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Abstract: We are going to give a new proof that if the greatest 

common divisor of any two integers a and b is an integer t, then there 

must exist two integers x and y such that t = xa + yb. 

First of all we are going to use the following symbols: 

:3 

\j 

there exisUs 

for all 

gcd(a,b) 

s. t. 

greatest common divisor of a and b 

such that 

Z set of integers 

Z+ set of positive integers 

Putting the above statement in a more mathematical form we have: 

If gcd(a,b) = t, where a, b, t E Z, then:3 x, y E Z S.t. t = xa + yb. 

The following is the proof broken down into small parts: 

• By definition gcd(a,b) = t means that there exist two integers 'A and 

Jl such that At = a & ).Lt = b. 

Now we claim - or rather we can show - that gcd(A,jl.) = 1. 

Suppose gcd(A,jl.) = ex, and ex, > 1. 

:. :3 Al, III E Z S.t. Al ex, = A and J.llex,= J.l 

But 'Al(ex,t)=At=a and 1l1(ex,t)=J.lt=b 



:. gcd(a,b) = at and at> t. 

This is a contradiction because t is the greatest common divisor. 

Hence, we have proved that gcd(A,~) = 1. 

• We can reduce the problem to the following: 

To prove that ::3 x, y E Z S.t. 1 + y~ = XA. 

This is because 

if we are going to try to prove that t = xa + yb, we might as well 

divide throughout by t and try to prove that ::3 x, y E Z S.t. 

XA + y~ = 1, and 

since y is any integer we can replace y by -y and get the 

modified 

statement. 

• Suppose that V x, y E Z XA + y~;;t 1. This means that 1 + y~ = XA 

+r 

V x, y E Z, where r E Z. 

Now, for any value of y we can find an x and an r such that 0 < r < 

A (the basic division algorithm). 

This means that there are at most (A, - 1) different remainders. 

• First, we should consider the special case A = 1. 

In this case, put x = 1 and y = O. Therefore r = O. Hence, in this 

case, we have proved the original statement. 

• Consider the following sequence of equations: 

1 + O~ = OA + 1 

1+1~=xIA+rJ 



1 + 211 = X21... + r2 

1 + nil = Xnl... + rn 

We have solved the case for I... = 1. Now we should consider I...::j: 1. 

Since there are at most Cl... - 1) different remainders: 

::3 i, j E Z+, j - j < 1..., S.t. rj = rj 

:. 1 + ill- XiI... = 1 + jll- Xjl... 

:. Il(i - j) = 1...( Xi - Xj) 

Since f... and 11 have no common divisors (except 1) and I... ::j: 1, the 

prime factorisation of I... should be contained in that of (i - j). In 

other words, f... should divide (j - i). But we know that (j - i) < 1.... 

Hence f... does not divide (j - i), and this gives a contradiction. 

:. there must exist a remainder which is equal to 0, i.e. ::3 rk = 0. 

:. ::3 Xk, Yk E Z S.t. 1 + Ykll = Xkf... 

:. let Y = -Yk and X = Xk 

:. 1 = Xf... + YIl 

:. multiplying throughout by t we get: t = xa + yb 

:. PROOF IS COMPLETEl 

Extension: We can now go on to prove that if the greatest common 

divisor of two integers I... and 11 is 1, then there exists an infinite 

number of pairs of integers x and Y such that xl... + YIl = 1. 

Stated in mathematical terms, we have: 



Suppose gCd(A,~) = 1, where A, ~ E Z, and that (x,y) E ZxZ 

represents any pair of integers S.t. XA + y~ = 1. There exists an infinite 

number of pairs (x,y) S.t. XA + Yll = 1. 

Note: The proof will consider only one infinite class of pairs: 

«I claim: gcd(xA,YJ.l) = J 

Suppose gcd(xA,Yll) = a> 1 

:. 3 a], CJ2 E Z S.t. ala = XA and a2a = YJ.l 

:. xA+y~=ala+a2a=a(a] +a2)= 1 

:. a divides ]. This is a contradiction since a> 1. 

:. gcd(XA,y~) = ] 

• :. gcd(X
2
A,lJ.l) = 1 

:. :3 PI, ql E Z S.t. PI (X2A) + qlClll) = ] 

:. Another pair is (PIX2,qll) 

• :. Similarly we can get other pairs 

( n+1 n+l) \-I Z+ pnX ,qnY vn E 


