additive R-valued measures on Σ

with the variation norm (equivalent to the sup norm). For each f ∈ L1,

define the real-valued measure µf ∈ ca(Σ) by µf (E) :=
∫
E f dµ for

E ∈ Σ. The map Φ : f 7→ µf is an isometric embedding of L1 into

ca(Σ). We denote by τp the product topology on ca(Σ) ⊂ RΣ.

Definition 3.2.6. A subset A ⊆ ca(Σ) is said to be equicontinuous

if, for every decreasing sequence (Ak)k∈N in Σ with
⋂∞

k=1Ak = ∅, we
have limk∈N supµ∈A |µ(Ak)| = 0.

The following theorem is pivotal for the theorems that follow.

Theorem 3.2.7 ([26], Theorem 2.6). Let A ⊆ ca(Σ) be bounded.

Then the following statements are equivalent:

(i) Every sequence in A has a subsequence which converges in τp;

(ii) The τp-closure of A is compact;

(iii) A is equicontinuous;

(iv) Every countable subset of A is equicontinuous.

In the following theorem we note that the relatively compact sub-

sets of σ(L1, L∞) and σ(L1, (L1)∗) coincide.

Theorem 3.2.8 ([2], Proposition 11). Let A ⊂ L1. The following

statements are equivalent:

(i) A is relatively compact with respect to the weak topology

σ(L1, (L1)∗);

(ii) A is relatively compact with respect to σ(L1, L∞);

(iii) Φ[A] is relatively compact in ca(Σ) with respect to τp;

(iv) Φ[A] is equicontinuous;

(v) A is uniformly integrable;

(vi) If (y•γ)γ∈Γ is a decreasing net in L∞ with infimum 0•, then

lim
γ

sup
u∈A

∣∣∣ ∫ uyγ dµ
∣∣∣ = 0.
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Proof. The equivalence of (i), (v) and (vi) follows from Theorem 3.2.4

and Theorem 3.2.5. The implication (i)⇒(ii) follows by Proposition

3.1.29, and implication (ii)⇒(iii) is immediate from the embedding Φ.

The implication (iii)⇒(iv) follows from Theorem 3.2.7, while (iv)⇒(v)

follows by Theorem 3.2.2 (iv).

As a consequence of Proposition 3.2.8, the relatively compact sets

of L1 coincide for the weak topologies σ(L1, L∞) and σ(L1, (L1)∗).

Corollary 3.2.9. τ(L∞, L1) = τ((L1)∗, L1)|L∞.

From proposition 3.2.8, every A ⊂ L1 that is relatively compact

with respect to σ(L1, L∞) is also a uniformly integrable subset of L1.

It follows that the solid hull s(A) := {f• ∈ L1 : |f | ≤ |g| for some g ∈
A} is uniformly integrable. Moreover, the convex hull c(s(A)) is also

uniformly integrable. Since c(s(A)) is balanced, we conclude that the

balanced convex solid hull of a relatively σ(L1, L∞)-compact subset

of L1 is also relatively σ(L1, L∞)-compact.

Proposition 3.2.10. (i) τ(L∞, L1) is a locally convex, solid and

order-continuous topology.

(ii) τ(L∞, L1) is the finest Hausdorff locally convex and order- con-

tinuous topology on L∞.

Proof. (i) Recall that τ(L∞, L1) is the topology of uniform conver-

gence on all balanced, convex, σ(L1, L∞)-compact subsets of L1. From

the preceding paragraph, it follows that τ(L∞, L1) is equivalently the

topology of uniform convergence on all balanced, convex, solid, rel-

atively σ(L1, L∞)-compact subsets of L1. Consequently, the space

(L∞, τ(L∞, L1)) has a 0-neighbourhood basis of balanced, convex,

solid sets. In other words, τ(L∞, L1) is a locally convex, solid topol-

ogy. Finally, by (ii)⇒(vi) of Theorem 3.2.8, it follows that τ(L∞, L1)

is order-continuous.

(ii) Let T be a Hausdorff, locally convex, and order-continuous

topology on L∞. We first show that every linear functional φ on L∞
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that is continuous with respect to T is also continuous with respect

to σ(L∞, L1). By our assumptions it follows that the set function

ν : Σ → R defined by ν(E) := φ(χE) is σ-additive. Clearly ν is

absolutely continuous with respect to µ. Let us verify that ν is σ-

finite with respect to µ. The assumption of semi-finiteness implies

that for every E ∈ Σ, the directed set {χF : F ∈ Σf such that F ⊂ E}
increases to χE . By the order-continuity of φ, the net {ν(F ) : F ∈
Σf such that F ⊂ E} converges to ν(E). Next we note that every

disjoint system D in Σ satisfying ν(D) ̸= 0 is countable. Indeed,

assume not and consider the collection of intervals {[ 1
n+1 ,

1
n) : n ∈

N}∪[1,∞), then there exists an uncountable D′ ⊆ D such that ν(D) ∈
[ 1
m+1 ,

1
m) for some m ∈ N and D ∈ D′, contradicting the σ-additivity

of ν. If D is a maximal disjoint system in Σ such that µ(D) < +∞ and

ν(D) ̸= 0 for every D ∈ D, then D is countable. Note that ν(E) = 0

for every E ⊂ X \ ∪D, that is, ν is σ-finite with respect to µ. The

Radon-Nikodým Theorem can therefore be applied to yield a function

f• ∈ L1 satisfying
∫
χEf dµ = ν(E) for every E ∈ Σ. But for every

g• ∈ L∞+ , there is a sequence (s•n)n∈N in S := span{χ•E : E ∈ Σ}
such that s•n increases to g•. This implies that φ(g•) =

∫
gf dµ for

every g• ∈ L∞+ and therefore φ(g•) =
∫
gf dµ for every g• ∈ L∞.

In particular φ(g•) = B(g•, f•), thus φ is continuous with respect to

σ(L∞, L1) and therefore the dual of (L∞,T ) can be identified with

a subspace G of L1. If K ⊂ G is compact with respect to σ(G,L∞),

it is also compact with respect to σ(L1, L∞), concluding that T ⊂
τ(L∞, G) ⊂ τ(L∞, L1).

Theorem 3.2.11. Let (X,Σ, µ) be a semi-finite measure space.

(i) For every 1 ≤ p < q <∞, one has

σ(L∞, L1) ⊆ σp ⊆ σq ⊆ τ(L∞, L1) ⊆ τ∞, and

τµ ⊆ σp,

(ii) One has τ(L∞, L1) ⊆ τO(L
∞) ⊆ τ∞, and τO(L

∞) = τ∞ if and
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only if L∞ is finite-dimensional.

(iii) If (X,Σ, µ) is σ-finite, then the restrictions of τµ and τO(L
∞) to

bounded subsets of L∞ coincide.

Furthermore, unless L∞ is finite-dimensional, all of the inclusions in

(i) are proper.

Proof. (i) [σ(L∞, L1) ⊆ σ1]. Assume that f•γ
σ1−→ f•. Then for every

h• ∈ L1 we have ρph(f
•
γ , f

•) → 0, that is, ph•(f•γ − f•) → 0. Equiv-

alently,
∫
|(fγ − f)h| dµ → 0. Since

∣∣∫ fh dµ
∣∣ ≤ ∫ |fh| dµ, it follows

that f•γ
σ(L∞, L1)−→ f•.

[σp ⊆ σq]. Observe that

f•γ
σq−→ f• ⇐⇒

∥∥Mfγ−f (h)
∥∥q
q
→ 0 for all h• ∈ Lq

⇐⇒
∫
|fγ − f |q|h|q dµ→ 0 for all h• ∈ Lq

⇐⇒
∫
|fγ − f |qg dµ→ 0 for all g• ∈ L1

+,

i.e. since L1 = L1
+ − L1

−,

f•γ
σq−→ f• if and only if |f•γ − f•|q σ(L∞, L1)−→ 0•.

For 1 ≤ p < q <∞, note that

0• ≤ |f•γ − f•|pg• ≤ |f•γ − f•|qg•

for all g• ∈ L1
+. From this it follows that σp ⊆ σq.

[σq ⊆ τ(L∞, L1)]. By Proposition 3.2.10 (ii) it suffices to show

that σq is order-continuous. Let f• ∈ Lp and note that the support of

f• is σ-finite. Indeed, µ({x ∈ X : |f(x)| ≥ 1√
n
}) ≤ p

√
n
∫
|f |p dµ <∞.

Then,

{x ∈ X : |f(x)| ≠ 0} =
∞⋃
n=1

{
x ∈ X : |f(x)| ≥ 1√

n

}
.

Page 100



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

Let An = {x ∈ X : |f(x)| ≥ 1√
n
} such that supp(f•) := {x ∈ X :

|f(x)| ≠ 0} =
⋃∞

n=1An, as required. Now we show that if (f•γ )γ∈Γ is a

decreasing net in L∞ with infimum 0• and f• ∈ Lq, then limγ ∥fγf∥p =
0. From the above the support of f• is σ-finite. Thus, there exists a

sequence (γn)n∈N such that (χsupp(f•)f
•
γn)n∈N decreases to 0• in L∞.

It follows that the set

Sk :=
{
x ∈ supp(f•) : inf

n∈N
fγn(x) ≥

1

k

}
has measure 0 and therefore infn∈N fγnχsupp(f•)(x) = 0 µ-a.e. This

implies that infn∈N fγnf(x) = 0 µ-a.e, and therefore

lim
γ
∥fγf∥p = inf

γ∈Γ
∥fγf∥p≤ inf

n∈N
∥fγnf∥p = 0

where the last equality follows by the Lebesgue dominated conver-

gence theorem.

[τµ ⊆ σ1]. We show that if f•γ
σ1−→ f• then f•γ

τµ−→ f•. If F ∈ Σ and

µ(F ) <∞, then (χF )
• ∈ L1. Then

f•γ
σ1−→ f• ⇐⇒ ρpχ•

F
(fγ , f)→ 0

⇐⇒
∫
|fγ − f |χ•F dµ→ 0

⇐⇒
∫
|fγ − f | ∧ χ•F dµ ≤

∫
|fγ − f |χ•F dµ→ 0

=⇒ f•γ
τµ−→ f•.

(ii) [τ(L∞, L1) ⊆ τO(L
∞)]. This follows by the fact that τ(L∞, L1)

is order continuous and by Theorem 2.2.10, τO(L
∞) is the strongest

order continuous topology.

[τO(L
∞) ⊆ τ∞]. If (f•n)n∈N is a sequence in L∞ satisfying limn→∞ ∥fn∥∞ =

0, then

− inf
k≥n
∥fk∥∞ 1• ≤ f•n ≤ sup

k≥n
∥fk∥∞ 1•,
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i.e. (f•n)n∈N is O1-convergent to 0.

(iii) By Theorem 3.1.15 (ii), if (X,Σ, µ) is σ-finite, τµ is metriz-

able. For every sequence (f•n)n∈N of measurable functions converging

in measure to the function f•, there is a subsequence (f•nk
)k∈N that

converges pointwise µ-a.e to f•. This implies that when (X,Σ, µ) is

σ-finite, every order-closed subset of the unit ball of L∞ is closed with

respect to τµ.

Now we show that if L∞ is infinite-dimensional, the inclusions in (i)

are proper. As (X,Σ, µ) is semi-finite, we can find a disjoint sequence

(An)n∈N in Σ that satisfies 0 < µ(An) < ∞ for every n. The map

ı : c0 → L∞ : (λn)n∈N 7→
∑∞

n=1 λnχAn is a Banach space embedding

of c0 into L∞. Denote by E0 the range of ı.

[σ(L∞, L1) ̸= σ1]. As σ1 is locally solid, it suffices to show that

σ(L∞, L1) is not locally solid. Using the embedding ı, the topology

σ(c0, ℓ
1) can be identified with the restriction of σ(L∞, L1) to E0. If

σ(L∞, L1) was locally solid, then σ(c0, ℓ
1) is also locally solid. This

contradicts [6, Theorem 6.9, pg. 42].

[σp ̸= σq. From this it also follows also that σq ̸= τ(L∞, L1).] Let

1 < α < q/p and define en := q
√
nα(χ•An

). To prove that σp ̸= σq, we

show that 0• is not a limit point of F := {en : n ∈ N} ⊂ L∞ with

respect to σq but it is a limit point of the set F with respect to σp.

The function

g• :=

∞∑
n=1

(χAn)
•

q
√
nαµ(An)

belongs to Lq and ∥eng∥q = 1 for every n ∈ N. Then U := {f• ∈ L∞ :

∥fg∥q < 1} is a σq-open neighborhood of 0• satisfying U ∩F = ∅. On

the other-hand let h• ∈ Lp and ε > 0 be given. Let λn :=
∫
An
|h|p dµ.

Then
∑∞

n=1 λn < ∞, so there exists an increasing sequence (nk)k∈N

such that nkλnk
≤ 1 for every k ∈ N. Since αp − q < 0, we can find
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sufficiently large k ∈ N satisfying q

√
nαp−q
k < ε. Then

∥enk
h∥pp =

∫
Ank

(
q
√

nα
k |h|

)p

dµ = q

√
nαp
k λnk

= q

√
nαp−q
k (nkλnk

) < ε,

i.e. 0• is a limit point of F with respect to σp.

[τ(L∞, L1) ̸= τ∞, using (ii), it suffices to show that τO(L
∞) ̸= τ∞].

Let Bn :=
⋃

k≥nAk. Note that in L∞, ((χBn)
•)n∈N is decreasing and

inf{(χBn)
• : n ∈ N} = 0•, i.e. ((χBn)

•)n∈N converges to 0• with

respect to τO(L
∞). However, it fails to converge to 0• with respect to

τ∞ since ∥(χBn)
•∥∞ = 1 for every n ∈ N.

[τµ ̸= σ1]. We note that if E ∈ Σ, then

µ(E ∩
( ∞⋃
n=1

An

)
) = µ

( ∞⋃
n=1

(E ∩An)
)
=
∞∑
n=1

µ(E ∩An)

Moreover, if µ(E) < ∞, it follows that µ(E ∩ An) converges to 0.

Now consider the sequence
(
n2χ•An

)
n∈N. From the fact that

ρτE (n
2χ•An

, 0•) =

∫
n2χAn ∧ χE dµ ≤

∫
χE∩An dµ = µ(E∩An)→ 0,

the sequence
(
n2χ•An

)
n∈N converges to 0• with respect to τµ. On

the other-hand let 1 < α < 2, the function h :=
∑∞

k=1

χ•
Ak

µ(Ak)kα
be-

longs to L1 and
∫
n2χAnh dµ = n2−α, concluding that the sequence(

n2χ•An

)
n∈N does not converge to 0• with respect to σ1.

We now consider a general condition under which the topologies

τO(L
∞) and τ(L∞, L1) differ. For A ∈ Σ, define L∞(A) := {fχA :

f ∈ L∞} and L1(A) := {fχA : f ∈ L1}. It is straightforward to

verify that L∞(A) and L1(A) are isomorphic (as Banach lattices) to

L∞(A,ΣA, µA) and L1(A,ΣA, µA), respectively, where ΣA = {A ∩
E : E ∈ Σ}, and µA = µ ↾A. In what follows, therefore do not
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distinguish between L∞(A) and L∞(A,ΣA, µA), nor between L1(A)

and L1(A,ΣA, µA).

Lemma 3.2.12. Let A ∈ Σ.

(i) The restriction of σ(L1, L∞) to L1(A) (respectively, the restric-

tion of τ(L∞, L1) to L∞(A)) coincides with the topology

σ(L1(A), L∞(A)) (resp. τ(L∞(A), L1(A)) arising from the dual-

ity B : (L∞(A), L1(A))→ R : ((fχA)
•, (gχA)

•) 7→
∫
A fg dµ.

(ii) The order topology τO(L
∞(A)) is equal to the restriction of

τO(L
∞) to L∞(A).

Proof. (i) The claim follows immediately by comparing the families

of seminorms arising from the duality

BA : (L∞(A), L1(A))→ R, BA

(
(fχA)

•, (gχA)
•) = ∫

A
fg dµ,

since these seminorms are exactly the restrictions of the semi-

norms defining σ(L1, L∞) (resp. the seminorms defining τ(L∞, L1))

to L1(A) (resp. L∞(A)).

(ii) The restriction statement for the order topology holds because

order limits are unique, and the map

L∞ → L∞(A) : f• 7→ (fχA)
•,

is isotone, idempotent, and preserves arbitrary suprema and in-

fima. Hence a net in L∞(A) is order-convergent in L∞(A) if and

only if it is order-convergent in L∞, which implies

τO
(
L∞(A)

)
= τO(L

∞)
∣∣
L∞(A)

.

From the above, if τO(L
∞) = τ(L∞, L1), then,
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τO(L
∞(A)) = τ(L∞(A), L1(A))

is true for every A ∈ Σ.

Theorem 3.2.13. Let (X,Σ, µ) be semi-finite measure space and let

A ∈ Σ satisfy:

(i) µ(A) ̸= 0, and

(ii) A contains no µ-atoms, i.e., there is no measurable subset B ⊆
A with µ(B) > 0 such that every measurable C ⊆ B satisfies

µ(C) = 0 or µ(C) = µ(B).

Then τO(L
∞) and τ(L∞, L1) are not equal.

Proof. Using the fact that (X,Σ, µ) is semi-finite, we assume that

µ(A) < ∞. We find a set F ⊆ L∞(A) that is τO(L
∞(A))-closed but

not closed with respect to τ(L∞(A), L1(A)).

Let Ani (n ∈ N, i = 1, ..., 2n) be a tree in Σ such that A is the

disjoint union of A1,1 and A1,2, and An−1,i is the disjoint union of

An,2i−1 and An,2i. Set An =
⋃2n−1

i=1 An,2i and Bn = An,1. We show

that

F :=

{
1

m
(χ•An

) +m(χ•Bn
) : m,n ∈ N

}
is τO(L

∞(A))-closed but not closed w.r.t to τ(L∞(A), L1(A)).

F is τO(L
∞(A))-closed: By Theorem 1.5.8 and Theorem 1.5.9, note

that L∞(A) is Dedekind complete and order separable. It suffices to

show that every O2-convergent sequence (fj)j∈N in F , its order limit

f belongs to F . Let

fj :=
1

mj
(χ•Anj

) +mj(χ
•
Bnj

).

Since (fj)j∈N is O2-convergent, it is norm bounded. Then, there ex-

istsm ∈ N and a subsequence such thatmj = m for every j ∈ N. Pass-
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ing to a subsequence again, we can assume that (nj)j∈N is constant

or strictly increasing. If it is constant, we are done. Assume for con-

tradiction that it is strictly increasing. The sequence (m(χBnj
)•)j∈N,

decreases to 0• in L∞ and the sequence ((χAnj
)•)j∈N O2-converges to

mf•, so ((χAnj
)•)j∈N is convergent with respect to the pseudometric

ρτA . Then,

∫
|χAnj

− χAnj+1
| ∧ χA dµ ≤

∫
|χAnj

−mf | ∧ χA dµ+∫
|mf − χAnj+1

| ∧ χA dµ→ 0

Then µ((Anj \ Anj+1) ∪ (Anj+1 \ Anj )) → 0 as j → ∞. However,

as µ((Anj \ Anj+1) ∪ (Anj+1 \ Anj )) =
µ(A)
2 for every nj ̸= nj+1, then

we get a contradiction. Thus, F is O2-closed.

0• belongs to the τ(L∞(A), L1(A))-closure of F : Let K ⊆ L1(A)

be absolutely convex and relatively σ(L1(A), L∞(A))-compact set.

It suffices to show that there exists f• ∈ F such that qK(f•) =

supg•∈K |B(f•, g•)| ≤ 1. Choose m ∈ N satisfying qK(χ•A) ≤
m
2 .

Furthermore, as (Bn)n∈N is decreasing to ∅ and K is uniformly in-

tegrable, then there exists n ∈ N such that qK(χ•Bn
) ≤ 1

2m . Let

f := 1
mχ•An

+mχ•Bn
∈ F , then

qK(f•) ≤ 1

m
qK(χ•An

) +mqK(χ•Bn
) ≤ 1

m
qK(χ•A) +mqK(χ•Bn

) ≤ 1.
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4 Lattice Uniformities

4.1 Uniformity and the uniform topology

For a subset U ⊆ X ×X, define U−1 := {(y, x) : (x, y) ∈ U}. A set

satisfying U = U−1 is said to be symmetric. The diagonal of X ×X

is denoted by ∆(X) := {(x, x) : x ∈ X}. For sets U, V ⊆ X × X,

define the composition U ◦ V := {(x, z) : (x, y) ∈ U and (y, z) ∈
V for some y ∈ X}. Denote by DX the family of symmetric subsets

of X ×X containing the diagonal ∆(X). A set U ∈ DX is said to be

an entourage of the diagonal .

Definition 4.1.1. A uniformity on a set X is a non-empty subfamily

U of DX satisfying the following properties:

(i) For every U ∈ U , there exists V ∈ U such that V ◦ V ⊆ U ;

(ii) For all U, V ∈ U , one has U ∩ V ∈ U ;

(iii) If U ∈ U and U ⊆ V ⊆ X ×X, then V ∈ U .

Definition 4.1.2. A uniformity U is said to be separated or Hausdorff

if it satisfies
⋂

U∈U U = ∆(X).

Given a uniformity U on a setX, the pair (X,U) is called a uniform

space. If the uniformity U is separated, (X,U) is called a separated

or Hausdorff uniform space.

Example 25. The usual separated uniformity on R consists of all

subsets U ⊆ R2 for which there exists r > 0 such that {(x, y) : |x−y| <
r} ⊆ U .

Lemma 4.1.3. Let (X,U) be a uniform space and U ∈ U . Then there

exists a V ∈ U such that V ◦ V ◦ V ⊆ U .

Proof. Let U ∈ U , by definition of a uniformity, there exists Z ∈ U
such that Z ◦ Z ⊆ U . Next, choose V ∈ U such that V ◦ V ⊆ Z. If

(x, y) ∈ V ◦V ◦V , then there exist z, w ∈ X with (x, z), (z, w), (w, y) ∈
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V . Since (x,w) ∈ V ◦ V ∈ Z and (w, y) ∈ V ⊆ Z, it follows that

(x, y) ∈ Z ◦ Z ⊆ U . Hence, V ◦ V ◦ V ⊆ U .

For a uniform space (X,U), U ∈ U and A ⊆ X. Define U(x) :=

{y ∈ X : (x, y) ∈ U} and U(A) := {y ∈ X : (x, y) ∈ U for some x ∈
A}.

Theorem 4.1.4. Let (X,U) be a uniform space. Define TU := {G ⊆
X : for every x ∈ G there exists a V ∈ U such that V (x) ⊆ G}.
Then TU is a topology on X. Furthermore, if (X,U) is separated, TU

is a T1-topology on X.

Proof. It is clear by definition of TU that ∅, X ∈ TU . For G1, G2 ∈ TU

and x ∈ G1 ∩ G2, there exists V1, V2 ∈ U such that V1(x) ⊆ G1 and

V2(x) ⊆ G2. Setting V := V1∩V2 ∈ U , we have V (x) = V1(x)∩V2(x) ⊆
G1 ∩ G2, proving that G1 ∩ G2 ∈ TU . The closure under arbitrary

unions is verified similarly.

Next if U is separated, we show that TU is T1. It suffices to show

that X \ {x} is open for every x ∈ X. For distinct x, y ∈ X, there

exists U ∈ U satisfying (x, y) /∈ U . Then, U(y) ⊆ X \ {x}, showing
that X \ {x} is open.

The topology TU constructed in Theorem 4.1.4 is called the topol-

ogy induced by the uniformity U .

Theorem 4.1.5 ([34], Theorem 4, p. 178). Let (X,U) be a uniform

space and A ⊆ X. The interior of A, denoted by Ao, is Ao := {x ∈
X : U(x) ⊆ A for some U ∈ U}, taken relative to the uniform topology

TU .

Proof. We note that if G ⊆ A is open, then G ⊆ Ao. Hence, it suffices

to show that the set {x ∈ X : U(x) ⊆ A for some U ∈ U} is open

with respect to TU . Let y ∈ {x ∈ X : U(x) ⊆ A for some U ∈ U}.
Then there exists V ∈ U such that V (y) ⊆ A. By the definition of a

uniformity, there exists W ∈ U satisfying W ◦W ⊆ V . Now, for any
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z ∈ W (y), we have W (z) ⊆ V (y) ⊆ A. Therefore, W (y) ⊆ {x ∈ X :

U(x) ⊆ A for some U ∈ U}, showing that the set is open in TU .

Corollary 4.1.6. Let (X,U) be a uniform space. Then for every

x ∈ X and U ∈ U , the set (U(x))o is a neighbourhood of x in the

uniform topology TU .

Corollary 4.1.7. Let (X,TU ) be a topological space, where TU is the

topology induced by the uniformity U . Then for A ⊆ X, x ∈ A
TU if

and only if A ∩ U(x) ̸= ∅ for every U ∈ U .

Definition 4.1.8. Let (X,U) be a uniform space. A subfamily X ⊆ U
is called a base for the uniformity U if for every U ∈ U , there exists

B ∈ X such that B ⊆ U .

Proposition 4.1.9 ([34], Theorem 2, p. 177). A non-empty family

X ⊆ DX is a base for some uniformity UX if and only if

(i) For every U ∈ X , there exists V ∈ X such that V ◦ V ⊆ U ;

(ii) For every B1, B2 ∈ X , there exists B3 ∈ X such that B3 ⊆
B1 ∩B2.

Proposition 4.1.10 ([22], Proposition 8.1.14, p. 431). Let X be a

topological space with topology T and X ⊆ DX a family of entourages

of the diagonal that satisfy properties (i)-(ii) of Proposition 4.1.9, and

they consists of open subsets of the Cartesian product X ×X. If for

every x ∈ X and any neighbourhood G of x there exists a V ∈ X such

that V (x) ⊆ G, then TUX = T .

Definition 4.1.11. Let (X,U) be a uniform space. A subfamily Y ⊆
U is called a subbase for the uniformity U if the family of finite in-

tersections of elements of Y is a base for U .

Theorem 4.1.12. If (X,U) is a uniform space, then the topology TU

is regular.
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Proof. Let x ∈ X and F be a TU -closed set such that x /∈ F . Then

there exists U ∈ U satisfying x ∈ U(x) ⊆ X \ F . Let V ∈ U satisfy

V ◦ V ⊆ U . Then (V (x))◦ is the required open neighbourhood of x

because (V (x))◦ ⊆ V ◦ V (x) ⊆ U(x) ⊆ X \ F .

Corollary 4.1.13 ([13], p. 174). Let (X,U) be a uniform space. Then

U is separated if and only if TU is Hausdorff.

It should be noted that distinct uniformities may induce the same

topology. For instance, in [22, Example 8.1.6, Example 8.1.7, p. 429],

there are two distinct uniformities which generated the discrete topol-

ogy.

4.2 Uniform Spaces and Uniform Continuity

When considering uniformities on a set X, one can consider the com-

plete lattice of uniformities. However, one should note that the inter-

section and union of two uniformities is not necessarily a uniformity.

In what follows, we shall describe how suprema in this lattice are

constructed.

Lemma 4.2.1. Let (X,U) and (Y,V) be uniform spaces. Then the sets

{((x1, y1), (x2, y2)) : U ∈ U , V ∈ V, (x1, x2) ∈ U and (y1, y2) ∈ V }
form a base for the product uniformity on X × Y . Furthermore, this

uniformity induces on X × Y the product topology TU ×TV .

Proof. The proof is a direct application of Proposition 4.1.9 and Propo-

sition 4.1.10.

From Lemma 4.2.1, given a uniformity U on a set X, one can

generate a uniformity that induces the product topology TU ×TU on

X ×X.

Definition 4.2.2. A function f : X → Y between uniform spaces

(X,U) and (Y,V) is said to be uniformly continuous if for every V ∈ V
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there exists U ∈ U such that f2(U) ⊆ V , that is, (x, y) ∈ U =⇒
(f(x), f(y)) ∈ V . 4

Let f be a function from a set X into a uniform space (Y,U). In

general, it is not true that the family of sets {f−12 (V ) : V ∈ U} is a

uniformity on X. The difficulty comes from the possibility that there

exists a subset of A ⊆ X ×X such that f−12 (V ) ⊆ A for some V ∈ U ,
but A ̸= f−12 (W ) for anyW ∈ U . However, the following lemma shows

that the set {f−12 (V ) : V ∈ U} is a base for a uniformity Uf on X.

Lemma 4.2.3 ([34], p. 181). Let f : X → Y be a map from a set

X into a uniform space (Y,U). The family {f−12 (U) : U ∈ U} forms

a base for a uniformity Uf on X. Furthermore, Uf is the smallest

uniformity on X that makes f uniformly continuous.

Proof. For every U ∈ U and x ∈ X, we have (f(x), f(x)) ∈ U because

∆(Y ) ⊆ U . It follows that ∆(X) ⊆ f−12 (U). It is also easy to see that

f−12 preserves intersections and inverses. Finally, it remains to show

that for each U ∈ U , there exists V ∈ U such that f−12 (V ) ◦ f−12 (V ) ⊆
f−12 (U). By the definition of a uniformity, there exists V ∈ U such

that V ◦ V ⊆ U . Now, let (x, z) ∈ f−12 (V ) ◦ f−12 (V ). Then there

exists y ∈ X such that (x, y), (y, z) ∈ f−12 (V ). Then, (f(x), f(y)) ∈ V

and (f(y), f(z)) ∈ V . Hence, (f(x), f(z)) ∈ V ◦ V ⊆ U , so that

(x, z) ∈ f−12 (U), as required.

Remark 4.2.4. The statement in Lemma 4.2.3 can be extended to a

collection of functions F , where every f ∈ F maps X into a uniform

space (Y,Vf ). Each f ∈ F induces a uniformity Uf on X, and the

union of the family {Uf : f ∈ F} forms a subbase for a uniformity UF
on X.

Lemma 4.2.5 ([13], Proposition 8, p. 180). Let X be a set, and let

{Uα : α ∈ A } be a collection of uniformities on X. Then the union⋃
α∈A Uα forms a subbase for a uniformity on X. This uniformity

4The function f2 : X ×X → Y × Y is defined by f2(x, y) = (f(x), f(y)).
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is the supremum of the uniformities {Uα : α ∈ A } in the lattice of

uniformities on X.

An analogue of Lemma 4.2.5 for infima can also be established [50,

Theorem 2.2]. Consequently, the set of lattice uniformities is an order-

complete lattice. In this lattice, for two uniformities U and V on X,

we say that U is finer than V if the identity map e : (X,U)→ (X,V)
is uniformly continuous.

Theorem 4.2.6 ([34], Theorem 11, p. 183). Let (X,U) be a uniform

space, and let ρ be a pseudometric on X. Then ρ is uniformly contin-

uous on X ×X with respect to the product uniformity if and only if,

for every r > 0, the set Ur := {(x, y) : ρ(x, y) < r} is an element of

U .

Proof. We assume that R is endowed with the uniformity described in

Example 25. We now show that Ur ∈ U for every r > 0 if and only if ρ

is uniformly continuous with respect to the product uniformity forX×
X described in Lemma 4.2.1. Suppose ρ is uniformly continuous. Then

for every r > 0, there exists U ∈ U such that for all (x, y), (u, v) ∈ U ,

|ρ(x, u) − ρ(y, v)| < r. Fix (u, v) = (y, y) ∈ U , then ρ(x, y) < r, thus

showing that U ⊆ Ur. Hence, Ur ∈ U . Conversely, if (x, u), (y, v) ∈ Ur,

then ρ(x, y) ≤ ρ(x, u)+ρ(u, v)+ρ(v, y) and ρ(u, v) ≤ ρ(u, x)+ρ(x, y)+

ρ(y, v), so |ρ(x, y) − ρ(u, v)| < 2r. As Ur ∈ U , it follows that ρ is

uniformly continuous.

If ρ is a pseudometric, then one can define a uniformity by letting

Ur := {(x, y) : ρ(x, y) < r}. Every Ur is symmetric, and Ur ∩ Ut = Us

where s = min{r, t}. It follows that the family {Ur : r ∈ R where r >

0} forms a base for a uniformity on X, denoted by Uρ. This uniformity

is the coarsest uniformity on X with respect to which ρ is uniformly

continuous. Moreover, the topology TUρ coincides with the pseudo-

metric topology, since for each x ∈ X and r > 0, this set Ur(x) is

exactly the open ball centered at x with radius r.
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The next theorem is pivotal in the theory of uniform spaces. In

particular, it shows that for a uniform space (X,U), the topology TU

is completely regular.

Theorem 4.2.7 ([34], Lemma 12, p. 185). Let (Un)n∈N be a sequence

of subsets of X ×X such that U0 = X ×X, ∆(X) ⊆ Un and Un+1 ◦
Un+1 ◦ Un+1 ⊆ Un for all n ∈ N. Then there exists a non-negative

function d on X ×X such that:

(i) d(x, z) ≤ d(x, y) + d(y, z) for all x, y and z; and

(ii) Un ⊆
{
(x, y) : d(x, y) < 1

2n

}
⊆ Un−1 for every n ∈ N.

Moreover, if each Un is symmetric, then there exists a pseudometric

ρ on X satisfying (ii).

Definition 4.2.8. Let (X,U) be a uniform space. The uniformity U
is said to be pseudometrizable if there exists a pseudometric ρ on X

such that U = Uρ.

Theorem 4.2.9 (Metrization Theorem). A uniform space (X,U) is

pseudometrizable if and only if the uniformity U has a countable base.

In the next theorem, we show that every uniformity can be gener-

ated by a family of pseudometrics.

Theorem 4.2.10 ([34], Theorem 15, p. 188). Every uniformity on X

can be generated by a family of uniformly continuous pseudometrics

on X ×X.

Proof. Let U be a uniformity on X and let P denote the family of

pseudometrics on X ×X that are uniformly continuous with respect

to U . By remark 4.2.4, the collection {Uρ : ρ ∈ P} is a subbase for

a uniformity UP . From Theorem 4.2.6, it follows that UP ⊆ U . The

reverse inclusion U ⊆ UP holds by Theorem 4.2.7.

In Theorem 4.1.12, we have seen that the uniform topology TU is

regular. The following theorem strengthens this result: it shows that
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TU is completely regular. Moreover, it characterizes those topologies

which are induced by a uniformity.

Theorem 4.2.11 ([34], Corollary 17, p. 188). A topology T on a set

X is the uniform topology for some uniformity on X if and only if the

topological space (X,T ) is completely regular.

The family of pseudometrics that are uniformly continuous on X×
X is known as the gage of a uniformity. From Theorem 4.2.10, as

every uniformity can be generated by a family of pseudometrics, every

fact about the uniformity can be described by its gage. To see the

connection between uniformities and gage, the reader can refer to [34,

p. 189].

Definition 4.2.12. Let (X,U) be a uniform space. A net (xγ)γ∈Γ in

X is called a Cauchy net if and only if for every U ∈ U , there exists

γ0 such that (xα, xβ) ∈ U for all α, β ≥ γ0.

Given a net (xγ)γ∈Γ in a uniform space (X,U), consider the double
net (xγ , xβ)(γ,β)∈Γ×Γ, where Γ × Γ is given the product order, i.e.,

(γ1, β1) ≤ (γ2, β2) if and only if γ1 ≤ γ2 and β1 ≤ β2. Definition

4.2.12 can be restated as follows: a net (xγ)γ∈Γ in X is a Cauchy net

if and only if the double net (xγ , xβ)(γ,β)∈Γ×Γ is eventually in every

U ∈ U .

Let P be a gage for a uniformity U on X. For each ρ ∈ P and

r > 0, define Uρ,r := {(x, y) ∈ X × X : ρ(x, y) < r}. Then the

collection {Uρ,r : ρ ∈ P, r > 0} forms a base for the uniformity

U . A net (xγ)γ∈Γ in X is Cauchy if and only if for every ρ ∈ P and

r > 0, there exists γ0(ρ, r) ∈ Γ such that (xγ , xβ) ∈ Uρ,r for every

γ, β ≥ γ0(ρ, r). Equivalently, a net (xγ)γ∈Γ is a Cauchy net if and

only if for every ρ ∈ P and r > 0, there exists γ0(ρ, r) ∈ Γ such that

ρ(xγ , xβ) < r for every γ, β ≥ γ0(ρ, r).

Lemma 4.2.13 ([34], Lemma 20, p. 191). A net (xγ)γ∈Γ in a uni-

form space (X,U) is a Cauchy net if and only if one of the following

equivalent statements holds.
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(i) The net (xγ , xβ)(γ,β)∈Γ×Γ is eventually in each element of some

subbase for the uniformity U .

(ii) The net {ρ(xγ , xβ) : (γ, β) ∈ Γ × Γ} converges to 0 for every

ρ ∈ P in some family of pseudometrics which generates the gage

P .

Theorem 4.2.14 ([34], Theorem 21, p. 191). Let (X,U) be a uniform

space. Every net which converges to a point relative to the uniform

topology TU is a Cauchy net.

We conclude this section with a brief discussion of complete uni-

form spaces and the completion of a uniform space.

Definition 4.2.15. A uniform space (X,U) is complete if and only if

every Cauchy net in X converges to a point in X with respect to TU .

Theorem 4.2.16 ([34], Theorem 28, P. 196). Every uniform space

is uniformly isomorphic to a dense subspace of a complete uniform

space. Every separated uniform space is uniformly isomorphic to a

dense subspace of a complete separated uniform space.

From Theorem 4.2.16, the completion of a uniform space (X,U) is
given by a pair (f, (X̃, Ũ)), where (X̃, Ũ) is a complete uniform space,

and f : X → X̃ is a uniform isomorphism of X onto a dense subspace

of X̃.

Corollary 4.2.17 ([34], p. 196). Every uniform space has a comple-

tion.

Proposition 4.2.18 ([34], Theorem 26, p. 195). Let f be a function

whose domain is a subset A of a uniform space (X,U) and let (Y,V)
be a complete separated uniform space. If f : A → Y is uniformly

continuous, then there exists a unique uniformly continuous extension

f̃ : A
TU → Y such that f̃ |A = f .

Corollary 4.2.19 ([34], p. 196). The completion of a uniform space

is unique up to a uniform isomorphism.
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4.3 Lattice Uniformities

In this section, we discuss the concept of lattice uniformities. Most

of the results in this section are stated without proofs; however, the

interested reader may consult [48, 47, 49] for detailed proofs and a

broader treatment of the subject.

Let L be a lattice. A lattice uniformity on L is a uniformity that

makes the lattice operations ∨ and ∧ uniformly continuous. A uniform

lattice is a lattice endowed with a lattice uniformity.

Definition 4.3.1. For a lattice uniformity (L,U) and V ∈ U , we let

V ∨ V := {(x1 ∨ x2, y1 ∨ y2) : (x1, y1), (x2, y2) ∈ V }. V ∧ V is defined

similarly.

Proposition 4.3.2 ([47], Proposition 1.1.2). Let U be a uniformity

on a lattice L. Then the following statements are equivalent:

(i) U is a lattice uniformity;

(ii) for every U ∈ U there exists V ∈ U satisfying V ∨ V ⊆ U and

V ∧ V ⊆ U ;

(iii) for every U ∈ U there exists V ∈ U satisfying V ∨∆(L) ⊆ U and

V ∧∆(L) ⊆ U .

Proof. It suffices to prove that (iii) implies (ii) since it is easy that (i)

⇐⇒ (ii) and (ii) implies (iii) is obvious. Let U ∈ U and V,W ∈ U
such that W ◦W ⊆ U , V ∨∆(L) ⊆W and V ∧∆(L) ⊆W . We show

that V ∨ V ⊆ U . For (x1, x2), (y1, y2) ∈ V , (x1 ∨ y1, x2 ∨ y1), (x2 ∨
y1, x2∨y2) ∈ V ∨∆(L) ⊆W . This concludes that (x1∨y1, x2∨y2) ∈ U ,

as required.

Proposition 4.3.3 ([47], Proposition 1.1.3). Let U be a lattice uni-

formity on L. Then every U ∈ U contains a V ∈ U such that for all

(a, b) ∈ V the rectangle [a ∧ b, a ∨ b]2 ⊆ V .
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Recall that a subset C ⊆ L is said to be order convex if, for all

a, b ∈ C and a ≤ b, the interval [a, b] := {x ∈ L : a ≤ x ≤ b} is

contained in C; that is, [a, b] ⊆ C.

Definition 4.3.4. A topology T on a lattice L is called locally order

convex if T has a base of order convex open sets.

Next, we note that the topology induced by a lattice uniformity is

a locally order convex lattice topology.

Proposition 4.3.5 ([47], Proposition 1.1.6). Let U be a lattice uni-

formity on L and TU the induced topology. Then (L,TU ) is a locally

order convex topological lattice. Moreover, every U ∈ U contains a

V ∈ U such that V (x) is order convex for every x ∈ L.

Definition 4.3.6. A lattice uniformity U on a lattice L is said to be

exhaustive if every monotone net in L is a Cauchy net with respect to

U . Furthermore, U is said to be locally exhaustive if, for every a, b ∈ L

with a ≤ b, the restriction U ↾[a,b] is exhaustive.

Definition 4.3.7. A lattice uniformity U on a lattice L is order con-

tinuous if every net that O2-converges to x, converges to x with respect

to the topology TU .

Theorem 4.3.8 ([49], Proposition 6.3). Let (L,U) be a separated

uniform lattice. The following conditions are equivalent:

(i) (L,U) is complete (as a uniform space) and U is exhaustive.

(ii) L is an order complete lattice and U is order continuous.

Proposition 4.3.9 ([49], Proposition 6.14). Let S be a sublattice of

a uniform lattice (L,U). Then:

(i) The closure S of S is a sublattice of L.

(ii) If the uniformity U ↾S induced by U on S is exhaustive, then

U ↾S is also exhaustive.
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(iii) If U|[a,b]∩S is exhaustive for every a, b ∈ S with a < b, then

U ↾[a,b]∩S is exhaustive for every a, b ∈ S with a < b.

It follows that if S is a dense sublattice of a uniform lattice (L,U),
and the induced uniformity U ↾S is (locally) exhaustive, then U is

(locally) exhaustive. Furthermore, Theorem 4.2.16 can be stated for

uniform lattices. In particular, the following theorem shows that every

separated uniform lattice (L,U) admits a separated lattice uniform

completion (L̃, Ũ).

Proposition 4.3.10 ([47], Proposition 1.3.1). Every separated uni-

form lattice (L,U) is a sublattice and a dense subspace of a complete

(as a uniform space) separated uniform lattice (L̃, Ũ).

Corollary 4.3.11. Let (L,U) be a (locally) exhaustive separated uni-

form lattice and let (L̃, Ũ) denote its completion. Then: (L̃,≤) is a

(Dedekind) order complete lattice and Ũ is order continuous.

Proof. This follows directly from Proposition 4.3.8, Proposition 4.3.10

and Proposition 4.3.9.

We shall now consider a condition stronger than order continuity.

Definition 4.3.12. A uniform lattice (L,U) satisfies condition (C) if

for every increasing or decreasing order bounded net (xγ)γ∈Γ in L and

every U ∈ U there exists a γ0 ∈ Γ and an upper or lower bound x ∈ L

of (xγ)γ∈Γ, respectively, with (xγ , x) ∈ U for every γ ≥ γ0.

Proposition 4.3.13 ([49], Proposition 7.1.2). (i) If U satisfies con-

dition (C), then U is order continuous and locally exhaustive.

(ii) If L is a Dedekind complete lattice, then U is order continuous

if and only if U satisfies condition (C).

Proof. (i) Let (xγ)γ∈Γ be a net O2-converging to x and let U ∈ U .
Then there exist an up-directed set M and a filtered set N satisfying

supM = x = inf N and for every (m,n) ∈M×N , there exists γ(m,n)
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such that xγ ∈ [m,n] for every γ ≥ γ(m,n). Furthermore by the

definition of a uniformity there exists W ∈ U such that W ◦W ⊆ U .

By Proposition 4.3.3, there exists a V ∈ U satisfying V ⊆ W and

[a, b]2 ⊆ V for every a, b ∈ V with a ≤ b. Using condition (C),

it is easy to see that for any m ∈ M and n ∈ N , [m,x]2 ⊆ V and

[x, n]2 ⊆ V . Then, [m,n]2 ⊆ U , concluding that U is order continuous.

That U ↾[a,b] is exhaustive is easy to see.

(ii) Simply note that in this case if an increasing (decreasing) net

O2-converges to x, then x is the supremum (infimum) of the net.

Theorem 4.3.14 ([49], Corollary 7.2.4). Let U and V be exhaustive

separated lattice uniformities on a lattice L, both satisfying condition

(C). Then, TU = TV .

Recall that every uniformity can be described in terms of pseudo-

metrics. The same is true for lattice uniformities.

Proposition 4.3.15 ([48], Corollary 1.4). Let (L,U) be a uniform

lattice and q > 1. Then U is generated by a family of pseudometrics

P satisfying

ρ(x ∨ z, y ∨ z) ≤ ρ(x, y) and ρ(x ∧ z, y ∧ z) ≤ q · ρ(x, y)

for every x, y, z ∈ L and ρ ∈ P .

In Proposition 4.3.15 above, q ̸= 1 unless L is a distributive lattice.

Proposition 4.3.16 ([48], Corollary 1.6). Let (L,U) be a uniform

distributive lattice. Then U is generated by a family of pseudometrics

P satisfying

ρ(x ∨ z, y ∨ z) ≤ ρ(x, y) and ρ(x ∧ z, y ∧ z) ≤ ρ(x, y)

for all x, y, z ∈ L and ρ ∈ P .
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Remark 4.3.17. Let f : L→ (L,U) be a lattice homomorphism, and

for each U ∈ U , Uf := {(x, y) ∈ L2 : (f(x), f(y)) ∈ U}. Then the

collection {Uf : U ∈ U} forms a base for a uniformity Uf on L.

Theorem 4.3.18. Let (L,U) be a uniform lattice, and let f : L→ L

be a lattice homomorphism. Then the uniformity Uf is the coarsest

lattice uniformity making f uniformly continuous.

Proof. Let U, V ∈ U such that V ∨ ∆(L) ⊆ U and V ∧ ∆(L) ⊆ U .

From Lemma 4.3.2, we show that Vf∨∆(L) ⊆ Uf and Vf∧∆(L) ⊆ Uf .

Let (x, y) ∈ Vf and z ∈ L. Then

(f(x ∨ z), f(y ∨ z)) = (f(x) ∨ f(z), f(y) ∨ f(z))

= (f(x), f(y)) ∨ (f(z), f(z)) ∈ V ∨∆(L) ⊆ U

concluding that Vf ∨ ∆(L) ⊆ Uf . Similarly, one can show that

Vf ∧∆(L) ⊆ Uf .

Let F be a collection of lattice homomorphisms f : L→ L. Then

the family of lattice uniformities {Uf : f ∈ F} forms a subbase for a

lattice uniformity UF .

Theorem 4.3.19. Let (L,U) be a uniform lattice, and let F be a col-

lection of lattice homomorphisms. Then the uniformity UF , generated
by the family {Uf : f ∈ F}, is a lattice uniformity on L.

Proof. The proof of this statement is analogous to the proof of Theo-

rem 4.3.18.

4.4 The lattice uniformity U∗

In this section, we review the work presented in [3]. We assume that

the lattice L is distributive. Let (L,U) be a uniform lattice, and

consider the lattice uniformity described in Theorem 4.3.19 with re-

spect to functions of the type f(a,b) or g(a,b). By Proposition 1.1.28

(b), if L is distributive, it does not matter whether one considers
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lattice homomorphism f(a,b) or g(a,b). Moreover due to Proposition

1.1.28 (b), we can assume that a ≤ b. Let U(a,b) be the lattice

uniformity generated by f(a,b) as described in Theorem 4.3.18 where

U(a,b) := {(x, y) ∈ L2 : (f(a,b)(x), f(a,b)(y)) ∈ U} for every U ∈ U .
The uniformity U(a,b) is the coarsest lattice uniformity for which the

function f(a,b) is uniformly continuous.

Lemma 4.4.1. Let (L,U) be a uniform lattice. Then,

(i) U(a,b) ⊆ U ;

(ii) U(a,b) ∩ [a, b]2 = U ∩ [a, b]2.

(iii) If V is a lattice uniformity such that V ⊆ U , then V(a,b) ⊆ U(a,b).

Proof. (i) To prove that f(a,b) is uniformly continuous with respect

to U , let U ∈ U . Then there existsW ∈ U such that (W∨∆(L))∧
∆(L) ⊆ U . For (x, y) ∈ W , we have (f(a,b)(x), f(a,b)(y)) = ((x ∧
b) ∨ a, (y ∧ b) ∨ a) = ((x, y) ∧ (b, b)) ∨ (a, a) ∈ U . Then result

follows from Lemma 4.3.18.

(ii) It suffices to note that if x ∈ [a, b], f(a,b)(x) = x, then U(a,b) ∩
[a, b]2 = U ∩ [a, b]2.

(iii) This follows from the definitions of V(a,b) and U(a,b).

Proposition 4.4.2 ([3], proposition 4.1). Let a, b, c, d ∈ L. Then

U(a∨(b∧c), b∧d) ⊆ (U(a,b))(c,d).

In particular, we have:

(i) If a ≤ c ≤ d ≤ b, then U(c,d) ⊆ U(a,b);

(ii)
(
U(a,b)

)
(a,b)

= U(a,b).

Proof. First note that for x ∈ L, we have

f(a,b)(f(c,d)(x)) = (((x ∧ d) ∨ c) ∧ b) ∨ a
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= (x ∧ d ∧ b) ∨ (c ∧ b) ∨ a

= (x ∧ (d ∧ b)) ∨ (a ∨ (b ∧ c))

= f(a∨(b∧c), b∧d)(x).

Thus, f(a,b) ◦ f(c,d) = f(a∨(b∧c), b∧d). Now, the map

f(c,d) :
(
L, (U(a,b))(c,d)

)
→ (L,U(a,b))

is uniformly continuous, and so is f(a,b) : (L,U(a,b))→ (L,U).
Hence, their composition

f(a∨(b∧c), b∧d) = f(a,b) ◦ f(c,d) :
(
L,
(
U(a,b)

)
(c,d)

)
→ (L,U).

is uniformly continuous as well. By definition U(a∨(b∧c), b∧d) is the
coarsest lattice uniformity making the map f(a∨(b∧c), b∧d) uniformly

continuous. Therefore, U(a∨(b∧c), b∧d) ⊆ (Ua,b)(c,d).

(i) If a ≤ c ≤ d ≤ b, then a ∨ (b ∧ c) = c and b ∧ d = d. By

the argument above and Lemma 4.4.1 (i), it follows that U(c,d) ⊆(
U(a,b)

)
(c,d)
⊆ U(a,b).

(ii) Furthermore, by setting a = c and b = d in the above argu-

ment, we obtain U(a,b) = (U(a,b))(a,b).

Let J(L) := {(a, b) ∈ L2 : a ≤ b}. For any J ⊆ J(L), Theorem

4.3.19 allows us to define a lattice uniformity UJ whose subbase is

given by {U(a,b) : (a, b) ∈ J}.

Proposition 4.4.3 ([3], Proposition 4.2). Let J, J ′ ⊆ J(L) be non-

empty.

(i) For every lattice uniformity V coarser than U , one has VJ ⊆
UJ ⊆ U .

(ii) If for every (a, b) ∈ J there exists (a′, b′) ∈ J ′ with a′ ≤ a ≤ b ≤
b′, then UJ ⊆ UJ ′ and (UJ)J ′ = (UJ ′)J = UJ .
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(iii) UJ is the coarsest lattice uniformity which agrees with U on [a, b]

for all (a, b) ∈ J .

(iv) The topology TUJ is the coarsest topology which agrees with TU

on [a, b] for all (a, b) ∈ J .

Proof. (i) By definition, VJ is generated by the family {V(a,b) : (a, b) ∈
J}, while UJ is generated by {U(a,b) : (a, b) ∈ J}. Since V ⊆ U ,
Lemma 4.4.1 implies that V(a,b) ⊆ U(a,b) for each (a, b) ∈ J . Hence

VJ ⊆ UJ . Finally, as each U(a,b) is contained in U , it follows that

UJ ⊆ U .

(ii) That UJ ⊆ UJ ′ follows by Proposition 4.4.2 (i) and by the fact

that UJ is the supremum of the uniformities U(a,b) for all (a, b) ∈ J . For

the second assertion it suffices to show that UJ = (UJ)J ′ , since UJ =

(UJ ′)J can be shown in a similar way. Clearly, (UJ)J ′ ⊆ UJ . From (i)

and Proposition 4.4.2 (ii), U(a,b) = (U(a,b))(a,b) ⊆ (UJ)(a,b) ⊆ (UJ)J ′ .

Hence, UJ ⊆ (UJ)J ′ since UJ is the supremum of the uniformities U(a,b)
for (a, b) ∈ J .

(iii) We first show that UJ agrees with U on [a, b] for all (a, b) ∈ J .

Let (a, b) ∈ J , U ∈ U and U(a,b) := {(x, y) ∈ L2 : (f(a,b)(x), f(a,b)(y)) ∈
U}. Then U(a,b) ∩ [a, b]2 = U ∩ [a, b]2 since f(a,b)(x) = x for x ∈ [a, b].

Therefore U(a,b) and U agree on [a, b]. Then UJ and U agree on [a, b]

since U(a,b) ⊆ UJ ⊆ U . Finally, we show that UJ is the weakest

uniformity agreeing with U on [a, b] for all (a, b) ∈ J . To this end, let

V be another lattice uniformity on L which agrees with U on [a, b] for

all (a, b) ∈ J . It suffices to show that U(a,b) ⊆ V for (a, b) ∈ J . As V
is a lattice uniformity, the map f(a,b) : (L,V) → (L,V) is uniformly

continuous. Then f(a,b) : (L,V) → (L,U) is uniformly continuous

because f(a,b)(L) ⊆ [a, b] and V|[a,b] = U|[a,b], concluding that U(a,b) ⊆
V.

(iv) The argument is entirely analogous to that of (iii). For each

(a, b) ∈ J , the uniformities U(a,b) and U induce the same topology on

[a, b], hence so do UJ and U . Minimality follows by the same reasoning
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as in (iii), replacing uniform continuity by agreement of topologies.

Thus TUJ is the coarsest topology which agrees with TU on [a, b] for

all (a, b) ∈ J .

Let U∗ = UJ(L). Then Proposition 4.4.3 leads to the following

corollary.

Corollary 4.4.4 ([3], Corollary 4.3). Let (L,U) be a uniform lattice.

Then: (i) (U∗)∗ = U∗.
(ii) U∗ is the weakest lattice uniformity which agrees with U on

any order bounded subset of L.

(iii) TU∗-topology is the weakest lattice topology which agrees with

TU on any order bounded subset of L.

In Corollary 4.4.4 (ii) we established that U∗ is the coarsest lattice
uniformity which coincides with U on every order bounded subset of

L, and that the topology TU∗ is the coarsest lattice topology which

agrees with TU on such subsets. The following example shows that

this property need not hold for arbitrary uniformities.

Example 26. Let U be the usual uniformity on R induced by the

absolute value. Then:

(a) The infimum V of all uniformities on R which agree with U on

all bounded subsets of R is the trivial uniformity.

(b) The sets Un := {(x, y) ∈ R2 : |x − y| ≤ 1
n or x, y ≥ n or x, y ≤

−n}, n ∈ N, form a base for U∗.

Proof. (a) For a ∈ R and n ∈ N, define Vn,a to be the subset of R2

defined by

(x, y) ∈ Vn,a ⇐⇒



|x− y| ≤ 1
n , or

|x|, |y| ≥ n, or

|x| ≥ n, |y − a| ≤ 1
n , or

|y| ≥ n, |x− a| ≤ 1
n .
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The family {Vn,a : n ∈ N} forms a base for a uniformity Va on R
which agrees with U on all bounded subsets of R. Then n → a (Va)
and therefore n → a (V) since V ⊆ Va. Now let V ∈ V and a, b ∈ R.
Then n → a (V) and n → b (V), so (a, b) ∈ V . This shows V = R2.

Hence, V is the trivial uniformity.

(b) This immediately follows from the definition of U∗ as the coars-
est uniformity making f(a,b) : L → L : x 7→ (x ∧ b) ∨ a uniformly

continuous for every a ≤ b.

Proposition 4.4.5 ([3], Proposition 4.6). Let S be a sublattice of a

uniform lattice (L,U) and I = J(S) := {(a, b) ∈ S2 : a ≤ b}. Then,

UI is separated if and only if U is separated and x = sups∈S s ∧ x =

infs∈S s ∨ x for every x ∈ L.

Proof. Assume that UI is separated, so we have that
⋂

U∈UI U = ∆(L).

Then U is separated because UI ⊆ U . Now x ∧ s ≤ x for every

s ∈ S and we claim that x ≤ y for every y ∈ L satisfying x ∧ s ≤ y

for all s ∈ S. Fix (a, b) ∈ I. Then (y ∧ x) ∧ b = x ∧ b, so that

(x ∧ y ∧ b) ∨ a = (x ∧ b) ∨ a. By definition of UI , this shows that

(x, x ∧ y) ∈
⋂

U∈UI U = ∆(L), which implies x ≤ y. Similarly, one

shows that infs∈S(x ∨ s) = x.

Conversely, suppose that U is separated and that x = sups∈S s ∧
x = infs∈S s∨x for every x ∈ L. Let (x, y) ∈

⋂
U∈UI U . Then, since U

is separated, we get that (x ∧ b) ∨ a = (y ∧ b) ∨ a for every (a, b) ∈ I.

Then,

(x ∧ b) ∨ a = (x ∧ (a ∨ b)) ∨ a = (y ∧ (a ∨ b)) ∨ a = (y ∧ b) ∨ a,

for arbitrary a and b in S, and therefore

x = sup
b∈S

x∧ b = sup
b∈S

inf
a∈S

(x∧ b)∨ a = sup
b∈S

inf
a∈S

(y ∧ b)∨ a = sup
b∈S

y ∧ b = y.

This shows that UI is separated.
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Corollary 4.4.6. U is separated if and only if U∗ is separated.

The remainder of this section is devoted to the case when the

uniformity U is induced by the topology T of a locally solid Riesz

space. We begin by recalling some fundamental results on Riesz spaces

that will be needed.

Definition 4.4.7. A (not necessarily Hausdorff) topology τ on a Riesz

space V is said to be locally solid if it is topological vector space and

admits a neighbourhood base at zero consisting of solid sets. The pair

(V, τ), where V is a Riesz space and τ is locally solid, is known as a

locally solid Riesz space.

Definition 4.4.8. Let (V, τ) be a locally solid Riesz space and let

A ⊆ V be a Riesz order ideal. A net (xγ)γ∈Γ in V is said to be

unbounded τ -convergent to x ∈ V with respect to A if (|xγ−x|∧a)γ∈Γ
τ -converges to 0 for all a ∈ A.

It was shown in [44, 37] that unbounded τ -convergence with respect

to A induces a locally solid topology on V .

Theorem 4.4.9 ([44], Theorem 2.7). Let (V, τ) be a Hausdorff locally

solid Riesz space, let U its 0-neighbourhood system, and let A be a Riesz

order ideal of V . Then the sets {x ∈ V : |x|∧a ∈ U} (a ∈ A+, U ∈ U),

form a 0-neighbourhood base for a Hausdorff locally solid topology on

V , denoted by uAτ .

Remark 4.4.10. Let (V, τ) be a Hausdorff locally solid Riesz space.

A net (xγ)γ∈Γ converges to x with respect to uAτ iff |xγ − x| ∧ a τ−→ 0

for every a ∈ A+.

Definition 4.4.11. A locally solid topology τ on a Riesz space V is

called unbounded if τ = uτ(= uV τ).

Proposition 4.4.12. Let (V, τ) be a Hausdorff locally solid Riesz

space and let U denote the solid neighbourhood system of 0 for τ . For
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s, t ∈ V with s ≤ t, define

U(s,t) := {(x, y) ∈ V 2 : f(s,t)(x)− f(s,t)(y) ∈ U}.

Then {U(s,t) : U ∈ U} forms a base for a separated lattice uniformity.

Proof. To verify that {U(s,t) : U ∈ U} is a base for a uniformity, it

suffices to check properties (i)-(ii) in Proposition 4.1.9. Let U,W ∈ U.

Clearly, ∆(V ) ⊆ U(s,t). Since U is locally solid and hence symmetric, it

follows that U(s,t) is symmetric as well. Moreover, U(s,t)∩W(s,t) = (U∩
W )(s,t). Next, given U ∈ U, there exists W ∈ U satisfying W+W ⊆ U .

Then it is easy to see that W(s,t) ◦W(s,t) ⊆ U(s,t). Since τ is Hausdorff,

it follows that
⋂

U∈U U(s,t) = ∆(V ). Finally, by Proposition 4.3.2, this

family indeed forms a base for a separated lattice uniformity.

Corollary 4.4.13. Let (V, τ) be a Hausdorff locally solid Riesz space

and let A be a solid Riesz subspace of V . Define J := {(a, b) ∈ V 2 :

b − a ∈ A+}, and let U denote the solid neighbourhood system of 0

for τ . Then the collection {U(s,t) : U ∈ U where (s, t) ∈ J} forms a

subbase for the separated lattice uniformity UJ .

Lemma 4.4.14. Let V be a Riesz space, s, x, y ∈ V , and a ∈ V+.

Then

|f(s,s+a)(x)− f(s,s+a)(y)| ≤ |x− y| ∧ a = |f(y−a,y)(x)− f(y−a,y)(y)|+

|f(y,y+a)(x)− f(y,y+a)(y)|.

Proof. We first show the inequality on the left-hand side. Since

f(s,s+a)(x) , f(s,s+a)(y) ∈ [s, s+a], we have |f(s,s+a)(x)−f(s,s+a)(y)| ≤
a. Moreover, by Corollary 1.2.10, |f(s,s+a)(x)− f(s,s+a)(y)| ≤ |x− y|.

To see the equality on the right-hand side, observe that

f(y,y+a)(x)− f(y,y+a)(y) =(x ∧ (y + a)) ∨ y − (y ∧ (y + a)) ∨ y,

=(x ∧ (y + a)) ∨ y − y
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=((x− y) ∧ a) ∨ 0

=(x− y)+ ∧ a,

and

f(y−a,y)(x)− f(y−a,y)(y) =(x ∧ y) ∨ (y − a) − y

=((x− y) ∧ 0) ∨ (−a)

=(−(x− y)−) ∨ (−a)

=− ((x− y)− ∧ a).

Finally, since (x− y)+ ∧ a and (x− y)− ∧ a are disjoint, by Theorem

1.2.4 (ii),

|f(y,y+a)(x)− f(y,y+a)(y)|+ |f(y−a,y)(x)− f(y−a,y)(y)| =

((x− y)+ ∧ a) + ((x− y)− ∧ a) = ((x− y)+ ∧ a) ∨ ((x− y)− ∧ a) =

|x− y| ∧ a.

Theorem 4.4.15 ([3], Theorem 4.9). Let (V, τ) be a Hausdorff locally

solid Riesz space and let A be a Riesz solid subspace of V . Let UJ be

the separated lattice uniformity induced by J := {(a, b) ∈ V 2 : b− a ∈
A+}. Then the topology generated by UJ coincides with the unbounded

topology of τ with respect to A, that is,

TUJ = uAτ.

In particular, taking A = V , we obtain TU∗ = uτ .

Proof. Let U be a 0-neighbourhood base for (V, τ) consisting of solid

sets. For s, t ∈ V with t− s ∈ A+ and U ∈ U, define

U(s,t)(x0) := {x ∈ V : f(s,t)(x)− f(s,t)(x0) ∈ U}.
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Then {U(s,t)(x0) : U ∈ U, t− s ∈ A+} is a neighbourhood subbase of

x0 with respect to TUJ . From Theorem 4.4.9, the family {U(x0, a) :

U ∈ U, a ∈ A+}, where

U(x0, a) := {x ∈ V : |x− x0| ∧ a ∈ U},

is a neighbourhood base of x0 with respect to uAτ .

Let U ∈ U and s, t ∈ V with a = t− s ∈ A+. We start by showing

that TUJ ⊆ uAτ . Let x ∈ U(x0, a). Consider the set U(s,t)(x0). By

Lemma 4.4.14, one obtains

|f(s,t)(x)− f(s,t)(x0)| ≤ |x− x0| ∧ a ∈ U,

i.e. x ∈ U(s,t)(x0), which shows that U(x0, a) ⊆ U(s,t)(x0).

To see the converse uAτ ⊆ TUJ , let a ∈ A+ and U ∈ U. Choose

V ∈ U with V +V ⊆ U , and set r = x0−a, s = x0 and t = x0+a. Then,

V(s,t)(x0) ∩ V(r,s)(x0) ⊆ U(x0, a). Indeed, if x ∈ V(s,t)(x0) ∩ V(r,s)(x0).

By Lemma 4.4.14

|x−x0|∧a = |f(r,s)(x)−f(r,s)(x0)|+ |f(s,t)(x)−f(s,t)(x0)| ∈ V +V ⊆ U,

concluding x ∈ U(x0, a).

In Theorem 4.4.15, the uniformity UJ is defined using

J := { (a, b) ∈ V 2 : b− a ∈ A+ }.

It may be tempting to replace J with the smaller collection

I := { (−a, a) : a ∈ A+ },

but this is generally not sufficient. The following example highlights

this fact.

Example 27. Let V = RN and let τ be the locally solid group topology
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induced by ∥(xn)∥ =
∑∞

n=1 |xn|. Let A = ℓ∞ ⊆ V be a solid Riesz

subspace, and set I := {(−a, a) : a ∈ ℓ∞}. Clearly, TUI ⊆ TUJ =

uAτ since UI ⊆ UJ . Consider the sequences x = (1, 2, 3, ...), e =

(1, 1, 1, ...), yn = 1
ne and xn = x + yn. Let B := {xn : n ∈ N}. We

show B is TUJ -closed but not TUI -closed. Let a ∈ A+ and choose

k ∈ N such that e ≤ a ≤ ke.

B is TUJ -closed: Then,

|xn − x| ∧ a = yn.

As ∥yn∥ =∞ it follows that B is TUJ -closed.

B is not TUI -closed: Then,

|(xn ∧ a) ∨ (−a)− (x ∧ a) ∨ (−a)| ≤ 1

n
χ{1,2,...,k}

where χ{1,2,...,k} is the characteristic function of {1, 2, . . . , k}. There-

fore,

∥(xn ∧ a) ∨ (−a)− (x ∧ a) ∨ (−a)∥ ≤ k

n
→ 0 (n→∞),

showing that x belongs to the TUI -closure of B. Hence, B is not

closed in TUI .

4.5 The uniformity U∗ on dense sublattices

In this section, let L be a distributive lattice. We denote by D(L) the

set of all pseudometrics ρ on L such that for every x, y, z ∈ L,

ρ(x ∨ z, y ∨ z) ≤ ρ(x, y) and ρ(x ∧ z, y ∧ z) ≤ ρ(x, y).

Recall from Proposition 4.3.16 that every lattice uniformity U can

be generated by a subset of D(L). We denote the subset of D(L) by

DU . Let J ⊆ J(L). For every (a, b) ∈ J and ρ ∈ D(L), we define a
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pseudometric ρ(a,b) on L by ρ(a,b)(x, y) := ρ(f(a,b)(x), f(a,b)(y)), where

f(a,b)(x) = (x ∧ b) ∨ a.

Proposition 4.5.1. Let U be a lattice uniformity on a distributive

lattice L. For J ⊆ J(L), the lattice uniformity UJ is generated by the

family of pseudometrics given by {ρ(a,b) : ρ ∈ DU and (a, b) ∈ J}.

Lemma 4.5.2. Let ρ ∈ D(L).

(i) Let Pn : Ln → L be given inductively by P1(x) = x and

Pn(x1, . . . , xn) :=

Pn−1(x1, . . . , xn−1) ∨ xn, or

Pn−1(x1, . . . , xn−1) ∧ xn.

Then ρ(Pn(x1, . . . , xn), Pn(y1, . . . , yn)) ≤
∑n

i=1 ρ(xi, yi).

(ii)

ρ(f(a,b)(x), f(a,b)(y)) ≤ ρ(f(c,d)(x), f(c,d)(y))

+ 2ρ((a, c)) + 2ρ((b, d)),

for all a, b, c, d, x, y ∈ L

Proof. The proof of (i) is by induction. The assertion is trivially true

when n = 1. Suppose that ρ(Pn−1(x1, . . . , xn−1), Pn−1(y1, . . . , yn−1)) ≤∑n−1
i=1 ρ(xi, yi). Let ⋄ ∈ {∧,∨}. Then,

ρ(Pn(x1, . . . , xn), Pn(y1, . . . , yn))

= ρ(Pn−1(x1, . . . , xn−1) ⋄ xn, Pn−1(y1, . . . , yn−1) ⋄ yn)

≤ ρ(Pn−1(x1, . . . , xn−1) ⋄ xn, Pn−1(y1, . . . , yn−1) ⋄ xn)

+ ρ(Pn−1(y1, . . . , yn−1) ⋄ xn, Pn−1(y1, . . . , yn−1) ⋄ yn)

≤ ρ(Pn−1(x1, . . . , xn−1), Pn−1(y1, . . . , yn−1)) + ρ(xn, yn)

≤
n∑

i=1

ρ(xi, yi).
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To prove (ii) we first note that

ρ(f(a,b)(x), f(a,b)(y)) ≤ρ(f(a,b)(x), f(c,d)(x)) + ρ(f(c,d)(x), f(c,d)(y))+

ρ(f(c,d)(y), f(a,b)(y)),

and then apply (i) to obtain

ρ(f(a,b)(x), f(a,b)(y)) ≤ ρ(f(c,d)(x), f(c,d)(y)) + 2ρ(a, c) + 2ρ(b, d).

Let (L,U) be a uniform lattice and J ⊆ J(L). Let J̃ := {(a, b) :
a ≤ b and there exists (aα, bα) ∈ J such that aα

TU−→ a and bα
TU−→ b}.

Equivalently, J̃ = J
TU ∩ J(L).

Proposition 4.5.3. Let ∅ ≠ J ⊆ J(L). Then UJ = UJ̃ .

Proof. The inclusion UJ ⊆ UJ̃ follows by Proposition 4.4.3 (ii). For

the reverse inclusion, takeW ∈ UJ̃ . We will show that there exists U ∈
UJ such that U ⊆ W . By definition, there exist finitely many pairs

(a1, b1). . . . (an, bn) ∈ J̃ , elements ρ1 . . . , ρn ∈ DU and ε1, . . . , εn > 0

such that

n⋂
i=1

{(x, y) ∈ L2 : ρ(ai,bi)(x, y) < 5εi} ⊆W.

For i = 1, . . . , n, choose (a
′
i, b

′
i) ∈ J with ρ(a, a′) < εi and ρ(b, b′) <

εi. Define

Ui := {(x, y) ∈ L2 : ρ(a′i,b′i)(x, y) < εi} ∈ UJ .

By Lemma 4.5.2(ii), for each i and all (x, y) ∈ Ui,

ρ(ai,bi)(x, y) ≤ ρ(a′i,b′i)(x, y) + 2ρi(ai, a
′
i) + 2ρi(bi, b

′
i) < 5εi,

so that Ui ⊆ {(x, y) : ρ(ai,bi)(x, y) < 5εi}. Now define U :=
⋂n

i=1 Ui.
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Then, U ∈ UJ , and

U ⊆
n⋂

i=1

{(x, y) ∈ L2 : ρ(ai,bi)(x, y) < 5εi} ⊆W.

Showing that UJ̃ ⊆ UJ .

Corollary 4.5.4. Let S be a dense sublattice of the uniform lattice

(L,U), and define V = U ↾S. Then U∗ ↾S= V∗.

Proof. Let J := J(S) = {(a, b) ∈ S2 : a ≤ b}. First, we note that

J(L) ⊆ J̃ . By density of S in L, let (a, b) ∈ J(L) and let (xγ)γ∈Γ and

(yβ)β∈Ω be nets in S that TU -converge to a and b, respectively. Then,

(xγ ∧ yβ, xγ ∨ yβ) ⊆ J and xγ ∧ yβ
TU−→ a and xγ ∨ yβ

TU−→ b, showing

that (a, b) ∈ J̃ .

From Proposition 4.5.3, U∗ = UJ and it is easy to see that UJ ↾S=

VJ . Finally, combining everything U∗|S = UJ ↾S= VJ = V∗.

Next we will be using the following result.

Lemma 4.5.5 ([46], pg. 381). Let Y be a dense subspace of a uniform

space (X,U).

(i) Then W → W ↾Y defines a lattice isomorphism from the lattice

of all uniformities on X coarser than U onto the lattice of all

uniformities on Y coarser than U|Y .

(ii) Let W be a uniformity on X coarser than U and y0 ∈ Y . Then

{WTU : W is a neighbourhood of y0 in (Y,W ↾Y )}

is a neighbourhood base of y0 in (X,W); where W
TU denotes the

closure of W in (X,U).

Theorem 4.5.6. Let S be a dense sublattice of (L,U) and V = U ↾S.

(i) Then U∗ = U iff V∗ = V.

(ii) If TU∗ = TU , then TV∗ = TV .
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Proof. (i) By Lemma 4.5.5 (i), we have U∗ = U iff U∗ ↾S= U ↾S .

Result follows as U|S = V, and from Corollary 4.5.4, U∗|S = V∗.

(ii) If TU∗ = TU , then restricting to S gives TU∗ ↾S= TU ↾S . By

Corollary 4.5.4, we have that, TV∗ coincides with TV .

It is not known whether the converse of Theorem 4.5.6 (ii) holds.

What can currently be said is that, if TV∗ = TV , then every s ∈ S

has the same neighbourhood system in the topologies TU∗ and TU .

However, if one restricts attention to topologies that are uniquely de-

termined by their 0-neighbourhood systems, then more can be con-

cluded. The following Proposition is particularly useful in addressing

a question posed in [37, Question 3.3].

Proposition 4.5.7 ([46], pg. 381/382). Let H be a dense subgroup

of a topological commutative group (G, τ). Then ρ→ ρ ↾H defines an

order isomorphism from the lattice of all group topologies on G coarser

than τ onto the lattice of all group topologies on H coarser than τ ↾H .

The following theorem provides an answer to a question posed in

[37, Question 3.3].

Theorem 4.5.8. Let H be a dense Riesz subspace of a locally solid

Riesz space (V, τ), and let σ = τ ↾H . Then uτ = τ iff uσ = σ.

Proof. Let U and V be the uniformities induced by τ and σ, respec-

tively. From Theorem 4.4.15, we have TU∗ = uτ and TV∗ = uσ.

Furthermore, by Corollary 4.5.4, it follows that uτ |H = uσ.

Since uτ is coarser than τ , follows from Proposition 4.5.7 that

uτ = τ iff uτ |H = τ |H , i.e., iff uσ = σ.

4.6 The uniformity U∗ on sublattices

In this section we study the uniformity U∗ on sublattices of distributive

lattices. We begin with a theorem that generalizes [37, Proposition

2.12].
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For an infinite cardinal κ, a subset U of a topological space is said

to be κ-closed if U contains the limit of every convergent net (xγ)γ∈Γ

with |Γ| ≤ κ, that is contained in U . A set is closed if it is κ-closed

for every infinite cardinal κ.

Theorem 4.6.1. Let S be a sublattice of the uniform lattice (L,U).
Then S is (sequentially) closed with respect to TU∗ if and only if it is

(sequentially) closed with respect to TU .

Proof. That S is closed with respect to TU∗ implies that S is closed

with respect to TU is immediate, since U∗ ⊆ U .

Conversely, assume S is closed with respect to TU , and let (xγ)γ∈Γ ⊆
S be a net TU∗-converging to x ∈ L. Fix s ∈ S and z ∈ L with s ≤ z.

Then the net ((xγ ∨ s) ∧ z)γ∈Γ TU -converges to (x ∨ s) ∧ z. Since S

is TU -closed, if z ∈ S then (x ∨ s) ∧ z ∈ S. Now, for every γ0 ∈ Γ,

we have xγ0 ∨ s ≥ s, and hence (x ∨ s) ∧ (xα0 ∨ s) ∈ S. Applying the

previous argument again, it follows that the net ((xγ ∨ s)∧ (x∨ s))γ∈Γ
TU -converges to x∨ s. Thus, for every s ∈ S, one has x∨ s ∈ S. By a

similar argument, for every s ∈ S we also have x ∧ s ∈ S. Finally, for

fixed s ∈ S, since x ∨ s ∈ S we get x = x ∧ (x ∨ s) ∈ S. Hence x ∈ S,

and so S is TU∗-closed.

Corollary 4.6.2. Let S be a sublattice of a uniform lattice (L,U).
Then the closures of S in L with respect to TU and TU∗ coincide.

Proposition 4.6.3. The following conditions are equivalent:

(i) U is locally exhaustive;

(ii) U∗ is locally exhaustive;

(iii) U∗ is exhaustive.

Proof. By Corollary 4.4.4 (ii), the uniformities U and U∗ coincide on

bounded sets. Hence, (i)⇔(ii). Moreover, (iii)⇒(ii) is immediate.

(i)⇒(iii): By definition, a net (xγ)γ∈Γ is U∗-Cauchy if and only

if, for every (a, b) ∈ J(L), the net (f(a,b)(xγ))γ∈Γ is U-Cauchy. Now
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let (xγ)γ∈Γ be a monotone net in L and (a, b) ∈ J(L). Then the

net (f(a,b)(xγ))γ∈Γ is monotone and bounded. Hence, by (i), it is U-
Cauchy. Therefore (xγ)γ∈Γ is U∗-Cauchy.

Theorem 4.6.4. Let U and V be separated lattice uniformities on L

satisfying Condition (C). Then:

(i) the topologies TU∗ and TV∗ coincide;

(ii) for every sublattice S of L, S
U
= S

V
.

Proof. (i) Since U∗ ⊆ U and V∗ ⊆ V, the lattice uniformities U∗ and
V∗ also satisfy Condition (C). By Proposition 4.3.13, they are locally

exhaustive, and hence exhaustive by Proposition 4.6.3. It follows from

Theorem 4.3.14 that (i) holds.

(ii) follows from (i) and Corollary 4.6.2.

Theorem 4.6.4 (ii) generalizes the following result.

Theorem 4.6.5 ([37], Theorem 5.11). Let τ and σ be Hausdorff order

continuous topologies on a vector lattice V and Y a sublattice of V .

Then Y is τ -closed if and only if Y is σ-closed.

Let U be a separated lattice uniformity, and let (L̃, Ũ) denote the

completion of (L,U). Then L̃ is again distributive, and both properties

of local exhaustivity and exhaustivity pass directly to this completion

by Proposition 4.3.9.

Theorem 4.6.6. Let (L,U) be a separated uniform lattice. If U is

exhaustive, then U = U∗.

Proof. Let (L̃, Ũ) denote the completion of (L,U). By
Corollary 4.3.11, L̃ is an order-complete lattice, and hence Ũ = (Ũ)∗.
On the other hand, Corollary 4.5.4 gives (Ũ)∗ ↾L= U∗. Combining

these identities, we obtain U = Ũ ↾L= (Ũ)∗ ↾L= U∗.

Finally, we conclude this section with a generalization of

[37, Lemma 9.7], and hence of [33, Corollary 4.6].
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Corollary 4.6.7. Let (L,U) be a separated uniform lattice, and as-

sume that U is locally exhaustive. Then, for every sublattice S of L,

U∗ ↾S= (U ↾S)∗.

Proof. First we note that by Proposition 4.6.3, U∗ is exhaustive, and
therefore U∗ ↾S is also exhaustive. By Theorem 4.6.6, we then have

(U∗ ↾S)∗ = U∗ ↾S . Since U ↾S⊇ U∗ ↾S , it follows that (U ↾S)∗ ⊇ (U∗ ↾S
)∗. Moreover, U∗ ↾S⊇ (U ↾S)∗ because U∗ ↾S agrees with U ↾S on

order-bounded subsets of S (c.f. Proposition 4.4.3 (iii)). Combining

these inclusions, we obtain

(U ↾S)
∗ ⊇ (U∗ ↾S)∗ = U∗ ↾S⊇ (U ↾S)

∗,

which shows that U∗ ↾S= (U ↾S)∗.
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Infinitely distributive, 14

Join-Infinite Distributive Law, 14

Meet-Infinite Distributive Law, 14

Distributive lattice, 12

Down-set, 15

Dual Space

Algebraic, 90

Continuous, 91

Duality, 90

Entourage, 107

Equicontinuous, 97

Essential supremum, 28

Essentially bounded, 32

Exhaustive, 117

locally, 117

F-seminorm, 85

Filter, 16

Maximal filter, 38

On subsets, 38

Prime, 16

Filtered, 4

Final, 37

Gage, 114

Ideal, 15

Join-dense, 9

Join-preserving, 4

L-cut, 8

Lattice, 3

Embedding, 4

Homomorphism, 4

Isomorphism, 4

142



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

Regular, 3

Sublattice, 3

Limit inferior, 46

Limit superior, 46

Linear Functional, 31

Linear functional, 36, 86

Linear map, 86

Linear operator, 35

Locally order convex, 117

Mackey Topology, 94

MacNeille Completion, 9

Maximal filter, 16

Measurable mapping, 27

Measurable set, 27

Measurable space, 27

Measure, 27

Measure space, 27

σ-finite, 28

Complete, 28

Localisable, 28

Semi-finite, 28

Totally finite, 28

Meet-dense, 9

Meet-preserving, 4

Monotone order separable, 5

Negligible set, 27

Net, 4

Diverse, 38

Eventually, 38

Residual, 38

Subnet, 38

Universal, 40

Norm, 31

Operator

Operator norm, 35

Order

Partial Order, 1

Total order, 1

Order bounded, 2

Order complete, 5

Order Convergence

O1-convergence, 41

O2-convergence, 41

O3-convergence, 41

Order convex, 2, 117

Order Ideal

Prime order ideal, 15

Order interval, 2

Order Preserving, 3

Order preserving, 3

Order separable, 5

Order Topology, 53

Sequential, 54

Order-continuous, 58

Order-embedding, 3

Order-isomorphism, 3

Ordered Vector Space, 17

Polar, 93

Positive, 17

Positive Cone, 18

Pseudometric, 84

Translation invariant, 85

Page 143



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES –
APPLICATIONS

Relatively weakly compact, 96

Riesz space, 17

σ-Riesz homomorphism, 25

Riesz homomorphism, 25

Archimedean, 22

Locally solid, 126

Majorizing, 23

Order dense, 23

Positive operator, 25

Quotient Riesz space, 25

Regular, 22

Riesz order ideal, 23

Riesz subspace, 22

Seminorm, 31

Separating, 36

σ-algebra, 26

Solid, 23

Strong-Operator-Topology, 89

Symmetric, 107

Ultrafilter, 16, 38

Unbounded order convergence, 61

Unbounded order Topology, 72

Unbounded topology, 126

Uniform Topology, 108

Uniformity, 107

Base, 109

Subbase, 109

Up-set, 15

Vector space topology, 89

Weakly compact, 96
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Index of Notation

Posets and Lattices

(P,≤) Partially ordered set, page 1

2X The hyperspace of X, page 5∨P B The supremum of B in P ., page 2∧P B The infimum of B in P ., page 2

F Filter, page 16

I Ideal, page 15

P(X) Power set of X, page 5

Fp Set of prime filters, page 16

I Set of order ideals, page 15

Ip Set of prime order ideals, page 15

A+ The set of upper bounds of A, page 7

B− The set of lower bounds of B, page 7

DM(P ) MacNeille Completion, page 9

P δ MacNeille completion without smallest and largest elements, page 11

Topologies on L∞

(L1)∗ The set of linear functionals on L1, page 37

B(V ,G ) The set of bounded linear operators between V and G , page 35

TS The locally convex topology generated by a family of seminorms S , page 89

Tµ Topology of convergence in measure on L0, page 88

TP Topology defined by a family of pseudometrics, page 85
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V ∗ The algebraic dual space, page 90

V ′ The continuous dual space, page 91

σ(V ,G ) The weak topology, page 92

σp The strong operator topology on B(Lq), page 89

τp The product topology on ca(Σ), page 97

τµ Topology of convergence in measure on L∞, page 88

ca(Σ) The space of all σ-additive R-valued measures on Σ, page 97

A◦ The polar of a subset A, page 93

Order Convergence

R(X,T ) Regular open sets, page 59

τOi
(P ) Order topology, page 54

τuOi Unbounded order topology, page 72

τ sOi
(P ) Sequential order topology, page 54

D+Y The intersection of D+ and Y , page 79

D−Y The intersection of D− and Y , page 79

EΓ(γ0) Residual of the net (xγ)γ∈Γ, page 38

FOi
λ λ-Oi-adherence, page 53

V u The universal completion of an Archimedean Riesz space, page 68

XuOi
λ λ-uOi-adherence, page 72

Riesz Spaces

(X,Σ, µ) Measure space, page 27

N The set of measurable functions that vanish almost everywhere on X,

page 28
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L 0 The set of measurable functions on a set X, page 27

L∞ The set of essentially bounded functions on a set X, page 32

V Vector space, page 17

Σf The collection of measurable sets of positive finite measure, page 27

ess sup|f | The essential supremum of f , page 33

|x| Absolute value of x, page 17

V/W Quotient Riesz space of V by W , page 25

V+ Positive elements of a Riesz space, page 18

x+ Positive part of x, page 17

x− Negative part of x, page 17

V Riesz space, page 17

Uniform Lattices

(X̃, Ũ) Completion of a uniform space (X,U), page 115

∆(X) Diagonal of the product X ×X, page 107

DX Entourages of the diagonal ∆(X), page 107

U Uniformity, page 107

Uρ Uniformity generated by a pseudometric ρ, page 112

U The neighbourhood system of 0 for a Hausdorff locally solid Riesz space,

page 127

uAτ The unbounded topology of τ with respect to the Riesz order ideal A,

page 126

TU Topology induced by the uniformity U , page 108

D(L) The set of pseudometrics on a distributive lattice L, page 130

U ◦ V Composition of U and V , page 107
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