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Abstract

This thesis is divided into two main parts. The first three chapters
focus on the study of order and unbounded order convergence. We ex-
amine various well-established definitions of order convergence, that
have emerged over time, each associated with a corresponding topol-
ogy. These notions are compared in detail, with particular attention
to the conditions under which they coincide or differ. Furthermore, in
the context of a semi-finite measure space, we investigate the relation-
ship between the topologies on L™ arising from the duality (L>°, L!),
and we compare these to the order topology. Notably, we establish
a condition under which the Mackey topology is strictly weaker than

the order topology.

Compared to order convergence, unbounded order convergence is
relatively new and is generally studied on Riesz spaces. In this the-
sis, we explore it in the broader context of lattices. Our results show
that, similar to the order topology, the unbounded order topology is
independent of the definition of order convergence. In addition, we
extend key properties known to hold in Riesz spaces to lattices. We
prove that order continuity of unbounded order convergence is equiv-
alent to the lattice being infinitely distributive. Moreover, we show
that the O-closure and uO-closure of a sublattice coincide and form a
sublattice. Furthermore, we show that the uO-adherence of an ideal
is an O-closed ideal. We also examine the MacNeille completion of a
sublattice Y relative to that of a lattice L, identifying two conditions

under which the completion of Y embeds regularly in that of L.

The last chapter is dedicated to the study of lattice uniformities. It
is known that for a locally solid Riesz space (X, 7) there exists a locally
solid linear topology ur on X such that unbounded 7-convergence
coincides with ur-convergence. This topology is the weakest locally
solid linear topology that agrees with 7 on all order bounded subsets.

Thus, for a uniform lattice (L,U), we introduce the weakest lattice
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uniformity U* on L that coincides with U on each order bounded
subset of L. We see that if I/ is the uniformity induced by the topology
of a locally solid Riesz space (X, ), then the U*-topology coincides

with ur. We also provide answers to several questions posed in [44, 37].
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Publications

This thesis is based on research carried out between 2019 and 2025.
The first three chapters draw upon results presented in [1, 2], while
the final chapter builds on the work in [3].

Introduction

Order convergence in partially ordered sets has long been studied.
One finds different definitions for order convergence that all reduce
for complete lattices to the requirement that limsup = liminf. Each
notion of order convergence gives rise to a topology, defined by taking
as closed sets those subsets of the poset such that no net in them
order converges to a point outside of the set. This topology is called
the order topology and it is intrinsic to the poset since it is the finest
topology which preserves order convergence. The simplest example
is the set of real numbers. The order topology on the real line is
the standard topology and if a sequence converges with respect to the
order topology, it is also order convergent. Caution is required, since in
general nets that converge with respect to the order topology need not
be order convergent. Order convergence is not topological in general.
For example, the order topology on a Riesz space is topological if
and only if it is finite-dimensional (see, for example, [44, Theorem
18.36]). The question of characterizing those posets for which order
convergence is topological has received considerable attention. Our
work builds on earlier results in [12, 14, 15, 16, 17], in which the
order topology associated with a partially ordered structure arising
naturally in the realm of functional analysis is studied and related to

the functional-analytic properties of the structure.

A systematic treatment of the order topology on various structures
associated with a von Neumann algebra was carried out in [17]. In

that case, the order topology comes from the standard operator order
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defined on the self-adjoint operators acting on a Hilbert space; namely,
for self-adjoint operators 1" and .S, we have T' < S if the operator S—T
has a positive spectrum. It was shown that the order topology on the
self-adjoint part of a o-finite von Neumann algebra, albeit far from be-
ing a linear topology in general, on bounded parts, coincides with the
strong operator topology. The proof is based on the Noncommutative
Egoroff Theorem and rests heavily on the assumption of o-finiteness.
Moreover, finite o-finite von Neumann algebras were characterized in
terms of the order-topological properties of the associated lattice of
projections. In [2], for semi-finite measure spaces, we give a complete
picture between the topologies arising from the duality (L>°, L') and
the order topology. Furthermore, we provide a condition under which

the Mackey topology is strictly coarser than the order topology.

The concept of unbounded order convergence (also referred to as
uO-convergence) was first introduced by Hidegor6 Nakano under the
term individual convergence [38, 39]. The now commonly used term
unbounded order convergence was later coined by Ralph DeMarr [21].
In sequence spaces /P (1 < p < o0), unbounded order convergence
coincides with pointwise convergence. Furthermore, in L spaces (1 <

p < 00), it is equivalent to almost everywhere convergence.

A pivotal advancement in the theory of unbounded order conver-
gence (uO-convergence) was made by Gao, Xanthos, and Troitsky [28],
who demonstrated that uO-convergence passes freely to and from reg-
ular sublattices. In particular, they established that for a sublattice,
the notions of uO-closure and order closure (O-closure) coincide. This
fundamental connection between unbounded and classical order struc-
tures has spurred further investigation. In subsequent work [27], the
relationship between uO-closure and O-closure of sublattices was fur-
ther studied.

Bilokopytov and Troitsky extended the study of unbounded order

convergence by analyzing the concept of uO-convergence in spaces
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of continuous functions, including C'(X), Cy(X), Co(X) and C*(X),
where X is a completely regular Hausdorff topological space. In this
context, they provided a detailed characterization of uO-convergence
in C(X), showing, notably, that a sequence uO-converges if and only

if it converges pointwise on a co-meagre subset [9].

Our work on unbounded order convergence builds upon the afore-
mentioned developments. In [3], we demonstrate that the unbounded
order topology is independent of the definition of order convergence.
In [1], we investigate uO-convergence within the setting of infinitely
distributive lattices. We establish that in a distributive lattice, uO-
convergence is order continuous if and only if the lattice is infinitely
distributive. Additionally, we show that similarly to the Riesz spaces
case, both the uO-closure and the O-closure of a sublattice are them-

selves sublattices, and, moreover, these two closure notions coincide.

Furthermore, we explore the MacNeille completion of a sublattice
within the MacNeille completion of the ambient lattice. In particu-
lar, we identify two sufficient conditions under which the MacNeille
completion of the sublattice embeds regularly in that of the larger

lattice.

Uniform lattices were introduced in [47, 49] as a generalization
of topological Boolean rings—that is, Boolean rings endowed with an
FN-topology—and locally solid Riesz spaces, or more generally, locally
solid #-groups. A uniform lattice is defined as a lattice equipped with
a lattice uniformity, meaning a uniformity under which the lattice

operations V and A are uniformly continuous.

In particular, the uniformity induced by a group topology 7 on a
Boolean ring is a lattice uniformity if and only if 7 is an FN-topology.
Similarly, the right, left, or two-sided uniformity induced by a group
topology 7 on an f-group is a lattice uniformity if and only if 7 is
locally solid (see [47, Propositions 1.1.7 and 1.1.8]).

In recent years, several authors have investigated the notion of
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unbounded 7-convergence in a locally solid Riesz space (X, 7). This
concept generalizes earlier work on unbounded convergence, which
was initially studied in the setting where 7 is the norm topology on a
Banach lattice. A broader treatment was developed in [37], where 7

is taken to be any locally solid linear topology on a Riesz space.

In particular, Taylor [37, Theorem 2.3| established that there ex-
ists a locally solid linear topology ur on X such that unbounded 7-
convergence coincides with ur-convergence. Furthermore, as shown
in [44, Proposition 2.19], the topology ur is the weakest locally solid

linear topology that agrees with 7 on all order bounded subsets of X.

In our work [3], we consider uniform lattices (L,U) and introduce
the weakest lattice uniformity &* on L that coincides with U on all
order bounded subsets. This construction parallels the development
of the topology ur in the setting of locally solid Riesz spaces. In
particular, we show that when the lattice uniformity ¢ is induced by
a locally solid topology 7 on a Riesz space, the topology induced by U*
coincides exactly with ur. Furthermore, we answer several questions
posed in [44, 37].

Finally, an important application of order-theoretic and lattice
structures arises in economics and finance. The work on the GRAS
(Generalised RAS) algorithm [4] and Social Accounting Matrices
(SAMs) [5] demonstrates how matrix balancing and block decompo-
sition can maintain structural consistency in economic and financial
data while adjusting for incomplete or updated observations. More-
over, lattice-theoretic approaches underpin the representation of pref-
erences, aggregation of economic quantities, and decision-making in
infinite-dimensional commodity or state spaces [20, 8]. The block de-
composition techniques used in [5] further allow for efficient compu-
tation and analysis by partitioning complex economic systems into
submatrices. Such connections illustrate that the abstract mathe-

matical structures we study can directly inform practical methods for
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modeling, aggregating, and analyzing economic and financial systems.
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1 Basic Concepts

In this section, we review several well-known basic definitions of par-

tially ordered sets, lattices and Riesz spaces. In particular, we review

the construction of the MacNeille completion.

1.1

Partially Ordered Sets and Lattices

Definition 1.1.1. Let P be a set. A partial order (or order) on P is
a relation < on P such that, if a,b,c € P, then

(1)
(i)
(iif)

a < a (reflexivity),
a<bandb<aimplya=> (antisymmetry),

a<bandb<cimply a<c (transitivity).

A pair (P, <) is called a partially ordered set (or poset). Sometimes

we write b > a instead of ¢ < b, and write a < b when a < b and

a # b. A total order is a partial order in which every two elements

are comparable. A set endowed with a total order is said to be totally

ordered. An element 1 € P is called a maximum element (or greatest

element) and 0 € P is called a minimum element (or least element)

if 0 <z <1 for every x € P. Whenever maximum and minimum

elements exist, they are unique.

Definition 1.1.2. Let P be a poset and B C P.

(i)

(i)

An element a € P is an upper bound of B if b < a for every
b € B. Similarly, a € P is a lower bound of B if a < b for every
beB.

If a € P is an upper bound of B and a < ¢ for every upper bound
c € P of B, then a is the supremum (or least upper bound) of B
in P. This is denoted by sup” B or \/PB. Similarly, if a is a
lower bound of B and ¢ < a for every lower bound ¢ € P of B,
then a is the infimum (or greatest lower bound) of B in P. This

Page 1
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is denoted by inf" B or /\PB. When there is no ambiguity, we
simply write sup B or \/ B for the supremum and inf B or )\ B

for the infimum.
(iii) For a,b € P, the set {x € P :a < x < b} is an order interval,
denoted by [a, b].

(iv) If there exist a,b € P such that B C [a,b], then B is order
bounded.

(v) B is order convez if, whenever a,b € B with a < b, we have
[a,b] C B.

In the following example, we note that a subset of a partially or-
dered set might not have a supremum nor an infimum, and when they

exist they are unique.

Example 1. Consider the subset B := {x € Q : 2 < 2? < 3} of Q,
viewed also as a subset of R. Then B has neither an infimum nor a
supremum in Q. Indeed, /2 and /3 exist in R but not in Q. On the
other hand, in R we have \/* B = /3 and N* B = /2. Thus, the

existence of suprema and infima depends on the ambient poset.

Proposition 1.1.3. If P is a poset with B C Py C P and /\P B ezxists
and is an element of Py, then N* B = N\ B. A dual statement holds

for suprema.

Proof. Let a := A’ B. Then B is bounded below in Py by a. Let
b € Py be another lower bound of B. Since b € P, we have b < a,
hence a = \'° B. O

Proposition 1.1.4. Let A and B be subsets of a poset P.
(i) If \| B or \ B exist, they are unique.

(ii) Suppose A C B. If both A and B have suprema in P, then
VA < \/B. Dually, if both A and B have infima in P, then

AB < \A.

Page 2
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Definition 1.1.5. Let P; and Py be posets. A map ¢ : PL — Py is

said to be:

(i) order-preserving (or isotone) if x <y in Py implies p(x) < o(y)
m Ps;
(ii) an order-embedding (written ¢ : Py — P3) if v <y in Py if and
only if p(x) < @(y) in P;
(iii) an order-isomorphism if it is an order-embedding which maps Py

onto Ps.

Definition 1.1.6. A poset in which every finite subset has an infimum
and a supremum is called a lattice. A subset S of a lattice L is said
to be a sublattice if aV¥ b€ S anda NV b e S foralla,be S.

Definition 1.1.7. A sublattice S of L is said to be regular if, for every
subset A C S, whenever \° A exists in S, we have \° A = A" A, and

dually for suprema.

Lemma 1.1.8. Let L be a lattice. Then for all a,b,c € L:

(i) (avb)Ve=aV (bVc) and (aANb)ANc=aA (bAc) (associative

laws);

(i) aVb=bVa and a ANb=bAa (commutative laws);

(iii) aVa=a and a A a = a (idempotency laws);

(iv) aV(aAb)=a and a A (aVb) = a (absorption laws).
Lemma 1.1.9. Let L be a lattice. Then for all a,b,c,d € L:

(i) Ifa <b, thenaVe<bVcandaNc<bAc;

(ii) Ifa<band c<d, thenaVe<bVdandaNhc<bAd;
(iii) a < b if and only if a Vb = b (equivalently, a Nb = a).
Proof. We shall only prove statements that involve A; dual statements

for v are analogous. (i) First note that aAc <a <bandaAc <ec.

Then, a A ¢ is a lower bound of {b,c}, hence a Ac < bAc.

Page 3
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(ii) Using (i) we have that a Ac < bAcand bAc < bAd. By
transitivity it follows that a A ¢ < b A d.

(iii) If @ < b, then a is a lower bound of {a,b}, hence a < a Ab.
Since a A b < a, we conclude a A b = a. Conversely, if a A b = a then

a is a lower bound of {a, b}, as required. O

Definition 1.1.10. Let Ly and Ly be lattices. A map ¢ : L1 — Lo is
said to be:

(i) a lattice homomorphism if ¢ is both join-preserving and meet-
preserving, i.e., for every a,b € L1, ¢(aVb) = ¢(a)Vp(b) and ¢(aAb) =
p(a) A p(b);

(ii) a lattice embedding if ¢ is an injective lattice homomorphism;

(iii) a lattice isomorphism if ¢ is a bijective lattice homomorphism.

Proposition 1.1.11 ([19], Proposition 2.19, p. 44). Let Ly and Lo be
lattices and f : L1 — Lo be a map.

(i) The following are equivalent:
(a) f is order-preserving;
(b) f(a)V f(b) < f(aVb) for every a,b € Ly;
(c) fland) < f(a) A f(b) for every a,b € Ly.
In particular, if f is a lattice homomorphism, then f is order-
preserving.
(ii) f is a lattice isomorphism if and only if it is an order - isomor-
phism.
Definition 1.1.12. A poset I' is said to be directed (resp. filtered), if
for every v1,v2 € T there exists v € ' such that v1 < v and 72 < v
(resp. v < y1 and v < y2).
Definition 1.1.13. A net in a set X is a function [ from a directed
set I' into X. We write f(v) as x, and the net by (x)~er.

Definition 1.1.14. Let P be a poset and let k be an infinite cardinal.

Page 4
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(i) P is called k-order-complete if every non-empty k-subset (i.e.,
subset of cardinality at most k) of P has a supremum and an
mfimum. P is said to be order-complete if it is k-order-complete

for every infinite cardinal k.

(ii) P is called k-Dedekind-complete if every non-empty k-subset that
1 bounded above has a supremum and every non-empty k-subset
that is bounded below has an infimum. P is said to be Dedekind-
complete if it is k-Dedekind-complete for every infinite cardinal

K.

(iii) P is called order separable if every non-empty subset B of P with
a supremum contains a countable subset with the same supremum
and, dually, every non-empty subset of P having an infimum

contains a countable subset with the same infimum.

(iv) P is called monotone order separable if every directed subset
admitting a supremum contains an increasing sequence with the
same supremum and, dually, every filtered subset of P with an

infimum contains a decreasing sequence with the same infimum.

Clearly, every order-complete poset is Dedekind complete and ev-
ery order separable poset is monotone order separable. We write o-

Dedekind complete when the cardinal & is V.

Example 2. For a set X, consider the power set P(X) ordered by
inclusion. For A,B € P(X), AN B is the infimum and AU B is
the supremum. Furthermore, P(X) is an order-complete lattice in

which, for any collection {Aq : a € &/}, the supremum \/ ¢, Aa is
Uacw Aas and the infimum A ¢, Aa 15 (o Aa-

In this thesis, the collection 2% will denote the space of closed

subsets of a topological space X.

Example 3 (Hyperspace). For a topological space X, let 2% denote
the space of closed subsets of X ordered by inclusion. For A, B € 2%,
ANB is the infimum and AUB is the supremum. For a collection {A,, :

Page 5
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a € o}, the supremum is ,cy Aa and the infimum is (|, ey Aa-

Thus, 2% is an order-complete lattice.

Example 4 ([29], Example 3.6). Let A := {(2,0) : z € [0,1)} and
B:={(0,y) :y€10,1)}. Then P := AUBU{(1,1)} under coordinate-

wise order is order-complete.

The next proposition shows that for a poset P to be Dedekind
complete, it suffices to show that every non-empty subset which is

bounded above has a supremum.

Proposition 1.1.15. A poset P is Dedekind complete if and only if
every non-empty subset of P that is bounded above in P has a supre-

mum 1n P.

Proof. One direction follows by definition. Conversely, we need to
show that every non-empty subset of P that is bounded below in P
has an infimum in P. Let A C P be bounded below. Let B be
the set of lower bounds of A. Then B is non-empty and bounded

above by every element of A. By hypothesis \/ B exists in P, and
\V B=A\A. O

Theorem 1.1.16. A lattice L is order separable if and only if it is

momnotone order separable.

Proof. First assume that L is order separable and (z.)yer is an in-
creasing net with vvel“ x~ = x. Then there exists a countable subset
B C {zy : v € T'} satistying \/,cpy = 2. Let B := {z,, : n €
N}. Define a; := 71. For ay choose ¢ € T' such that a; < & and
vo < & Let az := £. Repeating this process, we get an increasing
sequence (Zq, )neny Which is bounded above by x. Finally we show
that \/, ey Ta, = 2. If 24, < bfor every n € N, then 2, < b for every
n € N, concluding that x < b as required.

Conversely assume L is monotone order separable. Let A C L with
supA =z and I' := {B C A : |B| < w} ordered by inclusion. It is

Page 6
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easy to see that I' is directed. For each B € I let xp := \/ ;.5 b to get
an increasing net (rp)per with supremum z. By the monotone order
separability of L, there exists {A, : n € N} C I" such that (x4, )nen
is increasing with supremum z. Let C := Jo2; A,. Then, C C A is

countable and \/ C' = z, as required. O

Proposition 1.1.17. Let P and Q be order isomorphic posets. If Q

is order-complete, then P is order-complete as well.

Proof. Consider the order isomorphism ¢ : P — Q. Let A C P. Then
©(A) = {p(a) : a € A} has a supremum ¢(p) in Q. Therefore p is
the supremum of A in P. Indeed, since ¢ is an order isomorphism,
we have a < p for every a € A. Moreover, if b € P is such that
a < b for every a € A, then ¢(b) is an upper bound of ¢(A). Hence,
©(p) < (b), which implies p < b. O

Proposition 1.1.17 also holds for other properties, such as k-Dedekind
completeness, order separability, and monotone order separability.
The mapping ¢ : P — @ preserves suprema and infima if for ev-
ery A C P, whenever xg = \/ A exists in P, then \/{p(z) : z € A}

exists in ) and
o(z0) = \/{p(2) : z € A},
Likewise for infima.

Given a subset A of a poset P, the set of upper bounds of A,
denoted by AT, is given by

At :={x € P:a <z for every a € A}.

Similarly, given a subset B of P, the set of lower bounds of B,
denoted by B™, is defined as

B™ :={x € P:x <bfor every b € B}.

Page 7
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For a poset P, if A= & then AT = P. The converse also holds if
P does not have a minimum. One also has that AT = & if and only

if A is not bounded above.

Similarly, for a subset B of a poset P, if B = @ then B~ = P.
The converse also holds if P does not have a maximum. One also has
that B~ = @ if and only if B is not bounded below.

For every A C P, we write AT~ for (A1)~. A subset satisfying
A = AT is called an l-cut in P. The collection of I-cuts, ordered by

inclusion, is non-empty since P is an [-cut.

Lemma 1.1.18. Let P be a poset and A, B C P. Then:
(i) ACAT and AC A~+.

(ii) If AC B, then BT C A* and B~ C A™.

(i) At =A""T and A= = A~+".

Proof. (i) Let a € A. Then for every b € AT, a < b, showing that
a € AT, Similarly, one can show that A C A~T.

(ii) Assume A C B and z € BT, then b < z for every b € B. From
A C B, it follows that a < z for every a € A, hence x € A*. Similarly
one can show that B~ C A™.

(iii) From (i) and (ii), it follows that AT~ C AT. To see the
reverse inclusion, take a € AT. Then b < a for every b € AT, so that
a € AT™F. That A~ = A="~ can be shown in a similar way. O

Lemma 1.1.19. For any subset A of a poset P, the set AT~ is an
lI-cut, and AT~ is the smallest I-cut containing A. In particular, the

set («<—, x| is an l-cut.

Proof. That AT~ is an l-cut follows from Lemma 1.1.18 (iii). More-
over, if B is another [-cut containing A, from Lemma 1.1.18 (ii) it
follows that AT~ C Bt~ = B. Therefore, AT~ is the smallest [-cut

containing A. To see that («—,z] is an l-cut, it suffices to note that
{z}7 = (&, 2]. O
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Proposition 1.1.20. Let P be a poset and {A, : a € o/} a family of
subsets of P. Then (), ey Ad™ = (Uaed A;j)

Proof. First note that A C J,cs Ad- By Lemma 1.1.18 (ii),

(U an < A

acd acd
To see the reverse inclusion, take x € (,c, AZ~. Then for every
a € o and every y € AY, we have z < y . In particular, z < y for

every ¥y € Upeny AL, i€, © € (Upews AL)~. Therefore, the reverse

inclusion holds. O

Definition 1.1.21. A subset A of a poset P is said to be join-dense
in P if, for every x € P, there exists B C A such that \/ B = x.

Definition 1.1.22. A subset A of a poset P is said to be meet-dense
in P if, for every x € P, there exists B C A such that \ B = x.

Theorem 1.1.23 (MacNeille Completion). Given a non-empty poset
P containing no smallest or largest element, there exists an order-
complete lattice DM (P) and an order embedding ¢ : P — DM(P),
where x +— (<, x]. More precisely, DM (P) is the set of all l-cuts of
P, partially ordered by inclusion. In addition, P is join-dense and
meet-dense in DM (P). Equivalently, every l-cut A of P satisfies

( U (<—,x])+_:A: ﬂ (¢, z].

(+,z]CA AC(+,x]

Proof. First we show that the set of all [-cuts of P is order-complete.
Let (Aq)acer be an arbitrary subset of DM (P). Let A :=

(Uaew 4a)T. By Lemma 1.1.19, A is an I-cut, and moreover the
smallest [-cut containing (|J,c Aa). If B is another I-cut containing
Aq for every a € 7, it follows that |J ., Ao € B. Thus by Lemma
1.1.18 (i), we get A C B. For the infimum, consider C := (), ¢ Aa-
The set C' is an I-cut by noting that C' C A, for every a € & and
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Ct~ C A, by Lemma 1.1.18 (i). Then C*~ C C and, by Lemma
1.1.18 (i) it follows that C = C*T~. If D is another [-cut satisfying
D C A, for every a € &, it follows that D C C. Thus C is the

greatest lower bound, i.e., the infimum.

By Lemma 1.1.19, we observe that ¢ is an injective mapping of P
into DM (P). Next, we show that ¢ preserves suprema and infima.
Let £ C P, and let o := sup E. Using the above, the set {(+,z] :
z € E} has supremum A = (|J,cp(+,2])" . It suffices to show that
A = (+,m]; equivalently, that AT = [z9,—). Clearly z € AT if and
only if x < z for every z € E if and only if zg < z if and only if
z € [xo,—).

Next we show that the mapping ¢ preserves infima. Let £ C P
with zg := inf £. We know that B := [, cp (¢, ] is the infimum of
{(+=, 2] : x € E}, thus it suffices to show that B = (+—, x¢]. Indeed,

2€B < z<zx Yz eFE < z<1x) < z € (+, 0]
Finally, we show that every A € DM (P) satisfies
A =sup{(s+—, 2] : (+-, 2] C A} = inf{(+, 2] : A C (+, z]}.

The claim is trivial if A = (). Assume that A # (). Since A is an
l-cut, we have z € A <= («+—,z] C A. Then,

A== U a=( U @al)"

z€A (+,z]CA (+—z]CA

Furthermore, A C (+, z] if and only if x is an upper bound of A.
Then,

A=A""= () (+2l= (] (2]

€A™ AC (7]
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Theorem 1.1.24 ([19], Theorem 7.41, p. 167). Let P be a partially
ordered set and let ¢ : P — DM(P), where x +— (<, x], be the order-
embedding of P into its MacNeille completion. Then,

(i) @(P) is both join-dense and meet-dense in DM (P).

(ii) If L is an order-complete lattice and P is a subset of L which
is both join-dense and meet-dense in L. Then L and DM (P)
are order-isomorphic via an order-isomorphism that agrees with

p on P.

From Theorem 1.1.24 it follows that up to order isomorphism, the

MacNeille completion is unique.

Example 5 ([35], p. 190). Let P = {x1, 22}, where x1 and x2 are
incomparable. For A C P, the set AT~ is one of 0,{x1},{x2}, or
P. Thus, DM (P) = {0,{x1},{x2}, P}, which is isomorphic to the

four-element Boolean lattice.

The example above is trivial in nature; however, it highlights an
important aspect of the order-completion of a poset. If we remove
the element P from DM (P), the order-completion may no longer be
a lattice. On the other hand, if the poset P is a lattice, and we
delete the smallest and largest elements from DM (P), the remaining
set is still a Dedekind complete lattice. For a poset P, the DM (P)
completion of P without its greatest and smallest elements will be

denoted by P?.

Lemma 1.1.25 ([35], p. 190). Let L be a lattice without smallest
and largest elements. Then L can be embedded as a sublattice in a

Dedekind complete lattice.

Proof. Let L be a lattice without smallest and largest elements. The
set L° is Dedekind complete since DM (L) is Dedekind complete by
construction; removing the trivial bounds () and L does not affect the

existence of suprema and infima of non-empty bounded subsets. To
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see that L° is a lattice, take [-cuts A, B in DM (L) such that A # L
and B # L. By the meet-density of L in DM (L), there exist z1, 22 € L
satisfying A C («—, z1] and B C (<, z2]. Again, using the fact that L
does not have a largest element,

AVE B C (¢, 21] VE (4= 0] = (¢, 21 V 22] # L.

Thus AV’ B € L%. The argument for infimum follows by duality. [

Definition 1.1.26. A lattice L is called a distributive lattice if
ANbVe)=(anb)V(anc)

for all a,b,c € L.

Proposition 1.1.27 ([19], Lemma 4.3, p. 85). Let L be a lattice. The

following are equivalent:
(i) L is distributive;
(ii)) aV(bAc)=(aVb)A(aVc) for all a,b,c € L.
Proof. Assume that L is distributive. Then, by distributivity
(avb)AN(aVe)=((aVb)ANa)V ((aVb)Ac)
=aV((aVb)Ac)
=aV(aAc)V(bAc)
=aV(bAc).

Conversely, assume that aV (bAc) = (aVb)A(aVe) for every a,b,c € L.
Then, by the assumed identity,

(anb)V(ane)=((aNnb)Va)A((aAb)Vec)
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O

For a lattice L and fixed a,b € L, define the maps f, ), 9(ap) :
L — L by

flap) (@) = (@ AD)Va, gap(x):=(@Va)Ab,
for all z € L.

Proposition 1.1.28 ([3], Proposition 3.10). (a) For a lattice L, the

following statements are equivalent:

(i) L is distributive.

(ii) For all a,b € L, fi,yp) is a lattice homomorphism from L to L.
(iii) For all a,b € L, giup) is a lattice homomorphism from L to L.
(b) If L is distributive, then for all a,b € L, fap) = faavb) = 9(a,avb)
and g(a,p) = Y(arbb) = J(anbp)-

Proof. (i) = (ii) is obvious. Furthermore, (ii) = (iii) follows by noting
that

Jap)(@Vy)=(xVyVa)Ab
=((zVva)V(yVa))A
=(((@Va)V(yVa)Ab)V(anb)
= fanbpy((zVa)V(yVa))
:fa/\bb( \/a)\/fa/\b,b)(y\/a)
= 9(a,p)(T) V g(ap) (V)-

Similarly, one can show that g(q 5) (T AY) = 9(a,5)(T) AG(ap)(y). Finally,
to show that (iii) = (i), observe that for every x,a,b € L, giangp) (T V
a) = G(arap)(T)V Ganz,p)(a) Which is exactly the distributive law. Part
(b) follows directly from the distributive property of L. O
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Definition 1.1.29. A lattice L is said to satisfy the join-infinite dis-
tributive law if for v € L and {xq : a € &} C L such that \/ ¢, a

exists in L, one has

x A\ \/ To = \/ (x A zq).
acd acd
Definition 1.1.30. A lattice L is said to satisfy the meet-infinite
distributive law if for v € L and {xo : o € &/} C L such that \ ¢/ Ta

exists in L, one has

acd acd
Definition 1.1.31. A lattice L is infinitely distributive if it satisfies
both the join-infinite distributive law and the meet-infinite distributive

law.

The inequalities 2 AV ey Ta > Vpew (T AZo) and 2V A oy Ta <
Nacoy/ (@ V 2o) hold in every lattice. If a lattice satisfies the join or
meet-infinite distributive laws, then it is distributive by Proposition
1.1.27. However, not every distributive lattice satisfies the join- or
meet-infinite distributive laws. The next examples exhibit distributive

lattices that do not satisfy the join-infinite distributive law.

Example 6. Let L be the collection 28 ordered by inclusion. Clearly
this is an order-complete distributive lattice. For everyn € N, consider
the increasing sequence X, := [27",00). Then (sup,cyXn) A {0} =
Unen Xn N {0} = [0,00) N {0} = {0} but sup,cn(Xn A {0}) = 0.
Example 7. Let ZT U {0} be ordered by a < b if a divides b. This is
an order-complete distributive lattice where 1 and 0 are the minimal
and mazximal elements, respectively. However, it is not join-infinite
distributive. Let A := {p : p is odd prime}. Then, 2 A (vaA p) =2,
but \/ ,c4(2Ap) = 1.
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We conclude this section with a brief mention of ideals and filters.
For a detailed treatment, including their role in Stone’s representation

theorem for Boolean algebras, see [19].

Definition 1.1.32. Let P be a poset and (Q C P.

(i) @ is a down-set if, whenever x € Q,y € P and y < z, then
yeQ.

(ii) Dually, Q is an up-set if, whenever x € Q,y € P and x < y,
then y € Q.

Definition 1.1.33. Let L be a lattice. A non-empty subset I is called
an order ideal if it is a down-set satisfying aVb € L for every a,b € T.
It is said to be proper if T # L.

Proposition 1.1.34. Let L be a lattice. FEwvery order ideal T is a

reqular sublattice of L.

Proof. Let A C Z and a := \/IA exists. Let b be an upper-bound
of Ain L. Then a A b is an upper-bound of A in Z, concluding that
a=\"A O

The following example shows that the converse of Proposition

1.1.34 is not necessarily true.

Example 8. Consider the lattice R? ordered coordinate-wise, i.e.,
(x1,y1) < (w2,y2) if and only if x1 < x9 and y1 < yo. Take S :=
{(z,0) : x € R}, then S is a reqular sublattice but not an order ideal

in R? because it is not a down-set.

The set of order ideals will be denoted by .#(L). An order ideal
is said to be prime if a,b € L and a Ab € Z, then a € T or b € .
The set of prime order ideals is denoted by .#,(L). When there is
no ambiguity, the set of order ideals and prime order ideals will be

denoted by .# and .#),, respectively.

Lemma 1.1.35. Let L be a lattice. Then the intersection of two order

ideals is also an order ideal.
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However, the following example shows that the intersection of two

prime order ideals is not necessarily a prime order ideal.

Example 9. Let P(X) be the power set of a set X ordered by inclu-
ston. Let x and y be distinct elements of X and consider the prime
order ideals T, = {A C X 1o ¢ A} and T, ={AC X :y ¢ A}. It

should be clear that I, N1, is not a prime order ideal.

Definition 1.1.36. Let L be a lattice. A non-empty subset F is called
a filter if

(i) a,b € F impliesaNbe F,

(ii) a€ L, be F and b < a implies a € F.

It is said to be proper if F # L.

A filter is said to be prime if, whenever a,b € L and a V b € F,
one has a € F or b € F. The set of prime filters is denoted by .%,(L).
When the lattice is clear from the context, we simply write .# and .7,

for the set of filters and prime filters, respectively.

Lemma 1.1.37. A subset T of a lattice L is a proper prime order
ideal if and only if L\ Z is a prime filter.

Definition 1.1.38. Let L be a lattice, and let Z be a proper order ideal.
T is said to be a mazximal order ideal if the only order ideal strictly
containing L is L. Equivalently, T is a mazximal order ideal if and only
if it is a mazimal element of %\ {L} ordered under inclusion. Dually,

one defines a maximal filter, which is also known as an ultrafilter.

Theorem 1.1.39 ([19], Lemma 10.11). Let L be a distributive lattice.
Then every maximal order ideal in L is prime, and every ultrafilter is

a prime filter.
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1.2 Riesz Spaces

In this section, we present an overview of Riesz spaces and establish

several well-known properties.

Definition 1.2.1. An ordered vector space is a real vector space ¥V
endowed with a partial order that is compatible with the vector space

structure of V'; i.e.,
(i) o <y impliesx + z <y+ z for all x,y,z € ¥;

(ii) = > 0 implies ax > 0 for all x € ¥ and all « > 0 in R.

Proposition 1.2.2. Let ¥ be an ordered vector space. Then the fol-
lowing properties hold:

(i) If x <y, then azx < ay for all z,y € ¥ and all & > 0 in R.

(i) If x <y, then ay < ax for all z,y € ¥ and all « < 0 in R.

(iii) If w < x and y < z, then w+y < x + z for all w,z,y,z € V.

Proof. (i) Observe that y —x > 0 since < y. By the definition of

ordered vector space, 0 < a(y — x) = ay — azx, hence ax < ay.

(ii) From (i) and the fact that —a > 0, we obtain —az < —ay. It
follows that ay < ax.

(ili) Observe that w +y < x + y by the definition of an ordered
vector space. Moreover, by the fact that y < z, it follows that x +y <
x + z. By the transitivity of <, we obtain that w+y < x + z. O

We now turn to Riesz spaces (also called vector lattices).

Definition 1.2.3. A Riesz space V is an ordered vector space that is
also a lattice, in which the lattice operations are compatible with the

vector space structure.

For an element x € V, the positive part of z is defined by z™ :=
x V 0, and the negative part of x is defined by = := (—x) V0 . The
absolute value of z is defined by |z| :== 2V (—z) . An element z € V

is said to be positive if z > 0. The set of positive elements of a Riesz
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space V is denoted by V; , equivalently V; :={u € V : u > 0}. This

set is called the positive cone.

Proposition 1.2.4. Let V' be a Riesz space. Then, for all z,y,z € V
and all scalars o > 0, the following hold:

() 2 vy = —((—2) A (—y)) and @ Ay = —((—2) V (~));

(i) z+y=(zAy)+ (zVy);

(iii) z+ (yVz)=(x+y)V(z+z)and z+ (yA2) = (x +y) A (z+ 2);
(iv) a(z Vy) = ax Vay and a(x Ay) = ax A ay.

Proof. (i) First note that z Ay < z and 2 Ay < y. It follows that
—y < —(zAy)and —x < —(zAy). Thus (—z)V(—y) < —(xAy). Now
let z be another upper bound of —x and —y, then —z < z and —z < y,
hence —z < x Ay. This implies —(x Ay) < z. Therefore —(zAy) is the

supremum of —x and —y. The second identity is proved analogously.

(ii) From = Ay < y it follows that y — z Ay > 0. Adding = to
both sides yields x +y — (x A y) > z. Similarly, from z Ay < = we
obtain z +y — (z Ay) > y. It follows that z +y — (x Ay) > =V y.
Equivalently, (z Ay) + (z Vy) < x +y. On the other hand, from the
fact that = < xVy, subtracting x Vy yields x — (z Vy) < 0 and adding
y to both sides yields x +y — (zVy) < y. Similarly, from y < xVy, we
obtain x +y — (x Vy) <x. Then z +y — (zVy) <z Ay. Combining
both inequalities, we conclude that (zx Ay) + (zVy) =x + y.

(iii) First note that v + (y A 2) <z +yand x4+ (yAz) < x + z.
Hence, v + (y A 2) < (z +y) A (x + z). Next observe that y = (—x) +
(r+y) > —xz+ (x+y)A(z+2), and similarly, z = (—z) + (z + 2) >
—z+(z+2)AN(z+y). Thus, —z+ (z+2)A(z+y) < yAz. Combining
both inequalities, we conclude that z + (y A z) = (z + y) A (z + 2).

The other equality is proved analogously.

(iv) For a = 0, the result is trivial. For o > 0 we observe that
ar AN ay > alz Ay). Next let z be any lower bound of az and ay.
Then, 2 <z and £ <y, so Z <z Ay, concluding that z < a(z Ay).

The dual statement follows analogously. O

Page 18



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES —
APPLICATIONS

Theorem 1.2.5 (Riesz Decomposition Inequality). Let z,x1,...,x,

be positive elements of a Riesz space V. Then:

n n
x A (sz) < Z(w/\xz)
i=1 i=1
Proposition 1.2.6. Let V' be a Riesz space, A,B CV, xz €V, and
a > 0. Then:

(i) sup(x + A) = x + sup A, whenever one of them exists.
(ii) sup(—A) = —inf(A), whenever one of them exists.

(iii) sup(A + B) = sup(A) + sup(B), whenever the right hand side

exrists.

(iv) sup(aA) = asup(A), whenever the right hand side exists.

Proof. (i) Let y := sup(z+A). Then for every a € A we have a+z < y,
hence a < y—x. Now let w be another upper bound of A. Then a < w
foralla € A, s0 a4+ <z + w for all a € A. Therefore y < w + x,
which implies y — ¢z < w. Hence y — x = sup(A), or equivalently
sup(z + A) = z + sup(A4).

(ii) Let y := sup(—A). Then for every a € A we have —a < y.
Hence, multiplying both sides by —1, we get —y < a for all a € A.
Let = be any lower bound of A. Then x < a and multiplying both sides
by —1 gives —a < —x for all « € A. Thus —z is an upper bound of
—A, hence y < —z and multiplying by —1 yields « < —y, as required.

(iii) Let « := sup(A) and y := sup(B). Then for every a € A and
b € B, we have that a + b < z + y. Let z be another upper bound
of A+ B. Then for all a € A and b € B, we have a + b < z. Hence,
for each fixed b € B, the element z — b is an upper bound of A, so
x < z—>b. Thus, x +b < z for every b € B so that b < z — x for every
b € B. Consequently, y < z — « which implies that = + y < z.

(iv) For a = 0, the result is obvious. Let o > 0 then the right hand

side exists if and only if t = sup(A) exists. Let x = at, then aa < z,
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so z is an upper bound of aeA. Let y be another upper bound of a4,
then aa < y for every a € A. This implies that a < o'y for every
a € A, concluding that ¢t < o~ 'y. Then z = ot <y, as required. ]

Theorem 1.2.7. Let V be a Riesz space and x € V. Then,
(i) z=a"—2".
(ii) |z| = 2T + 2.
(iii) zt Axz™ =0.
Proof. (i) From Proposition 1.2.4 (ii) and Proposition 1.2.6 (ii) it fol-
lows that
r+0=2V0+2A0=2V0—(—zV0)=a" —a2".

(ii) Using Proposition 1.2.4 (iii), (iv) and (i) it follows that

|z =2V —x=—x+ (22 vV 0)
=—z+2z7"

=2zt —

(iii) Observe that

AT =@t -2 )A0+ 2™
=z AO+z"~
=—((—x)VvVO0)+2~

Theorem 1.2.8. Let z,y € V, where V is a Riesz space. Then:
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(i) z=(@—-y)" +(xAy);

(i) 2Vy=g(z+y+lz—y) andzAy=3(z+y— |z —y);

(ili) |z -yl =(zVy) = (zAy);

(iv) [z V ]yl = 5(lz +y| + |z —y]);
)
)

);.

1
2
v) 2l Ayl = 5([le+yl =z -

(Vi) [z +y[ Ve =yl = |z|+]yl.

Proof. (i) From Proposition 1.2.4 (ii), x +y =2z Vy+z Ay, so

r=(@Vy +@ry)—y=@@—-y)Vo+(zry) =(z—y)" +(xAy).

(ii) We shall prove that z Ay = %(z+y— |z —y|), the other identity

similarly follows.

rt+y—lz—yl=z+y—((z—y)V(y—2z))
=z+y+(y—z)A(z—y)
=(x+yt+ty—z)AN(z+y+z—1y)
=2y A2z =2(x Ay).

(iii) Add and subtract the identities in (ii).
(iv) Since |z +y| = (z +y) V (—z — y), we obtain

|z +y|+ |z -yl =

(@+y)V(=z—y))+ [z -yl
(@+y+lz—y)V(—z—y+|z—yl)
(zVy)V(-zV-y))
(zV—=2)V(yV-—y))

(lzl v [yl)-

(
(
2
2
2

(v) Using (ii) and (iv) twice, we obtain

lz+yl =z —yl| = 2(lz +y| V|2 —y) = (o +y| + |z —y])
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2(J| + lyl) = 2(|2 v ly])
2((fe] + Tyl = (= v [y]))
2((Je] + [yl + (=lzl A =1y])))
2(

2(

(2l + lyl =l A (] + Tyl = ])
lyl A L))

(vi) We use (iii) and (v) to get

[z +y[ Ve -yl =|lz+yl -z —yl[ + ]z +y| Az -yl
= 2(|z[ Aly]) + ||| = lyl|
= 2(|z[ A fyl) + (2 V [y = =] Aly])
= [2| A lyl + [=| V |y
= [z| + [yl.

O]

Theorem 1.2.9 ([10], p. 296). For all x,y, z in a Riesz space V , we
have

ltVz—yVz|+|lzAz—yAzl =]z -1y

Corollary 1.2.10 (Birkhoft’s Inequalities). For all z,y,z in a Riesz

space V, we have
ltVz—yVz|<|zt—y| and |ztAz—yAz|<|z—y

Definition 1.2.11. Let V be a Riesz space.

(i) A vector subspace W is called a Riesz subspace if it is a sublattice
of V.

(ii) A Riesz subspace W of V is called regular if it is a regular sub-
lattice of V.

(iii) V is called Archimedean if, for x,y € VT, the condition nx <y
for alln € N implies x = 0.
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(iv) A Riesz subspace W of V' is called order dense in V if, for every
0 <z eV there exists w € W such that 0 < w < x.

(v) A Riesz subspace W of V' is called majorizing in V if, for every
x €V there exists w € W such that x < w.

(vi) A subset A CV is solid if, whenever w € A and u € V satisfy
lu| < |wl|, then u € A.

(vii) A solid vector subspace U CV is called a Riesz order ideal.

Lemma 1.2.12. FEvery Riesz subspace W of a Dedekind complete
Riesz space V' is Archimedean. In particular, every Dedekind com-

plete Riesz space is Archimedean.

Proof. Let z,y € W, such that nx <y for every n € N. By Dedekind
completeness, let z := \/7‘:EN nrin V. Then, nx = (n+1)x—z < z—=x

for every n € N, concluding that = <0, i.e., x = 0. [

Theorem 1.2.13. Let W be a Riesz order ideal in a Riesz space V.
Then, W is a Riesz subspace of V.

Proof. From the definition of a Riesz order ideal, we have that |w| € W
for every w € W. In particular, for any uw,v € W, it follows that
|u—v| € W. By Theorem 1.2.8 (ii) , this implies that uVv,uAv € W.
Hence, W is a sublattice of V. Since W is already a vector subspace,
it follows that W is a Riesz subspace of V. O

Proposition 1.2.14 ([25], Proposition 353J, p. 239). Let W be a
Riesz order ideal in a Riesz space V.
(i) If V is Dedekind complete (resp. o-Dedekind complete) then so
is W;
(ii) If V is order separable then W is also order separable.
Remark 1.2.15. It is well known that if V is a vector space and W

is a vector subspace of V, then one can consider the quotient space
V/W = {v*:v eV} where v* :=v+ W. The space V/W becomes a
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vector space when considering the operations (u + v)® = u® + v* and
(av)® = av® for all u,v € V and o € R. Moreover, if V is a partially
ordered set, one can define the relation < on V/W by defining v < v3
when there exists wy,ws € W such that vi +wy < va+wo in' V. When

there is no risk of ambiguity, we shall also write < instead of <.

Theorem 1.2.16. Let W be a Riesz order ideal of a Riesz space V.
Then the quotient space V./W with the induced order, is a Riesz space.

Proof. We start by showing that < is a partial order. It is easy to see
that it is reflexive. To see that it is antisymmetric, assume that v < v3
and vy < v]. Then there exists wy,we € W such that v; — vy < wy
and ve —v; < ws. Hence, |vg — v1 + wy| < |wy + wa]. Since W is a
Riesz order ideal, vo —v1 +w1 € W and so vo —v; € W, thus, v] = v3.
To see that it is transitive, suppose v] < v5 and v3 < v3. Then there
exist wi,wy € W such that v1 — vo < wy and vy — vy < wo. Adding
these inequalities yields vy —v3 < wy 4+ wo, so v} < v3. Thus, V/W is

a partially ordered set.

Next we show that this partial order is compatible with the vector
space structure of V/W. Assume v} < v§ and v§ € V/W. Then there
exists w € W such that v; — ve < w. It follows that (v; +v3) — (vs +
v9) < w, and therefore (v1 + v3)® < (v3 + v2)®. Furthermore, suppose
0°* < v® and let @ € R with a > 0. Then, —v < w for some w € W,
which implies —av < aw. Hence 0° < (aw)®. Thus V/W is an ordered
vector space. Finally, if v} < v$ and a € R with o > 0, it is easy to

see that (awv1)® < (avy)®.

We are left to show that V//W is a lattice, where v} Vo3 := (v1Vvg)®
and v} Avg = (v1 Awvg)®. Clearly v < (v; Vwvz)® and v§ < (v1 V v2)°.
If v* is another upper bound of v} and v3, there exist wi,ws € W
such that v;1 — v < w; and vy — v < we. By Proposition 1.2.4 (iii),
(v —v) V(v —v) = (11 Vua) —v < wy Vwe € W, hence v§ V vy =

(v1 V vg)®. The statement for infimum follows dually. O
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The Riesz space in Theorem 1.2.16 is called the quotient Riesz
space of V by W.

Definition 1.2.17. A linear operatorT : V — U between Riesz spaces
U and V is said to be
(i) a Riesz homomorphism if T(xVy) = T(z)VT (y) for allz,y € V.

(ii) Positive if T(xz) > 0 whenever z > 0.
The following three propositions are easy to show.

Proposition 1.2.18. Let T : V. — U be a linear operator between

Riesz spaces U and V. The following statements are equivalent:

(i

) T is a Riesz homomorphism.
ii) T(z) VT (y) = 0y whenever z,y € V satisfy x Vy = Oy.
iii) T(x Ay) =T(x) NT(y) for all xz,y € V.
iv) T(z) ANT(y) = Oy whenever z,y € V satisfy v Ay = Oy.
Proposition 1.2.19. Let V and W be Riesz spaces, and T : V — W
be a Riesz homomorphism. Then:

(i) T is positive;

(i) T(z") = (T(x))", T(27) = (T(x))~, and T(|z|) = |T(z)| for all

reV;

(iii) ker(T') is a Riesz order ideal in V.
Definition 1.2.20. A Riesz homomorphism between Riesz spaces V
and W is called a o-Riesz homomorphism if T'(v) = \/rszeN T (vy,) when-
ever v = \/xEN Upy.-
Remark 1.2.21. If W is a o-order-complete Riesz order ideal in V,
then the quotient map T : V. — V/W s a Riesz homomorphism.

Moreover, since Ker(T) = W, it follows that T is also a o-Riesz-

homomorphism.
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Theorem 1.2.22. Let W be a o-order-complete Riesz order ideal of
a Riesz space V. If V is o-Dedekind-complete, then so is V/W.

Proof. Let B = {b? : n € N} be a subset of V/WW bounded above by
b®. For each n € N, there exists w, € W such that b, —b < w,,. Hence
the set {b, — w, : n € N} is bounded above in V' and therefore has a

supremum v € V. By Remark 1.2.21, the quotient map is a o-Riesz

homomorphism, and thus v® = (\/ZGN(bn - wn)> = \/XQ;IV by. O

Theorem 1.2.23. Let V' be a Riesz space, W a Riesz order ideal in
V', and U a linear subspace of W. Then:

(i) U is a Riesz order ideal in W if and only if U is a Riesz order
ideal in V;

(ii) If U is a Riesz order ideal in V', then W/U is an order ideal in
V/U.

Proof. (i) If U is a Riesz order ideal in V', then it is trivially a Riesz
order ideal in W. Conversely, assume that U is a Riesz order ideal in
W. Suppose v € V and u € U satisfy |v| < |u|. Since U C W and W
is a Riesz order ideal in V, it follows that v € W. Finally, because U
is a Riesz order ideal in W, it follows that v € U.

(ii) Let v* € V/U and w* € W/U satisfy |v*| < |w®|. Then
(lv])® < (Jw|)®, which means that |v| — |w| < u for some u € U. As W
is a Riesz order ideal in V' and |v| < u + |w| with u € W, it follows
that v € W. Therefore v* € W/U, and hence W/U is a Riesz order
ideal in V/U. O

1.3 The space L°

Definition 1.3.1. Let X be a set. A collection ¥ of subsets of X is
called a o-algebra on X if:

(i) Xe¥;
(ii) X \ E € ¥ for every E € 3;
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(iii) Upen Bn € X for every sequence (Ep)pen in X.

Elements of a o-algebra are called measurable subsets of X, and the

pair (X, ) is called a measurable space.

Definition 1.3.2. A map f : X = Y from a measurable space (X,Y)
into a topological space (Y, .7) is said to be measurable if f~1(V) €
for every Ve 7.

Let (X, X) be a measurable space. The set of measurable functions
f: X — R will be denoted by .#%(X, ¥), or simply by .#° . For f,g €
£V define a relation < on .£° by f < g if and only if f(z) < g(z) for
all z € X. Clearly, < is a partial order on .#°, which we shall refer to

it as the pointwise partial order on £.

Theorem 1.3.3. Equipped with pointwise addition, multiplication,
and scalar multiplication, together with the pointwise partial order,

the space P is a o-Dedekind complete Riesz space.

Definition 1.3.4. Let (X,X) be a measurable space. A measure on

X is a function p: ¥ — [0, 00| such that:
(i) p(®) =0;

(ii) for every sequence (Ep)nen of pairwise disjoint sets in 3,

1(Upew En) = D1 (En).

In this case, the triple (X, %, p) is called a measure space. When
the measure p is understood from the context, we denote by Lf the
collection {E € ¥ : 0 < u(E) < oo}. i.e., the sets of positive finite

measure.

Definition 1.3.5. Let (X, X, u) be a measure space. Then N C X is
called negligible if there is a set E € 3 such that N C E and u(E) = 0.
A set A C X is called conegligible if the complement X \ A is negligible.

If (X, X, 1) is a measure space and P(z) is a statement concerning
elements z of a subset A C X, we say that P(x) holds almost every-
where on A if P(x) is true for all z € A except possibly on a negligible
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subset of A. In particular, if A = X, we simply say that P(x) holds
almost everywhere, often abbreviated as “P(x) a.e.”. The set of real-

valued measurable functions that vanish almost everywhere on X, i.e
{f € Z": f(z) =0a.e.} is denoted by N (X, X, i) or simply N.

Proposition 1.3.6. Let (X,X, ) be a measurable space, N is a o-

order-complete Riesz order ideal of £°.

For a measure space (X, 3, i), the quotient space .Z°/N = {f’ :
f € 2%} is denoted by L°(X, %, p1), or simply LY. Clearly, f* < ¢° in
LY if and only if f(z) < g(z) a.e.

Theorem 1.3.7 (23], 241G(a), p. 137). LY is an Archimedean, o-

Dedekind complete Riesz space.

Proof. That LY is a o-Dedekind complete Riesz space follows by The-
orems 1.3.6, 1.3.3, and 1.2.22. That it is Archimedean follows by
Lemma 1.2.12. O

Definition 1.3.8. Let (X, X, u) be a measure space and let E C Y. A
set H € ¥ is called an essential supremum of £ if:
(i) E'\ H is negligible for every E € &; and

(ii) whenever G € ¥ such that E\ G is negligible for every E € &, it
follows that H \ G is negligible.

Definition 1.3.9. A measure space (X, %, ) is said to be:
(i) complete if every negligible subset of X is measurable;
(i) totally finite if p(X) < oo;

(iii) o-finite if there exists a sequence (Ep)nen in ©F that covers X,
that is X = U, cn En;

(iv) semi-finite if for every E € X with u(E) > 0 there erists an
F € ©f such that F C E;

(v) localisable if it is semi-finite and every subcollection of ¥ has an

essential supremum.
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The following theorem provides two conditions under which LY is

Dedekind complete and order separable, respectively.
Theorem 1.3.10 ([23], Theorem 241G(b), Exercise 241Y(d), p. 140).
Let (X, %, p) be a semi-finite measure space. Then,
(i) £° is Dedekind complete if and only if (X,%, u) is localisable;
(i) L is order separable if and only if (X,%, ) is o-finite.

Corollary 1.3.11. Let (X,%, u) be a semi-finite measure space.
Then, LY is Dedekind complete if and only if (X, %, p) is localisable.
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1.4 Integrability

In this section, we briefly discuss integrable functions. For a detailed

exposition of this topic, see [18, 24].

Definition 1.4.1. Let (X, %, u) be a measure space. An element f €
£ is said to be integrable if [ |f|dp < oc.

Remark 1.4.2. Let p > 1 be a real number. Denote by £P the set of
measurable p-power integrable real functions; that is, LP is the set

of f € £ such that [ |f|Pdp < oo.

Define the following function on £P for 1 < p < co:

bt L7 —[0,00)  f— (/If!pdu>p-

Then p, is non-negative and py(f) = 0 if and only if f € N.
Moreover, if f € £P and a € R, then (pp(af))P = |a? [ |fIPdu, so

that pp(af) = |alpp(f). Finally, for any f,g € £,

ns+9) = [1r+glaus [171+1aldi = () + (o)

Theorem 1.4.3 (Cauchy-Minkowski Inequality). Let 1 < p < oo and
[,g€ZP. Then f+ge€ ZLP and pp(f + g) < pp(f) + pp(g)-

If p > 1 is a real number, then there exists a ¢ = ~—2—~ > 1 such

(r—1)
that % + % = 1. The numbers p and q are called conjugate exponents.

Theorem 1.4.4 (Hélder’s Inequality). Let 1 < p,q < oo be conjugate
exponents. If f € £P and g € L9, then fg is integrable and p1(fg) <

Pp(f)/)q(g)-

Theorem 1.4.5. Let (X, X, u) be a measure space and let 1 < p < oo.
Then P is a Riesz order ideal of £° containing N .

As the space 20 is o-Dedekind complete, it follows from Theorem
1.4.5 and Proposition 1.2.14 that ZP is also o-Dedekind complete.
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Following remark 1.2.15, we consider the quotient space ZP/N :=
{f*: [ € £P} denoted by LP(X,%, u) or simply LP, where f* :={g €
ZLP . f—g e N} We define a relation < on LP by setting f* < ¢°
whenever there exist hi, hs € N such that f + hy < g+ ho in £P.

Theorem 1.4.6. Let (X, %, u) be a measure space and 1 < p < oo,

then LP is a o-Dedekind-complete Riesz space.

Proof. From Theorem 1.4.5, #? is a Riesz order ideal in #° that
contains N. By Theorem 1.3.6, N is a Riesz order ideal in .Z°, so
it follows by Theorem 1.2.22 (ii) that L” is a Riesz order ideal in
L°. Finally, by Theorem 1.3.7 together with Proposition 1.2.14, we
conclude that LP is a o-Dedekind-complete. O

In fact more can be said for the space LP.

Theorem 1.4.7 ([23], 244L & 244Y (b), p. 167 & p. 170). Let (X, %, u)
be a measure space and 1 < p < co. Then LP is order-separable and

Dedekind complete.

Definition 1.4.8. Let ¥ be a vector space over the scalar field C. A
functionp: ¥ — [0,00) is called a seminorm on ¥V if, for all x,y € ¥
and a € R,

(i) p(z+y) < plx) +p(y);
(i) plax) = lalp(z).
A norm is a seminorm satisfying p(x) = 0 implies that x = 0.
From Remark 1.4.2 and Theorem 1.4.3, the map p, is a seminorm

on ZP. The following theorem shows that p, defines a norm on L”

for 1 <p < 0.

Theorem 1.4.9 ([23], Theorem 244F, p. 162). Let (X,%,u) be a
measure space and let 1 < p < oo. Then the seminorm p, induces a

norm ||-||,, on the quotient space LP, defined by | f*[|, = pp(f), for all
fexr.
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Theorem 1.4.10 ([23], Theorem 244G, p. 163). (L?,[|-[|,) is a Banach

space.

1.5 The Space L of Essentially Bounded Functions

In the previous section, we discussed the spaces LP of integrable func-
tions for 1 < p < oco. In this section, we consider the case when

p = 0.

Definition 1.5.1. Let (X, %, u) be a measure space. A measurable
function f : X — R is said to be essentially bounded if there exists
M > 0 such that u(x € X :|f(z)| > M) = 0. Equivalently |f| < M
a.e. The set of all such functions is denoted by L>°(X, %, u), or simply
L.

Proposition 1.5.2. Let (X, X, u) be a measure space. If f,g € L
and c € R, then f+ g,cf and fg are elements of £°.

Proof. Let f,g € £*°. Then there exist M1, My € R such that
|f(x)| < M; and |g(z)| < M; a.e. Hence,

[f(2) +g(@)] < [f(@)| +|g(2)| < My + Mz ae.

Also,
lef(x)] = [el[f(z)] < [e[My ae.

Concluding that f 4+ g € £ and ¢f € £*°. Finally, |f(x)g(x)| <
|f(x)]lg(x)| < MiM; a.e, which shows fg € £. O

Proposition 1.5.3. The space £ is a Riesz order ideal in £°.
Moreover, £ is o-Dedekind-complete and, if (X, %, u) is localisable,
then £°° is Dedekind complete.

Proof. From Proposition 1.5.2, £ is a vector subspace of .Z°. It is

easy to see that .#* is a Riesz order ideal in .#° containing N. For
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o-order completeness (respectively, Dedekind completeness), the re-
sult follows by Proposition 1.2.14 (i) and Theorem 1.3.3 (respectively,
Theorem 1.3.10 (i)). O

For every f € £, the essential supremum of f is defined as the
infimum of the set {M € R: |f(x)| < M a.e.}. We now define

Poo i L — [0,00) : f — esssup|f].
Proposition 1.5.4 ([23], Proposition 243D, p. 153). Let f,g € £
then
(i) If f(x) = g(x) a.e, then esssup|f| = esssup |g|;
(ii) |f] < esssup|f]| a.e;
(iii) esssup|[fg| < (esssup|f|)(esssup|g|);
(iv) esssup|f + g| < esssup|f| + esssup]g|.

Proposition 1.5.5. Let (X, %, ) be a measure space. Then:

(i) poo s a seminorm on L satisfying poo(f9) < poo(f)poc(g) for
all f,g e L.

(ii) The seminorm po, induces a norm on the quotient space LN

given by || f*|lo = poo(f)-

Proof. (i) Clearly poo satisfies poo (f+9) < poo(f)+po0(9) and peo(fg) <
Poo(f)poo(g) by Proposition 1.5.4 (iii) and (iv). Next let a € R. For
a = 0, the result is immediate. Suppose a # 0. Then,

poc(af) =ess suplaf| = inf{M € R: |af(x)| < M a.e}
=inf{M € R : |a||f(z)| < M a.e}

:inf{MeR:\f(:c)] < ’Aj‘ a.e}

= |a|inf{|]\j| eR:|f(x)| < f\(j a.e}
= lalpoo(f)
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(ii) We start by showing that |[-||., is well-defined. Assume that
f* = ¢*. Then |f(z)| = |g(x)| a.e, and by proposition 1.5.4 (i), it
follows that peo(f) = pac(g), or equivalently ||f*|l o = [|9°]|.- Now if
| f*]lo = 0, then ess sup|f| = 0, i.e [f(z)] = 0 a.e, thus f € N. The

other properties of a norm follow because pso is a seminorm. ]
Let L* be the space £ /N.
Theorem 1.5.6. The space L™ is a Riesz space.

Proof. By Proposition 1.5.3, we know that £ is a Riesz order ideal
in .#° and that it contains N. Therefore, by Theorem 1.2.23 (ii), L™
is a Riesz order ideal in L°. Hence, by Theorem 1.2.13, L™ is a Riesz

space. [

Theorem 1.5.7 ([23], Theorem 243E, p. 154). The space (L*°, ||-|| )

1s a Banach space.

Theorem 1.5.8. The space L* is Dedekind o-complete. Moreover,
if (X, %, p) is localisable, then L™ is Dedekind complete.

Proof. By Theorem 1.5.6, L™ is a Riesz order ideal in L°. Moreover,
Theorem 1.3.7 shows that L° is o-Dedekind complete. Hence, by The-
orem 1.2.14, it follows that L is also o-Dedekind complete. Finally,
if (X, 3, p) is localisable, then L* is Dedekind complete by Corollary
1.3.11 together with Theorem 1.2.14. O

Theorem 1.5.9 ([45], Proposition 3.3.9). The space L™ is order sep-
arable if and only if (X, %, p) is o-finite.

Proof. Suppose first that L™ is order separable, and define .# :=
{FFe€¥:0< u(F) < oo}. The net {x% : F € F#} is increasing
with supremum x%. By order separability, there exists a countable
family {F; : i € N} such that ey X3 = x%- Let F = U2, Fi.
Then x3. < x% for every i € N, and hence (X \ F') = 0. Therefore,
(X, %, ) is o-finite.
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Conversely, if (X, %, i) is o-finite, then L° is order separable by
Theorem 1.3.10 (ii), and L is a Riesz order ideal in LY. By Theorem
1.2.14 (ii), it follows that L is order separable. O

1.6 The Embedding of L*> into #(LP) for 1 <p < oc.

Proposition 1.6.1. Let g € L and f € ZLP with (1 < p < o0).
Then fg € Z7 and pp(fg) < poo(9)pp(f)-

Proof. If p = oo and f,g € £°°, the result follows by Proposition
1.5.4 (iii). For 1 < p < oo, since [g(x)| < po(g) a.e., we have

ool fo)P = / Pl d < pocl)” / 1P i = pocl9) po( 1) < 0.
OJ

A linear operator is a mapping T : ¥ — ¢ between two vector
spaces ¥ and ¢ over the same field R satisfying T'(av; + fv2) =
aT (v1) + BT (ve) for all vy,vy € ¥. If ¥ and # are normed spaces
with norms ||-|,, and |||, respectively, then T" is called a bounded
linear operator if there exists C' > 0 such that ||T'(v)|ly, < C v,
for all v € ¥. The set of bounded linear operators from ¥ into ¥ is
denoted by Z(¥,%); when ¥ = ¢ we simply write (7). For any
T € B(V,9), the operator norm of T is given by

|T|| :==inf{C > 0: ||T(v)||y < C|v|, for every v e ¥}.

For two linear operators S,T : ¥ — ¢ and a scalar a € R, we
define operators S +7 : % — 4 and ol : ¥ — ¥4 by (S+T)(v) :=
S(v) +T(v) and (aT)(v) := a(T(v)) for all v € ¥.

Lemma 1.6.2. For any g € £* and 1 < p < oo the mapping MY :
LP — LP : f* — (fg)® is a bounded linear operator with HM}IDHP <

19°ll o -
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Proof. Let 1 < p < oo, fi1, f2 € ZP, and o, 8 € R. To see that M}
is well defined, note that if f§ = f3, then (fig)(x) = (f29)(x) almost

everywhere. Next, M} is linear since

(afi +Bf2)9)*
(a(fig) + B(f29))°
a(f19)* + B(f29)°

= aMg(fT) + BMZ(f3).

M7 ((af1 + Bf2)°) = (
(

Finally, for any f € 27, [Mg(f*)l, = (f9)*l, = pp(fg) <
Poo(9)pp(f). Thus Mg is bounded, and || Mg, < poc(9) = [19°]lo- O

The following theorem shows that L> can be embedded in Z(LP).

Theorem 1.6.3 ([45], Theorem 3.4.3). For any 1 < p < oo, the map
T, : L™ — B(LP) : ¢* — M} is a bounded linear operator. If p = oo,

then T, is an isometry. When p # oo, the following are equivalent:
(i) (X,X, pn) is semi-finite;

(ii) T} is an isometry;

(iii) T}, is injective.

Definition 1.6.4. A linear functional is a linear operator X : ¥ — R.

A family of linear functionals F is said to be separating if, for every
x € ¥ with x # 0, there exists some { € F such that {(x) # 0.

Remark 1.6.5. The integral defines a linear functional I on L' by
I(f*) = [ f du. Clearly, I is well-defined and satisfies:

(i) I(f*) >0 for all f* > 0°;

(i) If f* > 0° and I(f*) =0, then f* = 0%

(iii) I is bounded with |I|| < 1, and ||I|| = 1 whenever there exists
F € X with 0 < u(F) < oo. Indeed, if we take k := %, then
(k)] =1 = [[Kll;-
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Let g € £ and f* € L'. Define

(1o M) = 104(4*) = 1((F9)") = [ fod
Theorem 1.6.6. Fvery g € £ induces a bounded linear functional
IoM} on LY with ||[To M|, < llg°]l-

Proof. By remark 1.6.5, we have ||I]|; < 1. By Lemma 1.6.2, ]\/.I'g1 €
P(L') and HM; H < 1|9°*||o- Therefore the composition IoM; satisfies

170 My|| < ]| [|Mg]| <1-119°lo = 19"l oo -

O]

We end this section with the following theorem, which shows how
L™ is viewed as a subspace of the space of linear functionals on L',

denoted by (L')*.

Theorem 1.6.7 ([23], Theorem 243G, p. 155). The mapping T} :

L® — (LY :g*—To Mg1 s a bounded linear operator. Moreover:
(i) Ty is an isometry if and only if (X, X, 1) is semi-finite;

(ii) Ty is a surjective isomorphism if and only if (X, %, p) is localis-
able.

1.7 A note on nets

Recall that a net is a generalization of a sequence. In this section,
we give a brief overview of nets. For further details, the reader can
consult [40].

Definition 1.7.1. Let T' be a directed set and I'o C I'. Then Iy is
cofinal in U if, for every v € ', there exists vo € I'g such that v < vg.
A mapping g : Q — T between two directed sets is called final if its
range g(2) is cofinal in T.
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Definition 1.7.2. Let f : ' — X be a net in X. IfQ is a directed set
and g : Q@ — I is a final function such that g(v1) < g(v2) whenever
Y1 < 9 in Q, then the composite function fog: Q — T is called a
subnet of f. The subnet of (xa)acr is denoted by (-, )acq-

For a net (z+)yer, the set Er(yo) := {xy : v > 70} is said to be a
residual of (z)~er. Let A C X. A net (x,)ycr is said to be eventually
in A if there exists 7o € I" such that Er(yy) € A. On the other hand,
it is said to be cofinal in A if for every v € I' there exists vy > v with
Ty, € A.

If X is a poset, a net is called increasing (respectively, decreasing)
if z,, < xg(respectively, xg < ) for every v < 5. It is said to be

diverse if, whenever v # (3, the elements x., and x5 are incomparable.

Although this thesis primarily works with nets, it is well known
that there is a one to one correspondence between nets and filters. In
what follows, we review only the essential aspects. We begin by recall-
ing the definition of a filter, but rather than considering an arbitrary
lattice, we restrict our attention to the complete lattice P(X) ordered

by inclusion.

Definition 1.7.3. A filter F on a set X is a non-empty collection of
subsets of a set X such that:

(i) 0 ¢ F;

(i) if A€ F and AC B C X, then B € F;

(iii) if A,B € F, then ANB € F.
Definition 1.7.4. If a filter F on a set X is mazximal with respect to
inclusion among collections satisfying (1)—(iil), that is, if there is no

proper extension of F that is also a filter, then F is called a mazimal

filter. Such a maximal filter is also referred to as an ultrafilter.

Theorem 1.7.5. Let H be a collection of subsets of X satisfying the fi-

nite intersection property, i.e., for all finitely many elements F, ..., Fy,
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of H, ﬂleFi # (). Then there exists a mazximal filter F on X such
that H C F.

Proof. Consider
o/ :={H C G :G is a collection of sets with the f.i.p}.

We partial order o7 by set inclusion. Clearly, <7 is partially ordered
and every totally ordered subset has a supremum. By Zorn’s lemma,
there exists a maximal element F € /. We now show that F is a filter.
First, ) ¢ F by the finite intersection property. Next, if A, B € F,
then FU{AN B} € & also has the finite intersection property, hence
maximality of F forces AN B € F. Finally, if A € F and A C B, then
F U {B} has the finite intersection property, so again by maximality
B € F. Therefore, F is a maximal filter on X containing H. O

Recall that a filter F on X is said to be a prime filter if, whenever
A, B C X with AUB € F, it follows that A € F or B € F. The next

theorem collects several important properties of maximal filters.

Theorem 1.7.6 ([19], Theorem 10.14, p. 234). Let F be a filter on

X. Then the following are equivalent:
(i) F is a mazimal filter;
(ii) F is a prime filter;

)
)

(iii) for every A C X, either Ac F or X \ A e F;

(iv) for each BC X, if ANB # 0 for all A € F, then B € F;
)

given pairwise disjoint sets Ay, As, ..., Ay with AU As U -+ U

(v

A, = X, there exists a unique j such that A; € F.
Theorem 1.7.7. Let (z)yer be a net in a set X, and let &7 be a
family of subsets of X satisfying:
(i) the net (x4)yer is cofinal in every A € o ;

(ii) for every Ai, Ag € of there exists A € o such that A C A1 N As.
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Then there exists a subnet of (z~)yer which is eventually in A for

every A € of .

Proof. First note that < is a filtered set when ordered by inclusion.
Define Q := {(y,A4) : vy eI, Ae &, z, € A}. Order Q by setting
(71, 41) = (72, A2) whenever 73 < 9 and Ay C Aj. To see that
is directed, let (y1, A1), (72, A2) € Q. By assumption (ii), there exist
A € of with A C A1 N As. Moreover, there is vy € I with v <~y and
v¥2 < 0. Since (z)yer is cofinal in A, there exists § € I' satisfying
Y0 < B and x5 € A. Then (8, 4) € Q, and we have (71, 41) < (3, A)
and (2, A2) < (B, A). Define g : @ = T': g(v, A) — . Clearly, g(0)
is cofinal in T, 50 (24(y,4))(y,4)cq is the required subnet. Indeed, let
A € o and vy € I such that z,, € A. If (70, 4) < (5, B) we have
that B C A and vy < . Then, zg € B C A, i.e 743 p) € A for every
(10,4) = (8, B). =

Theorem 1.7.8. For a net (x)~er in a poset P, there exists a family
F of subsets of P satisfying

(i) (xy)yer is cofinal in every C € F;
(ii) of C1,Cy € F, then C1NCy € F;
(iii) for every A C P, either A€ F or P\ A€ F.

Proof. Let F/ = {A C P : Ep(y) C Aforsome~yy € I'}. It is
clear that F’ satisfies the finite intersection property, and hence, by
Theorem 1.7.5, it can be extended to a maximal filter F. For every
C € F and every 79 € I', we have C' N Ep(v9) # (). Hence there exists
v > 7o with ., € C. This shows that F satisfies (i). Finally, note that
(ii) follows by the definition of a filter, and (iii) follows by Theorem
1.7.6 (ii). O

Definition 1.7.9. A net (z)yer in a poset P is said to be universal
if, for every A C P, it is eventually in A or in P\ A.

Theorem 1.7.10 ([34], p. 81). Every net has a universal subnet.
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Proof. The proof follows from Theorems 1.7.8 and 1.7.7 O

Recall the well known result in analysis, the monotone subsequence
theorem, which states that every sequence in R has a monotone subse-
quence. The next result is an analogue of the monotone subsequence

theorem for nets.

Proposition 1.7.11 ([30], Theorem 1). Every universal net in a par-

tially ordered set P has a monotone or diverse subnet.

2 Different modes of order convergence

2.1 Order Convergence

Recall that for a net (z),er, the residual {z, : v > v} is denoted by
Er(70)-

Definition 2.1.1. A net (x)~er in a poset P is said to Oq-converge
to = if there exist an increasing net (yy)yer and a decreasing net
(2y)yer in P such that eventually yy < zy < 2y, and \ cpyy =

. . . (6]
x = /\wel“ zy. This will be written as x —> .

Definition 2.1.2. A net ()~er in a poset P is said to Oz-converge
to = if there exist a directed subset M C P, and a filtered subset
N C P, such that sup M = inf N = z, and for every (m,n) € M x N
there exists vo € I' such that Er(vy) C [m,n]. This will be written as
Ty O,

Definition 2.1.3. A net (x)~er in a poset P is said to Os-converge
to x if there exist two subsets M, N C P such that sup M = inf N = z,
and for every (m,n) € M x N there exists yo € I' with Er(yo) C [m,n].

This will be written as x, &):c

It is clear that for a net (z),cr in a poset P,

O O O
Ty =D T = Ty —2T = Ty —>T (x € P).
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IThe convergences defined above are not necessarily equivalent.
The following examples illustrate this fact. For another example show-

ing that Og-convergence does not imply O;-convergence see [36].

Example 10 (Og-convergence does not imply Oj-convergence on
Boolean algebras). Let X be an uncountable set and let o7 be the al-
gebra of all finite and cofinite subsets of X (ordered by inclusion). Let
(Zn)nen be a sequence of distinct elements of X and set A, := {x,}.
Then the sequence (Ap)nen Oz-converges to () in of , since the filtered
family of all cofinite subsets of X has infimum (). However, it is not
O1-convergent, because any O1-convergent sequence in of is eventually

constant.

The following example, credited to D. Fremlin [43, Ex. 2, pg. 140],
shows that the notions of O1- and Os-convergence differ, even in Riesz

spaces.

Example 11 (Oz-convergence does not imply Oj-convergence). Let
X be an uncountable discrete space and Xo := X U{oo} the one-point
compactification of X. Let (xyn)nen be an arbitrary sequence in Xy
with all terms distinct. Then the corresponding sequence of character-
istic functions fn 1= X{a,) lies in the Banach lattice C(Xo,R). The

sequence (fn)nen is Og-convergent to 0, but is not O1-convergent.

Example 12 (Os-convergence does not imply Og-convergence). Let
A :={an:n € N} and B := {b, : n € N} be two countable sets such
that AN B =&, and let P := AU BU{0,1} equipped with the partial
order defined by:

0<zx<1(VxeP) and r<y & T=ap, y=Dby (In<m),

for all z,y € AUB. Note that any infinite directed (or filtered) subsets
of P must contain 1 (resp. 0). On the other hand, sup A = 1. Thus,

the sequence (by)nen is Osz-convergent to 1 but not Oy-convergent.

IFor every i € {1,2,3}, when sequences are considered instead of nets, we refer to this
as sequential O;-convergence.
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Proposition 2.1.4. Let (x),cr be a net in a poset P andi € {1,2,3}.
For any x,z € P:

(i) If () er is increasing with supremum x, then x. ReiN
(ii) If:n7&>x and xy < z for all v € T', then x < z.

(iii) Ewvery O;-convergent net is eventually order bounded.

Proof. (i) It suffices to prove the result for ¢ = 1. If (2, ) er is increas-
ing with supremum z, in the definition of O;-convergence, let y, = x,

and z, = x for every v € I'.

(ii) Since Op-convergence implies Oz-convergence, which in turn
implies O3-convergence, it suffices to prove the claim for ¢ = 3. Assume
:Bv%x. Then there exist M, N C P with supM = x = inf N,
and for every (m,n) € M x N there is some y(m,n) € I' such that
Er(y(m,n)) C [m,n]. If x, < z for every v € I, it follows that m < z

for every m € M. Since sup M = z, it follows that = < z.

(iii) As in (ii), it suffices to prove the claim for i = 3. Recall that
a net (z)yer is eventually order bounded if there exists a,b € P and
70 € T such that Er(y) C [a,b]. Now suppose ., 95, 4. Then
there exist subsets M, N C P with sup M = z = inf N, and for every
(m,n) € M x N there is some y(m,n) € I' such that Ep(y(m,n)) C
[m,n]. Thus, choosing any m € M and n € N we get that the net is

eventually contained in [m, n], hence eventually order bounded. [

Lemma 2.1.5. Fori € {1,2,3}, every O;-converging net (z~)er has
a unique O;-limit. Moreover, every subnet of an O;-convergent net

(y)yer also O;-converges to the same limit.

Proof. To show uniqueness of the limit, it suffices to prove the as-
sertion for Os-convergence, since O1- and Os-convergence imply Os-
convergence. Suppose (Z~)yer Oz-converges to both z and y. Then
there exist subsets M, M,, N, and N, satisfying the definition of O3-

convergence. For any m € M, and n € N, we have that m < n and
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so z < y. By symmetry, one can show that y < z, and thus = = y.

This proves uniqueness of the limit.

To show the second part of the lemma, we shall prove it separately

for for O1-, Oz- and Ogz-convergence, respectively.

If (2)yer O1-converges to x, there exist an increasing net (i) er
and a decreasing net (z,)yer such that eventually y, < z, < z,, and
V,er ¥y = = A\,cr 2y For any subnet (2, )werv, the net (y-, )wer
is increasing, (2, )werv is decreasing, \/ cr ¥y, = T = Ayer 2y, and
eventually y,,, <z, < 2,,, which shows that the subnet O;-converges

to x.

If (2)yer Oz-converges to z, there exists a directed set M and a
filtered set NV such that \/ M = x = A\ N, and for every (m,n) € M x
N the net (2 )~er is in [m, n]. For any subnet (z,, )wer, the cofinality
of I in T ensures that for each (m,n) € M x N there exists wy € T’
with 7, > 7v(m,n). Consequently, Er(wp) C Er(y(m,n)) C [m,n],

which shows that the subnet Os-converges to x.

The proof for Os-convergence is similar to the the one of Os-

convergence. Il

In example 12, we showed that in a poset, Osz-convergence does not
necessarily imply Os-convergence. However, if one considers a lattice

instead of a poset, then Os- and Ojs-convergence coincide.

Theorem 2.1.6. If L is a lattice, then Os-convergence and

Os-convergence are equivalent.

Proof. 1t suffices to show that Os-convergence implies O2-convergence.
Assume that (z)yer Os-converges to x. Then there exist subsets
M,N C L such that supM = z = inf N, and for every m € M
and n € N there exists y(m,n) € I with Er(y(m,n)) C [m,n]. De-
fine M' .= {\/A: A C Mand|A|l < w}and N := {AB: B C
N and |B| < w}. Since L is a lattice, M’ is directed and N’ is filtered
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and, sup M’ = x = inf N’. Moreover, the net (z.)yer is eventually
in the interval [a/,b'] for any ' € M’ and b’ € N'. Thus (z,)yer

Oy-converges to z. O

Matthews and Anderson further showed that O;-convergence and
Oy -convergence coincide when the poset P is monotone order separa-
ble. The following argument provides a simplification of their proof
from [36, Theorem 1].

Theorem 2.1.7 ([2], Theorem 4). If P is a monotone order separable

poset, Oq-convergence implies O1-convergence.

Proof. Suppose (z~)yer Og-converges to € P. Then there exist
a directed subset M C P and a filtered subset N C P such that
sup M = inf N = z, and for every (m,n) € M x N there exists v(m, n)
with m < z, < n for all v > y(m,n). Since P is monotone order
separable, there exists an increasing sequence (m;);eny in M, and a
decreasing sequence (n;);en in N, such that sup;cy m; = infjenn; = .
Define 1 := v(mq,n1). For i > 2 define inductively ~; by choosing
an arbitrary 7; € T satisfying v; > ~;—1 and ~; > ~(m;,n;). Let
To:={y:vy#m}tandfori>1letT;:={y:v >~ and v # vit1}.
If T\ U2y T # 0, then (x4),er must be eventually constant equal to
x, and therefore the assertion follows. Suppose that {I'; : i > 0} is a
partition of I" and {y : v > v} = Up>,; k- Put mg and ng equal to
any element of P and define the nets (_my)vep and (ny),er by setting
m, = m; and ny = n; if ¥ € I';. Then, (my),>4, is increasing with
supremum z, (1 )y>~, is decreasing with infimum z and m, < z, < n,

for every v > 71, i.e., eventually, m, < z, <n,. O

For two nets (2+)yer and (yu)weq, and for o € {V, A}, we define
the net (7 © Yuw)(ywjerxo where I' x Q is endowed with the product
order, that is, (71, w1) < (72, ws) if and only if v < 749 and w1 < ws.

Proposition 2.1.8. Let L be an infinitely distributive lattice, let i €
{1,2}, and let o € {V,A}. If (xy)yer Qi and (Y )wen &>y, then
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the net

(*TW < yw)('y,w)eFxQ

O;-converges to x ¢ y.

Proof. We prove the result for ¢ = 2 and V. The cases i = 1 and A
follow similarly. There exist directed subsets M., M, and filtered sub-
sets Nz, Ny, such that for (mg,n,) € My x Ny, and (my,ny) € M, x
Ny, one can find y(mg,ng), w(my,ny) satisfying Ep(y(mg,ng)) C
Mz, ng) and Eq(w(my,ny)) € [my,ny]. Define M := M, Vv M, =
{mgyVmy :mg € My, my € My} and N := N, VN, ={nzVny:n, €
Ngz,ny € Ny}. Then M is directed, N is filtered, and \/ M =z V y,
and A\ N = zVy, where the last equality follows from infinite distribu-
tivity. Finally, for m,Vn, € M and n,Vn, € N, it is easy to see that

Ty V Yo € [Mg V My, Ny V 1yl for (v,w) > (v(ma, nz), w(my,ny)). O

It is worth noting that in Proposition 2.1.8, infinite distributivity is
essential; the conclusion might not hold under the weaker assumption

of distributivity.

Example 13. Let L be the complete lattice 2% and i € {1,2}. When
endowed with set inclusion, L forms a bounded distributive lattice.
Forn € N let X, := [27",00) and X := [0,00). Then (Xp)nen is
increasing and \/L X, = X. In particular, X, &>X. On the other
hand, let B := (—00,0]. Then (X,, A B)pen does not O;-converge to
X A B. Indeed, X, N B =10 for every n € N, however, X AN B ={0}.

Let (2)yer be a net in a partially ordered set P. Define:

lim SI}1p Ty = /\ \/ x and hglelrnf Ty = \/ /\ Ty
€ vEL v/ >y vET />y

as the limit superior and limit inferior, respectively, of (z)yer

provided that the corresponding infima and suprema exist in P.
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Proposition 2.1.9. Let P be a Dedekind complete poset. A mnet
(2y)yer in P, O1-converges to x if and only if there exists yo € T’

such that limsup, > xy = liminfy >, z, =z in P.

Proof. Assume that for a net (z)er, eventually liminfz, = = =
limsup z,. Then there exists 7o € I satisfying \/ >, Ags, 25 =2 =
N5 Vs zs- Take yy == Ngs wg and 2y := Vg, xp for every
v > . Clearly, (yy)y>~, is increasing with supremum x and (zy)y>~,

is decreasing with infimum x. Furthermore, it is clear that for every

Y = 0,

Yy STy S 2y
concluding that (z.),er Oi-converges to .

Conversely, we prove that if (2),er O1-converges to x in P, even-
tually limsupz, = x. If (z,)yer O1-converges to x in P, there exist
an increasing net (y,)~er, a decreasing net (z,)yer and 79 € I' such
that y, < z, < 2 for every v > 7o and, sup,y, = x = inf, z,.
Therefore for every v > 7o, a, := \/527 xg exists in P by Dedekind
completion. Clearly (a) >, is decreasing and every a. is an upper
bound of (y,)yer. Indeed let v € T, choose € I' with v < § and
Y0 < B, then

y’ygyﬁsa,ﬁ-

This implies that eventually x < limsup z, because x < a, for
every v > 7. Finally if 2’ < limsup, >, =, we have that 2’ <
for every v > v9. For any v € I' choose § € I' such that 8 >
and > 7. Then, 2/ < ag < zg < z, concluding that 2/ < z,
i.e. eventually limsupz, = x. That eventually liminf z, = z follows

similarly. O

Proposition 2.1.10. Let P be a Dedekind complete poset. If a net
(y)yer Os-converges to x then it also O1-converges to x. Thus, the

three motions of order convergence coincide.
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Proof. Let (zy)yer be a net Osz-converging to x. Then there exist
subsets M, N C P with sup M = inf N = z, and for every (m,n) €
M x N there exists y(m,n) € I' with Ep(y(m,n)) C [m,n|. Fix
(mo,ng) € M x N. By Dedekind completeness of P, both a, :=
infg>, x5 and by := supg>., g exist in P for every v > v(mo, no).
For any (m,n) € M x N, choose 79 € T satisfying 7o > ~v(mo, no)
and 79 > y(m,n). Then m < ag < bg < n for § > ~y. Hence,
Tz < liminﬂyzv(mmm)m7 < hmsquZw(mo,no) xz, < x, and the result

follows by Proposition 2.1.9. O

In light of Proposition 2.1.10, when working with order convergence
on Dedekind complete posets, we write O-convergence instead of O;-
convergence. In examples 10 and 11, we saw that Oy-convergence and
O1-convergence are not equivalent. The next result shows, however,
that every Og-convergent net has a subnet O;-converging to the same
limit.
Theorem 2.1.11 ([3], Corollary 2.5 (ii)). Let (2)yer be a net in a

poset P that Og-converges to x. Then there exists a subnet of (x~)~er

that O1-converges to x.

Proof. Assume that (x)yer is a net in P that Os-converges to x.
Then there exist a directed set M C P and a filtered set N C P such
that sup M = inf N = z, and for every (m,n) € M x N there exists
v(m,n) € T with Ep(y(m,n)) C [m,n]. Define Q := {(m,n) : m €
M and n € N}. For (my,n1), (ma,n2) € Q, set (my1,n1) <q (ma,n2)
if m; < mg and ny < ny. Then (2, <q) is directed. Now define

A:={((m,n),y) €A xT :v(m,n) <~}

with order given by ((mi1,n1),71) < ((m2,n2),v2) if (m1,n1) <q
(mg,ng) and v1 <p 72.

We first check that A is directed. Indeed, for every ((mi,ni),
7), ((m2,n2),v2) € A, there exists (ms,ng) € Q such that (mqy,nq),
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(ma,n2) <q (ms,n3). Since I' is directed, there exists 3 € I' with
1,72, Y(ms3,n3) <r 3. Then, ((ms,n3),~3) is the required element
in A. Define the order-preserving map ¢ : A — I" by ¢((m,n),vy) = 7.
Then the net (z,(4))aca is a subnet of (z,),er. Finally, for each

a = ((m,n),7) € A set my,) =m and n =n. Then (My(q))aca

e(a)
is increasing with supremum z, (ny(q))aca is decreasing with infimum

x, and for all a € A,

Mep(a) < Tpa) < Np(a)-
Thus, (Zy(a))aca O1-converges to z. O

Recall that for a subset A C P, we define the set AT = {z €
P :a < zforeverya € A} and dually, A= = {x € P : 2z <

a for every a € A}. For a net (x,)yer, set

Pr = U [Er(y)]” and Qr = U [Er ()]
vel’ vyel
Lemma 2.1.12 ([51], Remark 1). Let () er be a net in a poset P,
andlet M, N C P. Then M C Pr and N C Qr if and only if, for every
m € M and n € N, there exists yo € I' such that Er(vo) C [m,n].

Proof. Assume that for every (m,n) € M x N there exists 79 € T’
such that Er(y) C [m,n]. Then clearly m € [Ep(y)]” € Pr and
n € [Er(y)]" € Qr. Hence, M C Pr and N C Qr.

Conversely, suppose M C Pr and N C Qr. Then for each m € M
and n € N, there exists 71,72 € I' such that m € [Er(y1)]” and
n € [Er(y2)]T. Choose, v € T with 99 < 7 and 5 < 7. Then,
Er(y) C [m,n], as required. O

The following proposition was partially established in [51, Theorem
1]. An equivalent formulation in terms of I-cuts was later given in [2,

Proposition 2].
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Proposition 2.1.13 ([3, 51]). Let (z~) er be a net in a poset P, and
let © € P. Then the following are equivalent:

(i) z Os, x;
(ii) sup Pr = = = inf Qr;
(i) Myer Er(v)™™ = (+=, 2] and Nyep Er(7) ™" = [z, ).

Proof. (i) = (ii) Assume that z, 93, . Let M,N C P satisfy sup M =
inf N = x and, for every (m,n) € M x N, there exists v(m,n) such
that Er(y(m,n)) C [m,n|. By Lemma 2.1.12, M C Pr and N C Qr,
so it suffices to show that x is an upper-bound of Pr and x is an

lower-bound of Qr.

Fix a € Pr and b € N. Choose y(a),v(b) € I" such that a < z,
for all v(a) < v and x, < b for all v(b) < 7. Let 79 € I' satisfy
v(a),v(b) < 4. Then Er(yy) C [a,b]. It then follows that a < z. A

similar argument shows that inf Qr = x.

(ii) = (iii) Assume that sup Pr = z = inf Qr. Since Er(y)" C Qr,
by Proposition 1.1.18 it follows that (+—, 2] C Ep(y)*~ forevery v € T.
For the reverse inclusion, let z € [, cp Er(y)*~. Then z < a for every
a € Er(y)" and v € T'. Hence, z € (+,z]. The other equality follows

by a symmetric argument.

(iii) = (i) Take M := Pr and N := Qr in the definition of Ogz-
convergence. If (. Er(y)"~ = (¢« 2] and (), cp Er(7)™F = [z, )
then it follows immediately that supM = x = inf N. The result
therefore follows by Lemma 2.1.12. O

Recall that, by Theorem 1.1.23, every poset P can be embedded
into an order-complete poset DM (P). Birkhoff introduced an alter-
native notion of order convergence, defined via the embedding of the

poset in its MacNeille completion [11].

Definition 2.1.14. A net (z)yer in a poset P is said to O°M-
converge to x € P if the net ((%,xv])ver O-converges to (<, z| in
DM(P).
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However, in [11, pg. 244], Birkhoff does not clearly distinguish
between different modes of convergence. In particular, he states that
O1-convergence is equivalent to OPM-convergence. The following the-
orem shows that this claim is incorrect. Moreover, in [2, Theorem 3],

it is proved that OPM-convergence coincides with Os-convergence.

Theorem 2.1.15 ([2], Theorem 3). Let P be a poset. Then:
(i) Os-convergence is equivalent to OPM-convergence.

(ii) If, in addition, P is a lattice, then Oz-, O3-, and O°M-

convergence are equivalent.

Proof. Let (z~)er be a net in a poset P, and let z € P.
(i) Observe that Ep(y)" = <UBZV(<_’335])+'
Hence
4o

(¢, z] = ﬂ Er(y)t = ﬂ U (¢, zg] = lim sup (4, z].

~er vl \B=~ K

+
From Proposition 1.1.20, we have (), cp Er(v) ™" = (Uvel‘ Ep('y)’) .

Therefore,

— +_

(¢ z] = ﬂ Er(y)~ ™" = U Er(v)~ = limwinf(%,:c,y].
yel’ yel’

Then by Proposition 2.1.13 (iii) we have,

0 _ CN—
Ty D1 = ﬂ Er(M*t = (+,2] = ( ﬂ Er(y)~t)
el ~erl
< liminf(+,z,] = (+, 2] = limsup(+, 2]
K v
ODM
= z, —.

(ii) This follows directly from (i) together with Theorem 2.1.6. [
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Corollary 2.1.16. Let L be a lattice and (x~)~yer a net in L. Then

Oa . . ., obM
xy —x in L if and only if v — x in DM(L).
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2.2 Order Topology

Each notion of order convergence gives rise to a corresponding topol-
ogy, called the order topology. In this section, we introduce these
topologies and compare them. We start by recalling the definition of

convergence of a net (z) er in a topological space.

Definition 2.2.1. A net (z~) er in a topological space (X, T) is said
to converge to x € X with respect to 7 if, for every neighbourhood U
of x, there exists vo € I' such that Er(y) C U.

For a subset F' of a poset P, define
FPi:= {x € P : there exists a net in F that O;-converges to z} .

The set F, is called the 1-O;-adherence of F. More generally, we

define the A-O;-adherence F f ¢ recursively as follows.

Set Fy := F, and for every ordinal A > 0 define the A-O-adherence
F f ¢ by:

O;

O .__ O
Y= | Fy
B<A 1

Definition 2.2.2. Fori € {1,2,3}, a subset F' of a partially ordered
set P is called Oj-closed (respectively, sequentially O;-closed) if the
O;-limit of every O;-convergent net (respectively, sequence) in F' is
contained in F. Equivalently, F is O;-closed if F = Fy'.

Proposition 2.2.3. Let P be a poset and let i € {1,2,3}. Let C
denote the collection of all O;-closed subsets of P. Then:

(i) PeCand P eC;
(ii) If Fy,Fy € C, then F1 UF € C;

Proof. (i) Trivially, P € C and 0 € C.
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(i) Let F1,F5 € C and (4)yer € F1 UF; be a net that O;-converges
to x. Then either F or Fy contains a subnet of (z,)yer. By

Proposition 2.1.5, this subnet O;-converges to x, and hence = €
Fiy U Fs.

(iii) Let (zy)yer € (), Iy be a net that O;-converges to z. Since
(T4)yer C Iy for every n € o, it follows that x € (), Fy.
Hence (1, ¢, Iy € C.

0

Definition 2.2.4 (Order Topology). Fori € {1,2, 3}, the order topol-
ogy on a poset P, denoted by 7o, (P), is the topology on P whose closed

sets are precisely the O;-closed subsets of P.

Definition 2.2.5 (Sequential Order Topology). For i € {1,2,3}, the
sequential order topology on a poset P, denoted by 73, (P), is the topol-
ogy on P whose closed sets are precisely the sequentially O;-closed

subsets of P.

The O;-closure of F' C P is the smallest O;-closed subset of P con-
taining F'; equivalently, it is the topological closure of F' with respect
to the order topology. Note that, in general, this set is strictly larger
than Flo ‘.

Remark 2.2.6. We note that, for every i € {1,2,3}, 70, C TS,
Furthermore, since O1-convergence implies Os-convergence and Oo-

convergence implies Os-convergence, we have
C C dtsi C 15 C 718
Tog C To, © To, and 75, C 75, C 75, .

In Proposition 2.1.10 we observed that the three notions of order
convergence coincide when P is Dedekind complete. In this case, it
is customary to denote the order topology by 7o(P), or simply by 7o

when there is no risk of confusion.
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Let Py be a subset of a poset P. Since Fy itself is a poset, we
can endow it with order topology 7o,(F), as well as with the sub-
space topology 7o, (P) [p, induced by 76,(P). In general, these two

topologies are not comparable.

Example 14 (76(FPy) € 70(P) p,). Consider the Dedekind complete
lattices P := [0,1] and the subset Py := {3 — L1 :n e N,n>2} U {1}

2 n
endowed with the natural order. It is easy to see that To(P) [p, is the
discrete topology. Let F := % — % :n € Nyn > 2}. The order closure

of F' in Py is Py. However, the order closure of F in P is F U {%}
Thus, (FU{3}) N Py = F, which shows that 76(Py) € 7o(P) Ip,.

Example 15 (7o(P) [pZ 70(FPo)). Let P := P(N) and Py := {A €
P : |Al < oo}, ordered by inclusion. Clearly both P and Py are
Dedekind complete lattices. Moreover, every increasing and decreas-
ing net in Py satisfying the definition of O1-convergence is eventually
constant. Consider F' := {{n} : n € N}. The set F is order closed
in To(Py), since no net in F has an order limit outside F in Py. On

the other hand, the sequence ({n})nen O1-converges to @ in P. Thus,
7o(P) TR E To(Po).

In examples 10 and 11, we showed that Oj-convergence and Oo-
convergence differ on boolean algebras and Riesz spaces (in particular,
lattices). Nevertheless, the following theorem demonstrates that they

generate the same order topology.

Theorem 2.2.7 ([2], Theorem 5). Let P be a poset.

(i) Tor = Tog-

(ii) If P is a lattice then 7o, = To, = Tos-

Proof. (i) We need to show that every Oj-closed subset F' of P is
Os-closed. Let F' be an Oq-closed subset of P. Suppose that () er
is a net in F' that Ogz-converges to x € P. By Theorem 2.1.11, there

exists a subnet (z),ers that Oj-converges to . Since F' is Oq-closed,
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it follows that x € F'. Hence F' is Os-closed. This completes the proof
of (i).
(ii) This follows by (i) and Theorem 2.1.15. O

As in the case of Dedekind complete partially ordered sets when

working with lattices, we denote the order topology by 70.

Theorem 2.2.8 ([2], Theorem 5(ii)). Let P be a poset and let DM (P)
denote its MacNeille completion. Then 1o,(P) 2 7o(DM(P)) |p.

Proof. Let F C P be closed with respect to 7o(DM(P)) [p, and let
(y)yer be a net in F' that Os-converges to some z € P. By (i)
of Theorem 2.1.15, this net is also OPM-convergent to = in DM (P).
Since F' is closed with respect to 7o (DM (P)) | p, it follows that = € F.
Therefore, F' is O3-closed. O

The inclusion of Theorem 2.2.8 may be proper. The following
example by Olejcek (see [41]) was used in [2] to highlight this fact.

Example 16 ([2]). Let Z' := Z\ {0}. Define Ly := U,z {a(i),b(i)}U
{0}, and endow L1 with partial order < specified as follows:

e a(i) > a(j) >0 and b(i) > b(j) > 0 for every i,j € Z' satisfying
1<i<y,

e a(i) <a(j) <0 and b(i) < b(j) <0 for every i,j € Z' satisfying
—1>127,

o a(i) <b(i) ifi > 1 and a(i) > b(i) if i < —1.
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For every k € N let Ly, be a copy of L1. Endow L' := |y LrU{e}
with the partial order < induced by:>

(
(
r=y <= (GkeN) ¢ (z=ap1(1), y=ar(l)) or
(
(

Figure 1: A poset P satisfying 7o, (P) D 7o(DM(P))|p.

One can verify that L := L' U{0,1} is a complete lattice. Figure 1
shows the Hasse diagram of L. Define B := {by(i) : k € N, i € Z'} and

2For typographic reasons we write aki (resp. bki) instead of ay(i) (resp. by(i)) and i
instead of —i.
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O :={0; : k € N}. Then, L\ O is a lattice and its MacNeille comple-
tion can be identified with L. To prove the claim, it suffices to show
that 70 (L\ O) # 70(L)|1\0, equivalently that 7o, (L\ O) # 7o(L)|1\0-
To this end, one needs to observe that in L\ O every (nontrivial) mono-
tonic net has to either be eventually in L; (and therefore converges
to Og) for some k or be eventually in one of the sets {ax(1) : £ € N}
or {ag(—1) : k € N}. Hence, the set B is closed w.r.t. 7o,(L \ O).
On the other-hand, every subset F' C L that is closed with respect to
To(L) and that contains B must necessarily contain O — and therefore
e — since (0g)ren O-converges to e. This means that B is not closed

w.r.t. 7o(L)|p\o-

Definition 2.2.9. Let L be a lattice. A topology . on L is said to
be order-continuous if every net (in particular, sequence) in L that
Os-converges to some x € L also converges to x with respect to 7 ;

. T
that is xng = Ty — 1.

Theorem 2.2.10. Let L be a lattice. Then the order topology o is

the finest order-continuous topology on L.

Proof. We first show that 74 is order-continuous. Suppose, for con-
tradiction, that there exists and open set U containing x and a net
(2)~er that Og-converges to « but is not eventually in U. Then there
exists a subnet (z),crv contained in L\ U. By Theorem 2.1.5, this

net also Og-converges to x, which implies x € L\ U, a contradiction.

Next we show that 7 is the finest order-continuous topology. Let
 be another order continuous topology, and let F' be a closed set in
. Suppose (Z)yer is a net in F' that Os-converges to x € L. As-
sume, for contradiction, that x ¢ F. By hypothesis, the net converges
to x with respect to 7, which implies that it is eventually in L\ F', a

contradiction. O

By Theorem 2.2.10, every order-convergent net in a lattice con-
verges to the same limit with respect to the order topology. The

following example shows that the converse is not necessarily true.
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Example 17. Consider the Dedekind complete space £°°, ordered by
point-wise partial order. For each n € N, let e, denote the sequence
that is 1 at the nt" term and on all other terms is 0. For every k € N,

consider the sequence (kep)nen in £°°.

We note that the sequence (ken)nen O-converges to the zero se-
quence, denoted by 0. Indeed, let b, be the sequence that is 0 on
the first n-1 terms and 1 thereafter. Then N, ykb, = 0, and we
have kep, < kb, for every m > n. By Theorem 2.2.10, it follows
that (kep)nen converges to 0 with respect to 7. Hence, for every open
neighbourhood U of 0, there exists N(k,U) € N such that Ex(N(k,U)) C
U. Define

I''={(k,U): ke N and U a 1o-open neighbourhood of 0}

Order T' by (k1,Uy) < (k2,Usz) whenever k1 < ko and Us C Uj.
Then, T is a directed set. Define ¢ : I' = log = (k,U) = kena,u)-
Clearly, ¢((k,U)) € U. Moreover, the net (¢(k,U))x)er To - con-
verges to 0. Indeed, let V be a 1o-neighbourhood of 0, and consider
(1,V) € T. For any (1,V) < (k,U), we have U C V and hence
o(k,U) € V for every (1,V) < (k,U). However, this net is not even-

tually order bounded, and therefore it does not O-converge to 0.

We conclude this section by noting that the order topology need
not be Hausdorff. In particular, 7o is not Hausdorff on Boolean alge-

bras and Riesz spaces.

Recall that for a topological space (X,.7), the interior of A C X,
denoted by int(A), is given by X \ X \ A. A subset A C X is called
regular open if it coincides with the interior of its closure, i.e. A =

int(A). Let R be the collection of regular open sets:

R:={ACX:A=int(A)}.

Then R is a lattice, where the order is inclusion, i.e., A < B if and
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only if A C B, and the operations are given by A VB = X\ X\ AUB
and ANB = AN B for all A,B € R. The complement of A € R,
denoted by A’, is X\ A. Then, (R, C,’) is a complete Boolean algebra.

Example 18 (7, is not Hausdorff for Boolean algebras). Let X =
[0, 1] with the natural topology, and consider the lattice R of regular
open sets. For every p € X, consider the intervals [0,p) and (p,1].
We show that () and X cannot be separated by open neighbourhoods of
To(R). Consider the countable base {[0,p) : p € QN (0,1]} U{(p,1] :
peQnl0,1)} U{(p,q) : p,g € QN[0,1]} for the natural topology
on [0,1], and enumerate it as (Up)nen. Each Uy is an upper-bound
of a decreasing sequence (AlY)men C R with infimum 0. Since To(R)
preserves order convergence, every open neighbourhood % € To(R)
of 0 contains a residual of (Al')men. Taking n = 1, choose By =
AL € Y. Then, consider the decreasing sequence (A2 V AL )men
which decreases to AL,. Again, there exists By = A3V Al € %.
Continuing inductively, we obtain an increasing sequence (Bp)nen in
% . Let B = \J,cnyBn. Then B is dense in X, and the only regular

open set containing B is X. Thus, \/, .y Bn = X, s0 X € 72

Example 19 (7, is not Hausdorff for Riesz spaces). We use a similar
argument to the Erxample 18 to show that the order topology is not
Hausdorff on Riesz spaces. Let X = C]0,1], the space of continuous
functions on [0,1]. Denote by 1 the constant 1 function and by O the
constant function equal to 0. Let U and V be neighbourhoods of 0
and 1, respectively. Let (an)nen be an enumeration of the rational
numbers in (0,1). For each n,k € N, consider the interval I}, =
[an — %,an + £]1 N [0,1]. Define a continuous function f,j on [0,1] by
letting fnk(an) = 1, extending linearly on [a, — %, an, + %], and letting
fak(x) =0 for every x € [0,1] \ I, . Observe that for fized n € N,
the sequence (fy1)ken order converges to 0, and hence converges to
0 with respect to To. Thus, for n = 1, we may choose k1 € N such
that g1 = fir, € U. Neat, note that the sequence (far V g1)ken

order converges to gy, so there exists kg € N such that go := for, V
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fi,k: € U. Proceeding inductively, we construct an increasing sequence
(gn)nen in U with pointwise supremum 1, and by Theorem 2.2.10, it
also converges to 1 in To. Therefore, (gy) is eventually in V', which
shows that UNV # @.

2.3 Unbounded Order Convergence

Definition 2.3.1. A net (z4)yer in a lattice L is said to unbounded
order converge (uO-converge) to x € L if for every s,t € L and s < t,

(xy ANt) Vs &)((L' At)V s. In this case we write x., 29 1.
Lemma 2.3.2. If a net uO-converges, then its uO-limit is unique.

Proof. Take s:= x and t := x V y in the definition of uO-convergence.
Then, by applying the same reasoning as in Lemma 2.1.5, it follows
that if a net uO-converges to both = and y, then x = y. Hence, the

uO-limit is unique. O

In the following lemma we observe that in a distributive lattice the
condition s < t in the definition of unbounded order convergence is

redundant.

Lemma 2.3.3. Let (z,)yer be a net in a distributive lattice L. Then
xvu—o>x iff (x4 V s) /\t%(x\/s) At for all s,t € L.

Proof. The proof follows directly by Proposition 1.1.28. O

Proposition 2.3.4. Let (z)yer be a net in a distributive lattice L.

(i) Ifx, 0, ¢ and eventually v~ < u (respectively, v > ) for some

u € L, then x < u (respectively, x > u).

(ii) If (xy)yer is monotone, the following implication holds:

w0 x T x (if the net is increasing),
Ty—x = . _ .
xy |z (if the net is decreasing).
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Proof. (i) Assume that z ﬁma, and that x, < u for every v > .
Define a := uAz and b := uVz. Then by definition of uO-convergence,
we have (2, Ab)Va &)(:c/\b)\/a. Since x = (zAb)Va < (uAb)Va = u,
we conclude that < u. The dual statement is proved analogously.
(ii) Assume that (z)er is increasing and that z O . By
part (i), it suffices to show that z is an upper bound for the net. Fix

v € I'. By uO-convergence, we have
0o B
(Xy Nxyg) VT —=(x AN 2yy) VT = 2.

Hence there exist subsets M, N C L with \/ M = x = A\ N, such that
for each (m,n) € M x N, there is y(m, n) € I satisfying (z,Az,) Ve €
[m,n], for all v > y(m,n). Fix (m,n) € M x N, and take v/ € T
satisfying ' > v(m,n) and 4’ > 79. Then

Ty V& = (T Nyy) V@ € [, ] V(m,n) € M x N.

This implies that z, Vo = z, and therefore z,, < x. As vy was

arbitrary, it follows x is an upper bound for (x,)er. O

Using Example 6, we observe that the assumption of infinite dis-
tributivity in Proposition 2.3.4 is essential; without it, the conclusion

does not necessarily hold.

Example 20. Let L be the complete lattice 28 of closed subsets of
R. For each n € N, define X, := [27",00) and X := [0,00). Then
(Xn)nen is increasing and \/L X, =X, that is, X, ? X in L. In par-
ticular, X, 92 X On the other hand, (X,)nen does not uO-converge
to X. Indeed, let A := (—o0,—1] and B := (—00,0]. Then for every
n € N, we have (X, N B)VA = A, so that (Xn/\B)\/A%A.
However, (X N B)V A={0}U A, showing that uO-convergence fails.

Proposition 2.3.5. Let L be an infinitely distributive lattice. If
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(@y)~yer 2O, o+ and (Y )wen 0, y, then the following hold:

(@ Vyo) : (v,w) €T x Q)
uO-converges to x V y, and similarly,

((2y A g) : (1) €T x Q)
uO-converges to x N\ y.

Proof. For any s,t € L, we have

(xy ANt)V s %(m/\t)\/s,

(Yo AE) Vs 2 (yAL) Vs
Therefore, by Proposition 2.1.8,
(@ AV S)V (o AE) V) 22 ((xAL)VS)V (Y ALV s),
and
(24 AV S) A (g AE)V ) 25 ((z A1)V ) A ((y ML)V s).

By distributivity,

(@y V) A Vs 22 ((zVy) At) Vs,

and
((xy Ayw) ANE) Vs &)(:c/\y/\t)\/s.
0

Theorem 2.3.6. Let L be a distributive lattice and (x-)yer a net in L.

Then L is infinitely distributive if and only if x,, Q20— Tny 20, 4.

Proof. If L is infinitely distributive, that Og-convergence implies

uO-convergence follows by Proposition 2.1.8. Conversely, assume that
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if a net (x,)yer Og-converges to z, then it uO-converges to x. Let
AC L andye L. We want to show that if \/ A = u (resp. A A =)
then \/[{a Ay:a€ A} =uAny (resp. N{aVy:aec A} =vVy). Let
A:={BCA:|B|<w} and for every B € Alet ap =\/ B, to get an
increasing net {ap : B € A} in L with supremum u. Then (ag)pec.4 is
Og-convergent to u, and by hypothesis, (ap)pe4 uO-converges to u.

Take t = y and s = ag Ay, where ag € A is arbitrary. Then
(aB Ay) V(a0 Ay) “2(uAy) V(a0 Ay) =uny.
Observe that the net
{lap ANy) V(ao Ny): B € A}

is increasing, and so by Proposition 2.3.4,

\/{(aB/\y)\/(ao/\y):BEA}:u/\y.

Since (ap Ay) > (ap Ay) when ag € B, it follows that

\VA{las Ay)V(aoAy): Be Ay =\/{(ap Ay): B € A}.

Finally, if B = {a1,...,a,}, then ap Ay =V, (a; Ay), because L is
distributive. Thus

\/{a/\y:aeA}:\/{(aB/\y) :Be Al =uANuy.
A similar argument can be made to prove the dual statement. [

Proposition 2.3.7. Let L be an infinitely distributive lattice. If

(2y)~er ts an order bounded net, then x., 0, if and only if x, O

Proof. The implication x Oy implies 0, 4 follows directly from
Theorem 2.3.6. Conversely, suppose there exist a,b € L such that
xy € [a,b] for every v € T, and assume 0, 4. For all a, B,y €T,
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(xaNz~)VEg € [a,b], and (xAz)Vag € [a,b]. Repeating this argument
we get that = € [a,b]. Hence, z, = (x4 A b) V a%(m Ab)Va=uzx,as
required. O

Although we have so far discussed uO-convergence in the setting of
lattices, the concept is most commonly studied in the narrower context
of Riesz spaces. In what follows, we present several results concerning

uO-convergence in Riesz spaces.
Proposition 2.3.8 ([42], Proposition 7.2). For a net (x.)yer and an
element x of a Riesz space V', the following statements are equivalent:
(i) |zy —z| A w220 for every u € Vi ;
(ii) (zyAt)Vs %(CL‘ At)V s for every s,t € V.

Proof. Assume that (z)er is a net and x € V' such that |z, — x| A
w220 for every u € V. Take s,¢ € V. Then (t—s)T >0, and

(2 At)V s — (@ AL)Vs| < |y —a| At —s)T 220.
Conversely, let v > 0 and choose s = x, t = x + u, then
\(a:y/\(x—i-u))\/a:—(a:/\(x+u))\/:c|&>0. Then,
@y A+ u) Ve —2] 220 = |((zy —2) Au) V0| 220
= ((x«,—:c)\/O)/\u%O
— (zy—2)TAuB0. (11)
On the other hand, take s = x — v and t = . Then
[(zy A2)V(r—u) — (zAx)V(z—u)) 92,() which gives
(s A2) V(2 —u) — 2] 250 = |((3 — 2) AO)V —u| 220
— |~[((z —2,) VO) Aul| 220
— |((z —25) VO) Aul 220

— |2y —2)" Au| 220
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— (1 —2) Au30.  (12)

Combining, (1.1) and (1.2), we obtain |(zy—z)|Au 92,0 as desired. [

In the literature of uO-convergence in Riesz spaces, property (i) of
Proposition 2.3.8 often appears in the definition of uO-convergence.
Moreover, Proposition 2.3.8 shows that this definition coincides with

our definition of uO-convergence on lattices.

The following example shows that in ¢, spaces with 1 < p < oo,

unbounded order convergence coincides with pointwise convergence.

Example 21. uO-convergence coincides with pointwise convergence
in P for 1 < p < oo and in cg. We prove the result for °; the
statement for the other spaces can be shown similarly. Let (z~)er be
a net converging pointwise to x, and let u € £°° with u > 0. For every
m € N, define

: 1 . 1
Ym = (mm{ul, m},...,mln {um,m},um+1,um+2,...>,

which yields a decreasing sequence (ypn)nen. Clearly, 0 = inf{y, : n €
N}. For each i € N, since (xy)yer converges pointwise to x, there
exists yo (1) € I' such that

, 1

(2 (A

_ < =

for all v > ~o(i). Fizn € N, and for all i € {1,2,3,...,n}, let yo >
Yo(i). Then for v > 7o, |ty — x| Au <y, which shows that |z, — x| A

(6]
u—=0.

Conversely, assume that () er uO-converges to x. Fix i € N
and let u() = (On,i)neN, the sequence with 1 in the i-th coordinate and

0 elsewhere. Then
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|z — 2| A u® 2 0.

Hence there exists a decreasing net (y,)weq with infimum 0 and

for every w € Q there exists an y(w) € ' such that,

oy — 2| Au® <y, for all v > y(w).

Equivalently, |chW — 2| A1 <yl fory > y(w). Asi was arbitrary,

we conclude that (x)~yer converges pointwise to x.

For a given measure space (X, ¥, i), consider the Riesz space L.
This space consists of real-valued measurable functions on X, where
functions that agree almost everywhere are identified. The order is
defined by

ff<g¢® = [f<gae,

where f® denotes the equivalence class of f.

Proposition 2.3.9 ([28], Proposition 3.1). For a sequence (f)nen in
LY and f* € L°, the following are equivalent:
3 L] O L]
(i) S 1%
(ii) fo—> f* almost everywhere;
(iii) fo-22 fo.
In view of example 21 and Proposition 2.3.9, it is natural that uO-
convergence is generally studied in the setting of Riesz spaces. The

following theorem explains why Os-convergence is generally preferred

over Oj-convergence in the definition of uO-convergence.

Recall from Corollary 2.1.16, that on lattices, O2-convergence passes
freely to its MacNeille completion. The following theorem is an ana-
logue, showing that uO-convergence passes freely between a Riesz

space and a regular Riesz subspace.

Theorem 2.3.10 ([28], Theorem 2.5). Let W be a Riesz subspace of

a Riesz space V. The following statements are equivalent.
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(i) W is regular;
ii) For any net (yy)ver in W and y € W, y ﬂy i W implies
v )y v
Yy ﬂ)y mV;
(ili) For any net (yy)yer in W andy € W, y, RN y in W iff y, ﬁ)y
m V.

If V is an Archimedean Riesz space, there is another completion,
namely the universal completion. It is known that V is a regular Riesz
subspace of the universal completion. In particular, uO-convergence
passes freely between V' and the universal completion. For details on
the construction of the universal completion V* of an Archimedean

Riesz space, see [7, p. 187].

2.4 The unbounded order topology

In example 11, it was shown that on Riesz spaces, Oj-convergence
and Ogz-convergence are not equivalent. Thus, in the definition of
uO-convergence, one may consider another type of unbounded order

convergence by considering O1-convergence instead of Os-convergence.

Definition 2.4.1. A net (y)yer in a lattice L is said to be uO;-
convergent to x € L if (x5 At)Vs %(w At)V s for every s,t € L with

. . O
s < t. In this case we write Ty u)ﬂ:.

The following theorem generalizes the argument of Theorem 2.1.11

to the setting of uO;-convergence and uO-convergence.

Theorem 2.4.2 ([3], Theorem 2.4). Let L be a lattice and let (z~)er
be a net uO-convergent to x. Then there exists a subnet (z~,)weq that

uO1 -converges to x.

Proof. Let # = {f(sy) : s,t € Lands < t}, where f4(7) =
(xAt)Vs. Assume that z, 0, .. Then, for every f,4) € &, we have

fs) (z+) D2, f(s,t)(x). Hence, there exist sets My, ) and Ny, with
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sup M54 = f(s,)(w) = inf Ny (44, such that the net (f(s ) (z))yer is

eventually in [m, n] for every (m,n) € M4y X Ngyp).-

Let %y = {F C .% : |F| < w} denote the collection of finite sets of
F. Assume Fy € Fo with |Fo| = n, and write Fy = {f(s; 4,)s - - 5 f(sn,tn) -
Define

Mg, = {{mf(sl_’ti),.. mf(Sntn)} My, oy € My, ., fori=1,. n}

and

Npg, = {{nf(S¢,ti)’ . nf(sntm} M) ENf( forz—l n}

Let Q = {(FO,A,B) : Fyp € %9,A € Mg, and B € NFO}- On Q we
define a relation < by declaring (Fi, A1, B1) =< (Fa, Ag, B) if and only
if
(i) F1 C F, and
(ii) for every f(sy € F1 with corresponding elements m}(s € Ay,
m%(s,t) € Ao, n}(s’t) € By, and n}(m) € By, we have

1

1 2 2
LT 7 < Mg and L7 < Moo

We first show that (2, <) is a partially ordered set.

(i) Reflexivity follows by definition.

(ii) (Antisymmetry) : Suppose (Fi, A1, B1) = (F2, A2, Bs) and
(FQ,AQ,BQ) (Fl,Al,Bl) Then Fy = F5, and for each f(s,t) S
1 2 2 1 1 _
Fi we have M < m . and my . < M o hence M, )=
m?c(s,t) by the antisymmetry of <. Thus A; = As. The same

argument shows By = By, so (F1, A1, By) = (Fy, Ag, B).
(111) (Transitivity) : If (Fl, Al, Bl) (FQ, AQ, Bg) and (FQ, AQ, B2> j
2 3
(Fg,Ag,Bg) Then Fy C F, C F3, mf( " <m f(s,t) < mf(&t)
niﬁ(syt) < n?‘@,t) < n}(s’t) for every f(s ) € F1. Then (F1, Ay, By) <
(F3, As, Bs) as required.

and
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Next we show that the partially ordered set (£2, <) is directed. Let
(F1, A1, By), (Fa, Ag, Ba) € Q. We need to find (F3, A3, B3) €  such
that

(F1, A1, B1) = (F3,A3,B3) and (Fy, Az, Bo) = (F3, A3, Bs).
IfTFNFy = @, set
(Fg,Ag,Bg) = (Fl U FQ,Al U Ay, B1 U Bg)

If FiNFy # 0, take fs4) € F1NF. Fori e {1,2} and m;( , €A

. . . . 3 . l
since Mf(s,t) is directed, there exists UL € Mf(w with mi <
3

me for i = 1,2. Define A3 by taking these upper bounds for all

common f,4 € Fi N Fy, and leaving the elements unchanged for
fisp) € F1\ F2 or fioy € Fo \ F1. A similar construction, using that
each N o) is filtered, produces Bs.
Thus
(F3,As, Bsg) := (F1 U Fy, A3, Bs)

satisfies (Fl,Al,Bl) = (Fg,Ag,Bg) and (FQ,AQ,BQ) = (Fg,Ag,Bg).

Hence (£, <) is directed.

Consider the product  x I with order defined by ((F1, A1, B1),71)
< ((FQ, AQ, BQ), ’YQ) if and only if (Fl, Al, Bl) =< (FQ, AQ, BQ) and 7 <
~9. Since both Q and I are directed sets, their product Q xI" is directed

as well.

For every (F, A, B) € Q and each f(,4) € F with my_, € A and
nf.. € B, there exists (s € I' such that [y (zy) € [my, 15, ,]
for all v > 7, 4). Since F is finite, we can choose v(F, 4, B) € I such
that v, < v(F, A, B) for every fi,, € F.

Let A := {((F,A,B),v) : (F,A,B) € Q,v € I'and v(F,A,B) <
~v}. Then A is cofinal in Q x . Indeed, let ((F,A,B),y) € Q x
I'. Choose 8 € T such that v(F,A,B) < g and v < . Then
((F,A,B),3) € A and ((F, A, B),v) < ((F, A, B),f).
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Now consider the map ¢ : A — T" where ((F, A, B),7) + ~. Clearly
@ is isotone: if ((F1,A1,B1),71) < ((Fy, A2, Ba),72), then 71 < 79,
hence p((F1, A1, B1),7) < ¢((Fy, Ao, B),7v2). To see that ¢ is a final
map, take A € I'and ((F, A, B),v) € A. Choose 5 € I" such that v <
and A < . Then, ((F, A, B),3) € A and ¢(((F, A, B),3)) > A\. Thus,

© is a final map.

Consider the subnet (7 ,((r,4,8)7))((F,A,B),y)eA Of (Ty)yer. We show
that this subnet is uO;-convergent to z. Fix f(,;) € # and define

Af(s,t) = {((F07A7 B),"}/) : f(57t) € F()}

For every ((Fy, A, B),v) € Af(&ﬂ, set M((Fy,A,B).~)) = Mfean and

N((Fo,A,B))) = Nf..,- By construction, the net

(m((FO,A,B),’Y))((F,A,B),’Y)EA&SJ) is increasing and
Sup{m((Fg,A,B)n/) : ((FOa A,B),’Y) € Af(s,t)} = f(s,t) (l’)

Similarly, the net (n((Fo,A,B),v))((F,A,B),W)GAf(S ) is decreasing and

inf{n((r, a8 : (Fo, A, B),7) € Mgy} = fran (@)

Now observe that

M((F,4,B)7) < Fist) (Zo((F,41,B1,0))) < (Fy,A,B))

for every ((Fy, A, B),v) < ((F}, A1, B1), «) Finally, note that for
((Fo, Ao, Bo), M) € Afw)’ we have that

By, (Fo, A, B),7)) = Ex((Fo, 4, B), 7)),

which shows that the subnet (xso(( FA, B)ﬁ))(( is indeed

F,A,B),y)EA
uO1-convergent to x. O

Recall that for O;-, O2- and Oz-convergence, we defined the order-
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adherence and the order topologies 75, , 7o, and 7o,, respectively. For
uO- and uO;-convergence, we can similarly define the respective un-
bounded order adherence (uO-adherence). The unbounded order ad-
herence is denoted by X;:O" for every ordinal A > 0 and defined by

recursion in the same way that we defined the A-O-adherence X7, i.e.

uO;

uO; uO;
= U X
B<A

Definition 2.4.3. A subset F' of a lattice L is called uO1-closed if
the uO1-limit of every net in F belongs to F. Equivalently, F' is uOq-
closed if F = F}'°.

Definition 2.4.4. A subset F' of a lattice L is called uO-closed if the
uO-limit of every net in F belongs to F'. Equivalently, F' is uO-closed
if = F}'°.

Definition 2.4.5. The topology 4o, on L is the topology whose closed

sets are precisely the uOi-closed subsets of P.

Definition 2.4.6 (Unbounded Order Topology). The unbounded or-
der topology on L, denoted by 1,0, ts the topology whose closed sets

are precisely the uO-closed subsets of L.

In Theorem 2.2.7 we saw that on a poset P, 75, = 7o,. A natural
question that arises, posed in [44, Question 18.50], is whether the same

equality holds for 7,0, and 7,0.

Theorem 2.4.7 (]3], Proposition 2.8). Let L be a lattice. Then 1,0, =

TuO -

Proof. The inclusion 7,0 C 7,0, is immediate. The reverse inclusion

Two, € 7o follows from Theorem 2.4.2. O
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2.4.1 The Os-closure and uO-closure of sublattices and

ideals

From the definition of unbounded order convergence, it is evident that
it is closely related to Os-convergence. In the setting of Riesz spaces,
the O-adherence and uO-adherence have been extensively studied on
sublattices [27]. In this section we extend the discussion to A-O-
adherence and A-uO-adherence of sublattices and ideals in infinitely

distributive lattices.

In Theorem 2.2.7 and Proposition 2.4.7, it was shown that when
working with lattices, the order and unbounded order topologies that
arise from different modes of convergence are equivalent. Thus in this

section, we will simply write A-O-adherence and A-uO-adherence.

Lemma 2.4.8. Let L be an infinitely distributive lattice and X C L.
Then,

(i) X7 < X{9;

(ii) The cuts [a,—) and (+—,a] are O-closed and uO-closed;

(iii) There ewist an ordinal X such that X3 = XY ;.
Proof. (i) This follows easily from Theorem 2.3.6.

(ii) We give the proof for [a, —); the case of (+—,a| is similar. Let
(y)yer be a net in [a, —) that Oz-converges to x. Then there exist
a directed set M and a filtered set NV such that sup M =z = inf N
and for every (m,n) € M x N, the net (2, ) er is eventually in [m, n].
Then N C [a,—), concluding that x € [a,—). By the distributivity
of L and Proposition 2.3.4 (i), it follows that both [a,—) and (+, d]

are uO-closed.

(iii) To see this, it is enough to observe that X = X2 | when & is
equal to any cardinality greater than the cardinality of L. The same
holds for uO-adherence. If we let

a:=min{\>0: Xy =X}, }
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B =min{A >0: X}° = X}{,},

then X7 coincides with the O-closure of X and X3 with the uO-
closure of X. If L is infinitely distributive, then X7 C X3° (by The-
orem 2.3.6). O

Proposition 2.4.9. Let Y be a sublattice of an infinitely distributive
lattice L. For every ordinal X > 0, each of the sets Y and YX‘O s a
sublattice of L.

Proof. We prove only the case of O-adherence; the uO-adherence case
follows by the same argument (applying Proposition 2.3.5 instead of
Proposition 2.1.8). We prove this result by transfinite induction. The

assertion is trivially satisfied when A = 0.

For z, y € Y there exist two nets (24 )sex and (Y )weq in Uﬁ<)\ Yﬁo
such that z, O2 & and Yo %y By the induction hypothesis, each
Yy (0 < B <) is a sublattice of L, and hence so is (g, Y§. Hence,
(To V Yu)(ow)esxa 1s a net in (Jg_, Y. Proposition 2.1.8 implies
:UU\/yw&mc\/y and so x Vy € Y. Similarly, z Ay € Y. O

Note that in Proposition 2.4.9, infinite distributivity cannot be

weakened to distributivity.

Example 22. Consider the following subsets of 2F.

¢ ={(—o0,a] : a < 0}
¢+ ={[a,+0) :a >0}
¢, ={[a, +00) : a > 0}

The ring L of subsets of R generated by €— U %y consists of all sub-
sets of R that have one of the following types: 0, (—oo, —al, [b, +00),
(=00, —a] U [b,4+00), {0}, where a,b > 0. This forms a distributive
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lattice. The subring Y generated by €’ U €' consists of all sub-
sets of R that have one of the following types: 0, (—oo, —al, [b, +00),
(—o0, —a] U [b, +0), where a,b > 0. Clearly Y is a sublattice of L.
The O-closure Y of Y in L consists of the subsets of R that have one
of following types: 0, (—oo, —al, [b,+00), (—o0, —a] U [b, +00), where
a,b > 0. Observe that the infimum in' Y of (—o0,0] and [0, +00) is

equal to 0, whereas the infimum taken in L equals {0}.

Proposition 2.4.10. Let Y be a sublattice of an infinitely distributive
lattice L. For every ordinal A > 0 there exists an ordinal f(\) > A
such that

Yy € Y,\uo - on(>\)~ (2.1)

Proof. The function f shall be defined recursively. Let f(0) = 1.
Clearly (2.1) is satisfied. Suppose that {f(5) : 8 < A} have been
constructed satisfying Yﬂo C Yé‘o C on( 5) for every 8 < A. The inclu-
sion gy Yﬁo C Usn Yﬁuo follows by the induction hypothesis and

therefore

2= () (U e (U] e

B<A B<A B<A

where the last inclusion follows by Lemma 2.4.8 (i). Let w := sup{f(f) :

B < A}. Then
uO (0] O
UwecUvisc Uy
B<A B<A B<w

Let z € (UB<>\ Yé‘o);o, so there exists a net (z)yer in g, Y5° C
Up<w Y5 such that z, ﬁﬂz:, ie (xzy At)Vs &)(IL‘ At) Vs for every
s,t € L. For any triple 71, 72 and 3 in I, the element (2, AZy,) V2,
lies in B<w Yﬂo because the latter is a sublattice by Proposition 2.4.9.
.. . (]
This implies that (z A 2,,) V 2,5 belongs to (Us.,, Y/BO)1 = Y0, for
every s, 3 in I'. For fixed v3 € I" and using the uO-convergence of
(2)5er, it can be concluded that zVz, € Y9, for every v € I'. Using

that Y, | is a sublattice, we note that (z V z,) A (2 Vzy) € Y, for
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every 7,7" € I'. Invoking once more the uO-convergence of () cr to

z, it can be concluded that x = 2 A (z V 2./) belongs to Y2, ,. Define

f(A) = w+ 2, to get the required inclusion. O

Theorem 2.4.11. The O-closure and the uO-closure of a sublattice

of an infinitely distributive lattice L coincide, and the resulting subset

is again a sublattice of L.

Proof. Let Y be a sublattice of L and

a=min{fA>0:YY =Y} and B:=min{\>0:Yy° =Y},

i.e. O-closure of Y equals Y and the uO-closure of Y equals Yé‘o.
These are sublattices by Proposition 2.4.9, and Y C Yﬁuo by Theorem
2.3.6. By definition of «, observe that

o __ (@] . O
Yo' =Yii0) = Yi(r(a))

and therefore Y0 = Y = Y]}*O ) by Proposition 2.4.10. In particular,

(a

we get that Y? = Y3© = Y39, ie. Y is uO-closed. Therefore Y3
(the uO-closure of V') is contained in Y,0. O

Corollary 2.4.12. A sublattice of an infinitely distributive lattice is
O-closed if and only if it is uO-closed.

The following theorem is the analogue of Proposition 2.4.10, The-

orem 2.4.11 and Corollary 2.4.12 for Riesz spaces. We remark that, in

the Riesz spaces setting, Proposition 2.4.10 admits a slight strength-

ening.

Proposition 2.4.13 (]27], Proposition 2.1). Let Y be a sublattice of
a Riesz space X. Then, Y C YO C Y. Moreover,

(1) if Y is order closed, then it is the smallest order closed sublattice

of X containing Y, and Y° = YO;
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(ii) if YO is order closed, then it is the smallest order closed sublat-
tice of X containing Y, and Y*© =Y.

We now examine the adherence of down-sets and order ideals in

lattices.

Proposition 2.4.14. Let Q) be a down-set in a lattice L. Then every
element © € QY can be expressed as the supremum of an increasing
net in Q. Moreover, if L is infinitely distributive, then QY itself is a

down-set.

Proof. Let x € Qf. Then there exists a net (z)yer in @ such that
Try 92, - There exist a directed set M and a filtered set N satisfying
VM =2 = AN and, for every (m,n) € M x N, the net (z~) er is
eventually in [m,n]. Since @ is a down-set, we have M C Q. As M
is directed, it can be viewed as an increasing net indexed over itself,
yielding the desired conclusion.

Furthermore, let a € Qf and = € L with x < a, and assume that
L is infinitely distributive. By the argument above, there exists an
increasing net (ay)yer € @ such that \_ cpay, = a. Since Q is a
down-set, {a, Az :vy €T} CQ,and \[{ay Az :veTl} =anz =z,
which shows that = € QY. O

Theorem 2.4.15. Let L be an infinitely distributive lattice, and let
Z C L be an order ideal. Then IP = I}'°, and both are uO-closed

order ideals, and hence O-closed.

Proof. If T is an order ideal, then Z is an order ideal by Propositions
2.1.8 and 2.4.14.
Next, we prove that Z is O-closed. Let z € Z§. Then there

exists an increasing net (z),er in Z7 such that \/ .z, = x. Define

yel’
B :={a € T :3y € I such that @ < z,}. Then B is non-empty,
directed, and z is an upper bound of B. Moreover, if k& € L satisfies

b <k for all b € B, then x, < k for every v € I', and hence z < k. It
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follows that x = sup B € Z7. Consequently, Z9 = Iy, showing that
Z7p is O-closed.

Finally, Theorem 2.4.11 implies that Z7 is the uO-closure of Z, and
therefore Z7 = Z7°. O

2.5 Unbounded order closure of regular sublattices

In Proposition 1.1.34, we showed that every order ideal is a regular
sublattice. In this section, we aim to extend the results of Theorem
2.4.15 to sublattices. We begin with a result that holds in the setting

of Riesz spaces.

Theorem 2.5.1 ([27], Theorem 2.13). Let V' be a Riesz space and W

a reqular Riesz subspace. Then W1'© = WP, and both are order closed.

The proof of Theorem 2.5.1 relies on the fact that, for a Riesz
space V and a regular Riesz subspace W, the Dedekind completion
W9 embeds as a Regular Riesz subspace of V? [28, Theorem 2.10].

When working with infinitely distributive lattices, one must exer-
cise caution. While Riesz spaces are intrinsically infinitely distribu-
tive, and the MacNeille completion of a Riesz space preserves infinite
distributivity, the MacNeille completion of an infinitely distributive
lattice need not be infinitely distributive, as the following example

illustrates.

Example 23. When endowed with the pointwise partial order,
L:={(0,0):0<b<1}U{(1,0):0<b< 400, b#1}
forms an infinitely distributive lattice. It is easy to see that

DM (L) ={(0,b) : 0<b<1}U{(1,b): 0 < b < 400},
LO={(0,):0<b<1}U{(1,b): 0<b < 400}.
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To see that L° (and hence DM (L)) does not satisfy the join-infinite
distributive law, consider the sequence x,, = (O, 1—%). Then \/L(S Ty =
(1,1) and (\/L6 zn) A (1,3) = (1,1). On the other hand, \/L5 (zn A
(1,3)) = (0, 3)-

Definition 2.5.2. Let Y be a sublattice of a lattice L, and let D C Y.
Define DY := DT NY and DY := D~ NY.

Lemma 2.5.3. Let Y be a sublattice of a lattice L, and let A, B CY.
If At~ C Bt~ then AtY—v C Btv—v,

Proof. First, we show that BYY C AT. Indeed, B™Y C Bt =
Bt—T C ATt =AT.

Next, we show that AT7™Y C B™Y~=Y, Let y€ AT, Theny €Y
and y < b for every b € AT. From BT C AT it is clear that y < ¢
for every ¢ € BTY. Hence, y € BYY™Y, so AT™Y C BTY~Y. Finally,
from A C AT~y C Bt~ we conclude that ATY~Yy C Btv—v, O

Theorem 2.5.4. Let L be a lattice, and let Y C L a sublattice. Then

the map
i:DM(Y)— DM(L): A AT

defines an order-embedding of DM (Y') into DM (L).
Proof. This follows by Lemma 2.5.3. 0

Definition 2.5.5. Let Y be a sublattice of a lattice L.

e We say that Y has Property (A) if, for every A CY and every
x € A” (in L), there exists y € A~ NY such that x < y.

e Dually, Y has Property (B) if, for every A CY and everyx € A™
(in L), there exists y € AT NY such that x > y.

Lemma 2.5.6. Let L be a lattice, and Y a sublattice which satisfies
properties (A) and (B). Then'Y s a regular sublattice of L.
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Proof. Let ACY and b = \/Y A. Assume x € AT. Then, by property
(B), there exists a € AT such that a < z. Since b = \/¥ A < a, it
follows that b < z for all z € AT. The dual statement for meets

follows similarly by Property (A). O

In the following example, we note that the converse of Lemma 2.5.6

does not necessarily hold.

Example 24. Let L = {(0,b) : 0 < b <1} U{(1,0) : 0 < b < 1}
be ordered pointwise, and let Ly = {(0,b) : 0 < b < 1} U {(1,b) :
0 < b< 1}. Clearly, L is complete, and Lg is a regular sublattice of
L. However, property (B) fails to hold in Ly, since there exist upper
bounds in L that cannot be approximated by L.

Proposition 2.5.7. Let L be a lattice, Y C L, and ACY.

(i) IfY satisfies Property (A), then AT = A=Y,

(i) IfY satisfies Property (B), then AT~ = Aty—.
Proof. We shall only show the proof of (i), as the proof for (ii) follows
by a similar argument. Clearly, A= C A™Y*. To see the reverse
inclusion let # € A™Y* and 2 € A~. Then by Property (A) there

exists y € A7Y satisfying z < y. This implies that z < y < z, so
x € A~T, concluding that A= D A=y, O

Proposition 2.5.8. Let L be a lattice, Y C L a sublattice, and {A, :
a € A} a collection of sets in'Y satisfying ALY ™Y = A, for alla € A.

(i) IfY satisfies Property (A), then

AL~ = <ﬂ Aa>+_.

acA acA

(ii) IfY satisfies Property (B), then

(Us) " - (uar)
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Proof. (i) We first note that the inclusion (e 4a)™™ € Ny A~
is trivial. To see the reverse inclusion, recall from Proposition
1.1.20 that (e 4 A4~ = (Unea AL) ™. Furthermore,

(U) -

i
U Ai‘“) (By property (A))

(ii) To see this equality, note that

(Ur) (ur)

(aGA
(aGA
aGA

+y—vy+ty—
(By property (B))

(By property (B))

Theorem 2.5.9. Let L be a lattice, and Y C L a sublattice. Let

i: DM(Y) — DM(L) : A — A"~ be the order-embedding described
in Theorem 2.5.4.

O]
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(i) If Y satisfies Property (A), then i preserves arbitrary meets.
(ii) IfY satisfies Property (B), then i preserves arbitrary joins.

Proof. Let {Ay : « € A} C DM(Y). Then, by Proposition 2.5.8, we

have:

(A= ()

acA

:ﬂAgf

acA
DM(L) .
= A\ i(Ad),

)
(Y]

DM .
= /0P (A

if Y satisfies Property (B). O

if Y satisfies Property (A); and

i(Vaida)

Corollary 2.5.10. Let L be a lattice, and let Y be a sublattice satis-
fying Properties (A) and (B). Then i[DM(Y)] is a regular sublattice
of DM (L), where i : DM(Y) — DM (L) and A~ A"~ is the order-
embedding described in Theorem 2.5.4.

Proposition 2.5.11. Let L be a lattice, and let Y be an order convex

sublattice.
(i) If Y has a mazimal element, then it satisfies Property (B);

(ii) IfY has a minimal element, then it satisfies Property (A).

Proof. We prove (i); the proof of (ii) is dual. Let apax be the maximal
element of Y. Let A C Y, and let z € AT. Then, by order convexity,
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Amax AT €Y and apge Az € ATY . O

Proposition 2.5.12. Let L be an order complete lattice, and let Y be
a sublattice of L. Then Y is O-closed if and only if Y is supremum

and nfimum closed.

Proof. Assume that Y is O-closed. Let A C L with \/LA = z. Let
F ={B C A: |B| < w}. Z is directed with respect to inclusion.
For every B € .Z let x5 = /¥ B = \/¥ B to get an increasing net
{zp: B € Z}inY with VJLBe? rp = x, i.e. a net in Y that Og-
converges to x. Since Y is O-closed, x € Y. The dual statement can
be proved similarly.

Conversely, assume that for any subset A of Y, its supremum and

infimum in L belong to Y, and let € Y,°. Then there exists a net

(2 )~er satisfying

L L __ AL L
er Nozyay =2 = Ner \V5zyms

By hypothesis it follows that z € Y. O

Proposition 2.5.13. Let L be an order complete lattice, and let Y be

an order complete and reqular sublattice of L. Then Y s O-closed.

Proof. Since Y is closed under arbitrary suprema and infima in L,

result follows directly by Proposition 2.5.12. O

Theorem 2.5.14. Let L be an infinitely distributive lattice andY C L
a sublattice satisfying Properties (A) and (B). Then Y*°© =Y, and

both are simultaneously O-closed and uO-closed.

Proof. Identify DM (Y) with (DM (Y)] C DM(L). Corollary 2.5.10
implies that DM (Y) is a complete regular sublattice of DM (L). In
particular, by Proposition 2.5.13, DM (Y) is O-closed (and therefore

uO-closed because DM (L) has maximal and minimal elements).
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Next we show that DM (Y) N L = Y°. For every x € Y° there
exists a net (z),er in Y such that z, 92 2 in L. From [2, Theorem
3], we have that z, 92 2 in DM(L). Since DM (Y) is O-closed in
DM(L), it follows that x € DM(Y) N L. To see the converse, take
x € DM(Y)NLand A ={y € Y : y < z}. By Theorem 2.5.9,
DM (Y) is regular in DM (L) and thus \/PME) 4 = \y/PMY) 4 = o
Since L is regular in DM (L), it follows that = € Y;°. This shows that
DM(Y)NL =Y?. Now it is easy to see that Y;> = Y,°, and therefore

Y is simultaneously O-closed and uO-closed. ]

3 The topologies on the function space L*

In this section, we discuss several topologies on the function space L.

These will eventually be compared to the order topology.

3.1 Topologies on L*>.

Definition 3.1.1. A topological vector space is a vector space ¥V over

R endowed with a topology .7, such that:

(i) The addition map (x,y) — x +y is continuous from ¥ X ¥ into
¥V (where ¥ x ¥ has the product topology).

(ii) The scalar multiplication map (t,x) — tx is continuous from
R X ¥ into ¥ (where R has its usual topology and R X ¥ has the
product topology).

Definition 3.1.2. Let X be a set. A pseudometric on X is a function
p: X xX —[0,00) satisfying

(i)
(i)
(iii) p(x,x) =0 for every x € X.

p(x,y) < p(z,2) + p(z,y) for all z,y,z € X;
p(z,y) = p(y,x) for every x,y € X;
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Recall that for a pseudometric p, it is possible that p(z,y) = 0,
even when x # y. A metric on X is a pseudometric p with the addi-

tional property that p(x,y) = 0 implies x = y.

Definition 3.1.3. A pseudometric p on a vector space ¥ is said to

be translation invariant if p(u,v) = p(u+w,v+w) for all u,v,w € V.

Definition 3.1.4. Let ¥ be a vector space. An F-seminorm on ¥V is
a function T : ¥ — [0,00) satisfying, for all u,v € ¥ and a € R,
(i) 7(u+v) <7(u)+ 7(v);
(i) 7(av) < 7(v) whenever |a] < 1;
(iii) limg—o7(av) = 0.
Remark 3.1.5. Let ¥ be a vector space and T be an F-seminorm on

V. Define pr : V' x ¥ — [0,00) by (u,v) — 7(u —v). Then p; is a

translation-invariant pseudometric on V.

Several important topologies can be generated by families of pseu-
dometrics. The following theorem provides the general construction

of a topology from a family of pseudometrics.

Theorem 3.1.6 ([23, p. 525]). Let X be a set and P a non-empty
family of pseudometrics on X. Define Tp as the family of those sub-
sets G of X such that for every x € G there are {p1,p2,...,pn} € P
and € > 0 satisfying

Ul(x; p1, p2, s pni€) C G

where U(x; p1, p2, ..., pny€) = {y € X : maxi<i<n pi(z,y) < €}. Ip is
called the topology defined by P.

Proposition 3.1.7. Let (X, Ip) be a topological space, where Tp is
defined by a non-empty family P of pseudometrics. The following

statements are equivalent :

(1) yp 18 To.
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(ii) Ip is Hausdorff.

(iii) The collection P separates the points of X; that is for every
pair of distinct points x,y € X, there exists p € P such that

p(z,y) > 0.

Theorem 3.1.8. Let ¥ be a vector space and let T be a family of
F-seminorms on V. Define P := {p, : 7 € T'}. Then the topology Tp

generated by P turns ¥V into a topological vector space.

3.1.1 Topology of convergence in measure

We begin this chapter by recalling the definition of a linear map

and a linear functional.
Definition 3.1.9. Let ¥ and # be vector spaces over R. A map
T:V =W is called a linear map if

T(ax + py) = oT'(x) + BT(y)

for all x,y € ¥ and all o, B € R. A linear functional is a linear map
AV — R, A family of linear functionals % is said to be separating
if, for every x € ¥ with x # 0, there exists { € F such that {(x) # 0.

Definition 3.1.10. Let (X, X, 1) be a measure space. For each F €
¥/, define a real valued functional 7p : £° — [0,00) by

77 (f) ZZ/If\ AXF dp

for every f € £°.

Proposition 3.1.11. Let (X, X, u) be a measure space, and let F €
/. The functional T : £ — [0,00) satisfies the following properties:

(i) 7r(f) = 0 if and only if f(z) =0 almost everywhere on F';

(ii) 7r(f) = 7r(9) if f = g almost everywhere on F';
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~
<

-
IA

w(E N A) for every A € ¥;
< 7r(g) whenever 0 < f < g;
< 16(f) if G € B such that F C G;

Proposition 3.1.12. Let (X,X, u) be a measure space and F € vf.

Then the functional T is an F-seminorm on £°.

Let (X,X, 1) be a measure space. By remark 3.1.5, for each F' €
%7, one can define a pseudometric prp on £°. By Theorem 3.1.6, the
family of pseudometrics {p., : F' € »/ } generate a topology on .£°.

Lemma 3.1.13 ([23], Remark 245B (b). p. 173). Let (X,3,u) be
a measure space. The family of pseudometrics {p;, : F € Zf} 18
directed. Then G C £° is open if and only if for every f € G there
exists § > 0 and F € 5 such that U(f;pr;6) C G.

Proposition 3.1.14 (23], 245A & 245B, p. 173). Let (X,X, i) be a

measure space.

(i) If F € ¥ satisfies u(F) < oo, then the map

prp :L° x LY — [0, 00)

(f°,9°) = prp(f.9)

defines a pseudometric on LY.

(ii) The family {pr. : F € ¥ and p(F) < oo} is directed and gener-
ates a topology on L, denoted by Ty

(iii) A subset G C LY is open with respect to 7, if, and only if, for
every f* € G, there exist § > 0 and F € X such that

{¢° € L0 7p(f —g) < 6} CG.

(iv) The topology 7, is the finest topology that makes the quotient
mapping L0 — LY continuous.
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Theorem 3.1.15 ([23], Theorem 245E, p. 176). Let (X,%,u) be a
measure space. Then the following hold:

(i) (X,%,pn) is semi-finite if and only if 7, is Hausdorff.

(ii) (X,X,u) is localisable if and only if 7, is Hausdorff and L° is

complete under J,.
(ili) (X, %, ) is o-finite if and only if J,, is metrisable.
The topology defined above is called the topology of convergence

in measure on L°. Since L™ is a Riesz subspace of L, the topology

of convergence in measure on L* is obtained by considering .7, [r,

which we denote by 7,.

3.1.2 The strong operator topology on L™

We start this section by recalling the definition of a seminorm.

Definition 3.1.16. Let ¥ be a vector space over the scalar field R.
A sublinear functional on ¥V is a function p: ¥ — R such that for all
x,y €Y and a > 0,

(i) p(z+y) <plx)+py);
(i) pax) = ap(x).
Furthermore, if p(ax) = |a|p(x) for all a € R and x € ¥, then p is

called a seminorm.

Definition 3.1.17. A family . of seminorms on a vector space ¥
is said to be separating if, for every non-zero v € ¥, there exists a

seminorm r € . such that r(v) # 0.

Definition 3.1.18. A subset A of a vector space ¥ is said to be convex

if, for every u,v € A and o € [0, 1], the combination cu+(1—a)v € A.

Note that every seminorm p on a vector space ¥ induces a pseu-

dometric pp(z,y) :=p(z —y) for all z,y € 7.
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Theorem 3.1.19 ([32], p. 17). Let ¥ be a vector space over R, and let
S be a family of seminorms on ¥'. Define P := {p, : r € S}, where
pr(z,y) :== r(x —y). Then the topology generated by P turns ¥ into
a locally convex topological vector space, with respect to which each
seminorm in . is continuous. Moreover, this topology is Hausdorff if

and only if & is separating.

Definition 3.1.20. The topology T generated by a family of semi-

norms is called the vector space topology determined by ..

Theorem 3.1.21. Let ¥ and ¢ be normed spaces. Then the space
B(V,9), equipped with the operator norm, is itself a normed space.

Proposition 3.1.22. Let ¥ and 94 be normed spaces. For eachv € ¥,
define vy : B(V,9) — [0,00) : ro(T) — ||[T(v)|ly. Then the family
{ry :v € ¥} is a separating family of seminorms on B(V,9).

Definition 3.1.23. If ¥ and ¥ are normed spaces, the strong-
operator-topology on B(V ,9) is the locally convex topology generated
by the family of seminorms {py, : v € ¥}, where

pr, i=1o(§=T) = [|Sv=Tolly

for all S, T € B(V,9) andv e V.

From Lemma 1.6.2, for every g € Z*° and 1 < g < oo, the mul-
tiplication operator MJ : L9 — L7 : f* s (fg)*, is well-defined and
bounded. If (X, ¥, u) is semi-finite, then by Theorem 1.6.3, the map
T, : L™ — B(L9) : ¢* — M is an isometric embedding. Thus, L
may be identified with a subspace of Z(LY).

Consider the family of pseudometrics {pp, : h* € L7} on L™ C
AB(L7), where for each h®* € L? the seminorm pp : L® — [0,00) :

fo o= ||ME(R%)| = ([|fh] d,u)% is defined. By Theorem 3.1.19,
q
these seminorms induce a locally convex topology on Z(L%). This

topology is known as the strong operator topology. Restricting this

topology to L, we obtain a locally convex topology denoted by oy.
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3.1.3 The weak and Mackey topology

We start this section by recalling some basic definitions. Although
these are usually formulated over both R and C, for simplicity we

restrict to the real case.

Let ¥ and ¢ be vector spaces over R. Amap B: ¥ x¥ — R is
called a bilinear map if it is linear in each variable separately; that is,
for fixed y € 4 the map = — B(x,y) is linear on ¥/, and for each fixed
x € ¥, the map y — B(z,y) is linear on ¢.

Definition 3.1.24. The algebraic dual space of a vector space YV,
denoted by V'*, is the set of all linear functionals ¢ : ¥ — R. FEquipped
with pointwise addition and scalar multiplication, V* is itself a vector

space.

Definition 3.1.25. Let ¥ and 4 be vector spaces over R, and let
B:7 x99 — R be a bilinear map. We say that V" and ¢4 are paired,

or they form a pairing with respect to B.

The pairing (or bilinear map) separates the points of ¥ if for every
nonzero x € ¥, there exists y € 4 such that B(x,y) # 0. Similarly,
it separates the points of &G if for every nonzero y € ¢4, there exists

x € ¥ such that B(z,y) # 0.

If the pairing separates points of both ¥ and ¢, we say that it is
separated, or that (¥,%9) is a duality with respect to B.

Let 7 and ¢ be paired vector spaces with respect to the bilinear
map B : 7 x¥% — R. For each y € ¢, define the map p, : ¥ —
R : 2 +— B(x,y), which is a linear functional on ¥, i.e., an element of
¥*. The assignment ¥ : ¢ — ¥ : y — p, is a linear map. If B is
injective in the second variable, ¥ is injective, and ¢ can be identified
by U(¥), so that ¢ is viewed as a linear subspace of ¥*. Under
this identification, the bilinear map corresponds to the canonical map
B': ¥V x¥V* = Rto ¥ x¥. Similarly, one can identify ¥ as a subspace
of ¥* via the mapping =z — B(z, ).
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For any paired vector spaces ¥ and 4. Using Theorem 3.1.19, we
can define a locally convex topology on ¥ by considering the family
of seminorms {|py| : y € ¥}, where py(x) = B(x,y) for x € 7. We
denote this locally convex topology by o(7,9).

Theorem 3.1.26 ([31], Proposition 2, p. 187). Let ¥ and & be paired
vector spaces with respect to the bilinear map B : ¥V x4 — R, and
equip V¥ with the o(V',9)-topology. Then:

(i) For every y € ¢, the map py is a continuous linear functional
on V.

(ii) Conwversely, if f is a continuous linear functional on ¥, then

there exists y € 4 such that f(x) = py(z) for allx € V.

Remark 3.1.27. The set of continuous linear functionals on V', de-
noted by ¥, is called the continuous dual space. From Theorem 3.1.26,
V" can be identified with 4 [ ker(¥), where ker(V) ={y € 4 : ¥(y) =
0}. Furthermore, if the pairing separates the points of 4, then V" can
be identified with 4 when ¥ is endowed with the o(¥ ,4)-topology.

Theorem 3.1.28. Let ¥ and 9 be paired vector spaces with respect
to the bilinear map B : V' x4 — R. If B separates the points of 4,
then o(¥,9) is the weakest locally convex topology for which all the

maps {py : y € Y} are continuous.

Proof. Let .7 be a locally convex topology such that each map p, is
continuous for every y € 4. Let g € ¥, € > 0 and vy1,¥2,...,Yn in
¢. For every y;, there exists a neighbourhood V; € .7 of xy such that
20 € Vi C V(oilpil,e), where pi(x) = Ba.y,). Let V = (-, Va
Then 29 € V C V(xo; [p1], [p2], --s |Pn|; €), which shows that very basic
neighbourhood in o(¥,%) contains a neighbourhood from .7. Hence,

oV, 9)C T. 0

Proposition 3.1.29 ([31], Proposition 4, p. 188). Let ¥ and ¥ be two
paired vector spaces with respect to the bilinear map B : V' x4 — R
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which separates points of &, and let W be a proper subspace of 4.
Then the topology (¥ ,9) on ¥ is strictly finer than the topology
oV, W).

Theorem 3.1.28 shows that if the bilienar map B separates the
points of ¢, then o(¥,%) is the weakest locally convex topology on
¥ for which ¢ is the continuous dual of ¥'. This topology is called the
weak topology on ¥. The weak topology is also known as the topology
of pointwise convergence, because a net (x)yer in 7 converges to x

if and only if py(x,) — py(x) for every y € 4.

Definition 3.1.30. Suppose that ¥ and 4 form a pairing which sep-
arates the points of 4. A locally convex topology 7 on ¥V is said to
be compatible with the pairing if 4 coincides with the continuous dual
of ¥V when ¥V is equipped with 7 .

In view of the definition above, the weak topology o(7,¥) is the
weakest locally convex topology compatible with the pairing of ¥ and
¢. We now turn our attention to the finest topology that is compatible

with this pairing.
Definition 3.1.31. Let A be a subset of a vector space ¥ over R.

(i) A is said to be absorbing if for every x € ¥, there exists a > 0
such that x € AA for all X € R with o < |A|.

(ii) A is said to be balanced if NA C A for all A € R with |A| < 1.
Theorem 3.1.32. In a topological vector space V', there exists a
neighbourhood base N of 0 satisfying:

(i) Every V € A is absorbing and balanced.

(i) For every V e A, there exists U € N such that U +U C V.

Conversely, let V' be a vector space over R, and let A be a filter basis
on ¥V satisfying (i)-(ii). Then there exists a unique topology on ¥ for
which ¥V is a topological vector space and A is a neighbourhood base
of 0.
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A topology 7 on a vector space ¥ is said to be a vector topology,

or a topology compatible with the linear structure, if ¥ becomes a

topological vector space under 7.

Theorem 3.1.33 ([31], Proposition 6 & Corollary, p. 88). Let ¥ be

a vector space, and let o/ be a collection of absorbing, balanced, and

convex subsets of V. Let N be the collection of all finite intersections
of sets of the form AV, where A > 0 and V € o/. Then there ezists

a unique topology on ¥ for which ¥ is a locally convex space and N

forms a neighbourhood base of 0.

Definition 3.1.34. Let ¥ and & be paired vector spaces with respect
to a bilinear map B : ¥V x4 — R. For a subset A C ¥, the polar of
A is the subset A° of 4 defined by

A% ={ye¥:|B(x,y)| <1 forall e A}.

Proposition 3.1.35 ([31], Proposition 2, p. 192). Suppose that the
vector spaces V' and 94 are paired with respect to a bilinear map B :
YV x4 — R. Then the polar A° of a subset A C ¥V satisfies the

following properties:

IfAl g A2 g 7/, then AS g Ai)

If AC ¥ and D is the balanced hull of A (smallest balanced set
containing A), then A° = D°.

A C A% = (A°)°.
AO — AOOO'
A° is a balanced, convex and o(¥4,7 )-closed set in 4.

(AA)° = %AO for X e R, A # 0. In particular, A° is absorbing if
and only if A is bounded in o(V,9).

If (Ap)ace is a family of subset of ¥, then

(U4 = 4

aed acd
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Theorem 3.1.36 ([31], Theorem of the bipolars, p. 192). Let ¥ and
& be paired vector spaces. If A is a non-empty subset of V', then A°°
is the balanced, convex, o(¥V ,9)-closed hull of A; that is, A°° is the

smallest balanced, conver set containing A which is o(¥,9)-closed.

Let 7 and ¢ be paired vector space, and let © be a collection
of o(¥,%)-bounded subsets of ¥". From Proposition 3.1.35 (v) and
(vi), the polars A° are absorbing, balanced, and convex subsets of ¢.
By Theorem 3.1.33, these sets can be used to define a locally convex

topology on ¢.

This topology is called the ©-topology, or the topology of uni-
form convergence on sets in ©. A neighbourhood base of 0 for the
O-topology is formed by all finite intersections of sets of the form
AA°, where A > 0 and A € ©. Moreover, if we define g4(y) =
sup,ea |B(z,y)| for A € ©, then

y € AM° <= y = Az for some z € A°

< |B(z,2)| = B(ac, y)’ <1 for every z € A

A

<~ qay) < A

Thus, the ©-topology is precisely the locally convex topology gen-
erated by the family of seminorms {g4 : A € ©}.

Theorem 3.1.37 ([31], Mackey Arens, p. 205). Suppose that ¥ and
& form a pairing that separates the points of 4. A locally conver
topology 7 on ¥ is compatible with the pairing ¥ and ¢4 if and only
if 7 is a ©-topology, where © is a collection of balanced, convex,
o(¥,)-compact subsets of 4 that cover 4.

Definition 3.1.38. Let ¥ and ¢ be two vector spaces forming a pair-
ing that separates the points of 4. If © denotes the collection of all
balanced, convez, o(4,V)-compact subsets of 4, then the correspond-

ing O-topology on V is called the Mackey topology and is denoted by
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(7, 9).

Proposition 3.1.39 ([31], Proposition 4, p. 205). Suppose that ¥
and 4 are two vector spaces which form a pairing that separates the

points of 4. A locally convex topology 7 on ¥ is compatible with the
pairing of ¥V and 4 if and only if o(V',9) C T C7(¥V,9).

3.2 Order Topology on L*®

Assume that (X, X, ) is a semi-finite measure space and consider the
bilinear map B : L*® x L' — R : (f*,¢°) — [ fg du. This bilinear
form induces a duality between L>® and L'. Moreover, by Remark
1.6.5, every g € L> defines a bounded linear functional on L'. Hence,
by Theorem 1.6.7, L embeds isometrically into (L!)*. It should be
noted that if (X, ¥, u) is localisable, then this embedding is surjective.

Using this duality, we can consider the two topologies o(L>, L!)
and 7(L*°, L'). In this setting, the Mackey topology is defined by the
collection of balanced, convex and o(L!, L>)-compact subsets of L',
or equivalently by the collection of balanced, convex and o (L', L>°)-
relatively compact® subsets of L'. We next characterize the subsets
of L' that are relatively compact with respect to o(L!, L>). Tt is
important to note that, since (X, X, u) is not necessarily localisable,
the embedding of L* into (L')* is not surjective. Consequently, under
semi-finite measure spaces, L> may be a proper subspace of (L!)*.
In particular, by Proposition 3.1.29, the weak topology o(L!, L*) can
be strictly coarser than o (L, (L1)*).

Definition 3.2.1. A set A C L' is said to be uniformly integrable if
for every € > 0, there exists a set E € X/, and a constant M > 0 such
that

/(If! ~ Mye)t du<e

for every f* € A, where ()" = max{-,0}.

3A subset A C X is relatively compact in X if there is a compact subset containing A.
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Theorem 3.2.2 ([23], Theorem 246G, p. 187). Let (X, X, u) be a

measure space and let A C L*. Then the following are equivalent:

(i)
(i)

(iii)

A is uniformly integrable.

SUPfeca | [ f dul < oo for every p-atom F € ¥, and for every
€ > 0 there are E € X/ and § > 0 such that | [, f du| < e
whenever f* € A, F € ¥ and u(ENF) <4.

SUD fecy | Jr [ dul < o< for every p-atom F € X, and
limy, .00 SUP fec 4 (| an f du|) = 0 whenever (Fy)nen is a disjoint

sequence in .

SUD fec 4 | [p [ dul < oo for every p-atom F € X, and

limy, 00 Supf.eA(|anf du|) = 0 whenever (Fy)nen is a non-
increasing sequence in X with empty intersection.

Definition 3.2.3. Let ¥ be a wvector space endowed with the weak
topology o(¥V',9), and let A C V. Then:

(i)

(i)

A is said to be weakly compact if it is compact with respect to the

weak topology o(V,¥9).

A is said to be relatively weakly compact if it is a subset of a

weakly compact set.

Theorem 3.2.4 ([23], Theorem 247C, p. 189). Let (X, X, u) be any

measure space and A a subset of L'. Then A is uniformly integrable

if and only if it is relatively compact with respect to the weak topology
o(L', (LY)Y).

Theorem 3.2.5 ([23], Exercise 246Y (k), p. 192). Let (X, %, u) be a

measure space, and let A C L' be a non-empty set. The following are

equivalent:

(i)
(i)

A is uniformly integrable;

Whenever B C L™ is a non-empty filtered subset with infimum
0% in L™, we have infgecpsupec 4| [ fg du| = 0.
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Let ca(X) be the space of all o-additive R-valued measures on %
with the variation norm (equivalent to the sup norm). For each f € L!,
define the real-valued measure py € ca(X) by pus(E) := [, f du for
E € X. The map ® : f + py is an isometric embedding of L' into
ca(¥). We denote by 7, the product topology on ca(¥) C R*.

Definition 3.2.6. A subset A C ca(X) is said to be equicontinuous
if, for every decreasing sequence (Ap)gen in X with (oo, Ar = 0, we

have limyen sup,e 4 [1(Ag)| = 0.
The following theorem is pivotal for the theorems that follow.

Theorem 3.2.7 (][26], Theorem 2.6). Let A C ca(X) be bounded.

Then the following statements are equivalent:
(i) Every sequence in A has a subsequence which converges in Tp;
(ii

(ii

)
) The Tp,-closure of A is compact;

) A is equicontinuous;

(iv) Ewvery countable subset of A is equicontinuous.

In the following theorem we note that the relatively compact sub-
sets of (L', L°°) and o (L', (L')*) coincide.
Theorem 3.2.8 ([2], Proposition 11). Let A C L'. The following
statements are equivalent:

(i) A is relatively compact with respect to the weak topology
o(LY, (L)*);
(i) A is relatively compact with respect to o(L', L*);
iii) ®[A] is relatively compact in ca(X) with respect to T,;
p

)
)
(iv) ®[A] is equicontinuous;
(v) A is uniformly integrable;
)

If (y3)~er is a decreasing net in L with infimum 0°, then

lim sup ’ /uyW d,u’ =0.

7 ueA
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Proof. The equivalence of (i), (v) and (vi) follows from Theorem 3.2.4
and Theorem 3.2.5. The implication (i)=-(ii) follows by Proposition
3.1.29, and implication (ii)=-(iii) is immediate from the embedding ®.
The implication (iii)=-(iv) follows from Theorem 3.2.7, while (iv)=-(v)
follows by Theorem 3.2.2 (iv). O

As a consequence of Proposition 3.2.8, the relatively compact sets
of L' coincide for the weak topologies o(L', L) and o (L', (L)*).

Corollary 3.2.9. 7(L>° LY) = 7((LY)*, L") | .

From proposition 3.2.8, every A C L' that is relatively compact
with respect to o(L!, L>) is also a uniformly integrable subset of L!.
It follows that the solid hull s(A) := {f* € L' : |f| < |g| for some g €
A} is uniformly integrable. Moreover, the convex hull ¢(s(A)) is also
uniformly integrable. Since ¢(s(A)) is balanced, we conclude that the
balanced convex solid hull of a relatively o(L', L>)-compact subset

of L' is also relatively o (L', L>)-compact.

Proposition 3.2.10. (i) 7(L>,L') is a locally convex, solid and

order-continuous topology.

(ii) 7(L>, L") is the finest Hausdorff locally convex and order- con-

tinuous topology on L.

Proof. (i) Recall that 7(L>, L) is the topology of uniform conver-
gence on all balanced, convex, o(L!, L>)-compact subsets of L'. From
the preceding paragraph, it follows that 7(L>, L!) is equivalently the
topology of uniform convergence on all balanced, convex, solid, rel-
atively o(L!', L*°)-compact subsets of L'. Consequently, the space
(L%, 7(L*, L')) has a 0O-neighbourhood basis of balanced, convex,
solid sets. In other words, 7(L>, L') is a locally convex, solid topol-
ogy. Finally, by (ii)=(vi) of Theorem 3.2.8, it follows that 7(L>, L)

is order-continuous.

(ii) Let .7 be a Hausdorff, locally convex, and order-continuous

topology on L*°. We first show that every linear functional ¢ on L™
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that is continuous with respect to .7 is also continuous with respect
to o(L>, L'). By our assumptions it follows that the set function
v : X — R defined by v(E) := ¢(xg) is o-additive. Clearly v is
absolutely continuous with respect to p. Let us verify that v is o-
finite with respect to u. The assumption of semi-finiteness implies
that for every E € ¥, the directed set {xr : F € ¥/ such that F C E}
increases to xg. By the order-continuity of ¢, the net {v(F) : F €
¥/ such that F C E} converges to v(E). Next we note that every
disjoint system D in ¥ satisfying v(D) # 0 is countable. Indeed,
%‘H’ Ly:ne
N}UJL, 00), then there exists an uncountable D’ C D such that v(D) €
et
of v. If D is a maximal disjoint system in ¥ such that u(D) < +o0 and
v(D) # 0 for every D € D, then D is countable. Note that v(E) =0

for every E C X \ UD, that is, v is o-finite with respect to u. The

assume not and consider the collection of intervals {[

) for some m € N and D € D', contradicting the o-additivity

Radon-Nikodym Theorem can therefore be applied to yield a function
f* € L' satisfying [ xgf du = v(E) for every E € ¥. But for every
g* € LT, there is a sequence (s))neny in S := span{x} : £ € X}
such that s? increases to ¢g®. This implies that ¢(¢®) = [ gf dp for
every ¢* € L% and therefore ¢(¢®) = [gf du for every g* € L°°.
In particular ¢(g®) = B(g®, f*), thus ¢ is continuous with respect to
o(L>,L') and therefore the dual of (L>,.7) can be identified with
a subspace G of L'. If K C G is compact with respect to o (G, L>),
it is also compact with respect to o(L!, L), concluding that .7 C
(L, G) C (L=, LY). O

Theorem 3.2.11. Let (X, %, u) be a semi-finite measure space.

(i) For every 1 < p < q < o0, one has

U(LOO,Ll) Cop Cog C T(LOO,LI) C Too, and

Ty € op,

(i) One has (L™, L') C 70(L*®) C Too, and To(L>®) = 7o if and
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only if L™ is finite-dimensional.
(ili) If (X, %, p) is o-finite, then the restrictions of 7, and To(L*) to
bounded subsets of L™ coincide.
Furthermore, unless L™ is finite-dimensional, all of the inclusions in
(i) are proper.
Proof. (i) [o(L>, L") C o1]. Assume that f3 L, f*. Then for every
h® € L' we have P, (35 f*) = 0, that is, ppe(f3 — f*) — 0. Equiv-
alently, [ |(fy — f)h| duw — 0. Since | [ fh du| < [|fh| du, it follows

o oo 1
that f2 ") pe.

[op C 4. Observe that
£ =51 = My, s (W)]|2 = 0 for all h* € L]
= /|f7 — f19h|?* dp — 0 for all h® € LY

— /|f7—f]quu—>0forallg'GL}F,

i.e. since L' = Ll+ — L',

g, - o 1
f; — f* if and only if |f; — 7o) (L_,>L )O'.

For 1 < p < ¢ < 00, note that
0° <|f5 = flPg* < |f5 = f°l'g*

for all ¢* € L}r. From this it follows that o, C o,.

[0, C 7(L>®,LY)]. By Proposition 3.2.10 (ii) it suffices to show
that o, is order-continuous. Let f® € L” and note that the support of
f* is o-finite. Indeed, u({z € X : |f(z)| > %}) < Yn [|fIP du < oo.
Then,

wex: Il 0= {eex: wiz 2}
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Let A, ={z € X :|f(z)] > ﬁ} such that supp(f®) :={z € X :
|f(x)] # 0} = U,Z1 An, as required. Now we show that if (f3).er is a
decreasing net in L>° with infimum 0® and f* € L9, then lim,, ||f~,f||p =
0. From the above the support of f® is o-finite. Thus, there exists a
sequence (Vn)nen such that (Xsupp(fe)fy, Jnen decreases to 0° in L.
It follows that the set

j

has measure 0 and therefore inf,en fy, Xsupp(f) (%) = 0 p-a.e. This

El e

Sii={@ € supp(f*) : inf £, (2) >

implies that inf,cy fy, f() = 0 p-a.e, and therefore

h}YanchHp = ;g%l!fvfllpé rlzrellf\IHf%pr =0

where the last equality follows by the Lebesgue dominated conver-

gence theorem.

7 C 01]. We show that if £ "% f* then f3 — f*. If F € ¥ and
w(F) < oo, then (xp)® € L'. Then

BT =y (£ f) 0
— /\fv—f\x%dﬂ—w

= /‘f'y—f|/\XI?dM§/fw‘f|X%‘dH—>0

- f;l>f°.

(ii) [T(L>, L') C 70(L>)]. This follows by the fact that 7(L>, L')
is order continuous and by Theorem 2.2.10, 7o(L) is the strongest

order continuous topology.

[T0(L>®°) C Too]. If (f2)nen is a sequence in L™ satisfying lim, oo || fr|lco =
0, then
— inf kaHoo 1° S f?g S Sup”kaoo ]l.)
k>n k>n
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ie. (f¥)nen is Oj-convergent to 0.

(iii) By Theorem 3.1.15 (ii), if (X, X, u) is o-finite, 7, is metriz-
able. For every sequence (f3)nen of measurable functions converging
in measure to the function f*, there is a subsequence (fy, )ren that
converges pointwise p-a.e to f®. This implies that when (X, X, u) is
o-finite, every order-closed subset of the unit ball of L is closed with

respect to 7.

Now we show that if L*° is infinite-dimensional, the inclusions in (i)
are proper. As (X, 3, u) is semi-finite, we can find a disjoint sequence
(An)nen in X that satisfies 0 < p(A4,) < oo for every n. The map
1:cp = L™t (Ap)nen — Y neq AnX4, is a Banach space embedding
of ¢p into L*>°. Denote by Ej the range of 1.

[0(L%°, L) # o1]. As oy is locally solid, it suffices to show that
o(L>®, L) is not locally solid. Using the embedding 2, the topology
o(co, /') can be identified with the restriction of o(L>, L) to Ey. If
o(L®, L') was locally solid, then o(cg, ¢!) is also locally solid. This
contradicts [6, Theorem 6.9, pg. 42].

[0p # 04. From this it also follows also that o, # 7(L*>°, L').] Let
1 < a < q/p and define e, := W(X;\n)' To prove that o, # o4, we
show that 0°® is not a limit point of F' := {e,, : n € N} C L* with
respect to o, but it is a limit point of the set F' with respect to o,,.

The function

. (x4
R e

n=1
belongs to LY and [le,g||, = 1 for every n € N. Then U := {f® € L*>:
I fgll, < 1} is a o4-open neighborhood of 0°* satisfying U N F' = (. On
the other-hand let h®* € LP and £ > 0 be given. Let A, := fAn |h|P dp.
Then Y 2, A, < 00, so there exists an increasing sequence (ny)gen

such that niyA,, <1 for every £ € N. Since ap — ¢ < 0, we can find
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sufficiently large k € N satisfying {/n;’" ¢ <e. Then

P
feastl} = [ <W% |h|) Qi = U ey = S (A < e,
Mg

i.e. 0° is a limit point of F' with respect to o).

[T(L>®, L') # 7o, using (ii), it suffices to show that 7o (L) # Too].
Let By, := Jg>,, Ak. Note that in L*°, ((xB,)*)nen is decreasing and
inf{(xp,)® : n € N} = 0°%, ie. ((xB.)®)ney converges to 0° with
respect to 7o (L>). However, it fails to converge to 0* with respect to

Too since [[(xB, )| = 1 for every n € N.

[T, # o1]. We note that if £ € ¥, then

pwEN(JA4) =n(JENA)) =D uENA,)
n=1 n=1 n=1

Moreover, if u(E) < oo, it follows that u(E N A,) converges to 0.

Now consider the sequence (n2xj4n)neN. From the fact that

prp (2%, 0%) = / nxa, Axs di < / N, djt = p(ENAL) — 0,

the sequence (n2xj4n) converges to 0° with respect to 7,. On

neN

. e X%

the other-hand let 1 < o < 2, the function h := > 7, A Pe-
longs to L' and i n?xa,h dp = n?~%, concluding that the sequence
(n2xj4n)n€N does not converge to 0* with respect to o;.

O

We now consider a general condition under which the topologies
70(L>®) and 7(L*®, L) differ. For A € ¥, define L>(A) := {fxa :
f € L™} and LY(A) := {fxa : f € L'}. It is straightforward to
verify that L°°(A) and L'(A) are isomorphic (as Banach lattices) to
L®(A, Y4, 14) and LY(A, X4, ua), respectively, where X4 = {4 N
E : FE € X}, and pg = p [4. In what follows, therefore do not
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distinguish between L>(A) and L>®(A, Y4, 1a), nor between L'(A)
and L'(A, X4, pua).

Lemma 3.2.12. Let A € X.

(i) The restriction of o(L', L) to L'(A) (respectively, the restric-
tion of T(L>, L) to L*>°(A)) coincides with the topology
o(LY(A), L>®(A)) (resp. 7(L>(A), L'(A)) arising from the dual-
ity B : (L>(A), L'(A)) = R ((£xa)*, (9x4)*) = [4 fg dp.

(ii) The order topology To(L*°(A)) is equal to the restriction of
To(L™) to L>®(A).

Proof. (i) The claim follows immediately by comparing the families

of seminorms arising from the duality
Bt (L)L) =R Bal(fxa)*s (o)) = [ fodn,

since these seminorms are exactly the restrictions of the semi-
norms defining o(L*, L*) (resp. the seminorms defining 7(L°, L))
to L(A) (resp. L>=(A)).

(ii) The restriction statement for the order topology holds because

order limits are unique, and the map
L = L=(A) : f* = (fxa)®,

is isotone, idempotent, and preserves arbitrary suprema and in-
fima. Hence a net in L>°(A) is order-convergent in L>°(A) if and

only if it is order-convergent in L*°, which implies

TO (LOO(A)) =T10(L ’LOO(A)'

From the above, if 70(L>) = 7(L>, L), then,
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T0(L(4)) = 7(L¥(A), L (4))
is true for every A € .

Theorem 3.2.13. Let (X,X, u) be semi-finite measure space and let
A € X satisfy:

(i) u(A)#0, and

(ii) A contains no u-atoms, i.e., there is no measurable subset B C
A with p(B) > 0 such that every measurable C C B satisfies
u(C) =0 or u(C) = p(B).
Then To(L*) and T(L*°, L) are not equal.

Proof. Using the fact that (X,%, u) is semi-finite, we assume that
(A) < co. We find a set ' C L>®(A) that is 70(L>(A))-closed but
not closed with respect to 7(L>(A), L' (A)).

Let Ay (n € Nyi = 1,...,2™) be a tree in 3 such that A is the
disjoint union of A;; and A;9, and A, _1; is the disjoint union of
2n—1

Apoi—1 and Ay ;. Set A, = |U;_; Ang2i and B, = A, 1. We show
that

Fim { o (05,) + mlxb,) s mon € N}

is 70(L>°(A))-closed but not closed w.r.t to 7(L>(A), L'(A)).

Fis 1o(L*°(A))-closed: By Theorem 1.5.8 and Theorem 1.5.9, note
that L>°(A) is Dedekind complete and order separable. It suffices to
show that every Og-convergent sequence (f;)jen in F, its order limit
f belongs to F'. Let

1

fi = O, i, )

Since (f})jen is Oz-convergent, it is norm bounded. Then, there ex-

ists m € N and a subsequence such that m; = m for every j € N. Pass-
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ing to a subsequence again, we can assume that (n;);en is constant
or strictly increasing. If it is constant, we are done. Assume for con-
tradiction that it is strictly increasing. The sequence (m/(x an)') JENS
decreases to 0° in L*™ and the sequence ((x An, )®)jen O2-converges to
mf®, so ((x An, )®)jen is convergent with respect to the pseudometric

pr,- Then,

/|XAnj — XAn, [ Axadp < / IX4,, —mflAxa dut
/\mf — XAn,,, | Axa dp—0

Then pu((An; \ An,; 1) U (An, . \ Any)) — 0 as j — oo. However,
as p((An; \ Anyyy) U (Anjy \ Any)) = %A) for every nj # mjy1, then

we get a contradiction. Thus, F' is Oo-closed.

0* belongs to the 7(L>(A), L'(A))-closure of F : Let K C L'(A)
be absolutely convex and relatively o(L'(A), L>°(A))-compact set.
It suffices to show that there exists f® € F such that qx(f®) =
supgeci |B(f*,9°)] < 1. Choose m € N satisfying ¢x(x%) < %.
Furthermore, as (Bj)nen is decreasing to ) and K is uniformly in-
tegrable, then there exists n € N such that grx(xgy ) < 5. Let

f= %X;ln +mxp, € F, then

[ ] [ ] 1 [ ] [ ]
arx (X%,) + mak(xB,) < EQK(XA) +mar(xp,) < 1.

ax(f*) < -

O]
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4 Lattice Uniformities

4.1 Uniformity and the uniform topology

For a subset U C X x X, define U™t := {(y,2) : (z,y) € U}. A set
satisfying U = U~ is said to be symmetric. The diagonal of X x X
is denoted by A(X) := {(z,z) : x € X}. For sets U,V C X x X,
define the composition U o V' := {(z,2) : (z,y) € U and (y,2) €
V for some y € X}. Denote by Dx the family of symmetric subsets
of X x X containing the diagonal A(X). A set U € Dy is said to be

an entourage of the diagonal .
Definition 4.1.1. A uniformity on a set X is a non-empty subfamily
U of Dx satisfying the following properties:
(i) For every U € U, there exists V € U such that VoV C U;
(ii) For allU,V €U, one hasUNV € U;
(iii) fUeU andU CV C X x X, thenV € U.

Definition 4.1.2. A uniformity U is said to be separated or Hausdorff
if it satisfies (e U = A(X).

Given a uniformity U on a set X, the pair (X, ) is called a uniform
space. If the uniformity U is separated, (X,U) is called a separated

or Hausdorff uniform space.

Example 25. The usual separated uniformity on R consists of all
subsets U C R? for which there exists r > 0 such that {(x,y) : |[zr—y| <
r} CU.

Lemma 4.1.3. Let (X,U) be a uniform space and U € U. Then there
exists a V€U such that VoV oV CU.

Proof. Let U € U, by definition of a uniformity, there exists Z € U
such that Z o Z C U. Next, choose V € U such that VoV C Z. If
(z,y) € VoV oV, then there exist z,w € X with (z, 2), (2, w), (w,y) €
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V. Since (x,w) € VoV € Z and (w,y) € V C Z, it follows that
(x,y) € ZoZ CU. Hence, VoVoV CU. O

For a uniform space (X,U), U € U and A C X. Define U(z) :=
{ye X : (x,y) e U} and U(A) :={y € X : (x,y) € U for some x €
A}

Theorem 4.1.4. Let (X,U) be a uniform space. Define F := {G C
X : for every x € G there exists a V. € U such that V(z) C G}.
Then Jyy is a topology on X. Furthermore, if (X,U) is separated, Ty
1s a T1-topology on X.

Proof. Tt is clear by definition of .7, that 0, X € .9,. For G1,Gy € 9,
and z € G1 N Gy, there exists V1, Vo € U such that Vi(z) € G; and
Vao(z) C Ga. Setting V := V1NV, € U, we have V(x) = Vi(x)NVa(z) C
G1 N Ga, proving that G1 N Gy € J;. The closure under arbitrary

unions is verified similarly.

Next if U is separated, we show that 7, is T3. It suffices to show
that X \ {z} is open for every x € X. For distinct =,y € X, there
exists U € U satisfying (z,y) ¢ U. Then, U(y) C X \ {z}, showing
that X \ {z} is open. O

The topology Z; constructed in Theorem 4.1.4 is called the topol-
ogy nduced by the uniformity U.

Theorem 4.1.5 ([34], Theorem 4, p. 178). Let (X,U) be a uniform
space and A C X. The interior of A, denoted by A°, is A° := {x €
X :U(z) C A for some U € U}, taken relative to the uniform topology
Ty

Proof. We note that if G C A is open, then G C A°. Hence, it suffices
to show that the set {x € X : U(z) C A for some U € U} is open
with respect to J. Let y € {x € X : U(x) C A for some U € U}.
Then there exists V' € U such that V(y) C A. By the definition of a
uniformity, there exists W € U satisfying W o W C V. Now, for any
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z € W(y), we have W(z) C V(y) C A. Therefore, W(y) C {x € X :
U(z) C A for some U € U}, showing that the set is open in F,. O

Corollary 4.1.6. Let (X,U) be a uniform space. Then for every
x € X and U € U, the set (U(x))° is a neighbourhood of x in the
uniform topology Jiy.

Corollary 4.1.7. Let (X, .9y) be a topological space, where Jy; is the
topology induced by the uniformity U. Then for A C X, x € A% if
and only if ANU(x) # O for every U € U.

Definition 4.1.8. Let (X,U) be a uniform space. A subfamily X C U
is called a base for the uniformity U if for every U € U, there exists
B € X such that BCU.

Proposition 4.1.9 ([34], Theorem 2, p. 177). A non-empty family

X C Dx is a base for some uniformity Ux if and only if
(i) For every U € X, there exists V € X such that VoV C U;

(ii) For every Bi,By € X, there exists Bs € X such that By C
B1 N Bs.

Proposition 4.1.10 ([22], Proposition 8.1.14, p. 431). Let X be a
topological space with topology 7 and X C Dx a family of entourages
of the diagonal that satisfy properties (i)-(ii) of Proposition 4.1.9, and
they consists of open subsets of the Cartesian product X x X. If for

every x € X and any neighbourhood G of x there exists a V € X such
that V(z) C G, then Jy, = 7.

Definition 4.1.11. Let (X,U) be a uniform space. A subfamily Y C
U is called a subbase for the uniformity U if the family of finite in-

tersections of elements of V' is a base for U.

Theorem 4.1.12. If (X,U) is a uniform space, then the topology i

s reqular.
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Proof. Let x € X and F be a Jj-closed set such that x ¢ F. Then
there exists U € U satisfying z € U(z) C X \ F. Let V € U satisty
VoV CU. Then (V(x))° is the required open neighbourhood of z
because (V(2))° CVoV(zx) CU(z) C X\ F. O

Corollary 4.1.13 ([13], p. 174). Let (X,U) be a uniform space. Then
U is separated if and only if F; is Hausdorff.

It should be noted that distinct uniformities may induce the same
topology. For instance, in [22, Example 8.1.6, Example 8.1.7, p. 429],

there are two distinct uniformities which generated the discrete topol-

ogy.

4.2 Uniform Spaces and Uniform Continuity

When considering uniformities on a set X, one can consider the com-
plete lattice of uniformities. However, one should note that the inter-
section and union of two uniformities is not necessarily a uniformity.
In what follows, we shall describe how suprema in this lattice are

constructed.

Lemma 4.2.1. Let (X,U) and (Y, V) be uniform spaces. Then the sets
{((3«"1’2/1)’(952,1/2)) U el VeV, (thQ) € U and <y17y2) € V}
form a base for the product uniformity on X x Y. Furthermore, this

uniformity induces on X XY the product topology T3y X F.

Proof. The proof is a direct application of Proposition 4.1.9 and Propo-
sition 4.1.10. ]

From Lemma 4.2.1, given a uniformity & on a set X, one can
generate a uniformity that induces the product topology 7, x 9, on
X x X.

Definition 4.2.2. A function f : X — Y between uniform spaces
(X,U) and (Y, V) is said to be uniformly continuous if for every V€V
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there exists U € U such that fo(U) C V, that is, (x,y) € U —
(f(x), f(y) e V. *

Let f be a function from a set X into a uniform space (Y,U). In
general, it is not true that the family of sets {f; (V) : V € U} is a
uniformity on X. The difficulty comes from the possibility that there
exists a subset of A C X x X such that f; (V) C A for some V € U,
but A # fy 1(I/V) for any W € U. However, the following lemma shows
that the set {f, '(V): V €U} is a base for a uniformity Uy on X.

Lemma 4.2.3 ([34], p. 181). Let f : X — Y be a map from a set
X into a uniform space (Y,U). The family {fy(U) : U € U} forms
a base for a uniformity Uy on X. Furthermore, Uy is the smallest

uniformity on X that makes f uniformly continuous.

Proof. For every U € U and = € X, we have (f(x), f(x)) € U because
A(Y) C U. Tt follows that A(X) C f; *(U). Tt is also easy to see that
fa 1 preserves intersections and inverses. Finally, it remains to show
that for each U € U, there exists V € U such that f;*(V)o f, }(V) C
fo L(U). By the definition of a uniformity, there exists V' € U such
that VoV C U. Now, let (z,2) € f; (V) o fy*(V). Then there
exists y € X such that (z,y), (y,2) € f5 (V). Then, (f(z), f(y)) € V
and (f(y), f(z)) € V. Hence, (f(z),f(z)) € VoV C U, so that
(z,2) € f; H(U), as required. O

Remark 4.2.4. The statement in Lemma 4.2.3 can be extended to a
collection of functions F, where every f € F maps X into a uniform
space (Y,Vy). Each f € F induces a uniformity Uy on X, and the
union of the family {Uy : f € F} forms a subbase for a uniformity Ur
on X.

Lemma 4.2.5 ([13], Proposition 8, p. 180). Let X be a set, and let
{Uy : v € '} be a collection of uniformities on X. Then the union

Uacy Ua forms a subbase for a uniformity on X. This uniformity

4The function fo : X x X — Y x Y is defined by fo(z,y) = (f(x), f(y)).
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is the supremum of the uniformities {Uy : o € </} in the lattice of

uniformities on X.

An analogue of Lemma 4.2.5 for infima can also be established [50,
Theorem 2.2]. Consequently, the set of lattice uniformities is an order-
complete lattice. In this lattice, for two uniformities &/ and V on X,
we say that U is finer than V if the identity map e : (X,U) — (X, V)

is uniformly continuous.

Theorem 4.2.6 ([34], Theorem 11, p. 183). Let (X,U) be a uniform
space, and let p be a pseudometric on X. Then p is uniformly contin-
wous on X X X with respect to the product uniformity if and only if,
for every r > 0, the set U, := {(x,y) : p(z,y) < r} is an element of
U.

Proof. We assume that R is endowed with the uniformity described in
Example 25. We now show that U, € U for every r > 0 if and only if p
is uniformly continuous with respect to the product uniformity for X x
X described in Lemma 4.2.1. Suppose p is uniformly continuous. Then
for every r > 0, there exists U € U such that for all (z,y), (u,v) € U,
lp(x,u) — p(y,v)| < r. Fix (u,v) = (y,y) € U, then p(z,y) < r, thus
showing that U C U,.. Hence, U, € U. Conversely, if (z,u), (y,v) € Uy,
then p(z,y) < p(z, u)+p(u, v)+p(v, y) and p(u,v) < p(u, z)+p(z,y)+
p(y,v), so |p(x,y) — p(u,v)| < 2r. As U, € U, it follows that p is

uniformly continuous. O

If p is a pseudometric, then one can define a uniformity by letting
Ur :=A{(z,y) : p(z,y) < r}. Every U, is symmetric, and U, N U; = Us
where s = min{r, t}. It follows that the family {U, : r € R where r >
0} forms a base for a uniformity on X, denoted by ,. This uniformity
is the coarsest uniformity on X with respect to which p is uniformly
continuous. Moreover, the topology 7, coincides with the pseudo-
metric topology, since for each x € X and r > 0, this set U.(z) is

exactly the open ball centered at x with radius r.
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The next theorem is pivotal in the theory of uniform spaces. In
particular, it shows that for a uniform space (X,U), the topology 7,

is completely regular.

Theorem 4.2.7 ([34], Lemma 12, p. 185). Let (Up)nen be a sequence
of subsets of X x X such that Uy = X x X, A(X) C U, and Up41 o
Upt10Upy1r C U, for all n € N. Then there exists a non-negative
function d on X x X such that:

(i) d(z,2) < d(z,y) +d(y, z) for all z,y and z; and
(ii) U, C {(m,y) cd(z,y) < 2%} C U,_1 for every n € N.

Moreover, if each U, is symmetric, then there exists a pseudometric

p on X satisfying (ii).

Definition 4.2.8. Let (X,U) be a uniform space. The uniformity U
is said to be pseudometrizable if there exists a pseudometric p on X
such that U = U,.

Theorem 4.2.9 (Metrization Theorem). A uniform space (X,U) is

pseudometrizable if and only if the uniformity U has a countable base.

In the next theorem, we show that every uniformity can be gener-

ated by a family of pseudometrics.

Theorem 4.2.10 ([34], Theorem 15, p. 188). Every uniformity on X
can be generated by a family of uniformly continuous pseudometrics
on X x X.

Proof. Let U be a uniformity on X and let P denote the family of
pseudometrics on X x X that are uniformly continuous with respect
to U. By remark 4.2.4, the collection {U, : p € P} is a subbase for
a uniformity Up. From Theorem 4.2.6, it follows that Up C U. The
reverse inclusion & C Up holds by Theorem 4.2.7. O

In Theorem 4.1.12, we have seen that the uniform topology 7, is

regular. The following theorem strengthens this result: it shows that
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T is completely regular. Moreover, it characterizes those topologies

which are induced by a uniformity.

Theorem 4.2.11 ([34], Corollary 17, p. 188). A topology 7 on a set
X is the uniform topology for some uniformity on X if and only if the
topological space (X, T) is completely regular.

The family of pseudometrics that are uniformly continuous on X x
X is known as the gage of a uniformity. From Theorem 4.2.10, as
every uniformity can be generated by a family of pseudometrics, every
fact about the uniformity can be described by its gage. To see the
connection between uniformities and gage, the reader can refer to [34,
p. 189].

Definition 4.2.12. Let (X,U) be a uniform space. A net (z~) er in
X is called a Cauchy net if and only if for every U € U, there exists
Yo such that (za,xg) € U for all a, B > .

Given a net () er in a uniform space (X, ), consider the double
net (z,2p)(y,3)erxr, where I' x I' is given the product order, i.e.,
(71,51) < (792,02) if and only if 71 < 79 and ;1 < f2. Definition
4.2.12 can be restated as follows: a net (x,)yer in X is a Cauchy net
if and only if the double net (z.,z5)(, gerxr is eventually in every
Uel.

Let P be a gage for a uniformity &/ on X. For each p € P and
r > 0, define U,, = {(z,y) € X x X : p(z,y) < r}. Then the
collection {U,, : p € P, r > 0} forms a base for the uniformity
U. A net () er in X is Cauchy if and only if for every p € P and
r > 0, there exists vo(p,r) € I' such that (z,,2g) € U,, for every
7,8 > v(p,r). Equivalently, a net (z)yer is a Cauchy net if and
only if for every p € P and r > 0, there exists yy(p,7) € I' such that
p(x~,25) < for every v, 8 > vo(p, 7).

Lemma 4.2.13 ([34], Lemma 20, p. 191). A net (z4) er in a uni-
form space (X,U) is a Cauchy net if and only if one of the following

equivalent statements holds.
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(i) The net (z,28)(y,8)erxr 5 eventually in each element of some

subbase for the uniformity U.

(ii) The net {p(z~,x8) : (7,B) € I x I'} converges to 0 for every
p € P in some family of pseudometrics which generates the gage
P.

Theorem 4.2.14 ([34], Theorem 21, p. 191). Let (X,U) be a uniform
space. Every net which converges to a point relative to the uniform

topology Jy; is a Cauchy net.

We conclude this section with a brief discussion of complete uni-

form spaces and the completion of a uniform space.

Definition 4.2.15. A uniform space (X,U) is complete if and only if

every Cauchy net in X converges to a point in X with respect to Jy.

Theorem 4.2.16 ([34], Theorem 28, P. 196). Every uniform space
is uniformly isomorphic to a dense subspace of a complete uniform
space. FEvery separated uniform space is uniformly isomorphic to a

dense subspace of a complete separated uniform space.

From Theorem 4.2.16, the completion of a uniform space (X,U) is
given by a pair (f, (X,U)), where (X,U) is a complete uniform space,
and f: X — X is a uniform isomorphism of X onto a dense subspace
of X.

Corollary 4.2.17 ([34], p. 196). Every uniform space has a comple-

tion.

Proposition 4.2.18 ([34], Theorem 26, p. 195). Let f be a function
whose domain is a subset A of a uniform space (X,U) and let (Y,V)
be a complete separated uniform space. If f : A — Y is uniformly

continuous, then there exists a unique uniformly continuous extension
f:Z‘%’ —'Y such that f|A =f.

Corollary 4.2.19 ([34], p. 196). The completion of a uniform space

s unique up to a uniform isomorphism.
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4.3 Lattice Uniformities

In this section, we discuss the concept of lattice uniformities. Most
of the results in this section are stated without proofs; however, the
interested reader may consult [48, 47, 49] for detailed proofs and a

broader treatment of the subject.

Let L be a lattice. A lattice uniformity on L is a uniformity that
makes the lattice operations V and A uniformly continuous. A uniform

lattice is a lattice endowed with a lattice uniformity.

Definition 4.3.1. For a lattice uniformity (L,U) and V € U, we let
VVVi={(z1 Va2, Vy2): (21,41), (x2,52) € VI VAV is defined

similarly.

Proposition 4.3.2 ([47], Proposition 1.1.2). Let U be a uniformity

on a lattice L. Then the following statements are equivalent:
(i) U is a lattice uniformity;

(ii) for every U € U there exists V € U satisfying V V'V C U and
VAV CU;

(iii) for every U € U there exists V € U satisfying V'V A(L) C U and
VAA(L)CU.

Proof. Tt suffices to prove that (iii) implies (ii) since it is easy that (i)
<= (ii) and (ii) implies (iii) is obvious. Let U € Y and VW € U
such that WoW CU, VVA(L) CW and VA A(L) C W. We show
that VvV C U. For (r1,22),(y1,452) € V, (x1 V y1,22 V y1), (2 V
y1,22Vy2) € VVA(L) C W. This concludes that (z1Vyi,x2Vys) € U,

as required. O

Proposition 4.3.3 ([47], Proposition 1.1.3). Let U be a lattice uni-
formity on L. Then every U € U contains a V € U such that for all
(a,b) € V the rectangle [a ANb,aV b]*> C V.
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Recall that a subset C' C L is said to be order convez if, for all
a,b € C and a < b, the interval [a,b] :== {z € L : a < x < b} is
contained in Cj that is, [a,b] C C.

Definition 4.3.4. A topology 7 on a lattice L is called locally order

convez if 7 has a base of order convexr open sets.

Next, we note that the topology induced by a lattice uniformity is

a locally order convex lattice topology.

Proposition 4.3.5 ([47], Proposition 1.1.6). Let U be a lattice uni-
formity on L and 9y the induced topology. Then (L, ) is a locally
order conver topological lattice. Moreover, every U € U contains a

V e U such that V(x) is order convex for every x € L.

Definition 4.3.6. A lattice uniformity U on a lattice L is said to be
exhaustive if every monotone net in L is a Cauchy net with respect to
U. Furthermore, U is said to be locally exhaustive if, for every a,b € L

with a < b, the restriction U [qp) s exhaustive.

Definition 4.3.7. A lattice uniformity U on a lattice L is order con-
tinuous if every net that Og-converges to x, converges to x with respect

to the topology .
Theorem 4.3.8 ([49], Proposition 6.3). Let (L,U) be a separated
uniform lattice. The following conditions are equivalent:

(1) (L,U) is complete (as a uniform space) and U is ezhaustive.

(ii) L is an order complete lattice and U is order continuous.

Proposition 4.3.9 ([49], Proposition 6.14). Let S be a sublattice of
a uniform lattice (L,U). Then:
(i) The closure S of S is a sublattice of L.

(ii) If the uniformity U |s induced by U on S is exhaustive, then

U g is also ezhaustive.
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(iil) If Ul p)ns is ezhaustive for every a,b € S with a < b, then
U [[a’b]mg is ezhaustive for every a,b € S with a < b.

It follows that if S is a dense sublattice of a uniform lattice (L, i),
and the induced uniformity U [g is (locally) exhaustive, then U is
(locally) exhaustive. Furthermore, Theorem 4.2.16 can be stated for
uniform lattices. In particular, the following theorem shows that every
separated uniform lattice (L,U) admits a separated lattice uniform
completion (L,U).

Proposition 4.3.10 ([47], Proposition 1.3.1). Every separated uni-
form lattice (L,U) is a sublattice and a dense subspace of a complete

(as a uniform space) separated uniform lattice (L,U).

Corollary 4.3.11. Let (L,U) be a (locally) exhaustive separated umni-
form lattice and let (L,U) denote its completion. Then: (L,<) is a

(Dedekind) order complete lattice and U is order continuous.

Proof. This follows directly from Proposition 4.3.8, Proposition 4.3.10
and Proposition 4.3.9. O

We shall now consider a condition stronger than order continuity.

Definition 4.3.12. A uniform lattice (L,U) satisfies condition (C) if
for every increasing or decreasing order bounded net (z~)er in L and
every U € U there exists a v € I' and an upper or lower bound x € L

of (x)~yer, respectively, with (x.,x) € U for every v > 7.

Proposition 4.3.13 ([49], Proposition 7.1.2). (i) IfU satisfies con-

dition (C), then U is order continuous and locally exhaustive.

(ii) If L is a Dedekind complete lattice, then U is order continuous
if and only if U satisfies condition (C).

Proof. (i) Let (xy)yer be a net Oz-converging to = and let U € U.
Then there exist an up-directed set M and a filtered set N satisfying
sup M = x = inf N and for every (m,n) € M x N, there exists v(m,n)
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such that z, € [m,n] for every v > ~(m,n). Furthermore by the
definition of a uniformity there exists W € U such that W o W C U.
By Proposition 4.3.3, there exists a V € U satisfying V C W and
[a,b]> C V for every a,b € V with a < b. Using condition (C),
it is easy to see that for any m € M and n € N, [m,z]> C V and
[z,n]2 C V. Then, [m,n]? C U, concluding that ¢ is order continuous.

That U [, ) is exhaustive is easy to see.

(ii) Simply note that in this case if an increasing (decreasing) net

Og-converges to z, then x is the supremum (infimum) of the net. [

Theorem 4.3.14 ([49], Corollary 7.2.4). Let U and V be exhaustive
separated lattice uniformities on a lattice L, both satisfying condition

(C). Then, Ty = Py.

Recall that every uniformity can be described in terms of pseudo-

metrics. The same is true for lattice uniformities.

Proposition 4.3.15 ([48], Corollary 1.4). Let (L,U) be a uniform
lattice and ¢ > 1. Then U is generated by a family of pseudometrics
P satisfying

pxVz,yVz) <plz,y) and plxAz,yAz)<q-pz,y)

for every x,y,z € L and p € P.
In Proposition 4.3.15 above, ¢ # 1 unless L is a distributive lattice.

Proposition 4.3.16 ([48], Corollary 1.6). Let (L,U) be a uniform
distributive lattice. Then U is generated by a family of pseudometrics

P satisfying
plxVz,yVz) <plxy) and plxAzyAz)<p(z,y)

forall x,y,z € L and p € P.
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Remark 4.3.17. Let f : L — (L,U) be a lattice homomorphism, and
for each U € U, Uy := {(x,y) € L* : (f(x),f(y)) € U}. Then the
collection {Uy : U € U} forms a base for a uniformity Uy on L.

Theorem 4.3.18. Let (L,U) be a uniform lattice, and let f : L — L
be a lattice homomorphism. Then the uniformity Uy is the coarsest

lattice uniformity making f uniformly continuous.

Proof. Let U,V € U such that V'V A(L) C U and VANA(L) C U.
From Lemma 4.3.2, we show that V;VA(L) C Uy and VyAA(L) € Uy.
Let (x,y) € Vy and z € L. Then

(f(zV2), flyVz) = (flx)V [(z),fy) Vv [(2))
= (f(@), f(y)) v (f(2),f(2)) e VVAL) CU

concluding that V; vV A(L) € Uy. Similarly, one can show that
Vi NA(L) C Uy. O

Let F' be a collection of lattice homomorphisms f : L — L. Then
the family of lattice uniformities {{{s : f € F'} forms a subbase for a

lattice uniformity Up.

Theorem 4.3.19. Let (L,U) be a uniform lattice, and let F' be a col-
lection of lattice homomorphisms. Then the uniformity Ur, generated
by the family {Uy : f € F}, is a lattice uniformity on L.

Proof. The proof of this statement is analogous to the proof of Theo-
rem 4.3.18. O

4.4 The lattice uniformity /*

In this section, we review the work presented in [3]. We assume that
the lattice L is distributive. Let (L,U) be a uniform lattice, and
consider the lattice uniformity described in Theorem 4.3.19 with re-
spect to functions of the type f(, 1) or g(p)- By Proposition 1.1.28

(b), if L is distributive, it does not matter whether one considers
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lattice homomorphism f(, ) or g(,p). Moreover due to Proposition
1.1.28 (b), we can assume that a < b. Let Uy be the lattice
uniformity generated by f(,p) as described in Theorem 4.3.18 where

U(a,b) = {(xay) e L*: (f(a,b)(x)vf(a,b)(y)) € U} for every U € U.
The uniformity U, is the coarsest lattice uniformity for which the

function f(4p) is uniformly continuous.

Lemma 4.4.1. Let (L,U) be a uniform lattice. Then,
(1) Z/[(a,b) g M;
(ii) u(a,b) N [a, 6]2 =UNa, b]z.
(iii) If V is a lattice uniformity such that V C U, then V(g ) C Uiap)-
Proof. (i) To prove that f(,) is uniformly continuous with respect
toU,let U € U. Then there exists W € U such that (WVA(L))A
A(L) c U. For (ZL‘,y) € W, we have (f(a,b)(x)v f(a,b)(y)) = ((.1‘ A
b) Va,(y Ab)Va)= ((x,y) A (bd))V (a,a) € U. Then result

follows from Lemma 4.3.18.

(ii) It suffices to note that if = € [a,b], fiap)(z) = 2, then Uygpy N
[a,b]?> = U N [a, b]?.

(iii) This follows from the definitions of V(, ) and U, p).-

Proposition 4.4.2 ([3], proposition 4.1). Let a,b,c,d € L. Then

Uiav(bne),ond) © Uiap)) (ed)-

In particular, we have:
(i) Ifa<e<d<b, thenUeay CUpp);
(i) Ua)) (o) = Ua)-

Proof. First note that for x € L, we have

fap(fea)(@) = (xAd) V) AD)Va
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=(@xANdAb)V(cAD)Va
=(@AdADb)V(aV(bAC))

(
flav(one), bad) (T)-

Thus, f(ap) © fie,d) = favbre),bnd)- Now, the map

f(c,d) : (Lv (u(a,b))(c,d)) - (Lau(a,b))

is uniformly continuous, and so is f(4p) : (L,Uapy) — (L,U).

Hence, their composition

Favne),ond) = Fap) © fea) : ( Ly Uap) gy ) = (L U)-
(e,d)

is uniformly continuous as well. By definition U4y pc),bnq) 18 the
coarsest lattice uniformity making the map f,v(pac),bna) uniformly
continuous. Therefore, Uqy bac), bnd) S (Ua,b) (c,d)-

(i) fa<e<d<b thenaV(bAc)=cand bAd =d. By
the argument above and Lemma 4.4.1 (i), it follows that U q)y C
Uan) eay < Utay-

(ii) Furthermore, by setting a = ¢ and b = d in the above argu-

ment, we obtain U, p) = (Uap)) (a,p)- N

Let J(L) := {(a,b) € L? : a < b}. For any J C J(L), Theorem
4.3.19 allows us to define a lattice uniformity U; whose subbase is
given by {Uqy) : (a,b) € J}.

Proposition 4.4.3 ([3], Proposition 4.2). Let J,J" C J(L) be non-
empty.
(i) For every lattice uniformity V coarser than U, one has Vj C
Uy cu.
(ii) If for every (a,b) € J there exists (a',b') € J" witha’ <a <b <
b, thenUy CUy and Uy)y = Up)g =U;J.
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(iii) Uy is the coarsest lattice uniformity which agrees with U on [a, b]
for all (a,b) € J.

(iv) The topology Fy, is the coarsest topology which agrees with Fy
on [a,b] for all (a,b) € J.

Proof. (i) By definition, V; is generated by the family {V(, ) : (a,b) €
J}, while Uy is generated by {Uyyp) @ (a,b) € J}. Since V C U,
Lemma 4.4.1 implies that V(g3 C U for each (a,b) € J. Hence
Vy € Uy. Finally, as each U, p) is contained in U, it follows that
Uy CU.

(ii) That Uy C Uy follows by Proposition 4.4.2 (i) and by the fact
that U is the supremum of the uniformities U/, ) for all (a,b) € J. For
the second assertion it suffices to show that Uy = (Uy) s, since Uy =
(Uyr)s can be shown in a similar way. Clearly, (Uy) C U;. From (i)
and Proposition 4.4.2 (i), Uy = Uap))(ap) S U @p) S Us)ar-
Hence, Uy C (Uy),r since Uy is the supremum of the uniformities U, 5
for (a,b) € J.

(iii) We first show that U agrees with U on [a, b] for all (a,b) € J.
Let (a,b) € J, U € U and Uy = {(x,y) € L* : (fiap)(®), frap)(v)) €
U}. Then Uy N a,b]* = U N [a,b]? since f(,p)(x) = z for = € [a, b].
Therefore U, ) and U agree on [a,b]. Then U; and U agree on [a, ]
since Uy € Uy C U. Finally, we show that U is the weakest
uniformity agreeing with ¢ on [a,b] for all (a,b) € J. To this end, let
V be another lattice uniformity on L which agrees with ¢ on [a, b] for
all (a,b) € J. Tt suffices to show that U,y €V for (a,b) € J. AsV
is a lattice uniformity, the map f(q5) : (L,V) — (L,V) is uniformly
continuous. Then fi,4) @ (L,V) — (L,U) is uniformly continuous
because f(q4) (L) C [a,b] and V|3 = U|(qp), concluding that U,y C
V.

(iv) The argument is entirely analogous to that of (iii). For each

(a,b) € J, the uniformities U(a,p) and U induce the same topology on

[a, b], hence so do Uy and U. Minimality follows by the same reasoning
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as in (iii), replacing uniform continuity by agreement of topologies.
Thus .9, is the coarsest topology which agrees with %, on [a, b] for
all (a,b) € J. O

Let U* = Uj). Then Proposition 4.4.3 leads to the following

corollary.

Corollary 4.4.4 ([3], Corollary 4.3). Let (L,U) be a uniform lattice.
Then: (i) (U*)* =U".

(ii) U* is the weakest lattice uniformity which agrees with & on
any order bounded subset of L.

(iii) Z4+-topology is the weakest lattice topology which agrees with
J; on any order bounded subset of L.

In Corollary 4.4.4 (ii) we established that /* is the coarsest lattice
uniformity which coincides with & on every order bounded subset of
L, and that the topology Jj+ is the coarsest lattice topology which
agrees with 77, on such subsets. The following example shows that

this property need not hold for arbitrary uniformities.

Example 26. Let U be the usual uniformity on R induced by the

absolute value. Then:

(a) The infimum V of all uniformities on R which agree with U on

all bounded subsets of R is the trivial uniformity.

(b) The sets Up == {(z,y) ER? : |[x —y[ < L oraz,y >n orz,y <
—n}, n € N, form a base for U*.

Proof. (a) For a € R and n € N, define V,,, to be the subset of R?
defined by

|z —y| < %, or
e ol ol 2 7, or
; n,a

[ =,y —a] <

3= 3=

Lyl = n, [z —al <

Page 124



INTRINSIC TOPOLOGIES ON ORDERED STRUCTURES —
APPLICATIONS

The family {V,, : n € N} forms a base for a uniformity V, on R
which agrees with U on all bounded subsets of R. Then n — a (V,)
and therefore n — a (V) since V CV,. Now let V€ V and a,b € R.
Then n — a (V) and n — b (V), so (a,b) € V. This shows V = R2.

Hence, V is the trivial uniformity.

(b) This immediately follows from the definition of :/* as the coars-
est uniformity making f,4) : L — L : z = (x Ab) V a uniformly

continuous for every a < b. O

Proposition 4.4.5 ([3], Proposition 4.6). Let S be a sublattice of a
uniform lattice (L,U) and I = J(S) := {(a,b) € S? : a < b}. Then,
Ur is separated if and only if U is separated and T = supycgs AT =

infseg sV x for every x € L.

Proof. Assume that U] is separated, so we have that ;¢ U = A(L).
Then U is separated because Uy C U. Now z A s < zx for every
s € S and we claim that x < y for every y € L satisfying xt A s <y
for all s € S. Fix (a,b) € I. Then (y Ax) Ab = x A b, so that
(x AyAb)Va= (zAb)Va. By definition of U;, this shows that
(,2 ANy) € Nyew, U = A(L), which implies z < y. Similarly, one
shows that infscg(z V s) = z.

Conversely, suppose that U is separated and that x = sup,cgs A
z = infseg sV x for every x € L. Let (2,y) € ey, U. Then, since U
is separated, we get that (x Ab) Va = (y Ab) Va for every (a,b) € I.
Then,

(xAb)Va=(zAN(aVvb)Va=(yA(aVb)Va=(yAb)Va,
for arbitrary a and b in S, and therefore
x=supxAb=supinf(zAb)Va=supinf(yAb)Va=supyAb=y.

bes beS a€S besS a€s bes

This shows that U is separated. O
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Corollary 4.4.6. U is separated if and only if U* is separated.

The remainder of this section is devoted to the case when the
uniformity U is induced by the topology 7 of a locally solid Riesz
space. We begin by recalling some fundamental results on Riesz spaces
that will be needed.

Definition 4.4.7. A (not necessarily Hausdorff) topology T on a Riesz
space V is said to be locally solid if it is topological vector space and
admits a neighbourhood base at zero consisting of solid sets. The pair
(V,7), where V is a Riesz space and T is locally solid, is known as a

locally solid Riesz space.

Definition 4.4.8. Let (V,7) be a locally solid Riesz space and let
A C V be a Riesz order ideal. A net (xy)yer in V is said to be
unbounded T-convergent to x € V' with respect to A if (| — x| Aa)yer

T-converges to 0 for all a € A.

It was shown in [44, 37] that unbounded 7T-convergence with respect

to A induces a locally solid topology on V.

Theorem 4.4.9 ([44], Theorem 2.7). Let (V,7) be a Hausdorff locally
solid Riesz space, let U its 0-neighbourhood system, and let A be a Riesz
order ideal of V.. Then the sets {x € V : |z|Na € U} (a € A4, U € 4),
form a 0-neighbourhood base for a Hausdorff locally solid topology on
V', denoted by uar.

Remark 4.4.10. Let (V,7) be a Hausdorff locally solid Riesz space.
A net (24)er converges to x with respect to uat iff |v, — x| Aa >0

for every a € AL

Definition 4.4.11. A locally solid topology T on a Riesz space V is

called unbounded if T = ur(= uyT).

Proposition 4.4.12. Let (V,7) be a Hausdorff locally solid Riesz
space and let 34 denote the solid neighbourhood system of 0 for T. For
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s, t € V with s <t, define

Ugs.y = A{(z,y) € V*: fo)(@) — floy(y) €U}
Then {Usy) : U € U} forms a base for a separated lattice uniformity.

Proof. To verify that {Uy, : U € U} is a base for a uniformity, it
suffices to check properties (i)-(ii) in Proposition 4.1.9. Let U, W € 4.
Clearly, A(V) C Uyy)- Since U is locally solid and hence symmetric, it
follows that U, ;) is symmetric as well. Moreover, U,y MWy = (UN
W) (s,)- Next, given U € 4, there exists W € U satisfying W+W C U.
Then it is easy to see that W, ;) o W( ;) C U ). Since 7 is Hausdorft,
it follows that (¢ Ugs,yy = A(V). Finally, by Proposition 4.3.2, this

family indeed forms a base for a separated lattice uniformity. O

Corollary 4.4.13. Let (V,7) be a Hausdorff locally solid Riesz space
and let A be a solid Riesz subspace of V. Define J := {(a,b) € V?*:
b—a € AL}, and let U denote the solid neighbourhood system of 0
for 7. Then the collection {Uy : U € U where (s,t) € J} forms a

subbase for the separated lattice uniformity Uy.

Lemma 4.4.14. Let V be a Riesz space, s,x,y € V, and a € V.
Then

’f(s,era) (‘T) - f(s,s+a) (y)‘ < "T - y’ Na = ’f(yfa,y) (Jf) - f(yfa,y)(y)’"’—
’f(y,era) (37) - f(y,y+a) (y) ’

Proof. We first show the inequality on the left-hand side. Since

f(s,s—i—a) ('73) ) f(s,s+a) (y) € [S’ s—|—a], we have |f(s,s+zz) ($) - f(s,s—i—a)(y)’ <
a. Moreover, by Corollary 1.2.10, | f(s s4a)() = f(s,s4a)¥)| < |2 —yl.

To see the equality on the right-hand side, observe that

fyw+a) (@) = fyyra) W) =@ A(y+a)) Vy — (yA (y +a)) Vy,
=(xA(y+a)Vy —y
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=((z—y)Aa)VO
(:E_y)+/\a>

and

Ay V(y—a) —y
(z=y)AO)V (=a)
(—(@—y)7)V(-a)
=—((z—y)” Aa).

f(y—a,y) (.’l?) - f(y—a,y) (y)

Finally, since (z —y)™ Aa and (z — y)~ A a are disjoint, by Theorem
1.2.4 (ii),

’f(yay-i-a) (x) - f(yay-I—a) (y)’ + ’f(y—a,y) (:B) - f(y—a,y) (y)’ =
(@=y)"Ara) + (z-y)" Aa)=(z—y) " Aa) V(& —y) Aa) =
|z —y| Aa.

O

Theorem 4.4.15 ([3]|, Theorem 4.9). Let (V,7) be a Hausdorff locally
solid Riesz space and let A be a Riesz solid subspace of V. Let Uy be
the separated lattice uniformity induced by J := {(a,b) € V?:b—a €
AL}, Then the topology generated by Uy coincides with the unbounded
topology of T with respect to A, that is,

Ty, = uaAT.

In particular, taking A =V, we obtain Jy« = ur.

Proof. Let 4 be a 0-neighbourhood base for (V,7) consisting of solid
sets. For s,t € V witht —s € Ay and U € U, define

Us,y(wo) == {x € V1 fs(x) = frsp)(20) € U}
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Then {Ugs (o) : U € U, t —s € Ay} is a neighbourhood subbase of
xo with respect to J;,. From Theorem 4.4.9, the family {U(xz¢,a) :
Uesl ae Ay}, where

U(zg,a) :={z eV |z —z9|Na €U},

is a neighbourhood base of xg with respect to uar.

Let U e l and s,t € V witha =t — s € A. We start by showing
that J, C ua7. Let x € U(wo,a). Consider the set U,y (z0). By

Lemma 4.4.14, one obtains

| fis,0)(®) = frapy(@0)| < |z — 20| N €U,

i.e. € Ugsy)(wo), which shows that U(xo,a) C Uy (o).

To see the converse uam C Jy,, let a € A4 and U € 4. Choose
VeldwithV+V CU,andset r = zg—a, s = rg and t = zg+a. Then,
Visy(@o) N Vi) (20) € U(zo,a). Indeed, if x € Vi, 4 (20) N Vr ) (x0)-
By Lemma 4.4.14

[z —z0lAa = [fr.5) ()= firs) (@) + | f(s,0) (@) = fisy (o) € V+V C U,
concluding z € U(zo, a). O

In Theorem 4.4.15, the uniformity Uy is defined using
J:={(a,b)eV?:b—ac A}
It may be tempting to replace J with the smaller collection
I:={(—a,a):a€ Ay},

but this is generally not sufficient. The following example highlights
this fact.

Example 27. Let V = RY and let 7 be the locally solid group topology
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induced by ||[(xn)|| = Dopey |2n]. Let A = o €V be a solid Riesz
subspace, and set I = {(—a,a) : a € lx}. Clearly, Ty, C Ty, =
uat since Uy € Uy. Consider the sequences © = (1,2,3,...), e =
(1,1,1,...), yn = 2e and ©, = x + yn. Let B := {x, : n € N}. We
show B is Jy,-closed but not Jy,-closed. Let a € Ay and choose
k € N such that e < a < ke.

B is Jy,-closed: Then,
|zy, — x| A a = Y.

As ||yn|| = oo it follows that B is y,-closed.

B is not 9y, -closed: Then,

(En AQ)V (=a) — (£ A Q) V (-a)] < ~X(12...09

where X {12, k) 5 the characteristic function of {1,2,...,k}. There-

fore,
l(xn Aa)V (—a) — (x Aa)V (—a)|]| < % — 0 (n — 00),

showing that x belongs to the Jy,-closure of B. Hence, B is not
closed in Ty, .

4.5 The uniformity &/* on dense sublattices
In this section, let L be a distributive lattice. We denote by D(L) the

set of all pseudometrics p on L such that for every x,y, z € L,

pxVz,yVz) <plz,y) and plxAzyAz)<plz,y).

Recall from Proposition 4.3.16 that every lattice uniformity & can
be generated by a subset of D(L). We denote the subset of D(L) by
Dy. Let J C J(L). For every (a,b) € J and p € D(L), we define a
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pseudometric p(, ) on L by pap) (7, Y) = p(fiap) (@), fap)(y)), where
Jap) () = (x A D) Va.

Proposition 4.5.1. Let U be a lattice uniformity on a distributive
lattice L. For J C J(L), the lattice uniformity Uy is generated by the
family of pseudometrics given by {pp) : p € Dy and (a,b) € J}.

Lemma 4.5.2. Let p € D(L).

(i) Let P, : L™ — L be given inductively by Py(x) = = and

Po_1(x1,...,xp—1) V Ty, or
() =

Py_1(zq,... ,mn_l) N Tp,.

Then IO(Pn($1, cee ,$n), Pn(ylv o 7y77«)) < Z?:l p(xhyl)

P(fap)(®), flap) () < p(fe.a) (%), fea)(¥))
+2p((a,c)) + 2p((b,d)),
for all a,b,c,d,x,y € L

Proof. The proof of (i) is by induction. The assertion is trivially true
when n = 1. Suppose that p(Pp—1(z1, ..., Zn-1), Pac1(y1, .-, Yn—1)) <
S (i, yi). Let o € {A,V}. Then,

p(Pp(x1, ..y 2n), Pa(y1, -5 Yn))
P(Pr1(1, -, Tp—1) 0 Tn, Pno1(Y1, -y Yn—1) © Yn)
< p(Pp-1(z1, 1) © Tpy Pa1 (Y15 - -+, Yne1) © Tp)
+ p(Pa—1(y1: - Un—1) © Tns Pac1(y1, -, Yn—1) O Yn)
< p(Pr1(@1s - @), Pac1 (91, - -+ Un1)) + p(@n, Un)
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To prove (ii) we first note that

p(f(a,b)(x)af(a,b)(y)) Sp(f(a,b)(m)af(c,d)(x)) + (fcd)( ) f(cd( ))
p(f(c,d) (y)7 f(a,b) (y))7

and then apply (i) to obtain

p(f(a,b)('r)af(a,b)(y)) < (fcd)( ) f(cd( )) +2p(a’ C) +2p(b7 d)
O

Let (L,U) be a uniform lattice and J C J(L). Let J := {(a,b) :
a < b and there exists (aq,by) € J such that a, & a and b, @ b}.
Equivalently, J = T (L).

Proposition 4.5.3. Let ) # J C J(L). Then U; = Uj.

Proof. The inclusion U; C Uj; follows by Proposition 4.4.3 (ii). For
the reverse inclusion, take W € U ;. We will show that there exists U €
Uy such that U C W. By definition, there exist finitely many pairs
(a1,b1)....(an,by) € J, elements Pl pn € Dy and e1,...,6, > 0
such that

n

m{(way) € LZ : p(ai,bi)(x7y) < 561} - w.

i=1
Fori=1,...,n, choose (a;,b;) € J with p(a,a’) < &; and p(b, ') <

g;. Define o
Ui == {(z,y) € L* : par ) (w,y) < &} €Uy
By Lemma 4.5.2(ii), for each i and all (x,y) € Uj,
Plaib) (T Y) < par ) (@5 y) + 2pilai, az) + 2pi(bi, b7) < ey,

so that U; € {(,¥) : pa,p)(2,y) < 5e;}. Now define U := (L, Us.
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Then, U € Uy, and

U C (@) € L : pia, by (2,y) < 5ei} CW.
=1
Showing that U5 C U;. O

Corollary 4.5.4. Let S be a dense sublattice of the uniform lattice
(L,U), and define V =U [g. Then U* [g= V*.

Proof. Let J := J(S) = {(a,b) € S? : a < b}. First, we note that
J(L) C J. By density of S in L, let (a,b) € J(L) and let (z,),er and
(y3)sen be nets in S that J7-converge to a and b, respectively. Then,
(xy Nyg,xy Vyg) C J and x4 A yg A4, ¢ and zy V Y3 y—%b, showing
that (a,b) € J.

From Proposition 4.5.3, U* = Uy and it is easy to see that Uy [g=
V. Finally, combining everything U*|s = Uy [s= Vj = V*. O

Next we will be using the following result.

Lemma 4.5.5 ([46], pg. 381). Let Y be a dense subspace of a uniform
space (X, U).

(i) Then W — W |y defines a lattice isomorphism from the lattice
of all uniformities on X coarser than U onto the lattice of all

uniformities on'Y coarser than Uly .

(ii) Let W be a uniformity on X coarser than U and yo € Y. Then
{W% : W is a neighbourhood of yo in (Y, W |y)}

is a neighbourhood base of yo in (X, W); where W%' denotes the
closure of W in (X,U).
Theorem 4.5.6. Let S be a dense sublattice of (L,U) andV =U [g.
(i) ThenU* =U iff V* = V.
(ii) If Ty = Gy, then P« = .
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Proof. (i) By Lemma 4.5.5 (i), we have U* = U iff U* [s= U |s.
Result follows as U|s =V, and from Corollary 4.5.4, U*|g = V*.

(ii) If F« = Jy, then restricting to S gives J+ [s= Ty |s. By
Corollary 4.5.4, we have that, 2« coincides with 7). O

It is not known whether the converse of Theorem 4.5.6 (ii) holds.
What can currently be said is that, if A+ = 2, then every s € S
has the same neighbourhood system in the topologies 4+ and .
However, if one restricts attention to topologies that are uniquely de-
termined by their 0-neighbourhood systems, then more can be con-
cluded. The following Proposition is particularly useful in addressing

a question posed in [37, Question 3.3].

Proposition 4.5.7 ([46], pg. 381/382). Let H be a dense subgroup
of a topological commutative group (G, 7). Then p — p [g defines an
order isomorphism from the lattice of all group topologies on G coarser

than T onto the lattice of all group topologies on H coarser than T [f.

The following theorem provides an answer to a question posed in
[37, Question 3.3].

Theorem 4.5.8. Let H be a dense Riesz subspace of a locally solid

Riesz space (V,7), and let o =7 [g. Then ur =7 iff uo = o.

Proof. Let U and V be the uniformities induced by 7 and o, respec-
tively. From Theorem 4.4.15, we have Z;+ = ur and S = uo.
Furthermore, by Corollary 4.5.4, it follows that ur|y = uo.

Since ur is coarser than 7, follows from Proposition 4.5.7 that

ur =7 iff ur|g = 7|g, ie., iff uo = 0. O

4.6 The uniformity /* on sublattices

In this section we study the uniformity &/* on sublattices of distributive
lattices. We begin with a theorem that generalizes [37, Proposition
2.12].
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For an infinite cardinal k, a subset U of a topological space is said
to be k-closed if U contains the limit of every convergent net (x)~er
with |T'| < k, that is contained in U. A set is closed if it is k-closed

for every infinite cardinal k.

Theorem 4.6.1. Let S be a sublattice of the uniform lattice (L,U).
Then S is (sequentially) closed with respect to Jy~ if and only if it is
(sequentially) closed with respect to Fy.

Proof. That S is closed with respect to Z4» implies that S is closed

with respect to 7, is immediate, since U* C U.

Conversely, assume S is closed with respect to 7, and let (z) er C
S be a net J+-converging to x € L. Fix s € S and z € L with s < z.
Then the net ((z4 V s) A 2)yer Jy-converges to (z V s) A z. Since S
is Jy-closed, if z € S then (xV s) Az € S. Now, for every 79 € T,
we have z,, V s > s, and hence (z V s) A (24, V 5) € S. Applying the
previous argument again, it follows that the net ((x,V s) A (2 V s))yer
Jy-converges to x V s. Thus, for every s € S, one hasxVs € S. By a
similar argument, for every s € S we also have z A s € S. Finally, for
fixed s € S, sincexVseSwegetr=xA(zrVs)eS. Hence z € S,
and so S is Fj«-closed. O

Corollary 4.6.2. Let S be a sublattice of a uniform lattice (L,U).
Then the closures of S in L with respect to Jyy and Jy+ coincide.

Proposition 4.6.3. The following conditions are equivalent:
(i) U is locally ezhaustive;
(il) U* is locally exhaustive;
(iii) U* is exhaustive.
Proof. By Corollary 4.4.4 (ii), the uniformities & and U* coincide on
bounded sets. Hence, (i)<(ii). Moreover, (iii)=-(ii) is immediate.

(i)=(iii): By definition, a net (z) er is U*-Cauchy if and only
if, for every (a,b) € J(L), the net (f(,p) (7)) er is U-Cauchy. Now
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let (2,)yer be a monotone net in L and (a,b) € J(L). Then the
net (f(ap)(24))yer is monotone and bounded. Hence, by (i), it is U-

Cauchy. Therefore () er is U*-Cauchy. O

Theorem 4.6.4. Let U and V be separated lattice uniformities on L
satisfying Condition (C). Then:

(i) the topologies Ty« and Fy= coincide;

(ii) for every sublattice S of L, =3

Proof. (i) Since U* C U and V* C V, the lattice uniformities &* and
V* also satisfy Condition (C). By Proposition 4.3.13, they are locally

exhaustive, and hence exhaustive by Proposition 4.6.3. It follows from
Theorem 4.3.14 that (i) holds.

(ii) follows from (i) and Corollary 4.6.2. O
Theorem 4.6.4 (ii) generalizes the following result.

Theorem 4.6.5 ([37], Theorem 5.11). Let 7 and o be Hausdorff order
continuous topologies on a wvector lattice V and Y a sublattice of V.

Then Y s T-closed if and only if Y is o-closed.

Let U be a separated lattice uniformity, and let (f/,l:l ) denote the
completion of (L,). Then L is again distributive, and both properties
of local exhaustivity and exhaustivity pass directly to this completion

by Proposition 4.3.9.

Theorem 4.6.6. Let (L,U) be a separated uniform lattice. If U is
exhaustive, then U = U*.

Proof. Let (L,U) denote the completion of (L,u). By

Corollary 4.3.11, L is an order-complete lattice, and hence U = (U)*.
On the other hand, Corollary 4.5.4 gives (U)* [,= U*. Combining
these identities, we obtain U = U [= (U)* [L=U". O

Finally, we conclude this section with a generalization of
[37, Lemma 9.7], and hence of [33, Corollary 4.6].
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Corollary 4.6.7. Let (L,U) be a separated uniform lattice, and as-

sume that U is locally exhaustive. Then, for every sublattice S of L,
U Is=U1Is)"

Proof. First we note that by Proposition 4.6.3, U* is exhaustive, and
therefore U* |g is also exhaustive. By Theorem 4.6.6, we then have
(U* [s)* =U* |g. Since U [sD U* |g, it follows that (U [g)* D (U* |g
)*. Moreover, U* [sD (U [g)* because U* [g agrees with U [g on
order-bounded subsets of S (c.f. Proposition 4.4.3 (iii)). Combining

these inclusions, we obtain
U Ts)" 2 U Ts)" =U"[s2 U [s),

which shows that U* [¢= (U [g)*. O
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