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Converse of Wilson’s Theorem

Vincent Mercieca

Theorem 1 (Wilson’s Theorem) If p is prime, then (p —1)! = —1 mod p.

Theorem 2 (Converse to Theorem 1) If (p — 1)! = —1 mod p, then p is
Prime.

Lagrange’s Proof of Theorem 2:

It is clear that every prime greater than 2 can be written in the form of 4m + 1 or
4m — 1.

2
If we assume that 4m + 1 is prime, ((27?1)!) = —1 mod n = n is prime.

And, if 4m — 1 is prime, (2m — 1)! = +1 mod n = n is prime.

Let n = 4m + 1, then

(n—1=({[4m)l =1.2---(2m)---(4m)
S(n—=1)lmodn =12 (2m)-- (4m) mod (4m + 1)
=12---2m)(—2m)- - (=1) mod n
= (-=1)*.1.2---(2m)(2m)---1 mod n

= {(2m)! ’ mod n
((2m)

2
But (n - 1) = -1 mod n = ((2771)!) = —1 mod n = n is prime.

Let n = 4m — 1, then

(n—=1N=Um-2)1 =12---2m—1)(2m) - (4dm — 2)
Sn=1!'mod n = (2m —1)I(2m) -+ - (dm — 2) mod (4m — 1)
= (2m—-D(-2m+1) - (-1) mod n

— {_1y2m—1 _ 1 2
= (-1) (2m —1)!) modn

Il

- <(2m — 1)!)2 mod n

2
But (n— 1)l = -1 mod n = —((Qm - 1)!) = —1 mod n

2
= ((2m - 1)!) =1 mod n
= 2m -1}l =41 mod n
== n is prime. QED
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Alternative proof:

Let (n—1)! = —1 mod n.
Then N eZst. (n—Dli=n—-1=n—-(n-1)=1

Suppose n is not prime.
Then Ja,b € {2,3,...,n—1} st. n = ab = n|(n —1)!

Also n|An, hence n|1, which is a contradiction.

. n is prime. QED
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