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Fuler’s Phi function
for Powers of Primes

Elaine Chetcuti

The Phi function e(n) is defined as the number of positive integers less than n
which have no factor in common with n.

Knowing that a residuc group is a sct of positive integers less than n and rel-
atively prime to n; the phi function, ¢(n), can be defined as the number of
clements in the residuc group.

g(n) = no. of natural numbers < n: (a,n) =1
Consider o(4):

There arc 2 positive integers less than 4 which have no common factor with 4
namely (1 and 3). Hence

o 3(4) =2

Consider o(7):

There are no positive integers less than 7 which have a common factor with 7
since 7 is a prime number.

Therefore we can say that for any prime number p, g(p) = p-1

Our attempt is to find g(p*)



Let us consider g(p?)
Consider first ¢(5%)
Listing all positive integers less than 25. we obtain

1234567891011 121314151617181820

12,0 pp+l.ooo. 2p2p4+1 oo 3p3p+1... L

dp+1....0 L 5p (where 5p is p?in this casc)
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Therefore, to find g(p?), first list all positive integers less than p?

123.....p p+l....2p2p+1.. . 3p.3p+1... p°

This makes us realize that p, 2p, 3p, 4p,. . . p®arc the only integers which arc not

coprime with p2.
Therefore a(p?) = p*~ p

Let us now consider (p%)

The positive integers from 1 to p® can be divided into p scts:

1 to | p? {(p? — p coprimcs)
PP+ 1 to | 2p? (»* — p coprimes)
2p°+ 1 to | 3p? (p° - p coprimes)
(p-2)p*+ 1 to | (p-1)p” (p® ~ p coprimes)
(p-1)p*+ 1 to | p° {(p* — p coprimes)




Each sct has p® ~ p coprimes and there are p scts.
= total number of coprimes from 1 to p°= p(p® - p)
= o(p®) = p(p* - p)

=p*(p-1)

From this we claim that ¢(p™) = p"~1(p - 1)

Let us prove this by the Principle of Induction
RIP: a(p™) = p™"Y(p - 1)

Proof

Letn=1

LHS: ¢(p') = p-1 (as discussed carlicr)

RHS: p' "' (p-1) =p''(p-1) =pp-1) = (p-1)
Strucforn =1

Assumec it is also true for n = k

ie o(pF) =p*p-1)

We need to prove it is truc for n =k +1

ie. RTP p(p**1) = p* (p-1)
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The positive integers from 1 to pF+! can be divided into p groups as in the case

of 1 to p* carlicr on

1 to | p* (pk_l(p - 1) coprimes)
ph 1 to | 2pF (p*="(p - 1) coprimes)
2pF+ 1 to | 3p* (" 1(p -~ 1) coprimes)
(p-2)pF+ 1 to | (p-1)p* (p*I(p - 1) coprimes)
(p-DpF+1 to | p™+! (" (p - 1) coprimes)

Each sct has p*~1(p - 1) coprimes and there arc p scts.

= total number of coprimes from 1 to p*+i= p(p**(p - 1))

= o(P"*) = p(P* (- 1))

=pF(p-1)

As o(p™) = p"~1(p - 1) holds for n = 1 and whenever it is truc for n = k, it is
also true for n = k + 1, by the Principle of Induction, the theorem is truc for

all natural numbers n.





