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Tlle Use of Choice 

Dr. David Buhagiar 

The aim of this note is to present two examples, one shown use of the Axiom of 
Choice a.nd the other that of Zorn's Lemma in Mathematics. VYe begin by stating 

the mentioned t.\;vo cCjllivalcnt axioms. 

AxiOlTl of Choice 1 Let X be a 1u)'rl,em,pi;y 8et;. Then fOT each nonempi;y 
subset S' ~ X 1:t is p08s1:b1e i;o choose some clement.) E 8. That is, there C:J:isis 
(J, fv,'l/.ci;io'l/. I f;/w,i; assigns to each nonernpty set S ~ X some TepTesentatiw: 
dern cnt I (s) E S. Such a fl£nction f is called a choice function. 

To state Zorn's Lemma we need the follmving definition. 

Partially Ordered Set, Chain 1 A set; X is said to be partially ordered if 
t.hen: is (J, partial ordering defined on it, that is, a bin,aTY relation ~ that 
sai.is.fie8 the condit;ion8 

1. :r ~ :r: fm' ever'y .1: E X, 

2. 'if ;1.: ~ y and y ~ .1:, then .1: = Jj, 

3. ·i.f:D ~ :v and y ~ Z, then :1; ~ z. 

rr :1:. Jj E X a.Te 81£ch that ncither .1: ~ :y nOT y ~ .1: holds, then they are callcd 
iucompa.rable. Oi;henuisc thcy aTC ca.llcd comparable. A chain OT linearly 
ordered set. is a ]!o.Ti;ially oTdcrcd 8et; sv.ch i;hai; every t100 elcrnents of the set, 
(f,n: co1T1.paTable. A n upper bound of a 811./)8et Y of a paTI;ia1ly oTdeTed scf; X 
'l,.'; an elC1'ncnt 11. E X such !J/.O,I; y ~.u, fOT every y E Y. A ma.ximal element. of 
X is an clcm.ent 1'11, E X such thai; m. ~ :r: implies r)l. = :r. 

Zorn's Lemma 1 rr every chain in a ]JaTtially oTdered set has an 1£]JpC1' 
bound, t;!wn the ]JaTtia11y oTdered set has 0. 1na:rimal elem,ent. 

The; axiom of choice; was formulated by Zermclo in 1904. Sixty years later, 
in HlG3, Paul Cohen showed that the Axiom of Choice cannot be proved from 
the axioms of Zermclo-Fraenkel set. theory (the standard set theoretical axioms). 
Thus. if we ,\'ant. t.o nse the Axiom of Choice we need to include it in our set theory. 
It call be proved that the Axiom of Choice is equivalent to Zorn's Lemma. 

Let ns now see one example of the nse of the Axiom of Choice and one example 
of the Hse of Zorn's Lemma. 
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ExaUlple 1 RCTncTniJcT Uw,i; a scqucnce (;1:'11) in, a metric 81)(/,(;e (X, rl) CO1/,­
IWl'tj(:S to o,'n eleTnc'II,t ;/: E X if for eVCTY positivc Teal T/,mniJeT c i;hcT(; e:);'i,<;t,<; 
sO'lnr: no E N such thai; rl(:D'II) :r) < ( fOT CVCTY 11, atu, T'(J, I n'lJ,TnbeT n ::: no· Let Y 
be {J, s'II./;8ei; of x, O'ne 'lJ,sv,ally defincs cl08v:rc ]Joints of Y in eithcT ((n' both) 

of the follo1lJ'ing two ways: 

I :r E X is a closure point of Y if thcTe ca;ists a sequence (,7;,,) in Y which 

co '0, v CTg cs to :c. 

II :r E X is a clmmre point of Y if fOT CVCTY posiii1J(; Tcal numbCT ( U/,CTe 

c:cisi;" 80Tn c y E Y with d(,T, y) < c. 

Wc then fJO on to pTove i;hai (I) and (II) o:re equivalent. 

Proof: 

(1) ===? (II): Given o:ny c > 0, theTe exists no E N such f;/wt d(;1:n, :r) < c 

fOT CVCTY n::: no. In 1)(LTticnlaT, d(;rno, ,1:) < E and ;1:"0 E Y. 

(If) ===? (I): The 1J.s'/J,al pTOve pTOceeds as follows: Let Y" = {y E Y : d(y, J:) < 
~}. By (II), )~, i= 0 fOT all 71. E N. Le!; CTn) be a sequcnce 8'11.ch f;/wi; (], 1)oint 
:r'/I E )~, fOT all n E N. Then cach :r1/ E Y and (:1:71) convcrge8 to T. 

VVhai; 'is nsually ovcTlooked is i;o jll,si;ify the Teasons VJe havc to aSS71.'lne i;hai; 
such 0, sequence (xn ) cri,si;s. In fact;; if one takes (X, d) i,o be iJw Teal l-ine 
~ with standanl rne!;ric, it has been ]JTOved that i;hc equivalence of (1) and 
(If) f07' all Y c ~ cannoi; be pTOved fTom, the a;DioTns of ZeTmclo-Fnwnkel 
set. i;heOTij alone. Of COUTse, if 'Wc l:nclude the Axiom of Ch01:ce in OUT sei; 
t.hCOTlI, the fact that )~/. i= (/) fOT 0.11 n E N iTnrJl,edio.tely iTJI,plics i;hai; such u. 
SC(j'I/.C1I.CC e.Tisi;s. 

ExaUlple 2 One of the fll,ndo.m,ent;al fads on vectoT spaces is tho.i; C1JCT7J 
'l/.on-2:cm vecf;OT s]lacc 11 has 0. lineal' basis. This Tesult; is u. stm,ighifor"w(]'Td 
opplicai;ion of ZOTn's Lemma. 

Let X be the set of all lineaTly independent subscts of 11. Since 11 i= {O}, 
'it. has an elem ent; '{J i= 0 and {v} EX, 80 i,hat X i= (/). TVe defi:n.e a 1}(l,Ti:ial 
oTcic7'ing on X by set; inclusion. fr Y c X is a chain in X, i;he union of all 
i:hc clem.eni;8 of Y gives an upper- bound f07' Y. By ZOTn's Lem,m,a, X has (I. 

Trw;l:irJl,(l.1 elem,ent B. TVe aTe lefi; to show f;/wt B is 0. linea:,. basis fOl' 11. Lei: 
(! = c;pan B. Then U 'is a subs1)(J.ce of 11. fr U 7:S (J, 1J1'ope'!' Subs]JCLce of 11 and 
;:: E V - ll, Own 13 U {2:} 'would give CL lincaTly independent set; containing LJ 
([.s a J)'1'01)CT subset;., cont;mdicting the TlHL,'[;imality of B. 

The above rcsv.li; co.nnoi; be pToved in Zennelo-Fro.enkel sci; i;heory alonc, 
'Wit,hov.i; usiTl,g Z 07'11. 's LeTnTn 0.. 
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Another axiom equivalent to the Axiom of Choice is the liVcll-Ordering Prin­
(;'iJlle. n.(~membcr that (\. linear ordering < on et set X is a 'Wcll-oT'dcT'ing if every 
nOlwrnpty subset of X has i1 <-minima.l element. The strncture (X, <) is thcm 
called <\. 'Well-ordered set. 

The Well-Ordering Principle 1 Every 8et; caT/. be 'llIell-oT(ieTed. 

\V(~ cnd this note by (l,,>king 01ll'seivcs: Is the Axiom of Choice "true"? Ac­
('ording to J .L.Bona in a private communication with E.Sc:hechter in 1977, 

The Axiom of Choice is obviously true; the Well Ordering Principle 
is obviously false; and who can tell about Zorn's Lemma? 


