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Boolean Matrices 

Alexander Farrugia 

1I I Ulis sjj()l'i. llOj-.e, wc' will llse Boolca.n Ina.tricc:s t.o lwlp l1S find some iuj-.crestillg 

grapli tl){~Ol'cti('(\.l properties ]'(~g(Lrding the clista.nu~ and index of (\. graph. 

First. W(' will give SOlll(' dcfillitiow.; that mc TWCC,'iSary for the theorellls whicb follow. 

Dnfinition: A nooico.n 11io.i,'l"i:l: is a SCjllil]'(' lllatrix, all of whose elltri(~S (\.]'(~ either 

() or I. Tll('s(' ('lltri('s arc added (I.lld 1111l1tiplied t()g()tlH~r in the follcrwillg fashion: 

Adclihclll 1'111 nlti])licaticlll 
;1: + () = :1' ;j:'()=() 

.r + J = 1 ;r' 1. =;r 
_ ....... _----

wl}(']'(' :1' E {O. J }. 

Defiuitiou: '1'1](' A dj(u:r:'lI.!:Y M o.i:,.h: of a gntph G is (\ s~Tnllllctric '/I X '/! lll<\J.rix. 

wll('l'(' 11 is UlC lllllllllcr of vcrt-i('cs ill the gntph, whose' -i:j'h cutry is 1 if there is 

;\11 edg(' (,Ollll('('t-illg V('ltcx i ;tlld vertex j ill t.hc gra,pll. a.uel 0 otherwis('. for all 
i . .i .-:; '11. 

'I'll<' roll{)willg l(~lllllli\ is a well-kllowll pro]lnty of all adja('cl]('Y llHl.tri('cs. 

Lnllllua 1 Th(' ill, cni.'f'Y of ih(' ,,./1, 1)O'W(T of the (I.(l.jaccncy 11/.(l.i:,.i:r yi:(I('s lh(' 

11 U·/Il.il("/" of '11'(1.1/;:8 of icu(/I.h 'I' fn!'ll/ ·(I(TI.I::r i i.o V(:'!'i;!':!' :i in (,'. 

III thl' sl'qnel. W(' an' llOt. illt(']'('St.('<l ill U](, 111ll11ller of walks of lnllgt.h 'I' lwtwC'('ll allY 

I\\-() \·('l'ii('('s. hut. rat-hcT wlwtll(']' t.hc]'(' exist.s it walk of t.1w S(\.111(' ]c'llgt.h bd.wc~('ll 

t!JOS(' two v(']'t.ic('s ()]' JlOt.. Fo]' i.his reaSOll, wC' cOllsider the adjacellcy mntrix j-.() 1)(' 
;\ l3()okall llmi.rix so Hmt W(' ('all olll~T get () or 1 for the clltrics of ;1". 

Definitions: The' disi.a1l(,c clij llC'twccn vertices 'i. mld j is the lcngth of the' shmt­

('st wal k 1 )('i.W(,C'll those' two vertic(,s. Thc (i'i.O:Il!. dC',. of a graph C;, dCllot.ed I l.\' f), 

is 11111;1'( clij )Vi. . .i. 

Tlw ddillitioll of t.ilC dimnd.c]' J) ahove nw 1)(' showll to lw eqniva.lc~lli. j.o i.h(' 

rollowillg: 

Leunna 2 f) is i;h(: sT!l.allcst: 'Ill, E N s'II.ch t:hai, A + A2 + ... + A"' = .J, 'Whc'l'c 

1\ -is /.11.(' acijaccTI.c;L/ '1!l.a.iTi:l: of n o://.{! .J -is the n x n 1T1,a.i:1'i:L: 'Whose c'II.i:rics o:re 

nU 1. 



/'1)(' ('()lIedjol1 V ]2 

Proof: Frolll Lemmal.. wc know Umt tlw ij''' cmtry of Ai for a.ll '/' E N, 1 :::; i,.i :::; 'I/. 

ic: I if t,li(T(~ ('xistc: i\. walk of lellgth '/' ]wtW(~ClJ vertic:es 'i. and j ill C, and () ot]wl'wise. 

]~XJl,\ll<]illg Oll this klJmvl(~dgc, the ij'h cllt.r), of Jl -+ Jl2 -+ .. ,-+ Jl'1" is 1 if therc exists 

,I walk ()f lellgth T or less hetwc~ell thc sanw t"iO vcrtic:cs, a.ud 0 otherwise. If '/1/. is 

,Ill illt.eger s1]('h t.lmt Jl -+ k 2 -+ ... + Jl'III .J lmt Jl -+;12 -+ ... -+ A'III-I t .J, then for 

,dl jl;lirs of v<Thc:es .. t.lwrc exists Cl, walk of length less tlmlJ of eqmtl to '11/, hct.W(~(~ll 

I 11(']I!. ;Il](] '11/. is tlw slwlllest·, lllllllllcr with this properLy. Tlms, 'Ill = fJ, as required. 

/\ cldiJJij.jOll sillliht.r to tJmt of t,lw cliallwt.er will lJ(~ given uow. 

Definition: The "l/Jo,l/;:-indc:r of Cl· ("Ollll(~("tecl graplJ with all odd circuit, c1mJOted 

h· 1'. is tlw slllHll<:st 'Ill, E N snch that JlIII = .J. Tlmt is, r is the smallest possible 

111111 he]' such thn.t. th(']"(~ (~xists a wal k of (~x(].c:t]y ICllgth r b(·~twe(m any pa.ir of VCl"-

Li('('s ill C:. 

N(Ji.(' t,lmi·. wc' ollly cOlJsidn lloll-bipartite gra.phs (graphs with all odd cil'cnit) III 

tll(' ;liH)V(' defiuitiou. This is lJC("allsc~ r of bipa.rtite graphs c:a.llllOt he fouud. 

('I(',lrl\' i\ \'+/, = .f fOl" all 1.: 2: (). It is a.lso ohviollS that r 2: n. hl fad,. ii 

(',\11 ]H' SIIOWII il](\.t j) :::; [' :::; '2f). Tlms, it might he iuteresting to filld pro]l('r­

li('S (If graphs with r = f) 11.11d graphs with r = '2D. Here, wc will Oldy give et 

slllnll c1nss of g]"11.plls whose r = 2f). First, however, wc give yet allot.her cldinit.ion. 

Definition Let, / Jam] /\" lw a,llY two graphs. The coalesce'l/,ce of // amI /\", de­

II()i('cI h~' If : 1\". is thc gmpll wlJc]"e T vertices of 11 arc idcnhiiC'd wit.h '/' vert.ic('s 

(d' /\'. IV 1 H'r(' '/' 2: L. 

Tlwormn: L<'i /\" ]w all.\· odd circllit 11.lId let. // he a COlllICCj",C'cl bipClltii,(' g]"(\.plJ. 

1,('1 (: ])(' ('iil](']" /\' or / / : /\' wll('1T olll~' Ol](' wrtex 'I' in /1 is iclclltified wii".1! OIl(' 

\·('1"I.('X ill /\'. '1'1]('11 r = '2 f). 

Proof: Sl1ppose (/ /\", all odd cir("llii". TI](~ll l) =)}2"I. If D is odd, thcn fOl" all 

\·(']"I.ic('s I" ill /\". Uw]"(' does not. ('xist. auy walk from 'U' t.o itself. If D is ('vcm, t.hell 

for all pairs of ad.ia.ceut. vertic('s '(! I '\.llcl '(!2 iu /\", there does uot exist auy walk frotll 

1'\ to '1'2. So r c:mlllot 1)(' D. Thus wC' try fm r = 1) -+ k for a'!l k = 1, '2, ... ,n. Iu 

,Ill CH.ses except. wlwn k = f), the smnc thing as above happens. V/heu k = n. i.e. 

Wl](,ll I'~-= '2D. all v('rhC(~s iu I\" CHII 1)(' reached via a walk of leugth '2D = '11 - J. 
TIlllS r =:= '2f) whell c: = /\". 
Now Sl1ppose C = H : /\" whcr(' ouly OlW vert.ex 'U in H is identified wit.h a vert.ex 

ill /\'. COllsidnr vertex 'IP in J1 with maxinnull clist.a.ncc t.o vert.ex '0. and let. l".his 

dist.a.ll(·c' 1)(' d. 'rIms. Ul(' dia.llJcter of gmpll (/ is cl -+ I12"J ,,,,here 'I/. is the ul1111]wr 

(If vni,icc's ill the odd circlli t /\". Now r calluot be odd "inc:e au odd walk frolll '11' 

t.() itself is impossible. So cclllsider all eveu '"\Ta.]k from 'I.V to a. vertex adja,cent to 
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