


The Collection V 

Editors: Dr. 1. Scirihct 

TctIlya Tdcnta (tncl Alexctnder Farrugia 

Dcpcutment of JVIathematics 

Faculty of Science 

University of Malta 

PTucecd'inr;s uf WoT/;;s/W1J held un the 21st February 2002 



'I'll(' ('olled;jo/J \! It 

Foreword 

Discovery nnd Proof arc {;wo different activities. They require dif-
r('rellt ["(~S()IIl'C(~S and cncltniqllCS. A n;him, cries 

Coll(,et.iOlI V brings toget.her cl. \-\,ide scope of st.udent.s' mathcmaticalnl1lsings. 
NlllnlJer tlWOL'y is always vC'ry popular. A grcn,t clect,l of iut(;l'est, is heillg 
g(~l[('l'id,('d OH lllat.ric(~s alld t.heir rdation to graphs. The Cllrrcnt. rcsC'arcll 

wi I.hill Ull' dCpil.ltnwllt on crossing lilles is fC"c"tnred in t.his iss1l(~. \1\1e (\.lso 
Slll'V(',V r.llC SOft.wil,rc IIS(~cl cllll'ing lllil,Uwmatics classes ill the sellior schools. 

01'. [1nl(' Scirilw.. 
( )1',U;il.lli:;,(~I', 



'I'll(' ('ull('dioll If 

Date: 

Time: 

Venue: 

The Collection V 

21st February 2002 

15.00 - 16.15 

Faculty of Science 
Department of Mathematics 
Room 316 

iii 

A seminar/workshop is being held on Thursday 21st February 2002 
at 3.00 p.m. Students and staff from the Department of 
Mathematics, Faculty of Science will present ideas from various 
fields of mathematics. 

During the meeting, the software introduced in the curriculum for 
the MATSEC (Ordinary Level Exam) will be reviewed. 

Keynote speakers: 

John Baptist Gauci 
Alexander Farrugia 
Daniel Buhagiar 
Vincent Mercieca 

On Crossing numbers 
Boolean Matrices 
Introducing Software 
A new form of primes 

We shall end with a brief session for spontaneous problem 
posing. You are cordially invited to attend. 

Abstracts of possible proofs or conjectures which you wish to 
share with us in this meeting, or in a future one, may be sent to 
Dr. I. Sciriha or Ms. A. Attard, Department of Mathematics, 
(marked The Collection), at any time of the year. 

Dr. I. Sciriha 
Organiser 
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NEW NECESSARY AND SUFFICIENT CONDITIONS FOR THE 
ZARANKIEWICZ CONJECTURE ON CROSSING NUl\,!fBERS 

John Baptist Gauci 

Abstract: 

The purpose of this presentation is to give a historical outline about the theory of crossing 

numbers, and to present the current status of long standing problems on crossing numbers of 

complete bipartite graphs. A set of new necessary and sufficient conditions are given for the 

Zarankiewicz conjecture on the crossing number of complete bipartite graphs. These condi­

tions are expressed in terms of the crossing numbers' divisibility properties and their express­

ibility as polynomials. 

Crossing Numbers: A Historical Introduction 

The study of crossing numbers originated in 1952 when Paul Turan posed what is known today as 

the Brick Factory Problem [I]: 

"We worked near Budapest, in a brick factory. There were some kilns where the bricks were 

mode (lnd some open storage yards vvhere the bricks were stored. All the kilns were connected 

hv ro if with all the storage yards. '" All we izad to do was to put the bricks on the trucks at the 

kilns, jJush the trucks to the storage yards and unload them there . ... the trouble was only at 

the crossings. The trucks generally jumped the rails there, and the bricks fell out of them; this 

cell/sed (l lot 0/ trouble and loss 0/ time . .. , The idea occurred to me that this loss 0/ time could 

have heen minimized i/ the number (~/ crossings of the rails had been minimized. But what is 

(he IIlinimlun 1U1IniJer o/crossings!" 

il! i;/I!:) 

f! ,j!O/(lfjf1 /OICS 

Figure 1 

-~--.~--------"---.---~." ----""------------"------------------""--~.------""" 



The graph shown in Figure I is the Complete Bipartite Graph KIIl ,I/' having one set of vertices 

containing III vertices and the other set containing Tt vertices. All the vertices in the first set are 

connected by edges to all the vertices in the second set. 

'rVe are interested in finding the minimum number of crossings of this graph, denoted by v(KI11 ,I/)' 

A Simple Example: The Three HOllses, Three Utilities Problem 

Bater 1 
i 

' .. ,., .• "., .••• " ...... « .. -' .. _.~/Jy 

q 
~j 

The task is to distribute the Gas, Water and Electricity to the three houses, using seperate direct 

pipelines from the 'utilities' to the hOllses. Is it possible to do so without having to cross the pipe­

lines? 

In mathematical terms, we have the complete bipartite graph K3,3 and we want to find its crossing 

number v(K3.3 ). 

Note: 

I. There are various possible drawings of K3.3, as shown in Figure 2 below. 

2. In all the four drawings shown in Figure 2, the number of crossings is ODD. In fact, Kleit­

man In 1971 proved the Parity Argument. This states that if the number of crossings in Cl particular 

good drawing is odd/even, then it is odd/even in all the good drawings. 

The Parity Argument (Kleitman, 1971) [2]: 

2 



Let D and D' be two good drawings of the complete bipartite graph KIlI,1I in the plane. Then: 

vnCKIlI,II) = vD,(KII/.II ) (mod2). 

YJ),(K3,3) = 9 YD2 (K3,3) = 3 

c.~ 
Yf);CKu) = 3 

Yf),(K.~,3) = 3 

Figure 2 

What is a good drawing? A good drawing is a drawing which does not contain any of the following 

bad crossings: 

(i) an edge intersecting itself; 

---0--
(ii) Lwo edges having more than one point in common; 

\~ 
~/ 

~ 
(ili) lhree edges intersecting at the same point. 

" .) 

>c>< 
~ 
~ 
~ 



To find the crossing number of K:":,, we need to use Elder's Polyhedron Formula (stated below), 

Using induction on the number of vertices of a graph G, Euler showed that for any planar drawing 

of a graph G which has n(G) vertices, 111(G) edges and I(G) faces, then: 

f(G) = 111(G) - n(G) + 2. 

Elller's Polyhedron Formula (ELiler, 1750) [3]: 

Let G be a plane drawing of a connected planar graph, and let n(G), m(G) and I(G) denote respec­

tively the number of vertices, edges and faces of G. Then: 

I(G) = m(G) - n(G) + 2. 

Lemma: V(K3::') = I 

Proof: 
We consider a good drawing of K3.3 and let Cl' be the least number of edges to be deleted in order to 

obtain a planar drawing in which: 

I1(G) = 6, 111(G) = 9 - Cl' 

and, therefore, using Euler's formula we get: ICG) = 9 - (J' - 6 + 2 = 5 - 0'. 

Since K:,,:, does not contain any odd circuits, then each face has at least four edges bounding it, and, 

thus, the girth is 4. 

This implies that: 

=> 

=> 

4. I(G) ::; 2. m(G) 

4 (5 - Cl') ::; 2 (9 - a) 

20 - 4 Cl' ::; 18 - 2 a 

=> 0'2': 1. 

Therefore, the least number of edges to be deleted to obtain a planar drawing of K3.3 is one, imply­

ing that v(K:,,:') 2': I. 

To show that V(K:',3) ::; I, we use a clever drawing in which the crossing number is one (as the 

drawing D..J shown in Figure 2). 

Thus, V(K:,,3) = I. 

11 

Therefore, the crossing number of K:..3 is one, and a drawing exhibiting the least number of cross­

ings is known as an optimal drawing. 

This is the technique which is in general used to find the crossing number of graphs: 

(i) find upperbound by llsing a clever drawing; 

4 



(ii) get lowerbound by using ad hoc argument depending on the class of graphs in hand. 

Zarankiewicz's Conjecture 

The Polish mathematician Zarankiewicz devised a technique for drawing the complete bipartite 

graphs: placing the m-set of vertices on the x-axis evenly distributed about the origin, and similarly 

placing the l1-set of vertices on the y-axis. 

I 
/):~~" // \~" 

// ;:7 '", /~//~'" /~//' ~I' ~ , ./' • .-/<// ~. '" 

/// ./., . / .. / ",:'// . ~'<~'" ~ / // / /'/ // ~ ~. \::-.. ~:/' ··z--/:/// /-- ... ~....~ '-....... '" .~/' ::/ ." .'- ,,' ,,~'- . " ~"."" ~'" '~... -'- .. __ ... -,-_..' '.... '-. ... ~ .. <:, .~ ......... <:;.... - 1"---" - , .. ~ .,.~~.- .. ~ 
.... .. .. 8- .~, <~",I ~/J /:/ - /?~. '--. .,, ____ .... /I' //// //./ 

.. '~\~ .. /F;/ "'>~ ~4/7/ ~ ,.:;:~/ 
~lj/// 

I 
Figure 3 

When we count the number of crossings contributed by each edge of each star, we get arithmetic 

progressions and using a simple counting argument, get the Zarankiewicz bound for the crossing 

number: 

/ - L!!!"J L!E::lJ L-~J L-~1.::lJ 'om,lI - 2. 2. 2. 2.' 

In 1953, Zarankiewicz claimed that 1;111.11 is in fact the crossing number of the complete bipartite 

graph Km.1I [41. In 1965 and 1966, Kainen and Ringel, respectively, spotted a flaw in the proof of 

Zarankiewicz (as quoted in [5]). He had assumed that in all optimal drawings of KIII •n there are two 

stars that do not intersect. This is not always the case, and one possible drawing of the graph Kn 

in which all the stars intersect and the crossing number is equal to the Zarankiewicz bound is shown 

in Figure 4. 

~ .----~-.---
--~---" 
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New Set of Necessary and Suffiecient Conditions 

The purpose of the second part of this presentation is to present a new set of necessary and suffi­

cient conditions for the Zarankiewicz conjecture constructed by S.Fiorini and J.B.Gauci and pub­

lished in the Graph Theory Notes of New York [6]. Before doing this, we will prove two basic 

lemmas which will be used in the main theorem. 

Lemma 1: 

C:) 
v(Km. l1 ) ?: -(11-2) v(Km.p ) 

p-2 

Proof 

Let Km.1I be represented by an optimal drawing p. 

Select Cl set of p vertices from the l7-set. There are (~:) such sets, each with crossing number 

equal to v[' (Km.p ), where p" is the induced drawing. 

( 11) (11-2) Now, in vp' (Km.p ), every crossing is repeated for times. 
p p-2 

1'1 . (K ) - (K ) - C) lUS.]I 111.11 -]lfl m.1I - -(11-2) Vp (Km.,,) 

1'-2 

> JJ_ ! - (11-2) 1 pIOI'/](Km.I») 
1)-2 

where pr optl is an optimal drawing for Km.p 

C) 
-(11-2-) v(K ) m.p 

1)-2 

• 
Lemma 2: 

Ifv(Km .2 ., + I ) = (1J7.2s+1 ,then V(Km.2,H-2) = (1J7.2s+2· 

Proof" 

(111.:1.1'+2 ?: v(KIII •2 s+2 ) ?: 2;:2 v(Km.2 .1'+I) with p = 2 s + I in Lemma I, 
.1'+1 
-,1-' (m.2.1'+1 

( '\.;;.1- ) s2 L '~ J L 1J7~ 1 J 

7 



(s + I) s L !f JL ~121 J 

Thus, 

III 

['1ll,2s+2' 

v(Km.2 .1'+2) = [,/ll.2 s+2· 

We now consider the divisibility properties of v(K/ll,/1) , by first assuming that v(KI11 ,/1) can be 

expressed as four different functions .ti(r, s) E 7l rI', s] , where: 

[ = I when 111= 2r and n = 2s; 

; = 2 when m=2r+l and n = 28 ; 

i = 3 when 111=2r and 11 = 28 + 1; and 

i = 4 when m=2r+1 and n=2s+l. 

Clearly, if ,her, s) is a polynomial in rand s, then .ti(O, s) = 0 = .ti(r, 0), 1 :::; i :::; 4, which implies 

tha1 r, s and, hence, rs are factors of .ti(r, s). Thus, there exists a function gj(r, s) E 7l r r, s] such 

that .ti(r, s) can be written as r s .giCr, s). Having established this, we now proceed to give a set of 

necessary and sufficient conditions for the crossing number of K/ll,Il' 

Main Theorem: 
If v(KI11 ./1) can be expressed as the four different functions .ti(r, s) presented above, then the follow­

ing three statements are equivalent: 

(i) )I(KI11 ,/1) = [,/ll,/1 

(ii) .tiCr, s) is a polynomial in rand s with integer coefficients 

(iii) rs divides v(KI11 ,/1) 

Prooj:' 

(i)::::;,(ii) Trivial. 

(ii) ::::;, (hi) Discussed above. 

(iii) ::::;, (i) We assume that v(KI11 ./1) can be expressed as a polynomial in rand s, and use the 

results of the following two theorems. 

Theorem 1: 

If for some 11, )I(KII ,/1) = ['/1,/1, then, for all m ;:0: 17, v(K/ll,/1) = [,111,/1' 

Proqj:' 

We use induction on 111, with the initial step being [11 = 11 and assuming that the statement holds up 

to 117 ( > 11). Lemma 2 proves the inductive step for m = 2 r + 1, and, thus, leaving only the case 

111 = 2 r. We need to show that v(K2r+I ,/1) = [,21'+1./1' 

Now, 1'(1(21'+1./1) ;:0: ;::~: v(K2r,l1) by Lemma I withq=2r and p=11 

8 



11'11 = 2 s , then: 

2 r+ I 7 
-2"7=1 <.,2 r.1I by the in ductive hypothesIs. 

Y( K2 r+ 1.2 .,) 

g2( r, .1') 2: 

fi( r, .1') = r s.g2(r, s) 2: t :: r(r- I)s(s- I ) 

it:: (r- l )(s- l )l since ~2( r,s) Ezrr,sl 

r ( I ) (1 - I ) 1 
r s - - T2~ 

res - I ) . I II _< 11/2- 1 = ,. _< 2,- - J . since s- < s ="2 

Thus, v(K2 r+ I.2 ,) = rs. g2( r, s) 2: r2 s(s - I) = (2 r+ 1.21' 

11'11 = 2.1'+ I , then: 

V(K2r+I.21+1) = f4( r ,s) = 
g4( r,s) 2: n;:: (r- l )sl 

rrs - (2r~ l ) 1 

rs .g4(r,s) 2: ~:: : r (r -l) s2 

since g4(r, s) EO Z rr, .1'1 

r s . II - I 11/ _- ,. _ ~I ::; 2 /' _ I . s lnces =-')'-~-2- , 

= (2 r+ 1 .2 s+ 1 . 

For the lower bound, clearly v(K/II ,II) ~ (111.11 , hence, giving equality. • 

Theorem 2: 

For all v<l lues or 11 , v(KII . II ) = (11.11 ' 

Prooj:-

\Ve use induction 011 11 , starting induction with 11 = 2 or 3 and assuille statement tru e up to 11 - I . 

TIl,]t is, v( KII - I .II - I ) = ( 11 -1 .11- 1, 

Again, Lellllll<l 2 takes care of the C(1se when 11 = 2 r, so that we need only prove the induct i ve step 

when 11 = 2 r + I . 

= (2r+ I.2r, By Theorem I, l'CK2r+ I,2/) = v( K II . II _ I ) = (1/.11- 1 

and by symmetry: V(Klr.2r+l) v(K2r+ I .2 r)' 

Therefore, (21+ 1.2 1+ I 2: vCK2 r+ 1.2 r+ I ) 2: ') r+ 1 (K ). I 2' L 2/_1]1 2r+1.2r WltlP= rln elllma I, 

Thus , v(K2 f' +I .'2 r+ l ) = 

implying that: g4(r, r ) 

2 r+ I 
= 2~ (21+ 1.2 r 

= 1.!.2...!.. r~( r - I ). 
2 r-I 

.1··,Cr, r ) = ,-2. (J (r r ) > ]~ r"(r - I) 
-T (~4, - 2 r - 1 ' 

2: n;~: r(r - 1)1 

= rr2 - 2/-~ 1 
sincer<2r - l. 

9 
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'I'll(' ('()I/('('(i()/J \i 11 

Boolean Matrices 

Alexander Farrugia 

1I I Ulis sjj()l'i. llOj-.e, wc' will llse Boolca.n Ina.tricc:s t.o lwlp l1S find some iuj-.crestillg 

grapli tl){~Ol'cti('(\.l properties ]'(~g(Lrding the clista.nu~ and index of (\. graph. 

First. W(' will give SOlll(' dcfillitiow.; that mc TWCC,'iSary for the theorellls whicb follow. 

Dnfinition: A nooico.n 11io.i,'l"i:l: is a SCjllil]'(' lllatrix, all of whose elltri(~S (\.]'(~ either 

() or I. Tll('s(' ('lltri('s arc added (I.lld 1111l1tiplied t()g()tlH~r in the follcrwillg fashion: 

Adclihclll 1'111 nlti])licaticlll 
;1: + () = :1' ;j:'()=() 

.r + J = 1 ;r' 1. =;r 
_ ....... _----

wl}(']'(' :1' E {O. J }. 

Defiuitiou: '1'1](' A dj(u:r:'lI.!:Y M o.i:,.h: of a gntph G is (\ s~Tnllllctric '/I X '/! lll<\J.rix. 

wll('l'(' 11 is UlC lllllllllcr of vcrt-i('cs ill the gntph, whose' -i:j'h cutry is 1 if there is 

;\11 edg(' (,Ollll('('t-illg V('ltcx i ;tlld vertex j ill t.hc gra,pll. a.uel 0 otherwis('. for all 
i . .i .-:; '11. 

'I'll<' roll{)willg l(~lllllli\ is a well-kllowll pro]lnty of all adja('cl]('Y llHl.tri('cs. 

Lnllllua 1 Th(' ill, cni.'f'Y of ih(' ,,./1, 1)O'W(T of the (I.(l.jaccncy 11/.(l.i:,.i:r yi:(I('s lh(' 

11 U·/Il.il("/" of '11'(1.1/;:8 of icu(/I.h 'I' fn!'ll/ ·(I(TI.I::r i i.o V(:'!'i;!':!' :i in (,'. 

III thl' sl'qnel. W(' an' llOt. illt(']'('St.('<l ill U](, 111ll11ller of walks of lnllgt.h 'I' lwtwC'('ll allY 

I\\-() \·('l'ii('('s. hut. rat-hcT wlwtll(']' t.hc]'(' exist.s it walk of t.1w S(\.111(' ]c'llgt.h bd.wc~('ll 

t!JOS(' two v(']'t.ic('s ()]' JlOt.. Fo]' i.his reaSOll, wC' cOllsider the adjacellcy mntrix j-.() 1)(' 
;\ l3()okall llmi.rix so Hmt W(' ('all olll~T get () or 1 for the clltrics of ;1". 

Definitions: The' disi.a1l(,c clij llC'twccn vertices 'i. mld j is the lcngth of the' shmt­

('st wal k 1 )('i.W(,C'll those' two vertic(,s. Thc (i'i.O:Il!. dC',. of a graph C;, dCllot.ed I l.\' f), 

is 11111;1'( clij )Vi. . .i. 

Tlw ddillitioll of t.ilC dimnd.c]' J) ahove nw 1)(' showll to lw eqniva.lc~lli. j.o i.h(' 

rollowillg: 

Leunna 2 f) is i;h(: sT!l.allcst: 'Ill, E N s'II.ch t:hai, A + A2 + ... + A"' = .J, 'Whc'l'c 

1\ -is /.11.(' acijaccTI.c;L/ '1!l.a.iTi:l: of n o://.{! .J -is the n x n 1T1,a.i:1'i:L: 'Whose c'II.i:rics o:re 

nU 1. 
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Proof: Frolll Lemmal.. wc know Umt tlw ij''' cmtry of Ai for a.ll '/' E N, 1 :::; i,.i :::; 'I/. 

ic: I if t,li(T(~ ('xistc: i\. walk of lellgth '/' ]wtW(~ClJ vertic:es 'i. and j ill C, and () ot]wl'wise. 

]~XJl,\ll<]illg Oll this klJmvl(~dgc, the ij'h cllt.r), of Jl -+ Jl2 -+ .. ,-+ Jl'1" is 1 if therc exists 

,I walk ()f lellgth T or less hetwc~ell thc sanw t"iO vcrtic:cs, a.ud 0 otherwise. If '/1/. is 

,Ill illt.eger s1]('h t.lmt Jl -+ k 2 -+ ... + Jl'III .J lmt Jl -+;12 -+ ... -+ A'III-I t .J, then for 

,dl jl;lirs of v<Thc:es .. t.lwrc exists Cl, walk of length less tlmlJ of eqmtl to '11/, hct.W(~(~ll 

I 11(']I!. ;Il](] '11/. is tlw slwlllest·, lllllllllcr with this properLy. Tlms, 'Ill = fJ, as required. 

/\ cldiJJij.jOll sillliht.r to tJmt of t,lw cliallwt.er will lJ(~ given uow. 

Definition: The "l/Jo,l/;:-indc:r of Cl· ("Ollll(~("tecl graplJ with all odd circuit, c1mJOted 

h· 1'. is tlw slllHll<:st 'Ill, E N snch that JlIII = .J. Tlmt is, r is the smallest possible 

111111 he]' such thn.t. th(']"(~ (~xists a wal k of (~x(].c:t]y ICllgth r b(·~twe(m any pa.ir of VCl"-

Li('('s ill C:. 

N(Ji.(' t,lmi·. wc' ollly cOlJsidn lloll-bipartite gra.phs (graphs with all odd cil'cnit) III 

tll(' ;liH)V(' defiuitiou. This is lJC("allsc~ r of bipa.rtite graphs c:a.llllOt he fouud. 

('I(',lrl\' i\ \'+/, = .f fOl" all 1.: 2: (). It is a.lso ohviollS that r 2: n. hl fad,. ii 

(',\11 ]H' SIIOWII il](\.t j) :::; [' :::; '2f). Tlms, it might he iuteresting to filld pro]l('r­

li('S (If graphs with r = f) 11.11d graphs with r = '2D. Here, wc will Oldy give et 

slllnll c1nss of g]"11.plls whose r = 2f). First, however, wc give yet allot.her cldinit.ion. 

Definition Let, / Jam] /\" lw a,llY two graphs. The coalesce'l/,ce of // amI /\", de­

II()i('cI h~' If : 1\". is thc gmpll wlJc]"e T vertices of 11 arc idcnhiiC'd wit.h '/' vert.ic('s 

(d' /\'. IV 1 H'r(' '/' 2: L. 

Tlwormn: L<'i /\" ]w all.\· odd circllit 11.lId let. // he a COlllICCj",C'cl bipClltii,(' g]"(\.plJ. 

1,('1 (: ])(' ('iil](']" /\' or / / : /\' wll('1T olll~' Ol](' wrtex 'I' in /1 is iclclltified wii".1! OIl(' 

\·('1"I.('X ill /\'. '1'1]('11 r = '2 f). 

Proof: Sl1ppose (/ /\", all odd cir("llii". TI](~ll l) =)}2"I. If D is odd, thcn fOl" all 

\·(']"I.ic('s I" ill /\". Uw]"(' does not. ('xist. auy walk from 'U' t.o itself. If D is ('vcm, t.hell 

for all pairs of ad.ia.ceut. vertic('s '(! I '\.llcl '(!2 iu /\", there does uot exist auy walk frotll 

1'\ to '1'2. So r c:mlllot 1)(' D. Thus wC' try fm r = 1) -+ k for a'!l k = 1, '2, ... ,n. Iu 

,Ill CH.ses except. wlwn k = f), the smnc thing as above happens. V/heu k = n. i.e. 

Wl](,ll I'~-= '2D. all v('rhC(~s iu I\" CHII 1)(' reached via a walk of leugth '2D = '11 - J. 
TIlllS r =:= '2f) whell c: = /\". 
Now Sl1ppose C = H : /\" whcr(' ouly OlW vert.ex 'U in H is identified wit.h a vert.ex 

ill /\'. COllsidnr vertex 'IP in J1 with maxinnull clist.a.ncc t.o vert.ex '0. and let. l".his 

dist.a.ll(·c' 1)(' d. 'rIms. Ul(' dia.llJcter of gmpll (/ is cl -+ I12"J ,,,,here 'I/. is the ul1111]wr 

(If vni,icc's ill the odd circlli t /\". Now r calluot be odd "inc:e au odd walk frolll '11' 

t.() itself is impossible. So cclllsider all eveu '"\Ta.]k from 'I.V to a. vertex adja,cent to 
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TI~e use of I. T in the mathematics 
classroon~ 

Daniel B uhagiar 

14 

TJJ(' \1se of infoHnation technology in ma,thematics is nowada.ys givc)l1 n. prominent 
ph\('(' ill the curriculum. Programming hdps those children who find it clifiicnlt 
to ]earJl lll<\.thenmtic:s in the tradition",! way. To these students the nse of com­
pllters rna.kes mathema.tics more appealing a,uel creative. Thus I'vin,thematic:s is 
giv(']] a llew 011tlOOk. The Malta l\1a.thcmCl,ticf) Resonrce Centre S8t l1p a. site, 
wilielJ :-mPPOl'tf) te(1,C'.herf) with resonrccs to be a.brc(~st of wha,t is happening 10-

]'('gnnling the {ccac:hing of Ma.thenmticf). Syllabi, ICT activities and links 
to oj,Jl('J' l\1a.thcmmtics wehf)ih~f) can e(1sijy h(,~ Clccessecl nt their site whose URL if) 
IJI i]):/ /.;ciJoolllet"lllagllct:.lllf:jl1w.(:hs, 

Logo 

Th(' priucipal credit for the development of LOG 0 if) nttributccl to SeYlllour Pa­
])('rl.. 'I'll(' concept of turtle graphics Wi~S born. This programming ]n,ngllage helps 
childr(,ll to learn the couC'.cpts of mathematic:f), Through commands that move 
U)(' picturc of Cl tl1rtle on the screen, childrcn me provided with concrete expcri­
('ll(,(~S of a Immber of cOllcepts, 'which include disbmce, angle, shape ()'ud symmetry. 
f 1 ('u('o1U'ngCf) lWW learuiug and teaching styles where importance is given to tllC' 
"Pl'()('('Sf)" or lcmniug' rather than to 010, "product,". Children arc ellcoul'("g'ccl to 
l1)l(lnsta]J(1 th0~ problelll, clevif)c a plan and finally dlCCk the solntiou. 
'1'1 J(' ti\hlc helow coutains a S11ll111liUY of coulIlllmds nsecl in LOG 0 progl'nlllllliug': 

• 

.. ;, ..... 
" 

Figure 1: Varions LOGO commallCls and a scrcxmshot 
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Excel 

TIJ(' llwill ilim of Excel ill the matlicrrmtics classroom is to acqllaint the stlldent 
wi1.lJ tl}(~ sprcadshex,t and its a.bility to store, manipulate, cak1l1ate~ a,nel mmlysc 
(1<d.(\. For stl1c1cnts from eleven to twelve veal'S of a.gc, work is clollc on prc-writtcll 
(·())11plll'.<'1' si'.orcd workslwcts. Hmvcver at a later stage, stm1cnts H.rc cllcmuagcd 
t() (Tcaj-,c thc~ir own work. 'iiVith nll clcc.tronic sprcaclsbeet, the c:omplltm' d()(~s all 
!'.lw calclllations. It inc:lllc1es i'eH,tllreS such a.s (Lutomn.tic cnkulH.tions, sorting (wet 
JiJl(lillg data, gmph plotting, ,mcl built-in stntisticnl formu]nc . 

. ,1,1: :: ",;! ,.~ ~ :~~::~:.?-.... ~ 

CJ 

• 1I.~"c"';J~".}:.<,.H./ l'~ L. 'if 
,. .. ", I, .. r::<>.~J.fI:, .~ . ..,L. 6,.., ~ , ,:: 1ft u', 

:".+1 

~ , ..... j,N- .• ,lI.l. 1~"·"I,'(..,nKM<"~'oI'l~'~l , ..... 1,7 ;:! 

Figme 2: Ivlicrosoft, Excel 

Derive 

Derive is i1 too] which elilllillates t.lw drudgery of performing long nmtlwmatic:al 
(·;\k111;lhOll.C;. ]\,In.ny calculatio1ls can he worked out more efiicielltly anel dl'ectivcly 
i lJHll hy using t.he tmc1ihoJlal methods. Tcdmiqncs of problem solving arc Clll­

plmsi)wd. Derive is dedicated to n.lgchra. lll().nipllla.tioll, equations, trigono1lletry. 
\'('d.ors. lllHtriccs and l'nknllls alt.hough the htttcr three are llO longer part. of tlH' 
jln'selli". sylJa\)\]s. Derive encourages students to be curious a.nd provides llew WHyS 

or tea.ching. It induces in our children n. sense of Illotiva.tion where they arc seell 
,\,C; ;\{'t-.iv(' participants rather than potential recipients of knowlc-~clgc. 

Cabri 

Cabri provicles n· medium for pupils to COllstruct. elementa.ry theorems for thClll­
sd V<'S. It. is all intera.ctive not.ebook for lemnillg geometry. By moving lmsic points 
011 a sn(,(~ll ('met observing changes, the students make et simple conjec:tnre. They 
iT~r to explain wha.t they ha.wo noticed a.ncl make their own notes. 
If properly nsccl the support of computers ill the ma.tlwlllnt,ic:s classroolll ha.s tlw 
poklltial to llmke a. signiii.ca.nt contribution t.o pupils' learning in ma.t.ltenmtic.s. 



'j'11(' C()/ledj()]) V 

"","" 

Figure 3: Derive 

Sd0:1 <:~:!.E irotn!lit ':UR~ 'Cs !oX.tx.>: (iwll; 1;(f;jC4'l1 ' 
C.;.tl!1t'.IC1(\e.I.::Ie,I~bek'.)II-"(Nl1(<,(o 

$ek-:t ~t"i...MClrr 11~orl!l ~ 1.I>I[;S IO,;'~ 1l11lro Moo). 

\ 
\ 

(~tru<;\ ".!~r..-M t,';\jf,;) 1~ /In::pcir4 t-fll~ (h:<,~Mtl~,,.;~.I.!tt"Iir'Jll"~~ I..-AntA 
R~pe'<l 10 My 1'11~ pClr4 on the (UC:ln\l~r~~.It.b>;'lrr} t!~!Y)I"t tl 
CI;:>n!.\! tl'C.j ,'t ~~~f,ff1I1":~f' ~(',,! A 10 e.n) 1',Oint C<iI j1',oe ,;~·wm!e't<" .. x. ulx:J~th<~ li~.t'~ T 
fl':'I,.;>t!II>:'!1I f.;::.r~ elo~'I)I(f\. T. 
;"'~v';'(i HA!;l' AN'_~t, ·,~.H.,;\I,."1~!'I..Jt.N1(.-sl""~ (l~rnh t"lItf"'.I 
l.1:v1.- I'>~ Are w0 ~n.*, Jo,c-e 
~ctt-<"I .t.tK:U 'lo<r,lh>MEA~ur,.(tco!box(r,""cht;(Jtlcr,), 
!t~l'~ Cvt~~1 \"rMfl.:!Y.'¥~I"I\/%' ATO\.Jr.l~ cvt~t>r (C:"N~ h.,",)cl")r"lge~ t~ l~in9h~r.j ~I'\<jckkl" !I',':I'" 
¥(M lf~,U!"~r,':1,t Rer~t ,<,-~h ~fl\.I~ A(O. 

1!t 'S~:tCI.z:.,r'~:l t(o)lr.lh~ (,Uf\~ft:S !J:-\)tI'v:" Mlct cor.!i1UC\ 31'. ~h:: OWl the mr.';)f »it #3 
11 ',~.A""\ (1;. Yv'J !'lW'::~ ('lhN~ M'l£;l\l A(>O ('lv:! :>r.~\.:- ATr1~ 
l:: t~~J ~jl\~1 pr%~ fr..t» !Y«4 [;I 'IM,,~ Ih~\'NJ r":.!K~{\t.Xt. MI!"J~ A('{< I<rd,w.j~ "'.TO? 

Figllre 4: Cabl'i 

lG 

Ci\]'(' lllnst he ta.kcll .. llOWeV(~r, llOt. to 11SC ('.Olll]lUter-timc at the expensc of ade­
<]1](lt(' ('xposnrc to lllatlwllmtical theory. 
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A New FOrlTI Of PrilTles 

Vincent Mercieca 

A bstract: Let 711,11'2, ... ,71t., ... c](~Jl()t(~:-; tlw ordered :-;eCJllcncc of prim(~:-;. \V(~ will 
("()]l:-;icle]" prime:-; of the form 7) = IJllOc]l)i. l\1orcovcr wc give H. ncw proof to thc 
(.()] IV(T:-;(~ of \V. I:-;cc\.ll ':-; Theorem, fir:-;t provcd by Lngm.ngc. 

Dnfinition 1 11 i.<.; slI.ir! i() Iw ]!1'1:m(; i1l Z if')J = 0./1. 0.. /; E Z =? 0. =] (}'I' I) = 1 

Len1n1a 1 rr 11.= Inllocl('III'I'IlI':2 .. .'III/ .. ). I.hen (/. = 11I110d'il/i vi, 1 < ·i < 1,:, 'iJ)hen~ a. 

I). /111 . .... '111./ .. E ;Z" 

Proof: 

« = IJllIOcl ("/11'1 '11I.2 .. .'/)I·d =? '111'1'111'2 .. .'111/,./(1) a) 

=? '/JI.;j(/J o)vi.1::::: i::::: /,: 
=? (/ = IJlllOdm.jvi.. 1 ::::: 'i ::::: !.: 

(J) 

Lenuna 2 rr .lJcd(a./I) l. then the o:I"ii:l/.7ludic }J 1"OfjTC881.0 '11. (0 -I- i!'l/.) (:(!'/I.l.o.i:l/.s 

;·II.jiTI.1.I.c:ly '1110:IIY 11'I'i'incs 

N.B. TlIi:-; themclll WilS fir:-;) (:oll.icc\:mcclllY ElllcT ill 17!)5 (Yvith ({ = 1). III l!)()!). 
[A'!-','c'lldn' claimed tJli\t hc had 11 proof for thi:-; theorelll. 1111t later it W(\,<-; fmllld to 

hi' LlI:-;('. Fillally. ill 1::\:37. DiriC'lJld proved it (\lJd it wn:-; 1ll"ad.iC'nlly the hirth of 
i\ lli11.1"f;ic N1l1lJ/J(')' T}J('()lT. 

Proposition: Let Ill. 112 ..... 11/, ..... 1)(' tl}(' mclcred :-;CC[llCIlCC of primc:-;. Thc]) givc]! 
iUl\' prill](' 11/ ... ther(' ('xi:-;t:-; auoth(,l" prillle' 11. JI > )1/ .. , :-;.t.. 11 = Inlocll)j vi, 1 ::::: 'i. ::::: k. 
Proof: COll:-;ider OH' :-;('ql1Cll(,C~ «(11 I fi"2 .. ·1 Idn-l- 1). Thi:-; i:-; all <1.rit.lllll<~h(" pwgrc:-;:-;ioll 
i\lld .11("(1(1) I 11"2 ... 11/,:. 1) 1 
llellcc h~r Dirichlet.':-; Theorem ((/)1112 ... 1)/)11 + 1) contains infinitely lllallY prilllc:-; 
wllich arc of t.h(' for1ll 71 = 11llocl(1)1'l12 .. .j)JJ ==? 71 = 1moclJlj v'i., 1 ::::: i ::::: k. 
Concl usion: Twin prirnes <1]"C illtC'gral jJ<1.ir:-; (p. JI -I- 2) in which both lllcllllwr:-; 
i\.n' prillw. EX<1.Jllplc:-; ,\n' 5. 7, 11. U, H]](1 107. 109. It i:-; (".onjcct.nrccl t.hat ther(' 
<1,]"(' illiillijd~' llliUlY twill prime:-;. 
Is t.here Cl. rdnJicJll 1 wtwe(~ll prillle:-; of Hw form 11110cI,/J.j: 1 < 1: < 1,: anel twill prilllc's'( 
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