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'When we cannot use the compass of Mathematics or the touch 
of experience ... it is certain that, we cannot take a single step 
forward. 

VoltaiTe 
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Foreword 

The Collection IV, held on November 1st 2001 marked t\VO years of pleasant activ­
ity in the realms of Ivlathematics \:vitllin the Faculty of Science at the University 
of Malta. The enthusiast.ic crop of students, who justified the mison d 'e.l;T(~ of 
s11ell seminars, workshops and journal, were t.hen in their third or fourth year of 
their st.nclies. Former students, then graduates in Ma.thematics, 'who were further­
inp; their studies in the subjec.t or its applications, lamented having missed such 
activities dnring their undergraduate yecu's and gave their support. as well. 

'Vc therefore thought it. would be appropriate to sho\v our appreciation to all 
those \vho contributed to the success of the Collection Series of seminars I to IV. 
Book t.okens and prizes kindly offered by the Association of European V/omen in 
Math (EV/M) a.nd the Agenda Bookshop on Campus were distributed by Prof. 
Sbmley Fimini, head of the I'vlathema.t.ics department. for interest.ing talks, a.rtidcs 
and other contribut.ions. 

l'1"C'II, C S CiT1}W 
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The Collection IV 

1"'1 Novel1'lber 2001 
3.00 to 4.15pl1'l 

Venue: University of 1,1aJta 
Maths and Physics Building, 
Department of Mathematics, 
Room 316. 
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A seminaT/workshop is l)eing held on Thursday 1 si November 2001 at 3.00 p.m. 
Students and staff from the DepaTtment of Mathematics, Faculty of Science will 
present ideas from various fields of mathematics. 

Dnring the meeting, prizes kindly presented by E\iVM and Agenda Bookshop, 
will be; awarded for contributions to previous seminars. 

Keynote Speakers: Ms. Maria. Attard (B.Eel. Yr II Student) 
Dr. David Buhagiar 
Mr. Etienne Caruana B.Sc. (Bons) 
Mr. David Suda (B.8c. Yr IV Student) 
Ms. Sarah Buttigieg and Ms. Monique Inguanez 
Mr. Peter Borg (B.Sc. Yr IV Student) 

Vie shall end with a brief session for spontaneom: problem posing and/or solving. 
You are cordially invited to attend. 

Abstra.cts of possible proofs or conjectures ,:vhich you wish to shaTe with us in 
this me(~ting, or in a. future one, may be sent to Dr. 1. Sciriha or Ms. A. Attarcl 
(secretary), Department of Mathematics, (marked The Collect;ion) , a,t any time 
of the year. 

Dr. 1. Sciriha 
(Organiser) 
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Quaternion Roots 

Maria Attard 

'IiVc define a quaternion to be an expression a + bi + c.1 + dk, where CL, b, c, el E JR, 
a,nd define addition and multiplication in the natural way with: 

2 ') ') i = f = k~ = -1 'lj = -ji = k .1k = -k,j = 'l ki = -ik = j (1) 

The set of real quaternions forms a skew field or a division ring which fails to 
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Figure 1: i,j = k, jk = i, ki = j 

he a field because commutativity under multiplication does not hold. 

Theorem 1 (Fundamental Theorern of Algebra) A polynomial equation cnzn+ 
(:"_1",,,-1 +". + Co = 0, c; E C Vi, has e;z;actly n Toots in the .fi:eld C. 

Vle show that this is not the case in the skew field of real quaternions. 

Lenll11a 2 The quai;eTnion :1.: = bi + cj + elk, b, C, dE JR, is a TOot; of x 2 = -1, 
JJTOvidcd /)2 + c2 + d2 = 1. 

Proof: 

:r = bi + c,i + elk is a root of x 2 

(bi + cj + elk)2 = -1. 

Indeed. let :r = bi + cj + dk 

:r2 = (bi + cj + dk)(IJi + cj + elk) 

1 iff .1: satisfies the latter equatioll, iff 

= b2
'/

2 + licij + /xlik + cbji + c:2.i2 + cdj k + dbki + dc:k.i + d2 k2 
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\V(, CHll write (bi)(cj) = /Jci.i Vb, c: E lR? since real numbers COIIll11Ute. 

Hence :r:2 _b2 + beij + bdik - cbi,i - c2 + cri;j k - dbik de) k k2 

(b2 + c2 + d2
) (using (1)) 

. ,) ') .) .. 
-1 (smce h- + c- + d- = 1 IS gIven) 

Tlwnd'orc :r: = bi + c,j + elk is CL root of J:
2 = 1. 

I-Icmc:e wc can deduce the following theorem: 

Theorem 3 The Pu.ndo.m.cntal ThcoTeTn. of AlgcbTo. docs not hold in thc set; 

of (juo.t.crnions. 

Proof: 

V\1c~ devise the above situation to provide a counterexamplc. 

;]:2 = -1 is of degree 2. 

Dut :r2 = --1 has roots: 

I. :r = + J=I = i 
n. :r = -J=I = -i 
Ill. the given quaternion :1: = bi + c,j + clk where b2 + (:2 + (J2 = 1 
IV. \Ve ca,n also shmv t.ha.t t.he conjugate qua.t.ernion -hi - c,i -- dk is a.lso a. root. 

Note tha,t we can find as many roots of the forms given in (Ill) a.nd (IV) as 
there arc set.s of real numbers satisfying the condition b2 + (:2 + d2 = 1 (c.g.: 

/) = C = :\-' cl = ~). 

Clca,rly, the given equa.tion has more than two roots. 

Therefore the t.heorem that a polynomial of degree 17. has n root.s does not. hold in 
t.he ring of real quaternions. 
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Tlle Use of Choice 

Dr. David Buhagiar 

The aim of this note is to present two examples, one shown use of the Axiom of 
Choice a.nd the other that of Zorn's Lemma in Mathematics. VYe begin by stating 

the mentioned t.\;vo cCjllivalcnt axioms. 

AxiOlTl of Choice 1 Let X be a 1u)'rl,em,pi;y 8et;. Then fOT each nonempi;y 
subset S' ~ X 1:t is p08s1:b1e i;o choose some clement.) E 8. That is, there C:J:isis 
(J, fv,'l/.ci;io'l/. I f;/w,i; assigns to each nonernpty set S ~ X some TepTesentatiw: 
dern cnt I (s) E S. Such a fl£nction f is called a choice function. 

To state Zorn's Lemma we need the follmving definition. 

Partially Ordered Set, Chain 1 A set; X is said to be partially ordered if 
t.hen: is (J, partial ordering defined on it, that is, a bin,aTY relation ~ that 
sai.is.fie8 the condit;ion8 

1. :r ~ :r: fm' ever'y .1: E X, 

2. 'if ;1.: ~ y and y ~ .1:, then .1: = Jj, 

3. ·i.f:D ~ :v and y ~ Z, then :1; ~ z. 

rr :1:. Jj E X a.Te 81£ch that ncither .1: ~ :y nOT y ~ .1: holds, then they are callcd 
iucompa.rable. Oi;henuisc thcy aTC ca.llcd comparable. A chain OT linearly 
ordered set. is a ]!o.Ti;ially oTdcrcd 8et; sv.ch i;hai; every t100 elcrnents of the set, 
(f,n: co1T1.paTable. A n upper bound of a 811./)8et Y of a paTI;ia1ly oTdeTed scf; X 
'l,.'; an elC1'ncnt 11. E X such !J/.O,I; y ~.u, fOT every y E Y. A ma.ximal element. of 
X is an clcm.ent 1'11, E X such thai; m. ~ :r: implies r)l. = :r. 

Zorn's Lemma 1 rr every chain in a ]JaTtially oTdered set has an 1£]JpC1' 
bound, t;!wn the ]JaTtia11y oTdered set has 0. 1na:rimal elem,ent. 

The; axiom of choice; was formulated by Zermclo in 1904. Sixty years later, 
in HlG3, Paul Cohen showed that the Axiom of Choice cannot be proved from 
the axioms of Zermclo-Fraenkel set. theory (the standard set theoretical axioms). 
Thus. if we ,\'ant. t.o nse the Axiom of Choice we need to include it in our set theory. 
It call be proved that the Axiom of Choice is equivalent to Zorn's Lemma. 

Let ns now see one example of the nse of the Axiom of Choice and one example 
of the Hse of Zorn's Lemma. 
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ExaUlple 1 RCTncTniJcT Uw,i; a scqucnce (;1:'11) in, a metric 81)(/,(;e (X, rl) CO1/,­
IWl'tj(:S to o,'n eleTnc'II,t ;/: E X if for eVCTY positivc Teal T/,mniJeT c i;hcT(; e:);'i,<;t,<; 
sO'lnr: no E N such thai; rl(:D'II) :r) < ( fOT CVCTY 11, atu, T'(J, I n'lJ,TnbeT n ::: no· Let Y 
be {J, s'II./;8ei; of x, O'ne 'lJ,sv,ally defincs cl08v:rc ]Joints of Y in eithcT ((n' both) 

of the follo1lJ'ing two ways: 

I :r E X is a closure point of Y if thcTe ca;ists a sequence (,7;,,) in Y which 

co '0, v CTg cs to :c. 

II :r E X is a clmmre point of Y if fOT CVCTY posiii1J(; Tcal numbCT ( U/,CTe 

c:cisi;" 80Tn c y E Y with d(,T, y) < c. 

Wc then fJO on to pTove i;hai (I) and (II) o:re equivalent. 

Proof: 

(1) ===? (II): Given o:ny c > 0, theTe exists no E N such f;/wt d(;1:n, :r) < c 

fOT CVCTY n::: no. In 1)(LTticnlaT, d(;rno, ,1:) < E and ;1:"0 E Y. 

(If) ===? (I): The 1J.s'/J,al pTOve pTOceeds as follows: Let Y" = {y E Y : d(y, J:) < 
~}. By (II), )~, i= 0 fOT all 71. E N. Le!; CTn) be a sequcnce 8'11.ch f;/wi; (], 1)oint 
:r'/I E )~, fOT all n E N. Then cach :r1/ E Y and (:1:71) convcrge8 to T. 

VVhai; 'is nsually ovcTlooked is i;o jll,si;ify the Teasons VJe havc to aSS71.'lne i;hai; 
such 0, sequence (xn ) cri,si;s. In fact;; if one takes (X, d) i,o be iJw Teal l-ine 
~ with standanl rne!;ric, it has been ]JTOved that i;hc equivalence of (1) and 
(If) f07' all Y c ~ cannoi; be pTOved fTom, the a;DioTns of ZeTmclo-Fnwnkel 
set. i;heOTij alone. Of COUTse, if 'Wc l:nclude the Axiom of Ch01:ce in OUT sei; 
t.hCOTlI, the fact that )~/. i= (/) fOT 0.11 n E N iTnrJl,edio.tely iTJI,plics i;hai; such u. 
SC(j'I/.C1I.CC e.Tisi;s. 

ExaUlple 2 One of the fll,ndo.m,ent;al fads on vectoT spaces is tho.i; C1JCT7J 
'l/.on-2:cm vecf;OT s]lacc 11 has 0. lineal' basis. This Tesult; is u. stm,ighifor"w(]'Td 
opplicai;ion of ZOTn's Lemma. 

Let X be the set of all lineaTly independent subscts of 11. Since 11 i= {O}, 
'it. has an elem ent; '{J i= 0 and {v} EX, 80 i,hat X i= (/). TVe defi:n.e a 1}(l,Ti:ial 
oTcic7'ing on X by set; inclusion. fr Y c X is a chain in X, i;he union of all 
i:hc clem.eni;8 of Y gives an upper- bound f07' Y. By ZOTn's Lem,m,a, X has (I. 

Trw;l:irJl,(l.1 elem,ent B. TVe aTe lefi; to show f;/wt B is 0. linea:,. basis fOl' 11. Lei: 
(! = c;pan B. Then U 'is a subs1)(J.ce of 11. fr U 7:S (J, 1J1'ope'!' Subs]JCLce of 11 and 
;:: E V - ll, Own 13 U {2:} 'would give CL lincaTly independent set; containing LJ 
([.s a J)'1'01)CT subset;., cont;mdicting the TlHL,'[;imality of B. 

The above rcsv.li; co.nnoi; be pToved in Zennelo-Fro.enkel sci; i;heory alonc, 
'Wit,hov.i; usiTl,g Z 07'11. 's LeTnTn 0.. 
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Another axiom equivalent to the Axiom of Choice is the liVcll-Ordering Prin­
(;'iJlle. n.(~membcr that (\. linear ordering < on et set X is a 'Wcll-oT'dcT'ing if every 
nOlwrnpty subset of X has i1 <-minima.l element. The strncture (X, <) is thcm 
called <\. 'Well-ordered set. 

The Well-Ordering Principle 1 Every 8et; caT/. be 'llIell-oT(ieTed. 

\V(~ cnd this note by (l,,>king 01ll'seivcs: Is the Axiom of Choice "true"? Ac­
('ording to J .L.Bona in a private communication with E.Sc:hechter in 1977, 

The Axiom of Choice is obviously true; the Well Ordering Principle 
is obviously false; and who can tell about Zorn's Lemma? 
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Petri Nets 

Etienne Caruana 

Petri Nets (PN) provide a graphical approach to the modelling of commu­
lliccLting systems. PN ha.ve been introduced by Cad A. Petri in his dissertation 
presented in 1962. The purpose was to analyse communication f:)ysteIlls. Further 
stncly Ol) this snl)jec:t has led to a va,st a.pplicability of PN in Il1<Lny sectors like in 
I.T. cl.nd llHI.Tlufacturing. 

The reason for such a vast applicability of PN is clue to the fact that PN hold 
i\ cOllsiclerable n1.odelling power as well as dIicient methods for proper perfor­
n1.ance analysis of the system under study. In fact, PN may be shown to be 
dtectiv(' in the modelling of conc:urrenc:y, conflict and synchronisation. 

Description of a PN: A PN is Cl. bipartite, directed graph. The set IV of 
nodes is divided into the set of transitions T and places P, i.e. IV =P U T, 
/' n T = 0. Elcmcntf:) of T x P (l.nd P x Tare f:)a.id to be the arcs of the net. 
Pla.('cs ('ollt.ain tokens. Tokens a.re usually represented by ciotf:) inside the places 
())' 1), a ll1unber indicating the number of tokens Hmi; reside inside ea.ch place For 

+ (~-~"" 
/ 2 : I: 0 ) 

/ \~ ___ /p2 

// tl. 

// 
/ 

/~~. / 
( s } 
",.--_./p~'. 

(·~xalllple. in Figure 2: 

• p = {711, 712, Jl:d 

• T = {t. I J:z} 

~ 

~+ r, ,~/ :( 0 ,) 

"'-_jp3 

t2 

Figure 2: A simple Petri Net 

• Set. of input arcs P x T = {(PI. t:]), (PI, (2)} 
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• Set of output Hrcs T x P = {(1,1, ])2), (1,2, 7J3)} 

Initia.lly, this n8t ha,,,> 5 tolmns inside])1 and 0 tokens inside ])2 and ])3, 

Place 7)1 is said to 1,8 an input place of tmnsitions !,1 and 1-2, \l\rhile pla,ccs P2 
and ,):1 are said to he output places Of!,l and /'2 respectivdy, 

Given a transitioll (pla.ce) I, (p), th8n the set of output places (transitions) is 
<iclloU)cl l)y 7)' (1,,), while the set of input pla.ce::; (transitions) i::; d8noted by '7) CI,), 
Therefore, from Figure 1: 

• PI' = {i,J, /,2}; /'J' = {P2}; /'2' = {p:J} 

• ,1,1 = {pt}; ,1;2 = {PI}; '])2 = {LJ}; 'P:i = {l2} 

Tokens How £i'om one place to another by the firing of transitions, Th8 firing 
of each transition depends both on the number of tolmns inside each place a.nd 
the ITlultiplicity of each arc, The multiplicity of an arc is marked by a number 
attached to the arc:, If no number i::; attached to an arc, the multiplicity of the arc 
is taken to be one, 

A trallsition may fire only if the nurnber of tokens inside ea.(:h of its inpnt 
places is greater than or 8qnal to the multiplicity of the COlT8sponc1ing arc:, If the 
trallsition is in a condition to be fired, then it is said to be enabled, For example, 
ill Figure 2, both LJ and {,2 a.rc enabled since the number of tok8ns inside PJ is 5 
cmcl the multiplicity of input arcs is 1 for both, 

/-~ // 
I 'K 
\\,~./~~ 

+ /'~',\ 
/ 2 : (' 2 ;1 

/ ~/p2 // 

/ t~ 

/// 

'", 

"'" ~ :(:) 
'-...~/p3 

t2 

Figure:3: The Petri Net after firing 1:1 

vnlCll a. tra.nsition fires, it removes a number of tokens from each illPut. place 
('CIl1ivnlcnt. to the multiplicity of its input a.rcs a,nd adds a. number of tokens to its 
Olltput pla,ces, equivalent to the multiplicity of its output arc, Figure 3 represents 
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the llllll'king- of the PN after firing 11. 

If wc fire r 1 4 times more, the marking of Pl will eventually decrease to O. 
Tllel!.. II and l2 'will not be able to fire. In tha.t case, wc sa.y that the net is in (\, 
state of deadlock Cl. state in which no flow of tokens inside the net is possible. 

Applications of PN: The follmving is a. list of attributes of PN which ma.ke 
them useful for modelling: 

1. Petri Nets capture the precedcmce relations and structural interac:tionr-:: of 
stocha.<;tic:, concurrent, and asynchronous events. In addition, their gT<l.phic:al 
Imtmc hclpr-:: to vir-::ualise r-::uc:h complex systems. 

2. ConHicts and buffer sizes ca.n be modelled easily and efficiently. 

:l. Dcacllocks in the system can be detected. 

4. Petri net models reprer-::ent CL hierarchical modelling tool with Cl. well-developed 
mathematical a.nd pra.ctical foundation. 

:;. Va.riour-:: ext.ensionr-:: of PN, r-::uc:h a.r-:: timed PN, stochar-::tic (timed) PN, coloured 
PN, and predic:a.t.e/tranr-::ition netr-::, allovv for both qualitative and quantita.­
tive analyses of resource utilisation, effect of failures, and throughput rate, 
to name a. few. 

G. Petri net. models give a. structured fra,mework for carrying out a systema.tic 
a.nalysis of complex systemr-::. Variour-:: software padmges have been developed 
for this pnrpor-::e. 

In f!;cneral, for modelling purposes, places represcnt resources such as m(\­
cliilles or parts of (1, buffer. The mea.ning of a, token inr-::ide (1. place is generally 
d('dncccl according to the definition of the place. For example, a token in a place 
reprcr-::cmting a. state of 1:1. machine ",TOulc! represent the availability of the machine 
to do the required job while a token inside a place representing a store of a. man­
ufacturing r-::ystem ·would represent the number of items produced by the r-::ystem. 

In general, a. tra.nsition firing represents an activity, which begins and ends by 
two consecutive events (represented by plcl,ces). For example, a. machine represent­
illg a. transition labelled 'ma.chine repair' r-::honlcl have an input pla.ce representing 
. IllC\.chille clmna.gc' a.nd have an output place representing 'ma.chine working'. 

The following example illustrates a Petri-Net model of a simple connnunica.tion 
system. 

Figure 4 depicts a communication system ma.de of three robots R.I, R2, R3 
and two conveyorr-:: Cl a,nd C2. Ea.ch conveyor opera.tes on the two robotr-:: next. to 
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18 I Cl B I C2 I --BI 
Figure 4: Three robot.s working wit.h two conveyors 

it. Both conveyors first llse the robot on the left-hand side and then the robot on 
the right-hand side. No conveyor may be used by two robots at the same time, 
implying that R2 needs to be shared between Cl and C2. It is a.ssumed that both 
conveyors remove their robots synchronously after their operations. 

Ta.bles 1 and 2 respectively give the places and the transitions 'which are needed 
to represent this system together with their description in this context. 

Place Meaning 

lh Cl needs RI 
])2 Cl needs R2 

])3 Cl has bot.h RI and R2 
])4 C2 needs R2 

Ps C2 needs R3 

PG C2 has bot.h R2 and R3 

177 RI free 

Ps R2 free 
-

])9 R3 free 

Table 1: Introducing Places 

Transition IVleaning 
t;1 Cl t.akes RI 
i;2 Cl takes R2 
i;3 Cl removes bot.h RI and R2 
i;4 C2 takes R2 
i;5 C2 t.akes R3 
t;G C2 removes bot.h R2 and R3 

-------

Table 2: IntrodUCing Transit.ions 

The corresponding Petri Net would be the one shovm in Figure 5. The initial 
marking of t.his net is rno(P1) = rJl.o(P4) = TJl.O(P7) = rJl.o(ps) = mO(P9) = 1, 'with 
all the other places having a null marking. This marking is representing an initial 
sitnn.tion where each robot is free a.nci each conveyor is waiting for its left robot. 
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Figun·~ 5: Petri Net of conveyor/robot problem 

Note tha.t initially t.he enabled t.ransit.ions /'2 a.nd t4 are sharing t.he same input. 
plH.ce, namely PS. 

Upon firing (I, 1.;J is disabled a.nd vice versa.. The slmring of place J)" is repre­
senting a. c:onHic:t.ing sit.uation, where Cl- decision has to be made of which transitioIl 
to fire, analogous t.o deciding to eit.her 'work ·wit.h conveyor Cl or dse with conveyor 
C2. 
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A Proof of the Cayley-Hamilton 
Theorem 

David Suda 

IS 

Theorem 1 (Cayley-Hamilton) rr A : 11 -7 V is a lineaT tmnsjoT"moJ;ion, 
then JI satisfies its chaTaci;en:sf;ic [Jolynom1:al rj)(A, :r;), i. e. ej)(A, JI) = O. 

Tlw standard proof to this theorem uses properties of the acl.ioint matrix combined 
'with the use of the Leibnitz expansion whereby finally we get a. number of "imulta.­
llC()llS ma.trix equations which give us the required result. However, an a.lternative 
to thi" proof is the follov\7ing structured proof that makes use of a. lemma, a propo­
sition and a theorem, finally giving llS a neat proof of the actual theorem. In the 
process, several properties of linear transformations are highlighted and it is these 
properties which we will use to finally prove this theorem. 

Tllis theorem 'will be divided into four parts: 

Part 1: 

Lenll11a 2 Suppose f : 11 -7 11 is a linea?" f;mnsfoT177.ation of o.n 17.-d'im.cnsional 
vcr:i;O'l' S1)acc V ove1' a .field F. fr f has nullity of 0.1; least 1, then then; e:l;is1;s (J. 

ba.si8 '/11,'02, ... '011 8.1;. f(Vj) E 8])o.17.(vJ,'1I2'''''O,,_I), V.i E {1,2, ... ,'I/,}. In othe7' 
'wo'I'ds, the m.d.h·i:l; of f '/1).1'. t. '111,712, ... , 'Un is: 

(J.] J (1.12 0.171 

(1.21 (1.22 0.211 

an-I.I (J.n-l,2 an-I,,, 

0 0 0 

Proof: Let T be the rank of J. Since f has a. nullity of at least 1, T < n. 

Novv suppose B is Cl. basis v], V2, ... ) v,. for 1 mU). Extend thir:; basir:; to (\. ba.­
sis VI, '112, ... ,Vn for the whole of V. 

Thcn /('OJ) E spa.n(V1' '02,· .. , Vj .) <;;; 8])0.71.(111, '(12,.··, Vn -1). 
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Part 2: 

Proposition 3 Let, V Cn be f;hc n-dim,ensional VCci;OT space over C and 
S'I1.JJJ)()SC I is (), linea?' i:ro,TJ,sf()'f''lTl, ai,ioT/. f'j'()1II, V i:o V, Then, there is a basis 
'nl: '(I:2) , , , ) 'lJ1I of \f s, f" w. '!" 1, i,his l)([.sis, i:h,c 'IT/,ai,ri:£: of I is 'IIp]ler i:'l"io.ngulo,'!', 

Proof: Assmlle result trne for all SjlH,c:es \f of dimension n lover C, 

Give]} \f of dillJCnsioIl nand f : V -+ \f) let A be an eigenvalue of f, Note that 
U - AI) lw,<-; nnllity of at least 1 (in the worst case) all characteristic: roots are equal 
mlcl the eigenspacc of tha.t characteristic root is of dimension 1), So by the previ­
ous lelllma there is a basis Ul) '/1,'2, ' ,,'IJ,1/ s,t, (I - Al)('lJ.i,) E 8]Jan(U]) 'lJ,2,· .. ) '/1.n-l)) 

Vi, 

TllCll, the matrix of I - Al "\V.l'. t tbis basis iIJ of the form: 

(/,11 

a21 

(J,12 

(/,22 

(1,n-I.1 (l,'1I-1,2 

o o 

0,171 

(1,211 

(J,n 1,11 

o 

[-fellC(' the matrix of I "".l'.t, this basis is of the form: 

all + A (/,12 0]11 

(J,21 (/,22 + A (J,21l 

an-Ll u,,1I-J.'2 0."-1.,, 

() Cl A 

Let W 1)(: the snhspn,c:e spa.nned by '/1'1) 1/.2) , , . ) 7Ln - 1 and note that f (10) E I~! \;/w E 
W' so Hmt the restriction of I to HI is et linear transformation of W, By the incluc:­
hem hypothesis there is Cl. ba.sis 'lJ I , 'lJ2, ' .. ) 'Vn-l of IV s, t, the matrix of restriction 
of I to IIV W ,r. t to this ba"sis is upper tria.ngula,r, sa.y: 

1111 b12 h,n-2 b1,n-l 

Cl Il22 b2.n - 2 b2.71 - 1 

0 0 . , . b7l - 2,n-2 b71 -2,71-l 

0 0 0 b7l - 1,1l-l 

Let n'lI = 'Ii'll' then {'Ill, '112) . , . , v,,} is a. basis of 11 since 'Un ~ spo:n( Vl ) 'li2, ' . , ) 1171.-1) = 
SJl(J,n('U.l. 'lJ,2 . . , .. 'U.,,-l)' Hence {'P1, 'li2, ' , , • v,,,} is a linea.rly independent "et of si:/,e 
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11 = dim 11. Also f(v.n ) = AVn + 'IlJ for some w EW. Hence the matrix of f w.r.t. 
1 msis 'UI. 'U2, ... ,V?I is nppcr triangular too f)ince the new matrix will nml' be: 

/iJJ h2 [;1,'11-1 /11'11 

0 /i22 /12.'I1-J b2'11 

0 0 /in-J,n-1 /in-lsl 

0 Cl 0 A 

Part 3: 

Theoren1. 4 If A is any 'lL1J]Jc'r t'riangv.lo,'r n x n lno.t'ri.7; 'With cni;r-ics .frM)}' lR 
01' re and )1], A2, ... ,A1/ aTe the (l?:agonal cntTies of A inclnding 'rcpcf;oif;ions, 

i.hen. the Tnai:Ti~r; (11 - AI/)(A A21) ... (/1 - AnT) = 0, thc ze'ro Tr!.o,f;?·i;r;. 

Proof: Ifn. = 1, this is obvious. 

By inclnction, we prove the theorem for all n. 

(/\ - AI1)(/1 - A21) ... (A - Anl)en = 0 f)illc:e (A - An1)cn = 'Ui, where 'lIJ E 
IV = 871a.n{ Cl, ... ,C", 1} sinc.e 11 is upper triangular with the last row equal to 
(()) () ... , A71)' 

Also, the linear transformation given by 11 011 the subspa.c:e Vll = 81)0.n(c1, C2,· .. ,(;.,,-1) 

has nllper triangular ma.trix w.r.t. this basis, "rith diagonal elltries Al,' .. ,A,, __ I' 
So hy the induction hypothesis: 

(/1 - AI 1)(/1 - A21) ... (11 - A,,-I1)c; = 0, "h < TI - l. Thus: 

(/1 - A,,1)(/1 - AJ)(A - A2/) ... (11 - An-I1)Cj = 0, \fi < n l. 

Hcncc (A - Al J)(11 - A2/) .. . (A - A'l/1)Cj = Cl, "h ::; n - 1. Also (A - AI 1)(A 
A2!)' _. (A A71I)cn = (A - A1/)(A - A2J) _ .. (A - A,,_]J)1O = 0 since 'W E W. 
Thus (A - Al1)(A - A21) ... (A - A,J) is a zero transformation sinec its actioll OIl 

(' i p;i vc~s Cl \f i ::; '11 .. 

Part 4: 

Now wc are in a position to present the alternative proof of the Ca.yley-Hamiltoll 
Theorem, stated initially in Theorem 1. 

Proof: T'ake 13 = p-l AP s.t. B if) upper triangular, by Proposition 3. 
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HcnC(~ (/3 - )q /)(13 - ).,:21) ... (13 - ).,,,l) = 0, hy Theorem 4. 

Tlms (JI - ).,1/)(/1 - ).,27) ... (JI - ).,nI) = pp-1 (A - )"J l)P p-1 .. , P p-1 (JI - ).,t/1)fY p- 1 

= 1")(1")-1 AP - ).,1I)(p-1 AP- ).,21) ... (1r] AP - )",J)P- I 

= P(B - ).,11)(13 - ).,:2J ) ... (13 ).,1If)p-1 

=0 

Since n is nppcr triangular, cj{B,).,) = ()., - ).,1 )()., ).,2) ... ()., ).,n)· 

Since 13 = p-I JlP, cj)(A,)") = rj)(B, ).,). (a propcrty of similar matrices.) 
Hence rj)(/1, JI) = O. This completes the proof. 

Renlark: As onc can see, in this case the theorem's proof all hoils clovm to 
tlw simple use of the properties of similar matrices. 
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Homomorphisms and the number of 
Divisors 

Sarah Buttigieg and Monique Inguanez 

Lemma 1 Le/; f : lP£ \ {O} ---7 lP£ \ {O} bc defined In) .I'(.T) = :r7l. Then f is (j, 

hO'lIl. (iT//, orph isrn.. 

Proof: f(:r:)f(y) I(:D!J) 'i:r:,y E lP£ \ {O}, nE N. 

Theorem 2 Lei: 

F(p) = L m.l1 

111.11' 

fO'!' sO'lnc n E Nand WhCTC 7J is pT'im.c and i.he s'u.m.m.ation T1!.ns OVCT the 
(l'ivis()'J"s of p. Then F 'is a homo7n,orphis'lTI, 1!.'l/.deT rnnli:iplication. 

Proof: The divisors of pare 1 and 7). 

Hcmce 

F(Pl )F(p2) = (PIn + 1")(p271 + 111) 

= 7J111])211 + 1 + pjn + P2
11 

The divisors of P1 7)2 aTe P1])2, ]Jl, ])2 and 1. 

Hence P(P1712) = 7)jllP2" + 1 + JJj" + 712". 

Conseqnently, F(pdF(P2) = P(Pl]J2). 

This C:c1l1 be extended to any integer. 

Corollary 3 1f f 1:S a h07n07nOTphis771. unde?' ml1,/t.ipi?:cai:io'll., then so 1:8 F(n), 
defined by 

P(n) = L f(rn) 
'1111'/1 

wl/,C'rc the 8'1/.rn. is ()'lIe',. all d'ivisOTS of any integcT n. ThcTcfoTc. F(:l:)F(y) = 
F(:ry). 
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Application 1: Using the alxJV(, corollary, we see that the number of divisors 

1/('11) of '1/" where 

d(n) = ~1 
7nl" 

is H, llOl1lomorphism under multiplication, since J(:r) = 1 is, 

Let's consider a,n example: 63 = 7 x 9 

TIw divisors of 63 arc 63, 21, 9, 7, :3 a.nd 1. Thercf'ore d(63) = 6. 

The divisors of 7 a.re 7 and 1. So d(7) = 2. 

The divisors of 9 a.re 9, 3 a.nd 1. So d(9) = 3. 

By thc' above argument, d(63) = d(9)d(7), which indeed it is, since 6 = 2 x 3. 

Application 2: If 

F(:/;) = ~ f(m) 
m 171 

where I(Tn.) = Tn:l, then F(63) = F(7)F(9). 

The ch visors of 63 aJ'(~ 63, 21, 9, 7, 3 and 1. 
F(03) = 03:1 + 21:' + 9:' + ii + 3:' + 1:1 = 260408. 

The divisors of 7 and 7 a.nd 1, a.nd those of 9 and 9,3 a.nd 1. 
F(7) F(9) = (ii + 1 ;i) (93 + 3:1 + 1 :l) = 260408, 

This confirms OUl' result tha.t F is a. homomorphism. 

\7I,1e DOW consider the sum of cubes of numbers. 
It is "coml1lon knowledge" t.hat. 

Thus 

'l '1', ') 
I' + 2' +'" + '1/' = (1 + 2 + ,,' + 7/,)-

'1/ 

~T:) 

1'=1 
(

1 )2 (n )2 
'27/.(71.+ 1) = ~T 

Hencc" the set of numbers {L 2, ' , , ,n} has the property t.ha.t. t.he sum of it.s cubes 
is (,he squa.re of it.s sum, Arc t.here any other colledions of numbers with this 
jll'O]lc~rty'? 



The Co1Jccl;io]J TV 21 

Let's consider the following argument. 
Pick any number, for example 63. List the divisors of 63, and for each divisor of 
63, count the number of divisors it ha.s: 

63 has 6 divisors (63, 21, 9, 7, 3, 1) 
21 has 4 divisors (21, 7, 3, 1) 
D ha.') 3 divisors (9,3, 1) 
7 has 2 divisors (7, 1) 
:j has 2 divisors (3, 1) 
1 has 1 divisor (1). 

The resulting collection of numbers ha,-" the same property, Namely: 

6:3 + 4:3 + 33 + 23 + 23 + 13 = 324 = (6 + 4 + 3 + 2 + 2 + 1)2 

[dj"i is a homomorphism under multiplication, and Corollary 3 shO\:vs that 

LcP(m) 
mln 

is also Cl homomorphism under multiplication. 

Also, from Corollary 3, squaring gives that 

( Ld(m)) 2 

mln 

is Cl homomorphisnl under multiplication. Using Cl similar argument a.s before, it 
ca.n finally be shown tha:t 

Ld3(m) = (Ld(m))
2 

mln ml71 



The Collection IV 22 

The Total Number of Non-Isomorphic Simple Graphs with n Vertices and kEdges 

Definition: A graph is defined as G := CV, E), E s:;; VxV, where V(G) is the set of vertices of G 

and E(G) is the set of edges of G. 

E.g.G :[S]4 
3 

V(G) = { 1,2, 3,4} E(G) = {12, 13, 14, 23, 24 } 

De(lnition: G is s.t.b. simple if it has no loops or multiple edges. 

E.g. 3 

loop (edge from 1 to 1) ~ multiple edges from 2 to 3 

Definition: G, is isomorphic to G2, denoted G, == G2, if :3 f : V(G,) ~ V(G2) bijective s.t. if 

v, w E VCG,) then vw E ECG,) <=? fCv)f(w) E E(G2). 

E.g. G, 
, 2 

D 
.; 4 

E.g. G, X: 

G2 
, 2 

Z 
3 4 

G2 '\Ll2 3 4 

5 

G, and G2 are isomorphic, where 
f(l) = J, f(2) = 2, f(3) = 4, f(4) = 3, 
so that if vw E ECG,) then f(v)f(w) E E(G2) 

e.g. 13 E E(G,) and f(1)f(3) = 14 E E(G2) 

G, not isomorphic to G2 (see Result 1) 

De{lnition: Let v E V(G). The valency of v, denoted p(v), is the number of edges incident to v. 

Also, w E VCG) is s.t.b. adjacent to v if vw E ECG). 

Result 1: Let S(G) := {p(v): v E VCG)}, i.e. the set of valencies of vertices of G. Then 

G, == G 2 =9 S(G,) = S(G2). 

Proof: Let v E VCG,). Thus fCv) E V(G2). 

Suppose v" V2, ... , Vk are all the vertices adjacent to v. 

So fey,), f(v2), ... , f(vk) are all the vertices adjacent to fCv) 

22 
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s.t VVI E E(G I) q f(v)f(vl) E E(G2). 

So '1/ v E V(G) p(V) = p(f(v)), and since f is 1 - 1 and onto we get the result. 

Definition: A simple graph with n vertices is s.t.b. complete and denoted Kn if '1/ v, w E V(G) 

E.g. 

VW E E(G). 

K:; @, 
:; 4 

Result 2: Let G ~ be the class of simple graphs with vertices labelled 1, 2, ... , nand kedges. 

Proof 

11 _ -2- = -2- = GI1 .. 
(

"("-1) J [ 11(11-1) J 
Then IG k 1- k n(';-I) _ k 1 11(11-1)/2-k 1 

For a simple graph with n vertices we have at most 1 E(Kn) 1 = n(n-l)/2 edges (for all 

of the n vertices there are (n - 1) incident edges but every edge connects 2 vertices, 

hence n(n - I) = 21 E(Kn) 1 ). 

So the no. of different graphs in the class G~ is equal to the number of ways of 

choosing k edges out of the n(n - 1)/2 total no. of edges. 

Result 3: The isomorphism relation == on graphs is an equivalence relation. 

Proof reflexive: G I == G I (trivial) 

symmetric: Let V(G I) = {VI, V2, ... , vn}. IfGI == G2 then:3 f: V(G I) -7 V(G2) 

bijective S.t. VjVj E E(G I) q f(vj)f(vj} E E(G2). . . 

f bijective =? V(G2) = {f(VI), ... , f(v,J}. Let Xj = f(vD. 

Also, f bijective =?:3 fl : V(G2) -7 V(G I) bijective S.t. 

XjXj = f(vj)f(v) E E(G2) q VjVj = fl(f(vj))fl(f(vj}) E E(G I). 

Hence G2 == G I. 

transitive: Let G I == G2 be defined as in the above symmetric case. 

23 
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Let G2 == G3. Thus:3 g : V(G2) -7 V(G3) bijective s.t. 

XjXj = f(vj)f(vj) E E(G2) <=> g(Xj)g(Xj) = g(f(vj))g(f(vj)) E E(G3)· 

f, g bijective => gof bijective where 

VjVj E E(G 1) <=> gof(vj)gof(vj) E E(G3). Hence G 1 == Gel. 

Definition: The complement of simple graph G with n vertices, denoted G, is the graph s.t. 

E(G) u E( G) = E(Kn) and E(G) n E( G) = <j), i.e. 

if v, WE V(G) then vw E E(G) <=> vw E E(G) and vw E E(G) <=> vw E E(G). 

Result 4: G == G' <=> G == G'. 

Proof Let v, w E V(G) and let f be the isomorphism fr0111 G to G'. 

Remark: 

Conclusion: 

vw E E( G) <=> vw E E(G) <=> f(v)f(w) E E(G') <=> f(v)f(w) E E( G'). 

Result 2 al1d Result 4 imply that tackling the problem for the case with k edges is 

equivalent to tackling it for the case with [11(11-1)/2 - kJ edges (i.e. number of edges of 

complementary graph), because from Result 4 we easily deduce that for 

complementary graphs the sizes of classes of isomorphic graphs are equal (i.e. 

I[GJI = j[GJj) and from Result 2 we already know that the total number of different 

graphs are also equal (refer to Conclusion). 

Since an equivalence relation on elements of a set gives a partition of the set into equivalence 

classes, from the important Result 3 we get that the set of different vertex-labelled simple graphs 

with n vertices and k edges is partitioned into classes of isomorphic graphs of this type. Hence if 

N~ is the number of classes of our set of graphs then there are N~ non-isomorphic simple graphs 

with n vertices and k edges. Let [Ga denote the i'th class of isomorphic graphs of this type. 

24 
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N:: [~) I-fence 10:: 1 = t;J 0 a 1 = ~ . If the class sizes were all the same then this wou Id be an easy 

problem to solve, however this is not the case. 

This might be an approach to finding a way of obtaining all the non-isomorphic graphs. So if 

• we have an efficient straight-forward formulation which determines if 2 graphs are 

isomorphic or not rather than considering all the nl vertex bijections, in particular something 

stronger than Result J which gives a helpful sufficient condition rather than a necessary one, 

and 

• we have a formula which determines the size of the class of graphs isomorphic to any given 

graph, 

then we have a method of finding N~ which works by generating non-isomorphic graphs and 

("(I-IlJ finding their size until the sum of sizes equals ~ , but this would still be an algorithm rather 

than a formula. 

25 



The Speakers 

Etienne Caruana Oavid Suda 

Sarah BuHigieg and Monique Inguanez Or. Oavid Buhagiar 

Peter Borg Maria AHard 



The Prize Winners 
Pre~3entel:j by Prof. S Fiorini 

Alexander Farrugia Peter Borg 

David Suda Etienne Caruana 

Alex Vella Louise Casha 



--I
 

=r
 

m
 

>
 

c C
. _. m
 

='
 

()
 m
 



Editorial Board 

DJ'. hene Scil'iha - Chief Editor 
Dl'. Davicl Buhagial' 
1\·11'. Alexander Farrugia 
Ms. T,wja Tdenta 

Vie wish to thank Dr . .J o,TOslo,v Skleno,r for his advice. 


