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Abstract

Folk dances are a source of a country’s history and traditions, and their docu-
mentation and analysis are important for their preservation. Human Pose Classifi-
cation (HPC) covers the classification of human poses through body part detection
from image, video, or measurement data. Folk dances are defined as a repeated
sequence of main choreographic steps. The classification of the main choreographic
steps of a dance falls under choreographic modeling, which is an application of HPC
in dance. In this paper, we explore appropriate methods for choreographic model-
ing using image data, where we cover Convolutional Neural Networks (CNNs) and
Tensor Regression (TR). CNNs are well-known in image classification since they are
constructed more efficiently than Artificial Neural Networks (ANNs) for working
with image data. TR is an extension of the regression problem using tensor repre-
sentations, which would be more appropriate than classical regression for use with
image data. We do a comparison study between CNNs and TR on a dance dataset,
aiming to predict all poses over two trials. The first trial uses a standard training-test
split across all dancers, while the second follows a leave-one-out approach, training
on all but one dancer and testing on the excluded dancer. Both models correctly pre-
dicted all poses in the first trial, whereas the second trial proved more complicated,
with fewer poses classified. CNNs yielded higher performance metrics compared to
TR, where TR generally had worse results. However, CNNs contained significantly
more parameters than TR, leading to signs of overfitting in the second trial.
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Introduction

The challenge of understanding human behaviour in images and videos has gained con-
siderable attention over the last couple of decades, specifically in regard to the identifi-
cation of human poses through images or videos. Recognising human actions is an es-
sential task in real-world situations and has been applied in various fields. This includes
video surveillance, sports motion analysis, choreographic modeling, and real-time mon-
itoring of patients. Human Pose Estimation (HPE) and Human Pose Classification (HPC)
represent two of the most fundamental and challenging problems for understanding
human behaviour in Computer Vision. HPE is defined as the problem of identifying the
location of human joints in images or videos. In contrast, HPC is defined as the prob-
lem of identifying and classifying a human body posture from various possible poses
through images, videos or measurement data. This dissertation will mainly focus on
HPC using image data.

1.1: Literature Review on HPC

In general, much work has been done on HPC research. Elnaggar et al. (2020) proposed
a method for improved monitoring of in-bed body postures using wearable sensors
for HPC to check for premature signs of musculoskeletal disorders. Komarudin et al.
(2021) proposed a paper discussing the ability of drones to detect human pose using
a Machine Learning (ML) algorithm for HPC. Li et al. (2024) introduced a deep learn-
ing model that reconstructs 3D poses from 2D images and then uses a Long Short-Term
Memory (LSTM) network to capture temporal dependencies to classify 3D poses. Yan
et al. (2025) applied a novel subject-dependent HPC approach based on Tensor Regres-
sion (TR) to classify human postures. Some applications utilise a combination of HPE
and HPC, such as in Ardiyanto et al. (2014), where in the case of a fallen person monitor-
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ing and rescue scenario using a mobile service robot, HPE would be used to estimate the
position of the limbs of people who have fallen, and HPC would be used to recognise
the human state, including their pose, using onboard sensors. In addition, Srinivasan
et al. (2010) described an intelligent visual surveillance system for identifying parts and
poses of the human body using visual information from a list of possible poses.

With regards to HPC for dance data, there has also been much work in this area
of research. Raptis et al. (2011) developed a system for the live classification of dance
postures from skeleton animation data by extracting and processing joint movement
information. Rallis et al. (2019) used a modified LSTM to estimate dancer poses us-
ing 3D skeleton data processing. Priya (2019) utilised an ML algorithm on different
poses from several action sequences for Karate martial arts and Bharanthanatyam dance
poses. Bakalos et al. (2019) proposed a method to identify and classify dance poses us-
ing Convolutional Neural Networks (CNNs). Rallis et al. (2020) integrated an Autore-
gressive Moving Average (ARMA) filter into a conventional CNN architecture for HPC
and experimented on real-life dance sequences, which outperformed traditional deep
learning models. Makantasis et al. (2021) proposed a tensor-based neural network that
processes spatiotemporal data for HPC, which uses TR, where they experimented using
Greek folk dance data. Tragiannis et al. (2023) studied the performance of many differ-
ent classifiers to identify dance steps in a dataset containing videos of traditional Greek
dances performed by several dancers.

1.2: Problem Description

The dataset used in this dissertation originates from a European Union (EU) project
related to the digitalization of Intangible Cultural Heritage (ICH) for the documentation
of folk dances. Folk dances are traditional dances created by people, reflecting the life
of the people of a particular country or region. The protection of folk dances is a major
task for ICH, as they are representative of the customs and uniqueness of the country.

The folk dances of the dataset are of Greek origin and differ in style and interpre-
tation based on their region of origin. A popular Greek folk dance known throughout
Greece and Cyprus that varies region by region is the Syrtos folk dance. The Syrtos folk
dance originates from Crete and got its name from the ancient Greek word "syro", which
means ’drag’ in Greek. As such, it was named Syrtos to describe how it is danced, that is,
from dragging, from the contact of the feet on the ground (Filippidou and Gialiti, 2022).
Examples of regional variants of the Syrtos folk dance include Syrtos-Kalamatianos,
which originates from Kalamata, and Syrtos-Makedonikos from Macedonia. Other ex-
amples of Greek folk dances include Trehatos, which originates from the village Neo-
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chorouda in Thessaloniki and means "running" in Greek. Most Greek folk dances can
be danced either in a line or in a circle. When a folk dance is danced in a line, we would
say that it is the "Efthia" variation of that dance, where "Efthia" means ’straight’. On the
other hand, if a folk dance is danced in a circle, then it would be the "Kikliko" variation
of that dance, where "Kikliko" means ’round’ or ’circular’.

The whole dataset consists of the xyz-coordinates and Red-Green-Blue (RGB) im-
ages of three professional dancers, where each dancer has different corresponding folk
dances. Both Rallis et al. (2019) and Makantasis et al. (2021) used this dataset. The xyz-
coordinates and an RGB image of 25 skeletal joints are identified and monitored by a
Kinect-II sensor at a rate of 30 measurements per second. The recordings of the dances
for each dancer range from anywhere around 10 to 15 seconds. In this dissertation,
we will use the data related to three folk dances, namely the Syrtos Kalamatianos Efthia
(SKE), Syrtos Makedonikos Efthia (SME), and Trexatos Efthia (TE) dances, and we will only
use the images of this dataset.

There are many uncontrollable factors that can add complexity to the identification
of poses between different humans. These include the differences in body dimensions,
clothing, and appearance. Also, there would be problems that come with trying to iden-
tify human poses through images or videos. Such issues include having cluttered image
backgrounds, occlusions, light variations, and viewpoint variations in regard to the sen-
sor. The Kinect-II sensor is a cheap and effective way of achieving real-time 3D skeleton
tracking. Although the Kinect-II sensor is very effective for working in radiant and dark
environments (hence eliminating the problem of light variation), its capabilities remain
confined since it is specifically designed to monitor only the users front, thereby making
it difficult to differentiate between the front and back views. Also, the movement range
of the sensor is limited to approximately 0.7− 6m.

During the last decade, significant progress has been made in the multimodal record-
ing of spatiotemporal features of the human body using motion capture systems such as
the Wii remote, the Leap, and the Kinect sensor. The use of multimodal data is essential
to observe a phenomenons progress over time continuously. A clear example of this is
in dancing since any particular dance can be categorised as a set of main choreographic
steps that are performed in sequence with one another. At each measurement taken, the
corresponding label of the depicted human pose of the dancer is recorded along. Danc-
ing experts manually annotated these pose labels. In total, there are seven unique poses
among the three dances, where each pose would be repeated multiple times throughout
the dance. The aim of our application will be a classification problem, where we will try
to predict the dancers poses in the images. We will go into more detail on these seven
poses in Chapter 5.
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1.3: Aims and Objectives

For the preservation of folk dances, choreographic modeling, which is used to recognize
the main choreographic steps (or poses) in a dance, is an important task for folk dance
modeling for ICH (Rallis et al., 2020). Choreographic modeling can be interpreted as
an application of HPC in dance. Our aim in this dissertation is to explore appropriate
statistical and ML techniques for choreographic modeling using our dance data; specif-
ically, we will discuss CNNs and TR.

Multidimensional arrays, which are known as tensors, are regarded as natural rep-
resentations of image data and preserve their structural information compared to tradi-
tional vector forms (Lee et al., 2024). The advance in sensing technology and the contin-
ued research towards ML techniques has enabled the development of methods that can
help circumvent the problems related to identifying the main choreographic steps of a
dance. Compared to Artificial Neural Networks (ANNs), CNNs are more appropriate
for use with image data (represented as tensors) and build the network architecture in
a more sensible way, which helps to reduce the complexity of the model. CNNs are
broadly known for their great success in solving problems in HPC and choreographic
modeling (Bakalos et al. (2019), Rallis et al. (2020), Tragiannis et al. (2023)).

A drawback of ANNs and CNNs is the large amount of data needed to train them
to accurately predict unseen data (Gril et al., 2022). Traditional regression models use
vectors as covariates, which would not be suitable with tensor data (Guo et al., 2012).
TR is an extension of the regression problem using tensorial representations and has
seen use as an alternative to neural networks in situations with a smaller amount of
data (Gril et al., 2022). Although TR is not as well-known as CNNs for HPC, there have
been applications of TR on HPC and choreographic modeling (Makantasis et al. (2021),
Yan et al. (2025)).

1.4: Structure of Dissertation

This dissertation is comprised of six chapters, covering ANNs, CNNs and TR as well as
an application of CNNs and TR to the considered dataset.

Chapter 2 presents a summary of the theoretical framework of ANNs, including
ANN architecture and optimization algorithms. We will review the notation used for
ANNs and CNNs and cover ANNs in a fully supervised framework. We also cover
several regularization methods that are used in other chapters.

Chapter 3 presents the theoretical framework of CNNs. First, we will cover tensors
and how images can be represented as them, where we will then cover the convolution
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operation in terms of tensors. Then, we will translate most of the material covered
in Chapter 2 for CNNs, i.e., covering the general architecture of a CNN, optimization
algorithms, and the Universal Approximation Theorem (UAT) for CNNs. Finally, we
will go into a literature review covering some popular CNN architectures and some
performance metrics that will be used in Chapter 5.

Chapter 4 presents the theoretical framework of TR. We will initially discuss tensor
notation and algebra, which will be needed later on in the chapter. From there, we
move on to tensor decomposition algorithms and TR as seen under a Generalized Linear
Model (GLM) framework, where we briefly define GLMs in vector space and extend
them to tensor space. We define the multinomial TR model originally proposed by Cao
et al. (2022) that we will use in Chapter 5, and go into the models parameter estimation
by MLE.

Chapter 5 will explore the CNN and TR applications using the theory described
in previous chapters. We will first describe the dance dataset in more detail and then
describe the objective we will aim to achieve in the applications. This objective will be
composed of two trials that we will aim to achieve. We will then explore the details of
the CNN and TR applications, comparing and discussing our results.

Chapter 6 provides the concluding remarks and suggestions for future research on
this topic.
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2

Artificial Neural Networks

As mentioned in Chapter 1, we aim to explore CNNs, and we will introduce the ma-
terial on ANNs in this chapter without going into too much detail. CNNs are a spe-
cialized type of ANNs, so understanding the basic architecture of ANNs and how they
are trained helps us understand how CNNs function. Note that we will only be going
through the material on ANNs, assuming a classification task at hand.

Section 2.1 goes into an overview of terminology and notation for ANNs, while Sec-
tion 2.2 goes into some detail on the backpropagation algorithm and optimization algo-
rithms, specifically gradient descent. Section 2.3 briefly mentions the UAT for ANNs.
Finally, Section 2.4 describes the case of overfitting for ANNs and how to check for it
while also presenting several regularization methods that are used to help reduce the
chance of overfitting.

2.1: Terminology and Notation used for ANNs

ANNs are nonlinear mapping structures capable of solving pattern recognition tasks
such as regression and classification. They generally consist of many simple computing
elements known as neurons that are organized into layers and interconnected in often
complex ways, enabling them to approximate any complex nonlinear function (see Fig-
ure 2.1). Their emergence was brought about by researchers initial interest in mimicking
the behaviour of biological nervous systems. ANNs are popular in many industries, in-
cluding marketing, medical diagnosis, engineering, and security. We will now go on
to cover the different types of layers in ANNs and the typical ANN architecture in the
coming sections.
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2.1.1: Overview of the ANN Architecture

The layers of an ANN can be separated into three categories, namely the initial layer,
known as the input layer; the last layer, known as the output layer; and the middle layers,
known as the hidden layers (see Figure 2.1). Hidden layers are not necessarily always
present, and there can be multiple hidden layers. Figure 2.1 represents a generic ANN,
where all neurons in a given layer are connected to all neurons in the subsequent layer,
and there are no connections between neurons within the same layer. Also, not all layers
would necessarily have the same number of neurons. An ANN with two or three layers
is known as a shallow, and ANNs with over three layers are deep ANNs. The depth of an
ANN represents the total number of its layers.

Figure 2.1: A typical ANN with one hidden layer (Tanty and Desmukh (2015)).

For an ANN, information flows initially from the neurons of the input layer to the
output layer (if there are no hidden layers) or to the first hidden layer. From the first
hidden layer, the information flows to the second hidden layer, and this process repeats
depending on the number of hidden layers, ultimately reaching the output layer. This
is referred to as the forward pass, and such a network is said to be feed-forward. The
amount of information that flows from one neuron to the next is affected by weight.
Each connection in the ANN has an assigned weight wuvk that represents the quantity of
information transmitted from the neuron u of the k− 1th layer through the connection to
the neuron v in the kth layer (see Figure 2.2). These weights are parameters that need to
be estimated by the training procedure. The neurons in the hidden and output layers
apply a non-linear function called the activation function on the information inputted.
Different hidden layers could be assigned to use different activation functions.

Given that we have a sample of n vectors of observations and p variables, let X ∈

Rn×p be the data matrix defined by:
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X =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

xT
1

xT
2

⋮

xT
n

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

x11 x12 x13 . . . x1p

x21 x22 x23 . . . x2p

x31 x32 x33 . . . x3p

⋮ ⋮ ⋮ ⋱ ⋮

xn1 xn2 xn3 . . . xnp

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.1)

where each xi ∈ Rp, for i = 1, ..., n, contains the values to be inputted into the ANN.
The number of neurons in the input layer would be equal to the number of variables
in the dataset, which would be p in this case. For a classification task, the selected
sample would already have existing labels, i.e., each observation can be in either one of
L distinct categories. The class label of each observation can be stored in a single vector

l =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

l1
l2
⋮

ln

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.2)

where lr ∈ {1, 2, . . . , L} represents the observed category of the rth element in the sample.
In the case of binary classification, then L = 2.

For the following results, let us assume that we have an ANN with p neurons in the
input layer, g hidden layers with h neurons each and an output layer, and L neurons in
the output layer due to L unique labels. We assume that there are h neurons for each
hidden layer here for simplicity, but they can be any size. For each layer beyond the
input layer, the output of each neuron can be represented by a linear combination of the
weighted inputs of the previous layer, which means that the inputs of the neurons of
the kth layer would be the outputs of the neurons of the (k − 1)th layer. Added to this
linear combination is a value attributed to each neuron called bias, and is denoted by bvk.
The bias corresponds to the intercept in a regression model and is added to the linear
combination defined as the output zvk. We can represent the output zvk of the vth neuron
in the kth hidden layer as follows

zvk = bvk +w1vkz1,k−1 +w2vkz2,k−1 + ⋅ ⋅ ⋅ +whvkzh,k−1 = bvk +wT
vkzk−1, (2.3)

where zu,k−1 represents the output coming from the uth neuron in the k − 1th layer and
the input for zvk, the weight vector wvk = [w1vk, w2vk, . . . , whvk]

T represents the weights
connecting the inputs z1,k−1, z2,k−1, . . . , zh,k−1 to zvk, and zk−1 represents the output vector
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of the h neurons of the k − 1th layer that are the inputs for the kth layer, i.e.,

zk−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

z1,k−1

z2,k−1

⋮

zh,k−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.4)

Equation (2.3) shows the output of a single neuron. The outputs of the h neurons in
the kth layer can be represented as a h-output vector

zk = bk +WT
k zk−1, (2.5)

which depends on the corresponding (h x h) weight matrix

Wk =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

w11k w12k w13k . . . w1hk

w21k w22k w23k . . . w2hk

w31k w32k w33k . . . w3hk

⋮ ⋮ ⋮ ⋱ ⋮

wh1k wh2k wh3k . . . whhk

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

= [w1k w2k . . . whk] , (2.6)

where each column wvk ∈ Rh of the weight matrix represents the vth neuron in the kth

layer of the ANN for v = 1, ..., h, and the h-bias vector is given as

bk =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

b1k

b2k

⋮

bhk

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2.7)

A graphical representation of a deep ANN with what we have seen so far and an
output layer o can be seen in Figure 2.2.
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Figure 2.2: A typical layout of a deep ANN.

The bias is generally written off as another weight so that we can generalize the
output zvk as a weight update rule, i.e., by ‘absorbing’ the bias as another weight in
equation (2.3), we get

zvk = bvk +w1vkz1,k−1 +w2vkz2,k−1 + ⋅ ⋅ ⋅ +whvkzh,k−1

= w0vkz0,k−1 +w1vkz1,k−1 +w2vkz2,k−1 + ⋅ ⋅ ⋅ +whvkzh,k−1

=
h
∑
i=0

wuvkzi,k−1,

where bvk = w0vkz0,k−1 implies that bvk is equal to either w0vk or z0,k−1, and the other is
set to value 1. However, since the bias will be continuously updated by the learning
process, and the inputs are fixed and do not change, the bias is being treated as a weight
so bvk = w0vk. With this bias absorption, we would represent the updated weight matrix
from equation (2.6) as

Wk,A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

b1k b2k b3k . . . bhk

w11k w12k w13k . . . w1hk

w21k w22k w23k . . . w2hk

⋮ ⋮ ⋮ ⋱ ⋮

wh1k wh2k wh3k . . . whhk

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

w01k w02k w03k . . . w0hk

w11k w12k w13k . . . w1hk

w21k w22k w23k . . . w2hk

⋮ ⋮ ⋮ ⋱ ⋮

wh1k wh2k wh3k . . . whhk

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎣

bT
k

Wk

⎤
⎥
⎥
⎥
⎥
⎦

, (2.8)

where the transpose of the bias vector bT
k is added as a row at the top of the previous

weight matrix from equation (2.6). When absorbing the bias, we would need to update

10



Chapter 2. Artificial Neural Networks

the outputs of the h neurons in the kth layer equation of before. Since the dimension of
Wk has increased to (h + 1 x h) we will need to increase the dimensions of an input case
zk−1 from h to h+ 1 by adding a row vector of 1 which corresponds to the bias input, i.e.,

zk−1,A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
z1,k−1

⋮

zh,k−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (2.9)

and the outputs equation (2.5) is updated to

zk = bk +WT
k zk−1 = WT

k,Azk−1,A. (2.10)

Similarly, we would need to increase the dimensions of xT
i to p + 1 by adding a row

of 1, i.e.,

xT
i,A = [1 xi1 . . . xip] . (2.11)

The next section covers the notation for active functions and examples of activation
functions used in hidden/output layers.

2.1.2: Activation Functions

Neurons in the hidden and output layers apply an activation function σ on the outputs
zvk and display σ(zv,k+1) as the output for that neuron instead of simply zv,k+1. Nonlinear
activation functions introduce nonlinearity in the model. Popular activation functions
used in practice include the logistic function given by

σ(zvk) =
1

1+ e−τzvk
, (2.12)

which gives a value between 0 and 1, where τ is a scale parameter, the hyperbolic tangent
function

σ(zvk) =
ezvk − e−zvk

ezvk + e−zvk
, (2.13)

which is symmetric (like the logistic) about the origin with range [-1,1], the Rectified
Linear unit (ReLu) function

σ(zvk) = max{0, zvk}, (2.14)

which returns a 0 for all nonpositive values, and the softmax function

oi = σ(zvk) =
ezvk

∑
h
v=1 ezvk

, (2.15)
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which is generally used as the activation function of the output layer to predict the
probabilities o = [o1, o2, . . . , oL]

T corresponding to the L labels which would add up to 1.
Based on o, whose representation we will cover in the next section, we can then get the
predicted labels from the output layer.

2.1.3: Output Layer

The predicted values o in the output layer can be expressed as a function of the previous
layers’ inputs and all activation functions at every other layer. Assuming that fg rep-
resents the activation function of the gth hidden layer, and fo represents the activation
function of the output layer, then the output vector o can be represented in the following
manner:

o = fo (WT
o,Azg,A) = fo ○ fg (WT

g,Azg−1,A)

= fo ○ fg ○ fg−1 (WT
g−1,Azg−2,A)

= . . .

= fo ○ fg ○⋯ f2 ○ f1 (WT
2,AxA) . (2.16)

Having established the general layout of ANN architectures, the next section will con-
sider optimization algorithms that enable these architectures to learn from data and
improve their performance.

2.2: Optimization Algorithms

At the start of training, the ANN makes the forward pass of information utilizing initial
values of weights and biases. These initial weights and biases are generally taken to be
random values. An ANN is trained using an optimization algorithm, where it would
incrementally adjust the weights and biases of an ANN with the aim of improving per-
formance iteration by iteration until an optimal set of weights and biases is found, as-
suming it exists.

ANN optimization algorithms fall into two broad groups, i.e., supervised and unsu-
pervised learning. Supervised learning employs labelled data as input to the ANN for
a classification problem, where the output of the ANN would be the predicted labels
of the data which would be compared with the actual labels. The difference between
the output and the actual serves as an error which the ANN would try to minimize.
On the other hand, unsupervised learning uses unlabeled data as input with the goal of
grouping it together based on hidden patterns found in the data. Unsupervised learning
seeks to optimize some criterion that is defined in terms of the activity of the outputs of
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the neurons in the ANN. We will focus on supervised learning in the coming sections,
notably gradient descent and how the backpropagation algorithm helps gradient descent.

2.2.1: Gradient Descent and the Backpropagation Algorithm

The backpropagation algorithm computes the gradient of the error function with respect
to the weights of the ANN using the chain rule. From there, optimization algorithms
such as gradient descent are used to minimize an error function at each iteration, where
the weights and biases are then updated. The error function, also referred to as the loss
or cost function, behaves similarly to a goodness of fit statistic for the ANN model, i.e.,
it measures the discrepancy between the observed and predicted labels.

At an iteration q, the gradient of the error function with respect to the weights and
biases is found, where we would then update the next set of weights of iteration q+ 1 by
moving the weights of iteration q towards the direction of steepest descent. This process
is repeated until we find a set of weights that minimizes the error function, which would
be considered a solution to the optimization algorithm.

Assume that we have a feed-forward ANN with p input neurons for the p variables
and L output neurons in the output layer. We can have any number of hidden neurons
and layers present. To train our ANN, we will randomly choose t of the n observations
xT

1,A, xT
2,A, . . . , xT

n,A to serve as a training dataset, and we will start with a random initial
set of weights and biases. Since we will need to find the gradient of the error function,
it is important that we choose a differentiable and continuous error function. For this,
we need to choose a continuous activation function such as the logistic, so that the er-
ror function will be continuous as well. In both regression and classification, the Sum
of Squared Errors (SSE) is a commonly used error function. The SSE function for the t
training observations can be defined as follows

SSE =
t
∑
i=1

L
∑
r=1

(l(i)
r − o(i)

r )
2, (2.17)

where l(i)
r and o(i)

r represent the observed and predicted labels of the ith training case,
respectively. Other examples of available error functions include the Mean Squared Error
(MSE)

MSE =
1
t

t
∑
i=1

L
∑
r=1

(l(i)
r − o(i)

r )
2, (2.18)

and Cross-Entropy error (CE) functions

CE = −
t
∑
i=1

L
∑
r=1

l(i)
r ln o(i)

r . (2.19)
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For a classification task with two labels, it is standard to use an ANN architecture with
a logistic or softmax output layer and the CE error function. A softmax output layer
would be more suitable for a classification task with more than two labels (Sadowski,
2018). We will be denoting the error function chosen as E.

We will be updating the weights using the following increment for the qth iteration:

wq
uvk = wq−1

uvk − γ
∂Eq

∂wq−1
uvk

, (2.20)

where γ is the learning rate which is a value normally taken between 0 and 1 and ∂Eq

∂wq−1
uvk

represents the qth batch gradient. Equation (2.20) is known as the weight update rule,
where −γ ∂Eq

∂wq−1
uvk

represents the parameter update from wq−1
uvk to wq

uvk. The learning rate

is a hyperparameter that controls how much the weights are updated at each iteration.
Hyperparameters are parameters that are not adjusted by the ANN itself and need to be
implemented and adjusted manually. Other examples of hyperparameters include the
number of hidden layers, number of neurons in the hidden and output layers, initial
weight and bias values, and the choice of optimization algorithm and error function.

The partial derivatives ∂Eq

∂wuvk
of the weight update rule are derived using the chain

rule and represent the influence of the weight wuvk on the error function Eq. The chain
rule is necessary since the error function is an indirect function of the weights. The
influence of the weights on the error will not be the same layer to layer, where changing
any weight will generally affect the influence of other weights on the error.

We will not be going into the derivation of the backpropagation algorithm in this
dissertation, where we refer the reader to its full derivation in Goodfellow et al. (2016).

When performing standard gradient descent, the network would use all of the data
as input to calculate the loss and perform a single update to the weights. Minibatch gra-
dient descent and Stochastic Gradient Descent (SGD) represent other variants of gradient
descent, which utilize random samples of the data as input instead. We will cover the
effects of this approach, as well as comparisons to standard gradient descent, in the next
section, since we will be referring to these variants in later chapters.

2.2.2: Minibatch and Stochastic Gradient Descent

Minibatch gradient descent uses a group of randomly selected samples of the training
dataset as input in each iteration, where these groups of samples are known as mini-
batches of batch size B. The batch size is a hyperparameter indicating the number of
samples in each minibatch. Standard gradient descent is akin to having 1 minibatch
with a batch size equal to the size of the training dataset. We define an epoch to repre-
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sent a complete forward and backward pass over the entire training dataset whereas for
comparison, an iteration represents a forward and backward pass over a single mini-
batch which would calculate the loss and update the weights. When training the ANN
using minibatches of batch size B = 1, we would call this SGD.

For minibatch gradient descent, at the ωth epoch and the qth iteration, we would
represent the weight update rule as follows:

wω,q
uvk = wω,q−1

uvk − γ
∂Eω,q

∂wω,q−1
uvk

, (2.21)

where ∂Eω,q

∂wω,q−1
uvk

represents the qth minibatch gradient at the ωth epoch.

Standard gradient descent would compute gradients accurately since it considers
all the data at once, although the computation time will be high. SGD and minibatch
gradient descent use multiple minibatches to estimate the gradient which would intro-
duce noise into the parameter updates; however, it would have faster computation time
with smaller batch sizes (Smith et al., 2020). Depending on the size of the dataset, ei-
ther minibatch gradient descent or SGD could be more practical to use over standard
gradient descent (Li et al., 2014).

When applying any of the three gradient methods to non-convex optimization pro-
cesses, instead of arriving at a global minimum, the algorithm could get stuck on a
saddle point or a local minimum. Momentum is a method that helps gradient descent
algorithms escape such a fate. Gradient descent with momentum adds a percentage of
the past updated gradient to the present gradient, which helps accelerate training and
speed up convergence (Shi et al., 2022). This percentage is a hyperparameter that would
need to be manually set.

Having examined gradient descent for training ANNs, the next section focuses on
the UAT, which formalizes the representational capacity of these models.

2.3: Universal Approximation Theorem

ANNs featuring multiple hidden layers and nonlinear activation functions are adapt-
able, which helps them to closely approximate any continuous nonlinear function with
arbitrary precision. Thus, we can conclude that these kinds of ANNs are universal ap-
proximators (White, 1992). As such, an ANN can model the linear/nonlinear relationship
between a dependent variable and p independent variables (where p ≥ 1) by a continu-
ous function on compact subsets of Rp.

Numerous variants of the UAT exist in the literature, differing in their assumptions
about activation functions, network depth, and function spaces. For example, Arora
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et al. (2018) prove that a fully connected feed-forward network using the ReLu activa-
tion function can represent any continuous function. Also, Cybenko (1989) prove that
even an ANN with a single hidden layer of finite size using a logistic activation function
can represent any continuous function well enough.

Because of the usefulness of ANNs as universal approximators and the huge number
of parameters in the network, ANNs generally suffer from overfitting, which we will
cover in the next section.

2.4: Overfitting

Overfitting occurs when the model yields good results with data that was used to train
the model, but fails to perform well on new data. In such a scenario, the overfit model
perfectly adapts to the data that was used for training but does not generalize well to
new data. Conversely, underfitting happens when the model lacks sufficient complexity,
where it would fail to capture the patterns found in both the data used to train the model
and new data, thus producing poor results. Both the overfit and underfit models are not
expected to generalize well to new data, so we would want to avoid both situations.

Ideally, we would want to evaluate the trained model using new data; however,
new data is not always available to be gathered. Data re-sampling methods such as
cross-validation methods can be used to assess the generalization of a model and to
check for overfitting. A popular cross-validation method used in ANNs is holdout cross-
validation. In the holdout method, the data would be randomly split into two sets,
namely the training and validation sets. The training set represents the majority of our
dataset which will be used to train the ANN. The trained ANN would then classify
the validation sample, where we would then compare the classification results with the
observed labels of the validation sample to evaluate the performance of our model. Gen-
erally, around 80% of the data is randomly taken to be the training set and the other 20%
would represent the validation set, but this depends on the amount of data available.

In Section 2.4.1, we will cover several regularization methods which are commonly
used in ANNs to reduce overfitting. Section 2.4.2 describes early stopping to avoid over-
training, which would lead to overfitting. Both methods will be used in the application.

2.4.1: Regularization Methods

Regularization methods represent a set of methods used to lower the complexity of a
model during training, i.e., to discourage overly large model parameters. Regulariza-
tion can be anything in the form of constraints and penalties applied to the hypothesis
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search space, which help guide the learning process to simpler models (Moradi et al.,
2020). In this section, we will be mentioning L1, L2 and weight decay regularization since
they are commonly utilized in practice and have given excellent results in both deep
ANNs (Krizhevsky et al. (2012), Srivastava et al. (2014)) and CNNs (Yu et al., 2009).

Both L1 regularization and L2 regularization constrain the models capacity by in-
corporating a penalty term to the error function E. Weight decay regularization adds a
penalty to the weight update rule instead. In general, an overfit model would consider
all parameters, including those which have little influence on the final classification. L1

regularization frequently guides parameters to zero, thus guiding the optimization pro-
cess to more sparse solutions. L2 regularization would reduce the magnitude of weights
toward zero, which makes the model less prone to overfitting. The main difference be-
tween both L1 and L2 regularization is that the latter tries to get as much information
as possible by encouraging smaller weights for each parameter, whereas the former is
more inclined to keep parameters which have the most influence and set the weights of
irrelevant parameters to zero (Ying, 2019).

For L1 and L2 regularization, we will denote the overall error function E∗ as

E∗ = E + λLRP, (2.22)

where P is the regularization term and λLR is a non-negative tuning parameter. P would
consist of the norm of the trainable parameters of the model. For L2 regularization, we
have P =

√

∑uvk w2
uvk and for L1 regularization we have P = ∑uvk ∥wuvk∥. Larger values

of λLR induce greater regularization and will shrink the weights closer to zero.
In the case of weight decay as defined in Hanson and Pratt (1988), the weights in the

weight update rule would decay exponentially as

wq
uvk = (1− λWD)wq−1

uvk − γ
∂Eq

∂wq−1
uvk

, (2.23)

where λWD is the rate of weight decay per update.

2.4.2: Early Stopping

Early stopping halts training once performance on a validation set ceases to improve
after a specified number of epochs. As training progresses, model complexity increases,
which can lead to overfitting if training continues unchecked.

By monitoring validation performance, early stopping prevents excessive fitting to
the training data. Caruana et al. (2000) showed its effectiveness by combining early
stopping with backpropagation to train large networks without significant overfitting.
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3

Convolutional Neural Networks

Having established the general architecture of fully connected ANNs and their training
in Chapter 2, Chapter 3 turns to Convolutional Neural Networks (CNNs), which utilize
several different layers that are more suitable for image data. The details of how a CNN
architecture is constructed and the optimization algorithms used to train them will be
defined with some comparisons made to ANNs, where we will also describe several
known CNN architectures from the literature. We will discuss how the set of images
from our dance dataset will be represented as tensors for input to a CNN with the goal
of pose classification.

Section 3.1 gives a brief introduction to deep ANNs and CNNs. Section 3.2 goes
into an overview of tensors and images, and more specifically on how an image can be
represented as a tensor. Section 3.3 goes into detail on the general CNN architecture
and its layers, including some other common layers in practice. Section 3.4 goes into
a literature review of several popular CNN architectures. Section 3.5 presents several
adaptive optimization algorithms, including Adam. Section 3.6 describes the proof of the
UAT for a CNN by He et al. (2022). Section 3.7 describes hyperparameter optimization
and the methods used in practice for it. Finally, Section 3.8 explores several performance
metrics used to evaluate the performance of a model after training.

3.1: Introduction

Deep ANNs attempt to imitate in a rather simple manner how the human brain operates
using multiple layers of neurons connected with each other via a series of nodes. Given
that the input data X and corresponding labels l are available, the outputs of a deep
learning model are expressed by a layered sequence of nonlinear transformations over
minibatches of the input data (see equation (2.16)), which would be effective in estimat-
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ing the nonlinear relationship between the input data and the output data. Compared
to shallow learning, deep learning would have deeper architectures available which are
able to extract more abstract information. A popular deep learning model that we will
be going through in this chapter is CNNs.

CNNs are deep feed-forward networks that utilize several key architectural ideas,
notably the usage of several different layers in a series of stages. Their architecture
makes them better suited than ANNs for processing structured arrays of data such as
signals or 2D/3D images. An image can be thought of as a collection of many features
present that together make up the image itself. Examples of low-level features in im-
ages include vertical/horizontal edges and curves that together form highly complex
features such as faces and buildings. CNNs aim to extract the said features from the
image using ‘convolutions’ to fulfil a task such as classification. Deeper CNNs would
be more sophisticated in their ability to detect highly complex features when compared
to shallower CNNs, although a deep CNN would be at a higher risk of overfitting and
be more computationally demanding.

Nowadays, CNNs have come to represent the leading architecture for applications
concerning Computer Vision, which is a field that looks to solve problems concerning
image classification and HPE. They have also found competitive results in natural lan-
guage processing (Bhandare et al., 2016), i.e., dealing with issues surrounding speech
recognition and text classification. Several important factors that have led to the increase
in popularity of deep CNNs are the use of deep ANNs, improvements in computer
hardware like Graphics Processing Units (GPUs) and the availability of large labelled
datasets.

For the duration of this chapter, we will be focusing on the problem of image classi-
fication using CNNs. It follows that images can be naturally represented as tensors, as
we shall see in the next section.

3.2: Tensors and Images

In CNNs, a tensor is a multi-dimensional array that serves as the basic data structure
for representing inputs, outputs, and intermediate data as it flows through the network.
Tensors can be defined as multi-dimensional arrays of order O, where O represents the
number of dimensions of the tensor. Scalars can be represented as tensors of order 0,
whereas vectors and matrices can be represented as order 1 tensors and order 2 tensors,
respectively. Given that R and C represent rows and columns of values, respectively,
this means that tensors of order 1 represent vectors of size R and tensors of order 2
represent matrices of size (R × C). Tensors of higher order have additional dimensions.
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For example, tensors of order 3 have an additional layer of detail D, thus, they are of
size (R × C × D).

An image is naturally a grid of image pixels; an image pixel represents a single grid
point of an image. It is the smallest unit of the image that is defined and is valued
according to the intensity of the colour it represents (Padmavathi and Thangadurai,
2016). Pixel intensity varies corresponding to the number of bits per pixel (bpp). To
avoid ambiguity, it is useful to distinguish bits per channel and bits per pixel: typical
consumer images use 8 bits per channel, so a grayscale pixel often uses 8 bpp, whereas
an RGB image pixel commonly uses 3×8 = 24 bpp total. With 8 bits per channel, channel
intensity values range from 0 to 255.

Because images are grids of pixel intensities, they are naturally represented as ten-
sors. A 2D grayscale image of resolution (I1 × I2) is an order 2 tensor with shape (R, ; C)

whose values are in [0, 255]. A 2D RGB image extends that representation by adding
a colour channel axis: it can be represented as an order 3 tensor of shape (I1 × I2 × 3)
where each pixel location stores a 3-vector (R, G, B) of channel intensities (see Figure
3.1).

Figure 3.1: A 2D RGB image as an order 3 tensor (Ponomarenko et al. (2015)).

High-order (order 3+) tensors are widely applied in CNNs. The input, hidden layer
representations, and parameters in a CNN are all represented by tensors, where the
parameters of the CNN model, similarly to ANNs, represent the weights and biases of
the model (Wu, 2017). For the duration of this chapter, we will be following the notation
that we had established in Chapter 2, where we will be representing tensors following
the notation that we used to represent matrices in the form of blackboard bold uppercase
letters X. Also, when we define an input image using blackboard bold uppercase letters,
we would be referring to it in tensor form. For the kth layer of a CNN, order 2 tensors
are adequate for representing 2D grayscale images of size (Rk × Ck), although, order 3
tensors are needed to represent 2D RGB images of size (Rk × Ck × 3). Similarly, order 3
tensors could represent 3D grayscale images of size (Rk × Ck × Dk) and order 4 tensors
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are needed to represent 3D RGB images of size (Rk × Ck × Dk × 3). As for the image pixel,
while referring to the input or output image of a layer: an input pixel refers to a pixel of
the underlying input image, and similarly for an output pixel of an output image.

With the foundation of tensors and their role in representing images established, the
discussion proceeds to the typical CNN architectures and their layers.

3.3: CNN Architecture

The input image to the CNN would go through several steps of processing via the hid-
den layers, including convolution layers and fully connected layers. We will discuss the
different types of hidden layers in Section 3.3.3. However, we will first cover the convo-
lution operation in Section 3.3.1 and stride and padding in Section 3.3.2, which will be
necessary for Section 3.3.3.

3.3.1: Convolution Operation

3.3.1.1: General Definition
Convolutions are mathematical operations represented by the operator *, where a con-
volution operation fundamentally combines two functions defined over a real-valued
domain (Goodfellow et al., 2016). In the case of two discrete functions f (x) and g(x),
a simple way to understand how the convolution ( f ∗ g)(x) is calculated can be under-
stood as follows: reflect f (x) or g(x) to get f (−x) or g(−x) and shift it to the far left
of the x-axis so that the two functions do not overlap, where the inverted function is
then slid one step at a time to the right, and for each step, the sum of the overlapping
products of the two functions is calculated (Healy, 1969). The convolution between two
continuous functions f and g would follow similarly, albeit there would be an infinite
number of sliding steps and the integral of the overlapping products of the two func-
tions is calculated instead of the sum. It does not matter if f (x) or g(x) is inverted since
the convolution operation is commutative (refer to Theorem A1 in Appendix A for proof).

To show an example shared by Healy (1969), let us say that we have two continuous
functions fex(x) and gex(x) where fex(x) = 1 from 0 ≤ x ≤ 2 and gex(x) = e−x from
0 ≤ x ≤ ∞ as defined in Figure 3.2(a). The process of convolution is shown in Figure
3.2(b), where we can see that gex(x) was inverted and being shifted to the right with the
highlighted area denoting the product of fex(λ) and gex(x − λ).
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Figure 3.2: (a) Shows functions fex and gex. (b) Shows the process of convolution (Healy (1969)).

Assuming that we have two functions f (x) and g(x), then the convolution between
these two functions at a point x ∈ R is given as

( f ∗ g)(x) = ∫
∞

−∞
f (x − λ)g(λ)dλ, (3.1)

in the continuous case and

( f ∗ g)(x) =
∞
∑

λ=−∞
f (x − λ)g(λ), (3.2)

in the discrete case. In the case of 2D, the convolution between f and g at a point (x, y) ∈
R2 is given as

( f ∗ g)(x, y) = ∫
∞

−∞ ∫
∞

−∞
f (x − λ1, y − λ2)g(λ1, λ2)dλ1dλ2, (3.3)

in the continuous case and

( f ∗ g)(x, y) =
∞
∑

λ1=−∞

∞
∑

λ2=−∞
f (x − λ1, y − λ2)g(λ1, λ2), (3.4)

in the discrete case.
Going back to the example from Figure 3.2 to show the calculation of the convolution

operation for these two functions, the integration would be defined between 0 to x,
although the upper integral would be different from 0 ≤ x ≤ 2 and x > 2. As such, the
convolution operation can be calculated as follows

( fex ∗ gex)(x) = ∫
∞

0
fex(x − λ)gex(λ)dλ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

∫
x

0 e−(x−λ)dλ, for 0 ≤ x ≤ 2,

∫
2

0 e−(x−λ)dλ, for x > 2,
(3.5)

which simplifies to

( fex ∗ gex)(x) =
⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1− e−x, for 0 ≤ x ≤ 2,

e−x(e2 − 1), for x > 2.
(3.6)
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With the convolution operation formally defined, the following section examines how
this operation is employed as a foundational mechanism in CNNs.

3.3.1.2: Convolution Operation in CNN
The convolution layer represents a fundamental component of a CNN, where the con-
volution operation is performed on each input image to the convolutional layer, and the
features extracted are given out as the output pixels of the output image. Depending
on if the input image to the convolutional layer is 2D or 3D, then a respective tensor F

would be used to represent it. Also, let us define a filter G which represents a tensor of
weights.

We have defined the convolution operation in terms of functions, but how does it
work in the case of tensors? Given that we have a 2D input image with size (R × C)
represented as a tensor F of order 2 and R and C are integers, then we can represent F

as a function using:
F ∶ [1, R] × [1, C] → [0, 255]. (3.7)

Given that x is an integer in the range [1, R], y is an integer in the range [1, C] and z is
an integer in the range [0, 255], then F(x, y) = z. Here, the coordinates (x, y) represent
an input pixel in the input image and z represents the colour intensity of the input pixel
at coordinates (x, y). A filter G with size (P × Q) can be defined similarly in this case. In
the case of RGB images, given that we have a 2D input RGB image with size (R × C × 3)
represented as a tensor F of order 3, then we can represent F as a function as follows:

F ∶ [1, R] × [1, C] → [0, 255]3. (3.8)

Given that x is an integer in the range [1, R], y is an integer in the range [1, C] and
(r, g, b) ∈ [0, 255]3, then F(x, y) = (r, g, b) represents the colour intensity induced by the
RGB colors.

In the case of tensors of order 2, given that an input image F is of size (R × C) and a
filter G is of size (P × Q), then the convolution of F and a filter G at a pixel (x, y) of the
output F ∗G is calculated as follows:

(F ∗G)(x, y) =
P
∑
p=1

Q

∑
q=1

F(x − p, y − q)G(p, q). (3.9)

The resulting image F ∗G is also referred to as a feature map. Note that the operation
performed in equation (3.9) is linear since it represents each pixel of F ∗G as a linear
combination of input pixels from the input image (Jacobs, 2005) (see Figure 3.4). For
order 3+ tensors, the convolution operation would be defined similarly.
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Figure 3.3 represents the output image at the top and the input image at the bottom,
along with the filter shown as a light blue outline on the input image. It gives a visual
illustration of the convolution operation at four different output pixels, where each out-
put pixel in the output image has a distinct local region of input pixels. A convolution
operation performed at each pixel (x, y) of F ∗G uses a distinct region of input pixels
from F whose size represents the width and height of the filter G (see Figure 3.3). This
region of input pixels is known as the local receptive field of the pixel (x, y) of F ∗G. Fig-
ure 3.4 adds on Figure 3.3 since it gives a visual illustration of the convolution operation
in 2D between F and G for some local receptive field.

Figure 3.3: A visual illustration of the convolution operation in 2D with the input/output
images both outlined in blue and displayed at the bottom/top, respectively (Elgendy (2020)).

Figure 3.4: Convolution operation between an input image F and filter G (Yuan et al. (2020)).

The dimensions of the filter are generally square and of smaller size relative to the
input image. Here are some examples of input image and filter sizes in the case of
tensors of order 2: given input images of size (42 × 42), Kim et al. (2015) had used filters
of size (4 × 4) and (5 × 5), whereas Zeiler and Fergus (2014) had used filters of size (7 ×
7) and (11 × 11) for input images of size (224 × 224).

Depending on the size of the filter, it is possible that the filter would go outside of
the dimensions of the input image when centering itself on the border pixels of the in-
put image (Hashemi, 2019) (see Figure 3.3 where there are receptive fields containing
outlined border pixels). In these situations, the local receptive fields centered on these
border pixels would not be fully defined. In practice, the general approach is to apply
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the convolution operation only on the input pixels where the filter does not go out-
side the dimensions of the image, although this would result in the feature map being
smaller than the input image if G is not of size (1 × 1) (see Figure 3.4). However, there
is an alternative approach where we add extra rows of pixels to the borders of the input
image, thereby increasing its dimension so that the local receptive fields centering the
border pixels of the input image (those which were not fully defined before) would be
fully defined (see Figure 3.3) (Islam et al., 2021). This alternative approach is known as
padding and we will be going into more detail on this in Section 3.3.2.

When applying the convolution operation between the input image and the filter,
the order of movement of the filter starts from the top-leftmost position of the input
image, where from there it would move according to some value to a neighbouring
local receptive field on the right for that same row (see Figure 3.3). We will be referring
to that value as the stride length. We will be going into more detail on the stride length
in Section 3.3.2.

Figure 3.5 represents a comparison between the connections of a convolutional layer
(Top) and fully connected layer (Bottom), where common among both are the neurons
in the lower layer x1, x2, . . . , x5 and the neurons in the upper layer s1, s2, . . . , s5 with a
grey highlighted upper neuron s3. Figure 3.5 (Top) shows the inputs to a convolutional
layer, where the weights are shared across local receptive fields, whereas Figure 3.5
(Bottom) shows the inputs to a fully connected layer, where all input/output neurons
are connected and all weights are unique.

To be able to compare the connections between the input and output neurons shown
in a fully connected layer to those shown in a convolutional layer as in Figure 3.5, we
will be flattening the tensors representing the input image and the filter into vectors of
neurons. We are doing this so that it will be easier to show visually the difference in the
number of connections between the input and output images in a fully connected layer
and a convolution layer using Figure 3.5. Traditional ANNs use fully connected layers,
where each output neuron can be expressed as a linear combination of all input neurons
and their respective weights. On the other hand, for a convolution layer, not all input
neurons would be connected to an output neuron since the weights in a filter are only
interacting with a selected number of input neurons corresponding to the local receptive
field of the output neuron (see Figure 3.3). As such, each output neuron can be expressed
as a linear combination of the input neurons from its respective local receptive field and
the weights in the filter. This shows that convolutional layers utilize sparse connectivity,
i.e., they connect only a selected number of input neurons to each output neuron (see
Figure 3.5 (Top)), which is far fewer connections compared to the dense connectivity of
the fully connected layer (see Figure 3.5 (Bottom)).
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Figure 3.5: (Top) The inputs to a convolutional layer, where the weights shared across local
receptive fields are symbolized by the red, green, and blue connections. (Bottom) The inputs to

a fully connected layer. Taken from Goodfellow et al. (2016).

The property of weight sharing from using a filter is useful in that it restricts the
number of parameters in a convolutional layer to only be the number of weights in
the filters. Given the use of sparse connectivity and weight sharing in a convolutional
layer, when compared to the number of parameters in a fully connected layer, using
a convolutional layer over a fully connected layer is a drastic decrease in the number
of parameters in the model which effectively reduces the chance of overfitting (Hinton
et al., 2012). Furthermore, weight sharing enables the network to detect specific features,
such as hands, in any region of an image once learned at a single location (Kondor and
Trivedi, 2018).

Given an input image and a function that is translation equivariant, the result that
we would acquire when the input image is shifted and then applied with the function
would be the same result as if we had taken the output of the function on the input
image and shifted it then (Mouton et al., 2021). Given an input image F and the set of all
translations referred to as the translation group T , a function f is said to be equivariant
to the translations of T if for t ∈ T , we have

f (t(F)) = t( f (F)). (3.10)

It can be proven that the convolution operation is translation equivariant (refer to The-
orem A2 in Appendix A for proof), i.e., translating the input image produces the same
corresponding translation in the feature map (see Figure 3.6). This is a consequence
of the convolution layer having weight sharing. This property is important because
otherwise, a CNN would not extract the same features from the original input image
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compared to the features from the shifted input image, potentially leading to different
predictions made. It is worth noting that the property of translation equivariance does
not necessarily hold depending on the value of the stride length (Li et al. (2018b), Azulay
and Weiss (2019)). We will be going into some more detail on this in Section 3.3.2.

Figure 3.6: Two cases here: one where the input image undergoes convolution and then is
shifted and the other showing the translation of the input image which undergoes convolution.

Both result in a similar image. Taken from Li et al. (2018b).

Since the convolution operation is commutative, we can instead write equation (3.9)
as

(G ∗F))(x, y) =
P
∑
p=1

Q

∑
q=1

F(p, q)G(x − p, y − q), (3.11)

meaning that the order to which we convolve F and G does not change the result.
We briefly mention the cross-correlation operation since some software and researchers

(e.g. He et al. (2022)) use the operations of convolution and cross-correlation inter-
changeably. Compared to equation (3.9), the cross-correlation operation is given as fol-
lows

(F ∗G)(x, y) =
P
∑
p=1

Q

∑
q=1

F(x + p, y + q)G(p, q). (3.12)

The cross-correlation operation operates similarly to the convolution operation but it
does not reflect F due to the change from negative to positive indices in (x + p, y + q).
However, unlike the convolution operation, the cross-correlation operation does not
have the commutative property (refer to Theorem A3 in Appendix A for proof).

The convolution operation can be constructed in the form of a matrix-vector mul-
tiplication operation, and we refer to Appendix A for more details on this. Having
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established the role of convolution within CNNs, we will now move to examine the
mechanisms that govern its application in the layers, i.e., stride and padding.

3.3.2: Stride and Padding

How far the filter moves every time during the convolution operation depends on the
stride length s. A stride length above 1 means that the filter will end up skipping certain
local receptive fields, i.e., a stride of length s will skip s− 1 local receptive fields in every
move. Filters with stride values greater than 1 are commonly used in practice, where
popular values for the stride length generally go from 1 to 3. Figure 3.7 depicts two
separate convolution operations with stride lengths of 1 and 2.

After the filter reaches the last local receptive field on a row, the filter would then
move according to some value (which is generally the same as s) to the left-most local
receptive field below the current row. This process is repeated until all local receptive
fields of the input image that can be reached with s have been seen. The order of move-
ment of the filter is important since the filter can be configured to skip local receptive
fields corresponding to the stride length. Figure 3.3 presents the filter started at the
top-leftmost local receptive field and moved with a stride length of 2 to the next local
receptive field on that same row, where it then moved again and reached the end of the
row. As such, this order of movement made the filter skip two local receptive fields on
that row. After it reached the end of the first row, we can see that the filter moved only
one row below the current row and to the left-most local receptive field on that row.

The advantage to increasing the stride length is that it drastically reduces the size
of the feature map, which has the benefit of reducing the number of parameters in the
model and hence the training time (Mouton et al., 2021).
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Figure 3.7: (Top) Convolution operation with s = 2. (Bottom) Convolution operation with s = 1.
Taken from Goodfellow et al. (2016).

The disadvantage of using filters with stride greater than one is that the translation
equivariance property of the convolution layer is broken since there is information in
the input image that is being ignored. Due to this loss of information, the shift in the
input image will not necessarily result in an equivalent response as in Figure 3.6 (Azulay
and Weiss (2019), Mouton et al. (2021)), i.e,

f (t(F)) ≠ t( f (F)). (3.13)

Figure 3.8 represents the convolution of an input image with three separate filters of
sizes (1 × 1), (2 × 2) and (3 × 3) respectively (from left to right) and also illustrates the
number of times each input pixel appears in a local receptive field. Note that as the filter
size increases, the input pixels near the image border are represented in a fewer number
of local receptive fields compared to the input pixels located near the centre. The concept
of padding in CNNs is used to add additional rows of image pixels at the borders of an
image so that the input pixels near the image border would be represented more. It is
also useful in that when we use sufficient padding on the input image when applying
convolution, we will be able to maintain similar dimensions between the feature map
and the input image (Islam et al., 2021).

When adding padding to an image, it is worth noting that the actual intensity of the
pixels (as defined in Section 3.1) that need to be added would not be known a priori
(Alguacil et al., 2021). There are several padding methods that are used in practice to
try to estimate the intensity of the pixels added from padding. One such method is
replication padding, which adds padding where the intensity of the pixels that is added
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would be the same as that of the border pixels, i.e., the intensity of the border pixels
would be replicated multiple times into the padding area (Alguacil et al., 2021). Another
well-known padding method is periodic padding, wherein the horizontal axis, we pad
the left of the image by the rightmost part of the image, and vice versa; similarly in the
vertical axis, we pad the upper left of the image by the upper right, and vice versa (Wang
et al. (2018)). The most well-known of the padding methods is zero-padding, where the
intensity of the pixels added from padding would be zero.

Figure 3.8: The convolution of an input image with three filters of different sizes while
displaying the number of times each input pixel is in a local receptive field (Zhang et al. (2024)).

Figure 3.9 represents two scenarios involving a CNN with multiple convolutional
layers in which padding is used in one and not in the other. In the case when padding
is not added (see Figure 3.9 (Top)), the size of the feature maps are gradually reducing
with every convolution layer. This means that for a stride length s, given an input
image of size (R × C) and a filter of size (P × Q), then the output feature map will have
size ([ R−P

s + 1] × [ C−Q
s + 1]). The other case includes adding enough padding in every

convolution layer to keep the size of the input image the same as the output feature map
(see Figure 3.9 (Bottom)). As such, the output feature map would be of size ([ R−P+2G

s + 1]
× [ C−Q+2G

s + 1]) instead, where G is the amount of padding added depending on the size
of the filter. The next section will examine the different layers that define CNNs.

3.3.3: Layers of a CNN

The hidden layers of a deep CNN carry out feature extraction on the input image us-
ing convolution layers, pooling layers, nonlinearity layers, and fully connected layers, al-
though pooling layers would not always be present. Convolutional, nonlinearity, pool-
ing and fully connected layers represent the basic building blocks of a CNN architecture,
and we will cover them in Sections 3.3.3.1 to 3.3.3.6. Other types of layers are generally
used in CNN architectures, two of which are known as dropout and batch normalization
layers, which we will discuss in Section 3.3.3.7.

30



Chapter 3. Convolutional Neural Networks

3.3.3.1: Convolution Layer
In this section, we will be going into a mathematical formulation of what happens in the
convolution layer given that we have 2D or 3D images as input.

Recall that we can express a 2D or 3D image as an order 3 tensor of size (R × C × m)
or order 4 tensor of size (R × C × D × m), respectively, where for grayscale images m = 1
and for RGB images m = 3. Thus, we can say that the input image can be represented as a
group of m feature maps, where m represents the number of feature maps. We will refer
to this group of feature maps as the input maps volume. In a convolution layer, given an
input image, there will generally be more than one filter defined, where the convolution
operation would be applied between each filter and the input image. The output of the
convolution layer will consist of as many feature maps as there are filters. We will refer
to this group of feature maps as the feature maps volume. In general, we will be referring
to the group of feature maps that are inputted into a layer as the input maps volume and
the group of feature maps that are outputted from a layer as the feature maps volume.

Figure 3.9: (Top) No padding added in the convolutional layers. (Bottom) CNN with multiple
convolution layers with padding added (shown as black neurons). (Goodfellow et al., 2016).

Throughout this section, we will be assuming that a stride of length 1 is used, i.e.,
s = 1. Also, if padding has been added in a layer, then the size of the image that we
would be referring to would be the padded image instead of the original image.

Given that the kth layer represents the convolution layer, let us assume that the input
maps volume at the kth layer comprises of mk−1 feature maps of size (Rk−1 × Ck−1) from
the k − 1th layer. We will be assuming that we have mk filters, and that the size of each
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filter for this convolution layer is (Pk × Qk × mk−1), where Pk < Rk−1 and Qk < Ck−1. The
value of the output pixel at position (x, y) in the jth output feature map of the kth layer,
denoted as v(x,y)

jk , is given as

v(x,y)
jk = bjk +

mk−1

∑
a=1

Pk−1

∑
p=0

Qk−1

∑
q=0

v(x+p,y+q)
a(k−1) w(p,q)

ajk , (3.14)

where 1 ≤ j ≤ mk, 0 ≤ x < Rk, 0 ≤ y < Ck, bjk represents the bias value for the jth output
feature map of the kth layer, w(p,q)

ajk represents the weight assigned at position (p, q) in
the ath feature map of the k − 1th layer for the jth output feature map of the kth layer, and
v(x+p,y+q)

a(k−1) represents the value of the neuron at position (x + p, y + q) in the ath feature
map of the k − 1th layer.

This means that the jth output feature map of the kth layer, denoted as Vjk, will be of
size (Rk × Ck) and is given by

Vjk = Bjk +
mk−1

∑
a=1

Va(k−1) ∗Wajk, (3.15)

where Bjk is the bias matrix with size (Rk × Ck) filled with the bjk entries, Wajk represents
the weight matrix of size (Pk × Qk) connecting the ath feature map of the k−1th layer with
the jth output feature map of the kth layer and Va(k−1) represents the ath feature map of
the k − 1th layer with size (Rk−1 × Ck−1). The convolution operation can be represented
instead as a matrix-vector multiplication operation, where in Appendix A, we show
how equation (3.15) can be represented as this.

The output feature maps of the kth layer, denoted as Vk, can be represented as fol-
lows:

Vk = Bk +Vk−1 ∗Wk, (3.16)

where Wk is an order 4 tensor of size (Pk × Qk × mk−1 × mk), Vk−1 is an order 3 tensor of
size (Rk−1 × Ck−1 × mk−1), and Bk and Vk are order 3 tensors of size (Rk × Ck × mk), where

Rk = Rk−1 − Pk + 1, (3.17)

and
Ck = Ck−1 −Qk + 1. (3.18)

The convolution operation follows similarly in terms of 3D input images. We assume
that there is an input maps volume of mk−1 feature maps from the k − 1th layer of size
(Rk−1 × Ck−1 × Dk−1) and that mk filters of size (Pk × Qk × Sk) are used in the kth layer,
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where Pk < Rk−1, Qk < Ck−1 and Sk < Dk−1. Then the value of the output pixel at position
(x, y, z) in the jth output feature map of the kth layer, denoted as v(x,y,z)

jk , is given by

v(x,y,z)
jk = bjk +

mk−1

∑
a=1

Pk−1

∑
p=0

Qk−1

∑
q=0

Sk−1

∑
s=0

v(x+p,y+q,z+s)
a(k−1) w(p,q,s)

ajk . (3.19)

Similarly for 3D input images, the output feature maps volume of the kth layer, denoted
as Vk, can be represented as follows:

Vk = Bk +Vk−1 ∗Wk, (3.20)

where Wk is an order 5 tensor of size (Pk × Qk × Sk × mk−1 × mk), Vk−1 is an order 4 tensor
of size (Rk−1 × Ck−1 × Dk−1 × mk−1), and Bk and Vk are order 4 tensors of size (Rk × Ck ×
Dk × mk), where

Rk = Rk−1 − Pk + 1, (3.21)

Ck = Ck−1 −Qk + 1, (3.22)

and
Dk = Dk−1 − Sk + 1. (3.23)

The initial values for weights and biases in the convolutional layer are generally
taken to be randomly drawn from a Gaussian distribution with a mean of 0 and a stan-
dard deviation of 0.01 (Krizhevsky et al., 2012). The number of filters mk in the convolu-
tional, the width and height of the filters, and the padding/stride at each convolutional
layer are all hyperparameters that would need to be manually accounted for when mod-
elling the CNN.

3.3.3.2: Nonlinearity Layer
Nonlinearity layers consist of a linear/nonlinear activation function which transform
the feature maps generated by convolutional layers. The output of the CNN would
end up being a linear function without nonlinear activation functions. As such, nonlin-
ear activation functions are necessary to allow the CNN to be able to model nonlinear
functions as is often the case in practice with images and videos (Sharma et al., 2020).

The nonlinear activation functions which are typically used in CNNs are the logistic,
hyperbolic tangent and ReLU functions that we had defined in Section 2.1.2. The ReLU
function and its’ alternatives (leaky ReLU, etc.) are generally preferred over the other
two functions due to possible complications that can happen when applied in deep
networks. One such complication is the vanishing gradient problem. To summarize the
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vanishing gradient problem, when using the logistic and hyperbolic tangent functions,
the gradients calculated in the weight update rule during backpropagation will become
very small which would make the weight updates close to negligible.

Following from the notation used in the convolution layer section; assuming that the
input maps volume of the kth layer comprises of mk−1 feature maps from the previous
layer and given that the kth layer represents the nonlinearity layer, then the jth output
feature map for the kth layer will be given as

Vjk = σ(Vj(k−1)), (3.24)

where σ represents the activation function. Note that the input maps volume and output
feature maps volume of the kth nonlinearity layer will have unchanged feature map sizes
and the same number of feature maps.

Generally in literature, the nonlinearity layer is ’merged’ with the convolutional
layer, where given that the kth layer is the convolutional layer, the output of the con-
volution operation would pass through the activation function without the k + 1th layer
necessarily being defined as a nonlinearity layer. As such, the output of the kth layer
would be equal to the activation function of equation (3.15), i.e.,

Vjk = σ(Bjk +
mk−1

∑
a=1

Va(k−1) ∗Wajk). (3.25)

There are no new parameters added in the model from a nonlinearity layer, other
than the choice of activation function which is a hyperparameter. Generally, the same
activation function is applied over all nonlinearity layers in the CNN, but they can be
adjusted to use a different activation function at any layer.

3.3.3.3: Pooling Layer
Convolution layers are effective in spotting the exact position of an object in the under-
lying image. However, this makes it vulnerable to any small changes to the position of
the features in the image. A pooling layer, also known as a downsampling layer, performs
the pooling operation on each feature map of the input maps volume. The pooling opera-
tion is used to aggregate information in each local receptive field for a feature map. This
effectively reduces the size of a feature map and thus reduces the number of parame-
ters needed for subsequent layers in the model as well. Since the output feature maps
volume of a pooling layer will be summarized features of prior convolution layers, the
model will be more robust to variations in the positioning of the features located in the
input image to the CNN. Ideally, the pooling operation extracts the information that
is needed for classification while weeding out unnecessary details in the feature map
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and effectively reducing its dimensions (Zafar et al., 2022). There are multiple pooling
operations available, the most popular of which being max pooling and average pooling.

Similarly, as in convolutional layers with the convolution operation, pooling layers
make use of filters to compute the pooling operation for each feature map. However,
the filters used for pooling do not have trainable weights since they are used only to
compute the pooling operator. These filters are usually of small size with a small stride
length. In the case of tensors of order 2, filters of size (2 × 2) and (3 × 3) are commonly
used in pooling along with a stride length of 2. This is so that the size of the feature
maps in the feature maps volume is not lowered by too much.

Max Pooling: The max pooling operator simply finds the maximum value of each local
receptive field and displays that as the value of the output pixel. We will be referring to
a pooling layer with a max pooling operator as a max pooling layer in short. Following
the notation used in the convolution layer section; assume that the input maps volume
at the kth layer comprises of mk−1 feature maps of size (Rk−1 × Ck−1 × Dk−1) from the
k − 1th layer, where the kth layer is the max pooling layer. The pooling operation will be
done by a filter of size (Pk × Qk × Sk × mk−1), where Pk < Rk−1, Qk < Ck−1 and Sk < Dk−1.
The value of the output pixel at position (x, y, z) in the jth output feature map of the kth

layer, denoted as v(x,y,z)
jk , is given by

v(x,y,z)
jk = max

x,y,z
v(xPk+p,yQk+q,zSk+s)

j(k−1) , (3.26)

where 0 ≤ j < F, 0 ≤ x < Rk, 0 ≤ y < Ck, 0 ≤ z < Dk, 0 ≤ p < Pk, 0 ≤ q < Qk,
0 ≤ s < Sk, and maxx,y,z v(xPk+p,yQk+q,zSk+s)

j(k−1) represents the value of the neuron at posi-
tion (xPk + p, yQk + q, zSk + s) in the jth output feature map of the k − 1th layer.

Average Pooling: We will be following the previous notation of the max pooling op-
erator but this time, the kth layer is a pooling layer with an average pooling operator
which we will refer to it as the average pooling layer in short. The average pooling op-
erator computes the average value of each local receptive field and displays that as the
value of the output pixel. The value of the output pixel at position (x, y, z) in the jth

output feature map of the kth layer, denoted as v(x,y,z)
jk , is given by

v(x,y,z)
jk =

1
PkQkSk

∑
x,y,z

v(xPk+p,yQk+q,zSk+s)
j(k−1) , (3.27)

where 0 ≤ x < Rk, 0 ≤ y < Ck, 0 ≤ z < Dk, 0 ≤ p < Pk, 0 ≤ q < Qk, 0 ≤ s < Sk, and
v(xPk+p,yQk+q,zSk+s)

j(k−1) represents the value of the neuron at position (xPk + p, yQk + q, zSk + s)
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in the jth output feature map of the k − 1th layer.

Note that the output feature maps of the kth pooling layer, regardless of the chosen
pooling operator, will be of size (Rk × Ck × Dk), where

Rk =
Rk−1

Pk
, Ck =

Ck−1

Qk
, and Dk =

Dk−1

Sk
. (3.28)

For tensors of other order sizes, the mathematical formulations would follow similarly.
Note that the input maps volume and output feature maps volume to the kth layer will
have a similar amount of feature maps, albeit different sizes.

Figure 3.10 represents an example showing both the max and average pooling oper-
ators with a size (4 × 4) input image and a size (2 × 2) filter with no padding and a stride
of 2. The colored regions in each image, which represent where the filter is moving, are
affected by max/average pooling, resulting in an output image of size (2 × 2).

Figure 3.10: An example of both max and average pooling. Taken from Yani et al. (2019).

Note that no trainable parameters are added in the model from a pooling layer. Al-
though, we still need to consider the hyperparameters corresponding to the pooling
operator used, filter size and stride length. Padding can be used in a pooling layer
(another hyperparameter to account for if used) but is generally not used.

3.3.3.4: Fully Connected Layer
Fully connected layers, as defined in Section 2.1.1, are generally included at the end of a
CNN model to utilize every feature extracted from the prior layers to predict the label of
the input image. To do this, the input maps volume to the fully connected layer would
be first flattened giving a very high-dimensional vector. Given that Rk = Ck and that
Vk is the input maps volume to the fully connected layer with size (Rk × Rk × mk), then

36



Chapter 3. Convolutional Neural Networks

the vectorization of Vk can be represented as vec(Vk), which will be a R2
kmk-vector.

The value of the neuron at position (r, c, j) of Vk and its position in vec(Vk) can be
represented as follows:

[Vk](r,c,j) = [vec(Vk)](j−1)R2
k+(r−1)Rk+c, (3.29)

where r = 1, ..., Rk, c = 1, ..., Rk, and j = 1, ..., mk.
In the case when the k − 1th and kth layers are fully connected layers, then the proce-

dure follows similarly as in equation 2.3, i.e., for nk−1 and nk neurons in the k − 1th and
kth layers, respectively, the output of the vth neuron in the kth layer, denoted as vvk, is
given by

vvk = σ(bvvk +
nk−1

∑
i=1

wuvkvu(k−1)), (3.30)

where σ represents the activation function, bvk represents the bias of the vth neuron in
the kth layer, wuvk represents the weighted connection between the uth neuron in the
k − 1th layer to the vth neuron in the kth layer, and vu(k−1) represents the output of the uth

neuron in the k − 1th layer.
In the case when the k − 1th layer is not a fully connected layer and the kth layer is

a fully connected layer: assuming an input maps volume with mk−1 feature maps from
the k− 1th layer of size (Rk−1 × Ck−1 × Dk−1 × mk−1), then the value of the jth neuron at the
kth layer, denoted as vjk, is given by

vjk = σ(bjk +
mk−1

∑
a=1

Rk−1

∑
r=1

Ck−1

∑
c=1

Dk−1

∑
d=1

w(r,c,d)
a,j,k v(r,c,d)

a(k−1)), (3.31)

where σ represents the activation function, bjk represents the bias of the jth neuron in the
kth layer, w(r,c,d)

a,j,k represents the weight assigned at position (r, c, d) in the ath feature map

of the k − 1th layer for the jth neuron of the kth layer, and v(r,c,d)
a(k−1) represents the value of

the neuron at position (r, c, d) in the ath output feature map of the k − 1th layer.
In either case, the output of the fully connected layer will be a vector of size corre-

sponding to the number of neurons of the kth layer. The choice for activation functions
between fully connected layers is similar to those of the nonlinearity layer. If the fully
connected layer is the last layer of the CNN model, the softmax activation function is
generally used for classification to predict the probabilities of the image labels.

The initial values for weights and biases in a fully connected layer are randomly
sampled similarly as in convolutional layers.

3.3.3.5: Combination of Several Layers
Of the mentioned layers so far from the previous sections, the first hidden layer of a

37



Chapter 3. Convolutional Neural Networks

typical CNN would be a convolution layer. In general, convolution layers are followed
by nonlinearity layers but not necessarily always followed by pooling layers. Multiple
combinations of convolution, nonlinearity and pooling layers are necessary for finding
the complex features present in an image. In general, the output feature maps volume
at the kth layer, denoted as Vk, can be expressed as a composition of the previous layers’
outputs Ak−1, Ak−2, ..., A1, i.e.,

Vk(F) = (Ak−1 ○Ak−2 ○⋯ ○A1)(F), (3.32)

where Vk is an order 3 tensor given a 2D input image and an order 4 tensor given a 3D
input image. The resulting representation after several convolution and pooling layers
would be small enough and rich enough in information on the features of the input
image that then fully connected layers are used. These layers will then utilize all the
information present to predict the input image to the CNN.

Figure 3.11 represents an example of a typical CNN architecture consisting of a con-
volutional and pooling layer at the start and fully connected layers at the end. An im-
age is inputted into the convolutional layer where the resulting feature maps are then
passed through a nonlinearity layer. From there, the feature maps would be passed as
input to a pooling layer and the pooled feature maps would then be flattened into a
vector. Finally, this vector would be inputted to the fully connected layers where then
classification happens.

Figure 3.11: Figure representing an illustration of a typical CNN architecture. Taken from
Hussain et al. (2018).

The values in the feature maps represent the patterns found by filters on the input
image during the convolution operation. To better understand the operation of a CNN
and its capability to extract meaningful features in an image requires interpreting the
feature map activity in its hidden layers (Zeiler and Fergus, 2014). A Deconvolutional
Network (deconvnet) can be described briefly as a multi-layered network which uses
the same components of CNNs like convolutional and pooling layers but the other way
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around, where deconvnets would map features to pixels (Zeiler et al., 2011). So instead
of using convolutional, nonlinearity and pooling layers to respectively filter, rectify, and
pool the input image into features, a deconvnet would instead unpool, rectify and filter
the feature maps to reconstruct the feature maps into an image similar to the input
pixel space of the input image. We refer to Zeiler et al. (2011) for more information on
deconvnets. Zeiler and Fergus (2014) proposed the use of a deconvnet to visualize the
feature maps outputted at every convolutional layer of a CNN, where the deconvnet
would project the feature maps to the input pixel space. The deconvnet is attached to
each of the layers of a CNN, where the feature maps at a layer would be processed by
the deconvnet and would return an image from the input pixel space. From this, we
would be able to visualize and compare the derived features of the input image at a
layer with the original image that was inputted to the CNN.

Figure 3.12 shows a visual illustration of the output of several convolutional layers
along with the original image to the leftmost. The first few layers would find some
general features, such as the object boundaries. In the later layers, particularly at 21st
layer, the convolutional layers become more focused on specific parts of the cat like the
head of the cat and its eyes. These results could indicate that the classifier is trying to
find a cat-like face to determine if the object in the image is a cat or not.

Figure 3.12: An illustration of features found from a deconvnet that was attached to a CNN.
Taken from Yao (2020).

A CNN can utilize fixed filter sizes for all convolutional layers throughout the net-
work but it is generally not necessarily optimal for all applications and all image res-
olutions (Han et al., 2018). A general approach is to use filters of larger sizes in con-
volutional layers around the start of the network and move to using filters of smaller
sizes in subsequent convolutional layers (Chatfield et al., 2014). For an input image at
a predefined fixed size, the optimal filter size for each convolutional layer would be
either chosen via extensive experimentation (Kim et al., 2015) or by visualization us-
ing a deconvnet (Zeiler and Fergus, 2014). Another approach was considered by Han
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et al. (2018), where the filter sizes of each convolutional layer are taken to be trainable
parameters that are estimated by the model.

3.3.3.6: Translation Invariance in CNNs
Given an input image to the CNN and a function that is translation invariant, the classi-
fication result that we would acquire when the input image is shifted and then applied
with the function would be the same result as if we had taken the function on the input
image instead. As such, the shift has no effect on the output of the function on the input
image (Mouton et al., 2021). Given an input image F and the translation group T , a
function f is said to be invariant to the translations of T if for t ∈ T , we have

f (t(F)) = f (F). (3.33)

CNNs are generally praised for successfully classifying an object in the image regardless
of where the object is located, i.e., that it is translation invariant. However, CNNs are not
necessarily fully translation invariant since several authors found that, when compared
to the classification accuracy acquired with input images, shifts of the input images
could heavily affect classification accuracy (Azulay and Weiss (2019), Zhang (2019)).
Such shifts of the input images could even be a single pixel shift which does not change
the classification of the images by the human eye; however, it would lead to the model
classifying them differently. They proved this for several popular CNN architectures
and attributed this lack of translation invariance to stride values greater than 1 used in
layers of the CNN.

A CNN consisting of only convolutional layers with no fully connected layers and
only a stride of 1 throughout is considered to be translation invariant (Azulay and Weiss,
2019). No fully connected layers are utilized since a fully connected layer would expect
input features to be located in the same spot for each image and would make the CNN
not translation invariant. Instead, this CNN would make use of a global average pooling
operator at the end of the network before classification is done. Using the notation
that we have defined before in Section 3.3.3.3 for the kth layer, a global average pooling
operator behaves similarly as an average pooling operator but instead of using a filter
of small size such as that of size (Pk × Qk × Sk × mk−1) from before, the size of the filter
would be similar as the image itself, i.e., of size (Rk−1 × Ck−1 × Dk−1 × mk−1). However,
such a network comes with a heavy computational price and is only possible in practice
when considering input images of small sizes (Azulay and Weiss, 2019).

Given that stride values greater than 1 are used, there are several options to help im-
prove translation invariance in a CNN. It has been observed that using pooling before a
layer with stride could help shiftability, which is a weaker form of translation invariance
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(Azulay and Weiss, 2019). Another option is to apply an ’anti-aliasing’ filter introduced
by Zhang (2019), i.e., for example, instead of applying a pooling operation with a stride
of 2, we would instead apply a max pooling layer with stride 1 and a convolutional layer
with stride 2. By changing the default max pooling layer with stride 2 of several popular
CNN architectures with the anti-aliasing filter, Zhang (2019) improved the translation
invariance of such CNNs.

Generalizability in a model captures the models ability to be able to predict unseen
data given what it has seen during training. Improving translation invariance is im-
portant to help generalizability, i.e., a model that is generalizable should be invariant to
transformations that would not affect the predicted outcome (Zhou et al., 2022). How-
ever, too much invariance can negatively affect generalization (Singhal et al., 2023). For
example, to distinguish between images containing the numbers 6 and 9, where rotating
either one gets the other. As such, improving translation invariance is a more instance-
dependent task (Singhal et al., 2023). Mouton et al. (2021) have shown that stride values
greater than 1 used in pooling layers could result in greater translation invariance over
not using stride when they are used with large enough filter sizes; however, too large
filter sizes could worsen test set performance metrics due to worse generalization from
more information being disregarded due to the larger filters.

3.3.3.7: Other Notable Layers
For an ANN or a CNN, the gradient of each parameter is found in order to calculate
how much the parameter needs to be updated to minimize an error function. However,
this update is calculated given what all other neurons are doing too. As such, if there are
neurons that are not contributing, this can result in the parameters of certain neurons
being updated in a way where they compensate for the mistakes of other neurons (Sri-
vastava et al., 2014). This can lead to complex co-adaptations which can cause overfitting,
since this would weaken the generalizability of the model. Dropout is used in practice
to address the problem of overfitting. Given that a dropout layer is added before a con-
volution or fully connected layer, it would prevent co-adaptation by randomly ’drop-
ping’ or temporarily removing neurons (including their connections) of the convolution
or fully connected layer during training, and as such, makes it unreliable for neurons
to depend on other neurons to correct their mistakes (Srivastava et al., 2014). Figure
3.13 represents two separate ANNs with fully connected layers, where one ANN uses
dropout and the other ANN does not. When a neuron is dropped (shown as crossed
neurons), all connections and their parameters are temporarily removed meaning that
they would not get updated (see Figure 3.13). Note that dropout only occurs during
training and not when making predictions during test time.
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Figure 3.13: (Left) An ANN consisting of three fully connected and an output layer. (Right)
Same ANN but with dropout added for each fully connected layer. Taken from Srivastava et al.

(2014).

Each neuron has a fixed probability ρ to get dropped, where the value for ρ is a hy-
perparameter that is commonly taken to be equal to 0.5. At a probability of 1, no neurons
are dropped, whereas at a probability of 0 every neuron would be dropped. Dropout
may be implemented on any hidden or fully connected layer other than the final output
layer with common probabilities taken to be around 0.5 to 0.8 (Srivastava et al., 2014).
Dropout can also be implemented to the input layer, where a high probability of around
0.9 is recommended.

Dropout as a regularization technique is very effective and can replace or be com-
bined with other forms of regularization (Srivastava et al., 2014). This is because, ran-
domly dropping neurons during training injects noise, where, when optimizing the ex-
pected loss under that noise, this would be similar to adding a complexity penalty to the
loss (Wager et al., 2013). In the case of CNNs, Srivastava et al. (2014) applied dropout
to all convolutional layers and fully connected layers in a CNN architecture with great
success. They compared the performance of the best performing CNNs using dropout
and with CNNs not using dropout, where they found that CNNs using dropout in both
convolutional and fully connected layers yielded better performance. Dropout is not
commonly applied to convolutional layers in CNNs and is more generally applied to
fully connected layers. Since the number of trainable parameters in convolutional lay-
ers is low to begin with, the risk of overfitting is lower. However, adding dropout to
convolutional layers can reduce the chance of overfitting even more by improving gen-
eralization to test data (Srivastava et al. (2014), Wu and Gu (2015)).

Batch normalization layers were initially proposed in research to address a problem
encountered during training known as internal covariate shift. During training, the dis-
tribution of the inputs to each layer is subject to change due to the randomness present
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in parameter initialization as well as the update of parameters of the previous layers
(Santurkar et al., 2018). This problem is known as internal covariate shift, and it hinders
the training process by necessitating the use of reduced learning rates to maintain sta-
bility while training the model (Ioffe and Szegedy, 2015). To counter this problem, Ioffe
and Szegedy (2015) proposed the implementation of batch normalization layers after
convolution and fully connected layers in CNNs to re-center and re-scale the inputs for
each layer to zero mean and a unit variance, which would normalize each minibatch
during training. With batch normalization layers, the model would be more robust to
randomness from parameter initialization and could use larger learning rates without
worry of vanishing or exploding gradients. It also acts as a regularizing effect due to
better generalization, and could replace dropout layers (Ioffe and Szegedy, 2015).

However, the subject of what batch normalization layers actually do is still in de-
bate. Santurkar et al. (2018) had challenged the idea of batch normalization reducing
internal covariate shift by comparing the performance of three models: the first where
no batch normalization was used, the second where batch normalization was added af-
ter each layer, and the last where batch normalization was used at each layer but with
noise adding during training. The noise added in the third model directly introduces
covariate shift. The results show that the accuracy of both the second and third mod-
els being similar to one another and both outperforming the first model, thus possibly
implying that the reason for batch normalization layers improving performance is not
due to reducing internal covariate shift. Also, a deep network using batch norm layers
is still subject to gradient explosion at initialization time (Yang et al., 2019). Regardless
of what they do, they are popularly used in practice for speeding up model training and
as a regularizing effect.

Given that the kth layer represents the batch normalization layer, let us assume that
the input maps volume at the kth layer comprises of mk−1 feature maps of size (Rk−1 ×
Ck−1) from the k − 1th layer. Let B represent the batch size of each minibatch, such that
Vk−1 is the input to the batch normalization layer with size (Rk−1 × Ck−1 × mk−1 × B).
Given that the jth output feature map inputted to the kth layer, denoted as Vj(k−1), will
be of size (Rk−1 × Ck−1 × B), we find the mean µj(k−1) and variance σ2

j(k−1) as follows

µj(k−1) =
1

Rk−1Ck−1B

Rk−1

∑
r=1

Ck−1

∑
c=1

B
∑
b=1

vrcb,

and

σ2
j(k−1) =

1
Rk−1Ck−1B

Rk−1

∑
r=1

Ck−1

∑
c=1

B
∑
b=1

(vrcb − µj(k−1))
2,
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where µj(k−1) and σ2
j(k−1) represent the mean and variance of the minibatch for the jth

feature map being inputted to the kth layer. Given that µk−1 and σ2
k−1 is an mk−1-vector

containing the mk−1 values of µj(k−1) and σ2
j(k−1), respectively, then we define µµk−1 and

σσ2
k−1 to be of size (Rk−1 × Ck−1 × mk−1 × B) by element-wise taking

µrcjb = µj(k−1) and σ2
rcjb = σj(k − 1)2,

for all r ∈ Rk−1, c ∈ Ck−1, and b ∈ B. The output of the batch normalization layer would be

Vk =
(Vk−1 −µµk−1)
√

σσ2
k−1 + ε

, (3.34)

where ε represents a tensor of size (Rk−1 × Ck−1 × mk−1 × B) filled with fixed arbitrarily
small constants added for numerical stability typically valued at 1x10−6 or even 1x10−8

(Shi et al., 2020). Vk would then be transformed using a linear transformation (Ioffe and
Szegedy, 2015). This is done since this normalization would not necessarily work well
with the activation function from the nonlinearity layer, and the linear transformation
represents a way for the model to adjust the normalization (Ioffe and Szegedy, 2015).
As such, this is followed by the following linear transformation:

δjk ⊙Vk + τjk, (3.35)

where δjk and τjk are tensors of size (Rk−1 × Ck−1 × mk−1 × B) with scale and shift param-
eters which will be tuned during training.

With the fundamental building blocks of CNNs established, the discussion proceeds
to a literature review of notable architectures that demonstrate how these components
are combined in practice.

3.4: Literature Review of CNNs

In this section, we will review several popular architectures in the history of CNNs,
including ResNet, which we will utilize in our application.

3.4.1: LeNet-5 and AlexNet Architectures

Traditionally, a few decades ago, a two-stage approach was employed to solve image
classification problems. The first stage would first extract handcrafted features from
images using feature descriptors, whereas in the second stage, this information would
then serve as input to a trainable classifier. However, the accuracy of the classification
heavily depends on the design employed at the feature extraction stage, which was not
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an easy task (LeCun et al., 1998). Over the past decade, deep learning models have been
shown to overcome the challenges encountered in the traditional approach.

The work by Fukushima (1980) is universally considered as a predecessor to CNNs.
Fukushima’s work was itself inspired by other works regarding the structures of the
visual system, most notably the work by Hubel and Wiesel (1962). From their work on
the visual system of cats, Hubel and Wiesel (1962) discovered the receptive field which
forms the biological basis of a CNN. LeNet-5 developed by LeCun et al. (1990) and
LeCun et al. (1998) was a multi-layer CNN used to classify size (32 × 32) handwritten
digits and it established the framework of CNNs. LeNet-5 was a rather simple network
by todays standards where in its first five layers it alternated between convolutional and
average pooling layers and it ended with a fully connected layer and an output layer
using a softmax classifier. Figure 3.14 represents the architecture of LeNet-5, which has
three convolution layers with an average pooling layer in between and two fully con-
nected layers at the end. However, constrained by the limited computational resources
and data scarcity, LeNet-5 did not perform so well on complex problems.

Figure 3.14: The architecture of LeNet-5. Above each layer, there is also listed the number of
feature maps and the size of the layers outputs. Taken from LeCun et al. (1998).

Due to the sharp increase in computational power that came from technology ad-
vancements from the 2000s onward and increased data availability, the domain of ML
flourished and has dramatically risen in popularity. This is due to the need for complex
models to solve complex problems often found in practice, and due to this, deep CNNs
have found fertile ground for success. Naturally, CNNs have grown in popularity due
to the better efficiency found when training using GPU computing (Chellapilla et al.,
2006).

However, we can say that the popularity of deep CNNs skyrocketed when their
power was shown during the publication of the ImageNet Large Scale Visual Recog-
nition Challenge (ILSVRC) in 2012 (Russakovsky et al., 2015). Krizhevsky et al. (2012),
who won ILSVRC in 2012, used a deep CNN known as AlexNet to classify approxi-
mately 1.2 million images into the 1000 labels of the ImageNet challenge with record-
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breaking results at the time. From there, subsequent competitions had the majority of
their entries being CNN-based networks with results improving year by year (Simonyan
and Zisserman (2014), Zeiler and Fergus (2014)). The architecture of AlexNet was built
upon that of LeNet-5, but AlexNet expands on this by increasing the number of layers
from 5 to 8 and introducing the concept of stacking convolutional layers. Three con-
volutional layers are stacked together after the initial two convolutional-pooling layers,
which are followed by two fully connected layers and an output layer with a softmax
classifier (see Figure 3.15).

The increase in depth is to make the CNN more applicable to more diverse categories
of images, albeit at the risk of overfitting. To counter the risk of overfitting, dropout was
applied to the fully connected layers. ReLu was used as the main activation function
throughout the network over the logistic function. Krizhevsky et al. (2012) and all other
architecture that we will mention in Section 3.4.2 utilized the ReLu activation function
over the logistic or hyperbolic tangent functions since deep networks train faster using
ReLu by alleviating the problem of vanishing gradients to some extent. Other notable
differences between AlexNet and LeNet-5 are that AlexNet used max pooling over av-
erage pooling and utilized larger size filters at the initial convolution layers. AlexNet
initially used filters of size (11 × 11) and (5 × 5) in its convolutional layers, before settling
on (3 × 3) size filters in the remaining convolution layers.

Figure 3.15: The architecture of AlexNet. The number of feature maps at each layer can be seen
below the layer, while the output image size is above the layer (Khvostikov et al. (2018)).

3.4.2: ResNet Architecture

Goodfellow et al. (2013) found that deeper networks with more layers generally out-
perform wider networks with the same number of parameters. They argue that wider
networks would need to be significantly more complex to match the performance of
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deeper ones. This insight has influenced modern practice, favoring deeper architectures
(He et al., 2015; Simonyan and Zisserman, 2014; Szegedy et al., 2016).

As CNNs grew deeper, they became harder to train due to the degradation prob-
lem, where model performance worsens with increasing depth. This issue is not due to
overfitting or vanishing/exploding gradients, especially when using normalized inputs
and batch normalization (He et al., 2015). Both training and test errors increase with
depth, indicating an inherent limitation. Nichani et al. (2020) also found a critical depth
beyond which performance declines.

To address this, He et al. (2015) introduced ResNet, a deep CNN architecture that
uses skip connections with identity mappings (see Figure 3.16). Given an input x and
nonlinear output F(x), the skip connection adds x directly to F(x). This helps bypass the
degradation problem by enabling the model to approximate identity mappings when
necessary, effectively allowing it to skip layers (He et al., 2015).

Figure 3.16: An example of a skip connection in ResNet. Taken from He et al. (2015).

Skip connections were initially introduced by Ripley (1996), where they were added
in Multilayer Perceptrons (MLPs) by a linear layer connecting the network input to the
output. HighwayNet utilized skip connections similar to ResNet and was the first pro-
posed very deep ANN using skip connections with gating functions (Srivastava et al.,
2015). This gating mechanism originated from the LSTM network framework, which is
used for regulating information flow (Hochreiter and Schmidhuber, 1997). The differ-
ence in the skip connections between HighwayNet and ResNet is that the former are
data-dependent in that they are trainable parameters whereas the latter are parameter-
free since they use identity shortcuts (He et al., 2015).

Following the review of these notable CNN architectures, our attention now shifts to
the optimization methods that enable their effective training, with a focus on adaptive
algorithms.
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3.5: Adaptive Optimization Algorithms

The learning rate in Stochastic Gradient Descent (SGD) is a challenging hyperparameter
to tune and often requires adjustment during training (Zhang, 2018). To address this,
adaptive optimization algorithms such as AdaGrad (Duchi et al., 2011), AdaDelta (Zeiler,
2012), RMSProp (Tieleman and Hinton, 2012), and Adam (Kingma and Ba, 2017) were
developed. Instead of multiplying every parameter update by a single global number
as in SGD, these adaptive optimization algorithms compute a separate scaling factor for
each parameter from that parameter’s own past gradients. This is referred to as element-
wise scaling, and these methods dynamically adjust learning rates using it to accelerate
training. Adam, in particular, combines the strengths of AdaGrad and RMSProp, and
has become a popular choice in practice due to its computational efficiency and ease of
implementation.

However, studies have shown that sometimes deep neural networks trained with
adaptive methods may have a worse generalization than those trained using SGD with
momentum (Wilson et al., 2017), and may suffer from convergence issues due to unsta-
ble learning rates (Luo et al., 2019). To address these issues, variants such as AMSGrad
and Adam with decoupled Weight decay (AdamW) (Loshchilov and Hutter, 2017) have been
proposed. AdamW replaces standard L2 regularisation with weight decay, leading to
improved generalisation (Landro et al., 2021).

We have chosen to cover adaptive optimization algorithms since they provide rapid
convergence and require less hyperparameter tuning compared to SGD with momen-
tum. This will be useful in Chapter 5 to reduce overall training time given our limited
computational resources, since we will be dividing our runs using either SGD with mo-
mentum or AdamW as our optimization algorithms. The coming sections will first re-
view AdaGrad, AdaDelta, and RMSProp, followed by Adam and AdamW. We will be
covering these other adaptive optimization algorithms since we believe it will be easier
to explain AdamW itself, given that AdamW came about as a combination of their ideas.

3.5.1: AdaGrad

AdaGrad is an optimization algorithm particularly effective for sparse data, i.e., datasets
in which most feature values are zero, as it adjusts the learning rate for each parameter
individually (Duchi et al., 2011). It reduces the learning rate for frequent features (the
zero values) and increases it for infrequent ones (the non-zero values) (Ruder, 2017),
allowing the model to learn more effectively from rare but potentially informative fea-
tures. For example, if most images suggest it’s raining, an image without rain becomes
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unusual and thus valuable. However, infrequent features are seen less often, limiting
learning opportunities. AdaGrad addresses this by assigning higher learning rates to
such features, promoting better parameter updates based on relevance rather than fre-
quency. An example of a domain where AdaGrad has been used is the natural language
processing domain, where Pennington et al. (2014) had used it to train glove word em-
beddings, since rarely used words would require higher learning rates compared to
words that are frequently used.

We recall from equation (2.20) that the SGD weight update rule at iteration q is rep-
resented as follows:

wq
ajk = wq−1

ajk − γ
∂Eq

∂wq−1
ajk

, (3.36)

where γ is a fixed learning rate. It is generally recommended that the initial learning
rate be 0.01.

At an iteration q, AdaGrad alters the learning rate γ for a parameter wq
ajk based on

past gradients calculated for that parameter. To do this, it calculates hq
ajk which is the

sum of the squares of the gradients w.r.t. wajk up to iteration q (Ruder, 2017), i.e.,

hq
ajk =

q

∑
q∗=1

(
∂Eq∗

∂wq∗
ajk

)
2. (3.37)

As such, from the SGD weight update rule given in equation (3.36), the AdaGrad
weight update rule is updated as follows

wq
ajk = wq−1

ajk −
γ

√

hq−1
ajk + ε

⋅
∂Eq

∂wq−1
ajk

, (3.38)

where ε is a very small negligible value generally taken to be around 1×10−8 to avoid
dividing by 0.

Since the parameter block for layer k can be a matrix or tensor depending on layer
type and filters/batch size amount, we will be representing it in tensor form as W

q
k,

where we will be following the same notation logic for matrices/tensors dependent
on W

q
k. We denote Hq to be a diagonal matrix/tensor containing the diagonal entries

hq
ajk. The diagonal of Hq has the sum of the squares of the previous gradients w.r.t. all

parameters hq
ajk. This means that the vectorization of equation (3.38) can be performed

by doing an element-wise matrix-vector multiplication ⊙ between Hq−1 and ∂Eq

∂W
q−1
k

, i.e.,

W
q
k = W

q−1
k −

γ
√

Hq−1 + εI
⊙

∂Eq

∂W
q−1
k

, (3.39)
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where I is an identity matrix/tensor of similar size as
√

Hq−1.
Note that a known disadvantage of using AdaGrad is that it shrinks the learning

rate to exceedingly small values which effectively nulls the ability of the algorithm to
continue learning. This happens because the number of squared gradients in the de-
nominator will accumulate as the number of iterations increase, and as such, it will
eventually become too large leading to the γ√

hq−1
ajk +ε

term to be incredibly small. Also, the

starting learning rate for AdaGrad is delicate, since the learning rate will continue to
decrease throughout training, and too small of a value would block any training when
the initial gradients are large (Zeiler, 2012). Choosing a larger initial learning rate would
help against this issue.

3.5.2: AdaDelta and RMSprop

Later, an extension to AdaGrad was proposed by Zeiler (2012), known as AdaDelta,
to counteract the issue of AdaGrads learning rate becoming infinitesimally small. He
restricted the window of accumulated past gradients to only take a certain number q∗

of previous iterations instead of considering all past iterations. Using this window of
accumulated past gradients, the algorithm would be able to avoid the denominator of
AdaGrad growing exceedingly large and instead, it would behave as a local estimate of
past gradients (Zeiler, 2012).

Instead of using Hq−1, an exponentially decaying average of the q∗ past squared gra-
dients is used since it is considered more efficient than storing the q squared gradients
themselves. This allows the model to forget earlier gradients and focus on more recent
ones. For ease of notation, we will be using the notation gq

ajk to refer to the gradient of
the error function E with respect to the parameter wq

ajk at the qth iteration and the nota-
tion Gq to represent a matrix/tensor with all respective gq

ajk entries at the qth iteration,
i.e.,

gq
ajk =

∂Eq

∂wq−1
ajk

and Gq
=

∂Eq

∂W
q−1
k

. (3.40)

At iteration q, the running average E[(Gq)2] is computed using the running average
of the previous iteration E[(Gq−1)2] and the current gradient Gq as follows:

M
q
2 = E[(Gq

)
2
] = βE[(Gq−1

)
2
] + (1− β)(Gq

)
2, (3.41)

where (Gq)2 indicates the element-wise square multiplication Gq ⊙Gq and β is a con-
stant that controls the decay rate of M

q
2 with typical value at around 0.9 (Zeiler, 2012).

At an iteration q, the learning rate γ is sometimes replaced with the step size γq which
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represents the learning rate at iteration q decayed at a rate of 1√q , i.e., γq =
γ√q . Given

equation (3.39), we instead change Gq−1 with M
q−1
2 , i.e.,

W
q
k = W

q−1
k −

γq
√

M
q−1
2 + ε

∂Eq

∂W
q−1
k

. (3.42)

The denominator
√

M
q−1
2 + ε of equation (3.42) represents the Root Mean Squared Er-

ror (RMSE) criterion of previous squared gradients up to iteration q. Zeiler (2012) goes
on to show in Section 3.2 of his paper that AdaDelta does not require the learning rate
under certain assumptions and that it can be eliminated from the weight update rule by
replacing it with the RMSE of parameter updates.

Around the same time, RMSprop was also proposed as an extension to AdaGrad by
Tieleman and Hinton (2012) in order to counter its limitation of radically diminishing
learning rates. Similar to AdaDelta, RMSprop utilizes a decaying average of partial
squared gradients in the calculation of the learning rate for each parameter. As such,
RMSprop utilizes a similar weight update rule as in equation (3.42) with the running
average M

q
2 given in equation (3.41). In fact, this change in the weight update rule from

using the sum of squared gradients to an exponentially decaying average of squared
gradients is the only difference between AdaGrad and RMSprop (Ruder, 2017).

The main difference between AdaDelta and RMSprop is that RMSprop still uses the
learning rate as in AdaGrad whereas AdaDelta gets rid of it. As such, AdaDelta does
not need to set an initial learning rate whereas RMSprop does like AdaGrad.

3.5.3: Adam

The individual adapted learning rates for different parameters of Adam are computed
by using estimates of the first and second moments of the past gradients. This allows
Adam to provide stable and parameter-specific updates even when the objective func-
tion changes over time due to noisy minibatch sampling or shifting data distributions.
For example, in natural language processing, sentiment analysis is the process of ana-
lyzing text to determine whether it conveys a positive, neutral, or negative sentiment.
The objective function for a sentiment analysis of a social media platform represents an
environment in which user opinions/language used change day-to-day, i.e., it would
be non-stationary and need to continuously adapt as new data comes in. In such a
scenario, Adam would be efficient, since the exponentially decaying averages of past
gradients smooth out the noise of past days. Also, Adam retains AdaGrads effective-
ness for use with sparse data, while also incorporating RMSprops robustness to noisy
gradient estimates through exponential averaging.
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Similar to both AdaDelta and RMSprop, Adam calculates an exponentially decaying
average of past squared gradients M

q
2; however, it differs from both by also calculating

an exponentially decaying average of past gradients M
q
1, i.e.,

M
q
1 = β1M

q−1
1 + (1− β1)Gq and M

q
2 = β2M

q−1
2 + (1− β2)(Gq

)
2, (3.43)

where M
q
1 and M

q
2 are estimates of the first moment and the second moment, respec-

tively, at the qth iteration. β1 and β2 are hyperparameters defined as the exponential
decay rates of the first and second moment estimates, respectively. They are generally
referred to as momentum parameters (Polyak, 1964). Moreover, β1 and β2 are recom-
mended to be valued at 0.9 and 0.999 respectively, although they can both range any-
where from [0, 1) (Kingma and Ba, 2017). RMSprop represents a special case of Adam
where β1 = 0.

At the start of training, M
q
1 and M

q
2 are initialized as matrices of zeroes at first. In

situations where β1 and β2 are close to 1 and during the initial iterations of training,
Kingma and Ba (2017) had observed that M

q
1 and M

q
2 are biased towards zero. To fight

against this bias, bias-corrected estimates of the first and second moments of the qth

iteration from equation (3.43) are found as follows:

M̃
q
1 =

M
q
1

1− (β1)
q and M̃

q
2 =

M
q
2

1− (β2)
q , (3.44)

where (β1)
q and (β2)

q denote the values β1 and β2, respectively, to the power of q.
Using both M̃

q
1 and M̃

q
2 in equation (3.44), the weight update rule for Adam is given

as follows:

W
q
k = W

q−1
k − γq M̃

q
1

√

M̃
q
2 + ε

. (3.45)

M
q
2 stores smoothed values of gradients (Gq)2 which are utilized to manage the learning

rates by normalizing the gradients M
q
1 by

√

M̃
q
2 + ε as in equation (3.45) (Loshchilov and

Hutter, 2017).

3.5.4: AdamW

Wilson et al. (2017) had proven that generalization performance for Adam is generally
worse than SGD, even when they would have better training performance. Regulariza-
tion in Adam is used both to penalize large parameters and to stabilize noisy updates,
where L2 regularization, as in equation (2.22), is commonly applied in Adam. AdamW is
a variant of the Adam optimization algorithm that replaces the typical implementation
of using L2 regularization in Adam with weight decay regularization instead. AdamW
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has similar definitions for gq
ajk, Gq and M̃

q
1 and M̃

q
2 as in Adam; however, it introduces

weight decay in the weight update rule as follows:

W
q
k = W

q−1
k − γ

⎛
⎜
⎝

M̃
q
1

√

M̃
q
2 + ε

+ λWDW
q
k

⎞
⎟
⎠

. (3.46)

Loshchilov and Hutter (2017) investigated whether it was better to use L2 regular-
ization or weight decay regularization for the training of very deep networks using SGD
or adaptive optimization algorithms. This was brought about due to the interest in im-
proving the generalization performance of adaptive optimization algorithms to allow it
to be able to compete with the better generalization performance of SGD with momen-
tum.

Given that we have a SGD optimizer using weight decay regularization with reg-
ularization parameter λWD and a SGD optimizer using L2 regularization with regular-
ization parameter λLR with both optimizers having the same learning rate of γ, then it
can be found that there is an equivalence relationship between L2 regularization and
weight decay regularization when we have λLR = λ

γ . This shows that L2 regulariza-
tion or weight decay regularization are analogous for SGD, although this equivalence
would not hold otherwise for other values of λLR. Note that the regularization param-
eter is ’coupled’ with the learning rate. Loshchilov and Hutter (2017) go on to propose
a variant of SGD known as SGD with momentum using decoupled weight decay (SGDW)
which ’decouples’ this equivalence between λWD and γ. The impact of decoupling
hyperparameters from each other makes them more independent, and as such, eases
hyperparameter optimization since their optimal value can be found much easier.

We now go on to consider the use of L2 regularization or weight decay regularization
in adaptive optimization algorithms. Both regularization methods are analogous for
SGD; however, this is not the case for adaptive optimization algorithms. This is because
using L2 regularization in Adam leads to weights being regularized less compared to
how they would have been if using weight decay instead (Loshchilov and Hutter, 2017).
Proposition 3.1 goes on to show how decoupled weight decay regularization and L2

regularization are not analogous for adaptive optimization algorithms.
Proposition 3.1: At the qth iteration, given that there is an optimizer that has iterates W

q
k =

W
q−1
k −γNq−1 ∂Eq

∂W
q−1
k

when run on the error function E without weight decay, and iterates W
q
k =

(1−λWD)W
q−1
k −γNq−1 ∂Eq

∂W
q−1
k

when run on E with weight decay, where Nq−1 ≠ kI and k ∈ R.

Then, for this optimizer there exists no L2 regularization parameter λLR such that running the
optimizer on the error function with L2 regularization EL2reg = E +

λLR
2 ∥W∥2

2 without weight
decay is equivalent the optimizer on E with decay λWD ∈ R+.
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Proof: The iterates of the optimizer without weight decay on the L2 regulated error
EL2reg are

W
q
k = W

q−1
k − γλLRNq−1W

q−1
k − γNq−1 ∂Eq

∂W
q−1
k

, (3.47)

while the iterates of the optimizer with weight decay having parameter λWD on the
error function E are

W
q
k = (1− λWD)W

q−1
k − γNq−1 ∂Eq

∂W
q−1
k

= W
q−1
k − λWDW

q−1
k − γNq−1 ∂Eq

∂W
q−1
k

. (3.48)

For these iterates to be equal for all iterations, it must be that at the qth iteration,
λWDW

q−1
k = γλLRNq−1W

q−1
k . However, this holds only if Nq−1 = kI, which is not pos-

sible. As such, there exists no λLR that makes the iterates equal and hence, L2 regu-
larization and weight decay regularization are not analogous for adaptive optimization
algorithms. ∎

Loshchilov and Hutter (2017) mention that Adam has a poor generalization perfor-
mance since, when compared to SGD, L2 regularization is not as efficient on Adam as it
is for SGD. When using L2 regularization in Adam, the notation of gq

ajk and Gq will be
updated to the following:

gq
ajk =

∂Eq

∂wq−1
ajk

+ λWDwq
ajk and Gq

=
∂Eq

∂W
q−1
k

+ λWDW
q
k. (3.49)

In the case when we will have large values of iteration q, (β1)
q and (β2)

q will go to 0
meaning that M̃

q
1 and M̃

q
2 will be equal to M

q
1 and M

q
2 respectively. This means that we

will have the weight update rule of Adam be as follows:

W
q
k = W

q−1
k − γ

M
q−1
1 + (1− β1)Gq

√

β2M
q−1
2 + (1− β2)(Gq)2 + ε

. (3.50)

Since Gq is defined as in equation (3.49), ∂Eq

∂wq
ajk

is normalized as usual; however, the

weight decay λWDW
q
k will also be normalized. Since the weights are not valued pro-

portionally to their original value in equation (3.50), this leads ’to the relative decay
being weaker for weights with large gradients’ (Loshchilov and Hutter, 2017). As such,
using Adam with L2 regularization leads to weights that have large gradients in the er-
ror function not being regularized as much as they would be if we were using weight
decay regularization instead, where weight decay regularization would regularize all
weights by the same factor.

The difference between using L2 regularization and weight decay regularization is
that the latter decouples the weight decay from the weight update rule similar to what
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is done in SGDW. From their analysis, they had compared Adam with L2 regulariza-
tion against AdamW and found that the latter achieved improved generalization per-
formance for the test dataset over the former.

Algorithm 3.1 represents a full algorithmic formulation for AdamW, mentioning
steps that are common with the adaptive optimization algorithms we have mentioned
in the previous sections.

Algorithm 3.1 AdamW

1: Require: learning rate γ, decay rates β1, β2 ∈ [0, 1), stability constant ε, weight decay
λWD, assuming kth layer

2: Initialize: W0
k (parameters), M0

1 ← 0, M0
2 ← 0, q ← 0

3: for Iteration q = 1 to Q do
4: Compute gradient: Gq = ∂Eq/∂W

q−1
k

5: First-moment update: M
q
1 ← β1M

q−1
1 + (1 − β1)Gq {not in Adagrad, appears in

Adam/RMSprop/AdaDelta}
6: Second-moment update: M

q
2 ← β2M

q−1
2 + (1 − β2)(Gq)2 {same idea as RM-

Sprop/AdaDelta; Adagrad uses cumulative sum instead}
7: Bias correction: M

q
1 ← M

q
1/(1 − (β1)

q), M
q
2 ← M

q
2/(1 − (β2)

q) {unique to
Adam/AdamW}

8: Parameter update: W
q
k ←W

q−1
k−1 − γ M

q
1/(

√

M
q
2 + ε) {adaptive step; same structure as

Adagrad/RMSprop/AdaDelta/Adam/AdamW}
9: Apply decoupled weight decay: W

q
k ←W

q
k −γλWDW

q
k {AdamW extra step compared

to Adam}
10: end for
11: Return: W

Q
k

Adam remains an exceptionally popular algorithm in practice; however, its behaviour
is not well understood due to the well-known criticism by researchers regarding its con-
vergence (Reddi et al. (2019), Zhang et al. (2022)). In our application for CNN, we took
note of this during our hyperparameter optimization for Adam outside the default val-
ues of β1, β2. However, despite this criticism, Adam generally works well in practice
with proper hyperparameter tuning or with the default hyperparameters recommended
by Kingma and Ba (2017). In Appendix A, we covered the work by these researchers on
this topic.

With architectural design and optimization methods established, the discussion now
shifts to the next section, where we will discuss a fundamental theoretical guarantee for
CNNs, i.e., the UAT.
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3.6: Universal Approximation Theorem for CNNs

The UAT formalizes the ability for CNNs to approximate broad classes of functions
given sufficient data and appropriate architecture, as this justifies their widespread ap-
plication in various fields, including HPC. The UAT discussed in Section 2.3 focuses
on ANNs but has also been extended to CNNs by several researchers (Bao et al., 2023;
Yarotsky, 2018; Zhou, 2018, 2020). However, the approximation properties of CNNs are
less well-explained in the literature, likely due to limited mathematical analysis (Kohler
and Langer, 2020; Lin et al., 2021). Yarotsky (2018) showed that CNNs can act as uni-
versal approximators in infinite-dimensional settings, capable of approximating any
translation-equivariant function with sufficient width. In finite-dimensional settings,
Zhou (2020) demonstrated universality for CNNs using zero-padding and small filters,
building on earlier work (Zhou, 2018). However, Zhou’s results were for 1D convolu-
tions with fixed-length filters intended for signal data, not 2D image data, and required
unbounded depth. Petersen and Voigtlaender (2021) extended Zhou’s findings to 2D
ReLU CNNs with periodic padding for specific function classes (He et al., 2022).

Most of these studies exclude pooling layers. While some, like Cohen and Shashua
(2016), incorporate pooling, they impose strict constraints such as using only 1×1 filters
and no fully connected layers before classification. In this section, we follow He et al.
(2022), who use an algebraic decomposition theorem to prove the universal approxima-
tion of deep ReLU CNNs with 2D filters and padding suitable for RGB images. They
also relate single-hidden-layer ReLU ANNs to deep CNNs without pooling, showing
the latter can match the former in approximation power. For simplicity, we present
their proof using periodic padding only.

We refer to Appendix A for all proofs in this section.

3.6.1: Preliminaries

We will be following the notation of He et al. (2022), which we will define in this section.
Instead of presenting filters with sizes (P × P), we use filters with sizes ((2P+ 1) × (2P+
1)), where P denotes a positive integer. Given that we have a filter G of size ((2P + 1) ×
(2P+1)), we will refer to its index going from −P to P instead of the standard 1 to 2P+1,
i.e.,

G =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P,−P ⋯ G−P,P

⋮ ⋱ ⋮

GP,−P ⋯ GP,P

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

However, the input data or resulting tensor from convolution will still have the standard
indexing style. We also update our notation for the kth layer from equation (3.14) to
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where we replace the number of feature maps mk to ck.
The convolution operation defined in He et al. (2022) is the cross-correlation opera-

tion mentioned in equation (3.12), which does not adhere to the principles of commuta-
tivity or associativity, so it is assumed that

G1 ∗G2 ∗F ∶= G1 ∗ (G2 ∗F).

For images with size RRxR, where R denotes a positive integer such that R > P, He
et al. (2022) considered RRxR as a R2-dimensional vector space with Frobenius norm.

3.6.2: Decomposition Theorem of Large Convolutional Filters

Given a filter of size (5 × 5), it can instead be represented as the combination of two size
(3 × 3) filters:

Lemma 3.1: Given a 2D input image F ∈ RRxR and G ∈ R5x5 where R > 2, then there exists
G1

i,j, G2
i,j ∈ R3x3 for i, j = −1, 0, 1 such that

G ∗ F = ∑
i,j=−1,0,1

G1
i,j ∗G2

i,j ∗ F, (3.51)

where ∗ means the convolution operation with one filter and periodic padding.
Lemma 3.1 was shown in the case of a convolution operation with a single filter;

however, it can be extended to the case of a convolution operation with 9 filters of size
(3 × 3), i.e.,

G1
= (G1

−1,−1, G1
−1,0, ..., G1

1,1) ∈ R3x3x9, (3.52)

and
G2

= (G2
−1,−1, G2

−1,0, ..., G2
1,1) ∈ R3x3x9, (3.53)

then the convolution operation written in equation (3.51) can be defined as

G ∗ F = G1
∗G2

∗ F. (3.54)

Lemma 3.1 is limited only to filters of size (5 × 5), so ideally the lemma would be
extended to filters of different sizes. Theorem 3.4 does this, where for a filter G of size
((2P + 1) × (2P + 1)), it decomposes it into a combination of two filters G1 and G2.

Theorem 3.4: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1), where R > P,
then there exists G1

i,j ∈ R3x3 and G2
i,j ∈ R(2P−1)x(2P−1) for i, j = −1, 0, 1 such that

G ∗ F = ∑
i,j=−1,0,1

G1
i,j ∗G2

i,j ∗ F, (3.55)

where ∗ means the convolution operation with one filter and periodic padding.
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By applying Theorem 3.4 to decompose G2
i,j ∈ R(2P−1)x(2P−1) repeatedly until the

resulting matrix is size (3 × 3), we get Corollary 3.2.
Corollary 3.2: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1), where R > P,

then there exists G1
iυ,jυ ∈ R3x3 and G2

(i1,j1),...,(iP−1,jP−1) ∈ R3x3 for iυ, jυ = −1, 0, 1 and layer number
υ = 1, ..., P − 1 such that

G ∗ F = ∑
iP−1,jP−1

⋯∑
i1,j1

G2
(i1,j1),...,(iP−1,jP−1) ∗G1

iP−1,jP−1
∗⋯∗G1

i1,j1 ∗ F, (3.56)

where ∗ means the convolution operation with one filter and periodic padding.
Corollary 3.2 can be extended similarly as we had done before from equations (3.52),

(3.53) and (3.54) by grouping all G1
iυ,jυ and G2

(i1,j1),...,(iP−1,jP−1) into G1 and G2, respectively,
i.e.,

G1
= {G1

iυ,jυ ∣ iυ, jυ = −1, 0, 1 and υ = 1, ..., P − 1} ∈ R3x3x9P−1
, (3.57)

and

G2
= {G2

(i1,j1),...,(iP−1,jP−1)∣ iυ, jυ = −1, 0, 1 and υ = 1, ..., P − 1} ∈ R3x3x9P−1
. (3.58)

In this case, the dimensions of G1 and G2 are of size (3 × 3 × 9P−1), which could be very
large depending on the value of P. Notice that from equations (A.33) and (A.36), there
are a lot of zero entries. He et al. (2022) go on to show that the number of non-zero
entries in the 9P−1 filters of G2 is equal to (2P − 1)2. This gives birth to the following
lemma:

Lemma 3.2: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1) where R > P and
that we have defined G2 as in equation (3.58), then there is an index set

IP−1 ⊂ {((i1, j1), ..., (iP−1, jP−1))∣ iυ, jυ = −1, 0, 1 and υ = 1, ..., P − 1} (3.59)

with a cardinality of (2P − 1)2 such that

G ∗ F = ∑
((i1,j1),...,(iP−1,jP−1))∈IP−1

G2
(i1,j1),...,(iP−1,jP−1) ∗G1

iP−1,jP−1
∗⋯∗G1

i1,j1 ∗ F, (3.60)

where ∗ means the convolution operation with one filter and periodic padding.
Using Lemma 3.2, the number of filters of G2 can be reduced to only (2P−1)2 instead

of 9P−1. Theorem 3.5 represents the context of Theorem 3.4 extended to convolutions
with multiple filters:

Theorem 3.5: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1)xm, where R > P
and m represents the number of feature maps, then there exists a series of filters G1

υ ∈ R3x3xcυ−1xcυ

and G2 ∈ R3x3x(2υ−1)2xm for number of feature maps per layer given as cυ = (2υ + 1)2 and layer
number υ = 1, ..., P − 1 such that

G ∗ F = G2
∗G1

P−1 ∗⋯∗G1
1 ∗ F, (3.61)
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where ∗ means the convolution operation with multiple filters and periodic padding.
So far, we have proved that large convolutional filters of size (2P + 1 × 2P + 1) can

be decomposed into a series of filters of size (3 × 3) for a convolution operation with
multiple filters and periodic padding. We will now go on to show the relation between
deep ReLu CNNs and ReLu ANNs with one hidden layer, which we will use to prove
the UAT for CNNs presented by He et al. (2022). Lemma 3.3 goes on to show that a ReLu
ANN with one hidden layer can be represented as a ReLu CNN with one convolutional
layer with a large filter:

Lemma 3.3: For every F ∈ RRxR, A ∈ RR2xm and ξ1, ξ2 ∈ Rm for any m, there exists a
convolutional filter G(2⌊ R

2 ⌋+1)x(2⌊ R
2 ⌋+1)xm, bias B ∈ RRxRxm, and weight vector w ∈ RmR2

such
that

ξ1 ⋅ σ(Avec(F) + ξ2) = w ⋅ vec(σ(G ∗ F+ ξ2)). (3.62)

Now we will go on to present Lemma 3.4, which shows that a deep ReLu CNN
using multiple size (3 × 3) filters can represent a ReLu CNN with one convolutional
layer using a large filter.

Lemma 3.4: Given that ∆ is a bounded set in RRxR with F ∈ ∆ and that we have a filter G ∈

R(2⌊ R
2 ⌋+1)x(2⌊ R

2 ⌋+1)xm and bias BRxRxm, then there is a series of filters Gυ ∈ R3x3xcυ−1xcυ and biases
Bυ ∈ RRxRxcυ with number of feature maps per layer given as cυ = (2υ + 1)2, υ = 1, ..., ⌊R

2 ⌋ − 1
and c⌊ R

2 ⌋
= m such that

[G ∗ F+B]⌈ R
2 ⌉,⌈

R
2 ⌉,m

= [G⌊ R
2 ⌋
∗ f⌊ R

2 ⌋−1(F) +B⌊ R
2 ⌋
]⌈ R

2 ⌉,⌈
R
2 ⌉,m

, (3.63)

for any m where f0(F) = F and

fυ(F) = σ(Gυ ∗ fυ−1(F) +Bυ). (3.64)

To finalize their proof, He et al. (2022) make use of Theorem 3.6 which is an ap-
proximation result presented by Bach (2014) and Siegel and Xu (2021) for ReLu ANNs
with one hidden layer. They consider the class of shallow ANNs with a respective acti-
vation function and its approximation using nonlinear dictionary approximation (Siegel
and Xu, 2021). Given that there is a Banach space Z , then a dictionary Y is said to be a
bounded subset of this Banach space. Nonlinear dictionary approximation involves the
approximation of a function f ∈ Z using ’m elements of Y with some algorithm f ↦ fm

at some rate’ (Gribonval and Nielsen, 2004) like for example

∥ f − fm∥Z = O(m−1
). (3.65)

We briefly define some terms concerned with nonlinear dictionary approximation in
Theorem 3.6; however, we will not be going into more detail on them and refer to Siegel
and Xu (2022) for more detail.
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Theorem 3.6: Given that f ∶ ∆ ⊂ RR ↦ R and that ∆ is a bounded set, then there exists a
ReLu ANN with one hidden layer:

fm(x) = ξ1 ⋅ σ(Ax + ξ2), (3.66)

where A ∈ RmxR and ξ1, ξ2 ∈ Rm for any m such that

∥ f − fm∥L2(∆) ⪅ m− 1
2−

3
2R ∥ f ∥K(D). (3.67)

Here, the symbol ⪅ means that for a ⪅ b, there is a C that depends only on dimension R
and domain ∆ such that a ≤ Cb. The dictionary created by the ReLu activation function
σ as defined in He et al. (2022) is given as

Y = {σ(w ⋅ x + b) ∶ w ∈ RR, b ∈ R}. (3.68)

Consider the (nonlinear) set of all linear combinations of at most m elements from Y
(Gribonval and Nielsen, 2004):

∑
m
Y = {

n
∑
j=1

ajhj ∶ m ∈ N, hj ∈ Y}. (3.69)

We define B1(Y) to be the closure of the convex, symmetric hull of Y (Siegel and Xu,
2022) and is given by

B1(Y) = {
n
∑
j=1

ajhj ∶ n ∈ N, hj ∈ Y ,
n
∑
j=1

∣aj∣ ≤ 1}. (3.70)

Finally, we define ∥ f ∥K(Y) to be the norm defined by the gauge of B1(Y) as mentioned in
He et al. (2022), i.e.,

∥ f ∥K(Y) = inf{c > 0 ∶ f ∈ cB1(Y)}, (3.71)

and K(Y) is defined to be a subspace of ∆ known as the variation norm denoted as

K(Y) ∶= { f ∈ ∆ ∶ ∥ f ∥K(Y) < ∞}. (3.72)

Combining Lemma 3.3, Lemma 3.4 and Theorem 3.6, we get the UAT for deep CNNs
having convolutional layers using multiple filters of size (3 × 3):

Theorem 3.7: Given that f ∶ ∆ ⊂ RR ↦ R and that ∆ is a bounded set with ∥ f ∥K(Y) < ∞,
then there exists a CNN function fm ∶ RR ↦ R with size (3 × 3) filters for number of feature
maps per layer cυ = (2υ + 1)2 and layer number υ = 1, ..., ⌊R

2 ⌋ − 1, where c⌊ R
2 ⌋
= m, such that

∥ f − fm∥L2(∆) ⪅ m− 1
2−

3
2R2 ∥ f ∥K(D). (3.73)
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Theorem 3.7 indicates that deep CNNs under certain assumptions are at least as
good in terms of approximation ability as ANNs with one hidden layer for image clas-
sification (He et al., 2022). For Theorem 3.7 to hold, it is necessary for the CNN depth
to be at least as large as R

2 and the feature maps for the υth layer to be at least (2υ + 1)2.
Both requirements are not necessarily commonly present in practice; however, several
well-known deep CNN models such as ResNet would satisfy these requirements due
to the large number of layers in the network and the gradual increase of feature maps
outputted layer by layer throughout.

Having reviewed the UAT in the context of CNNs, the discussion now shifts from
theoretical capacity to the practical challenge of hyperparameter optimization.

3.7: Hyperparameter Optimization

Setting an optimal set of hyperparameters in deep networks remains something of a
black art in practice, often requiring prior experience and extensive trial and error to
design an effective architecture. The objective of hyperparameter optimization is to
identify sets of values that optimize the learning algorithm. Common methods include
manual search, grid search, and random search.

Manual search is the most basic method, where values are initially chosen based on
intuition and improved with trial and error. This becomes problematic when tuning
multiple hyperparameters simultaneously, as the mutual influence between them can
be complex (Kim and Kang, 2020).

Grid search is widely used due to its simplicity. It requires defining a set of val-
ues for each hyperparameter, then performs an exhaustive search across all possible
combinations. However, the number of combinations grows exponentially with more
hyperparameters, making it computationally expensive (Bellman, 1961).

Random search provides an alternative when grid search becomes infeasible. In-
stead of checking all combinations, it randomly samples hyperparameter sets until a
satisfactory result is reached. Bergstra and Bengi (2012) note that random search is ef-
ficient while maintaining the reproducibility of grid search. It often performs better
when some hyperparameters are more influential (Kim and Kang, 2020). However, it
does not guarantee the best combination, whereas grid search might—albeit at a higher
computational cost.

Both grid and random search serve as solid baselines, but a hybrid approach com-
bining manual tuning with either method is commonly used and effective in practice
(Larochelle et al. (2007), Hinton (2012)). Having examined approaches to hyperparame-
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ter optimization, we now turn to the performance metrics that provide a basis for eval-
uating CNN models.

3.8: Performance Metrics

In this section, we will be going over several performance metrics, namely the accuracy,
recall, precision, and F1-measure.

The accuracy metric is one of the simplest metrics used in practice, where it calcu-
lates the ratio of correct predictions over the total number of predictions by the model.
The accuracy can be calculated as follows

Acc =
∑

L
r=1 TPr

∑
L
r=1 TPr +∑

L
r=1 FPr +∑

L
r=1 FNr

, (3.74)

where TPr represents the number of elements that were correctly predicted for the rth

label, FPr represents the number of elements that were predicted for the rth label but
were not actually from the rth label and FNr represents the number of elements that
were predicted for labels other than the rth label but were actually from the rth label.
Since the sum of TPr is taken in the numerator, there is no label-specific information
being preserved. This means that, in the case of an imbalanced distribution of elements
among the labels, accuracy could produce inflated values due to the majority labels
outnumbering the minority labels (Ranawana and Palade, 2006).

The precision metric computes the number of correctly predicted elements for a label
over the total number of predicted elements for a label, meaning that it measures the
ability of the model to predict elements for that label. For the rth label, the precision Prer

can be calculated as follows
Prer =

TPr

TPr + FPr
. (3.75)

The recall metric computes the number of correctly predicted elements for a label over
the total number of actual elements for a label, meaning that it measures the number of
elements from a label that were predicted correctly by the model. For the rth label, the
recall Recr can be calculated as follows

Recr =
TPr

TPr + FNr
. (3.76)

Both the precision and recall metrics are useful in different situations. For example, if
the goal is to avoid false predictions for a specific label, then optimizing precision would
be more important. On the other hand, if the goal is to avoid misclassifying elements of
a specific label, then optimizing recall would be key.
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In situations where we need to compare two models with differing precision and
recall values, we can utilize the F1-measure, which is defined to be the harmonic mean
of both precision and recall. The F1-measure is seen as a special case of Fβ −measure,
which uses a positive parameter β to weigh more importance to recall over precision or
vice-versa. For the rth label, the Fβ-measure can be calculated as follows

Fβr = (1+ β2
)

Prer ∗Recr

β2Prer +Recr
. (3.77)

When β < 1, precision is emphasized over recall, whereas when β > 1, recall is prioritized
over precision. Given that β = 1, then we would have the F1-measure.

In the case of multi-label classification, the recall, precision and F1-measure of each
label can be aggregated to get a more general result by taking the macro-average. A
macro-average will compute the performance metric independently for each rth label
and then take the average, which means that each label is treated equally. In the case
of macro-averaging for L labels, the recall, precision and F1-measure would be first
computed for each of the rth labels, where the macro-averaged recall, precision and F1-
measure are taken to be the average of the L groups. For example, the macro-averaged
F1-measure would be calculated as follows:

F1Macro =
∑

L
r=1 F1r

L
. (3.78)
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4

Tensor Regression

In Chapter 3, we’ve seen how the use of filters in convolutional and pooling layers helps
to capture local features in images, where, through the property of weight sharing, the
CNN can detect features in any region of the image. After many stacked layers in a
CNN, the result would generally be flattened and passed through fully connected lay-
ers or go through a global average pooling operator. Either way, this results in a vast
number of parameters raising challenges related to model parsimony and overfitting,
especially with limited data. On the other hand, Tensor Regression (TR) allows for
more interpretable models, where, with the help of tensor decomposition algorithms,
the reduced dimensionality makes it an option for use with limited data, unlike CNNs.
In this chapter, we will cover TR and tensor decomposition, where we will then go into
multinomial TR, which we will use for our application.

First, we will briefly introduce the material that we will cover in Section 4.1. Sec-
tion 4.2 will go into general tensor algebra. From there, Sections 4.3 and 4.4 will go into
tensor decomposition algorithms and TR models as well as an algorithm for Maximum
Likelihood Estimation (MLE) of said models. Finally, Section 4.5 discusses regulariza-
tion in TR.

4.1: Introduction

In Chapter 3, we showed that tensors are a natural representation for image data and
that CNNs exploit this structure effectively. However, most classical statistical models,
such as ordinary linear or logistic regression, are formulated for vector inputs and there-
fore require high-dimensional tensors to be vectorized before application. Vectorization
concatenates tensor entries into a single long vector in an essentially arbitrary order
(Guo et al., 2012), which creates two major problems. The first issue is that the underly-
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ing structural information that there would be between different dimensions would be
disregarded, effectively making it harder to exploit the neighbourhood relationship be-
tween entries of the data and losing interpretability (Tan et al., 2013). The second issue is
that the vectorization of the tensor could create a very high-dimensional vector which,
due to the curse of dimensionality, could lead to overfitting. In this context, the term
high-dimensionality means that each element of a tensor is considered as a predictor.

To mitigate these issues, researchers have long used matrix factorization and decom-
position algorithms for dimensionality reduction and numerically efficient representa-
tions (Rabanser et al. (2017), Lu (2022)). A popular matrix decomposition algorithm is
Singular Value Decomposition (SVD), which expresses a matrix as the product of two or-
thogonal matrices and a diagonal matrix of singular values (Guruswami and Kannan,
2012). Tensor decomposition algorithms generalize these ideas to tensors, i.e., project-
ing raw tensor data to a lower-dimensional space while seeking to preserve essential
information (Lu et al. (2008) Kolda and Bader (2009), Makantasis et al. (2018)). Com-
mon tensor decompositions include Tucker and Candecomp/Parafac (CP), both of which
can be viewed as higher-order generalizations of SVD (Harshman, 1970; Kolda, 2006;
Tucker, 1966).

These decompositions are central to TR approaches, which model outcomes directly
from tensor-valued predictors without full vectorization. TR methods have been devel-
oped for linear and logistic settings (Guo et al. (2012), Zhou et al. (2013), Yu and Liu
(2016), Tan et al. (2013), Makantasis et al. (2017)) and are used specifically to reduce
dimensionality and preserve structure in predictive tasks. For classification, Tan et al.
(2013) introduced a logistic TR model that extends classical logistic regression to tensor
inputs. Others have extended this framework to multinomial outcomes for practical
applications (Cao et al., 2022).

In this chapter, we develop the tensor algebra and notation needed to present these
models and then describe TR in detail, including the multinomial TR model used for
our application. Before this, however, we will need to go into some detail on tensor
algebra in general and our notation for it in the coming section.

4.2: Tensor Notation and Algebra

In this section, we will be covering some fundamental material on tensor algebra, in-
cluding several matrix and tensor operations, which will be important in other sections
of this chapter, particularly Sections 4.3 and 4.4.
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4.2.1: General Concepts and Notions related to Tensors

We will continue to use the definition of a tensor as a multidimensional array of order O
from Chapter 3. However, the element-wise notation for tensors in this chapter will be
slightly different from that of Chapter 3, where we were using indices for the respective
feature map and layer as well. Also, when we mention that a tensor X is of order O,
we are assuming that X ∈ RR1×⋯×RO , where R1, R2, ..., RO ∈ N. We will be denoting the
entry r1 of a vector x ∈ RR1 as xr1 and the element (r1, r2) of a matrix X ∈ RR1×R2 as xr1r2 .
Similarly, the element (r1, r2, r3) of a tensor X ∈ RR1×R2×R3 is denoted by xr1r2r3 , where
r1 = 1, ..., R1, r2 = 1, ..., R2, and r3 = 1, ..., R3.

A fiber is defined to be a higher-order portrayal of matrix rows and columns for a
tensor, where every index of the tensor but one would be fixed. An order O tensor has
up to mode-O fibers. For example, the columns of a matrix would be mode-1 fibers and
the rows as mode-2 fibers. Similarly, an order 3 tensor would have mode-1, mode-2
and mode-3 fibers, which will be denoted as x∶r2r3 , xr1∶r3 and xr1r2∶. Fibers would always
be represented as column vectors. Figure 4.1 gives a visual illustration of the mode-1,
mode-2 and mode-3 fibers of an order 3 tensor.

Figure 4.1: Mode-1, mode-2 and mode-3 fibers of an order 3 tensor (Kolda and Bader (2009)).

A slice can be described as a 2D cut of a tensor taken by fixing all but two of the
indices of the tensor returning a matrix. A matrix would have only itself as a slice. An
order 3 tensor would have three possible types of slices, where these are referred to as
horizontal, lateral and frontal slices which fix the first, second and third indices of each
entry, respectively. These will be denoted as Xr1∶∶, X∶r2∶ and X∶∶r3 , respectively. Figure 4.2
gives a visual illustration of horizontal, lateral and frontal slices.
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Figure 4.2: The slices of an order 3 tensor. Taken from Kolda and Bader (2009).

For example, let us say that we have the following order 3 tensor X ∈ R4×3×2

Figure 4.3: Example tensor X.

Its frontal slices are given by

X∶∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 2 3
4 5 6
7 8 9
10 11 12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, X∶∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

13 14 15
16 17 18
19 20 21
22 23 24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where X∶∶1 and X∶∶2 represent the front and back frontal slices of X, respectively. In terms
of horizontal and lateral slices, X would respectively be written as

X1∶∶ =
⎡
⎢
⎢
⎢
⎢
⎣

1 2 3
13 14 15

⎤
⎥
⎥
⎥
⎥
⎦

, X2∶∶ =
⎡
⎢
⎢
⎢
⎢
⎣

4 5 6
16 17 18

⎤
⎥
⎥
⎥
⎥
⎦

,

X3∶∶ =
⎡
⎢
⎢
⎢
⎢
⎣

7 8 9
19 20 21

⎤
⎥
⎥
⎥
⎥
⎦

, X4∶∶ =
⎡
⎢
⎢
⎢
⎢
⎣

10 11 12
22 23 24

⎤
⎥
⎥
⎥
⎥
⎦

,
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where X1∶∶, X2∶∶, X3∶∶ and X4∶∶ represent the four horizontal slices of X going from top to
bottom, and

X∶1∶ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 13
4 16
7 19
10 22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, X∶2∶ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2 14
5 17
8 20
11 23

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, X∶3∶ =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3 15
6 18
9 21

12 24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

where X∶1∶, X∶2∶ and X∶3∶ represent the three lateral slices of X going from left to right.
In terms of fibers for our example, the mode-1 fibers of X are

x∶11 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
4
7
10

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x∶21 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2
5
8
11

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x∶31 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3
6
9

12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

x∶12 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

13
16
19
22

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x∶22 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

14
17
20
23

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x∶32 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

15
18
21
24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

The mode-2 fibers of X are

x1∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
2
3

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x2∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

4
5
6

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x3∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

7
8
9

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x4∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

10
11
12

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

x1∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

13
14
15

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x2∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

16
17
18

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x3∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

19
20
21

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, x4∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

22
23
24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Finally, the mode-3 fibers of X are

x11∶ =
⎡
⎢
⎢
⎢
⎢
⎣

1
13

⎤
⎥
⎥
⎥
⎥
⎦

, x21∶ =
⎡
⎢
⎢
⎢
⎢
⎣

4
16

⎤
⎥
⎥
⎥
⎥
⎦

, x31∶ =
⎡
⎢
⎢
⎢
⎢
⎣

7
19

⎤
⎥
⎥
⎥
⎥
⎦

, x41∶ =
⎡
⎢
⎢
⎢
⎢
⎣

10
22

⎤
⎥
⎥
⎥
⎥
⎦

,

x12∶ =
⎡
⎢
⎢
⎢
⎢
⎣

2
14

⎤
⎥
⎥
⎥
⎥
⎦

, x22∶ =
⎡
⎢
⎢
⎢
⎢
⎣

5
17

⎤
⎥
⎥
⎥
⎥
⎦

, x32∶ =
⎡
⎢
⎢
⎢
⎢
⎣

8
20

⎤
⎥
⎥
⎥
⎥
⎦

, x42∶ =
⎡
⎢
⎢
⎢
⎢
⎣

11
23

⎤
⎥
⎥
⎥
⎥
⎦

,

x13∶ =
⎡
⎢
⎢
⎢
⎢
⎣

3
15

⎤
⎥
⎥
⎥
⎥
⎦

, x23∶ =
⎡
⎢
⎢
⎢
⎢
⎣

6
18

⎤
⎥
⎥
⎥
⎥
⎦

, x33∶ =
⎡
⎢
⎢
⎢
⎢
⎣

9
21

⎤
⎥
⎥
⎥
⎥
⎦

, x43∶ =
⎡
⎢
⎢
⎢
⎢
⎣

12
24

⎤
⎥
⎥
⎥
⎥
⎦

.

Let X and Y represent order O tensors of similar size. The inner product of two
tensors X and Y is calculated by the sum of the products of their entries. Vectorization
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transforms a tensor into a column vector by vertically stacking the columns of the tensor
in a specific way to form a tall vector. We will be going into more detail on tensor
vectorization in Section 4.2.3. The inner product of X and Y is given by

⟨X, Y⟩ = vec(X)
Tvec(Y) =

R1

∑
r1=1

R2

∑
r2=1

⋯

RO

∑
rO=1

xr1r2...rO yr1r2...rO . (4.1)

Additionally, the Frobenius norm of a tensor X is given by

∥X∥ =
√

⟨X, X⟩ =

¿
Á
Á
ÁÀ

R1

∑
r1=1

R2

∑
r2=1

⋯

RO

∑
rO=1

∣xr1r2...rO ∣
2. (4.2)

4.2.2: Matrix Products

We will be briefly going into the definitions of a few products between matrices, notably
the matrix product, Kronecker product, and the Khatri-Rao product. Let B ∈ RC1×C2 , D ∈

RC1×C2 , E ∈ RL×K, F ∈ RC1×L and G ∈ RC2×L represent five matrices, where C1, C2, L, K ∈ N.
The matrix product will be generally useful throughout, like in Section 4.2.5, where we
discuss the N-mode product and mode-N matricization. The Kronecker product will be
useful later on in Section 4.4.3 for likelihood-based inference and is also used in Tucker
decomposition in Appendix B. It also relates to the Khatri-Rao product, which will be
used in CP decomposition.

The matrix product of two matrices B and G returns a matrix BG ∈ RC1×L, where the
element (ri, rj) of BG is the result of the scalar product of the ith row of B and the jth

column of G.
The Kronecker product of two matrices D and E, which is represented by the ⊗

operator, is calculated as follows

D⊗E =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

d11E d12E ⋯ d1C2E
d21E d22E ⋯ d2C2E
⋮ ⋮ ⋱ ⋮

dC11E dC12E ⋯ dC1C2E

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.3)

where (D⊗E) ∈ RC1L×C2K.
The Khatri-Rao product of two matrices F and G, which is represented by the ⊙

operator, is defined as the "matching columnwise" Kronecker product (Kolda and Bader,
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2009), and is calculated as follows

F⊙G =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

f11g1 f12g2 ⋯ f1LgL

f21g1 f22g2 ⋯ f2LgL

⋮ ⋮ ⋱ ⋮

fC11g1 fC12g2 ⋯ fC1LgL

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.4)

where F ⊙ G ∈ RC1C2×L and g1, ..., gL are the columns of G. In the case that both F
and G are vectors, then their Khatri-Rao product would be identical to their Kronecker
product.

We have defined some properties of the Kronecker and Khatri-Rao products in Ap-
pendix B, which are used later on in the text and in the appendix. For a more general
overview of these products and their properties, we refer to Loan (2000) and Smilde
et al. (2004).

4.2.3: Matricization

Matricization refers to converting a tensor into a matrix by systematically rearranging
its elements. In general, for an order O tensor X, there would be two ordered sets
R ∶= {α1, ..., αl} and C ∶= {γ1, ..., γm} that partition the modes 1, ..., O of X, where l+m = O.
Matricization would have the indices of these two sets R and C mapped to the rows
and columns of the matricized tensor X(R×C), respectively (Kolda, 2006). This can be
specified as

X(R×C) ∈ RJ×K with J = ∏
n∈R

Rn and K = ∏
n∈C

Rn. (4.5)

Alternatively, X(R×C) can be expressed differently. To give an example, if R ∶= {1, 2, 3}
and C ∶= {4, ..., O}, then we can express X(R×C) as X(R1R2R3×R4⋯RO) ∈ RR1R2R3×R4⋯RO .

A special case of matricization is mode-N matricization, where, given an order O ten-
sor X such that 1 ≤ N ≤ O, we would have the set R consist of only the Nth mode (or
dimension) with the set C containing the remaining O − 1 modes. This is analogous to
the mode-N fibers of a tensor being arranged as the columns of the resultant matrix. The
mode-N matricization of X, which is denoted as X(N) ∈ RRN×(R1R2⋯RN−1RN+1⋯RO), maps
the element (r1, r2, ..., rO) of X to element (rN , y) of X(N) given that

y = 1+
O
∑

k=1,k≠N
(rk − 1)Jk, (4.6)

and

Jk =
k−1

∏
m=1,m≠N

Rm, (4.7)

70



Chapter 4. Tensor Regression

where J1 = 1. Figure 4.4 represents a visual illustration of the mode-1 matricization of
an order 3 tensor X.

Figure 4.4: Figure depicting the mode-1 fibers of an order 3 tensor X and its mode-1
matricization. Taken from Kolda (2006).

Given the order 3 tensor X ∈ R4×3×2 from before, its mode-N matricization at N = 1, 2,
and 3 are

X(1) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 2 3 13 14 15
4 5 6 16 17 18
7 8 9 19 20 21
10 11 12 22 23 24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R4×6,

X(2) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 4 7 10 13 16 19 22
2 5 8 11 14 17 20 23
3 6 9 12 15 18 21 24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R3×8, (4.8)

X(3) =
⎡
⎢
⎢
⎢
⎢
⎣

1 4 7 10 2 ⋯ 9 12
13 16 19 22 14 ⋯ 21 24

⎤
⎥
⎥
⎥
⎥
⎦

∈ R2×12,

respectively.
Vectorization is a special case of matricization, where a tensor is transformed into a

vector. In this case, given an order O tensor X, the set R would contain all O modes
whereas the set C would be empty. The element (r1, ..., rO) of X is mapped to the yth

element of vec(X) given that

y = 1+
O
∑
N=1

(rN − 1)JN , (4.9)

and

JN =
N−1

∏
m=1

Rm, (4.10)
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where J1 = 1. Following our earlier example, vectorizing the order 3 tensor X ∈ R4×3×2

using equations (4.6) and (4.10) would yield

vec(X) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1
4
7
10
2
⋮

21
24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R24. (4.11)

The vectorization of X(1) would be identical to the vectorization of X. Using our earlier
example, vectorizing X(1) given in equation (4.8) would give us the same result as in
equation (4.11) meaning that

vec(X(1)) = vec(X). (4.12)

4.2.4: Rank-one tensors and N-rank tensors

We recall that the outer product of two vectors a1, a2 ∈ RR1 , denoted by (a1 ○a2) ∈ RR1×R1 ,
is calculated as follows

a1 ○ a2 = a1aT
2 . (4.13)

Given a tensor, we will be going through a few definitions which have similar names,
albeit different meanings. An order O tensor X is defined to be rank-one given that it can
be written as the outer product of O vectors, i.e.,

X = a1 ○ a2 ○⋯ ○ aO, (4.14)

where a1 ∈ RR1 , a2 ∈ RR2 , ..., aO ∈ RRO . On an element-by-element basis, this involves
multiplying each pair of corresponding vector entries. So given element (r1, r2, ..., rO) of
X, then we are taking the product of the rth

1 entry of a1 denoted as ar1,1, rth
2 entry of a2

denoted as ar2,2, etc, i.e.,
xr1⋯rO = ar1,1ar2,2 ⋯ arO,O. (4.15)

Figure 4.5 gives a visual illustration of a rank-one order 3 tensor X, i.e., X = a ○b ○ c.
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Figure 4.5: An order 3 tensor X that is rank-one. Taken from Kolda and Bader (2009).

The rank of a tensor X, denoted by rank(X), is defined to be the minimum number of
rank-one tensors that, when added together, reconstruct X (Tao et al., 2007). The N-rank
of a tensor X is a generalization of the rank of a matrix to tensor format. It is denoted by
rankN(X) and is defined to be the column rank of X(N), i.e., the dimension of the vector
space generated by the mode-N fibers. Given that FN = rankN(X) for N = 1, ..., O, then
we can say that X is a rank-(F1, F2, ..., FO) tensor. Trivially by definition, we have that
FN ≤ RN for N = 1, ..., O.

4.2.5: N-mode Product

The N-mode product of an order O tensor X with a matrix K ∈ RM×RN is defined as the
multiplication of X by K in mode-N using the notation ×N , where M ∈ N and 1 ≤ N ≤ O
(Kolda and Bader, 2009). This can be represented as follows

U = X ×N K, (4.16)

where U ∈ RR1×⋯×RN−1×M×RN+1×⋯×RO is the resulting tensor from the N-mode product.
We can see that the Nth dimension of X changes to M in U. Each of the mode-N fibers
of U would be the result of multiplying the corresponding mode-N fiber of X by matrix
K (Kolda, 2006). A useful property between the N-mode product and mode-N matri-
cization is the following

U(N) = KX(N), (4.17)

where U(N) is the mode-N matricization of U. This means we can first find the mode-
N matricization of X where we would then multiply it by K giving us U(N), at which
point we can then change U(N) back to U.

Element-wise for equation (4.16), given element (r1, ..., rN−1, m, rN+1, ..., rO) of U and
element (m, rN) of K denoted as jmrN , then we have

ur1⋯rN−1mrN+1⋯rO =

RN

∑
rN=1

xr1⋯rO jmrN . (4.18)
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Given the order 3 tensor X ∈ R4×3×2 from before as well as the matrix

K =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3 3 3 3
6 6 6 6
9 9 9 9

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

∈ R3×4,

then, as an example, we want to try to find the 1-mode product of X with K. Inputting
the mode-1 matricization of X from equation (4.8) and K into equation (4.17), we have

U(1) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

3 3 3 3
6 6 6 6
9 9 9 9

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 2 3 13 14 15
4 5 6 16 17 18
7 8 9 19 20 21
10 11 12 22 23 24

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

which simplifies to

U(1) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

66 78 90 210 222 234
132 156 180 420 444 468
198 234 270 630 666 702

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

We know that U ∈ R3×3×2 since this is a 1-mode product, where the other dimensions of
X will remain the same with only the first dimension changing. Thus, the frontal slices
of U will be as follows:

U∶∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

66 78 90
132 156 180
198 234 270

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, U∶∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

210 222 234
420 444 468
630 666 702

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Note that when K is a vector, say K is a vector of size RN , then equations (4.16) and
(4.17) can be defined similarly but with the resulting tensor from the n-mode product U

becoming an order O − 1 tensor, i.e., U ∈ RR1×⋯×RN−1×RN+1×⋯×RO .
The product of an order O tensor X in every mode with KN ∈ RMN×RN for N = 1, ..., O

is defined as follows
U = X ×1 K1 ×2 K2 ×3 ⋯×O KO, (4.19)

where U ∈ RM1×⋯×MO .
There are some additional properties that show relationships between the N-mode

product, matricization, and Kronecker products, as well as relationships between the
Frobenius norm, inner product and mode-n product, which we presented in Proposi-
tions B3 and B5-B7 of Appendix B. They are used mainly for appendix proofs for content
that was cut from this dissertation (Section 4.3 mentions this). We refer to Kolda (2006)
for more information regarding these properties.

Having established the fundamentals of tensor notation and algebra, we now turn
to tensor decomposition in the next section, notably CP decomposition.

74



Chapter 4. Tensor Regression

4.3: Tensor Decomposition Algorithms

Tensor decomposition algorithms are used to approximate the representation of a high-
order tensor using low-rank tensors. There are many tensor decomposition algorithms
available, such as tensor-train decomposition (Oseledets, 2011) and tubal rank decompo-
sition (Kilmer et al., 2013). However, we will focus on CP decomposition in Section 4.3.1,
which we will apply in our application. We also covered Tucker decomposition in this
dissertation, but due to computational reasons, we could not explore Tucker decomposi-
tion in our TR application in Chapter 5. We opted to use CP over Tucker decomposition,
since the former has less computational cost and fewer hyperparameters compared to
the latter. As such, we did not include the Tucker decomposition material in the disser-
tation and have presented it in Appendix B.

4.3.1: CP Decomposition

The CP decomposition algorithm seeks to approximate a tensor as a finite sum of rank-
one tensors (Kiers (2000), Kolda and Bader (2009)). In the case of an order 3 tensor X,
the CP decomposition of X into Z rank-one tensors is given by

X ≈
Z
∑
z=1

az ○bz ○ cz, (4.20)

where Z is a positive integer that represents the number of rank-one tensors of the CP
decomposition, and the vectors az ∈ RR1 , bz ∈ RR2 , cz ∈ RR3 for z = 1, 2, ..., Z are the rank-
one components. Element-wise, for element (r1, r2, r3) of X, equation (4.20) is written as

xr1r2r3 ≈
Z
∑
z=1

ar1zbr2zcr3z. (4.21)

Figure 4.6 represents a visual illustration of equation (4.20).
Factor matrices are defined to be matrices whose columns consist of the vectors from

the rank-one components (Kolda and Bader, 2009). From equation (4.20), we would
have the factor matrices A = [a1, ..., aZ] ∈ RR1×Z, B = [b1, ..., bZ] ∈ RR2×Z and C =

[c1, ..., cZ] ∈ RR3×Z, and equation (4.20) can be instead written in matricized form ac-
cording to the mode-1, mode-2, or mode-3 matricizations of X, respectively, i.e.,

X(1) ≈ A(C⊙B)
T,

X(2) ≈ B(C⊙A)
T,

X(3) ≈ C(B⊙A)
T,

(4.22)

where ⊙ is the Khatri-Rao product.
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Figure 4.6: Visualizing the CP decomposition of an order 3 tensor X (Kolda and Bader (2009)).

Equation (4.20) can be alternatively expressed as

X ≈ [[A, B, C]] =
Z
∑
z=1

az ○bz ○ cz, (4.23)

which is a representation used by Kruskal (1977).
In general, for an order O tensor X, the CP decomposition of X into Z rank-one

tensors is given by

X ≈ [[A1, ..., AO]] =
Z
∑
z=1

a1,z ○ a2,z ○⋯ ○ aO,z, (4.24)

where element-wise for an,z, following our notation from equation (4.15), we expand on
it by denoting the rth

1 entry of a1,z as a1,z,r1 , rth
2 entry of a1,z as a1,z,r2 , etc. The mode-N

matricization for the general case is given by

X(N) ≈ AN(AO ⊙⋯⊙AN+1 ⊙AN−1 ⊙⋯⊙A1)
T. (4.25)

Ideally, we are able to compute a CP decomposition with Z rank-one tensors which
best approximates an order O tensor X. We can formalize this decomposition as the
following optimization problem:

min
X̂

∥X− X̂∥, subject to X̂ =
Z
∑
z=1

a1,z ○⋯ ○ aO,z, (4.26)

with factor matrices A1, ..., AO.
To perform this CP decomposition, there are many different methods available; how-

ever, one we will be mentioning is the Alternating Least Squares (ALS) method (Faber
et al., 2003). The ALS method is a general method for parameter estimation, where it
subdivides the global problem into several sub-problems and then solves these sub-
problems using least squares (Bro, 1998). As such, the parameters of the global problem
would be divided to several subsets of parameters (Takane et al., 1977). At each iter-
ation, ALS updates one subset of parameters by computing its least squares estimate
while treating the remaining parameters as fixed, and it repeats this process for every
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subset of parameters until all are estimated. The whole process is repeated until conver-
gence or a maximum number of iterations have passed (Takane et al., 1977). The ALS
method is user-friendly and often considered the go-to algorithm for CP; however, due
to the optimization problem being non-convex, it does not always converge to a global
optimum (Kolda and Bader, 2009). CP decomposition of tensors via ALS has also been
implemented in software and is easily accessible in Python via the TensorLy package
(Kossaifi et al., 2019).

As we shall see in Section 4.4.2, we impose CP decomposition on the parameter ten-
sor in the TR model. In the application, we will not estimate the parameter tensor itself
but rather an already decomposed tensor representing it as defined in Section 4.4.2.2.
Because of this, we will not be going into detail on how the CP decomposition of a
tensor using ALS is computed in this section and refer to Appendix B for more details.

The CP decomposition is said to be exact when we have rank(X) = Z, where this
means that there will be equality in equation (4.20). An exact CP decomposition is also
referred to as the rank-Z decomposition. Ideally, we are able to find rank(X) = Z; however,
the rank of a tensor cannot be easily determined by an algorithm, where the problem
is not trivial (Hastad, 1990). In general, the rank of a tensor would not be known in
advance and, in noise-free data, it is found using trial and error, where multiple CP
decompositions with differing ranks would be done and the one that is ’good’ would
be chosen. However, in situations where the data is noisy which is frequently the case
in practice, the Core Consistency Diagnostic (CORCONDIA) metric is used to decide on
an appropriate rank (Kolda and Bader, 2009). We refer to Bro and Kiers (2003) for more
information on CORCONDIA.

Given the order 3 tensor X ∈ R4×3×2 from before, we will factorize X as a sum of
rank-one tensors using CP decomposition to show an example, although we will not be
looking for the ’best’ possible rank in this example. If we were to approximate X as a
sum of Z = 2 rank-one tensors using the CP decomposition algorithm, then we would
have

X ≈
2

∑
z=1

az ○bz ○ cz =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.394
0.466
0.538
0.61

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

○

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.57
0.599
0.627

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

○

⎡
⎢
⎢
⎢
⎢
⎣

36.404
64.059

⎤
⎥
⎥
⎥
⎥
⎦

+

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1.15
0.9

0.651
0.401

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

○

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

2.115
1.919
1.723

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

○

⎡
⎢
⎢
⎢
⎢
⎣

−2.987
−0.51

⎤
⎥
⎥
⎥
⎥
⎦

, (4.27)
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where the factor matrices A ∈ R4×2, B ∈ R3×2 and C ∈ R2×2 are

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.394 1.15
0.466 0.9
0.538 0.651
0.61 0.401

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, B =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.57 2.115
0.599 1.919
0.627 1.723

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, C =

⎡
⎢
⎢
⎢
⎢
⎣

36.404 −2.987
64.059 −0.51

⎤
⎥
⎥
⎥
⎥
⎦

.

For Z = 3, we would instead have

X ≈
3

∑
z=1

az ○bz ○ cz, (4.28)

where the factor matrices A ∈ R4×3, B ∈ R3×3 and C ∈ R2×3 are

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.349 1.234 −2.665
0.442 0.847 −1.575
0.536 0.459 −0.485
0.629 0.071 0.605

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, B =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.564 2.444 71363.7
0.597 1.687 752.67
0.629 0.93 −69858.8

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

C =

⎡
⎢
⎢
⎢
⎢
⎣

29.949 −2.041 −0.000007
61.03 0.627 0.000005

⎤
⎥
⎥
⎥
⎥
⎦

.

Having outlined the fundamentals of CP decomposition, in the next section, we turn
to the question of its uniqueness, a property of theoretical importance.

4.3.2: Uniqueness of CP Decomposition

Uniqueness of tensor decompositions refers to the property that a given tensor can be
represented in only one distinct manner, up to certain transformations. It is important
for multiple reasons, including identifiability and interpretability of results. Identifi-
ability in CP decomposition is necessary to do accurate inference, since otherwise, it
can yield multiple sets of factor matrices that represent the same tensor. Similarly, a
unique tensor decomposition is interpretable since it allows for a clear interpretation of
the components derived from the decomposition.

Given an order 3 tensor X, factor matrices A ∈ RR1×Z, B ∈ RR2×Z and C ∈ RR3×Z

and that the CP decomposition in equation (4.20) is exact (so we have equality), then we
would say that the CP decomposition with Z rank-one tensors given in equation (4.20) is
unique if it is the only combination of rank-one tensors possible that when summed gives
X. This is excluding any scaling and permutation of the factor matrices that generate X,
since if we include these, then the original decomposition would not be unique (Kolda
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and Bader, 2009). To show this with an example: given that we have any three non-zero
scalars α, β, and γ such that αβγ = 1, we would have

[[A, B, C]] = [[αA, βB, γC]], (4.29)

where, since the CP decomposition is unchanged by scaling, then the CP decomposition
in equation (4.20) would not be unique. Also, given that we have a permutation matrix
Π ∈ RZ×Z, we can use it to reorder the factor matrices as follows

[[A, B, C]] = [[AΠ, BΠ, CΠ]], (4.30)

which shows that the CP decomposition of equation (4.20) is not unique.
A known result for uniqueness is concerned with the n-rank of a tensor, where un-

der some assumptions of the n-rank for the factor matrices, it is a sufficient condition
that the CP decomposition is unique (Kruskal (1977), Kruskal (1989)). Kruskals result
assumes that we have an order 3 tensor X and that the n-rank of the factor matrices
A ∈ RR1×Z, B ∈ RR2×Z and C ∈ RR3×Z are nA, nB and nC. Note that in this case, the n-
rank is being applied on the matrices A, B and C and not the matricization of X (as was
defined in Section 4.2.4). If we have that

nA + nB + nC ≥ 2Z + 2, (4.31)

then we have that rank(X) = Z and that it is sufficient that the CP decomposition of X

into Z rank-one tensors is unique. This result was proven by several authors (ten Berge
and Sidropoulos (2002), Stegeman and Sidiropoulos (2007)), and it was generalized from
an order 3 tensor to an order O tensor by Sidiropoulos and Bro (2000). The generalized
result assumes an order O tensor X and that the n-rank of the factor matrices A1 ∈ RR1×Z,
A2 ∈ RR2×Z, ..., AO ∈ RRO×Z are nA1 , nA2 , ..., nAO . If we have that

O
∑
N=1

nAN ≥ 2Z +O − 1, (4.32)

then it follows similarly as before that rank(X) = Z and that it is sufficient that the CP
decomposition of X into Z rank-one tensors is unique. In the case of tensors of exact
ranks Z = 2 and Z = 3, the sufficient condition is also necessary but this does not follow
for Z > 3 (ten Berge and Sidropoulos, 2002).

Having established the foundations of CP decomposition, we now turn to its appli-
cation in a TR employed with a GLM framework.
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4.4: Generalized Tensor Regression Model

Defining TR under the GLM framework allows one to naturally handle binary, count,
and other exponential-family responses through an appropriate link function and distri-
bution. Section 4.4.1 covers TR imposed with CP decomposition under the GLM frame-
work. Parameter estimation then follows using standard likelihood-based estimation,
which we will cover in Section 4.4.2. Finally, Section 4.4.3 will then cover the statistical
properties of MLE for the TR model defined in Section 4.4.1.

4.4.1: TR Models

In Section 4.4.1, we will first briefly go into GLMs in vector space, where we will then
extend them to tensor space and impose CP decomposition on the parameter tensor.
From there, we will then go into detail on the multinomial TR model by Cao et al. (2022).

4.4.1.1: CP TR Model
Nelder and Wedderburn (1972) introduced the concept of GLMs and how they extend
conventional regression models. In the classical GLM setting by McCullagh and Nelder
(1983), for each observation, we would have a random vector of predictors x ∈ RR1 and
a random response variable l. The conditional distribution of l given x is assumed to
belong to an exponential family with conditional density or mass function

P(l ∣ x; θ(x), φ) = exp
⎧⎪⎪
⎨
⎪⎪⎩

l θ(x) − b(θ(x))
a(φ)

+ c(l, φ)

⎫⎪⎪
⎬
⎪⎪⎭

, (4.33)

where θ(x) and φ are the natural (canonical) and dispersion parameters, respectively,
and a(⋅), b(⋅) and c(⋅) are functions determined by the chosen exponential-family mem-
ber. The conditional first two moments are

E[l ∣ x] = µ(x) = b′(θ(x)), Var(l ∣ x) = b′′(θ(x)) a(φ).

The GLM relates the predictors to the mean µ(x) = E[l∣x] with the linear function of
regressors

g(µ(x)) = η(x) = b +βTx, (4.34)

where g(⋅) is an invertible link function, b is the intercept and β ∈ RR1 is a weight
vector. When we have the canonical parameter being equal to the linear predictor, i.e.,
θ(x) = η(x), then the link function is referred to as the canonical link function.

Given a matrix predictor X ∈ RR1×R2 instead of x and by letting the weight be a rank-
one matrix W = β1 ○β2 = β1β

T
2 with vectorization β̃ = vec(W), where β1 ∈ RR1 and
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β ∈ RR2 , we can extend equation (4.34) to matrix format by considering equation (4.34)
with the vectorization of X and W, i.e.,

g(µ(X)) = b + β̃
T

vec(X),

= b + vec(β1β
T
2)

T vec(X).

By taking the Kronecker identity defined in Proposition B3, we have

g(µ(X)) = b + vec(β1β
T
2)

T vec(X),

= b + (β2 ⊗β1)
T vec(X),

which is equivalent to
g(µ(X)) = b +βT

1 Xβ2. (4.35)

The bilinear form βT
1 Xβ2 from equation (4.35) is an extension of the linear term βTx

from equation (4.34) (Zhou et al., 2013). Instead of vectorizing X, its matrix form is
being preserved in equation (4.35). This extension was proposed by Li et al. (2010) with
dimension folding for preserving the structure of an array.

In general, given that we have an order O tensor X as the predictors, then we would
extend equation (4.34) from vector to tensor format as follows

g(µ(X)) = b + ⟨X, W⟩ = b + vec(X)
Tvec(W) = b +

R1

∑
r1=1

R2

∑
r2=1

⋯

RO

∑
rO=1

xr1r2...rO wr1r2...rO , (4.36)

where W is of similar dimensions as X. W would have a number of parameters∏O
N=1 RN

equal to the amount of entries of X which could be very large. To reduce the number
of parameters, W is usually approximated by representing it to be a sum of Z rank-one
tensors using CP decomposition (Guo et al., 2012). From the principle of CP decompo-
sition, it follows that

W = [[W1, ..., WO]] =
Z
∑
z=1

w1,z ○⋯ ○wO,z, (4.37)

where w1,z = [w1,z,1, w1,z,2, ..., w1,z,R1]
T ∈ RR1 , ..., wO,z ∈ RRO for z = 1, ..., Z and factor

matrices W1 = [w1,1, ..., w1,Z] ∈ RR1×Z, ..., WO = [wO,1, ..., wO,Z] ∈ RRO×Z. By substituting
equation (4.37) to equation (4.36), we will get

g(µ(X)) = b + ⟨
Z
∑
z=1

w1,z ○⋯ ○wO,z, X⟩

= b +
Z
∑
z=1

⟨w1,z ○⋯ ○wO,z, X⟩

= b +
Z
∑
z=1

X ×1 w1,z ×2 w2,z ×3 ⋯×O wO,z.

(4.38)
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CP decomposition reduces the number of parameters to Z∑O
N=1 RN . As an example,

in the case of regression or classification, vectorizing an RGB image of size (224 x 224
x 3) would return a 150, 528-dimensional vector, which would require a similar-sized
weight vector. On the other hand, if we had left the image data in tensor format and
used CP decomposition as in equation (4.38), it would be 451Z-dimensional instead.
As such, keeping the image data in tensor format would greatly reduce the number of
parameters, which enhances the accuracy of the estimated predictor (Li et al., 2010).

Given a vector of variables z ∈ RR0 as additional covariates, then equation (4.38) can
be updated to

g(µ(X, z)) = b + ζTz+
Z
∑
z=1

X ×1 w1,z ×2 w2,z ×3 ⋯×O wO,z, (4.39)

where ζ ∈ RR0 is a weight vector and R0 is equal to the number of additional variables
included. In addition to the array-valued predictor X, another covariate z is useful in
instances where we would have additional information available, such as when work-
ing with image data like imaging modalities (for example Magnetic Resonance Imaging
(MRI)) (Zhou et al., 2013). For example, when checking for Attention Deficit Hyperac-
tivity Disorder (ADHD) in brain imaging analysis, along with the fMRI image of the
brain for a subject we could include additional information about the image like the age
and gender of the subject. From equation (4.39), the number of parameters that need to
be estimated would be updated to R0 +Z∑O

N=1 RN . We will be referring to this model as
a CP TR model.

h provides a principled statistical framework for parameter inference.

4.4.1.2: Multinomial CP TR Model
Cao et al. (2022) adapted the work by Zhou et al. (2013) and proposed a multinomial TR
model to discriminate between healthy patients and patients with Parkinsons disease
who have depression and those who do not. We will be going into detail on their model
in this section since we will use it in our application.

Let n denote the sample size of the dataset consisting of tensors of order O Xi for
i = 1, ..., n. Also given are the labels li ∈ {1, ..., L} of each sample Xi in the vector l, where
L represents the number of unique labels. We will represent the categorical variable l
using a 1-of-K encoding as in Cao et al. (2022). For i = 1, ..., n and r = 1, ..., L, let lir be a
binary variable indicating whether the ith sample has the rth label or not. The resulting
1-of-K encoded categorical variable will be a matrix Li of size (n × L) and is represented
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as follows

Li =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

l11 l12 . . . l1L

l21 l22 . . . l2L

l31 l32 . . . l3L

⋮ ⋮ ⋱ ⋮

ln1 ln2 . . . lnL

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (4.40)

Each of the Xi can be assigned any of the L labels with probabilities p(1)
i , p(2)

i , ..., p(L)
i ,

respectively, where p(1)
i + p(2)

i + ...+ p(L)
i = 1. Given an order O tensor Xi and a covariate

vector zi ∈ RR0 , the general form of a multinomial TR model with L categories can be
expressed as:

li(r+1) ∼ Multinomial(p(1)
i , p(2)

i , ..., p(L)
i ), (4.41)

ln
⎛

⎝

p(r)
i

p(L)
i

⎞

⎠
= b(r)

+ (ζ(r)
)

Tzi + ⟨Xi, W(r)
⟩, (4.42)

for r = 1, ..., L − 1 and i = 1, ..., n. Since we have L labels, the systematic part of the GLM
model consists of L − 1 equations as seen in equation (4.42). Each of the weight tensors
W(r) can undergo a tensor decomposition. In the case of CP decomposition, we assume
that W(r) can be decomposed into Z rank-one tensors, i.e.,

W(r)
= [[W(r)

1 , ..., W(r)
O ]] =

Z
∑
z=1

w(r)
1,z ○⋯ ○w(r)

O,z, (4.43)

where w(r)
1,z = [w(r)

1,z,1, w(r)
1,z,2, ..., w(r)

1,z,R1
]T ∈ RR1 , ..., and w(r)

O,z ∈ RRO for z = 1, ..., Z and factor

matrices W(r)
1 = [w(r)

1,1 , ..., w(r)
1,Z] ∈ RR1×Z, ..., and W(r)

O = [w(r)
O,1, ..., w(r)

O,Z] ∈ RRO×Z. A tensor
decomposition is done for each W(r) for r = 1, ..., L − 1, where the multinomial model
given in equations (4.41) and (4.42) have a total of (L − 1)(R0 + Z∑O

N=1 RN) parameters
in CP decomposition.

4.4.2: Maximum Likelihood Estimation

Given the CP TR model defined in Section 4.4.1, we now go on to cover an efficient
algorithm for the MLE of such a model.

4.4.2.1: MLE for CP TR Model
Given that we have a sample of n order O tensors Xi and a response variable l, i.e.,
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the observed dataset D = {(Xi, li)}n
i=1, the conditional log-likelihood of the parameters

given the data is

l(b, W1, . . . , WO ∣ D) =
n
∑
i=1

log P(li ∣ Xi; b, W1, . . . , WO, φ). (4.44)

Using the exponential-family form in (4.33), this becomes

l(b, W1, ..., WO∣D) =
n
∑
i=1

(
liθi − b(θi)

a(φ)
+ c(li, φ)), (4.45)

where θi is affiliated to the parameters (b, W1, ..., WO) via equation (4.36).
To estimate the parameters of equation (4.45), the aim is to maximize the log-likelihood.

Note that, although equation (4.36) is not linear in (W1, ..., WO) jointly, it remains linear
in each individual WN (Zhou et al., 2013). When fixing all other parameters except for
WN ∈ RRN×Z and using CP decomposition as in equation (4.37), we can see that equation
(4.36) can be simplified to

g(µ(X)) = b + ⟨X, W⟩

= b + ⟨X(N), W(N)⟩

= b + ⟨X(N), WN(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙W1)
T
⟩

= b + ⟨X(N)(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙W1), WN⟩,

(4.46)

since we can substitute the mode-N matricization W(N) as in equation (4.25).
The block relaxation algorithm is an iterative method that partitions variables into

disjoint blocks and updates one block at a time while holding the others fixed. At each
iteration, the algorithm would optimize the objective function with respect to that one
block. This procedure is then cycled across all blocks until convergence criteria are met.
Using the block relaxation algorithm in our case, we would, at each iteration, fix all
other parameters (W1, ..., WN−1, WN+1, ..., WO) and alternately update only (b, WN) in
equation (4.45), where this is done for all N = 1, ..., O (de Leeuw (1994), Lange (2010)).
This means that, at an iteration q + 1 and for N = 1, ..., O, we would be updating WN

(denoted as W(q+1)
N ) using

W(q+1)
N = argmaxWN

l (b(q), W(q+1)
1 , . . . , W(q+1)

N−1 , WN , W(q)
N+1, ..., W(q)

O ∣ D) , (4.47)

where after all of N = 1, ..., O is covered then we would update b (denoted as b(q+1))
using

b(q+1)
= argmaxb l (b, W(q+1)

1 , . . . , W(q+1)
N−1 , W(q+1)

N , W(q+1)
N+1 , ..., W(q+1)

O ∣ D) . (4.48)
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The sub-problem considered when only updating WN is a classical GLM regression
problem with parameter term WN and X(N)(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙W1) as the
predictor term, where this consists of only ZRN parameters. If including the covariates z
as in equation (4.39), then this would be included in the parameters (D = {(Xi, zi, li)}n

i=1)
and updated along with b as in equation (4.48), i.e.,

(b(q+1), ζ(q+1)
) = argmaxb,ζ l (b, ζ, W(q+1)

1 , . . . , W(q+1)
N−1 , W(q+1)

N , W(q+1)
N+1 , ..., W(q+1)

O ∣ D) .
(4.49)

The matrices of regression parameters W1, ..., WO would be randomly initialized at the
start before the first iteration (denoted as W(0)

1 , ..., W(0)
O ) and the parameters b and ζ

would be initialized using (b(0), ζ(0)) = argmaxb,ζ l(b, ζ, 0, ..., 0) (Zhou et al., 2013). Note
that the rank Z used in CP decomposition from equation (4.37) is assumed to be known,
so estimating an adequate rank beforehand is important.

The overall estimation procedure for equation (4.49) boils down to a sequence of
classical GLM problems which continues until the log-likelihood of the previous itera-
tion is larger than the log-likelihood of the current iteration, i.e.,

l (b(q+1), W(q+1)
1 , ..., W(q+1)

O ∣ D) < l (b(q), W(q)
1 , ..., W(q)

O ∣ D) ,

or until a specified maximum number of iterations passed. When using a Gaussian
model, the entire procedure would be similar to the ALS method (de Leeuw et al., 1976).

Regarding the convergence of the block relaxation algorithm, its objective func-
tion is increased monotonically, which ensures that its stopping rule is well-defined
(Zhou et al., 2013). This is due to the algorithm being numerically stable and the con-
vergence of l (b(q), ζ(q), W(q)

1 , ..., W(q)
O ∣ D) being guaranteed over iterations given that

l (b, ζ, W1, ..., WO ∣ D) is bounded above. Due to the random initialization of parame-
ters, the algorithm almost invariably converges to a local maximum. As a result, run-
ning the algorithm multiple times is recommended to identify a suitably optimal local
maximum.

Given the following notation for the sequence of parameters θ = (b, ζ, W1, . . . , WO)

and that the algorithm map is defined by M, i.e., M(θ(q)) = θ(q+1) = (b(q+1), ζ(q+1), W(q+1)
1 ,

..., W(q+1)
O ), then Proposition 4.1 summarizes the convergence properties of the block re-

laxation algorithm as defined in Zhou et al. (2013).
Proposition 4.1: Assume that (i) the log-likelihood function l (θ) is continuous, coercive,

i.e., the set {θ ∶ l(θ) ≥ l(θ(0))} is compact, and bounded above, (ii) the objective function
in each block update of the block relaxation algorithm is strictly concave, and (iii) the set of
stationary points (modulo scaling and permutation indeterminacy) of l(θ) is isolated. With
these assumptions, these results follow:
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∎ (Global convergence) The sequence θ(q) generated by the block relaxation algorithm at
iteration q converges to a stationary point of l(θ).

∎ (Local convergence) Let θ(∞) = (b(∞), ζ(∞), W(∞)
1 , ..., W(∞)

O ) be a strict local maximum
of l(θ). The iterates generated by the block relaxation algorithm are locally attracted to
θ(∞) for θ(0) sufficiently close to θ(∞).

Proof: Given assumptions (i), (ii) and (iii), we will first prove global convergence
and then move on to prove local convergence.

From (ii), the block update is well-defined and differentiable, which means that the
algorithm map M is a composition of O+ 1 differentiable maps. By the implicit function
theorem, this means that M is continuous. Given that θ(q) is the sequence generated
by M in iteration q and θ is any accumulation point of θ(q), we know that l(θ(q+1)) =

l(M(θ(q)) ≥ l(θ(q)) since otherwise the estimation procedure is stopped. By continuity
of l and M, taking limit yields l(M(θ)) = l(θ), which means that the accumulation point
θ is a stationary point of l(θ). The set of all accumulation points is contained in the set
{θ ∶ l(θ) ≥ l(θ(0))} and it follows by (i) that it is compact as a result, which means
that it is connected (Lange, 2010). By (iii), the set of stationary points of l(θ) is isolated,
meaning that the amount of stationary points is finite. The set of accumulation points
would be a connected subset of the set of stationary points, meaning that it is a single
point and proves that θ(q) converges to a stationary point of l(θ).

The Hessian of the objective function l at θ(∞) is defined to be

d2l(θ(∞)
) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

d2
00l 0

d2
11l ⋯ d2

1Ol
0 ⋮ ⋱ ⋮

d2
O1l ⋯ d2

OOl

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

which can be represented in parts as

d2l(θ(∞)
) = D+L+LT,

where D is the block diagonal part composed of diagonal blocks d2
NN l for N = 0, 1, ..., O

and L is the strictly lower block triangular part. Since θ(∞) is a strict local maximum
of l(θ), then d2l(θ(∞)) is strictly negative definite implying that the diagonal blocks
d2

NN l for N = 0, 1, ..., O are also strictly negative definite. This means that D + L, which
represents the lower block triangular part of d2l(θ(∞)), is invertible since it shares the
same eigenvalues as the diagonal blocks. The differential of the algorithm map M can
be represented as

dM(θ(∞)
) = −(D+L)

−1LT,
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and, since D + L is invertible, dM(θ(∞)) has a spectral radius strictly less than 1. Os-
trowski’s theorem states that, if the spectral radius of dM(θ(∞)) is strictly less than 1,
then the sequence M(θ(q)) = θ(q+1) is locally attracted to θ(∞) (Ostrowski, 1960). As
such, by Ostrowski’s theorem, the iterates generated by the block relaxation algorithm
are locally attracted to θ(∞). ∎

Having established the MLE for the CP TR model, we now move on to cover MLE
for the multinomial CP TR model in the next section.

4.4.2.2: MLE for Multinomial CP TR Model
In the case of CP decomposition with rank Z, given n order O tensors Xi and the bi-
nary indicators of the L classes li1, ..., liL for i = 1, ..., n, i.e., the observed dataset D =

{(Xi, li1, . . . , liL)}n
i=1, then the parameter vector θ = (b(1), W(1)

1 , ..., W(1)
O , ..., b(L−1), W(L−1)

1 ,
..., W(L−1)

O ) will be estimated by maximizing the following log-likelihood:

l(θ ∣ D) =
n
∑
i=1

L
∑
r=1

lirln(p(r)
i ), (4.50)

where

p(r)
i =

exp(b(r)+⟨[[W(r)1 ,...,W(r)O ]],Xi⟩)
1+exp(b(1)+⟨[[W(1)1 ,...,W(1)O ]],Xi⟩)+...+exp(b(L−1)+⟨[[W(L−1)

1 ,...,W(L−1)
O ]],Xi⟩)

, (4.51)

for r = 1, ..., L − 1 and

p(L)
i = 1

1+exp(b(1)+⟨[[W(1)1 ,...,W(1)O ]],Xi⟩)+...+exp(b(L−1)+⟨[[W(L−1)
1 ,...,W(L−1)

O ]],Xi⟩)
, (4.52)

for r = L.
As we saw, when using the block relaxation algorithm, each sub-problem can be

reduced to a classical GLM problem. However, the sub-problems can be solved using
other techniques as well. In the case of multinomial TR, the likelihood becomes very
complicated and to bypass this, Cao et al. (2022) utilized gradient descent methods like
the Adam optimizer to solve the sub-problems. To estimate the parameters that maxi-
mize the log-likelihood in our application, we will be using a block relaxation algorithm
and gradient ascent to solve its sub-problems. We will briefly go into the partial deriva-
tives needed in the gradient ascent method to update the weights. For ease of notation,
we will be representing the following two calculations in short as follows

F(r)
i,1 = exp(b(r)

+ ⟨[[W(r)
1 , ..., W(r)

O ]], Xi⟩), (4.53)

for classes r = 1, ..., L − 1 and

Fi,2 = 1+ exp(b(1) + ⟨[[W(1)
1 , ..., W(1)

O ]], Xi⟩) +⋯+ exp(b(L−1) + ⟨[[W(L−1)
1 , ..., W(L−1)

O ]], Xi⟩). (4.54)
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In the case of CP decomposition, we will be finding the partial derivative of the log-
likelihood function from equation (4.50) with respect to the bias vector and each factor
matrix, i.e., for each class r = 1, ..., L − 1 and N = 1, ..., O, we want to find

∂l
∂b

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂l
∂b(1)

∂l
∂b(2)

⋮

∂l
∂b(6)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.55)

and

∂l

∂W(r)
N

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

∂l
∂w(r)N,1,1

∂l
∂w(r)N,2,1

. . . ∂l
∂w(r)N,Z,1

∂l
∂w(r)N,1,2

∂l
∂w(r)N,2,2

. . . ∂l
∂w(r)N,Z,2

⋮ ⋮ ⋱ ⋮

∂l
∂w(r)N,1,RN

∂l
∂w(r)N,2,RN

. . . ∂l
∂w(r)N,Z,RN

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (4.56)

Also, we will be representing the element (x, y, z) of Xi as xi,xyz in short.
The partial derivatives of the log-likelihood with respect to w(r)

N,z,rN
found in equation

(4.56) for N = 1, ..., O and rN = 1, ..., RN can be found as follows:

∂l

∂w(r)
N,z,rN

=
n
∑
i=1

[lir{
R1

∑
r1=1

⋯

RN−1

∑
rN−1=1

RN+1

∑
rN+1=1

⋯

RO

∑
rO=1

xi,r1⋯rO w(r)
1,z,r1

⋯w(r)
N−1,z,rN−1

w(r)
N+1,z,rN+1

⋯w(r)
O,z,rO

−
∑

R1
r1=1⋯∑

RN−1
rN−1=1∑

RN+1
rN+1=1⋯∑

RO
rO=1 xi,r1⋯rO w(r)

1,z,r1
⋯w(r)

N−1,z,rN−1
w(r)

N+1,z,rN+1
⋯w(r)

O,z,rO
F(r)

i,1

Fi,2
}

+
L−1

∑
r∗=1,r∗≠r

lir∗{−
∑

R1
r1=1⋯∑

RN−1
rN−1=1∑

RN+1
rN+1=1⋯∑

RO
rO=1 xi,r1⋯rO w(r)

1,z,r1
⋯w(r)

N−1,z,rN−1
w(r)

N+1,z,rN+1
⋯w(r)

O,z,rO
F(r)

i,1

Fi,2
}].

(4.57)

The partial derivative of the log-likelihood with respect to b(r) found in equation (4.55)
for r = 1, ..., L − 1 can be found using

∂l
∂b(r) =

n
∑
i=1

[lir{1−
F(r)

i,1

Fi,2
} +

L−1

∑
r∗=1,r∗≠r

lir∗{−
F(r)

i,1

Fi,2
}]. (4.58)

Having introduced the MLE procedure for the CP TR model, we now turn to the
inferential properties of the estimator in the next section.

4.4.3: Inference

This section presents the statistical theory of MLE for the CP TR model proposed in
Section 4.4.1. We discuss the score function, Fisher information matrix, and key prop-
erties including identifiability, consistency, and asymptotic normality. The score and
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information matrix are central to estimation and inference, and are particularly useful
in likelihood-ratio tests. Identifiability refers to the ability to uniquely estimate model
parameters with infinite data. Due to the uniqueness issues outlined in Section 4.3.2, the
models parametrization is nonidentifiable. We address this issue in Section 4.4.3.2. As
the sample size increases, MLE exhibits consistency—where estimates converge to the
true parameters—and asymptotic normality—where estimates approximate a normal
distribution. These properties are explored in Section 4.4.3.3.

It is worth noting that MLE for the Multinomial CP TR Model in Section 4.4.2.2 does
not yield an explicit, closed-form solution. However, the score function, Fisher informa-
tion matrix, and key properties can still be inferred in the context of an iterative estima-
tion process by estimating them over multiple initializations (other than identifiability,
which is model-based). As mentioned in Section 4.4.2.1 regarding the block relaxation
algorithm, it may converge to a local maximum, which would affect these theoretical
properties since they would not necessarily capture the properties of the global maxi-
mum. For example, if the algorithm converges to a local maximum, the score function
estimated at that point may not reflect the true parameter values that maximize the
likelihood globally. As such, running the algorithm multiple times with different ini-
tializations, then estimating and comparing the log-likelihood value and the theoretical
properties for each initialization is important (including performance metrics compar-
isons too), although finding a global maximum is not guaranteed.

To simplify this section, the intercept b and covariates z are omitted, although the
results shown can be extended to include them.

4.4.3.1: Score and Fisher Information
First, we will quickly go over some standard notation used in this section which was
used by Zhou et al. (2013). Given a scalar function f , then the gradient ▽ f is a column
vector, d f = [▽ f ]T is its differential, and d2 f is its Hessian matrix. Given a multivariate
function g ∶ Rp ↦ Rq, then the Jacobian matrix Dg ∈ Rp×q is comprised of the partial
derivatives

∂gj
∂xi

.
We will be going through the Jacobian and Hessian matrices of the systematic part

η = g(µ) as in equation (4.34) for CP decomposition. The gradient ▽η(W1, ..., WO) ∈

RZ∑O
N=1 RN is given by

▽η(W1, ..., WO) = [J1 J2 ⋯ JO]
Tvec(X), (4.59)

where JN ∈ R∏
O
N=1 RN×RN Z is the Jacobian matrix given by

JN = DW(WN) = ΠN[(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙W1) ⊗ IRN], (4.60)
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ΠN ∈ R∏
O
N=1 RN×∏O

N=1 RN is the permutation matrix which rearranges vec(W(N)) to vec(W),
i.e., vec(W) = ΠNvec(W(N)), and IRN is an identity matrix. The Hessian matrix defined
as d2η(W1, ..., WO) ∈ RZ∑O

N=1 RN×Z∑O
N=1 RN has entries

h(iN ,z),(iN′ ,z′) = 1{z=z′,N≠N′} ∑
jN= iN ,jN′= iN′

xj1,...,jO ∏
N′′≠ N,N′

wjN′′ z, (4.61)

and can be partitioned into O2 sub-blocks as follows

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ∗ ⋯ ∗

H21 0 ∗ ⋮

⋮ ⋮ ⋱ ∗

HO1 HO2 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (4.62)

where HNN′ ∈ RRN Z×RN′Z has RN RN′Z non-zero elements that can be found from the
matrix X(NN′)(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙WN′+1 ⊙WN′−1 ⊙⋯⊙W1).

Given the log-density l(W1, ..., WO∣l) = ln(P[l∣W1, ..., WO]) of the GLM, we will be
finding the score function, Hessian matrix and Fisher information matrix of the CP TR
model. Considering the CP TR model given in equations (4.33) and (4.38), then we have
that the score function/vector is given by

▽l(W1, ..., WO) =
(l − µ)µ′(η)

σ2 ▽ η(W1, ..., WO). (4.63)

The Hessian matrix of the log-density is given by

H(W1, ..., WO) = −
[µ′(η)]2

σ2 ▽ η(W1, ..., WO)dη(W1, ..., WO)

+
(l − µ)θ′′(η)

σ2 ▽ η(W1, ..., WO)dη(W1, ..., WO) (4.64)

+
(l − µ)θ′(η)

σ2 d2η(W1, ..., WO).

The Fisher information matrix can be found as follows

F(W1, ..., WO) = E[−H(W1, ..., WO)]

= Var[▽l(W1, ..., WO)dl(W1, ..., WO)] (4.65)

=
[µ′(η)]2

σ2 ▽ η(W1, ..., WO)vec(X)
T
[J1 J2 ⋯ JO].

GLMs using a canonical link function would have that θ = η, meaning that θ′(η) = 1 and
θ′′(η) = 0.
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4.4.3.2: Identifiability
As shown in Section 4.3.2, there are situations where, when using CP decomposition,
the parameterization of the TR model will not be unique. As we shall see, under certain
restrictions, local identifiability is possible, and under stricter conditions, global identi-
fiability can be found (Zhou et al., 2013).

For the CP TR model, a specific constrained parameterization is necessary for deal-
ing with the nonidentifiability issue due to scaling and permutation indeterminacies.
There is a vast number of ways in which the parameter space can be restricted to make
it identifiable, where the restrictions made can vary depending on the application at
hand. To fix the scaling indeterminacy, given the factor matrices W1, ..., WO, Zhou et al.
(2013) adopted an approach for CP decomposition which scales W1, ..., WO−1 by fixing
the entries of their first Z rows as ones. This helps to fix the scaling indeterminacy since
it determines what the entries of the first row of WO need to be.

To fix the permutation indeterminacy, the entries of the first row of WO are assumed
to be distinct and arranged in order of size in descending order, i.e., we would have
wO,1 > ... > wO,Z. With both these constraints in mind, the restricted parameter space is
open and convex (Zhou et al., 2013). Given that we do these restrictions, the formulas for
the score function, Hessian and Fisher information matrices would need to be updated
appropriately. Since the entries of the first rows for factor matrices W1, ..., WO−1 are fixed
as ones, their respective entries, rows and columns in the score function, Hessian and
Fisher information matrices would have to be removed (Zhou et al., 2013).

In cases where O > 2, decompositions are still not necessarily unique even when fix-
ing the scaling and permutation indeterminacies. Several authors in the literature pro-
posed conditions for checking uniqueness in such cases, and Zhou et al. (2013) go into
a detailed review of them. Since local identifiability is related to the Fisher information
matrix (Rothenberg, 1971), a sufficient and necessary condition for local identifiability
proven by Zhou et al. (2013) is presented in Proposition 4.2.

Proposition 4.2: Given that we have an independent and identically distributed sample of
n order O tensors Xi and a response variable l = [l1, ..., ln]

T from the CP TR model, assume that
W0 = [[W01, W02, ..., W0O]] is a parameter point from the restricted parameter space defined
earlier and that there exists an open neighborhood of W0 in which the Fisher information matrix
has a constant rank. Then for the CP TR model, we would say that W0 is locally identifiable if
and only if

F(W0) = [J1 J2 ⋯ JO]
T
[

n
∑
i=1

µ′(ηi)
2

σ2
i

vec(Xi)vec(Xi)
T
] [J1 J2 ⋯ JO]
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is nonsingular.
From Proposition 4.2, we can see that linear independence of the ’collapsed vectors’

[J1 J2 ⋯ JO]
Tvec(Xi) ∈ RZ(∑O

N=1 RN−O+1),

for CP TR is required for i = 1, ..., n. For comparison, identifiability for classical linear re-
gression needs vec(Xi) ∈ R∏

O
N=1 RN to be linearly independent to estimate all parameters,

which would require a sample of n ≥ ∏
O
N=1 RN (Zhou et al., 2013).

Global identifiability is possible but, for a finite sample, it is generally hard to get
excluding in the linear case, i.e., when O = 1. It is said that, given a parameter point
W0 from the restricted parameter space, W0 is globally identifiable if it can be uniquely
decomposed, assuming that scaling and permutation indeterminacies were adjusted,
and∑n

i=1 vec(Xi)vec(Xi)
T attains full rank for a specific sample size n (Zhou et al., 2013).

4.4.3.3: Asymptotics
As mentioned in Zhou et al. (2013), asymptotic properties for TR will follow similarly as
in MLE or M-estimation. By leveraging the insight that the systematic component g(µ)

of the TR model in equation (4.36) is parameterized as a polynomial of parameters of de-
gree O and that the family of polynomials {⟨X, W0⟩} constitutes a Vapnik-Cervonenkis
(VC) class, where W0 is a point of the parameter space, then consistency of TR will
be proved by applying the standard uniform convergence theorem for M-estimation
from van der Vaart (1998). In general, it will be rare to find that the true parameters
Wtrue ∈ RR1×⋯×RO can be decomposed to an exact low-rank tensor. Although, the MLE
will consistently estimate the best approximation of Wtrue from all possible parameter
points in the parameter space with respect to the Kullback-Leibler distance (Zhou et al.,
2013).

By showing that the log-likelihood function of the TR model is Quadratic Mean Dif-
ferentiable (QMD), Zhou et al. (2013) show that asymptotic normality follows by using
a result which relates asymptotic normality to densities that satisfy QMD. We refer the
reader to Zhou et al. (2013) for the proof of Theorem 4.1.

Theorem 4.1: Given that W0 is a parameter point from a parameter space which is (globally)
identifiable up to permutation and the covariates Xi are independent and identically distributed
from a bounded underlying distribution, then it follows that:

∎ (Consistency) The MLE is consistent, i.e., ŴN converges to W0 in probability, in the
following models: (1) Normal TR with W0 contained in a compact parameter space. (2)
Binary TR. (3) Poisson TR with W0 contained in a compact parameter space.
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∎ (Asymptotic Normality) For an interior point W0 with nonsingular Fisher information
matrix F(W0) and ŴN is consistent, then

√
N[vec(ŴN) − vec(W0)] converges in dis-

tribution to a normal with mean zero and covariance matrix F−1(W0).

With the inferential properties of MLE established, in the next section, we will cover
regularization in TR, which is often essential in addressing the high-dimensional nature
of TR.

4.5: Regularization

Even when using CP decomposition to reduce the number of parameters in the CP TR
model, the sample size in a study can be limited, which would lead to situations where
the number of parameters exceeds it. In such situations, regularization is often imple-
mented to alleviate the curse of dimensionality, which is the case for our TR application.
Regularization in TR is generally done on the factor matrices W1, ..., WO after applying
CP decomposition. Using regularization with the original parameter tensor W is possi-
ble, but the number of parameters considered in the regularized TR model would still
generally be too high in practice (Zhou et al., 2013).

Understanding the differences between scalar penalty functions and tensor-specific reg-
ularization is important when applying regularization in TR. Scalar penalty functions
are regularization techniques that apply penalties to individual parameters in a model,
regardless of the structure of the data. On the other hand, tensor-specific regularization
techniques take into consideration the multi-dimensional structure of tensors, i.e., they
consider the relationships and interactions between different dimensions of the tensor
data. Examples of scalar penalty functions include L1 and L2 regularization (Zhou et al.,
2013), whereas for tensor-specific regularization techniques, this includes group L1 reg-
ularization (Raskutti et al., 2019). With image data, tensor-specific regularization tech-
niques would have an advantage over scalar penalty functions since this type of data
generally has intricate interdependencies; however, the latter is easier to implement and
less computationally demanding to handle. Because of this, we will be mainly focusing
on scalar penalty functions, particularly L1 regularization. We have chosen L1 regular-
ization since it will be useful to induce sparsity in the images and identify sub-regions
associated with the response attributes (Zhou et al., 2013).

From equation (4.45), the following regularized log-likelihood function will be max-
imized:

l(b, W1, ..., WO∣D) −
O
∑
N=1

Z
∑
z=1

RN

∑
r=1

PλLR(∣wN,z,r∣), (4.66)
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where P is a scalar penalty function, and λLR designates an index for a specific member
within the penalty family. For L1 regularization, we have λLR = 1 and P1(∣wN,z,r∣) =

∣wN,z,r∣.
The sub-problem considered in the block relaxation algorithm when updating WN

from equation (4.47) would be updated as follows

W(q+1)
N = argmaxWN

(l (b(q), W(q+1)
1 , . . . , W(q+1)

N−1 , WN , W(q)
N+1, ..., W(q)

O ∣D)

−
O
∑
N=1

Z
∑
z=1

RN

∑
r=1

Pλ(∣wN,z,r∣)),

which is a penalized GLM regression problem, where we are subtracting the penalty
since it is a maximization problem. Overall, the estimation procedure follows similarly
as defined in Section 4.4.2.
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Applications

In this chapter, we will apply the methods we presented in the previous chapters to the
dance dataset mentioned in Chapter 1. We will first present a detailed description of the
dance dataset in Section 5.1. Section 5.2 will describe the objectives we aim to achieve
in this application. After that, we will go into the CNN and TR applications in Sections
5.3 and 5.4, respectively, where we will discuss the results in Section 5.5.

5.1: Dataset Details

As mentioned in Chapter 1, while the dancers were dancing the SKE, SME and TE
dances, the Kinect-II sensor was monitoring at a rate of 30 measurements per second,
where RGB images were captured at each measurement. The main choreographic steps
of the three folk dances SKE, SME, and TE consist of seven unique poses. Figure 5.1
presents a visual illustration of the seven unique poses. For easier reference to each
pose, from Figure 5.1, we will be referencing the poses from the order of left to right
simply as poses 1 to 7, where pose 1 is the ’Initial posture’ pose, pose 2 is the ’Cross legs’
pose, etc. An easy way to distinguish between poses 2 and 7 is that for the former, the
dancers left leg is at the front, whereas for the latter, the dancers left leg is at the back.
We will refer to the three dancers as ’Dancer 1’, ’Dancer 2’, and ’Dancer 3’, respectively.

Figure 5.1: The labels of each pose by Dancer 1.
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Table 5.1 presents the main choreographic steps in order from start to finish of each
folk dance, while Figures 5.2, 5.3 and 5.4 illustrate the main choreographic steps of SKE,
SME, and TE which were done by Dancers 2, 3, and 1, respectively.

Dance Main Choreographic Steps
SKE 1 Ð→ 2 Ð→ 2 Ð→ 2 Ð→ 2Ð→ 1 Ð→ 7
SME 1 Ð→ 5 Ð→ 2 Ð→ 2 Ð→ 2Ð→ 1 Ð→ 6
TE 1 Ð→ 2 Ð→ 2 Ð→ 2 Ð→ 1Ð→ 3 Ð→ 4 Ð→ 3 Ð→ 7

Table 5.1: Table depicting the main choreographic steps of each dance.

Note that each dance consists of different unique poses compared to each other. The
SKE dance utilizes only three of the seven poses, which are poses 1, 2, and 7. The SME
dance utilizes four poses which are poses 1, 2, 5, and 6. Finally, the TE dance has the
greatest number of poses of the three dances with five poses, which are poses 1, 2, 3, 4,
and 7. Table 5.2 shows the distribution of poses per dance for each dancer.

Figure 5.2: The main choreographic steps of SKE (from left to right and top to bottom).

Figure 5.3: The main choreographic steps of SME (from left to right and top to bottom).
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Figure 5.4: The main choreographic steps of TE (from left to right and top to bottom).

Table 5.2: The number of measurements of each pose for each dancer and dance.

For a dance, when comparing the number of measurements between poses, we can
see that the data is quite imbalanced, where some poses are less frequently seen when
compared to poses 1 and 2. This makes sense given that poses 1 and 2 are used multiple
times in each dance as in Table 5.1.

Note the discrepancy in the frequency of each pose for each dance between the three
dancers in Table 5.2, where Dancer 1 has the smallest number of measurements of the
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three dancers. This makes sense since, in the data, Dancer 1 only goes through one full
rotation of the main choreographic movements from Table 5.1 for each dance, whereas
the other two dancers have done two full rotations for each dance. Since the number
of measurements of each dance for Dancer 1 is somewhat comparable to the other two
dancers, this means that Dancer 1 is staying longer to finish going through some of the
main choreographic movements when compared to the other two dancers.

In Chapter 1, we mentioned that dancing experts manually annotated the poses.
However, the labels presented by the dancing experts can be interpreted differently
from person to person. An example of this is the following: the main choreographic
steps of the TE dance follow as in Table 5.1, where Dancers 1 and 3 follow the pattern as
described. However, Dancer 2 follows a different pattern. Indeed, the labels of Dancer 2
when the Left Leg Up pose initially comes up are labelled as Cross Legs instead, whereas
Dancer 2 then moves on as usual with the Right Leg Up pose. There could be other
measurements in the data whose labels can be interpreted differently, such as where the
dancers would be following the main choreographic steps as usual, but the labels in
between steps could have been labelled more appropriately. This happens given that
the poses have some similarities, which could cause difficulties in pose recognition.

5.2: Objective Details

For this application, we will combine the three dances of a dancer as one single dataset,
which means there are three datasets in total, one for each of the dancers. Our main
objective is to train a CNN and TR model that can correctly predict all seven poses of
the underlying dataset. In particular, we will work on this objective in two different
trials. The first trial will train a CNN and TR model using the combined dataset of
all three dancers as one training and test split and will try to predict the poses of the
test set. The second trial will follow similarly but instead use the combined dataset of
two dancers as the training set and the dataset of the other dancers as the test set. The
result of these two trials will show whether the models can accurately train and predict
the poses of the dancers, while the second trial will try to see whether the models are
generalizable and able to predict the poses of a different dancer.

Our preprocessing of RGB images consists of normalizing pixel values from [0, 255]
to [0, 1], followed by standardization.. For both trials, we will conduct hyperparameter
searches in which preprocessing remains fixed, while hyperparameters, model weight
initializations, and train–test splits vary. After selecting the optimal models, we will run
each one multiple times to assess generalization, keeping preprocessing and hyperpa-
rameters fixed but varying weight initializations and train–test splits.
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For the first trial, which we will be referring to as ’Trial A’, the dataset will consist of
a total of 3080 images, which we will be dividing into training and test sets. Table 5.3
shows the frequency of pose labels for this dataset.

For the second trial, which we will be referring to as ’Trial B’, the training set will
be composed of the combined dance dataset of two dancers, and the test set will be the
other dancer. Here, there are three possible combinations of training-test splits, where
we will be referring to each combination as simply ’Trial B1’, ’Trial B2’ and ’Trial B3’.
Trial B1 is with the training set consisting of the dances of Dancers 1 and 2, while the
test set consists of the dances of Dancer 3. In this case, the training set will consist of
a total of 1911 images, whereas the test set consists of a total of 1169 images. Table 5.4
shows the frequency of pose labels for both training and test sets.

Pose Label Frequency
1 926
2 1405
3 96
4 79
5 97
6 114
7 363

Total 3080

Table 5.3: Frequencies of each pose label corresponding to Trial A.

Training Set Test Set
Pose Label Frequency Pose Label Frequency

1 549 1 377
2 863 2 542
3 54 3 42
4 57 4 22
5 53 5 44
6 101 6 13
7 234 7 129

Total 1911 Total 1169

Table 5.4: Frequencies of each pose label corresponding to Trial B1.

Trial B2 is with the training set consisting of the dances of Dancers 1 and 3 while
the test set consists of the dances of Dancer 2. The training set will consist of a total of
2037 images, whereas the test set consists of a total of 1043 images. Table 5.5 shows the
frequency of pose labels for both training and test sets.
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Trial B3 is with the training set consisting of the dances of Dancers 2 and 3 while
the test set consists of the dances of Dancer 1. The training set will consist of a total of
2212 images, whereas the test set consists of a total of 868 images. Table 5.6 shows the
frequency of pose labels for both training and test sets.

Training Set Test Set
Pose Label Frequency Pose Label Frequency

1 696 1 230
2 870 2 535
3 80 3 16
4 47 4 32
5 57 5 40
6 29 6 85
7 258 7 105

Total 2037 Total 1043

Table 5.5: Frequencies of each pose label corresponding to Trial B2.

Training Set Test Set
Pose Label Frequency Pose Label Frequency

1 607 1 319
2 1077 2 328
3 58 3 38
4 54 4 25
5 84 5 13
6 98 6 16
7 234 7 129

Total 2212 Total 868

Table 5.6: Frequencies of each pose label corresponding to Trial B3.

Both the CNN and TR applications were run in Python utilizing popular packages,
including NumPy, pandas, and sklearn (scikit-learn). The CNN application code uses
the majority of the CNN tools from PyTorch (torch and torchvision packages), where
we also used Ray Tune for hyperparameter optimization, since PyTorch and Ray Tune
can be integrated together efficiently. The TR application employs CPU multiprocessing
through the concurrent.futures and itertools packages. The code used for both applica-
tions can be found at the following GitHub link: https://github.com/andrewfspiteri15-
cloud/MScdissertation-code.git

In the next section, we will state the performance metrics that we will use and de-
scribe a dummy classifier that we will use to compare the performance of our models
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against, whose performance will be akin to using a purely random decision rule (Mar-
tino et al., 2019). The dummy classifier will serve as a baseline for us to compare the
significance of our results, while also raising awareness of the class imbalance issue
with the performance metrics it gives.

5.2.1: Application Results - Dummy Classifier

A dummy classifier represents a classifier which makes predictions that ignore the fea-
tures of the inputs, i.e., predictions are made based on a strategy having no insight into
the data at all. The strategy of the dummy classifier is based on predicting the most
frequent label, which will be the second pose since it is the most popular pose of each
dancer, as seen in Section 5.1.

To check the validity of our results, we will be computing multiple performance
metrics, notably the test accuracy and the macro-averaged F1-measure at the end of
each epoch. We will primarily focus on optimizing the macro-averaged Fβ-measure
with β = 1, as both recall and precision are equally important in our objective. We
have chosen these metrics because they weigh all labels equally, i.e., common labels
are weighed similarly to rarer labels, and we view them as equally important in our
objective. These metrics have also seen successful use in HPC applications in the past
(Guerra et al. (2020), Raj et al. (2021)). Note that we will shorten the notation for F1Macro

as F1 to save space. Table 5.7 represents the test accuracy and F1-measure of the dummy
classifier for Trials A and B.

Training-Test Split Test Accuracy Test F1-measure
Trial A 45.617% 0.09
Trial B1 46.364% 0.0905
Trial B2 51.294% 0.0969
Trial B3 37.788% 0.0784

Table 5.7: Results of the dummy classifier for Trials A and B.

When we compare the performance metrics, we will see that the test accuracy is
generally an unreliable performance metric compared to the F1-measure due to the im-
balanced number of measurements per label in the dataset.

5.3: CNN Application

In Sections 5.3.1 and 5.3.2, we will be going over the details of the CNN architectures
that we used for this application including details regarding the hyperparameter search
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that we made. Section 5.3.3 will go into how we will prepare the data before processing.
Finally, we will then go into our results and discuss them in the remaining sections.

5.3.1: CNN Architectures

We will be making use of several CNN architectures in our application, namely those
that have been described in Section 3.4. We will use these CNN architectures since they
are commonly utilized in practice and due to the large time consumption in designing a
custom CNN architecture from scratch (Albelwi and Mahmood, 2017). As such, we will
be using these architectures as they were initially designed and applying them to our
problem without altering their structure or hyperparameters, where their parameters
will be randomly initialized and trained over time.

In Section 3.4.2, we discuss the depth of the network and the critical depth threshold.
In our application, we are interested in seeing how much we can increase the model
depth to improve our results, whilst looking to stay below this critical depth threshold.
For this application, we have chosen to use the architectures of AlexNet, ResNet18 and
ResNet34, where both ResNet18 and ResNet34 are similar in network design but have
different depths (Fagbohungbe and Qian, 2021). We have chosen these architectures
to have a range of architectures with different depths, where we will compare their
performance on the dance dataset. Of these CNNs, AlexNet is the architecture with the
most trainable parameters (see Table 5.14) and the least depth at a depth of 8 layers,
excluding pooling and nonlinearity layers. We expect its lack of depth means that it
will be hard for it to grasp more complex image features compared to the other deeper
networks. Although LeNet-5 has the least depth of all CNNs we mentioned in Section
3.4, we did not choose it since, from some testing we had done, we noticed that its
feature learning is too limited and also that LeNet-5 was originally meant for small
images of size (32 x 32). ResNet was chosen due to its use of skip connections, which
are important and efficient for the training of very deep networks (Szegedy et al., 2016).
Also, Shwartz-Ziv et al. (2023) utilized several depths of ResNet (8, 32, 50, and 152) and
mentioned that larger depths can overfit and underperform on imbalanced data.

5.3.2: Training and Hyperparameter Optimization

To improve the generalization of each model, we will optimize the hyperparameters
present in each model as well as utilize batch normalization. First, we will apply the
data to the original architectures of AlexNet, ResNet18 and ResNet34. Since AlexNet
does not have batch normalization layers unlike the other networks, we will also use a
modified version of the AlexNet architecture by adding batch normalization layers after
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the convolutional layers and checking for performance improvements. We will refer to
this modified network as the ’AlexNet + BN’ architecture in short.

We considered SGD and AdamW as our optimization algorithms, where we ran
separate hyperparameter optimization searches for each optimization algorithm. To
counter the data imbalance problem as mentioned in Section 5.2, we utilized inverse
frequency cross-entropy loss. Standard cross-entropy loss would be more biased towards
majority labels, whereas inverse frequency cross-entropy loss would weight the cross-
entropy loss of each label by its inverse frequency, which would assign more weight to
the loss of minority labels (Tian et al., 2021). An implementation choice that can be done
in PyTorch for minibatch training is to take the mean instead of the sum of the loss of
each data point per iteration to calculate the expected loss. This has advantages in that
it makes the scale of the loss independent from the batch size, which helps to ensure
that all batches contribute equally. Also, since the overall loss per iteration is lower, it
reduces the effect of batch size on the learning rate. We experimented using both the
mean and the sum and found that models using the former were easier to train, so the
results shown use the mean.

For each model, we used a random search approach using Ray Tune in PyTorch
to search for optimal sets of hyperparameters (Liaw et al., 2018). We utilized holdout
cross-validation, where the training set was divided into training and validation subsets
in an 80-20 split. The training subset is necessary for training the parameters of our
CNN model using a learning rule to allow the parameters of the model to adjust each
iteration, whereas the validation subset is useful for testing the prediction ability.

The hyperparameters we checked were the batch size, learning rate, weight decay
parameter, and the hyperparameters unique to the optimization algorithm, i.e., momen-
tum for SGD and β1 and β2 for AdamW. With regards to the batch size, we have opted to
check for smaller batch sizes since, in cases of class imbalance, smaller batch sizes gener-
ally give better results (Shwartz-Ziv et al., 2023). Smaller batch sizes might not necessar-
ily contain samples of the minority classes each time; however, it has been shown that
smaller batch sizes improve generalization performance over using larger batch sizes
(given the same number of epochs) due to the increased number of parameter updates
(Hoffer et al., 2017). For hyperparameter optimization regarding the AdamW optimiza-
tion algorithm, we ran separate checks where β1 and β2 were fixed at 0.9 and 0.999,
respectively, and checks where both hyperparameters were unfixed. This was done
since the default values of β1 and β2 in Adam generally work well in practice; however,
we wanted to check if other possible values would be more viable. Table 5.8 displays
the ranges considered for each hyperparameter for SGD and AdamW, respectively.
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SGD
Hyperparameter Range

Batch Size {x ∶ 2x for x = 1, 2, ..., 8}
Learning rate {x ∶ 1

x ln (b−a) for 1x10−6 ≤ x ≤ 1}
Weight Decay {x ∶ 1

x ln (b−a) for 1x10−6 ≤ x ≤ 0.1}
Momentum {x ∶ 1

b−a for 0.1 ≤ x ≤ 0.999}

AdamW
Hyperparameter Range

Batch Size {x ∶ 2x for x = 1, 2, ..., 8}
Learning rate {x ∶ 1

x ln (b−a) for 1x10−6 ≤ x ≤ 1}
Weight Decay {x ∶ 1

x ln (b−a) for 1x10−6 ≤ x ≤ 0.1}
β1 {x ∶ 1

b−a for 0 ≤ x ≤ 0.999}
β2 {x ∶ 1

b−a for 0 ≤ x ≤ 0.999}

Table 5.8: The range of hyperparameter values tested for each hyperparameter.

At each run, for each architecture, a holdout cross-validation using an 80-20 split of
the training set is done and several sets of hyperparameters from the hyperparameter
ranges listed in Table 5.8 are randomly sampled. The model would then be trained on
each set of hyperparameters separately, where the models performance is evaluated on
the validation subset according to the validation loss. We then chose the top 3 sets of hy-
perparameters filtered by the lowest validation loss to present in a table. The model was
trained for 50 epochs and implemented early stopping using an Asynchronous Successive
Halving Algorithm (ASHA) scheduler (Li et al., 2018a). ASHA combines ’random search
with principled early stopping in an asynchronous way’ (Li et al., 2018a). We refer to
Karnin et al. (2013) and Li et al. (2018a) for more information on ASHA. We capped
training to 50 epochs due to time restraints, and since we had found through experi-
mentation that it was generally more than enough epochs for the model to converge,
although it did limit some models which were slowly converging.

For each model, after all hyperparameter searches are completed, results are then
compiled, where the set of hyperparameters with the lowest validation loss is chosen.
This is done for SGD and AdamW for a total of two sets of hyperparameters. With each
set of hyperparameters, the entire training set is used for training and predictions are
made on the test set. The model is trained for 100 epochs with no early stopping. To
generalize our results, we ran 5 total runs of each model and will present the highest
test accuracy and F1-measure seen in the runs. Also, we will average the result metrics
per epoch and present the highest average test accuracy and F1-measure among them.
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5.3.3: Data Preprocessing

We have normalized the training and test set RGB images from the range of [0, 255]
to the range [0, 1], where they would then be standardized. To standardize the RGB
images, the mean and standard deviation of each RGB colour for the training set were
found.

The CNN architectures we will use were generally intended for images of specific
sizes relative to the architecture itself. AlexNet and ResNet originally utilized RGB im-
ages of size (224 x 224 x 3). It is worth noting that the authors of AlexNet had written
the size (224 x 224 x 3) in their original paper, but the image sizes should be (227 x 227
x 3) instead (Krizhevsky et al., 2012). Re-scaling images to fit the intended size for these
CNN architectures is common in practice; however, this could lead to issues such as
reducing image quality if the image size is reduced too much (Luke et al. (2019), Tham-
bawita et al. (2021)). Reducing the quality of an image is a serious issue, where the
possible loss of low-level image features could impact the prediction of the image label
resulting in noisy labels. However, for CNN architectures with fully connected layers,
resizing images to smaller image sizes will reduce the chance of the model to overfit,
since the flattened inputs map volume to the fully connected layer will be smaller and
hence reduce the number of parameters in the model (Battiti, 1994). Ideally, we would
need to resize the dataset images to different sizes for each architecture to determine the
optimal image resolution in terms of performance; however, due to time constraints, we
have limited ourselves to using the intended image sizes for each architecture.

We will first use the original sizes of our images and present our results in Section
5.3.4. From there, we will then resize the images in the dataset to the intended image
sizes for each architecture and present our results in Section 5.3.5.

5.3.4: CNN Application Results - Original Images

We will first review the results of Trial A in Section 5.3.4.1, where we will then move on
to the results of Trial B in Section 5.3.4.2. Appendix C1 presents all the results that we
had for each trial in this section, including the hyperparameters results and graphs. In
the coming subsections, we will be going over some of the results mentioned.

5.3.4.1: Trial A Results
Table 5.9 presents our results for each CNN architecture considered for Trial A and Fig-
ure 5.5 presents the average training and test loss per epoch of all 5 runs that we had
done for each CNN architecture for both SGD and AdamW. From Table 5.9, we can see
that results are somewhat similar between CNN architectures, where ResNet34 using
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AdamW had the highest average test accuracy and F1-measure results. The highest test
accuracy and F1-measure were returned by ResNet34 using SGD.

SGD: Trial A
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 97.89 97.565 98.539 98.864
H. AVR Acc ± SD 96.672± 0.54 96.391± 1.06 97.565± 0.82 97.338± 0.98

H. Test F1 0.974 0.97 0.981 0.988
H. AVR F1 ± SD 0.958± 0.005 0.954± 0.001 0.964± 0.006 0.96± 0.017

AdamW: Trial A
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 98.052 98.377 98.214 98.539
H. AVR Acc ± SD 96.916± 0.36 96.851± 0.48 97.395± 0.49 97.76± 0.37

H. Test F1 0.973 0.978 0.985 0.985
H. AVR F1 ± SD 0.955± 0.006 0.96± 0.001 0.96± 0.001 0.967± 0.001

Table 5.9: Results from using each CNN architecture with SGD/Adam for Trial A.

Figure 5.5: The average training and test loss per epoch of all 5 runs of each model per CNN
architecture.

For each model, from the hyperparameter tuning done using the training set, we
found multiple sets of hyperparameters which had very good performance metrics on
both the training and validation sets. From the multiple runs that we had run when
using the set of hyperparameters with the lowest validation loss on the test set per CNN
architecture, the results that we received were very good and the model was able to
consistently classify all 7 poses accurately. Figure 5.5 also shows that all the models
converged with no issues.
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5.3.4.2: Trial B Results
Tables 5.10 (Top), (Center) and (Bottom) present our results for Trials B1, B2, and B3,
respectively, whereas Figure 5.6 presents the average test loss per epoch of all runs per
CNN architecture per trial.

SGD: Trial B1
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 65.526 66.125 65.612 67.151
H. AVR Acc ± SD 58.366± 3.06 60.642± 1.91 56.424± 4.67 61.078± 1.72

H. Test F1 0.346 0.379 0.371 0.462
H. AVR F1 ± SD 0.268± 0.033 0.272± 0.391 0.296± 0.045 0.372± 0.051

AdamW: Trial B1
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 57.827 60.479 65.526 63.216
H. AVR Acc ± SD 49.547± 4.14 56.45± 2.37 59.196± 4.2 56.219± 3.84

H. Test F1 0.36 0.337 0.41 0.309
H. AVR F1 ± SD 0.199± 0.084 0.236± 0.03 0.33± 0.048 0.267± 0.043

SGD: Trial B2
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 61.649 60.019 56.472 53.883
H. AVR Acc ± SD 49.536± 2.92 53.183± 1.45 52.445± 2.52 51.141± 1.38

H. Test F1 0.327 0.274 0.32 0.21
H. AVR F1 ± SD 0.226± 0.021 0.22± 0.022 0.206± 0.064 0.165± 0.02

AdamW: Trial B2
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 60.211 57.239 56.088 55.034
H. AVR Acc ± SD 52.387± 3.84 52.253± 0.76 51.697± 3.41 47.862± 5.14

H. Test F1 0.298 0.242 0.35 0.302
H. AVR F1 ± SD 0.228± 0.019 0.206± 0.019 0.219± 0.08 0.181± 0.036

SGD: Trial B3
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 57.373 56.221 57.719 57.028
H. AVR Acc ± SD 47.165± 10.83 48.456± 9.81 44.124± 7.44 43.456± 9.63

H. Test F1 0.321 0.353 0.249 0.352
H. AVR F1 ± SD 0.268± 0.036 0.269± 0.07 0.188± 0.032 0.201± 0.098

AdamW: Trial B3
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 58.41 59.793 54.493 61.29
H. AVR Acc ± SD 49.7± 7.26 54.147± 3.71 41.083± 7.5 46.336± 6.95

H. Test F1 0.387 0.232 0.285 0.265
H. AVR F1 ± SD 0.281± 0.079 0.203± 0.021 0.157± 0.062 0.201± 0.043

Table 5.10: Results from using each CNN architecture with SGD/Adam for each trial. (Top)
Trial B1, (Center) Trial B2, and (Bottom) Trial B3.
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Figure 5.6: The average training and test loss per epoch of all 5 runs of each model per CNN
architecture for each trial. (Top) Trial B1, (Center) Trial B2, and (Bottom) Trial B3.

From Table 5.10 (Top), we can see that results seemed to improve between CNN
architectures, where ResNet34 using SGD had the highest test accuracy and F1-measure
and average test accuracy and F1-measure results. For Table 5.10 (Center), on the other
hand, results were not that different between CNN architectures, where ResNet34 had
the worst results of the four. Also, Original AlexNet using AdamW had the highest
average test F1-measure and ResNet18 using AdamW had the highest test F1-measure.
For Table 5.10 (Bottom), results seemed to indicate that Original AlexNet and AlexNet
+ BN gave better results over ResNet, where Original AlexNet using Adam had the
highest test F1-measure and average test F1-measure results.

Figure 5.6 highlights a common occurrence in all runs that there was always good
performance for the training set but varying performance for the test set, where it would
generally highlight an increasing average loss for the test set over time. This seems to
be generally true for the AlexNet and AlexNet + BN architectures, where ResNet18 also
shows occurrences of this; however, there were also runs where the average test loss
only had a slight upward trend like for ResNet34. In most instances, the model failed to
accurately classify images that had poses 3, 4, 5, and 6 of the test set, whereas poses 1, 2,
and 7 would generally be the only poses correctly classified.

5.3.5: CNN Application Results - Resized Images

We will first review the results of Trial A in Section 5.3.5.1, where we will then go over
the results from Trial B in Section 5.3.5.2. Appendix C2 presents all the hyperparameter
results that we had for each trial in this section. The benchmarks we have set for Trials
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A and B will be unchanged for this section.

5.3.5.1: Trial A Results
Table 5.11 presents the results for each CNN architecture considered for Trial A and
Figure 5.7 presents the test loss per epoch of all 5 runs that we had done for each CNN
architecture for both SGD and AdamW.

SGD: Trial A
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 98.052 98.377 98.539 98.539
H. AVR Acc ± SD 97.013± 0.68 97.565± 0.64 97.695± 0.39 97.338± 1.1

H. Test F1 0.985 0.973 0.977 0.988
H. AVR F1 ± SD 0.963± 0.008 0.962± 0.006 0.964± 0.005 0.967± 0.016

AdamW: Trial A
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 98.864 97.565 98.539 98.701
H. AVR Acc ± SD 97.5± 0.66 96.429± 0.94 97.403± 0.28 97.76± 0.35

H. Test F1 0.983 0.97 0.982 0.98
H. AVR F1 ± SD 0.965± 0.007 0.945± 0.017 0.964± 0.009 0.966± 0.015

Table 5.11: Results from using each CNN architecture with SGD/Adam for Trial A with resized
images.

The results that we received were very similar to the results that we had obtained
before from Section 5.3.4.1.2, and hence, much better than the benchmark method.

Figure 5.7: The average training and test loss per epoch of all 5 runs of each model per CNN
architecture.
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5.3.5.2: Trial B Results
Tables 5.12 (Top), (Center) and (Bottom) present our results for Trials B, whereas Figure
5.8 presents the average test loss per epoch of all runs per CNN architecture per trial.

SGD: Trial B1
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 59.025 62.703 63.73 60.394
H. AVR Acc ± SD 52.318± 4.55 60.462± 0.73 57.365± 1.77 54.867± 3.99

H. Test F1 0.303 0.28 0.358 0.27
H. AVR F1 ± SD 0.247± 0.01 0.268± 0.01 0.285± 0.043 0.232± 0.012

AdamW: Trial B1
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 59.624 58.939 58.426 63.73
H. AVR Acc ± SD 56.527± 0.621 55.569± 0.71 53.567± 4.55 55.928± 1.78

H. Test F1 0.306 0.323 0.283 0.425
H. AVR F1 ± SD 0.257± 0.03 0.248± 0.055 0.227± 0.035 0.296± 0.081

SGD: Trial B2
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 58.869 58.389 57.526 56.088
H. AVR Acc ± SD 53.058± 3.41 53.058± 1.77 53.5± 2.61 53.212± 1.41

H. Test F1 0.292 0.302 0.329 0.251
H. AVR F1 ± SD 0.224± 0.042 0.215± 0.012 0.231± 0.055 0.201± 0.035

AdamW: Trial B2
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 55.129 56.95 59.444 59.156
H. AVR Acc ± SD 47.344± 3.42 53.327± 1.8 54.017± 3.16 52.215± 3.05

H. Test F1 0.234 0.237 0.245 0.297
H. AVR F1 ± SD 0.2± 0.029 0.199± 0.033 0.196± 0.03 0.203± 0.065

SGD: Trial B3
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 50.806 68.664 63.479 58.41
H. AVR Acc ± SD 39.332± 5.65 53.433± 5.14 56.037± 3.73 41.982± 8.46

H. Test F1 0.321 0.476 0.357 0.295
H. AVR F1 ± SD 0.245± 0.027 0.3± 0.118 0.278± 0.052 0.197± 0.034

AdamW: Trial B3
AlexNet AlexNet + BN ResNet18 ResNet34

H. Test Acc 65.438 62.788 60.484 63.594
H. AVR Acc ± SD 55.23± 4.38 53.71± 5.27 49.977± 7.12 51.267± 7.83

H. Test F1 0.384 0.276 0.355 0.321
H. AVR F1 ± SD 0.265± 0.061 0.194± 0.049 0.219± 0.017 0.24± 0.022

Table 5.12: Results from using each CNN architecture with SGD/Adam for each trial. (Top)
Trial B1, (Center) Trial B2, and (Bottom) Trial B3.
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Figure 5.8: The average training and test loss per epoch of all 5 runs of each model per CNN
architecture for each trial. (Top) Trial B1, (Center) Trial B2, and (Bottom) Trial B3.

From Trial B1, we can see that ResNet34 gave the best results of the four architectures
again similar to before excluding the highest average test accuracy; however, there were
no improvements in the result metrics when compared to the results in Section 5.3.4.2.2.
This is similar to Trial B2, where results did not improve compared to the results in
Section 5.3.4.2.2 excluding an increase in the average accuracy and F1-measure. For
Trial B3, results seemed to be overall better, where AlexNet + BN using SGD gave the
highest test F1-measure and average test F1-measure results as well as the highest test
accuracy and ResNet18 using SGD had the highest average test accuracy.

5.4: TR Application

Section 5.4.1 will go over the details of the TR application and how the data was prepro-
cessed. Section 5.4.2 will then go into the application results for each trial.

5.4.1: Application Detail

We use a multinomial TR model with tensor decomposition as defined in Chapter 4 and
estimate parameters via block relaxation with minibatch gradient ascent and momen-
tum. For tensor decomposition, we adopted CP decomposition with a fixed low rank of
Z = 3. In practice, it will be rare that the true parameter tensor will follow a low-rank
decomposition; however, a low-rank estimate will generally still be a fair enough ap-
proximation to the true parameter tensor (Zhou et al., 2013). We did not tune Z further
to limit computational overhead, as the model is already demanding.
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We used the log-likelihood as defined in the multinomial TR model, but also, to
counter the data imbalance problem, we conducted separate tests where we added in-
verse frequency class weights in the log-likelihood. In some cases, we noticed that the
training metrics were much higher than the testing metrics, possibly pointing towards
the model overfitting to the training set. Thus, we also tested using L1 regularization.

The hyperparameters we checked were the batch size, learning rate, L1 regulariza-
tion parameter, and momentum. To find optimal sets of hyperparameters, we used
hold-out cross-validation with stratification with a similar procedure as was described
in Section 5.3.2, where we test random hyperparameter values in the ranges given in
Table 5.8 under SGD.

With these optimal sets of hyperparameters, we will generalize our results by run-
ning multiple runs, where each run is capped at 60 epochs of training due to time re-
straints. To check the validity of our results, we will similarly report the highest test
accuracy and F1-measure as well as the highest average test accuracy and F1-measure
among the epochs between models.

In terms of data preprocessing, similar to what was done in the CNN application,
we have normalized the RGB images in the data from the range of [0, 255] to the range
[0, 1], where they were then standardized. The initial factor matrices and bias values
in the tensor decompositions at the start of training were initialized by taking values
from a normal distribution with a mean of 0 and standard deviation of 1√

n , where n
is the sample size of the training set. We had initially tried sampling from a uniform
distribution from −1 to 1 and a standard normal distribution; however, the larger ini-
tialized values led to larger log-likelihood values, which more easily led to exploding
gradients early during training. As such, we used the above aiming to make the initial-
ized values smaller, where we experienced fewer exploding gradients when using this.
We took inspiration from initialization done on deep networks, although other weight
initialization schemes could be more optimal (Glorot and Bengio, 2010).

5.4.2: TR Application Results

Appendix C3 presents all the hyperparameter results that we had for each trial in this
section.

For Trials A and B, Table 5.13 presents the highest test accuracy and F1-measure
and the highest average test accuracy and F1-measure between epochs including their
standard deviation, whereas Figure 5.9 presents the average test loss per epoch of all
runs per trial.
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Figure 5.9: The average test loss per epoch of all 5 runs of each model.

Trial A Trial B1 Trial B2 Trial B3
H. Test Acc 79.058 57.998 55.609 54.954

H. AVR Acc ± SD 75.284± 5.288 55.432± 3.729 52.842± 2.144 44.124± 7.48
H. Test F1 0.695 0.215 0.217 0.228

H. AVR F1 ± SD 0.605± 0.064 0.185± 0.011 0.164± 0.044 0.175± 0.066

Table 5.13: TR results for Trials A and B.

In Figure 5.9, we ran each run up to 60 epochs; however, all runs did not reach the
60 epoch mark, where they diverged before this happened. The figures were capped to
show the last epoch until the models diverged. The average test loss per epoch of the
training and test sets generally mirror any decreases in the loss in an epoch, excluding
Trial B3 although both training and test diverge eventually for them as well. From our
results for Trial A and choosing the set of hyperparameters yielding the highest F1-
measure, the model was able to correctly classify all 7 poses and this is reflected in the
high F1 value. Similarly, for Trial B, at most only three poses were generally correctly
classified, those being poses 1, 2 and 7 which is similar to what we saw in the CNN
application.

5.5: Results Discussion

We will compare the results between the CNN and TR applications in this section. Note
that the training and test sets used in the CNN models were not the same splits tested
in the TR models. This means that it is not a fair comparison between the methods, and
differences in performance could be due to variations in data rather than true differences
in model effectiveness.
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When comparing the performance metrics of the CNN application to the TR ap-
plication, we can see that the results for Trial B from the multinomial TR model have
yielded better results than some CNN architectures; however, the CNN application had
the highest performance metrics overall including for the F1-measure. Since both ap-
plications were able to predict all poses in the case of Trial A, we can conclude that the
objective for Trial A was achieved. Also, both the highest observed and the average
performance metrics were better than the results of the dummy classifier given in Table
5.7. This confirms that each model was at least better than random guessing.

In the case of the CNN application for Trials A and B, from the hyperparameter tun-
ing done using the training set, finding sets of hyperparameters which had very good
performance metrics on both the training and validation sets was relatively common.
This was for all architectures, showing that the depth of the layers we considered had
not breached this critical depth threshold since we had not seen decreasing performance
during training and validation. When using the sets of hyperparameters with the low-
est validation loss on the test set, the results that we received all showed displays of
overfitting, where we have very good performance metrics for the training set but poor
performance metrics for the test set. However, this was not the case for the TR appli-
cation, where poor performance metrics for the training set generally mirrored those of
the validation and test sets. Thus, considering the objective for Trial B, the CNN appli-
cation does not appear to have been as generalizable as the TR application. Table 5.14
highlights an approximate number of trainable parameters of the models considered in
the CNN and TR applications, which shows the massive parameter difference between
the models.

Model Number of Parameters
Multinomial TR 10,134

ResNet18 11.4 million
ResNet34 21.5 million
AlexNet 62.3 million

Table 5.14: An approximate number of trainable parameters of each model from the CNN and
TR applications.

We conducted separate tests for both the CNN and TR application where we added
inverse frequency class weights in the log-likelihood. In general, this helped the model
classify multiple labels including labels 4, 5 and 6 at the cost of lower accuracy due to
fewer correct predictions. However, the F1-measure results were not that much different
to the results that we had where we had not added these class weights in terms of
improvements.
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From the results of the CNN application, it is interesting to note that Trial B2 gener-
ally had worse results than Trials B1 and B3. This could be because there were two male
dancers for the training set versus a female dancer for the test set, potentially pointing
towards the models from Trial B2 being less generalizable against gender.

The results of the AlexNet and AlexNet + BN architectures do not indicate that
adding batch normalization layers always improved performance. There were situa-
tions where one outperformed the other but both had given good results in certain tri-
als. Although we mentioned that AlexNets lack of depth could affect its ability to grasp
complex features, it still gave very good results comparable (and sometimes even better)
to the results from ResNet.

In our experiments with AdamW using fixed values of β1 and β2 and unfixed ones,
we had a similar observation to what was mentioned in Appendix A3, where smaller
values of β2 tended to lead to poorer results although not always. In Appendix C,
we share the top hyperparameter search results that we had, and there were situations
where small values of β2 outperformed other results such as in Section C1.3.2.
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Conclusion

In this dissertation, we aimed to explore material on CNNs and TR for image classifica-
tion, particularly for choreographic modeling where we proceeded to do an application
using both. This chapter briefly summarizes our work, limitations, and suggests poten-
tial suggestions for future work.

6.1: Summary

The primary aim of this dissertation was to explore and evaluate methods for choreo-
graphic modeling applied to a dance dataset, particularly CNNs and TR. After cover-
ing these methods in detail, we proceeded to use them in an application on the dance
dataset, where we then compared their performance together and against a dummy
classifier.

The methodological choices were informed by the strengths and limitations of each
approach in relation to the research goals. In Chapter 3, we covered CNNs because they
directly model spatial structure in image inputs via tensors and have a strong empir-
ical track record for image-based classification tasks. We utilized adaptive optimizers
and regularization techniques to reduce training time and the risk of overfitting. In
Chapter 4, we covered TR and how it can be developed within a GLM framework to
provide an alternative, which, when combined with tensor decomposition, requires far
fewer parameters and yields estimates with interpretable statistical properties. We also
discussed its extension to the multinomial setting by Cao et al. (2022).

Chapter 5 presented the dance dataset (three dancers, three dances with a total of
seven poses) and two trials to build with the goal of building CNN and TR models to
classify all poses in the dances. Trial A trained and tested using all dancer data mixed
randomly, while Trial B trained on two dancers and tested on the held-out third dancer
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to probe model generalization. We then moved on to describe the application setup and
the presentation of results for each trial. There were several key outcomes, notably that
the CNN models achieved the highest overall classification metrics in Trials A and B,
showcasing that deep CNNs yield superior raw accuracy in these settings. However, the
TR model outperformed some CNN variants on specific metrics in Trial B, suggesting
that a simpler model can be more generalizable than a huge neural network. All models
had better results than the dummy classifier, meaning that they were at least better than
random guessing. The findings underscore that evaluating models by reporting both
performance and model complexity provides better guidance for model selection.

The motivation behind this research concerns the preservation of folk dances to safe-
guard ICH, where choreographic modeling serves a vital role. The CNN and TR discus-
sion developed in this dissertation has practical implications for any domain that needs
pose-aware image understanding. For example, in cultural-heritage archiving systems,
both methods can help detection and indexing of human poses in photographs, paint-
ings and performance recordings. This would effectively help streamline content-based
retrieval and guided restoration for that domain.

6.2: Limitations of Study

For the dance dataset, both the CNN and TR applications were computationally in-
tensive given our hardware and time constraints. To maintain feasibility, we reduced
the scope of experimentation by limiting runs from 10 to 5, capping training epochs,
and prioritizing more time-efficient configurations. Certain methods, such as Tucker
decomposition in the TR application, which we had initially planned to work on as
well, were excluded for these reasons. These adjustments reflect a necessary trade-off
between thoroughness and practical feasibility.

PyTorch provides inherent GPU acceleration for deep learning models, including
CNNs. However, at the time, it lacked support for our AMD GPU on Windows. While
we initially experimented with designing a custom CNN architecture in PyTorch, the
extensive hyperparameter search required proved computationally prohibitive, lead-
ing us to adopt established architectures like AlexNet and ResNet from the literature
instead.

Although for the CNN application we made use of efficient tools from PyTorch,
to our knowledge, there was no known package which implements multinomial TR
with CP decomposition. As such, the code that we used in the TR application was
created manually, which inherently will be limited in its computational efficiency, even
with our attempts to optimize it. For example, in the TR application, we generally ran

119



Chapter 6. Conclusion

runs with higher batch sizes over smaller ones, because the latter took a lot more time
than expected to run, when it should be the opposite. Consequently, these limitations
restricted the scope of our exploration in TR; with more efficient implementations, it
is plausible that we could have achieved more results surpassing those of the CNN
application.

6.3: Suggestions for Future Study

Data augmentation involves techniques like random cropping or rotating images to ex-
pand the training set. It is particularly useful when data is limited, as it can improve
generalization (Wang et al., 2024). While we could have explored this in Trial B, En-
gstrom et al. (2017) note that augmentation enhances translation invariance only for
inputs similar to training images. Azulay and Weiss (2019) highlight that it does not
generalize well to all inputs. Moreover, given the variability in dancer body types and
our imbalanced label distribution, augmentation may have had limited benefit. Zhou
et al. (2022) suggest that simple transformations like rotations often help majority classes
more than minority ones, which is relevant to our dataset.

The CNNs used in our application were originally trained on large online datasets.
Using pre-trained weights from these models could improve training speed and perfor-
mance, especially with limited data (Bressem et al., 2021). Pre-trained weights capture
general low-level features in early layers, while deeper layers are more task-specific
(Rehman et al., 2021). Therefore, in our application, using pre-trained CNNs with only
the final layers retrained could be a promising approach.

Image noise, such as irrelevant backgrounds, can reduce classification accuracy (Ra-
jnoha et al., 2018). CNNs may incorporate background features instead of focusing on
the subject. Background modeling addresses this by classifying pixels as foreground or
background (Babaee et al., 2018). Rallis et al. (2019) applied this in a dance recognition
task and saw performance gains, suggesting it could be valuable for future work.

Recent research explores integrating TR into CNNs (Cao and Rabusseau, 2017; Kos-
saifi et al., 2020). Traditional CNNs use fully connected layers, which flatten data and
lose structural information. Tensor Regression Layers (TRLs) preserve this structure by
applying tensor decomposition directly to layer inputs. TRLs reduce parameter counts
with minimal accuracy loss and can be particularly useful in overfitting scenarios. Cao
and Rabusseau (2017) provide guidance for selecting decomposition hyperparameters
when TRLs are used before the softmax layer. Incorporating TRLs into our CNNs may
help mitigate overfitting in Trial B.
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Appendix A

A1: CNN Definitions and Theorems

Definition A1: In general, given that x, y ∈ Rp and a function f: Rp → Rs, then a differentiable
function f is said to be Lipschitz gradient continuous if there exists a Lipschitz constant L > 0
such that

∥
∂ f (x)

∂x
−

∂ f (y)
∂y

∥ ≤ L∥x− y∥. (A.1)

Theorem A1: The convolution operation given in equation (3.1) is commutative, i.e., given
that

( f ∗ g)(x) = ∫
∞

−∞
f (x − α)g(α)dα, (A.2)

and
(g ∗ f )(x) = ∫

∞

−∞
g(x − α) f (α)dα, (A.3)

then
( f ∗ g)(x) = (g ∗ f )(x). (A.4)

Proof: From equation (A.2), we take u = x − α, which means that α = x − u and
du = d(−α). The limits would also update from α = inf to u = x − inf = − inf and similarly
for α = − inf. Therefore, we can update equation (A.2) to

( f ∗ g)(x) = ∫
−∞

∞
f (u)g(x − u)d(−u), (A.5)

which is identical to
( f ∗ g)(x) = −∫

−∞

∞
g(x − u) f (u)du, (A.6)
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since multiplication is commutative. Since we have

( f ∗ g)(x) = ∫
∞

−∞
g(x − u) f (u)du, (A.7)

it means that
( f ∗ g)(x) = (g ∗ f )(x), (A.8)

which proves that the convolution operation is commutative. ∎

Theorem A2: The convolution operation given in equation (3.1) is translation equivariant.
Proof: The convolution between functions f and g at a point x ∈ R is given as

( f ∗ g)(x) = ∫
∞

−∞
f (x − λ)g(λ)dλ. (A.9)

Let us translate g by some constant t and define g
′

to be the translated function, i.e.,

g
′

(x) = g(x − t). (A.10)

The convolution operation between g
′

and f at point x is given as

( f ∗ g
′

)(x) = ∫
∞

−∞
f (x − λ)g

′

(λ)dλ. (A.11)

Substituting equation (A.10) in equation (A.11) yields

( f ∗ g
′

)(x) = ∫
∞

−∞
f (x − λ)g(λ − t)dλ. (A.12)

Taking λ
′

= λ − t and substituting in equation (A.12) gives

( f ∗ g
′

)(x) = ∫
∞

−∞
f (x − t − λ

′

)g(λ
′

)dλ
′

, (A.13)

since dλ
′

= dλ. This shows that ( f ∗ g
′

)(x) = ( f ∗ g)(x − t), i.e., equation (A.13) is the
same as equation (A.9). ∎

Theorem A3: The cross-correlation operation given in equation (3.12) is not commutative,
i.e., given that

( f ∗ g)(x) = ∫
∞

−∞
f (x + α)g(α)dα, (A.14)

and
(g ∗ f )(x) = ∫

∞

−∞
g(x + α) f (α)dα, (A.15)

then
( f ∗ g)(x) ≠ (g ∗ f )(x). (A.16)
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Proof: From equation (A.14), we take u = x + α, which means that α = u − x and
du = dα. Therefore, we can update equation (A.14) to

( f ∗ g)(x) = ∫
∞

−∞
f (u)g(u − x)du. (A.17)

Note that when we take u = α again in equation (A.17), we have

( f ∗ g)(x) = ∫
∞

−∞
f (α)g(α − x)dα = (g ∗ f )(−x), (A.18)

which shows that the cross-correlation operation is not commutative unless we have
that (g ∗ f )(x) = (g ∗ f )(−x). ∎

A2: Convolution Operation - Matrix-Vector Multiplication

The convolution operation can be constructed in the form of a matrix-vector multipli-
cation operation, where the filter G would be converted into a Toeplitz matrix and F
would be flattened to a vector. The resulting vector that would be obtained from the
matrix-vector multiplication operation would then be reshaped into a square matrix
which would then be identical to F ∗G. Given that we have an input image F of size (R
× C) and a filter G of size (P × Q), then if F is flattened to a RC-vector defined as F

′

and
G is replaced by a Toeplitz matrix G

′

of size ((R − P + 1)(C −Q + 1) × RC), then

F ∗G = reshape(G
′

∗ F
′

), (A.19)

where the reshape function is to signify that G
′

∗ F
′

will be reshaped from a (R − P +

1)(C − Q + 1)-vector to a ((R − P + 1) × (C − Q + 1)) matrix. The number of rows of G
′

would be equal to the total number of filter passes over F and the number of columns
of G

′

would be equal to the total number of input pixels in F. Due to the reasonable
size difference that there could be between the input matrix and the filter, the filter
matrix can generally be very sparse. Figure A.1 is a simple example of a convolution
operation that we have defined to use to compliment Figure A.2. Using the input and
filter matrices from Figure A.1, Figure A.2 represents a virtual representation of the
convolution operation as a matrix-vector multiplication operation. Note that when the
vector output of Figure A.2 is reshaped to (3 × 3), then the result will be similar to the
output as in Figure A.1.
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Figure A.1: Generic example of a convolution operation between an image and filter of sizes (5
× 5) and (3 × 3) respectively.

Figure A.2: A virtual representation of the convolution operation as a matrix-vector
multiplication operation. The output image would then be reshaped to a (3 × 3) feature map.

The convolution operation can be represented instead as a matrix-vector multipli-
cation operation, i.e., as in equation (3.15) for Vjk, the jth output feature map of the kth

layer, denoted as Vjk, will be of size (Rk × Ck) and is given by

Vjk = Bjk + reshape(
mk−1

∑
a=1

WajkVa(k−1)), (A.20)

where Bjk is the bias matrix with size (Rk × Ck) filled with the bjk entries, Wajk is a Toeplitz
matrix representing the filter matrix of size (RkCk × Rk−1Ck−1) connecting the ath feature
map of the k−1th layer with the jth output feature map of the kth layer, Va(k−1) represents
the flattened ath feature map of the k − 1th layer with size (Rk−1Ck−1 × 1), and the reshape
function is to signify that ∑mk−1

a=1 WajkVa(k−1) will be reshaped from a (RkCk × 1) vector to
a (Rk × Ck) matrix.
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A3: Convergence of Adam

In this section, we will be following the work by Reddi et al. (2019) and Zhang et al.
(2022) to discover if there is any gap between theory and practice.

A3.1: Preliminaries

In this section, we will be analyzing the convergence of Adam and its variants by dis-
cussing the research made by Kingma and Ba (2017), Reddi et al. (2019), Shi et al. (2020)
and Zhang et al. (2022). We are doing this since we will use Adam in the application
for this chapter. We will be briefly going into some notation on the optimization setup
used by Kingma and Ba (2017), which was the online learning framework proposed as
in Zinkevich (2003).

Given that we consider Q iterations and a learning algorithm with error function E,
we will have a sequence of Q convex error functions denoted by E1, E2, ..., EQ, where
Eq represents the error contributed by the qth sample batch for q ∈ [1, Q]. Here, we are
expecting E and each Eq for q ∈ [1, Q] to represent the same type of error function. In
general, the results presented in this section rely on the function E(W) having a finite-
sum structure as in equation (A.21) as presented in Vaswani et al. (2018), where our aim
is to find the tensor of weights W that yields minimal error E(W), i.e.,

min
W

E(W) = min
W

Q

∑
q=1

Eq
(W). (A.21)

At each iteration q, a tensor of parameters Wq is chosen and we denote its error as
Eq(Wq), which represents the error of the learning algorithm with respect to parameters
Wq. Initially, we would expect Eq(Wq) to be large but it is expected that it would
gradually decrease as the iterations go on due to the updated weights Wq. Given that
we have tensors of parameters W1, W2, ..., WQ, we represent the overall error of the
algorithm until iteration Q as

CQ
on =

Q

∑
q=1

Eq
(Wq

). (A.22)

To analyze the performance of an algorithm given CQ, we would compare our perfor-
mance against an ’offline’ learning framework that would have all of the information
known to it before needing to make a decision. Given the error functions E1, E2, ..., EQ,
this framework would choose a tensor of parameters W that would best minimize equa-
tion (A.22) (Zinkevich, 2003), i.e.,

CQ
o f f =

Q

∑
q=1

Eq
(W). (A.23)
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By choosing only one tensor of parameters W, equation (A.23) is assuming that W

would remain the optimal choice over all iterations. Given equation (A.22) and the
minimum of equation (A.23), the difference between these two equations would give
us the regret. Ideally, we would try to minimize the regret since it would mean that the
performance of our algorithm in the defined online learning framework would be com-
parable to that of an offline learning framework. The regret of the learning algorithm
after Q iterations is given by

RQ
=

Q

∑
q=1

Eq
(Wq

) −min
W

Q

∑
q=1

Eq
(W). (A.24)

An algorithm is said to perform well if its ’regret is sublinear as a function of Q’ meaning
that RQ = O(Q), where the notation O is known as the Bachmann–Landau notation and
is used to describe how closely a finite series approximates a given function (Bachmann
(1894), Hazan (2016)). This implies that, on average, the algorithm performs on par with
the most effective fixed strategy determined in hindsight.

A3.2: The Non-Convergence of Adam

Zinkevich (2003) introduced an online learning framework for Online Gradient Descent
(OGD) and proved that it attains a regret bound of O(

√
Q) for the algorithm. OGD

uses a fixed step size in its update rule, meaning that the algorithm is not taking into
consideration the characteristics of the data being observed (Wang et al., 2019). As such,
the regret bound of O(

√
Q) is independent of the data in question and does not benefit

from its structure (Wang et al., 2019). The various adaptive optimization algorithms that
we have seen so far in previous sections try to address this limitation and make use of
data to dynamically adjust the step size at each iteration.

Kingma and Ba (2017) evaluated Adam’s theoretical convergence behaviour, deriv-
ing a regret bound for its convergence rate that matches state-of-the-art benchmarks
under the online convex optimization framework. Under the assumption of bounded
gradients of Eq(W) and a linearly decreasing β1 over time to 0, i.e., β1 → 0, the regret
bound of Adam is guaranteed to be O(

√
Q). The suggestion of decreasing β1 over time

towards zero was introduced by Sutskever et al. (2013), where they had shown that the
reduction of momentum near the end of training can improve convergence.

Adaptive optimization algorithms have been observed to diverge in some settings.
Kingma and Ba (2017) had proved the convergence of Adam for online convex opti-
mization problems; however, Reddi et al. (2019) had discussed possible flaws in the
proof made by Kingma and Ba (2017) which could lead to non-convergence under cer-
tain hyperparameter configurations with β1 and β2. Both Shi et al. (2020) and Zhang
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et al. (2022) expanded on the work done by Reddi et al. (2019) where they proved that
RMSprop and Adam can converge under certain hyperparameter assumptions on β1

and β2.
One thing worth noting between the works of Reddi et al. (2019), Shi et al. (2020)

and Zhang et al. (2022) is with their interpretation of divergence. Both Shi et al. (2020)
and Zhang et al. (2022) had interpreted divergence as ’diverging to infinity’ instead of
’not converging to an optimal solution’ which was the notion used in Reddi et al. (2019).
We will be following the notion used by Shi et al. (2020) and Zhang et al. (2022) since
’not converging to an optimal solution’ can include the case of converging to a bounded
region near critical points.

Reddi et al. (2019) had shown an example which proved that Adam and other adap-
tive optimization algorithms like RMSprop and AdaDelta diverge for a wide range of
hyperparameters. In this example, they had presented a constrained problem meaning
that divergence to infinity cannot theoretically happen; however, Shi et al. (2020) had
made another example with it being an unconstrained problem where the iterates and
the gradients can diverge to infinity given small values of β2. We will be presenting
the example by Reddi et al. (2019) here. Given x ∈ [−1, 1], C ≥ 2 and iteration q, the
counter-example presented by Reddi et al. (2019) considers the linear functions f q with
the following function sequence:

f q
(x) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

Cx, for q mod 3 = 1,

−x, otherwise.
(A.25)

For this example, x = −1 yields the minimum regret. When using Adam with equa-
tion (A.25), Reddi et al. (2019) had chosen a small β2 value of β2 = 1

1+C2 along with
other hyperparameter values of β1 = 0 and γ <

√
1− β2. They go on to prove that

for this convex problem, Adam does not converge to an optimal solution when β2 ≤

min{C− 4
C−2 , 1 − ( 9

2C)2}, where Adam converges to x = 1 (Zhang et al., 2022). For this
example, SGD and AdaGrad would not have a problem converging to an optimal solu-
tion.

Reddi et al. (2019) present a general result where if β1 and β2 satisfy certain criteria,
then for a convex optimization problem, the Adam algorithm will diverge, i.e.,

Theorem 3.1: Given any constants β1, β2 ∈ [0, 1) such that β1 <
√

β2, there is an online
convex optimization problem where Adam has non-zero average regret, i.e., RQ/Q /→ 0 as Q →
∞.

They then go on to strengthen this result via Theorem 3.2 which considers the stochas-
tic optimization setting, i.e.,

7
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Theorem 3.2: Given any constant β1, β2 ∈ [0, 1) such that β1 <
√

β2, there is a stochastic
convex optimization problem for which Adam diverges.

We refer to Reddi et al. (2019) for the proof of Theorems 3.1 and 3.2. Theorem 3.1
shows that in situations where there is a small β2, adaptive algorithms could diverge.
As such, the convergence of adaptive algorithms like RMSprop and Adam are in general
dependent on the value of β2 (Shi et al., 2020). The theory by Shi et al. (2020) and
Zhang et al. (2022) also confirm that β2 needs to be large enough since otherwise it
could lead to divergence. This suggests that having a large β2 as Kingma and Ba (2017)
had recommended is very important. The choice of β1 is also restricted to β1 <

√
β2

as mentioned in Theorems 3.1 and 3.2, where with large enough β2, β1 can be chosen
anywhere in the range β1 <

√
β2 without being at risk of divergence as in Theorem 3.1.

Such results also highlight that the hyperparameters β1 and β2 are problem-dependent
meaning that they vary problem to problem and as such need to be manually tuned to
avoid bad convergence behaviour (Reddi et al. (2019), Shi et al. (2020)).

Given the step size at two adjacent iterations γq and γq−1, the following quantity
Γq helps to quantify the difference in the inverse step size of the adaptive optimization
algorithm iteration by iteration:

Γq
=

1
γq −

1
γq−1 , (A.26)

where in the case of Adam it would be defined as

Γq
=

√

M̃
q
2 + ε

γ
−

√

M̃
q−1
2 + ε

γ
. (A.27)

where M̃
q
2 are defined as in equation (3.44) and ε is a very small negligible value.

According to Reddi et al. (2019), the main cause of divergences of such adaptive
optimization algorithms is mainly controlled by the difference there would be between
the inverses of the step sizes of two adjacent iterations as in equation (A.26) (Zou et al.,
2018). In the case of SGD and AdaGrad, we observe that for the example given in equa-
tion (A.25), we would have Γq ⪰ 0 for all iterations due to ’non-increasing’ step sizes
in their update rules (Reddi et al., 2019). In settings where adaptive optimization algo-
rithms do not converge to an optimal solution, it has been observed that it is rare for
there to be minibatches with large gradients, where such minibatches would provide
valuable information to the network. However, due to the use of an exponential mov-
ing average, the influence of these large gradients would eventually wane out which
would lead to poor convergence where in such situations for iteration q, the positive-
definiteness of Γq could be violated (Reddi et al., 2019).

8



Appendix A.

Reddi et al. (2019) had concluded that the failure of Adam to converge to an optimal
solution is brought about due to the exponential moving average used in the algorithm.
The convergence issues are brought about by the updates reliance on solely using the
gradients of the past few iterations as reference, where if the optimization algorithm
had a long-term memory of past gradients instead of a fixed window of recent gradi-
ents then convergence would be ensured. To counter these convergence issues, Reddi
et al. (2019) had proposed AMSGrad which is similar to Adam but relies on long-term
memory of past gradients instead of an exponential average of past squared gradients
and is guaranteed to converge under certain conditions (Shi et al., 2020). At a particu-
lar iteration q, the aim of AMSGrad is to maintain positive-semi definiteness of Γq, i.e.,
Γq ⪰ 0 for all iterations and it does this by making M̃

q
2 non-decreasing. AMSGrad is

equipped with data-dependant regret bounds, which are O(
√

Q) in the worst case and
become tighter when gradients are sparse (Wang et al., 2019). Note that AMSGrad still
assumes bounded gradients of Eq(W) and a linearly decreasing β1 to 0 similar to Adam,
although Alacaoglu et al. (2020) had relaxed the assumption of linearly decreasing β1 to
0 to constant β1 while maintaining data-dependent regret bounds of O(

√
Q).

Reddi et al. (2019) addressed the convergence question of adaptive algorithms like
Adam in the case of small β2 where this would lead to divergence; however, does Adam
provably converge in the case of large β2? Shi et al. (2020) remark that with proper
hyperparameter tuning and a sufficiently large β2 value, RMSprop does not have con-
vergence issues that often in practice. They also noted that from the example given in
equation (A.25), Reddi et al. (2019) had not tested if large values of β2 leads to conver-
gence, where Shi et al. (2020) noted that larger values of C would require a β2 value
closer to 1 for convergence since otherwise the algorithm would diverge.

A3.3: Adam Converges with Appropriate Hyperparameters

It is worth noting that, regardless of the convergence issues raised in the previous sec-
tion, both RMSprop and Adam are still very popular algorithms used in practice. Both
algorithms work well in practice even though hyperparameters for β1 and β2 would of-
ten be defined as in Theorem 3.2 which would satisfy the divergence condition (Zhang
et al., 2022). As such, most researchers had investigated whether there could be a large
theory-practice gap, where the theoretical analysis of RMSprop and Adam does not
match how it is used in practice (Shi et al. (2020), Zhang et al. (2022)). Indeed, the as-
sumption of linearly decreasing β1 to 0 by Kingma and Ba (2017) and Reddi et al. (2019)
is unlike what is done in practice, where generally a constant value of β1 and β2 are
chosen.
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In practice, we would generally have a problem at hand where we would then pro-
ceed to find suitable values for β1 and β2 which is unlike what was done in Reddi et al.
(2019), where the values of β1 and β2 were chosen first and then the problem was found
as in equation (A.25). For example, many applications in practice use the default values
of the hyperparameters recommended by Kingma and Ba (2017) for β1 and β2 at 0.9 and
0.999, respectively, which would fall in the divergence region β1 <

√
β2. There are other

possible examples which would have different β1 and β2 values from the default but
would still fall in this divergence region and they would not encounter any divergence
issues while achieving good performance (Zhang et al., 2022).

Zhang et al. (2022) presented several experiments where values of β1 and β2 falling
in the region of [0, 1)2 were chosen and the convergence of Adam was tested. In such
experiments, they found that in the case of a small value of β2 and any value of β1 from
a wide range of values, there were divergence regions of (β1, β2) where Adam always
performs poorly with relatively large error. However, there were regions of (β1, β2)

where Adam performs very well, specifically when there is a large value of β2. Due to
this, it is possible that Adam can converge for any problem as long as both parameters
are chosen properly, particularly the value of β2 (Zhang et al., 2022).

In their analysis, both Shi et al. (2020) and Zhang et al. (2022) make two assump-
tions, first they assume that at any iteration q, Eq satisfies the Lipschitz gradient continuous
property with Lipschitz constant L and that E is lower bounded by some finite constant
E∗ (for the definition of a Lipschitz gradient continuous function, refer to Definition A1
in Appendix A for detail). The other assumption they define is that

Q

∑
q=1

∥
∂Eq

∂W
∥2 ≤ D1∥

∂E
∂W

∥2 +D0, (A.28)

where Q represents the total number of iterations/minibatches, both D0 and D1 are
non-negative constants and ∥.∥2 represents the l2-norm. In the case when D0 = 0, the as-
sumption from equation (A.28) would be known as the Strong Growth Condition (SGC).
The SGC relates the rates at which the l2-norm of the stochastic gradients decrease rel-
ative to the batch gradient (Vaswani et al., 2018). For this to hold when ∂E

∂W
= O, where

O represents a tensor of zeros of same size as W, then we would have the ∂Eq

∂W
= O well

for all q. For over-parameterized deep neural networks, the SGC property is reason-
able since such models are expressive enough to fit or interpolate the training dataset
completely (Vaswani et al., 2018).

Shi et al. (2020) pointed out three different algorithm behaviours, notably the situ-
ation where the algorithm diverges, the algorithm converges to a bounded region near
critical points or the algorithm converges to critical points. For equation (A.28), Shi

10
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et al. (2020) had divided optimization problems into two cases, one where D0 > 0 and
the other when D0 = 0. When D0 = 0, we say that the optimization problem is realizable
and it is non-realizable when D0 > 0 (Shi et al., 2020).

Under the necessary requirement of large β2 that is above some threshold α, Zhang
et al. (2022) had presented a convergence result with Theorem 3.3 that would ensure the
convergence of Adam under certain assumptions.

Theorem 3.3: Assume that we have an error function E which is lower bounded by E∗

and that Eq satisfies the Lipschitz gradient continuous property with constant L given as in
equation (A.1). Also assume a number of iterations Q and that equation (A.28) holds for fixed
D0 and D1. Given that β1 <

√
β2 < 1, with β2 greater than or equal to some threshold α, and

a learning rate γ with step sizes γq =
γ√q at iteration q, then for ω∗ ∈ N satisfying ω∗ ≥ 4

and β
(ω∗−1)Q
1 ≤

βQ
1√

ω∗−1
we have the following result for any total number of epochs Ω such that

Ω > ω∗:

min
ω∈[ω∗,Ω]

E[min{

√
2D1

D0
∥

∂Eω,1

∂Wω,0 ∥
2
2, ∥

∂Eω,1

∂Wω,0 ∥2}] = O(
log Ω
√

Ω
) +O(

√
D0), (A.29)

where Wω,0 represents the starting weights of the ωth epoch from the previous epoch. In the case
where ω is the first epoch, then Wω,0 represents the randomly initialized weights at the start of
training. When the optimization problem is realizable, then the result changes to the following:

min
ω∈[ω∗,Ω]

E[∥
∂Eω,1

∂Wω,0 ∥2}] = O(
log Ω
√

Ω
), (A.30)

since D0 = 0.
We refer to Zhang et al. (2022) for the proof of Theorem 3.3. In the case of non-

realizable problems with similar conditions as in Theorem 3.3 with a large enough β2,
Adam converges to a bounded neighbourhood near critical points (Shi et al. (2020),
Zhang et al. (2022)). This is because even for convex optimization problems, the ef-
fective step size γq

√
M̃

q
2+ε

does not necessarily decay even with the decreasing step size

γq and hence Adam does not reach exactly zero gradient (Vaswani et al. (2018), Zhang
et al. (2022)). The size of this bounded neighbourhood near critical points depends on
the variance of the stochastic gradients (Zhang et al., 2022). On the other hand, in the
case of realizable problems, then Adam can converge to critical points (Zhang et al.,
2022).

When β2 would fall below the threshold α, then Adam would be liable to divergence.
Zhang et al. (2022) had generalized Theorem 3.1 by relaxing the condition of β1 <

√
β2

and considering it in the case of fixed Q instead of Q →∞, i.e.,

11
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Corollary 3.1: Given any constant β1, β2 ∈ [0, 1), there exists a convex function that
satisfies the two assumptions we defined earlier for which the Adam’s iterates and function values
diverge to infinity.

We refer to Zhang et al. (2022) for the proof of Corollary 3.1. In the general setting
where the default values of β1 and β2 are taken to be 0.9 and 0.999 respectively, Theo-
rem 3.3 would cover the convergence of Adam since β1 = 0.9 falls under the minimum
possible β1 value of β1 =

√
β2 = 0.9995. Corollary 3.1, similarly as in Theorem 3.1, high-

lights that there is a region of (β1, β2) in which Adam diverges. This divergence region
would fall below the threshold α meaning that the result is consistent with Theorem 3.3
(Zhang et al., 2022). To be above the threshold of α, a value of β2 ≥ 1 −O(

1−β1
Q2ζ

) is re-
quired, where ζ represents a constant observed to be valued at around ζ = O(Q) (Zhang
et al., 2022). Note that larger values of β1 increase the value of the threshold α. Similarly
as Q increases, the threshold α gets larger. The main difference between Theorems 3.1
and 3.4 is that Reddi et al. (2019) had considered the case where they allow Q to change,
whereas Zhang et al. (2022) considers the case where Q is fixed. As Q gets larger, the di-
vergence region of (β1, β2) grows and converges to the whole region of (β1, β2) = [0, 1)2,
which recovers the divergence result raised in Theorem 3.1 by Reddi et al. (2019) that
required β1 <

√
β2 (Zhang et al., 2022).

A4: Universal Approximation Theorem for CNNs - Proofs

Lemma 3.1: Given a 2D input image F ∈ RRxR and G ∈ R5x5 where R > 2, then there exists
G1

i,j, G2
i,j ∈ R3x3 for i, j = −1, 0, 1 such that

G ∗ F = ∑
i,j=−1,0,1

G1
i,j ∗G2

i,j ∗ F, (A.31)

where ∗ means the convolution operation with one filter and periodic padding.
Proof: Considering the following example where

G1
−1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 0
0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
−1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 1 0
0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
−1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 1
0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

G1
0,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
1 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
0,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 1 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
0,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 1
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (A.32)

G1
1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0
1 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0
0 1 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G1
1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0
0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

12
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and

G2
−1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−2,−2 0 0
0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
−1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−2,−1 G−2,0 G−2,1

0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
−1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 G−2,2

0 0 0
0 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

G2
0,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−1,−2 0 0
G0,−2 0 0
G1,−2 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
0,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−1,−1 G−1,0 G−1,1

G0,−1 G0,0 G0,1

G1,−1 G1,0 G1,1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
0,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 G−1,2

0 0 G0,2

0 0 G1,2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (A.33)

G2
1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0

G2,−2 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0

G2,−1 G2,0 G2,1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 0
0 0 0
0 0 G2,2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

then the result from equation (A.31) would follow. ∎

Theorem 3.4: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1), where R > P,
then there exists G1

i,j ∈ R3x3 and G2
i,j ∈ R(2P−1)x(2P−1) for i, j = −1, 0, 1 such that

G ∗ F = ∑
i,j=−1,0,1

G1
i,j ∗G2

i,j ∗ F, (A.34)

where ∗ means the convolution operation with one filter and periodic padding.
Proof: For any G ∈ R(2P+1)x(2P+1), consider its decomposition as

G = ∑
i,j=−1,0,1

Ĝi,j, (A.35)

where Ĝi,j ∈ R(2P+1)x(2P+1), for i, j = −1, 0, 1, are given as

Ĝ−1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P,−P 0 ⋯ 0
0 0 ⋮ ⋮

⋮ ⋯ ⋱ 0
0 ⋯ 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G2
−1,−1

0 0
⋮ ⋮

0 ⋯ 0 0
0 ⋯ 0 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

Ĝ−1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 G−P,−P+1 ⋯ G−P,P−1 0
0 0 ⋯ 0 ⋮

⋮ ⋱ 0 ⋯ 0
0 ⋯ 0 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 G2
−1,0 0

⋮ ⋮

0 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

⋮

13
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Ĝ1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 ⋯ 0
0 ⋱ ⋮ ⋮

⋮ ⋱ 0 0
0 ⋯ 0 GP,P

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 ⋯ 0
0 0 ⋯ 0
⋮ ⋮

G2
−1,−10 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

and G2
i,j ∈ R(2P−1)x(2P−1)

G2
−1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P,−P 0 ⋯ 0
0 0 ⋮ ⋮

⋮ ⋯ ⋱ ⋮

0 ⋯ ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
−1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P,−P+1 ⋯ G−P,P−1

0 ⋯ 0
⋮ ⋱ ⋮

0 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
−1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ⋯ 0 G−P,P

⋮ ⋱ 0 0
⋮ ⋮ ⋱ ⋮

0 ⋯ ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

G2
0,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P+1,−P 0 ⋯ 0
⋮ ⋮ ⋮ ⋮

⋮ 0 ⋮ 0
GP−1,−P 0 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
0,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

G−P+1,−P+1 ⋯ G−P+1,P−1

⋮ ⋱ ⋮

GP−1,−P+1 ⋯ GP−1,P−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
0,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ⋯ 0 G−P+1,P

⋮ ⋱ ⋮ ⋮

0 ⋯ 0 ⋮

0 ⋯ 0 GP−1,P

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

G2
1,−1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ⋯ ⋯ 0
⋮ ⋱ ⋮ ⋮

0 0 ⋱ 0
GP,−P 0 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
1,0 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ⋯ 0
⋮ ⋱ ⋮

0 ⋯ 0
GP,−P+1 ⋯ GP,P−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, G2
1,1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ⋯ ⋯ 0
⋮ ⋱ ⋮ ⋮

⋮ ⋯ 0 0
0 ⋯ 0 GP,P

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

(A.36)
We need to verify that

Ĝi,j ∗ F = G1
i,j ∗G2

i,j ∗ F, (A.37)

for i, j = −1, 0, 1.
In the case of periodic padding, we notice that for 1 ≤ r, c ≤ R:

[G2
i,j ∗ F]r,c = Fr+i,c+j (A.38)

for i, j = −1, 0, 1. Since for 1 ≤ r, c ≤ R and i, j = −1, 0, 1, we have that

[G1
i,j ∗G2

i,j ∗ F]r,c = ∑
p,q=−P+1,...,P−1

[G1
i,j]p,q[G2

i,j ∗ F]r+p,c+q

= ∑
p,q=−P+1,...,P−1

[G1
i,j]p,q[F]r+p+i,c+q+j

= ∑

p
′=−P+1+i,...,P−1+j,

q
′=−P+1+j,...,P−1+j

[G1
i,j]p′−i,q′−j[F]r+p′ ,c+q′

= ∑
p′ ,q′=−P,...,P

[Ĝi,j]p′ ,q′ [F]r+p′ ,c+q′ ,

(A.39)
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which when referring to equation (3.12), we will get

[G1
i,j ∗G2

i,j ∗ F]r,c = [Ĝi,j ∗ F]r,c, (A.40)

then the result follows. ∎

Theorem 3.5: Given a 2D input image F ∈ RRxR and G ∈ R(2P+1)x(2P+1)xm, where R > P
and m represents the number of feature maps, then there exists a series of filters G1

υ ∈ R3x3xcυ−1xcυ

and G2 ∈ R3x3x(2υ−1)2xm for number of feature maps per layer given as cυ = (2υ + 1)2 and layer
number υ = 1, ..., P − 1 such that

G ∗ F = G2
∗G1

P−1 ∗⋯∗G1
1 ∗ F, (A.41)

where ∗ means the convolution operation with multiple filters and periodic padding.
Proof: Given that υ = 1, ..., P− 1 and υ

′

≤ υ, the index set Iυ has the following feature

((i1, j1), ..., (iυ, jυ)) ∈ Iυ ⇒ ((i1, j1), ..., (iυ′ , jυ′ )) ∈ Iυ′ , (A.42)

which means that we can define an operator πυ ∶ Iυ ↦ Iυ−1 such that

πυ(((i1, j1), ..., (iυ, jυ))) = ((i1, j1), ..., (iυ−1, jυ−1)). (A.43)

By fixing the following bijection Πυ ∶ {1, 2, ..., (2υ + 1)υ} ↦ Iυ for each I1, ...,Iυ−1, each
element in Iυ can be fixed to a unique position. Using this for a = 1, ..., cυ−1 and f =

1, ..., cυ, we can create G1
υ ∈ R3x3xcυ−1xcυ using

[G1
υ]a, f =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

G1
iυ,jυ , if Πυ( f ) = ((i1, j1), ..., (iυ, jυ)) and Πυ−1(a) = πυ(Πυ( f ))

0, otherwise,
(A.44)

for υ = 1, ..., P − 1.
Given that Πυ( f ) = ((i1, j1), ..., (iυ, jυ)) ∈ Iυ for 1 ≤ f ≤ (2υ + 1)2, we have

[G1
υ ∗⋯∗G1

1 ∗ F] f =
cυ−1

∑
a=1

[G1
υ]a, f ∗ [G1

υ−1 ∗⋯∗G1
1 ∗ F]a

= G1
iυ,jυ ∗ [G1

υ−1 ∗⋯∗G1
1 ∗ F]Π−1

υ−1(πυ(Πυ( f )))

= G1
iυ,jυ ∗G1

iυ−1,jυ−1
∗ [G1

υ−2 ∗⋯∗G1
1 ∗ F]Π−1

υ−2(πυ−1(πυ(Πυ( f ))))

= ⋯

= G1
iυ,jυ ∗G1

iυ−1,jυ−1
∗G1

iυ−2,jυ−2
∗⋯∗G1

i1,j1 ∗ F.

(A.45)

Using Theorem 3.4 on each filter [G]m of G, we have

[G]m ∗ F = ∑
((i1,j1),...,(iP−1,jP−1))∈IP−1

[G2
(i1,j1),...,(iP−1,jP−1)]m ∗G1

iP−1,jP−1
∗⋯∗G1

i1,j1 ∗ F. (A.46)
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Since (i1, j1), ..., (iP−1, jP−1) = Π−1
P−1(a), we have that

[G2
Π−1

P−1(a)]m = [G2
]a,m, (A.47)

which completes the proof. ∎

Lemma 3.3: For every F ∈ RRxR, A ∈ RR2xm and ξ1, ξ2 ∈ Rm for any m, there exists a con-
volutional filter G(2⌊ R

2 ⌋+1)x(2⌊ R
2 ⌋+1)xm, bias B ∈ RRxRxm, and weight vector w ∈ RmR2

such that

ξ1 ⋅ σ(Avec(F) + ξ2) = w ⋅ vec(σ(G ∗ F+ ξ2)). (A.48)

Proof: Given that R is odd valued so that we have R = 2⌊R
2 ⌋ + 1 and any m, then we

have

[G ∗ F]⌈ R
2 ⌉,⌈

R
2 ⌉,m

=

⌊ R
2 ⌋

∑

r,c=−⌊ R
2 ⌋
[G]r,c,m[F]⌈ R

2 ⌉+r,⌈ R
2 ⌉+c = vec([G]∶,∶,m) ⋅ vec(F). (A.49)

When we have the vector of unique biases B1 for the convolutional layer equal to ξ2,
vec([G]∶,∶,m] = [A]∶,m, and

[w]d′ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

[ξ1]m, if d
′

= (m − 1)R2 + ⌈R
2 ⌉

2

0, otherwise,
(A.50)

for any m, then the proof follows.
Given that R is even valued so that we have R = 2⌊R

2 ⌋ + 1 = R + 1 and any m, then we
have

[G ∗ F] R
2 +1, R

2 +1,m =

R
2

∑

r,c=− R
2

[G]r,c,m[F] R
2 +1+r, R

2 +1+c = vec([G]− R
2 ∶

R
2 −1,− R

2 ∶
R
2 −1,m) ⋅ vec(F). (A.51)

When we have similar conditions for ξ1 and ξ2 as before from the odd valued case
and additionally taking vec([G]− R

2 ∶
R
2 −1,− R

2 ∶
R
2 −1,m) = [A]∶,m and [G]− R

2 ∶
R
2 , R

2 ,m = [G] R
2 ,− R

2 ∶
R
2 ,m =

0, then the proof follows as well for the even valued case of R. ∎

Lemma 3.4: Given that ∆ is a bounded set in RRxR with F ∈ ∆ and that we have a filter
G ∈ R(2⌊ R

2 ⌋+1)x(2⌊ R
2 ⌋+1)xm and bias BRxRxm, then there is a series of filters Gυ ∈ R3x3xcυ−1xcυ

and biases Bυ ∈ RRxRxcυ with number of feature maps per layer given as cυ = (2υ + 1)2,
υ = 1, ..., ⌊R

2 ⌋ − 1 and c⌊ R
2 ⌋
= m such that

[G ∗ F+B]⌈ R
2 ⌉,⌈

R
2 ⌉,m

= [G⌊ R
2 ⌋
∗ f⌊ R

2 ⌋−1(F) +B⌊ R
2 ⌋
]⌈ R

2 ⌉,⌈
R
2 ⌉,m

, (A.52)
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for any m where f0(F) = F and

fυ(F) = σ(Gυ ∗ fυ−1(F) +Bυ). (A.53)

Proof: From Theorem 3.5 for cυ = (2υ + 1)2 and υ = 1, ..., ⌊R
2 ⌋ − 1, there exists G1

υ ∈

R3x3xcυ−1xcυ and G2 ∈ R3x3x(2⌊ R
2 ⌋−1)2)xm such that

G ∗ F = G2
∗G1

⌊ R
2 ⌋−1 ∗⋯∗G1

1 ∗ F, (A.54)

for F ∈ ∆. From equation (A.54), we can say that the series of filters Gυ = G1
υ, where

G⌊ R
2 ⌋
= G2.

The vectors of unique biases B1
υ can be defined as

[B1
υ] f = max

1≤r,c≤R
sup
F∈∆

∣[Gυ ∗ fυ−1(F)]r,c, f ∣, (A.55)

where f = 1, ..., cυ.
Since ∆ is bounded and the ReLu activation function σ is continuous, then [B1

υ] f < ∞

for all υ and f . This means that from equation (A.53), it follows that

fυ(F) = σ(Gυ ∗ fυ−1(F) +Bυ) = Gυ ∗ fυ−1(F) +Bυ. (A.56)

Also, note that we have

G R
2
∗ f R

2 −1(F) = G2
∗G1

⌊ R
2 ⌋−1 ∗⋯∗G1

1 ∗ F+B = G ∗ F+B, (A.57)

where

B =

R
2 −1

∑
υ=2

G2
∗G1

⌊ R
2 ⌋−1 ∗⋯∗G1

υ ∗Bυ−1 +G2
∗B R

2 −1 ∈ RRxRxm. (A.58)

Taking [B1
R
2
]m = [B1]m − [B]⌈ R

2 ⌉,⌈
R
2 ⌉,m

for any m concludes the proof. ∎

Theorem 3.7: Given that f ∶ ∆ ⊂ RR ↦ R and that ∆ is a bounded set with ∥ f ∥K(Y) < ∞,
then there exists a CNN function fm ∶ RR ↦ R with size (3 × 3) filters for number of feature
maps per layer cυ = (2υ + 1)2 and layer number υ = 1, ..., ⌊R

2 ⌋ − 1, where c⌊ R
2 ⌋
= m, such that

∥ f − fm∥L2(∆) ⪅ m− 1
2−

3
2R2 ∥ f ∥K(D). (A.59)

Proof: Given that F ∈ ∆, we assume that f NN
m (vec(F)) is the approximation of f (F)

using an ANN with one hidden layer as in Theorem 3.6. Using Lemmas 3.3 and 3.4, we
can say that there is a CNN function f CNN

m with multiple filters of size (3 × 3) such that
f NN
m (vec(F)) = f CNN

m (F). ∎
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Appendix B

B1: Tensor Properties and More Definitions

Definition B1: The Hadamard product of two matrices B and D of the same size, which is
represented by the ∗ operator, is defined as the element-wise matrix product and is given as
follows

B ∗D =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

b11d11 b12d12 ⋯ b1C2 d1C2

b21d21 b22d22 ⋯ b2C2 d2C2

⋮ ⋮ ⋱ ⋮

bC11dC11 bC12dC12 ⋯ bC1C2 dC1C2

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (B.1)

where B ∗D ∈ RC1×C2 is of the same size as B and D.

Proposition B1: For the Kronecker product, given F and G defined as in Section 4.2.2, then

(F⊗G)
†
= F†

⊗G†, (B.2)

where the ’obelus’ † symbol is a commonly used notation in theory to represent the Moore–Penrose
pseudoinverse or just pseudoinverse in short (Golub and Loan, 1986). Given matrices B, G and
E defined as in Section 4.2.2, a property which connects vectorization with the Kronecker product
is the following:

vec(BGE) = (ET
⊗B)vec(G). (B.3)

Proposition B2: For the Khatri-Rao product, the following property makes use of the Hadamard
product: given F and G defined as in Section 4.2.1, then

(F⊙G)
†
= ((FTF) ∗ (GTG))

†
(F⊙G)

T. (B.4)
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Proposition B3: For the Kronecker product, given two vectors w1 ∈ RR1 and w2 ∈ RR2 , then it
follows that

vec(w1wT
2) = w2 ⊗w1. (B.5)

Proposition B4: Given an order O tensor X, tensor H ∈ RF1×⋯×FO , matrices An ∈ RRn×Fn

for n = 1, ..., O, and two ordered sets r = {r1, ..., rl} and c = {c1, ..., cm} that partition the modes
1, ..., O of X, then we have

X = [[H; A1, ..., AO]] ⇐⇒ X(r×c) = (Arl ⋅ ⋯ ⋅Ar1)H(r×c)(Acm ⋅ ⋯ ⋅Ac1)
T. (B.6)

Also, given that we have the mode-n matricizations of X and H, then for any n ∈ N we have

X = [[H; A1, ..., AO]] ⇐⇒ X(n) = AnH(n)(AO ⋅ ⋯ ⋅An+1 ⋅An−1 ⋅ ⋯ ⋅A1)
T. (B.7)

Proposition B5: Given two order O tensors X and Y, then we have

∥X−Y∥
2
= ∥X∥

2
− 2⟨X, Y⟩ − ∥Y∥

2. (B.8)

Proposition B6: Given two order O tensors X ∈ RR1×⋯×Rn−1×J×Rn+1×⋯×RO ,
Y ∈ RR1×⋯×Rn−1×K×Rn+1×⋯×RO and a matrix A ∈ RJ×K, then we have

⟨X, Y ×n A⟩ = ⟨X ×n AT, Y⟩. (B.9)

Proposition B7: Given an order O tensor X ∈ RR1×⋯×RO and an orthonormal matrix A ∈

RJ×Rn , then we have
∥X∥ = ∥X ×n A∥. (B.10)

Proposition B8 (CP Decomposition of a Tensor using ALS Proof): Using the ALS ap-
proach, at each iteration, all but one of the factor matrices will be fixed. Given that the
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rank of an order O tensor X is Z > 0 and all factor matrices Am, where m ≠ N and
m, N ≤ O, are fixed where we are solving for AN , this means that the subproblem from
equation (4.26) can be defined as follows at each iteration

min
AN

∥X− [[A1, ..., AN , ..., AO]]∥. (B.11)

Using equation (4.25), equation (B.11) can be expressed in matrix form as

min
AN

∥X(N) −AN(AO ⊙⋯⊙AN+1 ⊙AN−1 ⊙⋯⊙A1)
T
∥, (B.12)

which is a classic least squares problem. We can derive the optimal solution to be

AN = X(N)[(AO ⊙⋯⊙AN+1 ⊙AN−1 ⊙⋯⊙A1)
T
]

†, (B.13)

which, when using Proposition B2, we could rewrite to

AN = X(N)(AO ⊙⋯⊙AN+1 ⊙AN−1 ⊙⋯⊙A1)
TV†, (B.14)

where
V = (AT

OAO) ∗⋯∗ (AT
N+1AN+1) ∗ (AT

N−1AN−1) ∗⋯∗ (AT
1 A1) (B.15)

is a symmetric matrix of size (Z × Z) (Kolda (2006)). The advantage of expressing the
pseudoinverse from equation (B.13) to (B.14) means that we will only require calculat-
ing the pseudoinverse of a matrix of size (Z × Z). At each iteration and for N = 1, ..., O,
the pseudoinverse of V would be calculated first before the calculation of AN . Note that
the factor matrices would need to be initialized in some way, where one way is to start
with random values or by using a higher-order generalization of SVD (Rasmus (2001)).

Definition B2: An order O tensor X is said to be superdiagonal if, given element
(r1, r2, ..., rO) of X, then

xr1r2...rO =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

1, when r1 = r2 = ⋯ = rO

0, otherwise.
(B.16)

B2: Tucker Decomposition

Tucker decomposition is seen as a form of higher-order Principal Component Analy-
sis (PCA), where it decomposes a tensor into a core tensor and multiple factor matrices
(Rabanser et al., 2017). When using Tucker decomposition, the core tensor would be
multiplied by a factor matrix along each mode, where the factor matrices here are a
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similar idea to the principal components in each respective mode. The entries of a core
tensor represent the level of interaction between the different components (or columns)
of the factor matrices (Kolda and Bader, 2009). Given an order 3 tensor X and that we
have pre-specified values PN such that 1 ≤ PN ≤ RN for N = 1, 2, and 3, then it can be
approximated by

X ≈ H ×1 A ×2 B ×3 C = [[H; A, B, C]] =

P1

∑
p1=1

P2

∑
p2=1

P3

∑
p3=1

hp1 p2 p3ap1 ○bp2 ○ cp3 , (B.17)

where H ∈ RP1×P2×P3 is the core tensor, and A = [a1, ..., aP1] ∈ RR1×P1 , B = [b1, ..., bP2] ∈

RR2×P2 , C = [c1, ..., cP3] ∈ RR3×P3 are the factor matrices with P1, P2 and P3 components,
respectively. Element-wise, for element (r1, r2, r3) of X, equation (B.17) can be written
as

xr1r2r3 ≈

P1

∑
p1=1

P2

∑
p2=1

P3

∑
p3=1

hp1 p2 p3 ar1 p1 br2 p2 cr3 p3 . (B.18)

Figure B.1 represents a visual illustration of equation (B.17).

Figure B.1: Figure visualizing the Tucker decomposition of an order 3 tensor X. Taken from
Kolda and Bader (2009).

In the case that we have P1 < R1, P2 < R2 and P3 < R3, then the Tucker decomposition
of X will result in a ’compression’ of X, where most of the variance of the tensor is
preserved (Austin et al., 2016). The compression of large-scale tensor data using Tucker
decomposition is a potent tool that is used in practice for more efficient data storage,
where the storage of the decomposed version of the tensor would be much smaller than
the original tensor (Kolda and Bader, 2009).

As in CP decomposition, equation (B.17) can be written in matricized form according
to the mode-1, mode-2, or mode-3 matricizations of X, respectively, i.e.,

X(1) ≈ AH(1)(C⊗B)
T,

X(2) ≈ BH(2)(C⊗A)
T,

X(3) ≈ CH(3)(B⊗A)
T,

(B.19)
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where H(1), H(2) and H(3) are the mode-1, mode-2, and mode-3 matricizations of H,
respectively.

When generalizing to an order O tensor X with pre-specified values of PN such that
1 ≤ PN ≤ RN for N = 1, ..., O (Kapteyn et al., 1986), then the Tucker decomposition of X is
given by

X ≈ H ×1 A1 ×2 A2 ×3 ⋯×O AO

= [[H; A1, ..., AO]]

=

P1

∑
p1=1

⋯

PO

∑
pO=1

hp1⋯pO a1,p1 ○⋯ ○ aO,pO ,

(B.20)

where H ∈ RP1×⋯×PO and the factor matrices A1 = [a1,1, ..., a1,P1] ∈ RR1×P1 , ..., AO = [aO,1, ..., aO,PO] ∈

RRO×PO . The mode-N matricization for equation (B.20) is given by

X(N) ≈ ANH(N)(AO ⊗⋯⊗AN+1 ⊗AN−1 ⊗⋯⊗A1)
T. (B.21)

Given an order O tensor X and P1, ..., PO, the goal is to find a set of factor matrices
A1, ..., AO and core tensor H which satisfy the following optimization problem

min
H,A1,...,AO

∥X− [[H; A1, ..., AO]]∥, subject to H ∈ RP1×⋯×PO , (B.22)

where the factor matrices are columnwise orthogonal. Given that the N-rank of X is
PN = FN such that FN = rankN(X) for N = 1, ..., O, then X is a rank-(F1, ..., FO) tensor and
its Tucker decomposition will be exact and trivial (Kolda, 2006). However, in the case
when FN < rankN(X) for one or more N, then the Tucker decomposition will be harder
to compute, where this version of Tucker decomposition is referred to as the truncated
version. Since the values FN need to be pre-specified, Kiers and der Kinderen (2003)
defined a procedure for choosing them based on Higher-Order SVD (HOSVD) and we
refer to their paper for more information regarding this.

There are several methods to compute the Tucker decomposition. One method is
based on a generalization of matrix SVD to tensors which is known as the HOSVD
method by (Lathauwer et al., 2000a). The idea of HOSVD is to find the components
in mode N that best capture the variation among all components in that mode, where
this is done independent of the other modes (Tucker (1966), Lathauwer et al. (2000a)).
Another popular method that is used is the Higher-Order Orthogonal Iteration (HOOI)
method, which is simply the ALS algorithm for Tucker decomposition (Liu et al., 2023).
It has a similar approach as we saw with CP decomposition, where all but one of the
factor matrices are fixed each time and the objective function in equation (B.22) is mini-
mized. Also, it is not guaranteed to converge to the global optimum or even a stationary
point (Lathauwer et al., 2000b).
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The Tucker operator can be expressed in terms of matricized tensors and the Kro-
necker product. We refer to Proposition B4 in Appendix B for more information on
these expressions. Using Proposition B4, the objective function presented in equation
(B.22) can be rewritten in vectorized form as follows

∥X− [[H; A1, ..., AO]]∥ = ∥vec(X) − (AO ⊗ ⋯ ⊗A1)vec(H)∥, (B.23)

whose solution is given by

vec(H) = (AO ⊗ ⋯ ⊗A1)
†vec(X). (B.24)

Since the matrices are orthonormal, then using equation (B.2) we have

vec(H) = (AT
O ⊗ ⋯ ⊗AT

1)vec(X). (B.25)

Using Proposition B4 again, then it follows that we have

H = X ×1 AT
1 ×2 AT

2 ×3 ⋯×O AT
O = [[X; AT

1 , ..., AT
O]]. (B.26)

The objective function in equation (B.22) can be rewritten as a maximization prob-
lem. For this, we consider the following squared objective function:

∥X− [[H; A1, ..., AO]]∥
2. (B.27)

Using Proposition B5, we have that

∥X− [[H; A1, ..., AO]]∥
2
= ∥X∥

2
− 2⟨X, [[H; A1, ..., AO]]⟩ + ∥[[H; A1, ..., AO]]∥

2. (B.28)

The middle term in equation (B.28) can be simplified using Proposition B6 as follows

⟨X, [[H; A1, ..., AO]]⟩ = ⟨[[X; AT
1 , ..., AT

O]], H⟩ = ∥H∥
2. (B.29)

The last term in equation (B.28) can be simplified using Proposition B7 as follows

∥[[H; A1, ..., AO]]∥ = ∥H∥. (B.30)

Hence, inputting equations (B.29) and (B.30) into (B.28) gives us the following

∥X− [[H; A1, ..., AO]]∥
2
= ∥X∥

2
− ∥H∥

2, (B.31)

where ∥X∥2 is constant. As such, the optimization problem from equation (B.22) can be
reformulated to a maximization problem using equation (B.31), i.e.,

max
A1,...,AO

∥[[X; AT
1 , ..., AT

O]]∥, (B.32)
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where similarly the factor matrices are columnwise orthogonal. Using an ALS approach,
all factor matrices Am, where m ≠ N and m, N ≤ O, are fixed excluding AN and we look
to solve for AN from equation (B.32). From here, the objective function in equation (B.32)
can be simplified further. Defining Z ≡ [[X; AT

1 , ..., AT
N−1, I, AT

N+1, .., AT
O]], then equation

(B.32) becomes
max

AN
∥Z ×N AT

N∥ ≡ ∥AT
NZ(N)∥, (B.33)

where Z(N) = X(N)(AO ⊗ ⋯ ⊗AN+1 ⊗AN−1 ⊗ ⋯ ⊗A1). The solution for the subprob-
lem in equation (B.33) can be found by using the matrix SVD of Z(N). The factor matri-
ces A1, ..., AO need to be initialized, where generally they are initialized using HOSVD
(Kolda and Bader (2009)).

Note that CP decomposition can be seen as a special case of Tucker decomposition
when the core tensor is superdiagonal and we have P1 = P2 = ... = PO, where this implies
that the factor matrices A1, ..., AO would all have the same number of columns. Given
that we have both of these constraints as assumptions and working element-wise for
element (r1, ..., rO) of X and element (p1, ..., pO) of H, then when opening the summa-
tions of equation (B.20) there would be non-zero hp1⋯pO only in the diagonal values of
the core tensor since P1 = P2 = ... = PO and H is superdiagonal. This would simplify to
as follows

xr1⋯rO ≈

P1

∑
p1=1

⋯

PO

∑
pO=1

hp1⋯pO ar1 p1⋯arO pO

=

P1

∑
p1=1

hp1⋯p1 ar1 p1⋯arO p1 ,

(B.34)

where hp1⋯p1 = 1 which means that [[A1, ..., AO]] is a CP decomposition of X. Since
Tucker decomposition does not assume that P1 = P2 = ... = PO, this allows the value PN

to differ along the different modes with the factor matrices having differing number of
columns, which allows more flexibility compared to CP decomposition. This flexibility
is useful in certain situations, such as when the tensor is skewed in dimensions (for
example, we have two dimensions but one dimension is far larger than the other) (Li,
2014).

Given the order 3 tensor X ∈ R4×3×2 defined in Section 4.2.1, we will show an exam-
ple using Tucker decomposition. Given that we have P1 = 3, P2 = 2 and P3 = 2, then the
Tucker decomposition of X is given by

X ≈
3

∑
p1=1

2

∑
p2=1

2

∑
p3=1

hp1 p2 p3az ○bz ○ cz, (B.35)
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where the core matrix H ∈ R3×2×2 has front and back frontal slices

H∶∶1 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

69.63 −0.07
−0.018 −0.784

−0.000001 0.0000006

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, H∶∶2 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

−0.011 −1.61
−6.919 −0.701

−0.0000002 −0.0000003

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

,

respectively, and the factor matrices A ∈ R4×3, B ∈ R3×2 and C ∈ R2×2 are

A =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.344 0.762 −0.235
0.44 0.326 −0.055
0.536 −0.111 0.816
0.632 −0.548 −0.525

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, B =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0.541 0.735
0.577 0.029
0.612 −0.677

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, C =

⎡
⎢
⎢
⎢
⎢
⎣

0.353 0.935
0.935 −0.353

⎤
⎥
⎥
⎥
⎥
⎦

.

B3: Uniqueness of Tucker Decomposition

We saw that CP decomposition can be unique under certain conditions; however, Tucker
decompositions are not unique (Kolda and Bader, 2009). For example, assume that
we have an order 3 tensor X, pre-specified values PN such that 1 ≤ PN ≤ RN for N =

1, 2, and 3, factor matrices A ∈ RR1×P1 , B ∈ RR2×P2 , C ∈ RR3×P3 and core tensor H ∈

RP1×P2×P3 as defined in equation (B.17). Given nonsingular matrices X ∈ RP1×P1 , Y ∈

RP2×P2 , Z ∈ RP3×P3 , then

X ≈ H ×1 A ×2 B ×3 C = [[H; A, B, C]] = [[H ×1 X ×2 Y ×3 Z; AX−1, BY−1, CZ−1
]], (B.36)

showing that the Tucker decomposition in equation (B.17) is not unique. It follows that
the core tensor can be modified without changing the overall fit by also applying the
inverse modification to the factor matrices; hence, nonuniqueness follows (Kolda and
Bader, 2009). Thus, Tucker decomposition is not identifiable due to this nonsingular
transformation indeterminancy (Li, 2014). To improve uniqueness, additional constraints
on the core tensor can be applied. This includes transformations to simplify the core
tensor such that most of its elements are zero, which helps to eliminate interactions of
the core tensor with the corresponding components (Tucker, 1966).

B4: Tucker TR and Multinomial TR Models

Alternatively, we can use Tucker decomposition instead of CP decomposition, where
we would have a Tucker TR model. For pre-specified values of PN such that 1 ≤ PN ≤ RN

for N = 1, ..., O, we assume that W follows a Tucker decomposition of the form

W = [[H; W1, ..., WO]] =

P1

∑
p1=1

⋯

PO

∑
pO=1

hp1⋯pO w1,p1 ○⋯ ○wO,pO , (B.37)
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where H ∈ RP1×⋯×PO is the core tensor and W1 = [w1,1, ..., w1,P1] ∈ RR1×P1 , ..., WO =

[wO,1, ..., wO,PO] ∈ RRO×PO are the factor matrices with P1, ..., PO components, respectively.
By substituting equation (B.37) to equation (4.36), we will get

g(µ(X)) = b + ⟨

P1

∑
p1=1

⋯

PO

∑
pO=1

hp1⋯pO w1,p1 ○⋯ ○wO,pO , X⟩. (B.38)

This decomposition reduces the number of parameters that need to be estimated to

∑
O
N=1 PN RN . Similarly, an additional vector of variables z ∈ RR0 can be added in equation

(B.38) as in equation (4.39), meaning that equation (B.38) can be updated to

g(µ(X)) = b + ζTz+ ⟨

P1

∑
p1=1

⋯

PO

∑
pO=1

hp1⋯pO w1,p1 ○⋯ ○wO,pO , X⟩. (B.39)

In the case of Tucker decomposition for the multinomial TR model defined in equa-
tions (4.41) and (4.42), for pre-specified values of PN such that 1 ≤ PN ≤ RN for N =

1, ..., O, we assume that W(r) follows a Tucker decomposition of the form

W(r)
= [[H(r); W(r)

1 , ..., W(r)
O ]] =

P1

∑
p1=1

⋯

PO

∑
pO=1

h(r)
p1⋯pO w(r)

1,p1
○⋯ ○w(r)

O,pO
, (B.40)

where H(r) ∈ RP1×⋯×PO is the core tensor and W(r)
1 ∈ RR1×P1 , ..., and W(r)

O ∈ RRO×PO are
the factor matrices with P1, ..., PO components, respectively. A tensor decomposition is
done for each W(r) for r = 1, ..., L− 1, where the model will have a total of (L− 1) ∗ (R0 +

∑
O
N=1 PN RN) parameters.

B5: MLE for Tucker TR Model

The overall process follows similarly as in Section 4.2.2.1. The log-likelihood to be max-
imized will be as follows

l(b, H, W1, ..., WO∣D) =
n
∑
i=1

liθi − b(θi)

a(φ)
+

n
∑
i=1

c(li, φ), (B.41)

where similarly as before, θi is related to the regression parameters (b, H, W1, ..., WO)

through equation (4.36).
It follows that equation (4.36) is not linear in (H, W1, ..., WO) jointly, but linear in

them individually. Using the block relaxation algorithm, we look to alternately update
each factor matrix and the core tensor whilst fixing all other parameters. At an iteration
q + 1 and for N = 1, ..., O, we would update WN using

W(q+1)
N = argmaxWN

l (b(q), H(q), W(q+1)
1 , . . . , W(q+1)

N−1 , WN , W(q)
N+1, ..., W(q)

O ∣D) , (B.42)
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where after all of N = 1, ..., O is covered, then we would update H and b using

H(q+1)
= argmaxH l (b(q), H, W(q+1)

1 , . . . , W(q+1)
N−1 , W(q+1)

N , W(q+1)
N+1 , ..., W(q+1)

O ∣D) , (B.43)

and

b(q+1)
= argmaxb l (b, H(q+1), W(q+1)

1 , . . . , W(q+1)
N−1 , W(q+1)

N , W(q+1)
N+1 , ..., W(q+1)

O ∣D) , (B.44)

respectively.
When fixing all other parameters except for WN and using Tucker decomposition as

in equation (B.37), we can see that equation (4.36) can be simplified to

g(µ(X)) = b + ⟨X, W⟩

= b + ⟨X(N), W(N)⟩

= b + ⟨X(N), WNH(N)(WO ⊗⋯⊗WN+1 ⊗WN−1 ⊗⋯⊗W1)
T
⟩

= b + ⟨X(N)(WO ⊗⋯⊗WN+1 ⊗WN−1 ⊗⋯⊗W1)HT
(N), WN⟩,

(B.45)

since we can substitute the mode-N matricization W(N) as in equation (B.21). Similarly,
when updating H whilst fixing all other parameters, we would have

g(µ(X)) = b + ⟨X, W⟩

= b + ⟨vec(X), vec(W)⟩

= b + ⟨vec(X), vec(W(1))⟩

= b + ⟨vec(X), vec(W1H(1)(WO ⊗⋯⊗W2)
T
)⟩,

(B.46)

since we know that vec(W) = vec(W(1)) from equation (4.12). Using Proposition B1
and vec(H) = vec(H(1)), this means that equation (B.46) simplifies to

g(µ(X)) = b + ⟨vec(X), (WO ⊗⋯⊗W1)vec(H)⟩

= b + ⟨(WO ⊗⋯⊗W1)
Tvec(X), vec(H)⟩.

(B.47)

The sub-problem considered when only updating WN is a classical GLM problem with
parameter term WN and X(N)(WO ⊗⋯⊗WN+1 ⊗WN−1 ⊗⋯⊗W1)HT

(N) as the predictor
term, where this consists of PN RN parameters. Similarly, as in equation (B.47), we will
have a classical GLM problem with parameter term vec(H) and (WO⊗⋯⊗W1)

Tvec(X)

as the predictor term with a total of∏N PN parameters. The covariates z can be included
here as well and would update similarly as in the CP TR model. The regression parame-
ters are initialized similarly as in Section 4.4.2.1 with the core tensor also being randomly
initialized. The values PN used in Tucker decomposition need to be pre-specified and
estimated beforehand.

The convergence properties of the block relaxation algorithm follow similarly as in
Proposition 4.1 from Section 4.4.2.1, although the sequence of parameters is updated to
be θ = (b, ζ, H, W1, ..., WO) (Li, 2014).
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B6: MLE for Multinomial Tucker TR Model

In the case of Tucker decomposition with pre-specified values of PN such that 1 ≤ PN ≤

RN for N = 1, ..., O, given order O tensors Xi and the binary indicators of the the L classes
li1, ..., liL for i = 1, ..., n, then the parameters

θ = (b(1), H(1), W(1)
1 , ..., W(1)

O , ..., b(L−1), H(L−1), W(L−1)
1 , ..., W(L−1)

O )

are estimated by maximizing the following log-likelihood:

l(θ) =
n
∑
i=1

L
∑
r=1

lirln(p(r)
i ), (B.48)

where

p(r)
i =

exp(b(r)+⟨[[H(r);W(r)1 ,...,W(r)O ]],Xi⟩)
1+exp(b(1)+⟨[[H(1);W(1)1 ,...,W(1)O ]],Xi⟩)+...+exp(b(L−1)+⟨[[H(L−1);W(L−1)

1 ,...,W(L−1)
O ]],Xi⟩)

, (B.49)

for r = 1, ..., L − 1 and

p(L)
i = 1

1+exp(b(1)+⟨[[H(1);W(1)1 ,...,W(1)
O ]],Xi⟩)+...+exp(b(L−1)+⟨[[H(L−1);W(L−1)

1 ,...,W(L−1)
O ]],Xi⟩)

, (B.50)

for r = L.
Finding the partial derivative of the log-likelihood function from equation (B.48)

with respect to the bias vector and each factor matrix proceeds similarly as in CP de-
composition but with P1, ..., PO instead of Z, and F(r)

i,1 and Fi,2 given as

F(r)
i,1 = exp(b(r)

+ ⟨[[H(r); W(r)
1 , ..., W(r)

O ]], Xi⟩), (B.51)

for classes r = 1, ..., L − 1 and

Fi,2 = 1+ exp(b(1) + ⟨[[H(1); W(1)
1 , ..., W(1)

O ]], Xi⟩) + ...+ exp(b(L−1) + ⟨[[H(L−1); W(L−1)
1 , ..., W(L−1)

O ]], Xi⟩). (B.52)

By representing the following calculation in short as

Fi,[pN ,rN] =
P1

∑
p1=1

⋯

PN−1

∑
pN−1=1

PN+1

∑
pN+1=1

⋯

PO

∑
pO=1

R1

∑
r1=1

⋯

RN−1

∑
rN−1=1

RN+1

∑
rN+1=1

⋯

RO

∑
rO=1

xi,r1⋯rO h(r)
p1⋯pO

w(r)
1,p1,r1

⋯w(r)
N−1,pN−1,rN−1

w(r)
N+1,pN+1,rN+1

⋯w(r)
O,pO,rO

, (B.53)

the partial derivatives of the log-likelihood with respect to w(r)
N,pN ,rN

for N = 1, ..., O, rN =

1, ..., RN and pN = 1, ..., PN can be found as follows:

∂l

∂w(r)
N,pN ,rN

=
n
∑
i=1

[lir{Fi,[pN ,rN] −
Fi,[pN ,rN]F

(r)
i,1

Fi,2
} +

L−1

∑
r∗=1,r∗≠r

lir∗{−
Fi,[pN ,rN]F

(r)
i,1

Fi,2
}]. (B.54)
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We would also find the partial derivative of the log-likelihood function from equation
(B.48) with respect to the core matrix for each class r = 1, ..., L − 1. The partial derivative
of the log-likelihood with respect to h(r)

p1,...,pO for N = 1, ...O and pN = 1, ..., PN can be found
using

∂l

∂h(r)
p1,...,pO

=
n
∑
i=1

[lir{
R1

∑
r1=1

⋯

RO

∑
rO=1

xi,r1⋯rO w(r)
1,p1,r1

⋯w(r)
O,pO,rO

−
∑

R1
r1=1⋯∑

RO
rO=1 xi,r1⋯rO w(r)

1,p1,r1
⋯w(r)

O,pO,rO
F(r)

i,1

Fi,2
}

+
6

∑
r∗=1,r∗≠r

lir∗{−
∑

R1
r1=1⋯∑

RO
rO=1 xi,r1⋯rO w(r)

1,p1,r1
⋯w(r)

O,pO,rO
F(r)

i,1

Fi,2
}].

(B.55)

B7: Score and Fisher Information

B7.1: Score and Fisher Information

We will be using the same notation mentioned in Section 4.5.1. Similarly, we will go
through the Jacobian and Hessian matrices of the systematic part η = g(µ) as in equation
(4.34) for Tucker decomposition as well as the score function, Hessian matrix and Fisher
information matrix for the Tucker TR model.

The gradient ▽η(H, W1, ..., WO) ∈ R∏
O
N=1 PN+∑O

N=1 PN RN is given by

▽η(H, W1, ..., WO) = [WO ⊗⋯⊗W1 J1 J2 ⋯ JO]
Tvec(X), (B.56)

where JN ∈ R∏
O
N=1 RN×RN PN is the Jacobian matrix given by

JN = DW(WN) = ΠN{[(WO ⊙⋯⊙WN+1 ⊙WN−1 ⊙⋯⊙W1)HT
(N)] ⊗ IRN}, (B.57)

ΠN ∈ R∏
O
N=1 RN×∏O

N=1 RN is the permutation matrix which reorders vec(W(N)) to vec(W),
i.e., vec(W) = ΠNvec(W(N)), and IRN is an identity matrix.

Let the Hessian matrix defined as

d2η(H, W1, ..., WO) ∈ R(∏O
N=1 PN+∑O

N=1 RN PN)×(∏O
N=1 PN+∑O

N=1 RN PN)

be partitioned into four blocks which we will define as CH,H ∈ R∏
O
N=1 PN×∏O

N=1 PN , CH,W =

CT
W,H ∈ R∏

O
N=1 PN×∑O

N=1 RN PN , and CW,W ∈ R∑
O
N=1 RN PN×∑O

N=1 RN PN . Then CH,H = 0, CH,W has
entries

h(p1,...,pN),(iN ,qN) = 1{pN= sN} ∑
jN= iN

xj1,...,jO ∏
N′≠ N

wjN′ pN′
, (B.58)
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and CW,W has entries

h(iN ,pN),(iN′ ,pN′) = 1{N≠N′} ∑
jN= iN ,jN′= iN′

xj1,...,jO ∑
sN= rN ,sN′= rN′

hs1,...,sO ∏
N′′≠ N,N′

wjN′′ sN′′
. (B.59)

CW,W can be partitioned into O2 sub-blocks as follows

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 ∗ ⋯ ∗

H21 0 ∗ ⋮

⋮ ⋮ ⋱ ∗

HO1 HO2 ⋯ 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

, (B.60)

where HNN′ ∈ RRN PN×RN′PN′ has elements that can be found from the matrix X(NN′)(WO⊗

⋯⊗WN+1⊗WN−1⊗⋯⊗WN′+1⊗WN′−1⊗⋯⊗W1)HT
(NN′). Also, CH,W can be partitioned

into O sub-blocks as (H1, ..., HO), where HN ∈ R∏
O
N=1 PN×RN PN has up to RN∏

O
N=1 PN non-

zero elements that can be found from the matrix X(N)(WO ⊗⋯⊗WN+1 ⊗WN−1 ⊗⋯⊗

W1).
Consider the Tucker TR model given in equations (4.33) and (B.38), then we have

that the score function/vector is given by

▽l(H, W1, ..., WO) =
(l − µ)µ′(η)

σ2 ▽ η(H, W1, ..., WO), (B.61)

where ▽η(H, W1, ..., WO). The Hessian matrix of the log-density is given by

H(H, W1, ..., WO) = −[
[µ′(η)]2

σ2 −
(l − µ)θ′′(η)

σ2 ]▽ η(H, W1, ..., WO)dη(H, W1, ..., WO)

+
(l − µ)θ′(η)

σ2 d2η(H, W1, ..., WO),

where d2η(H, W1, ..., WO). The Fisher information matrix can be found as follows

F(H, W1, ..., WO) = E[−H(H, W1, ..., WO)]

= Var[▽l(H, W1, ..., WO)dl(H, W1, ..., WO)] (B.62)

=
[µ′(η)]2

σ2 ▽ η(H, W1, ..., WO)vec(X)
T
[WO ⊗⋯⊗W1 J1 J2 ⋯ JO].

B7.2: Identifiability

Similar to what we saw for CP decomposition, parameterization of the Tucker TR model
will not be unique, where local and global identifiability is possible under certain re-
strictions on the parameter space. The permutation indeterminacy can be fixed similar
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to what was mentioned for CP decomposition. To fix the scaling indeterminacy, the fac-
tor matrices are scaled such that the entries of the first PN rows of WN are fixed as ones
(so instead of a fixed Z rows for all factor matrices). However, as mentioned in Section
4.5.2, decompositions are still not necessarily unique in cases where O > 2 even after
fixing these indeterminacies.

The sufficient and necessary condition for local identifiability defined in Proposi-
tion 4.3 follows for a Tucker TR model as well, where we would say that W0 is locally
identifiable if and only if

F(W0) = [WO ⊗⋯⊗W1 J1 ⋯ JO]
T
[

n
∑
i=1

µ′(ηi)
2

σ2
i

vec(Xi)vec(Xi)
T
] [WO ⊗⋯⊗W1 J1 ⋯ JO]

is nonsingular. From Proposition 4.3, the linear independence of the ’collapsed vectors’

[WO ⊗⋯⊗W1 J1 ⋯ JO]
Tvec(Xi) ∈ R∑

O
N=1 RN PN+∏O

N=1 PN−∑O
N=1 P2

N ,

is required for i = 1, ..., n.

B8: Regularization for Tucker TR

Regularization follows similarly for Tucker TR as in CP TR, although it can be done for
the core tensor H only or both the core and factor matrices at the same time (Li, 2014).
The following regularized log-likelihood function will be maximized:

l(b, W1, ..., WO∣D) − Pλ([H, W1, ..., WO]), (B.63)

where the sub-problem considered in the block relaxation algorithm when updating WN

from equation (B.42) would be updated as follows

W(q+1)
N = argmaxWN

l(b(q), H(q), W(q+1)
1 , . . . , W(q+1)

N−1 , WN , W(q)
N+1, ..., W(q)

O

− Pλ([H, W1, ..., WO])).
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C1: CNN Application Results - Original Images

In this section, we will be presenting our results for the CNN application using the
original images of our dance dataset. Section C1.1 considers the results of Trial B1,
Section C1.2 considers the results of Trial B2, Section C1.3 considers the results of Trial
B3, and Section C1.4 considers the results of Trial A. Each respective section will be
further divided into subsections going into the results for each model.

C1.1: Results - Trial B1

C1.1.1: Results - Original AlexNet

Tables C.1 and C.2 represent the top hyperparameter search results for SGD and AdamW
on the training set filtered by validation loss, respectively.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 32 0.00016 0.04539 0.49976 98.433% 19.528
2 4 0.002085 0.025809 0.224387 98.433% 26.51
3 8 0.002271 0.004625 0.789483 97.389% 37.675

Table C.1: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered by
lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 128 0.053032 0.00067 0.9 0.999 97.389% 35.575
2 64 0.001265 0.000074 0.609264 0.332917 97.65% 38.955
3 16 0.000034 0.000302 0.9 0.999 97.65% 46.836

Table C.2: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture filtered
by lowest validation loss.
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C1.1.2: Results - AlexNet + BN

Tables C.3 and C.4 represent the top hyperparameter search results for SGD and AdamW
on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 16 0.000008 0.000554 0.84165 98.17% 26.285
2 4 0.034492 0.000896 0.55038 97.65% 26.906
3 16 0.001542 0.067323 0.57997 96.867% 29.769

Table C.3: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000047 0.000016 0.9 0.999 98.433% 18.644
2 64 0.000025 0.000019 0.9 0.999 98.172% 22.439
3 16 0.0119 0.000895 0.9 0.999 96.867% 33.917

Table C.4: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C1.1.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.5 and C.6 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000057 0.086117 0.261278 98.695% 7.693
2 4 0.000009 0.022549 0.819009 98.172% 13.625
3 8 0.000917 0.007358 0.690958 98.433% 14.642

Table C.5: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 16 0.021243 0.000556 0.277825 0.579039 99.217% 8.959
2 4 0.00001 0.000027 0.9 0.999 97.65% 12.062
3 8 0.000046 0.000207 0.336204 0.144413 98.172% 14.413

Table C.6: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.7 and C.8 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 16 0.000025 0.011673 0.329518 99.739% 5.159
2 8 0.000004 0.004762 0.458226 98.172% 10.371
3 4 0.000001 0.091265 0.21843 98.433% 20.714

Table C.7: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 128 0.000007 0.000235 0.66969 0.71326 97.128% 42.414
2 4 0.00518 0.000032 0.37913 0.34981 97.389% 43.751
3 64 0.000022 0.003901 0.17685 0.57369 91.123% 48.684

Table C.8: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C1.2: Results - Trial B2

C1.2.1: Results - Original AlexNet

Tables C.9 and C.10 represent the top hyperparameter search results for SGD and AdamW
on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.002 0.003533 0.74912 99.02% 17.095
2 8 0.000001 0.003976 0.73908 98.775% 25.954
3 4 0.003074 0.022373 0.15086 97.059% 33.116

Table C.9: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered by
lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000096 0.000031 0.9 0.999 97.549% 26.141
2 32 0.000002 0.000194 0.9 0.999 96.569% 26.782
3 4 0.073338 0.000159 0.9 0.999 97.549% 27.984

Table C.10: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C1.2.2: Results - AlexNet + BN

Tables C.11 and C.12 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 16 0.000001 0.002675 0.21414 98.039% 21.58
2 32 0.007951 0.011491 0.13692 97.549% 34.382
3 16 0.055805 0.001582 0.54124 97.794% 36.596

Table C.11: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000047 0.000016 0.9 0.999 98.433% 19.861
2 64 0.000025 0.000019 0.9 0.999 98.172% 23.904
3 16 0.0119 0.000895 0.9 0.999 96.867% 36.13

Table C.12: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C1.2.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.13 and C.14 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 32 0.010704 0.013075 0.44376 99.265% 12.034
2 64 0.004415 0.018546 0.71618 98.284% 22.176
3 64 0.000631 0.10945 0.4293 97.304% 36.923

Table C.13: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 4 0.00795 0.000746 0.50105 0.84379 98.775% 24.009
2 8 0.066469 0.000225 0.72298 0.55349 97.059% 31.717
3 16 0.028007 0.00005 0.57287 0.23745 94.853% 32.132

Table C.14: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.15 and C.16 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 32 0.0002651 0.003544 0.53048 96.814% 25.125
2 16 0.000038 0.007949 0.41607 98.039% 25.385
3 8 0.003196 0.000816 0.71444 96.568% 31.936

Table C.15: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.
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AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000203 0.002729 0.2798 0.64166 98.284% 22.615
2 16 0.00019 0.000031 0.9 0.999 97.794% 32.877
3 16 0.000006 0.000631 0.9 0.999 96.569% 35.085

Table C.16: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C1.3: Results - Trial B3

C1.3.1: Results - Original AlexNet

Tables C.17 and C.18 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 16 0.001994 0.001994 0.61152 93.228% 59.115
2 64 0.000604 0.020994 0.43355 93.228% 59.538
3 16 0.000002 0.00114 0.8476 93.68% 64.561

Table C.17: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000067 0.000043 0.9 0.999 97.517% 27.211
2 16 0.018958 0.000169 0.9 0.999 95.937% 27.225
3 4 0.001017 0.000014 0.9 0.999 96.84% 34.241

Table C.18: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C1.3.2: Results - AlexNet + BN

Tables C.19 and C.20 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000452 0.001158 0.93997 97.743% 27.084
2 64 0.018929 0.001224 0.81732 97.743% 27.089
3 64 0.003666 0.000543 0.81917 94.131% 31.227

Table C.19: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.
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AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 64 0.000619 0.000012 0.45675 0.079152 95.485% 36.318
2 128 0.083878 0.000023 0.38117 0.51865 94.131% 39.139
3 64 0.001008 0.000009 0.9 0.999 94.582% 41.313

Table C.20: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C1.3.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.21 and C.22 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000259 0.001211 0.70886 99.097% 8.971
2 8 0.000158 0.001797 0.583 97.968% 21
3 4 0.000108 0.000256 0.88142 97.517% 23.312

Table C.21: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000588 0.000018 0.9 0.999 97.968% 19.388
2 64 0.000003 0.00003 0.24295 0.31185 97.968% 23.463
3 64 0.000021 0.000061 0.0642 0.24532 97.517% 23.821

Table C.22: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.23 and C.24 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 64 0.000741 0.049312 0.49733 96.614% 25.935
2 32 0.001495 0.005454 0.63128 97.066% 36.798
3 64 0.000002 0.003106 0.5136 93.68% 61.422

Table C.23: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000485 0.000015 0.9 0.999 96.614% 30.752
2 4 0.000009 0.000011 0.9 0.999 97.743% 32.193
3 4 0.000021 0.000032 0.9 0.999 96.614% 46.086

Table C.24: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.
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C1.4: Results - Trial A

C1.4.1: Results - Original AlexNet

Tables C.25 and C.26 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000001 0.000154 0.95165 93.507% 29.156
2 16 0.000102 0.004575 0.70619 96.104% 32.167
3 4 0.000007 0005189 0.69753 96.104% 44.862

Table C.25: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.007044 0.000128 0.9 0.999 98.016% 12.857
2 4 0.001328 0.000031 0.9 0.999 93.831% 45.893
3 32 0.000297 0.000026 0.52883 0.1193 96.429% 61.708

Table C.26: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C1.4.2: Results - AlexNet + BN

Tables C.27 and C.28 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 256 0.001652 0.005999 0.41822 94.805% 27.589
2 4 0.000005 0.027074 0.043949 96.104% 33.846
3 32 0.000028 0.00572 0.87246 94.481% 42.246

Table C.27: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 64 0.015837 0.000018 0.9 0.999 98.052% 15.976
2 4 0.055906 0.000103 0.9 0.999 97.078% 24.959
3 16 0.000011 0.000091 0.9 0.999 96.429% 33.964

Table C.28: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.
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C1.4.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.29 and C.30 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 16 0.000006 0.048694 0.88006 98.701% 3.999
2 8 0.00034 0.008821 0.17236 98.052% 12.036
3 128 0.000522 0.004512 0.91722 97.078% 19.625

Table C.29: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 4 0.000055 0.000019 0.9 0.999 98.377% 7.188
2 4 0.000259 0.000006 0.23417 0.79061 95.779% 29.688
3 64 0.000009 0.000131 0.9 0.999 96.104% 31.166

Table C.30: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.31 and C.32 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.002545 0.00068 0.71047 95.779% 23.363
2 16 0.006989 0.001778 0.74068 97.078% 29.408
3 4 0.001117 0.007361 0.24234 97.078% 34.196

Table C.31: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.001029 0.000082 0.9 0.999 96.753% 17.044
2 8 0.000979 0.000015 0.9 0.999 97.727% 17.389
3 4 0.000789 0.000036 0.9 0.999 96.429% 32.216

Table C.32: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C2: CNN Application Results - Resized Images

In this section, we will be presenting our results for the CNN application using the re-
sized images of our dance dataset. Section C2.1 considers the results of Trial B1, Section
C2.2 considers the results of Trial B2, and Section C2.3 considers the results of Trial B3.
Each respective section will be further divided into subsections going into the results
for each model.
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C2.1: Results - Trial B1

C2.1.1: Results - Original AlexNet

Tables C.33 and C.34 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss, respectively.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.009087 0.00576 0.4554 94.517% 37.448
2 4 0.00438 0.002855 0.16013 96.084% 40.877
3 8 0.000026 0.004229 0.015124 93.99% 44.932

Table C.33: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000002 0.000059 0.9 0.999 97.65% 19.351
2 8 0.000277 0.000034 0.38846 0.92627 98.172% 21.31
3 16 0.009101 0.000207 0.9 0.999 96.867% 27.66

Table C.34: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C2.1.2: Results - AlexNet + BN

Tables C.35 and C.36 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.008347 0.001817 0.39756 98.695% 7.584
2 4 0.001689 0.000604 0.80989 98.695% 16.02
3 4 0.000019 0.000279 0.22927 97.911% 17.185

Table C.35: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 64 0.01198 0.00003 0.9 0.999 97.65% 12.968
2 64 0.000396 0.000027 0.9 0.999 98.172% 14.9
3 64 0.042114 0.000011 0.9 0.999 97.389% 17.712

Table C.36: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.
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C2.1.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.37 and C.38 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000026 0.011565 0.29009 98.695% 7.352
2 4 0.000006 0.015145 0.15977 98.956% 12.582
3 8 0.010428 0.009022 0.12235 97.65% 18.526

Table C.37: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000935 0.000009 0.82413 0.79807 97.911% 11.315
2 64 0.000068 0.000042 0.79875 0.14979 97.911% 12.804
3 4 0.000079 0.000165 0.9 0.999 97.911% 17.257

Table C.38: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.39 and C.40 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.00048 0.000828 0.57775 98.433% 15.136
2 4 0.000004 0.000652 0.4464 97.389% 21.978
3 4 0.049858 0.000149 0.69694 97.389% 23.88

Table C.39: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.000002 0.000074 0.9 0.999 98.172% 11.427
2 32 0.000021 0.000373 0.9 0.999 97.128% 31.605
3 64 0.000032 0.000064 0.9 0.999 93.995% 49.034

Table C.40: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C2.2: Results - Trial B2

C2.2.1: Results - Original AlexNet

Tables C.41 and C.42 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000004 0.009598 0.53701 97.304% 24.166
2 4 0.000009 0.002036 0.38521 96.078% 43.782
3 4 0.001823 0.0016 0.18563 94.118% 61.413

Table C.41: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 128 0.00016 0.000102 0.9 0.999 94.608% 26.834
2 16 0.000062 0.000046 0.9 0.999 96.324% 26.873
3 8 0.000001 0.000195 0.9 0.999 96.324% 32.667

Table C.42: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C2.2.2: Results - AlexNet + BN

Tables C.43 and C.44 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 128 0.000231 0.030226 0.19716 94.853% 23.115
2 4 0.000015 0.000296 0.36939 98.039% 25.626
3 32 0.000067 0.000309 0.92937 94.608% 25.976

Table C.43: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 16 0.00021 0.000009 0.68697 0.84077 97.059% 12.93
2 32 0.008404 0.000025 0.9 0.999 96.814% 18.301
3 8 0.000527 0.000017 0.9 0.999 97.794% 21.014

Table C.44: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C2.2.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.45 and C.46 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000004 0.01185 0.32082 98.775% 8.884
2 4 0.00017 0.000623 0.65181 98.529% 15.794
3 8 0.000199 0.003034 0.72801 98.039% 16.655

Table C.45: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 64 0.022353 0.000221 0.9 0.999 98.284% 17.983
2 8 0.018846 0.000073 0.9 0.999 98.284% 23.666
3 32 0.00021 0.000548 0.1004 0.21774 97.549% 27.662

Table C.46: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.47 and C.48 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 32 0.000003 0.016037 0.20325 97.549% 18.376
2 16 0.004089 0.002541 0.84498 97.549% 26.19
3 8 0.000245 0.00106 0.94324 96.569% 42.003

Table C.47: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 16 0.000002 0.000411 0.26215 0.74412 98.284% 11.205
2 32 0.000885 0.000338 0.46527 0.82726 98.529% 12.424
3 4 0.001918 0.000036 0.9 0.999 97.794% 14.704

Table C.48: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C2.3: Results - Trial B3

C2.3.1: Results - Original AlexNet

Tables C.49 and C.50 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000008 0.00802 0.076799 97.743% 26.177
2 32 0.001482 0.023629 0.19672 95.26% 42.097
3 64 0.000027 0.051758 0.11963 90.294% 80.163

Table C.49: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 128 0.01112 0.000422 0.9 0.999 94.357% 30.182
2 16 0.00013 0.000027 0.9 0.999 97.066% 30.562
3 8 0.001518 0.000067 0.14434 0.98713 97.743% 37.437

Table C.50: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.

C2.3.2: Results - AlexNet + BN

Tables C.51 and C.52 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.022115 0.002276 0.6244 98.194% 20.55
2 16 0.000725 0.006556 0.35721 97.066% 37.252
3 64 0.001225 0.000182 0.9464 95.937% 40.199

Table C.51: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 8 0.054103 0.000012 0.9 0.999 98.42% 28.233
2 128 0.000374 0.000136 0.9 0.999 97.517% 32.45
3 128 0.000037 0.000012 0.30667 0.80839 95.26% 37.871

Table C.52: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C2.3.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.53 and C.54 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 128 0.000002 0.014923 0.83827 97.517% 13.1
2 4 0.000042 0.035753 0.69131 97.291% 19.316
3 16 0.00001 0.014479 0.29424 97.066% 29.894

Table C.53: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.
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AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000003 0.000064 0.9 0.999 98.42% 19.296
2 16 0.000003 0.000058 0.9 0.999 97.968% 19.612
3 32 0.000027 0.000052 0.9 0.999 97.517% 22.646

Table C.54: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.55 and C.56 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 8 0.000088 0.000862 0.35885 96.84% 27.371
2 16 0.00538 0.001333 0.44909 96.84% 38.215
3 32 0.002627 0.002432 0.52648 95.937% 42.904

Table C.55: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.013869 0.000113 0.9 0.999 97.517% 32.521
2 4 0.000002 0.000063 0.9 0.999 96.388% 33.464
3 16 0.000362 0.000049 0.9285 0.94245 98.194% 34.925

Table C.56: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C2.4: Results - Trial A

C2.4.1: Results - Original AlexNet

Tables C.57 and C.58 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000179 0.000638 0.92313 96.104% 30.988
2 8 0.000047 0.000938 0.61966 93.506% 40.32
3 8 0.008978 0.000879 0.48616 77.273% 162.159

Table C.57: Top-5 sets of hyperparameters using SGD under the AlexNet architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 4 0.000313 0.000019 0.9 0.999 96.753% 15.65
2 128 0.022094 0.000401 0.9 0.999 95.455% 31.534
3 64 0.055326 0.000079 0.45538 0.018347 92.857% 42.255

Table C.58: Top-5 sets of hyperparameters using AdamW under the AlexNet architecture
filtered by lowest validation loss.
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C2.4.2: Results - AlexNet + BN

Tables C.59 and C.60 represent the top hyperparameter search results for SGD and
AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000009 0.000402 0.78415 98.377% 11.138
2 4 0.000939 0.00233 0.26651 97.727% 15.012
3 32 0.068817 0.000948 0.60011 97.727% 25.531

Table C.59: Top-5 sets of hyperparameters using SGD under the AlexNet + BN architecture
filtered by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 256 0.000029 0.000037 0.32329 0.77007 94.805% 17.425
2 256 0.008507 0.000024 0.9 0.999 94.481% 17.985
3 16 0.00023 0.000018 0.9 0.999 96.104% 26.008

Table C.60: Top-5 sets of hyperparameters using AdamW under the AlexNet + BN architecture
filtered by lowest validation loss.

C2.4.3: Results - ResNet18 and ResNet34

For ResNet18, Tables C.61 and C.62 represent the top hyperparameter search results for
SGD and AdamW on the training set filtered by validation loss.

SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.000022 0.030051 0.89934 98.377% 7.239
2 16 0.000004 0.020438 0.63155 96.429% 18.807
3 64 0.000361 0.005055 0.38966 96.429% 26.008

Table C.61: Top-5 sets of hyperparameters using SGD under the ResNet18 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000059 0.000077 0.69951 0.70532 97.403% 11.541
2 128 0.003766 0.000054 0.9 0.999 96.753% 12.414
3 32 0.000011 0.000035 0.9 0.999 97.08% 19.557

Table C.62: Top-5 sets of hyperparameters using AdamW under the ResNet18 architecture
filtered by lowest validation loss.

For ResNet34, Tables C.63 and C.64 represent the top hyperparameter search results
for SGD and AdamW on the training set filtered by validation loss.
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SGD Batch Size Weight Decay LR Momentum Validation Accuracy Validation Loss
1 4 0.001071 0.000925 0.39908 99.026% 5.466
2 8 0.011525 0.00254 0.61858 99.026% 10.866
3 16 0.000027 0.003132 0.47157 98.052% 22.727

Table C.63: Top-5 sets of hyperparameters using SGD under the ResNet34 architecture filtered
by lowest validation loss.

AdamW Batch Size Weight Decay LR Beta1 Beta2 Validation Accuracy Validation Loss
1 32 0.000019 0.000588 0.9 0.999 98.377% 8.943
2 4 0.000009 0.000012 0.9 0.999 98.052% 15.853
3 16 0.000843 0.000013 0.63977 0.10049 97.727% 17.609

Table C.64: Top-5 sets of hyperparameters using AdamW under the ResNet34 architecture
filtered by lowest validation loss.

C3: TR Application Results

In this section, we will be presenting our results for the TR application. Section C3.1
considers the results of Trial B1, Section C3.2 considers the results of Trial B2, Section
C3.3 considers the results of Trial B3, and Section C3.4 considers the results of Trial A.

C3.1: Results - Trial B1

Table C.65 represents the top hyperparameter search results on the training set filtered
by validation loss, respectively.

Batch Size L1 parameter LR Momentum Validation Accuracy Validation Loss
1 32 0 0.000188 0.32127 59.288% -436.96
2 32 0 8.347e-05 0.746 58.713% -438.539
3 32 0 0.000266 0.49345 58.608% -472.391

Table C.65: Top-5 sets of hyperparameters filtered by highest validation loss.

C3.2: Results - Trial B2

Table C.66 represents the top hyperparameter search results on the training set filtered
by validation loss, respectively.

Batch Size L1 parameter LR Momentum Validation Accuracy Validation Loss
1 32 0 0.000204 0.50491 64.801% -433.347
2 16 0 0.000204 0.50491 60.628% -451.763
3 32 0 0.000229 0.29167 60.236% -481.161

Table C.66: Top-5 sets of hyperparameters filtered by highest validation loss.
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C3.3: Results - Trial B3

Table C.67 represents the top hyperparameter search results on the training set filtered
by validation loss, respectively.

Batch Size L1 parameter LR Momentum Validation Accuracy Validation Loss
1 32 0 8.198e-05 0.84111 59.494% -451.71
2 64 0 9.2e-05 0.78919 58.816% -524.045
3 64 0 0.000438 0.03933 57.052% -580.653

Table C.67: Top-5 sets of hyperparameters filtered by highest validation loss.

C3.4: Results - Trial A

Table C.68 represents the top hyperparameter search results on the training set filtered
by validation loss, respectively.

Batch Size L1 parameter LR Momentum Validation Accuracy Validation Loss
1 32 0 0.00025 0.6 82.1% -154.071
2 64 0 0.00025 0.6 79.708% -189.772
3 32 0 0.00005 0.95 77.597% -198.602

Table C.68: Top-5 sets of hyperparameters filtered by highest validation loss.
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