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Abstract

In classical probability theory, it is implicitly assumed that random variables
commute. However, this assumption does not necessarily hold in all mathemat-
ical frameworks, such as those involving matrices. In this thesis, we will explore
quantum probability, a non-commutative extension of classical probability. The
main aim of this thesis shall be to examine how key concepts from classical

probability can be generalized in the quantum setting.
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Glossary

Symbol Description

Y Random Variable

Q Domain of a Random Variable or of an Observable
F Sigma Algebra

fy Probability Density Function
B(RF) Borel sets in R*

E[] Expectation

Var(+) Variance

Cov(-, ") Covariance

T Indexing Set

RT Set of Functions on R
(Yi)ter Stochastic Process

P Probability Measure

u* Classical Measure

9 Finite Dimensional Distributions
RE Family of Cylinder Sets

Dq Dyadic Rationals

)y Variance-Covariance Matrix
my(+) Mean Function

ky (") Covariance Function

Vw Weiner Measure

(Bt )iejo1] Brownian Motion

{F,:teT} Filtration
L?([a,b],9) Space of Adapted Stochastic Processes

H Separable Hilbert Space
A Lattice of Closed Subspaces
P(H) Set of Orthogonal Projections over H
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Description

Spectral Measure

Quantum Probability Measure

State

Join

Weight

Spherical Harmonics

Space of Spherical Harmonics of degree [
Associated Legendre Polynomial of index [, m
Oscillation

Trace

Orthogonal Projection onto Subspace A
Hermitian Matrix

Observable

Family of Matrices

Kernel

Space of Kernels on the set H
Permutation of {1,2,--- ,n}
Symmetrizer

Antisymmetrizer

n-fold Tensor Product of ‘H

n-fold Symmetric Tensor Product of H
n-fold Antisymmetric Tensor Product of H
Free Fock Space

Boson Fock Space

Fermion Fock Space

Vacuum Vector

Annihilation Operator

Creation Operator

Finite Particle Vectors in I',(H)
Conjugation

Bounded Operators on H

Von Neumann Algebra

Continued on next page
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Symbol Description

m(+) Gauge

m(-|B) Conditional Expectation with respect to B

b Space of Non-Commutative Adapted Processes
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CHAPTER 1

Introduction

Classical probability theory was initially formalized in a measure theoretic
manner by Kolmogorov in 1933. Until this day, it remains a highly active area
of research, offering a rich interplay between deep theoretical developments and
a wide range of practical applications. Despite this however, it is not without
its limitations. Our main focus in this thesis shall be relaxing the underlying
assumption of commutativity present in Kolmogorov’s probability. This was
prompted by fields such as quantum mechanics where the mathematical objects

used do not satisfy this assumption.

The field would come to be known as Non-Commutative Probability. Today there
exist several frameworks of Non-Commutative Probability. Two such frameworks
are Free Probability spurred mainly by Dan Voiculescu [26] which he initially
developed to study free group factors and Quantum Probability which was for-
malized by John Von Neumann [27] and later expanded on by others such as

Luigi Accardi [1]. Our dissertation shall focus on the latter.

In particular we shall be seeing how aspects from classical probability gener-
alize to the quantum framework. In Chapter 2 we shall be discussing some fun-
damental prerequisites from classical probability ranging from the Kolmogorov
Extension and Continuity Theorems to the construction of the Ito integral. In
Chapter 3 we give some elementary definitions related to quantum probability
and also prove Gleason’s Theorem, a very important theorem which shall give

us the general form of a measure in this framework.

Following this, we start our discussion in Chapter 4 with the proof of the Spec-

tral Theorem, another important theorem which we shall utilize when calculating



probabilities. We shall also see how to construct a quantum probability space
and show some examples of finite dimensional quantum probability spaces. As
in classical probability, we may combine multiple quantum probability spaces
into one and this is precisely what is discussed in Chapter 5. One particular

important space is the Fock space, which we discuss in this chapter as well.

We then end our discussion on Quantum Probability by constructing the quan-
tum stochastic integral which, in turn, requires discussion of non-commutative

L? spaces and so-called probability gauge spaces.
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CHAPTER 2

Prerequisites

2.1. Stochastic Processes

One of the extensions of classical probability to the quantum framework we
shall be discussing is the construction of a quantum stochastic integral. This
chapter shall be dedicated to giving a brief background of the classical stochastic
integral. We start with an elementary definition. All results for this section,
unless otherwise stated, are taken from [17]. As a matter of notation, we fix

B(R*) to be the Borel subsets of RF.

DEFINITION 2.1 (Random Variable). Let 2 be a set and F a o-algebra on SQ.

A random variable Y is a map Y : Q — R which is measurable with respect to

F.

When studying random variables, it might be of interest to analyse the be-
haviour of a particular quantity across time. Mathematically this would mean
that we are analysing random variables Y7, Y5, ... that is a set of random variables
indexed by time. The indexing of random variables across time is formalized by
the notion of a stochastic process which we discuss later. To each random vari-
able Y we may associate a probability density function fy (y) which satisfies the

following

P({w: V(w) € A}) — /Afy(y)dy A BR).

As to abide by the axioms of probability, we require that fy(y) is non-negative
and that fR fr(y)dy = 1. Two other very important quantities are the expecta-

tion as well as the variance.



DEFINITION 2.2 (Expectation and Variance of a Random Variable). The

expectation E[Y] of a random variable Y is given by

o0

E[Y]= /_ yfy(y)dy.

o0

The variance is given by
Var(Y) = E[Y?] — (E[Y]))*.

The notion of the variance may be generalized to covariance which expresses

how two variables change with respect to one another.

DEFINITION 2.3. Let Y] and Yy be two random variables then the covariance

15 given by
Cov(Y1,Y) = E[YiYs] — E[Yi]E[Y]
We may now proceed with the notion of a stochastic process.

DEFINITION 2.4 (Stochastic Process). Let (2, F,IP) be a probability space.
A stochastic process is a collection of random variables (Y;)ier where each Yy is

defined on (2, F,P). The set T is said to be the indexing set of the process.

There are various types of stochastic processes, which find applications in
many fields. For example, branching processes are widely used in epidemiology
to model the spread of diseases. The interested reader is referred to [25] for

further details.

In the coming theorems, we mention regularity of the measure. As the defi-
nition is not always the same across sources, we elect to provide it as well as the

definition of a measure for the sake of completeness and clarity.

DEFINITION 2.5 (Classical Measure). Let 2 be a set and F be a o-algebra
over Q. Let p* : QQ — [0,1] be a set function. Then p* is said to be a measure if
the following hold:

(i) For all E € F,u*(E) > 0.
(ii) (@) = 0.
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(iii) For all countable pairwise disjoint collections { E;}2, satisfying E; € F for

all i,
I (U Ez) = Z/J’*(EZ)
i=1 i=1

DEFINITION 2.6 (Regularity). Let Q be a set and F be a o-algebra over €.
Then a measure * is said to be reqular if for every measurable set A the following

hold

w (A) = sup{u*(K) : K compact and measurable},
KCA

w(A) = jlcl{;{'u*(U) : U open and measurable}.

2.1.1. Kolmogorov’s Extension Theorem. The existence of a stochas-
tic process is a non-trivial matter, indeed one often cannot prove directly that
a stochastic process exists. Hence, it was necessary to derive results with which
we may show existence and in this section we shall discuss the Kolmogorov Ex-
tension Theorem which is an example of such a result. In this section we shall be
going through all the theory required to establish this result. The proofs related

to this theorem are found in [0].

The intuition behind this result lies in the following observation. We may easily
see from Definition 2.4 that a stochastic process may be equivalently described
as a collection of random variables {Y; : t € T'} where T is some ordered indexing
set. Take a k-tuple (t1, ..., tx) of distinct elements of T', then the vector of random

variables (Y;,, ..., Y;,) has a distribution v, _; over R”
(1) Vt1,~~~,tk(H) = ]P)[{w : (Y;fl (w)7 ce 7Y;fk(w)) € H}]v H e B<Rk)

The measures v, are said to be the finite dimensional distributions of the

k
stochastic process {Y; : t € T'}.

Now (1) implies two properties of v, _;, which shall be of great importance
for the theorem. Let H in (1) have the form H = H; x --- X Hy, for H; € B(R).
Consider a permutation o of (1,2,..., k). Since [(Y, (w),..., Y}, (w)) € Hy x--- X

Hy) and [(Vy, (W), ..., Y, (W) € Hoy X - -+ X Hyxy| are the same event, we
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are justified by (1) in concluding that

(2) Vt1,,..,tk(Hl X - X Hk) = Hg(l) X o+ X Ho‘(k))-

Uto’(l)v"vtd(k) (

For example, if v5; = 11 X 14, then necessarily v, = vo X vy.

The second property is
(3) Vit (Hl X e X Hk—l) = Vt1,...,tk<Hl X - X Hk—l X Rl)

This is clear because (Y, (w),...,Y:,_,(w)) lies in Hy x --- x Hy_y if and only
if (Vg (w),....Y;, (), Y (w)) lies in Hy x -+ x Hx_; x R. We shall call (2)

and (3) the consistency conditions of the measure vy, 4 ,. We may combine

1

these into one condition. Indeed, let (uy,--- ,u,,) where k& < m be an m-tuple
of distinct elements of T such that each of tq,t9,--- ,t; corresponds to some
distinet u; for i € {1,--- ,m}. Then (¢;,--- ,t;) must be the initial segment of
some permutation of (uq, -+ ,u,,) that is, for some permutation o of {1,--- ,m},
we have

(ua—l(l)y"' 7ua—1(m)) = {tla"' sty ey, o 7tm}

where ty, 1, -, t,, are elements of (uy, - - - , u,,) which are not present in (t1, - - , ).

We define ¢ : R™ — RF by

(4) V(@1 ) = (To11), 7 5 To1(h))-

That is v applies ¢ to the coordinates and then projects onto the first k& of them.
Now, as ¥(Ya,, -+, Yu,,) = (Yi, -+, Y, ) and so

(5) Vgt = Vuh---,umwil'

It may easily be verified that (5) contains (2) and (3) as special cases. Further-
more ) is a coordinate permutation followed by a sequence of projections of the

type (z1,--+ ,2;) = (21, ,2;-1) and so equivalence follows.

While it is trivial that the finite dimensional distributions of any stochastic pro-
cess satisfy these conditions, it may be shown that the converse also holds. That
is, if a system of measures satisfies the consistency conditions, then there exists

a stochastic process having the measures in this system as its finite dimensional
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distributions.

Prior to proceeding with the statement of this theorem however, we need to

first discuss the notion of cylinder sets.

To start off we let T" be any indexing set equipped with some ordering and
we denote the collection of all real functions on T by RT. An element of R shall
be written as z and the value of z at t shall be given by z;. The following shall

be fundamental later on:

DEFINITION 2.7 (Coordinate Function). Fort € T define Y; : RT — R by
Yi(2) = 2.
Then Y, is said to be a coordinate function.

REMARK 2.1. We note the conflicting notation with the definition of a ran-
dom variable given in Definition 2.1 however later when we define a probability
measure on RT these shall be random variables and so we elect to ignore this

conflict.

Now we let R” be the o-field generated by all the coordinate functions Y;.
Then RT is generated by sets of the form

{zeR" :Y,(z) € H}

for t € T and H € B(R). Consider the class R} consisting of cylinders which we

define below.

DEFINITION 2.8. Let
(6) A={zeR": (Y, (2), - .Y, (2) € H}

whereby H C R* for some k € N and t,ty--- ,t;, are distinct elements of T.

Then A is said to be a cylinder.

Trivially we may see that R generates R”. It may be shown that RY is a

field.
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THEOREM 2.1. Rl is a field.

PROOF. The complementation of (6) is precisely the set R\ A = {z € R :
(Vi (2),-+ Y, (2)) € R¥\ H} showing R is closed when taking complements.
Let

A ={zeR": (Yy,(2), - Vs (2) € H}
and
Ay ={z € R": (Y, (2),---, Y, (2) € I}

be two cylinder sets where H € B(R¥), I € B(RY). Let (uy,--- ,u,) be an m-
tuple containing all the ¢, and sg. Then once again we argue that (t1,--- %)
must be the initial segment of some permutation of (us, -+ ,u,,) and taking ¢ as
defined in (4) we obtain that H' = "' H for some H' € B(R™). Thus A; may

be written as
(7) Ay ={zeR": (Y, (2),-- .Y, (2) € H}.
Similarly we have that A, is equivalently given by
(8) A= {2 €RT: (Y (), Y (2)) € I'.
Then we have that
AUAy={zeR": (Y, (2), Y, (2) e HUTI'}).
As H'UI' € B(R™), A; U Ay is a cylinder showing RY is a field. O

With these results established, we proceed to prove the main result of this

section.

THEOREM 2.2 (Kolmogorov Extension Theorem). For every {ty,--- ,t,} CT
where k € N, let v, ... 4, be probability measures which satisfy the consistency
conditions in (2) and (3). Then there is a probability measure P on RT such that
the coordinate value process (Y; : t € T) on (RT,RT P) has each of the vy,... 4,

as its finite dimensional distributions.

Page 11 of 101



PRrROOF. Let A; be defined as in the proof of Theorem 2.1 and define
(9) P(A]_) = Vt1,~~ i (H)

As the cylinder A; may have multiple representations, it is important that we
verify consistency of the definition. Let A; coincide with the cylinder A, where
A, is defined as in Theorem 2.1. As argued previously, if (uy, -, u,,) contains
each t, and sg then A; is also given by (7) where H' = ¢»"'H. As the consis-
tency conditions imply the condition (5) we have that P(A;) = vy, ..+, (H) =
Vay o (H') and similarly P(Ay) = v, .. ,(I) = Vuy o, (I'). As the u,s are
distinct then for any real numbers wy, - - -, w,, there are points z of R” for which
(Yo, (2),-+- Y, (2)) = (w1, -+ ,wy,). Due to this, we may conclude that the
cylinders in (7) and (8) coincide so that H' = I’. Thus A; = A, gives us that

P(A;) = Vs, um (Hl) = Vuy, o um (I/) =P(Ay).

Thus we have verified that (9) is indeed consistent.

Now we consider two disjoint cylinders A; and A, and without loss of gener-
ality we may assume that their index sets are identical so that A; and A, are
given by (7) and (8) respectively. If H' N 1" # () then A; N Ay # () and thus by
the contrapositive we must have that since A; and A, are disjoint then so are

H' and I’. The following is then evident
P(A1 U As) = vy oo, (H' U T)
= Vg o i (H') + Vg e i, (')
=P(A;) +P(A).

Showing IP is finitely additive on RE and clearly P(RY) = 1. We shall now show
that P is countably additive on RE for if this holds we may use Carathéodory’s
Extension Theorem to extend it to a probability measure on R?. Due to the

definition of P on R, we will have that

P[Z € RT : (Yh(z)v 7Y;fk(z)) S H] = Vt17“‘7tk(H)
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meaning the coordinate process (Y; : ¢ € T) will have the required finite-

dimensional distributions.

Hence we proceed to show countable additivity on R and this will follow if
A, € RY and A, | 0 imply that P(A,,) J 0. We show this by the contrapositive.
Let A D Ay--- such that P(A,) > € for all n. As the index set of a cylinder
may be permuted and expanded as previously discussed, there exists a sequence

t1,to,--- of points in T" for which
An = {Z S RT : (}/tl(z)7 T 7Kn(z)) € Hn}?

where H,, € R".

Clearly, P(A,) = 1
set I, in H, satisfying vy, ..., (H, \ K,) < 557. Let A, = {z € RT :
(Yi(2),---,Y,(2)) € K,} then we have P(A, \ A}) < 557. Also (-, 4}, C
A, C A, and P(A, \ i1 A) < § so that P(,_, A}) > § > 0. Thus,
Mzt Ai © ﬂZ;i Aj, and (;_, A}, is non-empty.

v tn(Hp). Due to regularity there exists a compact

Choose a point 2 of RT in (\_, A,. Ifn >k, then 2™ e " _ A’ e NF_ AL
and hence (zg’), - ,zt(:)) € K. As K}, is bounded, the sequence {zt(;), zg), e}

is bounded for each k. By the diagonal method, we may select an increasing
(n4)

t, exists for each k.

sequence of integers ni, ng,--- of integers such that Zlgrglo z
There is in R” some point z whose ¢,th coordinate is this limit for each k. Hence,
for each k, (24, , 2, ) is the limit of (zt(?"), e zt(:)) and hence lies in K}. This
however gives us that z itself lies in Aj and hence in A;. With this, we have

obtained that z € (-, Ak, completing the proof. O

2.1.2. Kolmogorov Continuity Theorem. While the Kolmogorov Ex-
tension Theorem gives us the existence of a particular measure, it does not
guarantee that the associated process will have almost surely continuous paths
that is, the set of discontinuous paths need not form a set of measure zero. This

is undesirable as continuity is an important aspect of many stochastic processes.

For example, when modelling Lagrangian acceleration, it is essential that the
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stochastic models produce continuous velocity paths since velocities cannot jump
discontinuously in time. For this reason, all established Lagrangian acceleration

models such as those found in [3] are constructed to ensure continuity.

This guarantee of continuity is precisely what is given by the Kolmogorov Conti-
nuity Theorem which we shall discuss in this section. The proofs presented may

be found in [5].

Prior to proceeding to the main result, we need to first define the notion of

a modification of a process.

DEFINITION 2.9 (Modification). A stochastic process (Z;)ier is said to be a

modification of another process (Y;)ier if the following holds for every t € RT
Plw e Q: Zj(w) =Y, (w)}] = 1.

Furthermore if (Z;)ier has P almost surely continuous paths, then it is said to be

a continuous modification.

As previously mentioned, continuous modifications help ensure continuity
of the paths of the process. As an example of a continuous modification, we
may refer to [21] which gives a method to construct continuous modifications on
stochastic flows. Stochastic flows, in turn, are used to model phenomena such as
the mean velocity profile of wall-bounded flows. The interested reader is directed
to [20] for further detail on the subject. We now proceed to an important lemma

related to modifications.

LEMMA 2.1. If (Z;)ier+ is a modification of (Yy)ier+ then (Y:)ier+ and (Z;)ier+

have the same finite dimensional distributions.

PROOF. For ty,tq, -+ ,t, € RT let A; € B(R) for each 1 < i < n. Further-

more define

n

A=Y '(A)eF, A= ﬂz

i=1
If we A\ A’ then for some i, w ¢ Z; '(4;), and w € Z; '(4;) so Yy, (w) #
Zy,(w). Therefore

Page 14 of 101



ANA' C O{w €N:Y,(w) # Zy(w)}

i=1
Since (Z;)ier+ is a modification of (Y;)ier+, the right-hand side is a P-null
set as a union of finitely many P-null sets. A and A’ each belong to F, so

P(AAA’) = 0. Because P(AAA") =0, P(A) = P(A"), meaning that

P{w: Y, (w) € Ay,...,Y,, (w) € A,}) =P{{w: Zy,(w) € Ay, ..., 7, (w) € Ay})

hence establishing the result. 0
THEOREM 2.3 (Kolmogorov Continuity Theorem). Let (Y;);er+ be a stochas-

tic process in the measure space (S, F,P). If there exists positive constants a, 3

and c such that
(6) E[|Y; — Y,|*] < |t — s|*™® for s,t € RT
then (Yi)ier+ has a continuous modification that also satisfies (6).
ProoOF. Let 0 < v < g and we define 0 = f —ay > 0. For m > 1 we

take T), to be the set of all pairs (s,t) where s,t € {j27™ : 0 < j < 2™} and
|s — t| = 27™. Clearly, |T;,| = 2™, Let

(7) A= | {w:lYiw) = Yi(w)| 227" e F.

(s,t)ETm
For (s,t) € T,, we may obtain the following through Markov’s inequality as well
as (6)

P(JY, = Y| > 2777) < (27)°E[|Y; — Yi|*]
< 62a7m|t_ S|1+ﬁ
_ CQava—m(l—i-ﬁ)

< CQ—m—(Sm

From this we have that

)< > P Yiw) = Y(w)| =277 < Y i =t

(s,t)ETm (s,t)ETm
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It is easily verified that > P(A,,) < oo and thus, by the Borel-Cantelli Lemma,

we have that

]P’(ﬁ G Am> = P(N,) = 0,

n=1m=n
where for each w € Q\ Ny there is some my(w) such that w ¢ A,, when m >

mo(w). That is, for w € Q \ Ny there is some mg(w) such that
(8) Yi(w) = Ys(w)| <277, m = mo(w), (s,t) € Tn.

For the next part of the proof we shall utilize the dyadic rationals which are

given by the set

Do=|J{27j:jez}.
i=0
Now let w € Q\ Ny and s,t € Dg N [0, 1] satisfy 0 < |s — ¢| < 27 From
here on, for a pair (s,t) we fix m = m(s,t) to be the greatest integer such that
ls —t] <27™.
(9) 27l < s —t| <27

which implies that m > mg(w). As s,t are in Dg N [0, 1], there are some iy, jo €

{0,1,2,---,2™} such that
So = i02_m S s < (Z() + 1)2—m’ to = j02_m S t < (jo + 1)2—m

As 0 <s—sy <2 ™and 0 <t—ty < 2™, there are sequences (¢, )nen and
(Tn)nen where @;,7; € {0,1} for 4,7 € N each of which having cofinitely many

zero entries such that

s:so—i-ZngZ_j, t:to—f-ZTjQ_j.

i>m i>m

Since 0 < s — 59 <27 and 0 <t —ty < 27 the following is evident
27" > (s = so = (t —t0))[ = [(s =) — (s0 — to)| = [s0 — to| — |5 —1].
By (9) we get

|so —to| <27+ |s—t| <27 27 =27
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Thus meaning |ig — jo| < 2 which implies |ig — jo| may only assume a value of 0
or 1. Hence, we either have that sg = ¢ or (s, tg) € T,,. If the former holds we
have Y}, (w) — Y5, (w)| = 0. On the other hand, if the latter holds, as m > my(w)
we have, by (8), that

(10) [Yio (w) = Yo (W) <277
We define inductively

Sn = Sn+1 + ¢m+n2_(m+n) = S0 + Z SDJQ_ja n Z 1.
m<j<m+n

For each n > 1, s, — s,-1 € {0, 2*(’”*”)} implying that either s, = s,,_1 or that

(Sn—1,5n) € Trmin and since m +n > m+ 1 > mg(w), applying (8) gives

Ye, (W) = Y

Sn—1

(w)] < 2770m+m),

Since the sequence s, is eventually equal to s we have that

D (Yo (@) = (Yo () = Ya(w) = Vi (w)-

Consider,

b b 9—(m+1)
_ _ —y(m+4n) _ =
(1) V) = Yoo € 325 (0) = Vo)l < 202000 = Sy

and by similar reasoning we obtain that
9—v(m+1)

Yilw) =Yy (W) < 75

From these inequalities and by (10) we obtain the following

Yi(w) = Ya(w)| < [Yilw) = Vg ()] 4 [Yig (w) = Yoo ()] + [Ye(w) = Vo (W)

9—(m+1) - 9—v(m+1)
<—— 427 ——
1—-2-7 + + 1—-2-7
(12) =l anlel

where C' =27+ —2—. By (9), 27™*Y < |t — 5| and hence

(13) Yi(w) = Ye(w)] < CJt = s

This is true for all s,¢ € Dg N [0,1] with |s — ¢| < 27™0) when |s — t| = 0

it is immediate. Applying what we have just argued to Y1, we may infer the
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existence of a P-null set N] € F such that for each w € Q\ N7 there is some m/ (w)
such that m > m/(w) and (s,t) € Sy, give that [Viyi(w) — Yes(w)| < 277 We
define N; = NyUN], which is P-null as a union of two P-null sets. In addition, for
w € Q\ Ny, we let m;(w) = max{mo(w), m}(w)}. For s,t € DgN [0, 1] satisfying

|s —t| < 27™®) we have by previous arguments that
Yiw) = Ys(@)| < Clt=s", [V (w) = Yo (w)| < CJt — s[7.

Proceeding inductively, we get that for each k& > 1 there are P-null sets
Ny C Ny C -+ C Ni, whereby for each w € 2\ Nj there exists some my(w) such
that for s,¢ € Dg N[0, 1] with |s — | < 27™#(@)

Yi(w) = Yo(w)| < CJt = 5|

Yiri(w) = Yo (w)| < CJt — s

Yirr(w) = Yapu(w)| < Clt = s
Let
N, = M,

k>1

which is an increasing sequence of sets whose union is P-null. For w € Q\ N,
we are guaranteed the existence of a nondecreasing sequence (my(w))ren such
that when 0 < j < k and s,t € Do N [j,5 + 1] with |s — ¢| < 27 then
Vi) — V()| < Clt — 5P

For s,t € DN [0,k + 1] with |s — ¢| < 27™®) since |s — ¢| < 3, then one of
two cases may occur. Either there is some 0 < j < k for which s,t € [j,5 + 1]
or there is some 1 < j < k for which, say, s < 7 < t. In the first case,
|Y;(w) — Ys(w)| < Clt—s|". In the second case, because |j —s| < [t —s| < 27m(«)
and |t — j| < |t — 5] < 27™®) we may conclude that since s, j € Dg N[0, 1] and
J,t € DgN[j,5 + 1], then

Yi(w) = Ys(w)] < Yilw) = Yi(w)] + [Yj(w) = Yi(w)]
SCOlt=jI"+Clj = sl

<2C|t —s|7.
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Thus for
4

-2
we have established that for w € Q\ N,, k > 1, and s,t € DgN|[0, k+1] satisfying

C,=20=2""4

[t — s| <27 the following holds
(14) Yilw) = Ys(w)] < Cylt — sf? < Cr2me),

This gives us that for each w € Q\ N,, and for £ > 1, the mapping ¢t — Y;(w) is
uniformly continuous on D N[0,k + 1]. For t € RT and w € Q\ N,, define

(15) Zi(w) = lim Yi(w).

D>s—t
We shall now establish that (Z;);cr+ is a continuous stochastic process. First we
observe that, by (14) we have that the map

t = Yi(w)
DN0k+1]— R?

is uniformly continuous for every w € € and trivially we have that R? is a
complete metric space. As Dy N[0, k+ 1] is dense in [0, k + 1] we obtain that the
map

[t Zy(w)
[0,k + 1] — R?

is also uniformly continuous and thus we have that the map

t— Zt (Cd)
R* i R?
is continuous. For w € N, we define Z;(w) = 0 for every t € RT. Thus we have
obtained that
t— Zt ((U)
Rt — R?
is continuous for every w € ). Next we shall verify the measurability of the Z;s.

For t € RT, Z; is measurable as the pointwise limit of measurable functions and

hence (Z;);er+ is a continuous stochastic process.
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For the final part of the proof we must verify that (Z;);cr+ is a modification
of (Y3)er+. For s € Dg and for all w € Q\ N,, we have that Z(w) = Y;(w). Since
Dy is dense then, for any t € R, there is a sequence s,, € Dg which converges to
t. Then for all w € Q\ N,, we have as a consequence of (15) that Y;, (w) = Z;(w).
Consider, P(N,,) = 0 so that Y, converges to Z; almost surely. Since Y, — Z,
almost surely and P is a probability measure it follows that Y, converges in

measure to Z;. On the other hand, for > 0, by Markov’s inequality and (6),
P({w: Ve (@) = Vi) > 0}) < 072 B([Ya, = Yil%) < n~%ls, — 1+,

and as this holds for each n > 0, we obtain that Y, converges in measure to
Y;. Hence, the limits Z; and Y; are equal as equivalence classes of measurable

functions Q — R?. That is,
PH{w: Z;(w) =Y (w)}) = 1.

As this holds for every ¢ € R, this gives us that (Z;);cr+ is a modification of
(Y)ter+, completing the proof. O

2.1.3. Gaussian Process. Being one of the most widely used distributions,
the Gaussian distribution is central to probability and in this short section we
shall build up to a process which is deeply connected with this distribution, the

Gaussian Process.

DEFINITION 2.10 (Gaussian Random Variable). A random variable Y is said

to be a Gaussian random variable if its probability density function is given by

1 (y —E[V])
hy(y) = ——— exp| — . yeR
v(v) /27 Var(Y) P ( 2 Var(Y)? Y
REMARK 2.2. In the above definition, E[Y] and Var(Y') are parameters of the

distributions. These are generally denoted by p and o however we elected for a

slight abuse of notation with E[Y] and Var(Y') so as to avoid conflict of notation.

We state without proof the following elementary result related to Gaussian

random variables.

THEOREM 2.4. IfY; and Ys are two Gaussian random variables then for any

a € R, Y, + aYs is also Gaussian.
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We may then generalize this notion by considering Gaussian random vectors.

DEFINITION 2.11. A wector of random variables Y = (Y1,Ys, -+ ,Y,) is said
to be an n dimensional Gaussian random vector if its probability density function
1S given by

1
(2m)™ det
where E[Y| = (E[Y1],E[Y2], - ,E[Y,)]) is the mean vector and ¥;; = Cov(Y;,Y;)

(16) hy(y) = 5 o (—%(g —EY)'E Ny - E[Y])) , yeRrR"

where ;; represents the ij™ entry of X.

Y. in the above is said to be the variance-covariance matrix. We prove the

following results which shall be on use in a later section. This result is due [8]

THEOREM 2.5. Any wvariance-covariance matriz is symmetric and positive

semi-definite.
PROOF. Let ¥ be a d x d matrix and v be a vector in R%. Then

" Yu =" E[Y —-EY])(Y —E[Y])"]v

=Ela"q]
= E[|al]’] > 0.
As symmetry follows trivially from the definition, the proof is complete. U

Next we wish to extend the idea above to the case when we have an infinite
collection of Gaussian random variables indexed across time. Clearly, we cannot
give a distribution in a closed form as in (16). Instead, due to Kolmogorov’s
Extension Theorem, we may define the finite dimensional distributions and we are
guaranteed that a stochastic process with such finite dimensional distributions
exists. Applying this reasoning for the specific case when the finite dimensional

distributions are Gaussian, we obtain the following definition.

DEFINITION 2.12 (Gaussian Process). A stochastic process {Y; : t € T'} with
mean function my (y) and covariance function ky(x,y) is said to be a Gaussian
Process if any finite linear combination of its random variables has a multivariate
Gaussian Distribution. The variables of the process must satisfy E[Y;] = my (1)

and Cov(Y:, Ys) = ky (t,s) fort,s € T.

Page 21 of 101



REMARK 2.3. So as to have a valid covariance function, we require the func-

tion ky (z,y) in Definition 2.12 to be positive semi-definite.

Gaussian processes are highly flexible models, making them well suited for
modelling complex phenomena such as non-linear dynamic systems. For example,
they have been used in ionospheric physics to model total electron content over

South Africa. We refer the interested reader to [2] for further details.

2.1.4. Brownian Motion. One of the most fundamental processes in prob-
ability theory, Brownian Motion shall be central when we define the stochastic
integral as it will serve as the integrator. In this brief section we shall define
Brownian Motion as well as the closely related Weiner measure. For this section,
we shall use without proof the easily verifiable fact that min(s,¢) is a valid co-

variance function for a Gaussian Process.

For any finite collection of times 0 < t; < --- ¢, < T, let the Gaussian ran-
dom variable vector (Y;,,--- ,Y;,) satisfy E[Y;,] = 0 and Cov(Y;,,Y;;) = min(i, j)
for i,j € {1,2,--- ,n}. For every finite collection of times, define the measures
Vg, 1, as in (1). It is easily verified that the consistency conditions hold and
so we are guaranteed the existence of a measure vw on R? which satisfies the

conditions of the Kolmogorov Extension Theorem.

DEFINITION 2.13 (The Weiner Measure). The measure vy is said to be the

Weiner measure.

DEFINITION 2.14. Let B = (Bi)wcor] be a random variable B : 0 — RT.
Then B is said to be a Brownian Motion if for all Borel sets A C RT the proba-
bility of the set {w : B(w) € A} is given by vw(A).

The above however, does not guarantee that sample paths of Brownian Mo-
tion are almost surely continuous. This is undesirable both from a mathematical
standpoint seeing as continuous functions give us much more results that we may
work with. At this juncture, we may however utilize the Kolmogorov Continuity
Theorem to ensure this. Prior to proving these however, we must show a few

elementary results.
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THEOREM 2.6. Let (By);er+ be a Brownian Motion Process. Then E[B; —
Bg] =0 and Var(B, — B;) = |s — t|.

PROOF. We assume without loss of generality that s < ¢t.That E[B,— B;] = 0
follows trivially by linearity of the Expectation.
Var(B, — By) = E[(B, — By)?]
= E[B}] + E[B?] — 2E[B,B,]
=t+s—2s
=1t—35
A similar case holds for ¢ < s. U

We also state the following without proof.

THEOREM 2.7. Let Y, be a Gaussian variable with mean 0 and variance
Var(Y1) and let Yy be a Gaussian variable with mean 0 and variance 1 then Y;

and Var(Y;)2Y; have the same distribution (and hence the same expectation,).

THEOREM 2.8. Brownian Motion satisfies the conditions of Kolmogorov Con-

tinuity Theorem.

PRrRoOOF. Let @ > 2 and Y’ denote a Gaussian random variable with mean 0

and variance 1. By Theorem 2.7 the following holds.
E[)Y, — Y[ = |s — ¢|ZE[|Y"|]
= Cyls —t|2

where

25 ol v\ _ piype
Oa_ F( )_/Oo|y| \/%GXP( 2) _E[|Y| ]

and C' = C, in (6), we are guaranteed to find a

Hence picking 8 = 1 — §
continuous modification of Brownian Motion which with slight abuse of notation

we shall denote by (B)er+- O

To end this section, we shall state a lemma which may be easily verified by

calculations similar to those of the proof of Theorem 2.6.
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LEMMA 2.2. Brownian Motion increment have independent increments that

is COV<Bt1 - Btza Bts - Bt4) :E[<Bt1 - BtQ)(Bts - Bt4)] = 0.
2.2. Stochastic Integration

While the integration of deterministic functions is known, it was desired to
extend this notion to integrals whereby both the integrand and the integrator are
random. We shall show how such an integral is constructed. For our purposes,

we shall focus on integrals of the following form

b
(17) / Y, dB,

whereby B; is a Brownian motion process and (Y;);cr+ is a stochastic process.
It should be noted that, even when Y; is deterministic function, the problem of
defining the integral in (17) is non trivial. Indeed, for the case when f is deter-
ministic, one may attempt to define (17) through the use of Riemann-Stieltjes
integration however this approach cannot be implemented here seeing as B; has

infinite finite variation.

We start the discussion by defining a property which the process (Y;);er+ must
satisfy for it to be stochastically integrable.

DEeFINITION 2.15 (Filtration). A filtration {F; : t € T} is an increasing

sequence of sigma algebras having some indexing set T'.

DEFINITION 2.16 (Adapted Process). A stochastic process {Y; : t € T} is
said to be adapted to the filtration {F; : t € T} if Y is Fy measurable for every
teT.

We are now in a position to define the stochastic integral. We shall fix a
Brownian motion B, and a filtration {F; : a < ¢t < b} in such a way that the
following conditions are satisfied.

(i) For each t, By is F; measurable.

(ii) For any s <t the random variable B; — By is independent of the o-algebra
Fs.
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When dealing with the stochastic integral, we shall only be working with adapted
processes. Due to this we shall define the space LZ,([a,b] x Q) as the space of all
stochastic processes {Y; : a <t < b} which satisfy the following conditions

(i) Y; is adapted to the filtration {F; : a <t < b}.

(i) [ E[V;]?] dt < oo.

REMARK 2.4. For ease of notion. We shall write Y; as Y (t) for this section.

2.2.1. Integral for Step Stochastic Processes. Just as in the case of
the Lebesgue integral, we first define the stochastic integral for step stochastic

processes in L2,([a,b] x Q). To this effect we let
Y(t> w) = Z fi—l(w)ﬂ[ti—hti)(t)
i=1

where £, | is JF,,_, measurable and E[¢7 ] < oco. For these simple processes, we

define the integral to be
(18) 1Y) =) &.1(By = Bi,_,).
i=1

Linearity of the integral is easily verified. The next result shall require some ele-
mentary results related to conditional expectation. We direct readers unfamiliar

with this concept to Appendix A.
LEMMA 2.3. Let I(Y) be as defined in (18). Then E[I(Y)] =0 and

BI1)P) = [ ElY (o)) d

where the expectation is taken with respect to the Weiner measure.

PROOF.
El§i1(By, — Biiy)] = E[E[§,1(By, — Bi,y )| Fiiy]
= E[§i 1 El(By, = Bi, )| Fii, ]
(19) = E[§; 1 E[(B, — B, )l

=0.
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Here, (19) follows from the fact that B;, — By, , is independent of F;, ;. As a

1—1

consequence of this it is easily verified that E[/(Y")] = 0. Moreover
‘[(Y)|2 = Z 52’—1 fj—l(Bti - Btifl)(Btj - Btj—l)'
ij=1
Consider ¢ # 7. Without loss of generality we take ¢ < j. Then the following
holds

E[& 185 1(By — By )(By, — By, )]
=E[E[§; 1 &1 (B, — B, )(By, — By, )| Fi, ]
(20) = El§i1 &1 (B, — By )E[(By, = By, )| Fi, ]
(21) =0.
Whereby (20) once again follows due to the independence of the increment from
the filtration.
Consider ¢ = j. Then
E&1(By, — By, )’l = E[E[E (B, — Bi_y)*| P ]
= E[¢7, E[(B,, — B,_,)’)]
= E[§7,(ti — 1))
(22) = (t: — ti)E[E] ).
Then, the result follows as a result of (21) and (22). O
2.2.2. Approximation Lemma. In this section, we shall show an approx-

imation lemma which will be crucial when we extend from step stochastic pro-

cesses to general ones.

THEOREM 2.9. Let Y € L2 ([a,b] x Q). Then there exists a sequence {Y,(t) :

n > 1} of step stochastic processes in L2 ;([a,b] x Q) such that
b
(23) lim [ E[|(Y(t) — Y, (t)[*] dt = 0.

n—o0 a

Here the convergence is in (L*([a, b] x ), B([a, b]) x F, A x P) where Ax P denotes
the measure arising from the product of the Lebesgue measure with a probability

measure.
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PrROOF. We split the proof in three cases.
Case 1. E[Y;Y;] is a continuous function of (t,s) € [a,b]*.

We let A, = {to, t1...,t,} be a partition of [a,b] and we define the stochastic

process Y, (t,w) by taking
(24) Yn(t,W) = Y(tz‘_hW), tiog <t<t

Clearly, {Y,(t,w)}5°, is a sequence of adapted step stochastic process. By as-

sumption of continuity we have that

lim B[|Y'(t) — Y(s)|*] =0,

s—t

in particular we have that for ¢ € [a, ]

(25) HmE[|Y () — Y (s)]!] = 0.

s—1

Using the inequality |o — 3]* < 2(]a]? + |3]?) we obtain that
Y(t) = Ya (&) < 2(]V3)* + [Ya (1))
Consequently for all a <t < b,
E[|Y () — Ya(t)]"] < 2(E[]Y (1) ] + E[[Ya (1))

(26) < 4 sup B[JY ().

a<s<b
Thus from (25) and (26) we are justified in applying the Lebesgue Dominated
Convergence Theorem to obtain the following

lim bEHY(t) — Y, ()] dt = 0.

n
—00 a

Hence verifying the lemma in the first case.
CASE 2. Y s bounded.

In this case, we define a stochastic process Z" by taking

T

n(t—a)
Zo(tw) — / Y (- Tw) dr
0 n

We trivially have that {Z,(¢)};cr+ is adapted to F; and fabIEHZn(t)P] dt < .
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First we show that, for each n, E[Z,(t)Z,(s)] is a continuous function of (¢, s).

To show this we perform the substitution u = ¢ — ~ which gives
t
Zp(t,w) = / ne”"WY (u,w) du.
This may be trivially used to verify that

HmE[| Z,(t) — Z,(s)]*] =0

t—s

so that the claim follows.

Next we shall show that

(27) lim bE[|Y(t) — Z,(®)]?] dt — 0

n—o0 a

To show this, we first note that

T

Y(t) — Z,(t) = /OOO Y () - Y (- T) dr,

where Y (¢) is understood to be 0 for ¢ < a. As e”7dr is a probability measure

on [0,00), we are justified in applying the Schwartz inequality to obtain
2 * Tvi2,-7
YO - Z@F < [ Vi) -Yie- D
0 n
From this we proceed to conclude the following

BV - 2.0 d

b poo T s
g//o TEY () - Y (- D)Pldrat

_/0 e‘T</abIEHY(t)—Y(t—%)|2]dt>d7
(28) - /OOO e‘TE{/abW(t) Y- %)th} dr.

Due to the assumption of boundedness of Y we have that

(29) lim /b V() =YL )Pdt =0

n—oo

almost surely. Thus (27) follows as a consequence of (28) and (29).

Now using the fact that E[Z,(t)Z,(s)] is a continuous function of (, s), we apply
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Case 1 to Z, for each n to choose an adapted stochastic process Z,(t,w) such

that

(30) /EMﬂ%ﬁﬁMﬁg%

Hence by (27) and (30) we have that

lim bE[|Y(t) — Y, ()] dt =0,

n—oo a

completing the proof for the second case.
CASE 3. The general case for Y € L2,([a,b] x Q).

Let Y € L?,([a,b] x Q). For each n, define

Y(t,w) if |Y(t,w)| <n,
ot Y0 )

0 if |Y(t,w)| > n.

Then by the Lebesgue dominated convergence theorem,

(31) lim bIE[|Y(t) — Zn(t)]?] dt = 0.

Now, for each n we apply Case 2 to Z, to choose an adapted step stochastic

process Z,(t,w) satisfying

b
1
(32) [ E(2.0 - vioPy e < -
Hence (23) follows from (31) and (32) completing the proof. O

2.2.3. Integral for General Stochastic Processes. From what was es-

tablished in 2.2.1 and 2.2.2 we may proceed to define the stochastic integral
b
/ Y(t)dB, Y € L2,([a,b] x Q)

By applying the approximation lemma proved in 2.2.2 we may obtain a sequence
{Y,.(t,w) : n > 1} of adapted step stochastic processes such that (23) holds. For
each n, I(Y,,) is defined as in 2.2.1. By Lemma 2.3 the following is evident

b
mmw—mwmzfmmw—m@mm

(33) — 0 asm,n — oo.
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Hence the sequence {I(Y,,)} is Cauchy in L*(2) and we define

(34) I(Y) = lim I(Y,) in L*(Q).

n—oo

DEFINITION 2.17. The integral I(Y') in (34) is said to be the stochastic inte-
gral of Y.

It is trivially verified that the integral is linear. Also, by the discussion in
2.2.2 we have that Lemma 2.3 remains valid for any adapted stochastic process.

We state this as a Theorem.

THEOREM 2.10. Let Y € L?,([a,b] x Q). Then the It integral I(Y) =
fabY(t) dBy is a random variable with E[I(Y')] =0 and

E[|I(Y)[] = / E[Y (1)) dt.

Hence by this theorem we have that I : L2,([a, b] x ) — L*(2) is an isometry

and this is indeed the well known Ito Isometry in stochastic integration.
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CHAPTER 3

Foundations of Quantum Probability

3.1. Elementary Notions of Quantum Probability

As previously mentioned, the relaxation of the assumption of commutativity
of random variables necessitated new developments of probability. Our main fo-
cus shall be quantum probability and in this chapter we shall present elementary
definitions related to the subject and prove Gleason’s theorem, a crucial result in
this area. The theorems and definitions related to quantum mechanics are taken

from [19] unless otherwise specified.

In classical probability we work with measure spaces (€2, F) where € is a set
and F is a g-algebra on (). For quantum probability, this is no longer sufficient
and instead we consider the space (#,.A) whereby H is a separable Hilbert Space
and A is the lattice of closed subspaces of H. For the sake of completeness, we

define the notion of a lattice which we take from [7].

DEFINITION 3.1 (Lattice). A poset P is said to be a lattice if for any two
elements p1,ps € P there exists a greatest lower bound p; N ps called the meet

and a lower upper bound p1 V py called the join.

In quantum probability, the role of random variables is carried out by observ-
ables which we define below. The definitions and results relating to observables

in this chapter are found in [19].

DEFINITION 3.2 (Observables). Let Q be a set, F be a o-algebra over Q and
P(H) denote the set of orthogonal projections over a Hilbert Space. Then an

observable is a spectral measure, that is a mapping © : F — P(H) satisfying:

(i) 7(@) =0 and =(2) = I.
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(ii) For a family of disjoint sets {E;}; in F,

o0

W(U E) =Y n(E).

= i=1
REMARK 3.1. By using techniques similar to those used when working with
classical measures, we may show that any spectral measure 7w satisfies the follow-
mg
(i) By C By = w(E)) < 7(Ey).
(ii) For any Ey and Ey in F :

7T(E1 U EQ) + 7T(E1 N EQ) = 7T(E1) + 7T(E2).

Then, by observing that w(FE,)w(Ey U Ey) = w(Ey), we may also conclude that
the following holds

m(Ey N Ey) = w(Ey)m(Ey).

We may now proceed to discussing measures in the context of quantum prob-

ability.

3.1.1. Measures. It is clear that for a measure on the space (H,.4) some
adjustments to Definition 2.5 must be made. For example, it does not make sense
to discuss disjointness seeing as the zero vector must necessarily be an element
of every closed subspace. Instead of disjointness we shall use orthogonality. We

are now in a position to give a formal definition of a quantum measure.

DEFINITION 3.3 (Quantum Probability Measure). Consider the space (H, A).
A quantum measure p is a function defined on A which satisfies the following
properties.
(i) For all Ae A, u(A) > 0.
(ii) u(0) =0. Where 0 denotes the null projection.
(iii) For all countable pairwise orthogonal collections {A;}52, satisfying A; € A
for all 7,

p (\/ Ai) = iu(z‘h)-

whereby V denotes the usual supremum induced by the lattice of projections.
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(iv) u(l) = 1.

Classical measures described in 2.5 may be easily constructed with several
probability distributions being widely known and utilized. We would like to know
if measures in a quantum probability setting assume a particular form and this

is precisely what we will find in the next section.

3.2. Gleason’s Theorem

Being one of the cornerstones of quantum probability, Gleason’s Theorem
shall give us that the probability of some closed subspace may be given as a
trace of some operator. Before proving this, we shall need a few definitions and
lemmas which we give below. The original result is found in [9], we shall follow

the treatment given by [10].

DEFINITION 3.4 (Unit Sphere of a Hilbert Space). The unit sphere S of ‘H
is the set {h € H : |h|| = 1} where ||h|| = /(h,h).

DEFINITION 3.5 (Great Circle). A Great Circle is a circle formed on the
surface of the sphere by intersecting a plane passing through the centre of the

sphere with the sphere.

DEFINITION 3.6 (Frame Function). A real-valued function f defined on the
unit sphere of H is said to be a frame function of weight W if, for every or-

thonormal basis {z;}; of H, we have
> fla) =W

REMARK 3.2. If {z1,x9,...} is an orthonormal basis then {axy, s, ...} is
also an orthogonal basis. Thus, for a constants {aq,ay---} satisfying |o;| = 1

for all i, a frame function f must satisfy
(35) > flow) =W.

DEFINITION 3.7 (Regular Frame Function). A frame function f is reqular if

there exists a self-adjoint operator p defined on H such that for all unit vectors
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x € H we have
flz) =" pa.
From this definition the following lemma is immediately clear.

LEMMA 3.1. In a finite dimensional real Hilbert space, a frame function is

reqular if and only if it is the restriction of a quadratic form to the unit sphere.

The next lemma, which we state without proof, shall be useful in a later

theorem.

LEMMA 3.2. The function on the unit circle in R?, f(0) = cosnf is a frame

function if and only if n =0 or n =2 (mod 4).

In the next theorem, we shall start seeing sufficient conditions for a frame

function to be regular which will later be used for another result.

THEOREM 3.1. Every continuous frame function on the unit sphere in R? is

reqular.

PRrOOF. Let ); denote the space of spherical harmonics Y}, of degree [. Let
F denote the set of continuous frame functions on the unit sphere S in R3. It
is known that every continuous function on S may be expressed as a norm limit
of a sum of Y}, s and we seek to find which of these Y},,,s may contribute to the
sums of elements of F'. Prior to this however, we recall that spherical harmonics

may be written in terms of polar coordinates in the following manner:

(36) Yim (0, ¢) = \/ (21447:(11)1[ ;)T)!Bm(cos 0)em?,

where P/™ denotes the associated Legendre polynomial of index {,m € N. Through

(36) we may easily ascertain the following relations
(37)

Yin(0,6) = (=1)""Yin(m = 0,6) = (=1)"Yi(0, ¢ + 7) = (=1)"Yiuu(~0, —9).
Qo gives the space of constant functions and trivially, these are also frame func-

tions. Hence )y C F' meaning Yy, may contribute to the sums of elements of

F. Q consists of linear functions on R? restricted to S. By (37) these functions
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change sign under parity. Hence any function in ) cannot lie in F' else its inclu-
sion in F' would contradict (35). When considering @2, we need only note that
this consists of quadratic forms of zero trace restricted to S. These are trivially
frame functions and hence () C F.

Next we check if any @); having [ > 2 may be a subset of F'. Suppose this is so.
We recall that spherical harmonics satisfy the Laplace equation in R3 which, in

cylindrical coordinates, is written in the following manner:

190, dg 1 0% 0%
oo e T o =0

Through substitution, we may easily see that g, = r! coslf and g, = (r? — 2(1 —

(38)

1)22)r'=2 cos((I — 2)0) both satisfy (38). As these are of order [, g; and g must

be in (); and consequently these may be written as a linear combination of Y},,s.

Consider an orthonormal triple of vectors {z1, x5, x3} with any vector fixed which
we, without loss of generality, take to be ;. We let f be a frame function defined

on this set satisfying

fz) + fxe) + fxs) = W.

For all orthogonal pairs of vectors {zs, x5} lying in the plane orthogonal to

we will have that

f(xa) + flz3) =W — f(1),

hence giving that f is a frame function on the great circle orthogonal to the
fixed vector x;. However, by Lemma 3.2 any function proportional to cos(nf)
will only be a frame function if n = 0 or n = 2 (mod 4) which,for [ > 2, can-
not be satisfied simultaneously by [ and [ — 2. This contradiction gives us that

Q¢ F forl > 2.

Consequently, we are justified in saying that F' is the closed linear span of Q)
and )2 which, for this case, is equivalent to saying F' = @)y + (J2. Knowing
this, we may proceed to show the statement of the theorem. As previously dis-
cussed functions of ()9 are restrictions of a quadratic form to the unit sphere.

Functions in )y may also be seen as such by noting that, on S, 1=x2? + y? + 22
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which is trivially a quadratic form. Hence, F' consists only of quadratic forms
restricted to unit spheres and therefore, by Lemma 3.1 these are regular proving

the theorem. O

We shall now use the above result to show that all non-negative frame func-
tions on S are continuous and, due to the theorem we have just proven, this
will mean that these frame functions are indeed regular. It is prudent at this

juncture to define the notion of osc(f, X).

DEFINITION 3.8. Let f be a bounded real-valued function defined on a set X.
Then osc(f, X) is given by osc(f, X) = supf(z) — in)f(f(a:).
zeX S

The next lemma is highly related to great circles. We firstly observe that
every point of the sphere lies on infinitely many great circles. Let ¢ be any point
on the sphere and 6, be the value of the polar angle ¢ at ¢. In the lemma, for
some point g, we shall mainly be working with a great circle C; which has a
tangent which coincides with that of a circle in the plane 6 = 0,. C, shall also

be referred to as the Great Circle through gq.

LEMMA 3.3. Let N denote the set of points n satisfying 0, < 5. Let ps € N
such that ps # (0,0,1). Let Py be the set of all points p1 € N such that for some
point pa we have:

i) pg is on the Great Circle through p;.
i) p3 is on the Great Circle through ps.

Then the set Py has a non-empty interior.

Proor. We shall show this lemma by deriving an expression for the set of
points which satisfy ii). By suitable transformation of coordinates, we let ps
have coordinates (sin#,0, cosf) in some orthonormal coordinate system and po

have coordinates (a, b, ¢).

Consider the tangent t. at ps to the great circle connecting ps and ps. Then

t. is a vector in the plane in which p, and ps lie and it must also satisfy ¢. L ps.
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From these conditions, we may find an expression for ¢, by taking

(P2, p2)
We want to find the points ps such that this tangent coincides with the tangent

tc:pB_

to of the circle of latitude given by 6 = 6,,. It is clear that this tangent must lie
on the zy-plane and it must be orthogonal to ps. Hence, ignoring normalization,

t2 = (—b, a, 0)

At tq, t. and t must be parallel giving us that there exists o € R such that aty =

t.. Equating the z coordinates, the following equation is obtained
(39) 0 = (a* + b*) cosf — acsin 6.

While two other equations may be derived, equation (39) is enough to specify
the points ps which satisfy i7). Indeed, if the tangent of a great circle through
ps lies in the zy-plane then it must necessarily be a tangent to the surface of the
sphere in the xy-plane and hence parallel to the tangent of C,,. Hence the locus

of points L which satisfy i) is given by
L= (a®+b*) cosf — acsinf = 0.

Let x be any point for which ¢ > 0. Then the great circle through x must cross
the locus L since, on the equator, ¢+ < 0. Hence, P; contains at least the open
set of points for which ¢ is positive and by taking the points x = (sin &, 0, cos k)

for 6 < k < 7 we verify that this open set is indeed non-empty. 0

LEMMA 3.4. Let f be a frame function on the unit sphere S in R® such that
for a certain neighbourhood U of a point p on S, osc(f,U) = a. Then, for
every point on the great circle whose plane is orthogonal to p, we may find a

neighbourhood V' satisfying osc(f, V) < 2a.

PROOF. We choose a coordinate system such that p = (0,0, 1). We define the
neighbourhood U of p by taking all points whose corresponding 6 value satisfies
0 <. Let qo be any point on the sphere having 0, = 7 and a be a point having
the same ¢ coordinate as qo and having 0, = 5 + g where 6, denotes the value

of # for point b using spherical polar coordinates.
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Let Cy be the unique great circle which connects a and ¢y and let o' and ¢
be points in N N Cy satisfying a 1 @’ and g L ¢). Clearly, for both these points
to lie in U we must have ¥ > 0 which is always satisfied and hence both o’ and ¢
lie in U. The same argument holds if we substitute ¢, a point in some neigh-

bourhood V' of qq, for go and hold a fixed.

We repeat the above procedure for ¢; and ¢ in V. C; will be the great cir-
cle connecting a and ¢; and choose points a} and ¢, in N N C; satisfying a L
and ¢; L ¢}, i € {1,2}. Hence we will obtain two orthonormal bases {a, a}} and

{q,q¢}} for C;, i € {1,2}. Then, as f is a frame function, we must have that

fla) + fla;) = f(a) + f(q;), i €{1,2}.

Subtracting the equations we obtain by substituting ¢ = 1 and ¢ = 2, we obtain

(@) = fla2)l = [f(a)) = flas) + f(2) — f(d))]
< |f(ar) = flay)l + 1£(g) = fla)l

< 2.

In the last step, we used the fact that {a}, aj, ¢}, ¢4} € U. Hence, for any pair of
points ¢; and go both in V' |f(q1) — f(g2)| < 2a showing that osc(f, V) < 2a. O

In the next lemma we generalize the result from a neighbourhood to any open

set U.

LEMMA 3.5. Let f be a frame function on the unit sphere S in R such that

for some non-empty open set U we have osc(f,U) = a. Then every point of S

has a neighbourhood W such that osc(f, W) < 4a.

PRroOF. To prove this, we need only apply Lemma 3.4 twice. Recall that,
from an arbitrary point in the sphere, we may reach any point in two steps of
arc length 7. Since osc(f,U) = o where U is the neighbourhood of some point
p, there exists a point ¢ satisfying ¢ L p having a neighbourhood V for which
osc(f,V) < 2a. By the same reasoning, there is a neighbourhood W of a point
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w orthogonal to ¢ for which osc(f, W) < 4a. As any point of S may be reached

in this manner, the lemma is proven. Il

Through these established lemmas, we shall now show that every non-negative
frame function on S in R? is regular. In particular it is enough to show that these

are continuous.
THEOREM 3.2. Every non-negative frame function on S in R3 is reqular.

Proor. To start the proof, we first note an elementary property of frame
functions. This being, that the addition of a constant to a frame function still
results in a frame function albeit one with a different weight. Let f be a non-
negative frame function on S having weight WW. Due to the property mentioned,

we may assume that ingf(x) = 0.
TE

Let € > 0 and set = g5. As ingf(a:) = 0 we may always find a point p € S sat-
e
isfying f(p) <n. We denote by o the transformation, cx(6,, ¢,) = 2(0,, ¢ + 5)

and consequently define the function

g(x) = [(x) + f(ow).

{1, 29,23} is an orthogonal triple if and only if {0z, 029, 023} is and hence

3

Zg(%’) = (f(z:) + fowz;)) = 2W

=1

showing g is a frame function of weight 2V .

We restrict our attention to vectors ¢ on the equator. For such a ¢, ¢ L
oq and in addition p,q and oq are mutually orthogonal. From this we may de-

duce that g satisfies

(40)  g(q) = f(q) + floq) = f(q) + floq) + f(p) — f(p) =W — f(p).

As this holds for any ¢ on the equator we may deduce that g is constant on the

equator.

We now take a point r € N \ {p} and let C be the great circle through r
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such that r is the highest point on C'. Due to this selection, the point at which
C intersects the equator will be orthogonal to r. We will call this point p. From

this we may deduce that
9(r) +9(q) < 2W.

By (40) we have that g(r)+g¢(q) = g(r)+W — f(p) and hence the we may deduce
that

g(x) W+ f(p) W +n Ve e N\ {p}

Now we take a point s € C NN and a point t € C'N N orthogonal to s. As s and
t span the plane of C' then so do r and ¢q. Consequently, the orthogonal vector
w orthogonal to the pairs is the same. Due to g being a frame function, we have
that g(r) + g(q) + g(w) = g(s) + g(t) + g(w) and hence

9(r) +9(q) = g(r) + W — f(p) = g(s) + g(t) < g(s) + W + 1.

From this we obtain that the following holds ¥r € N \ {p} and s € CN N

(41) g(r) < g(s) + 2n.

Let 8 = inf{g(x) : x € N\ {p}} and we choose a point z € N \ {p} for which
g(z) < B+ n. This point is guaranteed to exist by definition of infimum. Next,
we consider a vector x which satisfies the conditions outlined by Lemma 3.3.

This means that € N \ {p} is such that for some y we have

i) y is on the Great Circle through x.
ii) z is on the Great Circle through y.

By Lemma 3.3 we are guaranteed that such a point exists. By (41) we obtain

that

g(z) < gly) + 21

as well as

9(y) < g(z) +2n.

From these we may conclude that

(42) B <g(x) <g(z)+4n < 5+ 5.
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Hence, for the non-empty interior U of the set X composed of such vectors =z,
we have osc(g,U) < 5n. By Lemma 3.5 there exists a neighbourhood V' of p
satisfying osc(g, V') < 20n. Consider, p = op and hence

g(p) =2f(p) <27

from which we deduce that

(43) sup g(x) < 22n.
zeV

We one again apply Lemma 3.5 to infer that every point u on the sphere must

have a neighbourhood W such that
(44) osc(f(u), W) < 88n =e.

Continuity of f on S follows by noting that ¢ may be chosen to be arbitrarily

small and by Theorem 3.1 we have that f is regular as required. U

Having proven the continuity of f, we now move on to the next part of the

proof and to proceed we shall need the following definition.

DEFINITION 3.9. A real-linear subspace H' of a Hilbert space H is said to be

completely real if the inner product on H' takes only real values on H' x H'.

We may immediately note that S may be considered as a completely real
subspace of a complex two-dimensional Hilbert space. Seeing as we have shown
regularity of f on S, we shall now investigate whether this has any implications

of the regularity of f on a larger Hilbert space.

Another observation we may make is that, by restriction of the inner product, a
completely real subspace of any Hilbert space H is itself a Hilbert space. Con-
sequently, a frame function for H remains a frame function when restricted to
such a subspace. To start we shall prove a lemma related to frame functions on

real Hilbert spaces.

LEMMA 3.6. If f is a non-negative frame function of weight W on a real

Hilbert space, then for any unit vectors x1 and xo we have

|f(z1) = fz2)| < 2W|z) — 29
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PROOF. By regularity of f, we are guaranteed the existence of a self-adjoint
operator p satisfying f(z) = aZpz. As f is non-negative, z7pz > 0 and due
to the frame function condition we may additionally infer that 2% pxr < W for
any unit vector x. Also, |p| < W. Since H is real, we must also have that

2% pwy = 2% pxy. Then
(45) (1 + @) p(a1 — @9) = a{ pr1 — 25 pry = f(a1) — f(x2).
Therefore we obtain

|f(z1) = fz2)] < |pllr + 22|21 — 22

= ||/ (21, 21) + 2(x1, T9) + (T2, Ta) |71 — T2

S 2W|[E1 - 1‘2’
as required. O

The next lemma has to do with the compactness of the unit sphere. We state

this without proof.

LEMMA 3.7. In a normed space X, the unit ball is compact if and only if X

s finite dimensional.

LEMMA 3.8. Let f be a non-negative frame function on a two-dimensional
complex Hilbert space H* which is reqular on every completely real subspace.

Then f is reqular.

PROOF. Let f have weight W and let M = sup f(x). Then we can choose a
TEH?
sequence of unit vectors (z,)nen such that f(z,) — M. By Lemma 3.7 and by

using that any Hilbert space is a metric space, we may also arrange that x, — .

(Tn,y)
Ken )]

choice of A\, we have that \,, = 1 and \,z, — v.

Construct A, = We may immediately note that (\,z,,y) is real. By

Now we shall require a strengthening of the property in (35). In particular we will
show that for any frame function f, unit vector x and for any « satisfying |a| = 1

we have

(46) flazx) = f(x).
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This is due to the fact that if f is a frame function for a Hilbert space H then
it is a frame function for any closed subspace D of H by restriction. Hence by
taking a one dimensional space D, the frame function condition gives (46). From

this we may infer that f(A\,z,) = f(z,). We also have

Do, ) = s 2a){@n, y) W 2a) (Y 20)" o

(@0, )| |(n, )

so A\, x, and y span a completely real subspace. We note that a closed, completely

real subspace of a Hilbert space H, by restriction of the inner product, is itself a

Hilbert space. By use of Lemma 3.6 as well as (46) we conclude the following

[f(y) = M| = f(y) = f(Qnzn) + f(2n) — M|
< [f(y) = fQnzn)| + | f(2n) — M|
< 2Wly = Anen| + | (2n) — M
<€

from which we conclude that f(y) = M.

To proceed we shall define the function F' on H as follows

0 ifv=20
(47) F(v) :=

[vf(5t;)  otherwise.
Under the assumption that f(x) is regular and hence may be written as 27 px
on every completely real subspace, we have that F'is a quadratic form under re-
striction to any completely real subspace. In addition, by (46), we have that

F(av) = |a]*F(v) for all scalars o and unit vectors v.

Let z be a unit vector orthogonal to y and we consider the completely real
subspace spanned by y and z. As F restricts to be a frame function on this
subspace, we have F(y) = f(y) = M and F(z) =W — f(y) = W — M. On the
yz-subspace, F'is a quadratic form by the assumption of regularity. By choice
of M as the supremum, F' attains its maximum value on the unit circle at y.
Hence the matrix for F' relative to the basis {y, z} is diagonal. For suppose

not, we would obtain a larger value of F' at some point § obtained by adding
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some component along the z direction to y contradicting f(y) = M. Hence, for

a, b € R,
(48) F(ay + B2) = o*F(y) + f°F(2) = o*M + B*(W — M).

Letting v and 1 be non-zero complex numbers, we construct the vector
2= lmz
Rl
We may easily see that 2z’ will also be a unit vector orthogonal to y. Then by

using (46) and (48) we have

Fly +72) = F(%my 1 92)) = Flnly + 12) = Mg + (W — M)

As every vector in H may be expressed as a complex linear combination of y and

z we have shown that for all z € H,
F(x) =27 px

where p is the self adjoint operator with matrix representation

M 0
0 W-M
relative to the basis {y, z}. Hence the proof is complete. O

In the next lemma, we shall see that for regularity on the whole space, one
need only have regularity on any two-dimensional subspace on H. For this proof
however, we shall require the following form of the Riesz Representation Theorem

which we state without proof.

THEOREM 3.3 (Riesz Representation Theorem). Let Hy, Hs be two Hilbert
spaces and let h : Hi X Ho — k be a bounded sesquilinear form. Then h has a
representation h(z,y) = x7S"y where S’ : Hy — Hs is a bounded linear operator.

We must also have that S" is uniquely determined by h and satisfies |S'| = |hl.

LEMMA 3.9. Let f be a non-negative frame function on a Hilbert Space H
which is regular when restricted to any two dimensional subspace of H. Then f

15 reqular.
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PRrROOF. We recall the definition of function F' in (47). As f is regular on
any two dimensional subspace Y then for a real or complex H space respectively

there exists a bilinear and Hermitian form Ay respectively such that
F(x) = Ay (z,7) < 27 px

for all x € Y. We define a form A on all of H x H by taking

(49) Alz,y) = Ay (z,y)

for x,y € Y. Such an assignment is justified due to the fact that any pair of
vectors z and y may be considered as elements of the subspace they span. We
will show that A satisfies the required properties. The subspace x and y span
will always be two dimensional except for the case when x and y are parallel
meaning y = Ax for some constant .

For such a case, we must have that the following holds
Ay (z,y) = Ay (z, \r) = AF(z)

irrespective of how Y is chosen.
Through use of the polarization identity, the real or complex one depending on

the nature of H, we may write

(50) Av(ey) = (At ya+y) — Av(e =,z —))
1
1

(Flz+y) — Flz—y))
for the real case and
G Aviey) = (Av(+y.a+y) — Al —y0—y)
+iAy(x + iy, x +iy) — iAy(r — iy, x — iy))
1

= 1 (Fla+y) = Fla —y) +iF(a + iy) — iF(z — iy))

for the complex one.

Using the fact that Ay is linear in its second coordinate and conjugate linear
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in its first, we may easily verify using (49), (50) and (51) that

(52) Alax,y) = a™A(x,y)
Az, y) = Ay, z)°
4Re A(z,y) = F(x +vy) — F(z — )
)

2F(x) +2F (y) = F(z +vy) + F(z — ).

From the properties listed in (52) we may obtain that
8Re A(x,z) + 8Re A(y,2) =2F(x + z) —2F(x — 2) + 2F (y + 2z) — 2F(y — 2)
=Flz+z+y+z2)—Flx—z+y—2)
+F(r—y) - Flz -y
=4Re A(x + y,22) =8Re A(z + y, 2).
So that
Re A(z,z) + Re A(y, z) = Re A(z + v, 2).
Similarly, we may obtain that
ImA(x,z) + Im A(y, 2) = Im A(z + y, 2).
From which we may conclude that
(53) Alx,z) + Ay, z) = Az + v, 2).

From (53) and the first two properties listed in (52) we may conclude that A is

bilinear or Hermitian on H x H.

For the next step of the proof we shall require to show that A is bounded.
To achieve this we let z,y € H such that |x| < 1 and |y| < 1. We may always
choose 8 € C having |3] = 1 in such a way that A(Sz,y) € R. From this we

may conclude that

4|A(z,y)| = 4A(Bz,y) = 4Re A(Bx,y) = F(Br +y) — F(Br —y)
k(|Bx +y|* + Bz — y?) = 2k(|Bz)* + |y|*)

< 4k.
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This gives us that A(z,y) is a bounded sesquilinear form.

Due to A being such a form, we are justified in using 3.3 to guarantee the

existence of a bounded self adjoint operator p satisfying
(54) A(z,y) = 2" py
for all z,y € H. By noting that
f(z)=F(z) = Az, z) = 27 px
for all unit vectors x € H the proof is concluded. O

At this juncture, we are now in a position to show that every non-negative

frame function on a Hilbert space HY of dimension N > 3 is regular.

THEOREM 3.4. FEvery non-negative frame function on a Hilbert space having

dimension at least three is reqular.

PRrROOF. We recall that a frame function on H remains a frame function
when restricting to any completely real subspace of H. As dim(H) > 3, any two
dimensional completely real subspace may be embedded in a three dimensional
one. Then, as this subspace will be isomorphic to R?, we may apply Theorem
3.2. From this, we conclude that any non-negative frame function f is regular
on every completely real two-dimensional subspace of H. By Lemma 3.8 f is
then regular on all two dimensional subspaces and finally, by Lemma 3.9, we can

conclude that is regular on the entirety of H. 0

Having proven the regularity of all frame functions on such Hilbert spaces,

we are now in a position where we can now prove the main result of this section.

THEOREM 3.5 (Gleason’s Theorem). Let o be a measure on the closed sub-
sets of a separable Hilbert space H satisfying dim(H) > 3. Then there exists a
positive, semi-definite, self-adjoint, trace-class operator p such that for all closed

subspaces A of H

(55) H(A) = Tr(pPy)

where P, denotes the orthogonal projection of H onto A.
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PROOF. First we consider the case of C,, a one dimensional subspace spanned
by the unit vector x. We may immediately see that f(z) = u(C,) defines a non-
negative frame function f. By Theorem 3.4 we are guaranteed the existence of

a self-adjoint operator p for which the following holds

f(x) = u(Cy) = " pr.

As 2T pz > 0 for all unit vectors x, then p must be positive semi-definite. For an

orthonormal basis {x;}; of H, we must have that
u(H) = p(Cr) =Y al pr.

As the sum on the right converges, we obtain that p is in the trace class with

Trp = p(H).

Now we move on to any closed subspace A. If we let A have an orthonormal
basis {y;}; then we can always extend this to a basis for H by adding vectors

{#;}; in such way that {y;};, U {z;}; is an orthonormal basis for H.

Taking P4 to be the operator representing an orthogonal projection onto the
subspace A, we must trivially have that P,y; = y; and Pyz; = 0 for all ¢ and j.

Hence we must have that
w(A) =D u(Ch) =Dyl py:
= (Pay) pyi + Y (Paz)" pz;
i J
= Tr(pPa)

O

Through Gleason’s Theorem, it is clear that there exists a correspondence
between any quantum measure y and the operator p established by the theorem
which we call the density operator. One may note that p analogous to the prob-
ability density function in classical probability. Furthermore, as a result of the
theorem, we must have that p is of unit trace. Indeed, taking A to be the entire

space we obtain that P4 = I so that 1 = p(A) = Tr(p). Due to this, density
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operators are well-suited to represent states encountered in quantum mechanics.
While the detailed reasoning behind this is beyond the scope of this dissertation,

we note that, for this reason, we shall refer to p as a state from here onward.

Hence in quantum probability, our main concern will be to determine the prob-
ability that an observable takes on a particular value, given that the system is
in a specific state. We shall see an example later in Section 4.2. Quantum prob-
ability has numerous physical applications, one of the most prominent being its
use in modelling qubits in quantum computing. This is beyond the scope of this
thesis, however we refer the interested reader to [18] for further information on

the topic.
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CHAPTER 4

Quantum Probability Spaces

To obtain an idea as to how quantum probability spaces are utilized, we shall
first restrict ourselves to the finite case, that is when the observable is of finite
dimension. As previously mentioned, with every state there is associated a prob-
ability space. Hence, for a particular state p we consider the triple (€2, i, p) and

we shall call this a quantum probability space.

Firstly we note that, by Theorem 3.5, any measure on this space must be a
trace class operator. The calculation of probability of a particular event in quan-
tum probability is centred around the Spectral Theorem which we will devote

the next section to proving. The proof for the Spectral Theorem is taken from

[15].
4.1. Proving the Spectral Theorem
To start off we list two trivial properties of eigenvalues of Hermitian matrices.

THEOREM 4.1. Let G be a Hermitian matriz then

i) G has real eigenvalues.

ii) The eigenvectors corresponding to differing eigenvalues are orthogonal.

In the proof for the Spectral Theorem, we shall require that G has at least one
eigenvalue and we shall show this in the next theorem. For the coming theorems,

we take V' to be a finite dimensional, complex inner product space.

THEOREM 4.2. Let G be a Hermitian matriz, then G has at least one eigen-

value.
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Proor. We first introduce the following norm defined on the space of oper-

ators on V. Here S shall denote the unit sphere in V.
||| = sup || T'=||
zesS

for any operator T'. We take A = ||G]|. As A is a supremum, we may take a se-
quence {zj}ren, T € S such that ||Gay|| — A. By Lemma 3.7 we are guaranteed
the existence of a subsequence of {x }ren which converges to some limit xy € S.
With slight abuse of notation, we denote this subsequence by zj. By continuity

of the norm function, we may conclude that ||Gzo|| = A\. We may easily verify

that ||G?|| > ||G|I> = \?, indeed
)\2 = HGIOH2 = <G$0,G(L’0> = <GQCL’0,$0> S HGzl‘o” ||.I’0|| S HGzH ||$0H2 = ||G2|| .

In general, we also have that ||G1Gs| < ||G1]|||G2|| and hence we may conclude
that A\*> = ||G?||. In particular, we must have that (G?xq,z¢) = ||G*xo| ||zol|-
By the Cauchy Schwartz inequality, we have that equality occurs if and only
if G?*z9 = cxg for some constant ¢ € C. By noting that \? = (G?zg,x¢) =

(cxg, To) = ¢, we may conclude that ¢ = \2.

Then, we must have that (G — A*I)zy = 0. which in turn gives rise to two
possible cases. If (G—AI)xy = 0 then A is an eigenvalue of G with corresponding
eigenvector zg. Else if v = (G — A\ )xy # 0 then (G + A\ )v = 0 and hence —A\ is

an eigenvalue of G with corresponding eigenvector v finishing the proof. 0

In an effort to obtain a decomposition of the operator, we shall next show a
decomposition of the space V' which shall help when decomposing the operator

later on.

THEOREM 4.3. Let G be a Hermitian operator and V' be an inner product

space satisfying dim(V') = n. Then there exist eigenvalues Ay < Ao < ... <\, of
G and eigen-subspaces V; = {x € V : Gz = Nz} such that V = @;_, V;.

PROOF. We shall proceed by induction on n = dim(V).
For the base case, we consider a one dimensional space V' spanned by the vector

v. By Theorem 4.2, we are guaranteed the existence of an eigenvalue \; and
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a corresponding eigenvector v;. As V is one dimensional, we must have that

V = span(v) = span(v;) = V; hence showing that the base case holds.

For the inductive step, we consider an n-dimensional space V. By similar rea-
soning to the base case, we let the space V] be the space generated by v; and we
let W = Vit. Tt is easily seen that W is invariant under G. Using the fact that

G is Hermitian we may note that the following holds
(Gw,v) = (w,Gv) = (w, \yv) =0 for v € Vi, w € W.

Consequently, V' = V@ W. By using the fact that the restricted operator
G : W — W is still Hermitian and that W is n — 1 dimensional, the induction

hypothesis establishes the required result. U
At this juncture, we are now ready to prove the main result of this section.

THEOREM 4.4 (Spectral Theorem). A matriz G is Hermitian if and only if

it admits the following eigen-decomposition

k
G=> NGy,
i=1

where \ is an eigenvalue of G and G, denotes the orthogonal projection of the
Hilbert space H onto the subspace generated by the eigenvector(s) corresponding

to eigenvalue \;. Furthermore, k is the number of distinct eigenvalues of G.

PRrOOF. The backward implication is trivial by noting that, due to Theorem
4.1, Gy,Gy, = 0 for i # j and that any projection P satisfies P = P? = p*,

To prove the forward implication, we shall show that the sum Zle Gy, is a
resolution of the identity that is Zle Gy, = I. To show this we shall first

note that by Theorem 4.3 any vector v € V may be written as a direct sum
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v =v; + Uy + ... + vr. Thus we obtain
k k
(ZG)V) v = (ZGA’> (vl+vg+...+vk)
i=1 i=1

k
(56) => Gy
=1

k

1=1

= .

(56) is justified by noting that G,v; = 0 for i # j due to Theorem 4.1. This
shows that the sum is a resolution of the identity as required. From this we may

conclude the following for any v € V,

k
Gv = (Z GAI.G> (v1 +v2+ ... + V)
i=1
k
(Z GAini)
i=1
k

Z )\Z-G)\ivi
1
k
=1

From this we conclude that G = Zle AiG )y, as required. U

REMARK 4.1. We should note that this theorem may be extended. Indeed,
one may generalise it to both operators in infinite-dimensional vector spaces and
unbounded operators. This result is beyond the scope of the dissertation. We

direct the interested reader to [22] for further discussion on the subject.

As a consequence of the Spectral Theorem, finite-dimensional observables
are in one-to-one correspondence with self-adjoint matrices. Therefore, in the
finite-dimensional setting, it is justified to also refer to observables as self-adjoint

matrices.
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4.2. Finite Probability Spaces

As any bounded linear operator may be represented by a matrix then, when
working in finite dimensions, any observable must be a Hermitian matrix. We
will give an example below as to illustrate how one may go about calculating the

probability of a particular event in the context of quantum probability.

EXAMPLE 4.1. Consider the observable X = (9}) and the state p = (§9).
Through simple calculations, we may verify that X has eigenvalues \; = —1 and

Ay = 1 with corresponding unit eigenvectors v; = \/iﬁ( D) and vy = \/Li( 1)

Then, we may verify that X admits the following eigen-decomposition.

We may take €2 to be the Borel o-algebra on R. Now to ascertain the probability
of observing —1 and 1 we must determine the measure of the space generated
by the projections to which they are mapped. For the state p we may conclude,

by Theorem 3.5, that the probability of w € €2 being mapped to —1 and 1 is

precisely Tr(p( 05 —(]955)) = Tr(p(9393)) = %

4.2.1. Interfering Observables and Commuting Families. At this junc-
ture, we may discuss the notion of interfering variables. To define this notion
however we must first introduce the commutator. The proofs for this section are

taken from [12].

DEFINITION 4.1 (Commutator). For two observables X and Xo, the com-

mutator [ X1, Xs| is given by X1 Xo — X0 X;.

From this, we may define the notion of a commutating family which shall be

useful later on.

DEFINITION 4.2 (Commuting Family). A family of matrices § is said to be

a commuting family if and only if for any Fy, Fy € § we have that [Fy, F3] = 0.
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DEFINITION 4.3. Two observables X, and X, are said to be interfering if
[X17 XQ] ?A 0.

We shall see the reasoning behind the use of the term ”interfering” in section
4.2.2. We may also note that in a classical setting, all random variables are non-
interfering. To motivate the discussion in this section we consider the following

example.

EXAMPLE 4.2. Consider two observables X; = (9}) and X, = (9 ). Tak-
ing €2 in a similar manner to Example 4.1 and performing a similar calculation,
we may conclude that, in the state p, X; and X, assume values —1 and 1 each

with probability %

However, taking the observable X = X; + X5 and performing the eigen- de-
composition, we find that X assumes the values v/2 and —+/2 with probability %
each. This contrasts behaviour of random variables in classical probability for if
Y and Y’ are random variables which assume values from the sets {y1,y2, ..., Yn}
and {y},v5, ..., y., } respectively then Y 4 Y’ is another random variable which

assumes values from the set {y; +7;:1<i<n,1 <j<m}.

Hence one may ask when indeed do observables obey such a relation. We
may provide a partial answer to this, however first we must introduce the notion
of simultaneously diagonalizable matrices and results related to them. We start

off by giving the definition of simultaneously diagonalizable matrices.

DEFINITION 4.4 (Simultaneously Diagonalizable Matrices). A family of ma-
trices § s said to be simultaneously diagonalizable if and only if there exists a

matriz S such that for all F € §, ST'FS is a diagonal matriz.

In the first lemma, we shall see what constraints a matrix F must obey in
order for it to commute with a particular type of block matrix which we define

next.

DEFINITION 4.5. A block matriz D' is a matriz which assumes the following

form,
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D}
D' = where each D! is an n; X n; square matriz and s is said
D/
to be the number of blocks. In addition, if the only non-zero entries of D' are

DY, -+ D. then D' is said to be a block diagonal matriz.

LEMMA 4.1. Let D’ be a block diagonal matriz, where each diagonal block has
the form
D;=X\l,, i=1,...,s,
with distinct scalars A\i,...,\s (that is, \; # X; for i # j). If a matriz F
commutes with D', then all off-diagonal blocks of F' must vanish. In other words,

F,j =0 for all i # j, so F' is itself block diagonal.

PROOF. Partition F' conformally with D’ so that

Fll F12 Fls

F21 F22 F25
F= ,

Fsl F82 Fss

where each block Fj; has size n; x n;.

Since D'F = F' D', looking at the (i, j)-block gives

)\117” :Ej)\ja for all Z,] S {1,...,8}.

Equivalently,

(A — Aj)Fij = 0.
Because the scalars Ay, ..., A; are distinct, it follows that F;; = 0 whenever ¢ # j.
Thus, F' is block diagonal. 0

Next we shall obtain a relation between a block diagonal matrix D’ and its

individual blocks. We state the theorem without proof.
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THEOREM 4.5. Let D' be a block diagonal matriz. Then D' is diagonalizable

if and only if D} is diagonalizable for each i € {1, ..., s}.

With these results established, we are now in a position to prove the main

result of this section.

THEOREM 4.6. Let § be a family of diagonalizable matrices each of dimension
n x n. Then § is a simultaneously diagonalizable family if and only if it is a

commuting famaly.

Proor. We let § be a simultaneously diagonalizable family, then we are
guaranteed the existence of a matrix P such that P~'F;P = D, for all F; € §.
Here, D; is a diagonal matrix. Let [y, Fy, € §. By writing F; = PD;P~! and
by noting that diagonal matrices commute with one another, it follows trivially

that § is a commuting family.

We now establish the converse by induction on the dimension n. The base case
n = 1 follows trivially. We assume that for d € {1,...,n — 1} any commuting
family of d x d diagonalizable matrices is simultaneously diagonalizable. We now

consider n X n matrices.

If every F' € § is of the form al for some a € C then the result follows trivially.
Then we assume that F' € § is a n X n diagonalizable matrix having distinct
eigenvalues Ai, s, ..., \g, & > 2 with each \; having multiplicity n;, F' satisfies
FF' = F'F for all F’ € § and that each F’ € § is diagonalizable.

We consider the matrix P which diagonalizes F (but not necessarily all other

F’ € §) and we apply it to F'. Hence we obtain the following

ALy, 0

0 N,
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and we obtain F” in a similar manner. As F'F' = F'F for all F’ € §, Lemma 4.1

ensures that each F” assumes the following form

Fl 0
F =
0 F

where ﬁ’i’ is a n; x n; matrix. As F’ is diagonalizable, Theorem 4.5 gives us
that each ]5{ is diagonalizable. As these are all of dimension less than n, we are
guaranteed the existence of k similarity matrices Py, P, .., P of the appropriate
size each of which diagonalize the corresponding block Fi’ . Then we define the

matrix

We need only note that, as P '\, P, = A, , then both P~'P~'FPP and
P 1PIFPP are diagonal making the matrix PP the required similarity matrix.
O

At this juncture, we may now return to our discussion of the observables. Our
main aim shall be to utilize Theorem 4.6 and to this end we need only show that
Hermitian matrices are diagonalizable. We state the following theorem without

proof.
THEOREM 4.7. Idempotent matrices are diagonalizable.
THEOREM 4.8. Hermitian matrices are diagonalizable.

Proor. By Theorem 4.4 we may decompose the Hermitian matrix G by
taking G = Zle AiGy,. The G),s are idempotent as they are projections and
they commute as G),Gy, = GGy, = 0. Hence by Theorem 4.6 these are

simultaneously diagonalizable by some invertible matrix P. So we must have
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that the following holds.
k
G=> NGy,
i=1

k
= Z NPD; P!
=1
k

=P() _\D)P.

i=1
By noting that the sum of diagonal matrices is again diagonal, we have obtained

that G is diagonalizable. 0

Let X; and X, be two commuting observables. Then by Theorem 4.6 we
must have that these are simultaneously diagonalizable. That is X; + Xy =
PDx,P7' + PDx,P7!' = P(Dx, + Dx,)P~'. From here, it may easily be seen
that X; + X, is similar to a diagonal matrix composed of entries of the form
Ax, + Ax, and hence the values assumed by the observable X; + X, will be from
the set {Ax, + Ax, : Ax; € 0(X1), Ax, € 0(X2)} as we have required to show.

It should be noted that commuting observables do not make up all the observ-
ables which obey the mentioned relation. We consider an example found in [23]

which shows this.

ExAMPLE 4.3. Consider the observables

0 0 0 4 0 0
Xi=10 6-v2 2 , Xo=1[0 -4 0
0 2 4+ 2v/2 0 0 0

Then the spectra of X7, X5 and X+ X, are {0,2++/2,8}, {—4,0,4} and {0,4, 6+
V/2} respectively. Clearly, X; and X, satisfy the relation discussed however it is
easily verified that X; Xy # XoX;.

Further conditions regarding when the eigenvalues of X; + X5 are given by
entries of the set 0(X;) + o(X2) may be found in [23]. Next we shall discuss two
central properties of quantum probability which, like in classical probability, are

of great importance.
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4.2.2. Expectation and Variance. We will now proceed to define both
the expectation and the variance of an observable X. We note that as every
state induces a probability space, then X can have a different expectation and
variance for each state. Unless otherwise stated, the definitions and notations in

this section are found in [19].

We have already seen the expectation of a random variable Y. We shall now

define the analgoue of this in the context of quantum probability.

DEFINITION 4.6 (Expectation of an Observable). The expectation of an ob-

servable X in state p is given by
E[X] = Tr(pX).

With p assuming the role of the classic probability distribution, we may
clearly observe the relation between the two formulae. The same exact observa-

tion may be made for the variance of an observable which we define next.

DEFINITION 4.7 (Variance of an Observable). The variance of an observable

X in state p is given by
Var,(X) = Tr(pX?) — (Tr(pX))? = Tr(p(X — Tr pX)?).

Through the next theorem, we shall see how notions of the variance may
be used to mathematically describe a well studied phenomenon in quantum me-
chanics, this being the Heisenberg Uncertainty Principle. Prior to this however,

we must define a notion of a pure state.

DEFINITION 4.8 (Pure State). A state is called a pure state if it cannot be
written as a convex combination of other states. We may easily verify that a
state is pure if and only if is of the form p = uu’ where u is a unit vector in

some Hilbert Space H.

DEFINITION 4.9 (Mixed State). A state is called a mized state if it is not

pure.

REMARK 4.2. We may note that if p = uu’ is a pure state corresponding to

unit vector u, then Tr(pX) = (u, Xu).
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From this we first proceed to the following lemma.

LEMMA 4.2. The variance of an observable X at state p = Zle piuul where

Zlepi = 1, satisfies the following.

k
Var,(X) =) pi|[(X — Tr(pX)1)||*.
i=1
PROOF. Let p be a state given by p = Zlepl-uiuzr where Zle p; = 1. For
simplicity, we write m = Tr(pX). Then the following holds,

Var,(X) = Tr(p(X — mI)?)

—Zp,Tr (uul (X —mI)?)

k

= Zpi@z‘, (X —mI)*u;)

=1

= Di sz X ml)“za (X m]>uz>

B

Z (X — md w2

n

THEOREM 4.9. For any pure state uu? and observables X1, Xy the following

inequality must hold
1
Var,,r(X1) Var,,r(X3) > Z|<u,i[X1,X2]u>|2.

PROOF. For notational simplicity, we let a = (u, Xju) and b = (u, Xou) and

it is immediately seen that a and b are real scalars. Then consider the following,
(u, i[ X1, Xolu) = (u,i[ Xy — al, Xy — bl]u)
= 1(((X1 — al)u, (Xo — bD)u) — (X — bl )u, (X1 — al)u))

= —21m({(X, — al)u, (X, — bI)u)).
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Proceeding with the Cauchy Schwartz inequality and Lemma 4.2, the following

is evident
2 0silXa, Xalu) < (10X = aDyull (12 — b1l
— (Var,,r(X;) Var,,r(Xs))?.
O

Now consider the case when X; and X5 do no commute with one another,
then it follows as a result of the Spectral Theorem that there exists some unit
vector u and a real scalar 0 # 0 such that i[X;, XoJu = du. By Theorem 4.9, we
have that X; and X, satisfy

1
(57) Var,,r(X1) Var,,(Xz) > 152.

This means that, for the inequality to hold, any decrease in variance in one
observable must be balanced by a corresponding increase in variance of the other.
Physically, this may be interpreted as the impossibility of concurrently measuring
both X and X, with exact accuracy and this is precisely what is described by the
Heisenberg Uncertainty Principle. In classical probability, all variables commute
and consequently the right hand side of (57) becomes 0. In this case, given that
the variance is always positive, (57) will impose no additional restriction on the

variance of the random variables.

Page 62 of 101



CHAPTER 5

Multiple Probability Spaces

5.1. Tensor Product of Hilbert Spaces

In probability, for example when dealing with multivariate random vari-
ables, it is often desired to combine information regarding different random
variables into one probability space. In classical probability, this may be eas-
ily achieved. Indeed, if (21, F1,P;) and (Qy, F5,[Py) are two probability spaces,
we may combine them into a single probability space by considering the space
(1 X Qo, F; X Fa, Py x Py) where F; x Fp and P; x Py denote the product o
algebra and product measure respectively. To achieve the same notion in quan-
tum probability we need to utilize tensor products which we shall discuss in this
section. We shall follow the construction due to [19]. This construction is reliant
on kernels which we define in the following definition. We also give an important

result which will be used in this section without proof from [19].

THEOREM b5.1. For i € {1,2}, let S; be a total subspace of a Hilbert Space
Hi; that is, S = {0}. Let Uy : Sy — Sy be a scalar product preserving map.

Then there exists a linear isometry U : Hy — Ho which extends U,.

DEFINITION 5.1 (Kernel). Let H be a set. A kernel K : H x H — C is a
map where for every a; € C,x; € H 1,5 = 1,2,...,n the following holds:

Z O_éiOéjK(.ZCi, I’j) Z 0.
]

For the case when the underlying set H is finite, the kernel is simply a positive
semi-definite matrix. We shall denote the space of kernels on H by K (H ). For the
construction, we shall require that K (H) is closed under pointwise multiplication.
To this end we proceed with the following two results. The first result is a

standard result which we state without proof.
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THEOREM 5.2 (Cholesky Decomposition). If A is a positive semi-definite

Hermitian matriz, then there exists a matriz C' such that A = CC*.

THEOREM 5.3. If A and A’ are two positive semi-definite matrices then their
Hadamard product, that is the matriz obtained by element wise multiplication of

A and A', is also positive semi-definite.

PRroOOF. To show this, it is enough to show that the Hadamard product of A
and A’ is a variance covariance matrix as, by Theorem 2.5 this will give us that it
is positive semi-definite. Choose a matrix C' such that A = C'C¥, this is guaran-
teed to exist by Theorem 5.2. Let aq, -+, ay,, 51, -+, B, be any 2n independent
and identically distributed standard normal variables. Write v, = 2_%(043- +15;)
and § = C'y whereby 7 is a column vector having ~; as its components. Then it

may be easily verified that £ is a complex valued Gaussian random vector which
satisfies E[{] = 0, E[{{"] = CC* = A.

By the same reasoning, we may obtain a pair of independent complex Gaussian
random vectors 7, v such that E[n;] = E[v;] = 0 and E[f,n;] = Aj;, E[vjv;] = Aj;
where 1 <4, j < n. Let ¢; = njv;, then E[(;] = 0 and E[(;(;] = A;;A);. Hence it
follows that the Hadamard product of A and A’ is the variance covariance matrix

of the complex random vector ¢ and is thus positive semi definite by Theorem

2.5. U

REMARK 5.1. Theorem 5.3 is known as the Schur Product Theorem. Al-
though it can be proven using purely linear-algebraic techniques as shown in [172],
we chose to present the proof using a Gaussian random vector arqument, since

simalar reasoning will be employed in Theorem 5.6.

This leads us to the following corollaries which will be important when defin-

ing the tensor product.

COROLLARY 5.4. The space K(H) of all kernels on the set H is closed under

pointwise multiplication.

PRroOOF. To prove this, we need only observe that K is a kernel on H if and

only if for any finite set {x1, 2, ..., z,} C H the matrix A whose entries are given
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by Ai; = K(z;,z;) is positive semi definite. This result along with Theorem 5.3

give the result. 0

REMARK 5.2. By the same observation made in the proof of Corollary 5./ we
may easily verify that the inner product of a Hilbert Space H s indeed a kernel

acting on H where H denotes the elements of H as a set.

COROLLARY 5.5. Let H;, i = 1,2,..,n be sets and let K; € K(H;) for each
1. Define H = Hy x Hy x ... x H, and

n

K(z,y) = HKi(%yz‘)-

=1

For z = (x1,.., %),y = (Y1, -, Yn) where x;,y; € Hy. Then K € K(H).

PROOF. Let z(") = (1, Tope.., Tpy) € H for 1 < r < m. Define the matrices
AW AP AM by taking AW — Ki(zir,is). Thus we may observe that
Kz, 20) = T] AY.
i=1
By noting that each A® is positive semi definite, the corollary follows from

Theorem 5.3. O

THEOREM 5.6. Let H be any set and let K € K(H). Then there exists a
Hilbert space H and a map X : H — H which satisfy the following properties
i) The set {\(x):x € H} is total in H.
ii) K(z,y) = (M), \(y)) for all z,y € H.
In addition, if H' is another Hilbert space and N : H — H' is another map

satisfying i) and ii) then there exists a unitary isomorphism U : H — H' such
that UN(z) = XN (x) for all x € H.

PROOF. For any finite set F} = {x1,2s,...,z,} C H it follows by a similar
argument to Theorem 5.3 that there is some complex Gaussian random vector

(¢ ¢fr .. ¢ such that for 1 <i,5 < n,

E[¢] =0, B[P = K (2, 2;).

7

Now if Fy C Fy = {1, x2, ..., Ty, Tpy1 } then the marginal distribution of

(¢, G2, ..., ¢) derived from that of (¢{?, (32, ..., ¢I%,¢2?,) is the same as that of

Page 65 of 101



(¢Fr,¢E, .., ¢FY). Then, by Kolmogorov’s Consistency Theorem, we are guaran-

teed the existence of a family of complex Gaussian random variables {(, : © € H}

on some probability space (2, F,P) such that for x,y € H,

ElG] =0, ElG¢y) = K(z,y).

By taking H to be the closed linear span of {¢, : z € H} in L*(P) and \(z) = ¢,
we note that the first part of the theorem holds.

To establish the required isomorphism we let S = {A(z) : x € H} and §' =
{N(z) : x € H}. Define Uy : S — 5’ by taking Up(A(z)) = N(x). Trivially, Uy is
scalar product preserving and S and S’ are total in H and H' respectively. By
Theorem 5.1, Uy may be extended to an isomorphism U : H — H’ hence giving

the result. O

DEFINITION 5.2 (Gelfand Pair). Let (H,\) be the pair determined uniquely
up to a unitary isomorphism by kernel K on the set H. Then (H,\) is said to
be a Gelfand pair associated with K.

Through the Gelfand pair, we may now define the notion of the tensor product

between Hilbert spaces.

DEFINITION 5.3 (Tensor Product of Hilbert Spaces). Let H; for 1 <i <mn
be Hilbert spaces. Take H = Hq X ... X H,,, the Cartesian product obtained when
treating the H;s as sets. Define a kernel on H by taking

n

u,v H(ui,vl), U= (Upy ey Up), V= (V1,..., )

i=1

where w;,v; € H;. Consider a Gelfand pair (H,\) associated with K which

=

1=

=
H

satisfies 1) and i1). Then H is said to be a tensor product of H;, @ = 1,2,...,n.

We write

H:H1®H2®-~-®Hn:®Hiv
=1

AMu)=u Qus ® ... @ up, = ®uZ
i=1

and we call M\(u) the tensor product of vectors u;, 1 < i < n.
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For the sake of completeness, we shall prove some elementary properties of

the tensor products.

THEOREM 5.7. The tensor product satisfies the following properties:

i) ( @iy u, @iy v) = [T (wi, vi).-
it) The map (uq, Uz, ..., Uy) = U] @ Uz @ ... ® U, is multilinear.

i) The set {Q;_, wi:u; € Hi, i =1,2,...,n} is total in Q. H,.

Proor. Firstly, consider

which proves 7).
To show i7) we need only use 7) as well as the sesquilinearity of the inner product.

Indeed, let ¢ be fixed.

(58) |lur @ ... ® ui—1 ® (qu; + Bv;) @ Ujp1 @ ... @ Uy — Oé®u]‘
j=1

— 5u1 ® ® Ui—1 ® U; ® Ui+1 ® ® U,n”2

Now for ease of notation we let

A= U X ... U1 R (omi + 61)1) X Ujt1 ®..Q Up,,
B= a®uj,
j=1

C’zﬁul ® ®ui_1®vi®ui+1 ®®un

Then the norm in (58) becomes
(59)
(A,A) — (A,B) — (A, C) + (B,B) — (B, A) + (B,C) — (C, A) + (C, B) + (C,C)
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By expanding the above using i) and noting that the inner products only differ in

the ith vector, we obtain that (59) becomes equivalent to the following expression

2 2 2 2
[T 1l (lews + Boill® + laf lual* + 81 [[uill*)
J#i

— 2Re((aw; + Bui, aw;) + (au; + Pu;, Buy) + {aui, fu;))
=0.
Finally, ii7) is evident by the construction. O

We end this section by giving an orthonormal basis for Q);_; H,;.

THEOREM 5.8. Let {e;; : j = 1,2,..} be an orthonormal basis in H; for

1=1,2,...,n. Then the set
{e1, ®e2jy ® . ®€nj, 11 =1,2,, 5o = 1,2, j, = 1,2,..}

is an orthonormal basis for @7_, H;. In particular,

n
Ru= 3 ([iesm) ®%
i=1

J1,J2eodn =1 =1

where the sum on the right hand side is strongly convergent in Q) H;.

PRrOOF. First we establish orthonormality of the set. Let o = e1;, ® ey, ®
. @ ey, and y = e1jr @ gy @ ... @ eyjy . Then by Theorem 5.7i, the following
holds

H z]w ez]

1

n

~.

[Toi

i=1

(60)

.

Thus we note that the inner product in (60) is 0 if and only if j; = j! for all ¢

and hence orthonormality of the set follows.

Next we show that the set is a basis. By assumption, we have that each u; € H;
may be written as

Wi = Z(em ui)eij,

Ji
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and hence we have that

éui = é (Z(ez’jiaui>€m’i)

i=1 N
n n

=3 D T uw) | Qe
J1 J2 In =1 =1

The last step follows by multilinearity of the tensor product.

To conclude the proof we need only show that the sum on the right hand side is
strongly convergent. To establish it is enough to show that (S, ),en Where
N N n n
v =33 (Tl | @
=1  jn=1 \i=1 i=1
is Cauchy. However this is a direct consequence of the fact that u; = >, (eij,, ui)esj,
converges strongly in H; and the fact that the tensor product norm satisfies

n n
®Uz' = H [Jvill-
=1 =1

COROLLARY 5.9. If dim(#H;) = m; < oo then

i=1 i=1

5.2. Tensor Product of Operators

In order to extend the notion of joining multiple probability spaces to a
quantum context, we shall also need to define the notion of a tensor product of
operators and this is precisely what shall be discussed in this section. The results

in this section are due [19].

To give an intuition as to how we can define such a tensor product, we shall
consider the following case. For ¢ = 1,2,--- 'n let H; be a Hilbert space sat-
isfying dim(#;) = m; < oo and H = Q);_, H;. Furthermore, let T; be a self

adjoint operator in H,; with eigenvalues {\;;,1 < j < m;} and corresponding
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orthonormal set of eigenvectors {eij : 1 < j < m;} so that we obtain
Eei]’ = )\ijeij, 1 S] S my;, 1= 1,2, . n.

By Theorem 5.8 we may define a self adjoint operator 7" on H by first defining

n

(61) T e, = [[ i Q) e
i=1 =1

i=1
for 1 < j; < m; and then extending by linearity on all of H.
It may be easily verified that the operator T" has eigenvalues [[\_, ;;, and
satisfies
T®ui = ®TzuZ for all u; € H;, 1 <i<n.
i=1 i=1

Furthermore,

In particular, the following identity holds

n N n N n
Z oy, H(Uz‘j>Tz‘Uik> <Z%’®“U7 TZO‘J®“¢J>‘
=1 j=1 i=1

1<5, k<N i=1 j=1

2

(62) <[

N n
S0 ®u
j=1  i=1

for all scalars o, u;; € H;, 1 < j < N, 1<¢<n, N=12---. We write
T = ®’;‘:1Ti =T ® --- ® T, and this is said to be the tensor product of
operators T;, 1 < ¢ < n. In the next theorem, we shall extend this idea to all

bounded operators on the Hilbert Space H. We recall that B(#) denotes the set
of bounded operators on a Hilbert Space H.

THEOREM 5.10. Let H;, 1 < i < n be Hilbert spaces and let T, € B(H,;) for
each i. Then there exists a unique bounded operator T in H = @), H; which

Page 70 of 101



satisfies
@ r@u- @
i=1 i=1
where u; € H;, 1 < i <n. Furthermore we have that |T|| = [T;—, ||l -

PROOF. Let S = {@Q._, w;j | ujj € H;, 1 <j < N}. For all scalars o, 1 <
7 < N and product vectors ®?:1 u;; € 5,1 <j <N the following holds
2

N n n
Z Oéj ® E'LLZ] = Z Oé_jak H<uij7 ﬂ*ﬂuzk>

j=1 i=1 1<§,k<N i=1
n
—_— *
(64) = > @oy | [wy, BTy TP
1<5,k<N i=1

where P; is the projection on the finite dimensional subspace M, spanned by
{u;j, 1 <j < N} in H; for each i. Since PT;T;P; is a positive operator in M;,
it follows from (62) as well as (64) that

N n
25 Q) Ty
j=1 =1

2

2 n
<[[IPT TR
=1

N n
> Q) ui;
j=1 i=1

2

N n
>0 @
1

j=1

(65) <[TIzz
=1

Thus we define 7" on the set S through (63). As a consequence of (65), we
obtain that T" extends uniquely as a linear map on the linear subspace generated
by S. Since S is total in H this linear extension can be closed to define a bounded
operator 1" on H satisfying

|7 < Tz T2 = TTIT3-
i=1 i=1

For the opposite inequality, we let 0 < ¢ < 1 be arbitrary. Choose unit
vectors u; € ‘H; such that ||Tiu;|| > (1 —¢)||T;|| for each ¢, assuming T; # 0. Then

&7, u; is a unit vector in H and

@ Tos|| = [[ITwill = (1 = TLIT:].
i=1 =1 =1

Thus [T} > TTZ, T3] m

i=1
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The operator T in Theorem 5.10 shall be defined to be the tensor product of
the operators 7; for 1 < i < n and we write 7' = @, T;.

For the sake of completeness, we shall state the following properties without

proof seeing as these follow trivially from the definitions.

THEOREM 5.11 (Properties of Tensor Products of Operators).
i) The mapping (T1,Ts, ..., T,) — T is a multilinear mapping from B(Hi) X
<o X B(Hy,) into B(H1 @ - @ H,).
i) ST = Q) SiTi and T* = Q. Tr.
i) If each T; has a bounded inverse then T also has a bounded inverse T—' =
QT
w) If T; is self adjoint, unitary, normal or a projection operator then T is also
respectively a self adjoint, unitary, normal or a projection operator.
v) If T; is positive for all 1 < i <n then T is also positive.
i) Te(T) = [T, ().

COROLLARY 5.12. If p; is a state in H; for 1 <i <n then p=Q._, p; is a
state in @7 H,.

Through the established results, we may now see how to combine different

probability spaces into one in the context of quantum probability.

DEFINITION 5.4 (Product of Quantum Probability Spaces). Let (H;, P(H;), p;)
be a quantum probability space for each i = 1,2,--- ,n Let H = @}, H; and
p= Q. pi. Then the quantum probability space (H,P(H),p) is said to be the
product of the spaces (Hi, P(H;), pi) 1 <i<n.

We may note that if X; is an observable in H; then X = ®?:1 X, is an
observable in H. As in the case of subsection 4.2.2, we may also define an

expectation in this space.

DEFINITION 5.5 (Expectation in a Product of Quantum Probability Spaces).

The expectation of an observable X = Q). X; in the product state p = Q). pi
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1S given by

EX] = [ Tr(p:Xo).

i=1

5.3. Symmetric and Antisymmetric Tensor products

We have seen how the tensor product may be used to construct the product of
probability spaces. However, some applications require that additional structure
is imposed on the tensor product such as when dealing with Fock spaces present
in Section 5.4. The two most common structures generally imposed are symmetry
and antisymmetry of the tensor product which we shall discuss in brief. Let S,
denote the group of permutations of the set {1,2,--- n} and for each o € S,
we let U, be the operator defined on the product vectors in H®" = @7, H by

Usu1 @ - Qup = Ug=1(1) @+ @ Ug—1(n)

Then U, is a scalar product preserving the map of the total set of product vectors
in H®" onto itself. Hence by Theorem 5.1 this may be uniquely extended to a
unitary operator on H®". With slight abuse of notation, we denote this operator

by U,. Now we define the following closed subspaces.

DEFINITION 5.6. Let
HE ={u e H® :Uyu=u for all o € S,}
HY = {u e H®" : Uyu =e(o)u for all o € S,}

where e(0) = £1, the signature of o assumes value 1 if o is even and —1 if o is
odd. Then H®: and H®: are said to be the n-fold symmetric and antisymmetric

tensor products of H respectively.

We shall now investigate properties related to these two spaces. We start by

defining two important operators related to them.

THEOREM 5.13. Let S, and 8¢ be operators in H®" given by

1
SRIEZUL)’

’ UESn

1
Si=— > e(o)Us.

" oES),
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Then S, and S are projections onto H®: and H®= respectively. In addition,

for any wu;,v; € H,1 < i < n, the following relations hold.

(66)  (Spu1 @ @ Up, Spv1 @+ @uy) = (U ® -+ @ Up, Spv @ « -+ Q V)

n

(67) = % > T vowy)

UESnizl
<S7al‘u1®...®un’83/01®...®vn>:<u1®...®un’87g‘vl®...®vn>

= % Z (o) H(Uiava(i)>'

" oES, i=1

(68) = = det(((us,15)))

Proor. To start we note the elementary result U,U, = U,,,. From this, we
may ascertain the following

L1 .1
Sn:aZUU:mZU(,fl:Sn,

ogE€Sy " 0€S,

SnUJ = UaSn = Sza

* 1 * 1 — a
Sy = ] Z e(o)U; = o Z (oYU, =82,

’ oESh ) 0ESK

S, = U,S" = ¢(0)S?, 8™ =8

This shows that both S,, and S are projections. Furthermore, by definition of
H®: and H® we have S,u = u if and only if u € H®* and S% = v if and only

if v € H®a. This shows the first part of the theorem.

The first equality in (66) follows by noting that S, is a projection. The sec-
ond follows due to the following equality

1
<u1®“'®un78nvl®"‘®vn>:mZ<u1®"‘®unava(l)®"‘®Uo(n)>

’ O’ESn

— % Z H<Ui7vg(i)>.

oceSn, 1

The case for S¢ follows similarly. O

It shall be of use to us to establish an orthonormal basis for each of these

spaces.
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THEOREM 5.14. Let {e; : i =1,2,---} be an orthonormal basis for H. We let
w;, € Hyi=1,2,---  k and ry,--- ,rp be positive integers satisfying Zle r; =Mn.
Then we denote by ®f:1 ul" the element U1 @+ U QUa @+ - Uy D - - - DUy D
-+ @ uy where u; 1s repeated r; times for each i.Let S,, and S;} be the projections

given in Theorem 5.13. Then the sets
n' 1/2 k
{(7‘1!""7‘]9!) Sn(j&eirj iy <y <o <, 1y > 1 for each 1 < j <K,

ritret+-+rg=n k=12 ...,n}
{(n!)l/QSZ&'l®€i2®"'®€in3i1<i2<"'<in}

are orthonormal bases in H®: and H® respectively. In particular, if dim H =

N < oo then

(N) ifn <N,

n

N+n-—1
n

dim H®* = ( ) dim H® =

0 otherwise.

PROOF. The first part of the theorem follows by (67) and (68). Indeed,
substitute the given vectors in their respective expressions and we note that when
the multi-indices match the resulting sum is 1 and 0 otherwise. The formulae
for the dimensions may be ascertained by noting that these may be identified
with the problem of placing n indistinguishable balls in N cells and the problem
of placing n indistinguishable balls in N cells with the added constraint that no

cell has more than one ball respectively. U

5.4. Fock Space

Having defined tensor products, we will now focus our attention on the Fock
space. This space is of great use in quantum mechanics and we shall see its
relation to the subject later on. At this juncture, we may proceed to the definition

of the Fock space. The results and definitions in this section are due to [19)].

DEFINITION 5.7 (Fock Spaces). Let H be a Hilbert Space. Denote by H®", H®:

and H®: the n-fold tensor, symmetric tensor and antisymmetric tensor product
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of H respectively. Then the Hilbert spaces

Tp(H) = éﬂw, Lo(H) = éﬂwg, T, (H) = éw?
n=0 n=0 n—0

are said to be the free, boson and fermion Fock Spaces respectively.

In the above, the 0-fold product is simply C and the 1-fold product is the
Hilbert Space H.

It may be easily seen that there are projections which map I',.(H) onto I's(H)
and I'y(H). Indeed, these projections may be given respectively by

(69) Széé‘n, Sa:és;;
n=1 n=1

where §,, and S are the projections described in Theorem 5.13.

For ease of reference we refer to the n-th direct summand as the n-th parti-
cle subspace and any element of it an n-particle vector. As it will be useful later

on, we shall also define the notion of a vacuum vector.

DEFINITION 5.8 (Vacuum Vector). In every Fock Space, the vacuum vector

oo 1s given by
(70) po=100d0..50.

Furthermore we shall denote by I'% (#),I'%(H) and T'9(H) the dense linear
subspace generated by all the n-particle vectors n = 1,2, ... in the respective
Fock spaces. For each of the Fock spaces, we let P, denote the projection on the
n-particle subspace for each n. Next we proceed to define a tensor product on

each of the finite particle Fock spaces.

DEFINITION 5.9. For the spaces I'p.(H), I's(H) and T'y(H) respectively, we

may define a tensor product (u,v) — u® v,uv,u A v by taking

u®v:@ Z Pu® P, uww=8u®uv) anduNv=38(u®v)

n=0 r4+s=n

where S and 8* are given by (69).
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Should an orthonormal basis be identified in 4, then one may easily establish

orthonormal bases for each of the defined Fock Spaces.

THEOREM 5.15. Let {e; : j € N} be an orthonormal basis in H. Then the

sets

{po}U{e;, ® - ®e;, :4;,=1,2,...; j=1,...,n; n=1,2,...},
1/2
n!
{(bo}U{(ﬁ) 6:116222-..61»“::’]“14-...4_7"]{:77/
1leeery!

1<iy <ig<---<iy, wheren,k=1,2,---},
{0} U{ () Pes, New Ao Ney, 1 1<y < ov <y, n=1,2,...}
are orthonormal bases of I' ¢, (H),I's(H) and I',(H) respectively.

REMARK 5.3 (Dimensionality of the Fock space). From the above we may
deduce that, when H is of infinite dimension, all the Fock spaces will also be
of infinite dimension. For the case when H is of finite dimension N, while the
dimensions of the boson and free Fock spaces remain infinite, the direct sum in
L. (H) terminates at the N stage consequently making the dimension T,(H)
finite. We may find this dimension to explicitly be

M /N
dim (T, (H)) 7; (n) _oN,
This is mathematical description of what is known in quantum mechanics as the

Pauli exclusion principle which we state below.

THEOREM 5.16 (Pauli Exclusion Principle). A fermionic state where two
particles occupy the same one-particle state is identically zero meaning it cannot

exist physically.
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CHAPTER 6

Quantum Stochastic Integration

6.1. Creation and Annihilation Operators

Just as Brownian Motion is fundamental in stochastic integration there exists
an analogous operator to this in stochastic quantum integration. This operator
is defined using the creation and annihilation operators of the fermion Fock space
and these are precisely what we shall be discussing in this section. The defini-

tions and results in this section are taken from [19].

To define these operators, we need first define the following operators on the

n particle subspaces H%a.

n+1

THEOREM 6.1. For any u € H define M, (u) : H® — H® by

My(uw)vy Avg -~ Avy =uANvg Avg A=+ Ay,
where v; € H for j € {1,2,--- ,n}. The adjoint of M,(u)* of M,(u) is then
given by
1 n+1
M;(U)Ul VANIEIAN Upt+1 = ? (—1)j*1(u, Uj>U1 A A TA)]' VANIEIVAN Un+1
n
j=1

where ¥; denotes the omission of v; from the product.
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PROOF. We have by (68) and Definition 5.9 that the following holds

(U A A Upgr, U AU A Avy) =

(ui,u)  (ur,o1) - (u1,on)
1 (u2,u)  (uz,01) -+ (u2,0n)
n+ 1! : : ) :
(unt1,u) (Unt1,01) = (Unt1,0n)
(ui,v1) - (u1,vn)

o _] 1 <Uj7‘17v1> (Ujf‘lﬂ]n>
C(n+1) (n+1)! Z {uj u (uj+1,01) - (uj+1,0m)

(unt1,01) = (ung1,vm)
1 n+1 - R
=— D (=1 Mugu)(uy A AT A Attyr, 01 A Ay,
j=1

O

Our goal in the next few proofs shall be to establish what are known as the
canonical anticommutation relations which are fundamental when working in

fermion Fock spaces.

THEOREM 6.2. Let u € H, we define the linear operators a(u) and a'(u) on

the domain of all finite particle vectors in T'y(H) by taking
a(u)go =0, a(u)lyes = vVnM;_,(u),
a'(u)po = u, a'(u)|yer = Vn+ 1M, (u), n €N,
where My (u) and M (u) are as defined in Theorem 6.1. Then
la(w)a’ (v) + a' (v)a(u)]¢ = (u,v)¢

for every finite particle vector ¢ € Ty(H).

PRrROOF. By definition of the operators as well as Theorem 6.1 the following
holds
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af(Wwi A Aw, = vVnFToAw A~ Awy,

(71) a(w)a'()wy A - Awy, = (u,v)wg A -+ Aw,

+Z uwjv/\wl/\ AW A Wy,
7j=1

n

a(w)wy A+~ ANw, =n"2 Z(—l)j_1<u,w]~>w1 N ANWGA - N Wy,

(72) a'(v)a(w)wi A - Aw, = Z(—l)jﬂ(u, WHUV AWy A AW A - A Wy
j=1

The addition of (71) and (72) gives us the result. O

We shall now show the existence of the annihilation and creation operators

in the fermion Fock space T',(H).

THEOREM 6.3. In the fermion Fock space Ty (H) there exists a unique family
{a(u),a’(u) : u € H} of bounded operators which satisfy the following
i) a(u)pg = 0 and a'(u)py = u where ¢y is the vacuum vector and u is a
1-particle vector.
i) a(u)vy A+ ANv, =n” 22 (=D N v v A AT A Ao,
al(Wor A Avy, = (n+DY2u Aoy Ao A, forallvy € H, 1< j <
n,n=12,...

i) a'(u) = a(u)* for all u € H.

PROOF. First define a(u) and af(u) on the dense linear subspace I'%(H) of
all finite particle vectors in I'y(#) through the use of Theorem 6.2. Also by
Theorem 6.1, a(u) and af(u) are adjoint to each other on T9(#H). As a result of
Theorem 6.2 we have for any ¢ € T9(H)

la(u)d ]| + lla (w)g||* = (¢, a' (w)a(u) + a(u)a’ (w)) = [lul*|4]*.

In particular,

la@)oll < [lullllell, lla' (ol < llullloll, ¢ € Ta(H).
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Hence we can extend a(u) and a'(u) uniquely to bounded operators on I'y(H)

and with slight abuse of notation we denote them by the same symbols so that
la()]| < flull, " @) < [lull.
The rest of the proof follows trivially. O

We call a(u) and af(u) the annihilation and creation operators respectively.
Finally, we end the discussion on these operators by proving the canonical anti-

commutation relations we had previously mentioned.

THEOREM 6.4 (Canonical Anticommutation Relations). The operators a(u)
and a'(u) given in Theorem 6.5 satisfy the following properties
i) a(u)a(v) + a(v)a(u) = 0 = a'(u)a’(v) + al(v)a'(u).
ii) a(u)al (v) + af(v)a(u) = (u,v)I for all u,v € H.

PROOF. By Theorem 6.3i as well as 6.3ii the vectors {a'(u)a'(v)+a'(v)a'(u)}¢
and {a'(u)a’(v) + a'(v)al(u)}w; A -+ A w, are respectively scalar multiples of
uAv+vAu and (uAv+ovAu)Aw A--- Aw, which vanish. Using the
fact that finite particle vectors are dense in I',(H) as well as the fact that the
operators a'(u) are bounded for every u € H we obtain the second relation in 7).

The first relation in 7) follows from the second by taking adjoints. O

In the coming sections, we shall make use of Von Neumann algebras. Hence

we give their definition below.

DEFINITION 6.1 (Von Neumann Algebra). A Von Neumann Algebra is a

subalgebra of B(H) which is closed under involution and the weak order topology.

Let J : H — H be a conjugation on H. We define the operator ¥(z) =
a'(z) + a(Jz). From these operators we may obtain C;, the algebra generated
by the set of operators {¥(z) : z € H}. By observing that ¥(2)* = U(Jz) we
obtain that C; is self adjoint and hence its weak closure C will be a Von Neumann

Algebra. We recall that C; is self adjoint if it satisfies A € C; <— A* € C;
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6.2. Probability Gauge Spaces and Non Commutative L” Spaces

While a classic probability space was sufficient when dealing with stochastic
integration, we require a generalization when dealing with quantum stochastic
integration. This is precisely achieved by the regular probability gauge spaces
we shall discuss in this section. We start off by giving the definition which is

taken from [25].

DEFINITION 6.2 (Probability Gauge Space). A reqular probability gauge space
is a triple (H,, m) where H is a complex Hilbert Space, 4 is a Von Neumann
Algebra and the gauge m is a faithful, central and normal state on 3. That is,
m : 3 — C is a linear map which satisfies the following

i) m(I) =1; If A € Y such that A > 0 then m(A) > 0.
ii) If A >0 and m(A) =0 then A = 0.
iii) For all Ay, Ay € Y, m(A1A42) = m(AxA,).
w) In {P,} is a family of mutually orthogonal projections in 4 then

m(zpa) =Y m(P,).
[0 «
In order to recover the probability space we use in the commutative setting,

we need only take the special case { = L*(Q,P) and m(f) = [, fdP and we

treat equality in this context as meaning equality almost everywhere.

Property ¢) follows trivially by the monotonicity of the integral as well as by
noting that [, 1dP = P(Q) = 1. Property iii) follows by the commutativity of
the underlying algebra.

For property i), we let f € $l satisfy the given conditions. We let E,, = {z €
Q: f(z) > 1}, then the following holds

0— /Qfd]PZ[E fdP > %P(En).

Thus P(E,,) = 0 for all n so that P({z : f(x) > 0}) = P(U,E,) = 0 showing f is
0 almost everywhere as desired.
Finally, to verify property iv), we first note that projections in L* are indeed

indicator functions that is P, = 1, for some measurable set E,. Secondly note
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the trivial fact that, as the projections are orthogonal, > 1p =1y, g,. Hence,

using countable additivity of P, the following is evident

m(;Pa) :/HUaEadﬁbzﬁb(gEa) :;P(Ea) :;/QHEQ
= ;m(Pa)

hence showing that iv) holds.

For the purposes of the quantum stochastic integral, we shall require a par-
ticular probability gauge space which we shall be discussing next. The proof of

this result is taken from [11].

THEOREM 6.5. Let m : C — C be the map defined as m(A) = {(¢o, Adg), Then
the space (I'y(H),C,m) is a probability gauge space.

PROOF. Define the inner product (z,y) = (Jx,y) as this will ease notation
in the proof. We have m(I) = (¢g, ¢9) = 1 and clearly, for A positive, we have
m(A) > 0 and so 7) holds.

Let A be a strictly positive operator then it is Hermitian. Hence, through
continuous function calculus, we may find an operator B such that A = B2

Consequently the following holds

m(A) = m(B*) = (¢, B*do) = (B, Bo) = || Bdo|* > 0

whereby the inequality follows since ¢y is separating. Thus i) holds by the con-

trapositive.

Next we prove that m satisfies iii). We note that from the anticommutation
relations one may easily derive that a(Jx)¥(y) + ¥(y)a(Jz) = (z,y)'I. This
relation, along with the fact that a(Jz)¢py = 0 leads us to deduce the following

n

a(Jx) () W(wa) - W(aa)do = Y (=1) ;) U(ar) - W(ay) - W) o

j=1
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where \if(asj) denotes omission of the factor. Furthermore, by noting that a™(x)¢, =

0 the following is evident

(b0, W (@) W1(1) - W (wn) o) = (Do, (a'(x) + a(J2)) U (w1) - - - U (2)ho)

= (@0, a(Jx)V (1) - - - W (20 )P0)

~

= (=17 N, 2;) (b0, Ulwr) - - U(xy) - - V() ho).
j=1
By a similar argument we obtain that

U(1) - U)W (2)go = U(w) - U(zp)al ()¢

Hence,
(73)
(00, W(w1) - Wlwa) () o) = 3 (=1)"7 (. 25)" (G0, () -+ W(a;) - W) o).

If n is odd then (—1)"7 = (—1)’~! and hence

(74) (Do, U(w)W(21) - - W(wn)do) = (bo, Y(w1) -+ W(wn)V(x)o).

Else, if n is even, then U(zy)--- U (z,)V(z)hy and V(x)V(zy)--- V(z,)hy are
both tensors whose non zero homogenous components are of odd rank and hence
orthogonal to ¢¢. This would give us that both sides of (74) are 0 and hence
equal. Hence (74) holds for every ¥ € C;. Now, both sides of (74) are continuous
functions of ¥ in the weak order topology and thus (74) holds for all ¥ € C.
Hence 7i7) holds.

Finally, we shall show that iv) holds. Let {P,},en be a family of mutually

orthogonal projections. Due to the mutual orthogonality of the projections, the
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following is evident

(>R = (o0 (an)w

= (¢0, Put)

n=1

oo

=> m(P,).

n=1

Thus we have shown that v) holds, completing the proof. O

Now we shall show how the operator ¥ may be seen as a non-commutative
analogue of Brownian Motion in the Fermion Fock space. To this end, we shall
define the notions of expectation and covariance in the context of a probability

gauge space.

DEFINITION 6.3. Let X be an observable in a probability gauge space. Then
E[X] =m(X) and Cov(Xy, Xs) = m(X;Xs) — m(X1)m(Xs).
We calculate these quantities for ¥(z) where z € H. Firstly we have that
E[W(2)] = m(¥(2))
= (0, ¥(2)¢)
= (0, ¥(2)¢)
= (b0, a"(2)¢o) + (o, a(Jz) o)

Now a(Jz)py = 0 by definition and af(z)¢y is orthogonal to ¢y and hence
E[¥(z)] = 0.
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Next we shall investigate the covariance. Let z,, z € H where s,t € R,
Cov(W(zs), ¥(z)) = m(W(z)¥(2))
= (P, U(25)¥(2)¢0)
= (¢o, (a(J2) + a' (2,))(a(J ) + a¥(z))do)
= (0, a(Jzs)a(Jz)do) + (¢o, a(J z;)at () po)
(75) + (o, al (25)a(J2)do) + (o, a' (25)a’ () o).

Using the fact that a(u)pg = 0 for any u € H we have that the first and third
term in (75) cancel out. Also for v € H, a'(u)af(v)gy is orthogonal to ¢y and

hence the fourth term cancels out as well. Also

a(Jzg)al (z)po = (a(Jzs)a' (z) + a'(z)a(Jz))do
(76) = (Jzs, 2t) o

by the anticommutation relations. Substituting (76) in (75) we obtain
Cov(U(zs), U(z)) = (Jzs, 2¢)-

For a Hilbert Space H satisfying (zs, 2;) = min(s,¢) we have that (U;)icr+ is
a sequence of observables having mean 0 and the same covariance structure
as Brownian motion. Hence these observables may be thought of as a non-
commutative analogue of classical Brownian Motion. It is easily verified that for
H = L*(R*,dt) and x; = Loy for t € R*, the required covariance structure is

attained. We shall next discuss briefly the notion of non commutative LP spaces.

Just as L spaces are defined through the use of an integral with respect to
some measure, we may define their non commutative analogues through the use

of gauges.

DEFINITION 6.4 (Non-Commutative LP Spaces). For 1 < p < oo, L,(C) is
the completion of C with respect to the norm |[ul|, = m(|u]p)% = (¢o, (u*u)gqﬁ(])%.
For the case when p = 0o we must take the completion with respect to the operator

norm.
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Many results of the commutative LP spaces carry over to the non commutative
ones. For our purposes we shall require the fact that Holder’s inequality holds

in this space. We state the result taken from [16] without proof.

THEOREM 6.6. Let (H,C,m) be a reqular probability gauge space with corre-
sponding LP spaces defined as in Definition 6.4. If Ay € LP and Ay € L7 where
% + % =1 then

[A1ll, = sup{|m(A15)] : S € & [[S]|, < 1}.
and

(77) [m(AsAz)| < [|Au], (| Azl

Clearly (77) is Holder’s inequality for gauge spaces. Applying this inequality
to m(|AJP), we obtain that

m(|AP) < m(|A|7)sm(I) = | All;

This shows that the classic inequality ||-||, < |||, for 1 < p < ¢ < oo holds for

the non-commutative LP spaces as well.

Just as conditional expectation was used for the classical stochastic integral,
we shall also require it for the non-commutative one. To this end, we shall es-
tablish a non-commutative Radon-Nikodym theorem. We quote the result from

[28] without proof.

THEOREM 6.7. Let (H,C,m) be a regular probability gauge space and let B be
a Von Neumann subalgebra of C. Then (H,B,m|y,) is also a regular probability
gauge space. Let LP(C) and LP(B) for 1 < p < oo be the completions of C and B
respectively. Then if A € LP(C) there exists a unique A € LP(B) such that
(78) m(AA") = m(AA)
for all A" € L$°.

REMARK 6.1. By Holder’s inequality we may note that Theorem 6.7 remains
valid for all A" € L1(B) where q satisfies % - % =1.
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DEFINITION 6.5 (Non Commutative Conditional Expectation). The map

A A given in Theorem 6.7 is said to be the conditional expectation with respect
to B and is denoted by m(-|B) and enjoys the following properties

i) m(- | B) is a contraction from LP(C) onto LP(B) for all 1 < p < oc.

ii) m(- | B) is positivity preserving.

iii) m(vu | B) = vm(u | B) for allu € LP(C),v € L (B).

w) If By C By, then m (m (- | Ba) | B1) = m (- | Dy).

v) m(- | B) on L*(C) is the projection onto the subspace L*(B).

We shall also give the definition of a quantum martingale as this shall be
useful when defining the integral later on. We let H = L*(R™",ds) where ds is
the Lebesgue measure and let J be the complex conjugation on H. For a given
t € RT U{0} we take C; to be the Von Neumann subalgebra of C generated by
the operators ¥(u) whereby v € L?*(R*,ds) having esssuppu C [0,¢]. Clearly,
Cs C C; and for 0 < s <t we have that C is generated by C; for t € R*. For ease
of notation, we shall denote m(:|Cs) by M,(-) for s € RT.

DEFINITION 6.6 (Quantum Martingale). An LP martingale adapted to the
family {C; : t € Rt} is a collection {X; : t € R} of operators on T',(H) such
that X, € LP(C;) fort € Rt and My(X;) = X, for any 0 < s < t.

6.3. The It6-Clifford Integral

Having defined the necessary spaces and structures, we shall now proceed to
the construction of the Ito-Clifford integral. While this is beyond the scope of
the dissertation, this integral may be used to solve quantum stochastic differen-
tial equations. These may be applied to, among others, non-equilibrium thermo
field dynamics. The interested reader is directed to [14] for further information

on this application. The results in this section are from [4].

As in the case of the classical 1to Integral, the notion of an adapted process

plays a crucial role in quantum stochastic calculus. We proceed to the definition.

DEFINITION 6.7 (Quantum Adapted Process). Let 0 < to < t. A map f :
[to,t] — L'(C) is said to be a quantum adapted process if f(s) € L'(Cs) for all
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s € [to,t]. An LP quantum adapted process is a quantum adapted process f such

that f(s) € LP(Cs) for all s.

Hereafter we shall deal with these types of processes exclusively, hence we
shall drop the adjectives and refer to the maps in Definition 6.7 as processes. As
in the Ito6 integral, the notion of a simple process plays a central role in defining

the integral. We proceed with their definition.

DEFINITION 6.8 (Simple Process). A process h on [t,t] is said to be simple

iof it assumes the form

h/ - Z hk—lX[tk_l,tk)
k=1

on [to,t) for some ty <t; <---<t, =t and hy € L'(C),1 <k < n.

Since h is a process, we have that h(s) = hy € L'(C) for all t;,_; < s < 1.
That is, hy_1 € L'(C;,_,). Let u € L} _(RT,ds), the space of locally square
integrable functions on the positive real line with respect to the Lebesgue mea-
sure. We shall denote W(uxo) by ¥;. Clearly, ¥, is a self adjoint operator and
satisfies U, € L>®(C;) for all t € RT. Furthermore, due to the anticommutation

relations, we have that for 0 < s <t

(79) (U, — 0,) = U(uxyq)” = / lu(z) 2dz.

We shall now proceed to the definition of the integral in case of simple processes.

DEFINITION 6.9 (Ito-Clifford Integral for Simple Processes). Let h be a simple
process as in Definition 6.8 then the Ito-Clifford integral of h over [to,t] is given

by

t n n
1) = [ BT = 3 b (B, = W) = 3 i A
to k=1 k=1

Trivially, we have that I(h) € L*(C;) and is independent of the decomposition
of h as a sum of step-functions. The next lemma is of great importance, both for
showing a particular property of the integral and also for extending it for more

general processes later on.
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LEMMA 6.1. Let {X; : t € RT} be an LP martingale and let 0 < s < t.
Then m(f (X, — X,)g) = 0 for any f € LI(Cy),g € L™(Cs) with L + 1+ 1 =
In particular, if f € LY(Cs) and g € L"(Cs) where % + 1 =1 we have that
m(f(¥; —¥,)g) = 0.

Proor. We have

m(f(Xe = Xo)g) = m(gf(Xi = X))
=m(gfMs(X: — X5))
=0
whereby the first equality follows from the fact that m is central in C and the

second equality follows by the definition of conditional expectation given in (78).

The last part of the lemma follows due to the fact that ¥, € L*> for all ¢. O

We shall now discuss some important properties this integral for simple pro-

cesses.

THEOREM 6.8. The Ito-Clifford Integral of simple processes satisfies the fol-

lowing:

i) fti(ah(s) + Bg(s))d¥, = Oéft s)dV, + 5ft s)dV, for simple processes
g,h and o, g € C.
.. t .
i) m( [, h(s)d¥s) =0 for simple h.
iii) If h is a simple L? process on [to,t] that is h(s) € L*(C,) for allty < s <t
then ft s)d¥, € L*(C;) and ||ft0 s)dW¥,||3 = fto |h(s)||5]u(s)|?ds.

PROOF. Linearity of the integral follows trivially.

For i7), consider

Whereby, in the above, to < t; < --- < t, is a suitable partition of [ty,t] and

hip_1 € Ll(Ctkfl). The final equality follows as a result of Lemma 6.1.
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For iii),

t
/ hdW¥
to

2 n * n
m(( hk_lA\Ifk) (Zhj—lA\I]j))
2 k=1 Jj=1

Z m(A\I/kh,:_lhj_lA\I/j).
k.3

By Lemma 6.1 the off diagonal terms vanish. Then, for a general non-zero term

of the summation, the following holds

m(A\thz_lhk_lA\I/k) = m(hz_lhk_l(A\Ifk)2)

123
=mm1mo/ fu(s)2ds

te—1

t
Z/WWLMJWHM®W®WS
to

wherein the second equality follows from (79). Summing over k gives the required

result. O

We may call 6.8::¢ the isometry property of the It6-Clifford integral. The

analogy with the Ito isometry of classical stochastic integration is clear.

In the next few results, we shall be extending this integral for more general
processes. For the sake of simplicity, we shall denote the measure |u(s)|*ds on

R* by dp.

THEOREM 6.9. Let g be a continuous L* process on [tg,t] that is, s — g(s)
is continuous from [to,t] into L*(C). Then, for any e > 0, there exists a simple

L? process h on [ty,t] such that
¢
/ lg(s) — h(S)Hg du(s) < e.
to

PROOF. Let ¢ > 0 be given. As g is continuous on a bounded interval [tg, t]
then it is uniformly continuous on that interval. Then it must be the case that

there is to < t; < .-- <t, =t such that

lg(s) — 9(%—1)”3 <€
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whenever t,_1 < s < t,. By taking h = Y ,_, g(ti—1)X[t,_,.+,) We may observe
that ||g(s) — h(s)||3 < € for all t, < s <t and hence

/t l9(s) — gltio) 2 dps) < ¢ / dp(s)

to

giving us the result. 0

We state the next lemma without proof.

LEMMA 6.2. For a fited X € L*(C), s — My(X) is a continuous map from
R into L*(C).

For the final few steps, we shall need to introduce two spaces. The first is the
space L?([to,t],du; L*(C)) which is the complex Hilbert Space of L?(C)-valued
measurable maps on [tg, t] which are square integrable with respect to du. The
second space is the Hilbert Space tensor product, L?([to,t],du) ® L*(C). The
latter is the completion of the algebraic tensor product C'([to,#]) ® L*(C) where
C([to, t]) denotes the space of complex-valued functions on [ty, t]. What is of inter-
est to us is that these two spaces are isomorphic. This may be easily verified by

identifying the element ¢® X with ¢(-) X where ¢ € L?([to,t],du) and X € L*(C).

Naturally, not every f € L*([to,t],dp; L*(C)) is a process, seeing as not every
f satisfies f(s) € L*(Cs) u a.e. We denote by h[to,t] the space of processes in
L*([to, t], dp; L*(C)). We now prove some properties related to this space.

THEOREM 6.10. hlto,t] is a closed subspace of L*([to,t],du; L*(C)). In par-
ticular, Blto,t] is a Hilbert Space.

PROOF. Let (f,)nen be a sequence in h[tg, ] such that f, — f in
L*([to, t], dp; L*(C)). By passing to a subsequence we may assume that f,(s) —
f(s) p a.e. in L3(C), this is justified by Corollary 2.1 in [16]. However, f,(s) €
L*(Cs) p a.esothat f(s) € L*(Cs) p a.e showing f € blto, t] as required. Hence,
blto, t] is a Hilbert Space as a closed subspace of a Hilbert Space. O

THEOREM 6.11. Let f € bltg,t]. Then f may be approximated arbitrarily

closely in B[to, t] using simple processes in hlto, t].
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PRrROOF. Let € > 0 be given. Due to the isomorphism between the two spaces,
we are guaranteed the existence of n € N, ¢; € Cl[to,¢] and X; € L*(C) for

1 < 7 < n such that
t
/

As f is a process and M, : L*(C) — L*(C,) is a contraction, the following holds

/t |
to

2

du(s) < €.
2

fls) = 3 65(5)%;

dp(s)

2

f(s) = Z¢j(5)Ms(Xj)

/t
to

< €

(60 - Z 560 )

dp(s)

Through Lemma 6.2, each ¢;(-)M(X;) is a continuous L? process. In turn, this
means that they belong to h[tg,t] and by Theorem 6.9 we may assert that they

may be approximated by simple processes. O

We are now in a position to construct the integral I(f) for non-simple pro-

cesses and this is exactly what is achieved in the next theorem.

THEOREM 6.12. For f € b[to,t], there is a sequence (hy,)nen of simple pro-
cesses converging to f in blto,t] and there exists I(f) € L*(C;) such that jz] hin(8)dW
converges to I(f) in L*(C;). Furthermore, I(f) is independent of the particular

sequence (hy)nen converging to f.

PROOF. A sequence of (hy)nen converging to f in hltg,t] is guaranteed to
exist by virtue of Theorem 6.12. By the isometry property, since (hy,)nen is
Cauchy in blto, t], ( ftz h,d¥) is Cauchy in L*(C;). The existence of the required
I(f) follows by completeness of L?(C;). The required independence is also easy

to see. ]

We may now formally define the It6-Clifford Integral.

DEFINITION 6.10 (The Ito Clifford Integral). For f € bto,t], the Ito-Clifford
Integral j:; f(s)dVs of f is given by I(f) where I(f) is as given in Theorem
6.12 and satisfies 1(f) € L*(Cy). If 0 <ty < t; <ty and f € btg,ts] then the
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restrictions of f to the intervals [to, t1] and [t1,ta] belong to Bltg, t1] and bt to]

to t1 to
/ Fdw, = / FdU, + / £,
to to t1

We conclude this section by discussing some properties of the Ito-Clifford

respectively and

Integral.

THEOREM 6.13 (Properties of the Ito Clifford Integral).

i) Julof +89)dV, = a [o f(s)dWs+ B [ g(s)dV, for f,g € blto, ] and o, 3 €
C.

i) m(ftz fd¥s) =0 for any f € blto, t].

iii) ||y, A% || = | lly for any f € blto, ).

w) Mto(fti fdVUy) =0 for any f € blto, t].

v) If f € B[0,¢t] for allt € RT, then {fot fdV}ier+ is an L*-martingale adapted
to {Ci}ier+-

PROOF. i), i7) and iii) follow directly from Theorem 6.8.

To show iv) it is enough that we verify the property for simple processes. Then,
let b= 4 M1 X[ty 0] With tg <t < -+ <, =t where hy_y € L*(Cy,_,) be
a simple process in h[tg, t]. By letting g € L?(Cy,), we obtain as a consequence of

Lemma 6.1 that the following is true

t n
m(g/ hd\lfs) = Zm(ghk_lA\I/k)
to

k=1

= 0.

Finally, for iv) we note the following

Mm( / tf(S)d‘Ifs) - Mto( / " f(s)av, + /ﬁfﬂs)d%)
— M, ( / ) f(S)d\Ifs>

- [ st
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CHAPTER 7

Conclusion

7.1. Summary of Results

Throughout this dissertation, we have seen that many elements of classical
probability have analogues in the quantum framework. While classical proba-
bility is often grounded in set theory, quantum probability tends to rely more

heavily on operator algebras.

This is seen on multiple occasions such as in the form a measure assumes in
both frameworks. In particular, we have that classically a measure is realized as
an integral over a set, and in the quantum framework as a trace of an operator.
Another example of this is seen in Multiple Probability Spaces wherein the cross
product was not sufficient in the quantum framework rather we had to utilize
the tensor product. The construction of the tensor product was probabilistic in
nature, relying on the use of Gaussian variables. Finally we provided the back-
ground of the quantum stochastic integral and also showed that it is constructed
in a very similar to its classical analogue with an isometry theorem also being

proven.

7.2. Further Research

In this dissertation we delved deeply into the realm of quantum probability
and provided a lot of comparisons between classical probability and quantum
probability. That being said, the dissertation is far from exhaustive, and there

is a lot of room for future discussion and research.
With regards to the Boson Fock space, we note that there is much more to be
discussed. Indeed we note that many classical distributions and stochastic pro-

cesses may be recovered by measuring observables in so called coherent states.
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The creation and annihilation operators may also be discussed in this context

and these involve the use of Weyl operators. Further detail may be obtained in

[19].

In addition, there are also several research directions when considering quan-
tum stochastic integration. The construction we considered was centred around
the fermion Fock space however an analogous integral based on the Boson Fock
space may be constructed. This was indeed the first quantum stochastic integral

to be considered and its construction may be found in [13].

Our discussion both in the classical and in the quantum case focused on the
Ito Integral however this is not the only type of stochastic integral with the
Stratonovich integral being another example. This type of integral is discussed
briefly in [1] however the discussion is not exhaustive. The most common appli-
cation of stochastic integrals are to solve stochastic differential equations and in

[21] we see an extension of these to the quantum framework.

Finally, we propose a possible research direction which to our knowledge would
be novel. In classical probability, we initially integrate with respect to Brown-
ian Motion. One generalization of this is integration with respect to Fractional
Brownian Motion which does not have martingale property and hence makes the
construction of the integral much more mathematically involved. To our knowl-
edge, both the construction of a Fractional Brownian Motion and a quantum
stochastic integral with respect to it in a quantum probabilistic setting are unex-

plored and may present challenging and interesting avenues for future research.
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APPENDIX A

Conditional Expectation

In this appendix we shall be discussing conditional expectation and stating
a few of its results without proof. These are taken from [17]. For this discussion
we fix a probability space (€2, F,P). We denote by LP(2) the set of random
variables Y having E[|Y|] < oo. It may be shown that this is a Banach space
with norm ||Y||, = (E[\Y\p])% We shall use LP(€2, F) when we want to emphasize
the underlying o-algebra. Consider the case when we have another o-algebra G
satisfying G C F. Now let Y € L'(Q2) and we define a real valued function p on
G by taking

H(A) = /A Y (W)dP(w), A€ G

Firstly, we emphasize the fact that [u(A)| < [, [X[dP < [, |X|dP = E[X]
for all A € G. Secondly we also have that u satisfies the definition of a signed
measure which is absolutely continuous with respect to P. There properties allow
us to apply the Radon—Nikodym as to obtain a random variable Z which is G

measurable and satisfies E[|Z]|] < co. Furthermore we have that
(80) pu(A) = / Z(w)dP(w) VA € G.
A

Now if Z is another random variable which is G measurable, has finite expectation
and satisfies (80) we obtain that [,(Z — Z)dP = 0 for all A € G meaning Z = Z

almost surely. From this discussion, we may proceed to the definition.

DEFINITION A.1 (Conditional Expectation). Let Y € LY(Q, F). Let G be a
o-algebra and G C F. The conditional expectation of Y given G, E[Y|G] is the

unique random variable Z up to P measure 1 which is G measurable and satisfies

(81) / VP — / ZdP YA € G
A A
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THEOREM A.1 (Properties of the Conditional Expectation).
1) E[E[Y|9]] = E[Y].
ii) ForY G measurable, E[Y|G] =Y .
iii) For'Y and G independent, E[Y'|G] = E[Y].
w) If Z is G measurable and E[|Y Z|] < oo then E[Y Z|G| = YE[Z|G].
v) If Gy C Gy then E[Y'|G1] = E[E[Y|Ga]|G].
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