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Required to find a subset of [0,1] S;;; JR; which is dense, does not contain 
intervals of [0,1], and whose measure lies between 0 and 1. 

Define 

Al = [1, ~J 
[ 1 2] [2 1 2 2 ] 

A2 = 33 '33 U "3 + 33' "3 + 33 

... etc. Then define A = Uoo Ai. S;;; [0,1]. 

T'he length of the first interval: ao = 1 The length of the second interval: 

al = ~- i = ~ 
2 3 

The length of the third interval: 

a) (1- (i)2) (1-~) (1- (j)2) 
a2 = = 2 22 

The length of the fourth interval: 

(1-~) (1- (~)2) (1- (1)3) 
(J,3 = 

23 

Therefore IAII = -§-ao = ~,IA21 = {zal,." 
. 1 2 ~ ~ Therefore I Uoo Ail = 3ao + 32"a] + 3:;(J,2 + 3'fa3 + ... 

Let Soo = I Uoo Ai \, then 

C) _1 (I-i-) (1-~)(I-G)2) (l-i)(I-(i)2)(1-(k)3) 
'- 00 - "3 + 32 + 33 + 34 + ... 

') _ ~ (3 - 1) (3 - 1)(32 - 1) (3 - 1)(32 - 1)(3~1 - 1) . " 
'- 00 - 3 + 33 + 36 + 310 + 

(3 - 1)(32 - 1) ... (3n - 1 - 1) ... + + ... 
3¥(n+l) 
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1 3 3 . 32 3 . 32 . 33 

Boo < "3 + 33 + ~ + ~", + '" 
1 1 1 1 

==? Boo < "3 + 32 + 33 + 34 + ... 
1 1 
3" 3" 1 

==? Boo < --1 = "2 = 2 
1- 3" 3" 

Also Boo > ~) hence ~ < Boo < ~. 

Thus if we consider all the irrational numbers in these intervals Ai) then we obtain 
a subset of [0,1] which is dense, contains no intervals, and its measure is between 
1 cl 1 3" an 2' 


