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Abstract

Mechanical metamaterials are man-made systems having anomalous macroscopic mechanical
properties originating primarily from the geometry of the subunits rather than composition of
the material at the molecular level. Even though, over the years, mechanical metamaterials have
been thoroughly studied, it does not mean that there are not any new aspects related to their
behaviour which remain to be discovered such as the capability of these systems to induce their
own rotational motion as a result of internal deformation. In this thesis, this novel phenomenon
was analysed, optimised and confirmed both by means of a theoretical model and experimental
prototype for particular mechanical metamaterials deforming via the rotation of their subunits.
It was also proposed that potential prototypes utilising this concept could prove to be useful in
applications where control over the rotational motion of the system is of particular importance.

The role of magnetic inclusions inserted into standard mechanical metamaterials was also
thoroughly investigated. It is proposed that, as a result of the interaction between subunits
constituting the system, such magnetic inclusions have a very important role in modifying the
stiffness characteristics of the systems. More specifically, it was shown via a theoretical model
as well as by means of experimental testing that the smart insertion of magnetic inclusions
permits control of the mechanical behaviour of such metamaterials as these inclusions interact
with each other as the system deforms. Results suggest that the considered system may not only
exhibit negative Poisson’s ratio but also negative stiffness, which effect could not be possible
without the use of magnetic inclusions. In order to further investigate different physical
phenomena which can be exhibited by mechanical metamaterials with magnetic inclusions,
through the use of the Ising model, it was shown that such systems make it possible to induce
the magnetocaloric effect even in the absence of an external magnetic field. By means of
computer simulations, it was also shown that the rate at which such systems are deformed has
a large impact on the evolution of magnetic domains within the system. It is also proposed that
magnetic inclusions could be useful in inducing the deformation process instead of the

‘standard’ external forces.

In addition to all this, this thesis has also looked into two metamaterials constructs which are
particularly amenable to negative properties. In particular, a mechanical system incorporating
a hierarchical design which was investigated through a dynamics approach, where it was shown
that such a system makes it possible to obtain a wide range of mechanical properties and
deformation patterns solely as a result of the control over the resistance of structural units to
the motion promoting the deformation process. Also studied was a novel structure composed
of appropriately connected generic triangles which system was reported to exhibit both negative
linear compressibility and negative thermal expansion.
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Figure 2-21 Panels show: (a) elastic Euler beam with a magnet at one of its ends which is being
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stop changing, corresponds to the conformation of the system where 26, =0°.

Figure 5-1 The experimental prototype used in order to investigate the potential of mechanical
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Figure 5-2 Panels show: (a) the evolution of the system in time from the moment when it was
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assumed by the system at the moment when rigid units collided for the first time. In the case of
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opposite directions in the case of each of the structures. Note that these systems have different
symmetries and profile of pores which result from the different manner how the rectangles are
connected together to form the network. In particular, in the Type | four | x|, rectangles are

connected in such a way that the empty spaces between the rectangles form rhombi of size |, x|,

and |, xI, whilst the Type Il network has parrallelogramic pores of the same size |, x|,

Figure 6-2 A diagram presenting the concept of the global rotation of the Type | rotating
rectangle system induced by the rotation of its subunits.

Figure 6-3 Panels (a) and (b) show the variation in the angle of aperture between rigid units
20, plotted with respect to time for Type | and Type |l rotating rectangle systems composed of

rectangular units associated with different values of the aspect ratio |, /1, . Panels (c) and (d)

show the variation in the extent of the global rotation exhibited by Type | and Type Il
respectively for deformation process from panels (a) and (b).

Figure 6-4 Panels (a) and (b) show the variation in I, for Type | and Type Il rotating rectangle
systems during the process of mechanical deformation. Panels (c) and (d) show the variation in
the parameter (51, —41,)/1, for Type I and Type Il systems associated with different values of

I, /1, ratio respectively.

Figure 6-5 A diagram presenting the hypothetical concept of the deformation of the rotating
square system having electromagnetic hinges connecting adjacent units at vertices. Those pairs
of the vertices which form a hinge as a result of the mutual interaction (for example induced by
electromagnets or other devices) are highlighted by means of the connected red arrows. It
should also be noted that the concept of the global rotation is not shown in this diagram.

Figure 7-1 The panels in this figure present (a) the two-level hierarchical auxetic system with
four square-like units corresponding to Level 1 of the structure, where each unit consists of
N, x N, (in the provided example N, =3) Level 0 repeat units (bright green), (b) an example

of the structure corresponding to N, =1 and (c) the permissible angles for &, and ¢, which

conditions ensure that the squares do not overlap with each other and the system retains the
same connectivity. This is attained when conditions 6, >6, and &=7-26,-26,>0 are

satisfied.

Figure 7-2 Plots showing the variation in (a) &, (b) €, and (c) Poisson's ratio v, as a function
of time t for loading in the x direction for systems with K, values ranging from

0.035 N-m-deg™ to 2.093N-m-deg™ and (d) the relation of &,to &, for a deforming
structure having the motion of the hinges governed by harmonic potential. Similarly, plots (e),
(f) and (g) show the variation in &,, €, and v, respectively as a function of time in the case
of friction-based hinges corresponding to the value of f ranging between O N-m and 3.5N-m
. (h) shows the relation of &, to &, for a deforming structure having the motion of the hinges
governed by friction. In all cases considered, N, =1 and F=500 N. It is important to note that
in the case of (c) and (g), the scale in the y-axis (incremental Poisson’s ratio) was arbitrarily
stopped at -2, since this value of the Poisson’s ratio tends to —eo Uupon approaching the maximum
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deformation. A cut-off value of -2 is appropriate in view of the fact that the part of the
deformation which is not included in panels (c) and (g) is relatively small, as shown in Table
7-1. An analogical set of results, plotted with respect to applied strain, is provided in Appendix
II.

Figure 7-3 Diagrams showing the final state of the deformation of two systems, where the
hinging process is governed by friction, with K, values of 0.035N-m-deg” and

1.396 N-m-deg™.

Figure 7-4 A plot showing a comparison of the Poisson’s ratios obtained from the numerical
solutions presented here for f = 0.5 Nm and f = 3.5 Nm with those calculated from analytical
models for uni-level rotating rigid rectangle and square systems.

Figure 8-1 (a) A generalised structure based on Milton’s expanders (b) the unit cell of a typical
form of the systems studied here.

Figure 8-2 Variation in mechanical properties for three different types of systems. Panels show
results for systems where the unit-cell is composed of (a) equilateral triangles having
dimensionsa=1nm,b=1nmand c=1nm, (b) isosceles triangles corresponding to dimensions
a=1nm,b=2nmandc=2nmand (c) scalene triangles wherea=6 nm,b=3 nmand c =4
nm. Solid red and dashed blue lines indicate mechanical properties exhibited by the system in
the Ox1 and Ox2 directions respectively. Different colours on of the background helps to make
a distinction between different forms assumed by considered systems.

Figure 8-3 Variation in geometric dimensions of the unit-cell for three different types of
systems. Solid red and dashed blue lines indicate mechanical properties exhibited by the system
in the Ox1 and Ox2 directions respectively. The black dashed line represents the area of the
unit-cell corresponding to a given system.

Figure 8-4 Variation of the range of angles in which NLC is exhibited for a particular form on
changing the b:a ratio of an isosceles triangle.

Figure 8-5 Variation of the thermal expansion coefficient with the aspect ratio of isosceles
triangles for systems where b =c>a =1 having a form that exists for 180° -2y <8 <24 and

vibrating about an equilibrium angle of 90°. The temperature was set to be equal to T = 293 K
and the value of 1o° was set to be equal to 75k,T .

Figure 8-6 Panels show: (a) a visualisation of the hypothetical concept related to the self-
induced global rotation of mechanical metamaterials composed of triangle motifs having
different masses and (b) expected behaviour of the rotating rigid triangle systems with magnetic
inclusions.

Figure 9-1 Panels show: (a) the considered system composed of a number of arrowhead units
with magnetic inclusions, (b) a single unit of the system, (c)(i) stages of the mechanical
deformation in the system with attracting magnets in each unit (ii) stages of the mechanical
deformation in the system with attracting magnets in each unit and (d) experimental prototype
used in order to investigate mechanical properties of the considered system.

Figure 9-2 Panels show: (a) different stages of the deformation of the experimental prototype
associated with: (1) initial, (i1) threshold and (iii) final configuration, (b) Poisson’s ratio
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exhibited by the system for loading in the vertical direction, (c) force recorded by the tensile
loader throughout the entire process of deformation of the experimental prototype, (d) stiffness
exhibited by the prototype with attracting and repelling magnets, (e) theoretical results
corresponding to the force required to deform the system analogical to the experimental
prototype and (f) stiffness exhibited by the system according to the theoretical model.

Figure 9-3 Panels show: (a) the variation in the Poisson’s ratio in the loading direction for
systems corresponding to a different value of |, (b) variation in the (i) magnetic potential
energy per unit and (ii) stiffness of the system with attracting magnets for structures
corresponding to different values of |, and (c) graphs analogical to those from panel (b) but
generated for systems with repelling magnets.

Figure 9-4 Panels show: (a) the variation in the Poisson’s ratio in the loading direction for
system with magnets corresponding to different values of ., (b) variation in (i) magnetic
potential energy per unit and (ii) stiffness of the system with attracting magnets for structures
corresponding to different values of 4 and (c) results analogical to those shown on panel (b)
but generated for systems with repelling magnets within structural units.

Figure 10-1 Magneto-auxetic system of 3x3 squares of dimension axa with the exemplary
configuration of Ising spins S=21 denoted by “+” and “-” respectively, located at centre of

mass of the squares. L, and L, denote linear dimensions of the system in the x and y directions
respectively.

Figure 10-2 Temperature dependence of the isothermal entropy change As,, for MAS deformed
from 6 to 6, at zero magnetic field. The plots representing deformations 89°—90°,

80°—90°, 70°—>90°, 45°—90° are shown (units in degrees). The vertical lines indicate
location of T_for a given value of 6 and 6, .

Figure 11-1 The model represented by a set of rigid squares connected at vertices. In this case,
signs “+” and “-” located at the centre of each unit, correspond to opposite orientations of
magnetic moments within the system. In this diagram, the number of squares was set in a way
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Figure 11-2 The panels present (a) the change in the correlation length r during the deformation
process for different values of » and (b) the comparison of the evolution of the system
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of f. In all of the considered cases, the system was subjected to a constant force having a
magnitude F=500 N throughout the whole process of deformation, i.e. from 26 .., up to

20, a1 » When the system goes to the locked conformation.
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1. Introduction

1.1 Mechanical Metamaterials

Mechanical metamaterials, which term was probably first formally defined by Grima et
al. [1], are a class of systems where the macroscopic mechanical properties originate primarily
from the geometry of the subunits constituting a given system and not from the composition of
the material at the molecular level, i.e. systems exhibiting unusual properties which are
composed of standard material components which do not have a propensity to exhibit such
characteristic. It also means that in theory, mechanical metamaterials may be constructed at any
scale as long as a particular shape of the subunit can be achieved. It also indicates that these
systems, irrespective of their size, may exhibit an arbitrary mechanical behaviour including
anomalous properties such as negative Poisson’s ratio, negative thermal expansion, negative
compressibility and negative stiffness which properties are going to be described in the

following subsections of this Introduction.

Due to their versatility, mechanical metamaterials may be designed in a variety of
conformations to exhibit particular mechanical behaviour. Consequently, over the years,
scientists working in the field of materials science have proposed a number of different classes
of mechanical metamaterials. Some of the most studied examples of such classes include
rotating rigid unit systems [2-4], perforated systems (macro-scale) [5-13], re-entrant [14-23]
and chiral honeycomb [24-30] structures (macro-scale) as well as foams (micro-scale) [31-33].
Studies related to these systems are described in more detail in the Literature review section of

this thesis.

At this point, it should be highlighted that mechanical metamaterials should not be
confused with optical (which include photonic) metamaterials which in literature are also often

referred to as metamaterials [34-36]. The latter systems are normally investigated in terms of
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their electro-magnetic properties and the way how they interact with different waves.
Furthermore, despite the fact that mechanical deformation has been reported to affect properties
of optical metamaterials, these systems are not usually the subject of studies related to their

mechanical properties. Some excellent reviews on optical metamaterials are given in [37, 38].

Before proceeding any further and discussing the historical progress made in the field of
mechanical metamaterials having a propensity to exhibit unusual mechanical properties, it is
useful to define some of the basic mechanical properties which are going to be used in order to
describe the behaviour of systems investigated in this work, namely: (1) Auxetic Behaviour
(Negative Poisson’s ratios); (2) Negative thermal expansion; (3) Negative compressibility, and

(4) Negative stiffness.

1.2 Different types of mechanical behaviour which may be

exhibited by mechanical metamaterials

1.2.1 Auxetic behaviour

Auxetic [39] systems exhibit the counter-intuitive property of expanding laterally when
being subjected to a uniaxial strain (see Figure 1-1). On the other hand, in the case of
conventional (non-auxetic) materials, the contrary behaviour is expected with these structures

getting thinner when uniaxially stretched. The two effects described above, may be quantified

by means of the Poisson’s ratio, V;;, which quantity if measured in the OX; —OX; plane (see

Figure 1-1), with OXi being the loading direction, may be expressed by means of the formula

[40]:

Vi=—— 1-1

where &; and &; are the axial and transverse strain in the OXi and OXJ- direction respectively.
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Figure 1-1 A diagram showing the deformation of three different materials, having the same
initial shape subjected to a uniaxial load.

Through this definition, a material that exhibits auxetic behaviour would have a negative
Vij. Itis also known that in the case of three-dimensional isotropic materials (mechanical
properties of a given structure are the same in all directions), the Poisson’s ratio assumes a value
from the interval: —1< Vi <0.5 [40]. However, for two-dimensional isotropic materials, the

value of the Poisson’s ratio ranges between -1 and 1 [41]. It is also important to note that
anisotropic systems may have an arbitrary value of the Poisson’s ratio in any direction [43].
Furthermore, in recent years, apart from studies related to the possible extent of the Poisson’s
ratio, a classification [42, 43] was also proposed in order to distinguish between different types
of systems with a propensity to exhibit auxetic and conventional behaviour. More specifically,
it was proposed that systems exhibiting negative Poisson’s ratio in all directions may be referred
to as complete auxetics while systems exhibiting negative Poisson’s ratio only in specific
direction may be called partial auxetics [44, 45]. From this, it follows that materials which

exhibit positive Poisson’s ratio in all directions should be referred to as non-auxetics.



1.2.2 Thermal expansion

Apart from the negative Poisson’s ratio, another unusual macroscopic property exhibited
by a number of materials or structures is negative thermal expansion [46-60] (NTE), i.e.
shrinkage of the system in at least one dimension when subjected to an increase in temperature.
In the case of conventional thermal expansion materials, the contrary is observed with these
systems expanding upon being subjected to an increase in temperature (see Figure 1-2). The
latter behaviour is typically observed for a majority of materials. The variation in size of the
system when subjected to a change in temperature can be quantified by means of the coefficient
of thermal expansion (CTE). This quantity assumes either negative or positive values depending

on whether the considered system shrinks or expands upon being subjected to an increase in

temperature.
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Figure 1-2 A diagram presenting thermal expansion of materials corresponding to different
values of CTE. The dashed outline corresponds to the initial shape of the system subjected to
an increase in temperature.

The coefficient of thermal expansion corresponding to a deformation of the system in one

dimension (¢, ) or in the volume of the system (¢, ) may be defined as follows [61]:



o =14t _i(d_V] 1-2
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where, L is the linear dimension of the system in the direction where the thermal expansion is

being measured, whilst v, Tand pstand for the volume, temperature and pressure
respectively. In general, the volumetric coefficient of thermal expansion ¢, may be defined
both for isotropic as well as for anisotropic systems, in which case, o, =, +a, +a,; where
a,, a, and o, are the linear thermal expansion coefficients for three mutually orthogonal

directions. On the other hand, in the particular case of isotopic materials, ¢, =3¢, .

In recent years, scientists have been devoting a lot of attention to materials capable of
exhibiting negative thermal expansion. This increasing interest in the field was mostly driven
by the large number of potential applications of NTE materials some of which could have an
impact on industry and engineering. These studies show that there is a wide range of systems
with a propensity to exhibit NTE characteristics, including amongst others: systems made from
biomaterials [62], metal-organic frameworks [63-66] (MOFs), metal oxides [46, 48-50, 67-71],
zeolites [74-79] and polymers [80, 81]. In a number of these systems, the NTE was explained
in terms of rotating rigid units which upon heating rotate to a greater extent relative to each

other with the net result that their overall linear dimensions are observed to shrink upon heating.

1.2.3 Linear compressibility

Compressibility is another property of materials which defines the way how systems

deform upon being subjected to a hydrostatic pressure p . According to the definition stated by

Baughman et al. [72], in the case of a constant temperature T , a volumetric compressibility

may be defined in the following manner:

ﬂv=—£(ﬂj 1-3



Analogically, the area and linear compressibility ( 5, and /3, respectively) are defined by:
__1foA __1fa 1-4
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To understand better the concept of ‘compressibility’, one could visualise the volume of
the system (or area in the case of two-dimensional structures) as decreasing, remaining the same
or increasing when subjected to a hydrostatic pressure. These three different hypothetical
scenarios are schematically shown in Figure 1-3. It may also happen that instead of manifesting
the particular compressibility in all directions, the system exhibits a given type of
compressibility only in a particular direction in which case it is said that it corresponds to a
specific linear compressibility. This means that the linear compressibility for a given system
may be different depending on the direction in which it is measured. Similar arguments can be
made for the area compressibility which can be measured in some particular cross-sectional

plane of a three-dimensional system.

In recent years it has been proved that the compressibility might assume negative values
even though materials exhibiting such characteristics are still not frequently encountered. The
first examples of this phenomenon were reported by Baughman et al. [72]. In his work it was
shown that certain rare crystal phases may exhibit negative linear (NLC) and negative area
compressibility (NAC). Another example is the work of Moore and Lakes [73, 74] on open cell
foams. Their work was soon followed by Lakes and Wojciechowski [75] in an attempt of

showing that the bulk modulus of an arbitrary system does not have to assume a positive value.
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Figure 1-3 A diagram presenting the behaviour of a cross-section of a material corresponding
to different values of area compressibility upon being subjected to a hydrostatic pressure.

Here it must be mentioned that Grima et al. made the distinction between solid non-porous
and porous systems which exhibit negative compressibility. In the first scenario, the system
cannot exhibit negative volumetric compressibility as this would be thermodynamically
prohibited. However, if the system is porous and the fluid exerting the pressure is entering the
system so that the pressure is ‘felt” both from the ‘inside’ and ‘outside’, then the system could,

if smartly designed as in the case of the bimaterial systems [76], manifest an apparent increase

in its overall dimension (the equivalent of an overall negative /4, ) even if the solid portion of

the system would have shrunk (i.e. intrinsically exhibit conventional positive £, ). In other

words, the internal components of such a system correspond to a positive compressibility while
at the same time the whole system exhibits an apparent negative volumetric compressibility.

This is in sharp contrast with nonporous systems where the negative compressibility is not



exhibited as negative A, butonly in specific directions. In order to ensure that scientists working

in the field of materials science do not confuse the above concept, the scientific community
proposed the distinction between effective volumetric compressibility and volumetric
compressibility. As written above, in the case of porous materials, it may happen that a system
subjected to a hydrostatic pressure expands in all directions (effective negative compressibility)

but its constituting components shrink which corresponds to non-negative compressibility.

1.2.4 Stiffness

Stiffness (often referred to as tangent or tangential stiffness) is a mechanical property
describing the way a system responds to deformation. More specifically, when the system is
being extended, it is said that it exhibits conventional positive stiffness when it becomes more
difficult to deform it further. Conversely, the system exhibits negative stiffness [77-85] when it
becomes simpler to continue the extension. This concept is explained schematically in Figure

1-4, where in the case of panel (a), the force required to hold the system at rest at a particular

extension equal to l,, must be increased in order for the system to assume a configuration

corresponding to a larger extension equal to 1, + Al , i.e. the systems exhibits positive stiffness.

On the other hand, on panel (b) the magnitude of such a force decreases as the material is being
extended which according to the above definition means that the system exhibits negative

stiffness.
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Figure 1-4 Panels show (a) a material exhibiting positive stiffness and (b) a material exhibiting
negative stiffness. In both cases, on subpanel the material is extended to a length of (i) lo by

force lf1 with one side of this material being fixed to the wall and (ii) I, + Al by force lfz.
Quantities IER’1 and IER’2 are reaction forces which in terms of the magnitude are equal to lf1 and

If2 respectively. The length of the arrows reflect schematically the magnitude of the applied
force.

The stiffness of a system in a particular i-th direction is defined as the rate of change in the

force . required to deform the structure by a displacement|. . Hence it can be written down as
follows: stiffness = dF, /dl.. In order to explain how to interpret this quantity based on a graph

of force F plotted with respect to distance d, a hypothetical graph is provided in Figure 1-5. In
this figure, one can note that between points A and B, the magnitude of the force decreases as
the structure is extended, indicating that over this interval, the system exhibits negative
stiffness. On the other hand, over the interval between points B and C the contrary is observed,
i.e. the system exhibits positive stiffness. In other words, upon extending the system over the
interval between points A and B it becomes simpler to stretch and subsequently becomes more

difficult over the interval between points B and C.
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Figure 1-5 A hypothetical auxiliary graph of force F plotted with respect to extension length d
measured in the direction in which the force is applied.

1.3 Current state of the art

As discussed in detail in the next chapter which reviews the historical progress made in the
field of mechanical metamaterials, in particular those aspects which are closely related to this
thesis, there have been several important discoveries which have transformed the field of
mechanical metamaterials and other systems with a potential to exhibit unusual mechanical
behaviour. However, despite of these discoveries, there are a number of aspects related to these
systems, which as discussed in more detail in the Scope of this Work (see section 3), still remain
to be explored. Some of these aspects correspond to different effects which may be observed
upon studying the dynamic behaviour of these systems as well as the effect which the use of

magnetic inclusions may have on properties of mechanical metamaterials.

1.4 Layout of the thesis

This thesis is divided into twelve chapters meant to describe the state of art in the discussed
field as well as the conducted research. More specifically, in Chapter 1, some of the most
fundamental of the unusual mechanical properties which are of particular interest from the point
of view of this thesis are defined and briefly discussed. In Chapter 2, the Literature Review

meant to present the historical progress made in those areas of science which are particularly
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related to topics investigated in this thesis is provided. In Chapter 3, the Scope of work is
presented in order to state clearly the motivation behind the conducted research. Chapter 4 is
the first chapter where original scientific results are being reported. More specifically, in this
chapter, the novel concept relating to the potential of mechanical metamaterials to induce their
global rotation as a result of the rotation of their subunits is proposed. In Chapter 5, the
theoretical concept from Chapter 4 is verified experimentally. In Chapter 6, the theoretical
concept from Chapter 4 is further extended to other systems. In chapter 7, the concept of
hierarchy is incorporated with rotating square systems in order to analyse their dynamic
behaviour. In Chapter 8, the possibility of designing novel mechanical metamaterials composed
of triangular units with the propensity to exhibit unusual mechanical behaviour is discussed. In
chapter 9, the potential of mechanical metamaterials with magnetic inclusions to exhibit
negative stiffness as well as other types of unusual mechanical behaviour is discussed. In
Chapter 10, the possibility of inducing the magnetocaloric effect solely as a result of the
mechanical deformation of magneto-mechanical systems is analysed. In the last of the chapters
related to the original research, i.e. in Chapter 11, the magnetic domain evolution in magneto-
mechanical systems at the nano-scale is investigated by means of the Monte Carlo Metropolis
algorithm. Finally, in Chapter 12, final conclusions as well as general discussion of all of the

reported results are provided.
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2. Literature review

As mentioned in the previous chapter, this thesis will focus on novel systems having a
potential to exhibit unusual mechanical properties as well as other types of anomalous
behaviour. In view of this, the first objective of the literature review will be to discuss the
historical development associated with those of the mechanical properties which are going to
be the main subject of discussion in the following research chapters, i.e. negative Poisson’s
ratio, negative compressibility and negative stiffness. In the second part of the literature review,
the historical development of mechanical metamaterials and other systems with magnetic

inclusions is going to be discussed.

2.1 Unusual mechanical properties

2.1.1 Systems exhibiting auxetic behaviour

General overview

Even though the field of auxetics (negative Poisson’s ratio) is still considered to be
relatively new, the first mention of systems exhibiting negative Poisson's ratio was reported as
early as 1928 by Professor Voigt [86]. The term ‘auxetic’ itself, originating from the Greek
word ‘auxetos’ meaning ‘to be increased’ was first proposed many years later in 1991 by
Professor Kenneth E. Evans [39]. In the work published by Prof. Voigt [86], it was proposed
that iron pyrites might exhibit auxetic behaviour, which result was proven to be incorrect in
subsequent experimental work conducted by Simmons [87] and Benbattouche [88]. In these
studies it was argued that in the case of the initial result reported by Voigt, the measured
negative Poisson’s ratio was a result of crystal twinning. In the following years, a number of
independent studies were conducted resulting in numerous publications relating to the

auxeticity of various crystalline structures, such as cadmium [89], barium titanite [90], a-quartz
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[91, 92], rare gas solids [93-95], face centered cubic (fcc) crystals [93], arsenic [96], metals [94,
95], a-cristobalite [97] and thermally-cracked granite [98]. All of these naturally-occurring
structures were a proof to the scientific community that materials exhibiting negative Poisson's
ratio indeed exist and thus are worth being investigated. This belief led to further studies on
materials with a propensity to exhibit negative Poisson’s ratio. One such class of systems are
biological structures, amongst which the most representative examples are those of cellulose
[99-101], cow teat skin [102, 103] and animal shells [104]. It was also reported that certain
parts of a human body may exhibit the discussed characteristics with cancellous bone and a
variety of tissues and dentin [105-111] being the most investigated examples. In the following
years, thanks to a continuation of these studies, auxeticity was proven to be a property of
numerous elements and compounds (including amongst others carbon [112], graphite, graphene
[113], calcium carbonate [114], black phosphorus [115-117], molybdenum sulphide and zinc)

as well as a wide variety of alloys [118-126] and composites [127, 128].

As described in the above paragraph, despite the fact that the concept of auxetic behaviour
might seem to be counter-intuitive as it is not normally observed in the case of materials
available in our everyday life, it is possible to find a number of materials exhibiting negative
Poisson’s ratio in the environment. However, the fact that it is possible to find examples of
auxetic materials in the environment does not mean that it is simple to exploit the benefits of
auxeticity in real practical applications at an industrial scale. In a majority of cases, in order to
use a particular class of materials in the industry, a very large versatility of these systems is
required. This in turn is usually reserved for man-made systems where the properties of the
given system may be tailored during a production process. A pioneer in this field is Prof.
Roderic Lakes who was one of the first scientists to purposely produce a material with a
negative Poisson’s ratio, i.e. auxetic foam [129]. His discovery was not only of great importance

due to its novelty but also because of numerous interesting properties which were later reported
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by scientists investigating these materials. Amongst the most significant ones, one should
mention increased indentation resistance [32, 130-137], shape memory [148-152], shear
stiffness and a potential to be used for damping applications [33, 138-144]. Auxetic foams were
also thoroughly investigated from the point of view of a manufacturing process as it could affect
the mechanical properties of the material. The approach proposed initially by Lakes et al. [129]
was associated with the application of pressure (in all three directions of the Cartesian
coordinate system) to an open-cell foam while increasing the temperature to soften the material.
In the following years, this method was modified in order to allow for a production of larger,
more complex foams capable of exhibiting negative Poisson’s ratio [13, 145-151]. Amongst
the most notable approaches in this respect, it is worth to mention the work of Alderson et al.
[152] who reported a possibility of fabrication of auxetic open-cell foams in a continuous
manner. Some of the other achievements in this field include the work of Friis et al. [130] on
the fabrication of auxetic metallic foams and the technique proposed by Alderson [153] and
Grima [154] to convert a nonauxetic foam into an auxetic one. The last method is analogical to
the one reported by Lakes et al., with chemical treatment being used to soften a conventional
foam instead of an increase in temperature. Numerous attempts were also made in order to
distinguish and quantify a particular mechanism leading to auxetic behaviour of these systems

[155-166].

Another important direction of studies on materials exhibiting negative Poisson’s ratio was
in the field of polymers. The first reports in this field were focused on polytetrafluoroethylene
(often referred to as PTFE) which was proven to have a propensity to exhibit auxetic behaviour
as early as 1989 [167, 168]. This result was later used by Professors Andrew Alderson, Kim
Alderson and Kenneth E. Evans, to lay foundations for the following studies on auxeticity of
polymers and materials exhibiting negative Poisson’s ratio in general. In the following years, a

number of studies relating to these systems were focused on the optimization of the production
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process [169-172], mechanisms governing deformation behaviour and a possible range of

mechanical properties [173-178].

In addition to the classes of systems described above, another very interesting area of
studies on auxetic materials relates to nano-level systems. A pioneer in this field is Professor
Anselm C. Griffin whose work was initially focused on the synthesis of liquid crystalline
polymers [179-185]. Its significance was magnified by numerous studies conducted in the field
of nanotechnology at that time. Over the years, a lot of attention was also devoted to finding a
connection between the deformation mechanisms governing the behaviour of systems at nano-
scale and at a macro-scale [39, 186-190]. Some of the most prominent examples of systems at
nano-level having a capability to exhibit auxetic behaviour are carbon allotropes as well as
related structures amongst which it is worth to particularly highlight systems such as benzene,
graphene, graphene oxide, a variety of carbon nanotubes and prismanes [191-201]. Over the
years, a lot of attention of scientists working in the field of material science who were pursuing
novel systems with the propensity to exhibit auxetic behaviour was also devoted to crystalline
structures, in particular those occurring naturally. Some of the most studied examples of these
systems are zeolites and silicates [189, 202-213] as well as zeolite-type frameworks,

frameworks of oxides [91, 92, 97, 153, 214-218] and body centred cubic metals [94].

Last but not least it is important to note that there is a wide range of mechanical
metamaterials and related devices which can exhibit auxetic behaviour. Many of these man-
made systems were designed based on the theoretical concepts which provided an insight into
the possibility of achieving different types of unusual mechanical behaviour. A pioneer in the
field of such theoretical models is Prof. Wojciechowski with one of the first examples of system
investigated by his group being hard disks [24, 219-232]. Based on his work and subsequent
studies of researchers working in this field, various systems have been applied in different

branches of the industry.
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Different mechanisms leading to auxetic behaviour

Over the years, the rapid development of mechanical metamaterials resulted in a number
of separate directions of studies focused on particular types of these systems. Different classes
of mechanical metamaterials can be primarily distinguished between each other based on the
geometry of the system and the mechanism governing their deformation. Some of the most
studied examples of such classes of auxetic mechanical metamaterials include re-entrant
structures, chiral and antichiral systems, rotating rigid unit systems, hierarchical structures and
mechanical metamaterials with magnetic inclusions. The last three classes of mechanical
metamaterials listed above are going to be discussed separately in more detail in the following
sections of this thesis. This stems from the fact that these particular systems are closely related

to studies conducted as a part of this thesis.

It seems that systems composed of re-entrant honeycombs (see Figure 2-1(a)) are the most
studied examples of re-entrant mechanical metamaterials. These systems were proven to have
a propensity to exhibit auxetic behaviour as early as 1979 when Abd el-Sayed et al. published
[233] their novel work. This study was soon followed by Gibson et al. [234] who through the
theoretical model describing re-entrant honeycombs with a deformation mechanism governed
by flexure of ligaments managed to show that such systems indeed exhibit negative Poisson’s
ratio. In the following years, an attempt was made by a number of researchers to propose a
model which would serve as an even more reliable representation of these systems in reality.
Of particular importance is here the work published by Masters et al. [235], Evans et al. [236]
and Gibson et al. [237], in which studies it was assumed that investigated structures deform via
hinging and elongation of ligaments which mechanisms allow to realistically describe the
discussed systems. Based on the initial work on re-entrant honeycombs which has formed a

foundation for understanding their unusual behaviour, numerous studies were conducted over
16



the years where these systems were investigated from the point of view of their out-of-plane
behaviour [238-241], off-axis mechanical properties [235, 242-246], various geometric designs

[247-251] and the way how they respond to the application of a large stress [19, 252, 253].

Apart from re-entrant honeycombs there are also other types of re-entrant systems which
may exhibit auxetic behaviour. One such example are structures which are often referred to as
STAR-n systems with Attenborough et al. [254] being a scientist who initially proposed this
concept (see Figure 2-1(b) for an example of such system). In the following years, these
structures composed of star-shaped units were investigated in a number of different studies
[270-274] where they were primarily used in order to design systems with a potential to exhibit
negative Poisson’s ratio and negative compressibility. Another interesting example of re-entrant
system which can exhibit auxetic behaviour is a so-called arrow-head system proposed by
Larsen et al. [255] in 1997 (see Figure 2-1(c)). Properties of this system were validated
experimentally in a number of studies [255-259] which indicate that this design is also suitable
for a design of more complex mechanical metamaterials. It is also worth mentioning that there
is a variety of other re-entrant mechanisms which have a propensity to exhibit negative
Poisson’s ratio. As a matter of fact, such systems can also be designed in three-dimensions with
some examples of this approach being studies on a re-entrant version of the tetrakaidecahedron
system [139] (see Figure 2-1(d)) and a modified version of hexagonal honeycombs [260-265] (see
Figure 2-1(e)). Another type of re-entrant system which can exhibit auxetic behaviour is the so-
called “fibril and node” system which concept was initially proposed by Alderson et al. [169, 266]
in 1993. In the following years, it was reported in a number of studies [267-269] that similarly to
their two-dimensional counterparts, these systems can exhibit similar characteristic in three

dimensions (see Figure 2-1(f) for an example of such a system).
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Figure 2-1 Examples of re-entrant systems. Panels show: (a) re-entrant honeycomb system
[233], (b) STAR-4 system [254], (c) arrow-head system [255], (d) re-entrant configuration of
the tetrakaidecahedron system, (e) a 3D arrangement of re-entrant honeycomb cells [Replicated
from [260]] and (f) an example of the so-called “fibril and node” system [267].

Apart from systems described above, there are also other classes of structures which were
proven to have a potential to exhibit auxetic behaviour and have been of particular interest
among scientists working in the field of material science. One such class of systems corresponds
to chiral re-entrant honeycombs which concept was initially proposed by Prof. Wojciechowski
in 1989 [24]. These systems are composed of units (commonly they have a cylindrical shape
but in general these units may also assume other shapes) which are connected to each other by
means of ligaments with these ligaments being tangent to the surface of each of the units to
which they are connected. The deformation mechanism associated with these systems is
normally related to the flexure of ligaments where the extent of this effect depends on the

geometry of a given structure.
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In the pioneering work of Prof. Wojciechowski [24], the concept of the particular chiral
system having a six-fold symmetry was proposed (see Figure 2-2(c)). In the years following
this publication, this system, which is commonly referred to as a hexachiral system, was
investigated experimentally by Lakes [25] and Prall et al. [26] in order to verify its potential to
exhibit auxetic behaviour. As a result of these studies, it was proven that this system exhibits
an isotropic Poisson’s ratio equal to -1. Another fundamental development in this field was
made by Sigmund et al. [27, 28], who proposed a novel system where square-like units were
connected by means of ligaments in a way resembling the diagram shown in Figure 2-2(e). This
geometry, despite being seemingly similar to the structure mentioned above, deforms in a way
resulting in units assuming alternate positions within the system rotating in opposite directions.
This is very different from the behaviour observed in the case of the hexachiral system described
above where all of the units rotate in the same direction during the process of deformation. In
order to make a distinction between these two types of structures, more specifically systems
corresponding to one of the two types of deformation described above, in 2000 it was proposed
by Prof. Grima to refer to such systems as anti-chiral systems. At this point it is also worth to
mention that in addition to geometries described above, the concept of trichiral and anti-trichiral

re-entrant honeycombs (see Figure 2-2) was proposed in 2010 by Alderson et al. [29].
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Figure 2-2 All of the possible space-filling configurations of chiral and anti-chiral honeycomb
systems. More specifically, panels (a), (b) and (c) show tri-, tetra- and hexachiral honeycomb
systems. Panels (d) and (e) correspond to anti-trichiral and anti-tetrachiral structures.

Even though both chiral and anti-chiral systems may assume complex shapes, there is a
very limited number of designs of these systems which may form space-filling configurations.
As a matter of fact, as discussed by Alderson et al. [270], space-filling chiral systems may only
assume n-fold symmetries which correspond to n = 3, 4, 6 (see Figure 2-2(a)). On the other
hand, as discussed by Grima et al. [271], the anti-chiral systems may only form a space-filling

configuration for n = 3, 4.

Apart from the studies on the design of chiral and anti-chiral honeycomb systems, these
structures were also a subject of numerous [26, 270-275] studies focused on the analysis of their
potential to exhibit auxetic behaviour. Another aspect which was thoroughly investigated is the
effect which the variation in the thickness of ligaments and other geometric parameters has on
mechanical properties of discussed systems [270-273]. Chiral honeycomb systems were also
analysed in terms of their out-of-plane mechanical properties. This direction of studies turned
out to be very successful as among other results it was reported that the discussed systems

possess an enhanced resistance to transverse shear [276] and that due to the presence of nodes
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they also exhibit a large resistance to the in-plane compression as their ligaments buckle out of
plane [277-280]. In 2012, it was also reported that these systems have a propensity to exhibit
negative Poisson’s ratio in the case of large strains [281]. This result indicates that the unusual
mechanical properties of chiral systems can be utilised in a variety of applications requiring
both small and large extent of deformation. At this point, it is also worth to mention some of
the more recent studies relating to chiral and anti-chiral honeycomb systems which were
primarily focused on the connectivity within the structure [282] and the effect which the

introduction of the disorder to the system has on its properties [283].

Rotating rigid unit systems

According to the currently accepted definition, rotating rigid unit systems (RUMS) consist
of a set of perfectly rigid elements connected at vertices by means of point-like hinges. It is
assumed that the shape of these units cannot be distorted during the process of deformation
which manifests itself by a change in the angle of aperture between adjacent units. This in turn

results in a rotation of rigid units.

In recent years it was proven that rotating rigid unit systems may exhibit auxetic behaviour,
which result was first reported by Professor Ole Sigmund [284]. In his work, it was shown that
periodic systems constructed both in two and three dimensions may lead to a wide range of
Poisson’s ratio. The model initially proposed by Sigmund consisted of two squares rotating in
opposite directions, which was supposed to represent the behaviour of the auxetic structure. In
the following years, a more simplified and hence more applicable approach was proposed by
pioneers in the field of auxetic systems, namely Professors Joseph N. Grima and Kenneth E.
Evans [202] as well as Professors Yoshihiro Ishibashi and Makoto Iwata [285]. In these models,

it was assumed that the adjacent rigid units were connected at vertices by means of hinges. It

21



was also shown that the hinging process could be governed by a harmonic potential, which in
practise could be realized throughout the use of springs attached to appropriate vertices of the

structure.

The first studies on rotating rigid unit systems were focused on two-dimensional periodic
systems having a simple polygon as an elementary rigid unit of the system which in turn was
used to form a unit-cell of a theoretical crystal. One of the first models corresponding to such
systems was based on squares [2]. This work turned out to be of great significance as it was
shown that the investigated model is an isotropic structure with a Poisson’s ratio of -1 which
(as it was already mentioned) is the lowest possible value for isotropic materials. This result
was soon followed by similar models addressing different types of polygons used as an
elementary rigid unit. Some of the most studied examples of this approach are based on

rectangles [3, 286, 287], triangles [288-292], parallelograms [202, 293, 294] and rhombi [287,

295, 296].
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Figure 2-3 A diagram showing different possible connectivities of rotating rigid units systems
constructed by means of different type of quadrilaterals, namely squares, rhombi, rectangles
and parallelograms [Replicated from [297]].
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Besides different geometries of individual units, another important aspect associated with
rigid unit systems is their connectivity within the structure. Of particular importance is the work
of Professor Joseph Grima [287], where it was shown that the particular way how the rigid
elements are connected at vertices may significantly affect the mechanical properties of the
investigated system. In other words, the same set of rigid units connected in a different manner
may lead to different values of the Poisson’s ratio. A very good example of this are systems
constructed by means of rotating rigid rectangles referred to as Type | and Type Il (see Figure
2-3). Mathematical models established to assess their mechanical properties show that Type |
structures are anisotropic and may exhibit Poisson's ratios ranging between negative and
positive values depending on the angle of aperture within the system. This is in sharp contrast
to the Type 1l system found to be isotropic with a Poisson's ratio equal to -1 irrespective of the
value of the angle between the rigid units. This study was later extended to other rotating rigid
unit systems such as ones constructed from parallelograms and rhombi [293, 297] to deduce the
effect of the various possible connectivites of the units constituting these networks. A similar
approach concerning changes in the connectivity of the rotating rigid unit system (having a
particular type of polygon as an elementary unit) in order to alter mechanical properties of the
system, was later applied in the case of geometries such as parallelograms and rhombi [203,
293, 297]. It is also interesting to note that elementary rigid units having a very simple geometry
may in general lead to a wide variety of connectivities. A good example are systems constructed
from parallelograms, in which case the structure composed of such simple quadrilaterals can be

connected in four different ways.
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Figure 2-4 Panels show: (a) a system consisting of two types of differently-sized squares
connected at vertices proposed by Grima et al. [2] [diagram adapted from [2]] (b) a system
constituted by two types of differently-sized rigid rectangles connected at vertices proposed by
Grima et al. [298] [Taken from [298]].

Another interesting direction of studies on rotating rigid unit systems relates to the use of
differently-sized units within the same system. The first person to propose this concept was
Professor Joseph Grima in his paper [2] published back in 2000. In his work it was shown that
one may construct a system exhibiting negative Poisson’s ratio upon connecting differently-
sized squares at their vertices (see Figure 2-4(a)). A similar concept involving the use of two
types of differently-sized rotating rectangles [298] was proposed in 2011 (see Figure 2-4 (b))
in which work it was reported that the investigated system exhibits an on-axis auxetic behaviour
irrespective of the size and shape of rectangles. Moreover, upon changing the relative shape of
rectangles one may change the mechanical properties (their magnitude) for loading in a
particular direction. This work was of great significance as it showed that it is possible to alter
the system in a way which would make it mimic the geometry of certain types of crystalline
structures. This was not possible in the strongly idealised unimode rotating rigid systems having
only one type of elementary unit constituting the system. Another approach aimed towards
increasing the versatility of rigid unit systems was proposed by Professor Holger Mitschke. The
main objective of his work [299-301] was to come up with different periodic systems exhibiting
negative Poisson’s ratio with such structures being constructed by means of two or more
different types of rigid units (see Figure 2-5). Moreover, in his work it was shown how the solid
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rigid units can be replaced by rigid rods forming an analogical shape, which approach may

prove to be particularly useful in computational studies involving molecular dynamics.

Figure 2-5 A diagram presenting the use of a few different types of polygons to form a periodic
system capable to exhibit a negative Poisson’s ratio [Adapted from [299]].

Even though the rotating rigid unit systems are usually associated with two-dimensional
structures, it is also possible to design analogical structures in three dimensions. Some of the
first models describing this concept were proposed by Alderson et al. [91, 214, 215, 302] with
these studies being focused on the deformation of tetrahedral frameworks. In another work,
Attard et al. [303] proposed a mechanical metamaterial composed of cubic rigid units (see
Figure 2-6(a)) which was proven to have a potential to exhibit auxetic behaviour. This work
may also serve as a blueprint showing that it is possible to implement the concept commonly
used in two dimensions in order to design three-dimensional counterparts of these systems. It
is also worth to highlight the fact that there is a number of papers [304, 305] where analogical
systems are constructed by means of elastic materials. A good example of this approach is the
work by Shen et al. [304]. In his study, a cellular three-dimensional material was investigated
(see Figure 2-6(b)) which, despite the use of an elastic material, deforms primarily via rotation

of its units (especially for relatively small deformations). It was also reported that even in the
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case of very simple geometries used to produce a periodic three-dimensional structure, it is
possible to model a system exhibiting negative Poisson’s ratio in all three main directions.
Another interesting approach associated with three-dimensional auxetic structures corresponds
to the use of two-dimensional rotating rigid unit systems arranged in a non-planar conformation.
A very good example of this concept is the work by Gatt et al. [306], where the system of
rotating squares (analogical to the one proposed by Grima et al.) was folded into a tubular stent-

like conformation.
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Figure 2-6 Panels show: (a) a model composed of rotating rigid unit cubes arranged in a 3D
configuration [Taken from [303]] and (b) an experimental realisation of the three-dimensional
cellular structure proposed by Shen et al. [304].

Despite their relative simplicity, over the years, systems constructed from rigid units
connected at their vertices were proven to provide a reliable description of real (more complex)
systems. It was also reported that these systems may mimic the behaviour of real systems with
sizes ranging between nano and macro-scale, which makes them a perfect tool to simulate a

large variety of materials used in industry.

One of the most common examples of this approach at micro-scale is associated with the
use of RUMs as the most significant mechanism governing deformation of foams [291, 307].

This concept stems from the fact that in foam cells, in the vicinity of joints, one can observe a
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significantly larger amount of material than is the case for ribs. Thus, the joints tend to be stiffer
than the rest of the cell structure, and behave as quasi-rigid units during the deformation
process. As a result, the ribs within the cells start to buckle as schematically shown in Figure
2-7. In this case, the behaviour of the system can be loosely described by means of a theoretical
system of rotating triangles, which proves that even complex systems might be modelled by
means of rigid units systems. A confirmation of this result (involving the use of 3D X-ray micro-
tomography) was provided by McDonald et al. [163, 308].

heat /

conventional COMPIEsSION  qyxetic load irregular
foam foam foam

Figure 2-7 A diagram showing that a deformation of a foam might be modelled by means of
rotating rigid units systems [Adapted from [307]].

As described in the section devoted to a general overview of auxetic systems, there is a

large number of systems at the nano-scale [202-205, 209, 214-216, 309-316] which can exhibit
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negative Poisson’s ratio. As a matter of fact, it was also proven that the behaviour of a number
of these systems can be represented by rotating rigid unit systems with some of the most studied
examples being silicates, zeolites and various zeolite-based frameworks. Another interesting
direction of studies relating to this concept is associated with the use of rigid units to model
thermal expansion of these structures [46-51, 289, 317]. This was possible due to the fact that
vibrations of respective units within molecules of crystalline structures tend to be highly
symmetric which process resembles rotations of rotating rigid units with respect to a certain

equilibrium angle.

In recent years, mostly due to rapid developments in 3D-printing and experimental
techniques [9, 318, 319], a lot of attention was devoted to auxetic perforated materials [5, 9].
These macroscopic structures are often designed in a similar manner to rigid unit systems
known from the literature. The main difference between theoretical rotating rigid unit and
perforated systems is the fact that in the case of the latter class of materials, the units constituting
the system cannot be connected by means of point-like hinges. Instead, the adjacent units are
connected with each other by means of an additional amount of material which makes it more
difficult for the units to rotate. Moreover, it was reported that the smaller the amount of material
used to connect respective units, the easier it is for the system to deform [320]. It was also
shown that upon decreasing the amount of material used to connect neighbouring units, a

description of the system by means of theoretical rigid units becomes more reliable.

Last but not least it is also important to mention that similarly to systems at different scales
described above, rotating rigid unit systems may also be used in order to mimic the deformation
mechanism associated with other types of mechanical metamaterials (e.g. chirals, perforated
materials etc.). This concept was thoroughly investigated by Professor Lim, who is one of the
pioneers in the field of auxetic materials and related systems, in his recent work [321], where

analogies between the deformation mechanism corresponding to different types of mechanical
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metamaterials such as: rotating rigid units, perforated materials and chiral structures etc. were

presented.

Figure 2-8 Graphical representation of different mechanical metamaterials corresponding to a
common deformation mechanism [Taken from [321]].

Hierarchical systems

Over the years, the concept of hierarchy in nature has been investigated by numerous
scientists. It is normally assumed that a given system is a hierarchical one if it consists of
substructures having their own structure. This concept was first proposed by Professor Roderic
Lakes in his famous paper published back in 1993 [322]. In his work, a convention for the way
how the respective levels of the hierarchical system should be referred to was proposed (Level
0 corresponds to the most elementary unit constituting the system). Furthermore, according to
recent studies, one may find examples of hierarchical systems occurring naturally in our
environment. Some of the more studied examples of such structures are wood [323] (tree trunks,
branches etc.), insect wings [324] (in particular dragonfly wings were investigated) and bones

[325].
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Figure 2-9 Hierarchical systems composed of honeycomb units forming elementary building
blocks of the structure. Panels shown: (a) model proposed by Oftadeh et al. [Taken from [326]]
and (b) model proposed by Mousanezhad et al. [Taken from [327]].

In the last couple of years, a lot of attention was devoted to two-dimensional hierarchical
systems constructed by means of simple elementary units corresponding to known designs of
non-hierarchical mechanical metamaterials. One of the first examples of such systems was
proposed by Oftadeh et al. in his paper [326] published in 2014. In his work, the system
composed of simple hexagonal units [326, 328] forming larger triangular motifs was discussed
(see Figure 2-9(a)). It was shown that upon increasing the level of hierarchy such system may
result in a fractal-like geometry (see Figure 2-9(a)). The process of increasing the hierarchy of
the system was also reported to increase the effective elastic modulus of the structure without
an increase in the density. A similar concept was published one year later by Mousanezhad et
al. [327] for the system shown in Figure 2-9(b) where the considered structure could deform
both via the rotation of subunits and buckling of the material. Another interesting work
associated with hierarchical materials was the study published by Cho et al. [329]. In this work,
it was shown that perforated materials can be used to design systems where the geometry of
subunits resembles rigid units systems (see Figure 2-10(a)). It was also discussed that the use
of hierarchy allows the fully-stretched system to achieve significantly larger area than would
be the case for a similar system which does not utilise this concept. Another work where a

similar structure was investigated was published by Gatt et al. [330]. In this work, it was shown
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that one may design a hierarchical structure upon connecting rigid squares at vertices in a
manner shown in Figure 2-10(b). This work also investigated different types of connectivities
of subunits that can be used to construct the hierarchical system. All of the discussed structures
were investigated numerically by means of Materials Studio software which led to the
conclusion that such systems, similarly to unimode rotating squares, can exhibit auxetic
behaviour. It was also proposed that hierarchical systems may be used in a variety of biomedical

applications ranging from stents to skin grafts which utilise their enhanced mechanical

properties.
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Figure 2-10 Panels show: (a) a diagram presenting a perforated fractal-cut model of the
hierarchical mechanical metamaterial proposed by Cho et al. [Taken from [329]] and (b)
different models proposed by Gatt et al. which present different ways of how elementary units
consisting of rigid squares may form a hierarchical system [Taken from [330]]. On panel (b)
different colours were used in order to highlight different levels of hierarchy within the

structure.

The work of Cho et al. and Gatt et al. commenced a series of studies [320, 331-333] on
similar systems to those shown in Figure 2-10(b) where similarly to the conclusions raised by

the aforementioned authors it was confirmed that these systems can be expanded to a
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particularly large extent while exhibiting negative Poisson’s ratio. In addition to that, in the
recent work by Seifi et al. [333], the possible extent of deformation of the discussed system
was specified. Furthermore, in the paper published by Kunin et al. [320] it was reported that
angles corresponding to respective levels of the hierarchical system are mutually independent.
This means that based on a particular angle associated with a particular level of the structure it
IS not possible to determine the geometric configuration associated with the remaining levels.
This observation is of great significance as it indicates that one cannot use a static approach in
order to investigate the deformation process of analogical hierarchical systems. At this point, it
is also worth to mention that these systems were investigated [320, 331-332] from the point of
view of analysis of phonon dispersion graphs in order to evaluate their suitability for wave
propagation. Last but not least it is important to mention the work published recently by Li et
al. [334] where the potential of a novel hierarchical mechanical metamaterial composed of
honeycomb-based unit cells to exhibit energy absorption and related properties was
investigated. More specifically, depending on the level of hierarchy of the structure (see Figure
2-11(a)), it was shown that the system responds differently to a collision with an external body
(see Figure 2-11(b)). This inturn, as reported by Li et al. [334] could lead to a design of acoustic

dampers and tunable membrane filters.

32



I IR YSIRISXSIRIaN
IR XA XSXATSISXRIX
RIS XS TX T Ly TXy
DX X X XX F KT XXX

Time= 0 Time- 00361 T = 005841 T~ 007821

TIITTS I ISISISIN
I3IISIIITITIIILT
i L s e

TEIS I IS IS IoTaT
TETEIyIsirizIzIs
TIITIITIITTITLTLN
P i iR iR gt

(d)

Figure 2-11 A hierarchical structure composed of elementary units in the form of re-entrant
honeycombs. Panels show: (a) unit-cells corresponding to different levels of hierarchy, (b), (c)
and (d) reaction of the hierarchical structure corresponding to different levels of hierarchy (n)
upon being subjected to the collision with the external body [Taken from [334]].

2.1.2 Systems exhibiting negative compressibility

Even though compressibility is one of the most fundamental mechanical properties, the
existence of materials exhibiting negative compressibility has not been reported until 1972. In
this year, Gunton et al. published an article where it was stated that negative area

compressibility can be observed in the case of the trigonal phase of arsenic [335]. This result
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was soon reported to be incorrect. As explained in the following years by Morosin et al. [336],
this incorrect result was caused by an inaccurate measurement. Soon afterwards, a number of
papers were released where the presence of negative linear compressibility in the case of
crystals such as cesium dihydrogen phosphate [337] and phase 5 of an orthorhombic
paratellurite at high pressure (TeO) [338] was reported. Despite these studies, the person who
is considered as a pioneer in the field is Prof. Ray H. Baughman who in 1998 published a
famous work [72] where it was reported that rare crystal phases may exhibit both negative linear
and area compressibility. The work of Prof. Baughman resulted in further studies by scientists
from the field of material science on systems having a potential to exhibit negative
compressibility in at least one direction (as discussed in the Introduction, in general materials
cannot exhibit negative volumetric compressibility), with some examples being systems such

as zinc dicyanoaurate [339], KMn[Ag(CN)2]s [340] and methanol monohydrate [341].

Apart from studies on negative compressibility systems such as crystals and different
chemical compounds, a new direction of studies in this field lies in the design of mechanical
metamaterials to exhibit such a characteristic. This concept is of particular importance, as
similarly as in the case of other mechanical properties, mechanical metamaterials may be tailor-
made in order to exhibit a particular type of compressibility which makes them suitable to be
used in industry. One of the most studied examples of these systems which have a potential to
exhibit negative compressibility in at least one direction are wine-rack systems. These systems
are based on the concept of rigid rods connected to each other with hinging being the
mechanism governing their deformation. The first work where this concept was proposed was
published by Weng et al. [342] (see Figure 2-12(a)), with this idea being further developed by
Grima et al. [343]. Apart from deriving analytical expressions describing negative linear
compressibility of the wine-rack system [344, 345], Grima et al. has also reported [343] this

effect in the case of honeycombs (see Figure 2-12(b)). Furthermore, one year later he extended
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this concept to the three-dimensional model of dodecahedron [261] (as shown in Figure 2-12(c))
which is an example of a cellular structure. Other three-dimensional cellular systems which
were recently reported to exhibit negative linear and area compressibility and deform
analogically to the wine-rack mechanism include the hexahedron (see Figure 2-12(d-1)) and the
octahedron model [346] (see Figure 2-12(d-ii)). It is also worth to mention a recent work by
Lim et al. [347] where two types of mechanical metamaterials deforming analogically through
the wine-rack mechanism were reported to have a potential to exhibit negative area
compressibility. One should also note that analogical behaviour to the wine-rack system can be
also observed at the molecular level with one of the most recent examples being the work by

Grima et al. [348].

Figure 2-12 Panels show: (a) a conceptual representation of the wine-rack structure [Taken from
[342]], (b) hexagonal structure exhibiting NLC [Taken from [343]], (c) a 3D model of
dodecahedron [Taken from [261]], (d) cellular systems capable of exhibiting NLC [Adapted
from [346]] and (e) novel system having a potential to exhibit NAC [Adapted from [347]].
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Another important recent study is that by Qu et al. where the novel concept of mechanical
metamaterials exhibiting negative effective compressibility is proposed [349]. This statement
may seem to be confusing at first as in general materials cannot exhibit negative static
volumetric compressibility with the justification being provided in the Introduction section of
this thesis. On the other hand, one should distinguish between effective negative compressibility
and negative compressibility as even though very similar, both of these quantities are different.

Effective compressibility is defined as:

1 (v,
ﬂv,eff :__( u j 2-1
T

where, p stands for the external hydrostatic pressure, T represents temperature and Ve is the
effective volume. This expression is almost identical to the definition of the static volumetric
compressibility with the only difference being the fact that the volume V is replaced by Vef.
The difference between V and Vet can be particularly visible in the case of porous materials
where the size of pores can be too small to be visible with the naked eye. In such cases, it is
possible that the material seemingly experiences a decrease in its perceived volume Vest while
at the same time the actual volume V corresponding to the constituent material is being
decreased. In the situation described above, Ve can assume negative values without
contradicting the conservation of energy principle. This concept was proposed and validated
numerically for a model shown in Figure 2-13. An additional confirmation was provided by

these authors in their recent experimental study [350].
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Figure 2-13 Panels show: (a) a unit-cell and the structure before an increase in the hydrostatic
pressure and (b) the analogical system after an increase in the hydrostatic pressure [Taken from
[349]].

Apart from systems deforming solely as a result of the hinging of connected perfectly rigid
rods there are also other types of systems which can exhibit negative compressibility. One such
example are truss-type systems composed of several types of materials which respond
differently to a change in pressure. The first work utilizing this concept was published by Grima
et al. [351]. In this work, it was shown that different Young’s moduli of constituent materials
may affect the compressibility exhibited by the system. This effect was investigated both for
two (see Figure 2-14(a)) and three-dimensional models (see Figure 2-14(b)) being composed
of a varying number of materials. Based on the presented results it was concluded that these
system may exhibit both negative linear as well as area compressibility with the possibility of
controlling the magnitude of both of these effects by means of appropriate parameters. In
another work [76], Gatt et al. reported that it is also possible to use bimaterial constituents in
order to design mechanical metamaterials exhibiting the discussed characteristic. Another class
of systems with a propensity to exhibit negative compressibility and numerous other types of

negative behaviour was proposed by Prof. Lakes and Prof. Wojciechowski in 2008. In their
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work [75], it was first shown using a simple model composed of uniaxial pistons connected by
springs that systems analogical to the structure presented in Figure 2-14(c) may exhibit negative
compressibility as well as other types of unusual mechanical properties including negative
thermal expansion. In the same work, it was also shown that this simple one-dimensional model
can be extended in order to design a two-dimensional mechanical metamaterial exhibiting
similar characteristics. In a more recent study [352], Hewage et al. used the concept proposed
by Prof. Lakes and Prof. Wojciechowski to experimentally investigate properties of an

analogical system for a variety of interactions between neighbouring units.
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Figure 2-14 Different systems having a propensity to exhibit negative compressibility in at least
one direction. Panels show: (a) a two-dimensional truss-type structure composed of two
different materials [Taken from [351]], (b) an equivalent concept presented in 3D [Taken from
[351]], (c) One dimensional model composed of pistons connected to each other by springs
[Taken from [75] and [347]], (d) a two-dimensional model which is equivalent to the model
shown on panel (c) [Taken from [75]] and (e) an experimental model working on a similar
principle as the model shown on panel (d) [Taken from [352]].
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In this thesis, it was already discussed that rotating rigid units systems may exhibit
anomalous mechanical behaviour in the form of the negative Poisson’s ratio. As it turns out,
these systems if appropriately designed may also exhibit negative compressibility in at least
one direction. The first example of this approach was reported by Grima et al. [290] where the
system of generic rigid triangles connected at vertices was investigated (see Figure 2-15(a)). In
the more recent study [353], it was also shown that negative compressibility is possible for
different quadrilaterals connected to each other at vertices as shown in Figure 2-15(b) taking
type | rotating rectangles as an example. It was also reported that the extent of NLC in such

systems depends on geometric parameters describing a given structure.
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Figure 2-15 Different types of rotating rigid unit systems which are known to have a propensity
to exhibit negative linear compressibility. Panels show: (a) generic rotating rigid triangles
[Taken from [290]] and (b) Type I rotating rigid rectangles [Taken from [353]].

2.1.3 Systems exhibiting negative stiffness

Even though studies associated with systems exhibiting negative stiffness were started as
early as 1957 [354] it had been many years until research in this area provided results which
could be applied in industry. The mathematical formulation of negative tangent (incremental)
stiffness was proposed several years later by Cenap Oran [355] whose research paved the way
for a number of studies that pointed to several mechanisms associated with negative stiffness

materials. One of the first studies in this field was commenced by Thompson et al. in 1979
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[356] who proposed that systems of constrained buckled beams are unstable. Many years later,
this concept was confirmed by Chan et al. [357] who also observed that such behaviour may
lead to negative stiffness. This study was soon followed by that of Wang and Lakes [77] who
showed that buckled beams (see Figure 2-16(a)) may use their stored energy to contribute to
the deformation rather than oppose it. This in turn, as discussed by these authors, is a
manifestation of negative stiffness. In their work, it was also observed that systems exhibiting
negative stiffness are unstable and should one remove the constraints then they would try to
assume one of the energetically favourable conformations. This mechanism is the origin of the
discussed mechanical property. Also, as stated by Falk et al. [358], negative stiffness in elastic
materials may be observed only if the energy plotted with respect to displacement has at least
two local minima. Wang and Lakes also reported that it is possible to replace the buckled beam
with pre-loaded connected springs in order to observe an analogical characteristic. In the
following years, many scientists continued efforts associated with studies on pre-buckled beams
having a propensity to exhibit negative stiffness. Most notably, in 2008 Yap et al. [78] showed
that negative stiffness can be achieved in multiwalled carbon nanotubes (see Figure 2-16(b)).
In this work, apart from verifying the results observed at the macroscopic level it was also
suggested that these nanotubes can be used to design composites at the nano-scale which would
have a potential to exhibit anomalous mechanical behaviour such as negative stiffness. Another
interesting study was reported by Kashdan et al. [359] where it was shown that the concept of
the constrained buckled beam may be modified by an addition of another spring (see Figure
2-16(c)). It is also important to mention the work by Coulais et al. [79] where the concept of
the pre-buckled beam exhibiting negative stiffness was modified by the introduction of evenly-
distributed apertures on the beam itself (see Figure 2-16(d)). Last but not least, the most recent
contribution to the field of pre-buckled beam-like systems exhibiting negative stiffness was

reported by Cortes et al. [360]. In this work, it was shown that a pre-buckled beam may be used
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in order to design a piston-like subunit. It was also discussed what would happen with properties
of such system should one insert it into a polymer matrix (see Figure 2-16(e)). A similar concept

associated with honeycomb-like materials was also reported in [361, 362].
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Figure 2-16 Panels show: (a) theoretical concept of the buckled beam [Taken from [77]], (b)
carbon nanotube exhibiting analogical behaviour to the buckled beam [Taken from [78]], (c) a
buckled beam with an additional spring [Taken from [359]], (d) a buckled beam with additional
apertures [Taken from [79]] and (e) buckled beam forming a piston-like mechanism submerged
into a polymer matrix [Taken from [360]] .

Another area of study where the use of the concept of negative stiffness has been of great
significance are composites with negative stiffness inclusions. The pioneer in this field is Prof.
Lakes and his group who in 2001 published an experimental paper [363] where it was shown
that it is possible to achieve a stable positive stiffness composite upon inserting negative
stiffness inclusions into a matrix despite the fact that such inclusions would be unstable if
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considered separately. To achieve this effect, Lakes et al. inserted negative stiffness inclusions
in the form of ferroelastic vanadium dioxide into a positive stiffness tin matrix. It was also
reported that introducing such inclusions in the system makes it possible to increase the stiffness
of the whole composite [364] with the extent of this effect being even greater than in the case
of diamond inclusions. This in turn, as suggested by these authors, could make such materials
suitable for applications such as superior vibration damping devices. A similar suggestion was
also made by Lakes et al. in his following papers [365-368] which discussed extreme damping
observed in composites with negative stiffness inclusions. In the same year, Wang et al. [369]
suggested that composites with negative stiffness inclusions may lead to anomalous coupled
field properties such as piezoelectricity and negative thermal expansion. In 2007 Jaglinski et
al. [370] went as far as to show experimentally that the effect of stiffening of the resultant
composite may lead to a stiffness greater than that of diamond (it was also shown that a similar
effect of stiffening may be achieved upon combining elements with negative and positive
Poisson’s ratio [371, 372]). This novel result (up to this point it has not been confirmed
experimentally) was obtained for a composite composed of a metal matrix with barium-titanate
inclusions (see Figure 2-17(a)). In the following years, the concept of stiffening of a composite
as a result of the introduction of negative stiffness elements to the system was described and
quantified by means of a theoretical model proposed by Drugan in 2007 [373]. Another
interesting work [374] in this field was published by Kochmann et al. who showed that similar
behaviour may be observed should one consider a negative stiffness cylinder with a positive
stiffness coating (see Figure 2-17(b)). This concept was developed even further by these authors
in their next study on this subject [375] where they showed that it is possible to achieve an
arbitrarily large value of positive stiffness for the analogical system upon allowing it to rotate.
A few years later, Dyskin et al. [376] proposed a concept of an elastic composite where isotropic

negative stiffness inclusions having a cylindrical shape are inserted into an isotropic matrix
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with a positive stiffness (see Figure 2-17(c)). In this work, it was shown that depending on the
concentration of such inclusions within the matrix, the resultant composite may exhibit very
different types of behaviour in terms of stiffness. More specifically, by means of the theoretical
model, it was shown that if the number of cylindrical inclusions does not exceed a particular
threshold value then the whole composite exhibits positive stiffness having its value enhanced
in comparison to the stiffness of the matrix. On the other hand, if this threshold value is
exceeded the contrary is observed, with the system exhibiting unstable behaviour corresponding
to negative stiffness. At this point, it is also worth to mention that the studies described above
were followed by a number of different research projects [377-380] associated with the use of
negative stiffness inclusions in mechanical systems at different scales (see Figure 2-17(d) for

an example of such system [379]).
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Figure 2-17 Panels show: (a) figure of the composite investigated by Jaglinski et al. [370],
where black dots indicate negative stiffness inclusions and the remaining grey-scale
background is a positive stiffness matrix [Taken from [370]], (b) cylindrical composite
proposed by Kochmann et al. [Taken from [374]], (¢) model investigated by Dyskin et al.
[Taken from [376]] and (d) composite proposed by Chronopoulos et al. [Taken from [379]]).
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Negative stiffness is a property which is particularly required in the case of vibration
damping devices. As a result, there has been a large number of studies [381-387], where a
variety of mechanical devices were reported to have a propensity to exhibit such a
characteristic. From the point of view of this thesis, of particular interest are those devices
which make use of magnetic interactions in order to induce a required type of stiffness as
opposed to other types of physical interactions. As reported by Feldman [388], negative
stiffness can also be achieved as a result of interaction of attracting magnets. Over the years,
this concept has resulted in a number of studies where different configurations of magnets were
used in vibration damping devices which exhibit the required properties. One of the prime
examples of this approach is the work by Carrella et al. [381] (see Figure 2-18(a)) where the
proposed damper was composed of three uniaxial magnets with an additional spring being the
source of the positive stiffness. In this work it was shown that, depending on the ratio of the
strength of magnets with respect to the stiffness constant associated with springs, such a
structure may exhibit positive or negative stiffness. It was also reported that this system may
undergo a transition from one type of stiffness to another during the process of mechanical
deformation which corresponds to a change in the distance between respective magnets. A
similar concept was reported one year later by Robertson et al. [389], with the difference being
lack of springs in the design of the mechanism (see Figure 2-18(b)). In the same year, Ravaud
et al. [390] showed that it is also possible to arrange magnets in a way shown in Figure 2-18(c)
in order for the structure to exhibit negative stiffness (a similar more recent concept can be
found in [391]). As reported by the authors of this work, such a configuration may also serve
as a bearing in the case of devices which require near zero friction on their axis of rotation in
order to operate. Some other more complex devices [392-394] were also proven to have a
potential to exhibit negative stiffness in the following years. Amongst more recent studies in

this field, it is worth to mention the work by Wu et al. [395] who in 2014 proposed a novel
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concept concerning the magnetic “spring-like” mechanism which was reported to exhibit
negative stiffness (see Figure 2-18(d)). One year later, Shi et al. [396, 397] managed to
construct experimental prototypes of magnetic vibration damping devices which are based on
some of the concepts proposed in previous years (see Figure 2-18(e)). According to his study,
analytical predictions made in the past were indeed correct where the considered systems

showed a propensity to exhibit negative stiffness.
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Figure 2-18 Panels show: (a) uniaxial attracting magnets with an additional spring offering
positive stiffness to the system [Taken from [381]], (b) model composed of uniaxial magnets
proposed by Robertson et al. [Taken from [389]], (c) concept corresponding to uniaxial
magnetic rings proposed by Ravaud et al. [Taken from [390]], (d) structure acting as magnetic
spring [Taken from [395]] and (e) examples of structures investigated experimentally by Shi et
al. [Taken from [396]].
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At this point it is also worth to mention the recent work published by Hewage et al. [352],
where using an experimental prototype motivated by the concept proposed initially by Prof.
Lakes and Prof. Wojciechowski [75], it was shown that it is possible to design complex
mechanical metamaterials which can exhibit several unusual mechanical properties (including
negative stiffness) at the same time. This indicates, that soon it may become possible to combine
the benefits associated with negative stiffness and other unusual materials such as auxetics at
the industrial scale in order propose novel applications which could lead to a potential
breakthrough in the field of material engineering. As a matter of fact, even nowadays when
negative stiffness devices do not normally exhibit several other anomalous properties, these
systems are very useful in a number of everyday applications such as isolation of vehicle seat
vibrations [398], isolation of vibrations in railroads [387] and minimisation of the seismic

response of a building [399, 400].

2.2 Mechanical metamaterials and other systems with magnetic

Inclusions

As discussed in the former chapters, despite a significant number of conducted studies,
materials exhibiting anomalous auxetic behaviour constitute a still relatively new branch of
material science. One of the most recent directions of studies in this field is associated with
materials having magnetic inclusions where the behaviour of the system can be influenced by
internal magnetic interactions between inclusions or the interaction of inclusions with an
external magnetic field. One of the first studies involving the concept of magnetic inclusions in
auxetic systems was the work of Scarpa et al. [401] where the suitability of polyurethane foam
for sound absorption was discussed. More specifically, it was shown that the potential of

investigated foams to exhibit acoustic absorption properties becomes additionally enhanced by
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the insertion of micro-sized carbonyl iron particles into the system in the presence of an external

magnetic field. In another study conducted by this author [402], mechanical, acoustic and

electromagnetic properties of polyurethane foams with magnetic inclusions were analysed

experimentally. Among other results, in this work it was reported that as in conventional foams,

the insertion of magnetic particles into the system results in an increase in the refractive index.

Another work relating to electromagnetism in the case of mechanical metamaterials is the work

published by Smith et al. [403] where electromagnetic properties of re-entrant dielectric

honeycombs were discussed. More specifically, it was shown that the permittivity of the system

changes upon varying the geometric parameters of the structure which as suggested by the

authors, may prove to be useful in electromagnetic window applications.
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Figure 2-19 Systems of thin magnetic films having a potential to exhibit auxetic behaviour
shown schematically in the case of (a) a theoretical work reported in [404] [Adapted from [404]]
and (b) experimental work involving the use of CoFe>O4[Taken from [123]].
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The above studies conducted by the group led by Prof. Scarpa were soon followed by other
researchers who shared the interest in the possibility of controlling / affecting the properties of
a system by the use of magnetic inclusions. One such direction of studies was the work
conducted by Prof. Dudek and Prof. Wojciechowski where the potential of ferrogels to exhibit
auxetic behaviour was investigated by means of computer simulations (molecular dynamics
simulations) [405]. In their work, the investigated structure was represented by a nonmagnetic
polymer with magnetic grains having their motion governed by Landau-Lifshitz-Gilbert
equation [482]. In the following study [404], these authors investigated mechanical properties
of a thin magnetic film exposed to an external magnetic field. In this work, the structure
consisted of hexagonal units with inclusions in the form of magnetic nanoparticles where the
units were connected to each other by springs corresponding to chemical bonds (see Figure
2-19(a)). Amongst other results, the authors proved that such system may indeed exhibit auxetic
behaviour. In the more recent experimental work on thin magnetic films, Valant et al. reported
a negative Poisson’s ratio equal to -0.85 for CoFe204 thin film subjected to a compressive axial
strain (see Figure 2-19(b)) [123]. This result was explained based on the observation that the
bonds in the unit cell of the investigated material form a honeycomb-like shape which is known

to exhibit auxetic behaviour.
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Figure 2-20 Panels show: (a) different examples of mechanical metamaterials which are
potentially suitable to host magnetic inclusions, (b) the model investigated and (c) experimental
realisation of the theoretical concept proposed on panel (b) [Adapted from [406]]

After the initial success of theoretical and experimental studies on systems at the nano and
micro scale with magnetic inclusions, researchers working in the field of material science
started working on projects where the magnetic inclusions could be utilised in macroscopic
systems to control their motion. One of the first studies where such an attempt was made was
the work by Prof. Grima et al. [406] where it was proposed that even at the macroscopic scale,
one can place magnets on the structural units of the mechanical metamaterial in order to control
its mechanical behaviour. This concept can be visualised with the help of a number of simple
diagrams as shown in Figure 2-20(a). Furthermore, based on the theoretical model and the
experiment, it was shown that one can indeed control the mechanical properties and the

configuration of such systems through a variation in the external magnetic field which in the
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case of this study was applied by means of magnets placed outside the system (see Figure 2-20
(b-c)). In the following years, it was reported that this approach can be also used in elastic
materials with magnetic inclusions. In such systems, mechanical properties may be fined-tuned
by the interplay between the elastic behaviour of the material and magnetic interactions between
magnetic inclusions and the external magnetic field. One of the first conceptual papers reporting
this effect was published by Singh et al. [407], where the magneto-elastic buckling of a beam
was investigated. In this work, it was shown that the magnetic interaction between the magnet
set at one end of the beam and the external magnet may overcome the elastic forces within the
material so that the beam could be bended to an arbitrary extent (see Figure 2-21(a)). This work
was soon followed by studies on more complex magneto-elastic systems such as the kagome
lattice with magnetic inclusions in the work published by Schaeffer at al. [408] (see Figure
2-21(b)). In this work, amongst other results, it was shown that the discussed system can deform
to a significant extent upon being subjected to an external magnetic field. It was also observed
that the stiffness of the investigated lattice may be fine-tuned as a result of the deformation. In
recent years, the concept of the deformation of magneto-elastic systems caused by the
application of an external magnetic field was also applied to different cellular structures with
the first example of this approach being the work by Tipton et al. [409] where it was proposed
that the discussed effect is scalable and could potentially become an actuation mechanism for a
change in the topology of a given structure. After a few years, a similar result was also reported
by Harne et al. [410] in which work it was additionally shown that the magnetically-induced
deformation of the magneto-elastic cellular system may lead to auxetic behaviour (see Figure

2-21(c)).
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(b)

Figure 2-21 Panels show: (a) elastic Euler beam with a magnet at one of its ends which is being
attracted by an external magnet [ Taken from [407]], (b) kagome lattice with magnetic inclusions
[Adapted from [408]] and (c) cellular structure with magnetic inclusions deformed by an
external magnetic field [Adapted from [410]].

Having established that the deformation process of mechanical metamaterials with
magnetic inclusions can be controlled via an external magnetic field, it is useful to consider
different applications that make use of such systems. One branch of material science where
these structures have been successfully used are studies on wave propagation phenomena in
magneto-elastic mechanical metamaterials. A pioneer in this field is Prof. Ruzzene with his
group who has proposed a number of theoretical models focusing on the control of wave
propagation properties. One of the first papers where this phenomenon was thoroughly
investigated is the work by Schaeffer et al. [411]. In this work, different multistable one and
two-dimensional magneto-elastic lattices were investigated by means of dispersion diagrams
and numerical simulations. In the case of each of the investigated systems, it was assumed that
the structure is composed of axial and torsional springs with magnets represented by individual
magnetic moments being located at intersections between respective springs (see Figure 2-22

for examples of such systems). Based on the obtained results, it was concluded that the band
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gap formation is strongly affected by the choice of the investigated geometry. Upon minimizing
the potential energy of the considered structures, it was also shown which types of stable
configurations can be assumed by respective systems. A similar work devoted solely to the
search for energetically-optimal configurations of one and two-dimensional magneto-elastic
lattices was published a few months later by the same group [412]. It is also worth to note that
in one of their recent studies, this group has also investigated wave propagation properties in

magneto-elastic kagome lattices [408].

Figure 2-22 Different examples of magneto-elastic lattices with magnetic moments represented
by blue or red points being oriented in the perpendicular direction to the plane of the figure
[Taken from [412]].

The class of mechanical systems which perhaps finds the largest number of applications in
the industry are vibration dampers with magnetic inclusions. As reported by Feldman et al.
[413] and Carrella et al. [414], attracting magnets have a potential to exhibit negative stiffness.
This mechanical property is in turn known to be essential in the case of materials used to
construct devices meant for vibration isolation and vibration damping. One of the prime
examples of this approach is the work by Shi et al. [396] where a set of three uniaxial magnets
composes a device exhibiting negative stiffness (see Figure 2-23(a)). At this point it is also
important to highlight the fact that it is possible to design more complex periodic mechanical
metamaterial systems exhibiting this characteristic as a result of magnetic interaction between
constituting elements with a good example being the work published by Hewage et al. (see

Figure 2-23(b)) [352].
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Figure 2-23 Panels show: (a) model of a magnetic vibration damper operating through the
principle of negative stiffness [Taken from [396]] and (b) an experimental example of the
mechanical metamaterial exhibiting negative stiffness [Taken from [352]].
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3. Scope of this Work and Topics Addressed

As discussed in the preceding Literature Review, over the years, mechanical metamaterials
have been proven to have a potential to exhibit unusual mechanical properties such as negative
Poisson’s ratio, negative stiffness, negative compressibility and negative thermal expansion.
The possibility of achieving these anomalous properties has been the main focus of scientists
working on mechanical metamaterials as such properties may be used in a variety of

applications ranging from impact-resistant devices to sound-proofing and biomedical devices.

However, even though several forms of mechanical metamaterials have been thoroughly
investigated from the point of view of achieving the above properties, the field is still
expanding. It is likely that there are still a number of mechanisms which can result in unusual
properties that have yet to be identified and / or studied further. For example, although there
have been many developments on systems which incorporate within them some form of rotating
rigid units, there are various aspects and properties that these systems may have which have
never been investigated or their development is still in its infancy. These include the dynamic
aspects associated with auxetic mechanisms, the behaviour of mechanical metamaterials with
magnetic inclusions and other different physical phenomena which have not yet been

investigated vis-a-vis the mechanical metamaterials.

In view of the above, this thesis will take as a starting point the classical ‘rotating squares’
concept and develop it so as to examine how some interesting effects can be achieved if one
had to take a different approach at how these systems operate. In particular, through a dynamics
approach, the thesis will first look at how the rotation of the subunits constituting rotating rigid
units structures may in general lead to the overall rotational motion of the system. More
specifically, the methodology is developed and applied on finite fragments of the rotating

squares system with the scope of developing the theoretical framework to examine how rotating
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squares systems may induce their own rotation. This is followed by a qualitative experimental
verification of this phenomenon so as to confirm in a definite manner that this effect may be
indeed observed in reality. The theory behind the concept is then further extended to examine
how this effect can be enhanced and generalised through the use of systems where the squares
are replaced with rectangles which can be considered as more general analogues of squares.
Following this, using a similar dynamic approach the behaviour of a two-level hierarchical
system composed of rotating squares is re-examined in an attempt to address an important
unanswered question, more specifically why in real experimental scenarios the higher level of
a hierarchical system tends to open up to a significantly greater extent than the lower levels of

the system.

Even though all of the systems mentioned above make use of square/rectangle-like motifs,
it does not mean that novel types of mechanical behaviour cannot be exhibited by other systems
which have not yet been proposed. As a matter of fact, due to the possible versatility of
mechanical metamaterials, one can expect that there is a plethora of such systems. Thus, this
thesis will attempt to show that even though mechanical metamaterials have been extensively
studied, it is still possible to design novel types of these systems with a potential to exhibit
unusual mechanical behaviour. More specifically, an original design of a mechanical
metamaterial composed of rigid triangles will be proposed and analysed in detail so as to assess

its Poisson’s ratio, compressibility and thermal expansion properties.

Following the above studies, this thesis will look at another aspect of mechanical
metamaterials, namely the behaviour of mechanical metamaterials having their behaviour
governed by magnetic interactions. In particular, mechanical metamaterials with magnetic
inclusions will be studied through both theory and experiment in an attempt to show that the
use of magnetic inclusions may enhance anomalous mechanical properties exhibited by the

system as well as make it exhibit mechanical properties which would not be manifested without
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the use of such inclusions. In particular, it will be shown that, at the macroscopic scale, it is
possible to insert magnets / electromagnets into the mechanical metamaterials in order to make
them exhibit a desired type of stiffness whose effect may be accompanied by other unusual
mechanical properties related to the geometric design of the system. Using a theoretical model,
it will be also shown that mechanical metamaterials with magnetic inclusions may exhibit novel
physical phenomena which are not necessarily related to mechanical properties. More
specifically, a hypothetical mechanical metamaterial with magnetic inclusions at the nanoscale
will be used to examine how one may induce a magnetocaloric effect solely as a result of the
mechanical deformation even though normally the presence of an external magnetic field would
be necessary to observe this phenomenon. This is followed by an investigation on the rate of
growth of magnetic domains in magneto-mechancial systems represented by the Ising model
defined on the nonmagnetic mechanical system with magnetic inclusions and how this rate of

growth depends on the rate at which the system is deformed.
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4. Self-induced global rotation of mechanical metamaterials:

Theory!

Highlights

e The concept of the self-induced global rotation of mechanical metamaterials is
introduced;

e A model allowing to analyse the extent of the global rotation of the particular
mechanical metamaterials, i.e. the rotating square system, is formulated and analysed;

e It is shown that extent of self-induced global rotation depends on the mass distribution
and the number of units constituting the system;

e It is proposed and discussed that the mechanical deformation leading to the global
rotation of the considered system could be induced upon incorporating magnetic

inclusions into some of the units constituting the system.

4.1 Introduction

In the literature, there are several examples of systems which can induce their own global
rotation as the result of the rotation of their components. One of the prime examples of this
approach are spacecrafts where the attitude control (control over the orientation in space) is
attained via the use of reaction wheels [415, 416]. Such reaction wheels can be described as
rigid bodies having normally a cylindrical geometry which rotate in a particular direction in

order to induce the rotation of the spacecraft in which they are located in the opposite direction

1 The content of this chapter has already been published in the peer-reviewed journal AIP Advances: K. K. Dudek,
R. Gatt, L. Mizzi, M. R. Dudek, D. Attard, J. N. Grima, Global rotation of mechanical metamaterials induced by
their internal deformation AIP Adv. 7 095121 (2017)
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which effect can be explained by means of the angular momentum conservation principle.
However, the fact that reaction wheels normally have a cylindrical geometry does not mean that
one cannot consider the use of another geometry in order to observe a similar effect. In fact, it
is even possible to consider the system analogous to the aforementioned reaction wheels which
is not a rigid body. Such a system, apart from rotating as the result of the direct application of
the torque to the structure by an external motor, may also induce its own global rotation via the
rotation of its components.

A perfect candidate to design such a device is the use of mechanical metamaterials which
are known to have a potential to deform via rotation of their subunits. As discussed in the
previous chapters (Introduction and the Literature Review), over the years, mechanical
metamaterials have been thoroughly investigated from the point of view of their potential to
exhibit unusual thermo-mechanical behaviour with some of the most studied examples of such
properties being negative Poisson’s ratio, negative thermal expansion, negative compressibility
and negative stiffness. In an attempt of designing mechanical metamaterials capable of
exhibiting such properties, many separate directions of studies related to different classes of
mechanical metamaterials have been commenced. These studies resulted in the rapid increase
of the interest of scientists working in the field of materials science in these systems as well as
provided a platform allowing to introduce some of the most interesting concepts reported in this
field to different branches of the industry ranging from medicine to civil engineering. However,
despite all of the progress made in the field of mechanical metamaterials there are still different
aspects related to these systems which remain to be discovered. One such aspect is the effect
which the rotation of subunits has on the global rotation of the whole system.

In view of this, in this chapter, the potential of mechanical metamaterials to induce their
own global rotation was investigated for one of the most fundamental examples of such

systems, i.e. the rotating square system. More specifically, in this chapter, the concept
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corresponding to a potential of the rotating square system to induce its own global rotational
motion is going to be discussed. This effect can be set into action through the use of magnetic
inclusions. Another aspect which will be investigated is the effect which the number of subunits
composing the structure and the mass distribution have on the extent of rotation of the whole
system. This chapter also discusses how the novel concept reported here may lead to potentially
new uses of mechanical metamaterials in applications such as telescopes employed in space

and wind turbines.

4.2 Model

A model designed to induce and control its own rotational motion based on the two-
dimensional rotating rigid squares mechanism will be presented in this section. This auxetic
mechanism, which is one of the earliest systems studied with respect to its potential to exhibit
a negative Poisson’s ratio, consists of square units connected to each other at their corners
through hinges (see Figure 4-1(a)). When the rotating squares structure is uniaxially stretched,
the individual squares constituting the structure rotate relative to each other in order to attain a
more open conformation, with every square rotating in the opposite direction to the one adjacent
to it.

At this point, it is important to note that rigid units which in this work are referred to as
squares, in reality represent cuboids connected in exactly the same manner as squares shown in
Figure 4-1(a). This nomenclature is used in order not to confuse the discussed structure with
the other well-known mechanical metamaterial which is often referred to as rotating cuboids

system [303] which system corresponds to a completely different deformation mechanism.
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Figure 4-1 The panels show (a) the model of the discussed system with schematically drawn
blue arrows indicating the positioning of linear actuators inducing a deformation of the system
(black arrows indicate all types of rotations exhibited by the system), (b) a diagram presenting
a possible connection of the discussed system with an external body, (c) diagrams depicting the
concept of global rotation of the system in which the rotation of rigid units results with a

decrease of the angle @, and a change in the value of Ad,. The change in the value of Af,
corresponds to the rotation of the structure with respect to its centre of mass.

In this chapter, a three-dimensional system whose cross-section may be described as a finite
rotating rigid square system made up of N x Ny squares will be considered where the rigid

units are connected at vertices acting as hinges. Deformation of the system is assumed to occur
only through opening and closing of these hinges, with squares themselves remaining perfectly
rigid. The cross-sectional dimensions of the rotating units, i.e. the lengths of their sides, are
defined by the parameter a, while their thickness or depth is denoted by z. Consequently, their

mass, M, may be defined in terms of these dimensions and the density of the rotating units, p,

as: M = pza’.
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It shall be assumed that a deformation which results in a relative rotation of respective rigid
units in the way described above is achieved as a deformation induced internally within the
structure, i.e. in a manner other than pulling of the system. This can be achieved, for example,
via the use of a set of linear actuators embedded in a system in a way so that the opposite ends
of diagonals of apertures formed between the adjacent units would be either brought closer or
farther from each other (see Figure 4-1(a)). As a result of the action of such actuators (or some
other alternative means to achieve the same net effect), the rigid units constituting the system

will rotate. So as to avoid undue complexity, it will be further assumed that, throughout the

process the rigid units are rotating with a constant angular acceleration &; which results in a

change in the angle between the adjacent units. This angle is denoted as 26, (see Figure 4-1(a))

which means that in terms of magnitude, all of the units rotate with the same angular velocity
dg, . . .
W, = ot which stems from the particular geometry of the system. It is also worth to note that

the rigid units may rotate within the limits of geometric constraints of the system, i.e. as long

as the condition 6, € [Oo, 90°] is satisfied. It should be also noted that it shall be assumed that

the considered system is isolated which means that the effect of external forces on its behaviour
will not be taken into consideration.

As mentioned above, it is assumed that the respective rigid units within the system rotate
with an angular velocity changing accordingly with a constant angular acceleration. This
process leads to the change in their angular momentum in time which results with a generation
of a torque by each of the units. Since in a rotating square system each square rotates in the
direction opposite to the one next to it, the net torque of a system made up of an even number

of identical rotating units should be equal to zero, as the opposing rotations of the adjacent
individual units comprising the system would cancel each other out. However, if Ng is an odd
number, the number of squares rotating in one direction will be greater by one in comparison
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to those rotating in the opposite direction. In view of this, systems considered in this work will
only correspond to odd values of Ny as such systems have the potential to generate a larger

overall torque than their even-numbered counterparts which would result with a greater extent
of rotation. Another way of amplifying the net torque generated by the system corresponds to
the differentiation of the mass of two sets of units rotating in the opposite directions, with

squares in different sets being equally-sized but having a different density. The masses of these

squares will be denoted by M,, and M, respectively, where M, and M, correspond to units
with larger ( oy ) and lower density ( p, ) respectively. The square at the centre of the system

will always be assumed to have a mass of M, and therefore the system will in all cases be

2 2

S heavy rotating units and —

S

made up of light rotating units. Furthermore, the

extent of rotation of the whole system with respect to its centre of mass and an external global
axis will be denoted by A, where initially the unrotated system has a 6, value of 0°.

As it was mentioned above, the accelerated motion of respective heavy and light units

results in a generation of the net torque 7, (Z’O = ‘z‘o

), which quantity may be defined in the

following manner:

dL, dL_ dL, 4-1
T, = -

+
dt dt dt

where, L, and L, stand for a sum of angular momenta coming from all of the heavy and light

units respectively. L, represents the magnitude of the angular momentum associated with an
external body attached to the centre of the square located in the middle of the system (it is not
related to L, nor L, ). As shown in Figure 4-1, the centre of the square in the middle of the

system also corresponds to the axis of rotation of the whole system. The third term in equation

4-1 has the same sign as the term corresponding to the rotation of heavy units, which stems
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from the fact that the external body is attached to the heavy square. As a result, it must also
rotate with the same angular velocity as heavy units which rotate with respect to their own
centres (see Figure 4-1(a)). At this point, one should note that in the case when there is no
external body attached to the system constituted by rigid squares, the last term in the above
equation assumes the value of 0. Equation 4-1 may also be written down in a discrete form in

terms of parameters corresponding to the mass distribution and geometry of the system [417].

Torque 7,, contributes to the overall rotation of the system with respect to its centre of mass,

which in turn is associated with the change in the angle 6, . Taking all of this into consideration,

an overall rotation of the discussed system, induced by the opening / closing of the rotating
units, can be expressed through the rotational analog of Newton's equation of motion in the

following manner:

d dé 4-2
Tyt T :a|:(ll+ Iob)d_t1:|

where the negative sign in front of 7, arises due to Newton's third law for rotational motion as
the magnitude of reaction torque has the same magnitude as torque 7; generated by individual

units but the opposite orientation. Torque 7., is associated with any additional factors which

may affect the overall rotational motion of the system, i.e. factors such as an additional motor
located on the main axis of rotation which directly induces a rotation of the system, wind, air

resistance etc. Assuming that there are not any additional factors contributing to the global
rotation of the system, the term 7,, would assume the value of 0. The moment of inertia |,,
corresponds to the rotation of all of the rigid units with respect to the centre of mass of the

whole system and may be defined as follows (see Appendix I for the full derivation):

|1=ia2[(|\152—1)ML+(N52+1)MH}+

12 4-3
1 N.2 N.2
+Zd2(NSZ—1)|:[TS—1JML+(TS+1JMHi|
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where, d stands for the distance between centres of adjacent squares and can be expressed by
. (
means of the following equation: d = J2asin (Z + QOJ .

From these expressions, it is possible to simulate the behaviour of such systems as a

function of time by solving numerically the differential equation 4-2 as discussed below.

4.3 Simulation Details, Results and Discussion

In order to analyse the behaviour of the discussed system, equation 4-2 was solved
numerically by means of the fourth-order Runge Kutta algorithm [418]. In this work, all of the
results, summarised in Figure 4-2, were generated under the assumption that the auxetic system

defined in the model section is being deformed from its fully-open to the fully-closed
conformation, which corresponds to the change in the value of 26, from 90° to 0°. These
results clearly show that this phenomenon of the global rotation is indeed manifested by the

systems considered in this study as evidenced by a nonzero value of A, which is being induced
solely from a change in 6,. Note that for the purpose of this work, it is being assumed that a

system stops deforming when 6, reaches 0°, i.e. it is being assumed that the rigid units are

colliding in a fully inelastic manner.

The parameters used in order to generate these results, which were the same for all

considered sets of results, were set to be the following: 7, =0Nm, a=0.33m, z=0.02 m,
P, =8000kgm® M, =17.78ky, p =2000kgm> M =444kg, 1, =0kgm?,

& =-05rads?, w,(t=0)=0rads™.
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Figure 4-2 The panels show (a) comparison of the behaviour of systems consisting of a different
number of rigid units and (b) the change in the behaviour of the system upon varying the

magnitude of the ratio p,, / p, associated with densities of heavy (p,,) and light (p, ) units for
a system with a conserved mass. The point where the system stops exhibiting the global
rotation, i.e. the values of A&, do not change in time anymore, corresponds to the conformation

of the system where 26,=0°. In the case of the above graphs, t stands for the time
corresponding to a deformation process.

Results shown in Figure 4-2(a) were generated in order to determine which value of Ng
results with the maximum enhancement of the extent of rotation of the investigated system with
respect to its centre of mass. In order to do that, the value of N was set to assume the respective
values from the given set of odd numbers {3, 5, 7, 9} with the remaining parameters being set
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to be the following: ae{0.33,0.20,0.14,0.11} m, P, =8000 kg m?,

M, ={17.78,6.40,3.2651.975 } kg, p, =2000 kg m®, M _={4.44,1.6,0.816,0.494} kg. Note
that the values of the length a where such that for all systems, all systems had the same area of
1m? when they were in their fully-closed conformation (26, =0°).

Furthermore, results shown in Figure 4-2(b) were generated in order to investigate a change

in the behaviour of the system upon varying the magnitude of p,, /o, ratio assuming that

N =3. In the case of all of the considered values of these ratios, the total mass of the system
and dimensions of rigid units were kept constant. The remaining parameters used in order to

generate these results were set as follows: pH/pLe{1,2,3,4,5,oo}, Py €

{5333.33,6857.14, 7578.95,8000.0,8275.86,9600.0 kg m®, M, €{11.852, 15.24, 16.84,
17.77, 18.39, 21.33} kg, p, €{5333.33, 3428.57, 2526.32, 2000.0, 1655.17, 0.0} kgm?,

M, e{11.85,7.62,5.61, 4.44, 3.67, 0.0} kg. Note that systems with sub-units having zero mass

are obviously theoretical constructs as in reality, such units are not realisable.
As mentioned earlier, based on Figure 4-2, one may note that the rotation of respective
rigid units may result with the global rotation of the whole system. Such behaviour is clearly

manifested by nonzero values of A@, and @, on the graphs. This means that in order to induce

the rotation of the system, there is no need for the external application of the force to the system
which process would result with the generation of the torque. This stems from the fact that the

torque contributing to the rotation of the system with respect to its centre of mass may be
generated by the change in the angular velocity @, of its constituents as explained in the model

section.
Apart from the fact that the rotation of respective rigid units constituting the discussed

system may result with its overall rotation, it is also interesting to consider an optimisation of
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this effect. More specifically, it is interesting to check which parameters associated with the
geometry and mass distribution within the system could enhance the extent of rotation of the
investigated system.

As discussed previously in the model section, variation of the mass of the two sets of
rotating units rotating in opposite directions also affects the torque experienced by the whole
system when subjected to a linear deformation resulting in the rotation of the respective units.

In Figure 4-2(b), results are shown for systems having the same total mass as well as a size and

angular velocity of rigid units (associated with a constant value of &,), with different density

ratios, p, / p, . It is evident from the plots that the larger the difference between the masses of

the two sets of rotating units, the greater the extent of rotation of the system. However, while

there is a large difference between plots of the angular velocity generated for systems where the

Py | p, ratiois 1 and 2, the difference between systems corresponding to consecutive values of

Pyl p. decreases significantly, indicating that the effect of this parameter on the extent of
rotation of the system tends to a constant for relatively large values. Another parameter that has
a significant effect on the magnitude of the discussed effect, is the value of Ng. As shown in
the plots in Figure 4-2(a), the maximum extent of rotation and the corresponding angular
velocity were generated by the system with the smallest number of rotating units, i.e. Ng =3.

This is very convenient since it means that there is no need to design a structure with a large
number of rotating units and hence, a large number of small actuators, which could make the
system more prone to malfunctions and defects, in order to generate a large reaction torque.
At this point it is also important to highlight the fact that the discussed system may also
influence the rate of rotation of the external system without being deformed, i.e. when the

respective rigid units constituting the system are not rotating (@, =0). This result, which is not

normally observed in the case of other devices allowing to induce the rotation of the external
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system such as reaction wheels, stems from the fact that even when the respective units stop
rotating the new configuration of rotating squares varies from the initial one. This means that
the whole system corresponds to a different moment of inertia. This in turn can make it either
simpler or more difficult to rotate the system depending on the value of the moment of inertia.
All this is very significant, since these results show that the novel metamaterial-based
device presented here, besides being an effective alternative method to attain the control over
the rotation of the system, is also extremely versatile since it allows the fine-tuning of the extent
of rotation of the system by varying a number of parameters. Moreover, the rotation of the entire
system is induced through the application of tensile force on the sub-structure of the mechanical
metamaterial rather than through a direct application of a torque to the rigid body. At this point
it must be emphasized that the mathematical model presented in this work is merely one
example of this new class of rotational motion controllers and in general one could use other
mechanical metamaterials deforming via the rotation of its subunits [277, 320, 329].
Furthermore, it should be noted that although in this work it was tacitly assumed that the
squares are made from a single material, it is possible to manufacture the structure in a manner
where the added mass in the heavier units is imparted as a result of inclusions incorporated into
such units. Whilst such inclusions could simply act as an entity to add weight, it is also possible
to incorporate within the system more complex devices which may range from simple magnets
to micro-electronic devices. Should one consider the use of inclusions being in the form of
magnets or electromagnets, then apart from the obvious advantage of adding the extra mass to
the system, one could also acquire the possibility of deforming the system as a result of
interactions between such inclusions. For example, one can imagine the scenario where
electromagnets having the identical orientation would be set at the centre of units corresponding
to a larger mass while on the lighter units there would be no inclusions. Then as a result of their

interactions, the distance between the adjacent inclusions would be either decreased or
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increased which process corresponds to the mechanical deformation of the considered system.
Also, as already discussed in this chapter, mechanical deformation of the system composed of
units having a different mass which rotate in the opposite directions, leads to the global rotation
of the entire system. Thus one can conclude that the use of magnetic inclusions could induce
this effect in a controllable manner as the magnitude of interaction between the magnetic
inclusions could be fine-tuned via the intensity of the current provided to respective
electromagnets. It should be also noted that such a solution offers another advantage as it does
not require the use of any additional devices which are not an integral part of the rigid units
used to deform the structure.

Before concluding, it is important to highlight the potential applicability of these systems.
As mentioned previously, the control over the rotational motion is one of the most important
factors in attitude control (control over the orientation in space) of spacecraft. Moreover, these
mechanical metamaterial-based systems could also be employed in concert with other systems
to fine-tune the orientation of objects such as telescopes. Another potential use for these systems
is in wind turbines (see Figure 4-1(b)). The efficacy of wind turbines for the production of
energy depends strongly on the angular velocity of the system, with maximum efficiency being
achieved if the optimal angular velocity is maintained at all times. However, in reality, shifting
wind currents make this extremely difficult, and thus the discussed device could be
implemented within the turbine in a manner such as that shown in Figure 4-1(b) in order to
increase / decrease the moment of inertia depending on the strength of wind. This in turn would
make it significantly simpler for rotating blades to maintain a particular value of the angular
velocity of the wind turbine. Obviously there are still a number of additional aspects which
should be considered prior to the practical large-scale implementation of the concept of the self-
induced global rotation of mechanical metamaterials in industry. Amongst other things, it is

essential to confirm experimentally that this phenomenon may indeed be observed in reality.
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Also, since in this chapter the concept was developed only for rotating squares, it would be
beneficial to assess whether other geometries may be more amenable to induce global rotation.

These aspects will be discussed in the following chapters.

4.4 Conclusions

In this chapter, the novel concept corresponding to the global rotation of mechanical
metamaterials induced by the rotation of their subunits was proposed. In order to investigate
this effect, the theoretical model associated with a particular system, i.e. the rotating square
system, was introduced. Through this model, it was confirmed that the phenomenon of the
global rotation induced solely via a rotation of the subunits in the system is indeed being
manifested and that the extent of the global rotation of the system depends on parameters
associated with its mass distribution and geometry thus making it possible to fine-tune the
extent of the discussed phenomenon. It was also shown that the concept proposed here may be
employed in a number of practical applications. In particular, in this chapter the possibility of
controlling the magnitude of the angular velocity of the external system such as a wind turbine
upon changing the moment of inertia of the discussed structure which would be connected to
the external body was discussed. All of these results suggest that the concept reported in this
chapter might prove to be important in the case of potential applications such as telescopes
employed in space and wind turbines where the control over the rotational motion is known to

be of great significance.
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5. Self-induced global rotation of mechanical metamaterials:

Experimental verification of the concept?

HIGHLIGHT

e The theoretical concept corresponding to the possibility of inducing the global rotation
of mechanical metamaterials solely as a result of the rotation of their subunits was

confirmed using an experimental prototype corresponding to the rotating square system.

5.1 Introduction

In the previous chapter, the novel concept corresponding to the induction of the global
rotation of mechanical metamaterials solely as a result of the rotation of their subunits was
proposed. This concept was investigated through a theoretical model for the particular case of
the rotating square system. In Chapter 4, it was also discussed that this concept may potentially
prove to be useful in the case of applications such as wind turbines and spacecraft where the
control over the rotational motion is very important. However, before attempting to optimise
the system so as to maximise global rotation as a result of internal rotations, it would be useful
to first experimentally verify whether the discussed effect can indeed be observed in reality. In
view of this, in this chapter, the semi-qualitative results corresponding to the experimental
prototype of the device analogous to the rotating square system discussed in the last chapter are

going to be presented.

2 The content of this chapter has been published in the peer-reviewd journal Smart Materials and Structures:

K. K. Dudek, K. W. Wojciechowski, M. R. Dudek, R. Gatt, L. Mizzi, J. N. Grima, Potential of mechanical
metamaterials to induce their own global rotational motion Smart Mater. Struct. (2018) DOI: 10.1088/1361-
665X/aabbf6
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5.2 Experimental Model

5.2.1 General description

The prototype shown in Figure 5-1 was constructed in order to experimentally confirm the
potential of mechanical metamaterials to induce their own rotational motion as the result of the
rotation of their subunits. The considered system corresponds to the rotating square system
composed of two different types of equally-sized square units having the linear dimension a,
where in this case a = 7 cm. The entire structure consists of 3x3such units which can rotate
with respect to their centres which process corresponds to the deformation of the whole system.
The out of plane thickness z of each of the units was the same and was approximately equal to
2 cm. The respective unis were produced by means of the 3D extrusion printer (equipped with
ABS plastic) and connected to each other by means of cylindrical hinges which were supposed

to ensure that the system would not buckle out-of-plane.

Figure 5-1 The experimental prototype used in order to investigate the potential of mechanical
metamaterials to induce their own rotational motion as the result of the rotation of their subunits.
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As discussed in the last chapter, it is possible to enhance the extent of the global rotation
of the system upon increasing the mass of one class of units rotating in a specific direction with
respect to remaining units rotating in the opposite directions. In view of this, in the case of the
considered prototype, 5 units corresponding to the blue colour on Figure 5-1 were made heavier

than the remaining four units associated with the red colour. More specifically, the mass of the
heavy (M,,) and light (M) units was estimated to be in the vicinity of 121 g and 37 g
respectively. In order to differentiate the mass of these two types of units, metal discs were
inserted into the units corresponding to the mass M, . These discs had an outer and inner

diameter equal to approximately 4 cm and 9 mm respectively. This means that the mass
distribution within the units constituting the discussed system was not uniform. It should be
also highlighted that metal discs inserted into the aforementioned units were oriented in a way
so that their faces were parallel to the base of each of the units and their centres corresponded
to centres of units. This means that the axis of symmetry associated with the discussed units
was not only passing through their geometric centres but it was also passing through their centre

of mass. It should be also mentioned that as shown in Figure 5-1, the angle of aperture between

adjacent rigid units was denoted as 26, .

The discussed system was set on a bearing passing through the centre of mass of the entire
system which in the case of this particular prototype was associated with the geometric centre
of the heavy unit located in the middle of the structure. As a result, the entire system was free
to rotate only with respect to its centre of mass which behaviour should be expected if one were
to consider employment of such a system in space where the effect of external forces on its

behaviour would be negligible.
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5.2.2 Technique used in order to induce the deformation

As discussed in the previous chapter, in order to analyse the discussed phenomenon, a key
aspect which need to be ensured is that the deformation of the discussed system should be solely
as a result of internal rotations of the subunits i.e. the deformation must be induced internally
within the structure. Ideally, such effect should be achieved through a mechanism where the
action on the system can be applied in a repeatable and quantifiable manner for example through
the use of actuators located appropriately within the system, or as discussed in the previous
chapter through the use of electromagnetic inclusions. However, it is beyond the scope of this
work to use such complex devices to induce the deformation when the same effect can be
induced, albeit not in a fully-repeatable nor quantifiable manner, in a much simpler manner. In
this particular case, in order to induce the deformation of the considered experimental
prototype, rubber bands were attached to opposite vertices in one of the apertures within the
structure (see Figure 5-1). The particular positioning of rubber bands results in the situation
where the change in their extension leads to the rotation of respective rigid units constituting
the system which as discussed in the last chapter, would be expected to lead to the global
rotation of the system which stems from the conservation of the angular momentum principle.
In order to release the system, the thread which was holding the system at rest (as it prevents

vertices from moving further apart under the influence of the force applied by rubber bands) at

the initial configuration corresponding to 26, =134.1°+1.7° was being burned. At this point,

it should be noted that as opposed to any other approach involving the use of the external body
to hold the structure at the initial conformation, this particular technique allowing to release the
system ensures that there is no external interference which could affect the investigated
phenomenon. Furthermore, it should be mentioned that in the case of the considered prototype,

upon releasing the system, the respective units start rotating up to the moment when the system
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assumes the configuration associated with the angle 26, =22.3°+£1.6° at which point the units

composing the structure collide.

5.2.3 Technique used in order to calculate the extent of the global rotation

of the system

In order to analyse the behaviour of the prototype discussed in this work, the motion of the
system was recorded by means of the camera capable of recording 240 frames per second. Such
a large number of recorded frames in each second was required in order to ensure that all stages
of the deformation could be analysed. Of particular importance was here the possibility of
attaining the information about the configuration assumed by the system at the moment when
the structure was released and when the rigid units collided for the first time respectively. This
stems from the fact that pictures extracted from the recorded video which corresponded to these

two particular stages of the deformation were used in order to calculate the total extent of the

global rotation of the discussed system, i.e. A§,.

As mentioned in the above paragraph, two particular pictures were selected for a given
experiment in order to calculate the extent of the global rotation exhibited by the considered
experimental prototype. For each of those pictures, a number of easily distinguishable points
such as centres of hinges or centres of rigid units were selected in order to check their
coordinates by means of the appropriate graphical software (in the case of this work Inkscape™
[483]). Based on such coordinates, it was possible to define vectors describing the global
orientation of the system. Subsequently, upon using vectors associated with the same two points
within the structure at the different stage of the deformation, it was possible to calculate the
angle between such vectors by means of the sine rule. At this point, it should be noted that in

the case of pictures corresponding to the two aforementioned stages of the deformation, such

angle between vectors could be interpreted as |A01|. Furthermore, in order to determine the
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extent of the global rotation exhibited by the system, the experiment was repeated ten times

where each time the structure was released from approximately the same initial configuration

corresponding to 26, =134.1°+1.7°. For each experiment, the above procedure corresponding

to the measurement of |A91| was repeated 3-4 times for different pairs of points. This number

was not exactly the same for all of the conducted experiments as some of the points on analysed

pictures were too blurred to obtain a reliable reading.

5.3 Results and Discussion

A representative sample of the images recorded in the experiment are shown in Figure 5-2
where one can clearly observe that the system is indeed globally rotating as the internal
components rotate thus confirming the potential of mechanical metamaterials to induce their
global rotation as the result of the rotation of their subunits, which effect was predicted from

theoretical studies presented in the previous chapter.

In fact, as shown in Figure 5-2(a), upon releasing the system, the respective units start

rotating which process corresponds to the decrease in the value of 26,. More specifically, heavy

units rotate in the anticlockwise direction while light units rotate in the clockwise direction
which behaviour is continued up to the moment when units collide. It is important to note that
as individual units start rotating, the entire system starts rotating with respect to its centre of
mass. Moreover, as expected based on theoretical predictions which are primarily based on the
conservation of the angular momentum principle, the system rotates in the clockwise direction

which is an opposite direction of rotation to that exhibited by heavy units.
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Figure 5-2 Panels show: (a) the evolution of the system in time from the moment when it was
released to the moment when the rigid units collided for the first time and (b) pictures
corresponding to (i) the initial configuration assumed by the system and (ii) the configuration
assumed by the system at the moment when rigid units collided for the first time. In the case of
panel (b), the auxiliary lines indicating the orientation of the system connect two particular
points within the structure at different stages of the deformation.
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As discussed in the Experimental Model section, the extent of the global rotation exhibited
by the system may be calculated based on the configuration assumed by the system at two
different stages of the deformation, i.e. at the moment when the system was released and when
rigid units collided for the first time. An example of such configurations can be seen in Figure
5-2(b) where in order to better visualise the concept of the change in the orientation of the
system, two auxiliary lines connecting the same two points within the structure were drawn for

the considered stages of deformation. In the case of this work, such extent of the global rotation

corresponding to |A6,| was approximately equal to 0.97°+0.24°.

One should also highlight the fact that as discussed in the Experimental Model section, this
experiment was repeated ten times where apart from rotating each time in the same direction,
which is in agreement with theoretical predictions, the considered system exhibited the rotation
of the very similar magnitude in the case of all of the conducted experiments thus giving more

credibility to the obtained results.

As discussed in this and in the former chapter, due to the conservation of the angular
momentum, the discussed system may induce its own global rotational motion as long as
individual units are rotating. Assuming that before the process of deformation the entire system
was at rest, this means had the collisions been perfectly inelastic (as it was assumed in the
previous chapter), once the rigid units reach the locked configuration where they cannot rotate
any further, the whole system would stop rotating as well. However, in reality very few
collisions may be considered as perfectly inelastic in which case at the moment when units
collide all of the kinetic energy would have to be converted into other types of energy such as
heat etc. In view of this, in the case of the experimental prototype considered in this chapter, as
the result of the elastic collision, the respective rigid units are expected to start rotating in the

opposite direction to the direction in which they were rotating before the collision. Such recoil
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effect could be prevented should one for example consider the use of appropriately located
electromagnets preventing the structure from reopening. However, in the case of the discussed
experiment, there is no mechanism preventing such behaviour other than rubber bands. In view
of this, as may be seen in Figure 5-3 and Figure 5-4, after the initial collision, the structure starts

reopening which process corresponds to the increase in the value of 26,. In theory, if one were

to consider a hypothetical system where there is no loss of the energy as the units collide and
no friction, then after the collision the units would be expected to rotate backwards up to the
moment when the system would assume the initial configuration. As a result, the entire system
would act as the harmonic oscillator. Nonetheless, in the considered experiment, both friction
and loss of the energy are not negligible which results in the system reopening to the smaller
extent than the initial configuration after which point the units are brought back by the rubber
bands to the locked conformation. As can be seen based on Figure 5-3 and Figure 5-4, such
recoil effect occurred once more after the initial collision although the loss of the energy was
so large that the extent of rotation of respective units can be assumed to be negligible. It should

be also noted that at the end of such process the system remains at rest at the configuration

which approximately corresponds to the minimum value of 26,.
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Figure 5-3 The variation in the angle 26, corresponding to the behaviour of of the system after
the first collision between the rigid units.
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Figure 5-4 Behaviour of the system after the first collision between the rigid units.

Before concluding, it should be highlighted that all of the results reported in this chapter
confirm theoretical predictions corresponding to the potential of mechanical metamaterials to
induce their own rotational motion as the result of the rotation of their subunits. These results
also indicate which type of the behaviour should be expected upon constructing the device
meant to utilise this concept in reality. This in turn could encourage scientists to implement this
concept in the case of applications such as wind turbines, telescopes employed in space etc.

where the control over the rotational motion is of great importance. It should also be noted that
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up to now, only a particular type of the mechanical metamaterial system, i.e. the rotating square
system, was investigated from the point of view of its propensity to exhibit the discussed
characteristic. However, this does not mean that it is the most suitable geometry to induce the
global rotation of mechanical metamaterials. In view of this, before potentially considering the
implementation of the discussed concept in the case of applications such as telescopes
employed in space or wind turbines, it should be analysed whether there are other geometries

which are more conducive to the discussed phenomenon.

5.4 Conclusions

In this chapter, the theoretical concept proposed in the last chapter corresponding to the
potential of mechanical metamaterials to induce their own global rotational motion was
confirmed experimentally. More specifically, through the use of the experimental prototype of
the rotating square system composed of two different types of units, it was shown that as a
result of the rotation of individual units constituting the system, the entire structure rotates in
the direction opposite to the direction of rotation of heavy units. This in turn confirms
theoretical predictions made for this system in the previous chapter. It was also discussed what
type of behaviour of the system should be expected in the case of real life experimental
realisations of the considered concept. One may note that such observations may help to assess
the suitability of different prototypes utilising the considered concept in the case of specific

applications.

81



6. Self-induced global rotation of mechanical metamaterials:

different geometries®

HIGHLIGHTS

A more generic version of the model proposed in the former chapters is presented where
different rotating rectangular systems are analysed in order to assess their propensity to
exhibit self-induced global rotation;

It is shown that the use of rectangles permits control of the extent of the observed
phenomenon where, for certain types of connectivity between rigid units of rotating
rectangle systems, the variation in the aspect ratio of rigid rectangles constituting the
system significantly affects the extent of the global rotation, whilst, for the other types
of connectivity, the analogical change in the geometry of the rigid units does not affect
the behaviour of the system;

It is proposed that hypothetically one may design hinges of the rotating rigid unit
system, possibly using electromagnets, in a way so that the considered phenomenon of
the self-induced global rotation could be maintained after the point where upon reaching

the final configuration the respective rigid units collide with each other.

6.1 Introduction

In the last two chapters, the novel concept corresponding to the potential of mechanical

metamaterials to induce their own rotational motion solely as a result of the rotation of their

subunits was proposed and studied through a theoretical model and experiment though the

specific example of the rotating squares system. However, as noted earlier, whilst this was

3 The content of this chapter has been published in the peer-reviewd journal Smart Materials and Structures:
K. K. Dudek, K. W. Wojciechowski, M. R. Dudek, R. Gatt, L. Mizzi, J. N. Grima, Potential of mechanical
metamaterials to induce their own global rotational motion Smart Mater. Struct. (2018)
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sufficient to prove the idea that rotating rigid unit mechanical metamaterials are suitable
candidates to induce the global rotation as a result of its internal deformation, the particular
geometry studies may not necessarily be the most suitable system to exhibit the discussed effect.
In view of this, it would be interesting to analyse the propensity of different mechanical
metamaterials to induce their own rotational motion in an attempt of determining the system
which could exhibit the largest extent of rotation as it could enhance the efficiency of devices

based on this concept in the case of potential applications.

Based on very promising results associated with systems composed of rigid squares, the
natural candidate to further investigate the potential of mechanical metamaterials to induce their
own rotational motion are rotating rigid rectangle systems. Structures composed of rectangular
units not only allow for a simple comparison of the obtained results with those associated with
squares but also offer a wide range of different geometric shapes which they can assume. This
stems from the fact that the particular geometric configuration which can be assumed by these
systems does not only depend on the aspect ratio of respective units, but as discussed in the
Literature Review, it also depends on the connectivity between adjacent units. In view of this,
in this chapter, the potential of different rotating rigid rectangle mechanical metamaterials to
induce their global rotation as a result of the rotation of their subunits is going to be discussed

in an attempt to generalise the work present in the earlier chapters.

6.2 Model

6.2.1 Considered systems

In this work, the systems which were chosen in order to evaluate their suitability to induce
their own global rotation may be described as finite fragments from periodic rotating rigid
rectangles [286, 287]. As discussed in [287], depending on the manner how the different
rectangular units are connected, such systems, may be classified as either Type I or Type 11 (see
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Figure 6-1(a) and Figure 6-1(b) respectively), where as illustrated in Figure 6-1, the symmetry
is different as a result of the different types of pores present. More specifically, in Type I
rotating rectangle system, there are always two types of pores assuming the shape of the

rhombus having linear dimensions equal either to I, or I, where different pores assume

alternate positions within the system. On the other hand, in the case of Type Il rotating rectangle

system, there is always only one type of pore which has the same linear dimensions as rectangles
constituting the system, i.e. two sides having a length of 1, and I, respectively. Despite the fact

that in terms of geometry both systems consist of identical rigid units, the difference in the
shape of pores of both of the considered systems leads to a very different deformation pattern
of the entire structure. This in turn, results in a very different profile of mechanical properties
with different Poisson's ratios. In fact, although both systems have the potential of exhibiting
negative Poisson's ratios, the system characterised as Type Il exhibits isotropic Poisson's ratio
of -1 irrespective of the shape of the rectangles or the angles between them whilst in the case
of the Type | system, the Poisson's ratio, which can be negative or positive, is anisotropic and

dependent on both the shape of the rectangles and their relative orientation.

232
| g

(a) Type ] (b) TypeII oy
Figure 6-1 Panels show: (a) Type I and (b) Type Il rotating rectangles systems investigated in
this Chapter. Red and blue colours correspond to different densities of units rotating in the
opposite directions in the case of each of the structures. Note that these systems have different
symmetries and profile of pores which result from the different manner how the rectangles are
connected together to form the network. In particular, in the Type | four | x|, rectangles are

£

connected in such a way that the empty spaces between the rectangles form rhombi of size |, x|,
and I, x|, whilst the Type Il network has parrallelogramic pores of the same size |, x1,.
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As shown in Figure 6-1, linear dimensions of rectangular units constituting both types of

considered systems are denoted as |, and I, . The angle of aperture between adjacent rigid units

is denoted as 26,. Furthermore, similarly to the assumptions made in Chapter 4, it is assumed

that the structure can deform only via the respective rotation of rigid units, during which

process, dimensions of rectangular units remain constant. It should be also noted that such

process of deformation corresponds to the change in the value of 6,. Due to the particular
geometry of considered systems, both in the case of Type | and Type Il system, 26, may

assume any value from the range [0°,180°] , where the minimum and the maximum value from

this interval correspond to the geometric lockage of the structure at which point rigid units
cannot rotate any further as they are touching their neighbours. It is also assumed that, as shown
in Figure 6-1, both of the considered systems consist of 3x3rigid units as such a system offers

a number of practical advantages as discussed below.

In the case of rigid unit systems considered in this Chapter, rigid units may rotate in the
clockwise or anticlockwise direction depending on their position within the system. As in the
case of the rotating squares (see Chapter 4), a net torque resulting in a global rotation would
arise if there is a difference in the magnitude of torques associated with both of these groups of
rigid units. Such a difference in torque would arise if the total mass of the units which rotate in
the clockwise direction is different from the total mass of the units rotating in the anticlockwise
direction, or vice versa. This difference in mass may be brought about by using an odd number
of equally heavy sub-units, or through the use of sub-units which would have the same in-plane
size so as to fulfil the required geometric constraints for connectivity, but have different masses
which could be brought about by using a different amount of material to manufacture the sub-
units and/or using materials of different densities. In this present Chapter, it shall be assumed

that all of the units are equally-sized and have a continuous mass distribution, where, in an
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attempt to enhance the extent of the global rotation of the system, the five units rotating in a

specific direction are made to be heavier than the other four remaining units rotating in the

opposite direction by setting py, , the density of the heavier units (shown in blue in Figure 6-1)

to be larger than p,, the density of the four lighter units (shown in red in Figure 6-1). Although

in theory, there is no restriction on the materials that one may use to construct such systems, in
this work, in order to make a reliable comparison of the potential of all of the discussed systems

to induce their own rotational motion, it was assumed that the total mass M of all of the systems
is the same and may be defined as follows: M =(5p, +4p, )I,L1,, where |, is the out-of-plane

thickness of the system. It is also worth to note, that in the case of such systems, the centre of
mass of the given structure always corresponds to the centre of the unit located in the middle
of the system, which in this case is one of the heavier units (shown in blue). As before, it should
also be noted that for both of the systems, the centre of mass of the whole structure corresponds

to the centre of the heavy unit located in the middle of the system.

As discussed in Chapter 4, upon comparing structures having exactly the same size for a
locked conformation (90 :0°) and being constructed by means of the same two types of

materials corresponding to units rotating in the opposite directions, systems composed of 3x3
units are the most suitable to induce their own global rotation as a result of the rotation of their
subunits. This stems from the fact that for such systems, heavy units constitute the largest
possible percentage of the area of the entire system. One may note that upon increasing the
number of units constituting such N x N lattices, the ratio of the area associated with heavy
and light units would start approaching the value of 1/2. However, for N =3, such ratio is equal
to 5/9. Note that as discussed in Chapter 4, the aforementioned variation in weight can be
achieved by having magnetic inclusions, in which case the aspects discussed in Chapter 4 also
apply here.
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6.2.2 Motion exhibited by the system

As it was discussed in Chapter 4, in order to investigate the potential of discussed systems
to induce their global rotational motion with respect to the centre of mass as a result of the

rotation of their subunits, it is assumed that they deform in the following manner:

e The system which is initially at rest is being deformed from the initial to the final

configuration associated with 26, equal to 0°and 180° respectively;

e Interms of magnitude, all of the rigid units rotate at a given time with the same angular
velocity @, (a, =|a@,|)which condition stems from the geometry;

e It is assumed that in terms of magnitude, all of the rigid units constituting the system
rotate with a constant angular acceleration &, (&, =|5|);

e Itis assumed that upon reaching the final configuration, irrespective of the type of the
system and the mass of rigid units, the rigid units do not rotate backwards as a result of
the collision, i.e. inelastic collision is assumed. It should also be noted, that in this
chapter, the potential effect of the elastic collision between rigid units on the behaviour
of the system is not taken into consideration. Hypothetically, one could achieve a similar
effect through the use of magnets located on neighbouring rigid units which would
prevent them from reopening after the collision;

e Itisassumed that considered systems are isolated.

According to the above assumptions, all of the rigid units within the system rotate with a
constant angular acceleration which means that in time they experience a change in the angular

momentum which leads to the generation of the torque by each of the units. Thus, the net torque
7, associated with the rotation of all of the units within the system may be calculated as

follows:
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_oodL, dy 6-1
T,=—H+—-
dt dt
where, L, (L, =5l,@,) and L, (L =4I a,) stand for a sum of the angular momenta associated with

all of the heavy and light units respectively (all of the angular momenta were calculated with
respect to the centre of mass of the entire system). At this point, it should also be noted that due
to a particular geometry of considered systems, the angular momentum of respective units
depends solely on the angular velocity associated with the rotation of rigid units with respect to
their centres and does not depend on their linear velocity (see Appendix I). One should also
note that in general, one may design a variety of systems where the angular momentum
associated with linear velocity of individual units would make a non-zero contribution to the

net angular momentum corresponding to all of the subunits.

e 0 o8 e
Sy Ae..\ > Gz&

Figure 6-2 A diagram presenting the concept of the global rotation of the Type | rotating
rectangle system induced by the rotation of its subunits.
As shown schematically in Figure 6-2, the resultant non-zero torque fo associated with

the rotation of individual units contributes to the rotation of the whole system with respect to
its centre of mass as a result of the conservation of angular momentum principle. Similarly to

the notation introduced in the preceding chapters, it is assumed that the extent of such global

rotation corresponds to the change in the angle &, , which means that the extent of the global

rotation can be denoted as A@l. In view of this, in order to investigate the rotation of the whole

system with respect to its centre of mass, it is sufficient to solve the following equation of

motion:
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. d|, dg 6-2
Ty =—| I, —
dt| ~ dt
where, |, stands for the moment of inertia associated with the rotation of the whole system

with respect to its centre of mass. One should note that this quantity changes as the structure
, . de,
deforms, i.e. when the value of 26, is being changed. On the other hand, Ecorresponds to
the angular velocity associated with the rotation of the system with respect to its centre of mass
oo dg .
(for the sake of the simplicity EWI” be also referred to as @, ). The negative sign on the left

hand side of equation 6-2 is associated with the third Newton's law of motion. More specifically,

the net torque fo being the result of the rotation of respective units induces the rotation of the

whole system through the application of a torque having the same magnitude as fo but the

opposite orientation.

6.2.3 Parameters
In order to analyse the propensity of considered systems to exhibit the discussed

phenomenon, the respective parameters were set to be the following: p,, =8000 kg m?,
p,=2000 kgm*, 1, ={0.316, 0.707, 1.0, 3.162} m, | ={0.316, 0.141, 0.1, 0.032} m, | =0.02 m

and & =400 rad s™. Furthermore, in the case of each of the considered systems, equation 6-2
which describes the rotational motion of the whole system with respect to its centre of mass
was solved numerically by means of the classical fourth-order Runge-Kutta method [418]
where the time step was constant throughout the entire simulation and was set to be equal to

2x107°s.
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6.3 Results and Discussion

The results of the calculations for the type | and type Il rotating rectangles systems are
summarised in Figure 6-3 which shows plots (against time) of (a-b) the angle of aperture 26,
and (c-d) the extent of global rotation, Ad,. These plots clearly show that all of the systems are

capable of inducing their own global rotation the extent of which, for the Type | systems but

not the Type 11, can be fine-tuned by changing the aspect ratios of the rectangles.
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Figure 6-3 Panels (a) and (b) show the variation in the angle of aperture between rigid units 26,
plotted with respect to time for Type | and Type Il rotating rectangle systems composed of
rectangular units associated with different values of the aspect ratio 1, /1, . Panels (c) and (d)

show the variation in the extent of the global rotation exhibited by Type | and Type Il
respectively for deformation process from panels (a) and (b).
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Based on Figure 6-3(c), one may note that upon elongating the units corresponding to type

| rotating rectangles system, i.e. upon increasing |, /1, ratio, the system may rotate to a greater
extent than is the case for lower values of |_ /1, . Itis also evident that in the case of considerably

large values of |, /1, the relative change in the extent of rotation of the investigated system
becomes negligible. This result suggests that in reality, there is no need to construct the system
corresponding to extreme values of |, /1, in order to maximise the global rotation of the

considered structure. Furthermore, according to Figure 6-3(d), type Il rotating rectangles
system exhibits a different behaviour than was the case for type | rotating rectangles systems.

In this case, the extent of rotation of the whole system is not affected by the variation in the
magnitude of |, /I, ratio. This result could prove to be useful in the case of applications

concerning devices employed in space where the deformation of the structure would not have
to lead to the undesired type of rotation of the whole system. On the other hand, should one be
interested in inducing the maximal rotation of the system by means of rectangle-based system
then it would be more plausible to consider the use of type | rotating rectangles system as it

allows to induce the greater extent of rotation than type Il rotating rectangles system for any
value of |, /1, greater than 1. In other words, irrespective of the ratio of sides of its units, the

Type Il system always exhibits the same rotational behaviour. This in turn could allow to
change the dimensions of the structure used to induce the rotation of the external body without
altering its dynamics.

In order to better understand the results observed for both types of systems composed of

rigid rectangles, one may analyse the variation in the moment of inertia of the whole system
(1,), which is an interesting result in its own accord, as well as moments of inertia of individual
units which change accordingly to the aspect ratio of linear dimensions of rigid units. As stems

from the parallel axes theorem, the moment of inertia |, depends on the distance of each of the
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units constituting the system from its centre. This means that as the system deforms, this
quantity would be expected to change which effect can be seen in the case of both of the
considered systems in Figure 6-4(a-b). Furthermore, due to a different deformation pattern
which is the result of a difference in the connectivity between rigid units in the investigated

structures, the distances between the respective units and the centre of the system change very
differently for both types of systems. Thus, the variation in 1, is not the same in the case of
both types of rotating rectangle systems. At the same time, the moment of inertia of individual
rigid units (1,and 1) is not only the same for both systems (assuming the same aspect ratio of

rigid units) but also remains constant throughout the process of deformation. At this point, one
can note that in order to justify the results observed in Figure 6-3(c-d), one can use the principle
of angular momentum conservation as well as the above information related to effect which the
deformation of the considered systems has on their moment of inertia. This stems from the fact
that at any point of the discussed process, the angular momentum of the whole system must be

conserved, which in the case of the considered highly-symmetric systems leads to the following
expression: I1a)1:(5lH —4IL)0)0 (as mentioned in the model section, due to the particular

geometry, the net angular momentum associated with the rigid units does not depend on their
linear velocity). Based on this equation, one may conclude that in the case of the particular

model considered in this work, in order for a system to exhibit a different type of behaviour for

different types of rectangles composing the structure, the factor (5I y —4l L)/ I, must change for

systems consisting of rectangles having different aspect ratio. As the matter of fact, based on
Figure 6-4(c), one may note that this type of the variation in the aforementioned parameter can
be observed for Type | rotating rectangles which explains why the extent of rotation of the
whole system was changing for different types of rectangles. Conversely, in the case of systems

where the global rotation does not depend on the ratio of linear dimensions of rigid units, the
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factor (51,, —41_)/1, should assume the same values for a given value of 26 irrespective of the

aspect ratio of rigid units. In fact, as shown in Figure 6-4(d), this very effect can be observed

for Type Il rotating rectangles which also explains the unusual behaviour observed in the case

of this system. At this point, one should also note that in all of the considered cases, the moment

of inertia I, changes symmetrically throughout the process of deformation as expected based

on the geometry of considered systems.
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Figure 6-4 Panels (a) and (b) show the variation in 1, for Type | and Type Il rotating rectangle
systems during the process of mechanical deformation. Panels (c) and (d) show the variation in
the parameter (51, —41,)/1, for Type I and Type Il systems associated with different values of

I, /1, ratio respectively.
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As discussed above, based on the theoretical model it was shown that investigated systems
may induce their own global rotation as a result of the rotation of their subunits. At the same
time, it is important to note that for the sake of simplicity, the model used in order to describe
the discussed phenomenon was relatively simple and does not apply to all possible scenarios
where the similar concept could be applied. For example, in this chapter (and in Chapter 4
where the concept was first presented), it is assumed that all of the units are perfectly rigid
which, amongst other things, means that the moment of inertia associated with the rotation of
individual units with respect to their centres is constant. A more complex mathematical
description could, in theory, be used, so as to consider systems composed of units which are
not perfectly rigid and may change their shape throughout the process of deformation. In such
cases, the variation in the shape of the units is expected to affect the extent of the global rotation.
Another assumption made in this chapter corresponds to the lack of resistance between hinges
connecting respective units (e.g. friction, use of a spring-like hinge, etc.) as well as to the lack
of friction on the main axis of rotation passing through the centre of mass of the whole system.
Any resistance between adjacent units would affect the magnitude of the generated torque if
one was to use a particular force to deform the system. However, should one consider the use
of actuators to deform the structure at a given rate irrespective of the resistance between units,
then this effect would be made negligible. Also, should one attempt to implement the considered
concept in conditions other than those in space, then it would be difficult to completely avoid
the effect associated with certain resistance of the whole system to the rotational motion.
Furthermore, due to the assumption that considered structures are isolated systems, the effect
of external forces such as the gravitational force etc. is not taken into account where such forces
could in general significantly affect the discussed phenomenon.

Before concluding, it should be noted that there are still various aspects of the concept being

presented here which would benefit from further development. For example, with the present
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design, mechanical metamaterials may only induce their own rotational motion as long as the

rigid units constituting the given system are rotating. Once the system reaches the configuration
corresponding to the maximal value of 26, , the units must either cease to rotate or start rotating

in the opposite direction which would result in the reversed direction of the global rotation. This
limitation imposed by geometry may be overcome if the design is modified so that the units
constituting the system would be physically able to continuously rotate in the same direction.
Whilst this is not possible for systems where the connectivity of rigid units cannot be changed,
one could consider the replacement of standard hinges with devices that may enable a change
in the topology in order to be able continue the internal rotations of subunits and hence
perpetuate the global rotational motion of the whole structure in a particular direction. For
example, this could be achieved with the use of hinges having embedded electromagnetic

components. A diagram presenting this concept upon taking the system of rotating squares

(which is the special case of the Type | and Type Il rectangles with |, =1,) as an example is

shown in Figure 6-5. Based on this diagram, one can note than in the case of the fully-closed
configuration of the considered system, the connectivity between the adjacent units is
indistinguishable. This means that in theory, if one was to consider the hypothetical use of the
electromagnet-based hinges, one could switch the electric current in a way so that at a given
time it would run through specific ‘vertices’. As a result, it would be possible to form an
arbitrary type of the connectivity between ‘vertices’ of rigid units. This in turn would allow the
system to undergo a transition in the connectivity of neighbouring units upon reaching the
threshold configuration, hence it would be possible for respective units to continue their rotation

in the same direction as was the case before reaching the ‘locked’ configuration.
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Figure 6-5 A diagram presenting the hypothetical concept of the deformation of the rotating
sguare system having electromagnetic hinges connecting adjacent units at vertices. Those pairs
of the vertices which form a hinge as a result of the mutual interaction (for example induced by
electromagnets or other devices) are highlighted by means of the connected red arrows. It
should also be noted that the concept of the global rotation is not shown in this diagram.

Finally it should be mentioned that all of the results discussed in this and in the preceding
chapters, i.e. self-induced global rotation and self-induced variation of moment of inertia,
besides being interesting from the theory point of view, may also be used in the case of a variety
of applications where the control over the rotational motion of the system is of great importance.
As discussed in the former chapters, some of the potential applications of these concepts include
wind turbines, spacecraft, satellites and telescopes employed in space where the need for
various attitude control devices is historically known (currently reaction wheels are used to

control the rotation of such objects).

At this point, one should mention that one of the main motivations behind studying novel
types of behaviour which might be exhibited by mechanical metamaterials (such as the
aforementioned potential of mechanical metamaterials to induce their own global rotational
motion) was to potentially introduce these system to novel branches of the industry which could
lead to interesting applications. However, the fact that it is possible to propose novel concepts
associated with the behaviour of mechanical metamaterials does not mean that the studies
related to their better-known aspects such as the potential of these systems to exhibit unusual
mechanical properties should be neglected. As the matter the fact, further studies on different

anomalous mechanical properties which may be exhibited by mechanical metamaterials could
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eventually lead to the application of some of the interesting concepts related to these system in
the case of everyday materials in order to enhance their properties. One very interesting class
of mechanical metamaterials where the studies on mechanical properties are still in their infancy
and the results reported up to date indicate the potential of these systems to exhibit superior
counter-intuitive mechanical properties are hierarchical mechanical metamaterials. In view of
this, in the following chapter, the potential of these systems to exhibit unusual mechanical

behaviour is going to be investigated.

6.4 Conclusions

In this chapter, it was shown that different mechanical metamaterials may induce their own
rotational motion as a result of the rotation of their subunits. Upon analysing the propensity of
considered systems to exhibit the discussed phenomenon it was also shown that different
mechanical metamaterials may in general induce their global rotational motion to a varying
extent depending on their geometric parameters. It was also discussed that in theory, one may
construct the system similar to those discussed in this chapter where all of the units could
indefinitely rotate in the same direction which would also make it possible for the entire system
to rotate for an arbitrarily long period of time. All of the reported results could also be used in
order to implement the discussed concept of the self-induced global rotation of mechanical
metamaterials in the case of various applications such as spacecraft, satellites, telescopes

employed in space and wind turbines.
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7. Control over mechanical properties of hierarchical rotating

rigid unit auxetics®

CHAPTER HIGHLIGHTS:

e In hierarchical systems composed of rigid units connected via hinges, both lower and
higher levels of the hierarchical system may deform;

e Deformation pattern of the hierarchical system can be controlled via the resistance of
hinges connecting rigid units to the rotational motion, i.e. systems with the same initial
geometry having different resistance associated with the hinges will deform differently;

e A change in the Poisson’s ratio need not be imparted through a change in the geometry
of the system, as is normally the case, but may be also achieved through a change in the
‘stiffness’ of the hinges;

e |t is proposed that the control over the resistance of hinges to the rotational motion
which can lead to the behaviour discussed in this chapter can be achieved via the use of

magnetic inclusions located on rigid units constituting the system.

7.1 Introduction

As discussed in the Literature Review, over the years, mechanical metamaterials have been
extensively studied from the point of view of their potential to exhibit unusual mechanical
properties such as negative Poisson’s ratio. As the results of such studies, these systems were

proven to be useful in the case of the variety of applications such as in the manufacture of

4 The content of this chapter has already been published in the peer-reviewed journal Scientific Reports: K. K.
Dudek, R. Gatt, L. Mizzi, M. R. Dudek, D. Attard, K. E. Evans, J. N. Grima, On the dynamics and control of
mechanical properties of hierarchical rotating rigid unit auxetics Sci. Rep. 7 46529 (2017)
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impact resistant, sound-proofing and/or biomedical devices. In an attempt of introducing
mechanical metamaterials to new sectors of industry, more properties of such metamaterials are
being studied, such as the novel effect corresponding to the propensity of these systems to
induce their own global rotational motion, which was proposed and analysed in the last three
chapters of this thesis. However, the fact that it is worth to investigate novel aspects associated
with mechanical metamaterials does not mean that the studies related to more fundamental
aspects of design and mechanical properties of mechanical metamaterials are completed. As the
matter of fact, now that systems exhibiting anomalous mechanical properties are starting to
prove their usefulness in everyday applications (e.g. sports shoes, gloves and helmets [419]), it
is even more important to intensify efforts aimed towards enhancing their properties in order to

try to reach their full potential.

One very interesting class of mechanical metamaterials are hierarchical mechanical
metamaterials. As discussed in detail in the Literature Review, the studies related to
incorporating the concept of hierarchy in the case of these systems were commenced very
recently with some of the first papers being published on the verge of the year 2014 and 2015
by Cho et al. [329] and Gatt et al. [330]. These studies were primarily focused on systems
composed of rotating square motifs and different geometries which such systems can attain. In
those studies, it was also reported that during the deformation process of such system, units
corresponding to lower levels of hierarchy tend to open to a significantly lower extent than is
the case for higher levels. However, this interesting observation was not followed by the
proposal of any model nor other form of justification which would allow to explain the observed
phenomenon. In view of this, in this chapter, an attempt is going to be made in order determine
the mechanism leading to this particular type of behaviour. In order to do that, a particular two-
level hierarchical mechanical metamaterial is going to be analysed through the dynamics

approach meant to primarily qualitatively asses the behaviour of the considered system. By
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means of the very simplified theoretical model, it is also going to be analysed whether it is
possible to attain the control over the deformation and mechanical properties which may be

exhibited for such system through the variation in certain parameters defining the structure.

7.2 Model

In this chapter, a model specifically designed to describe the dynamic behaviour and predict
the mechanical properties of the hierarchical system shown in Figure 7-1(b) will be presented
and discussed. This may be described as a finite two-level hierarchical system having four
square-like units in the upper level (corresponding to Level 1 of the structure) each of which is
made from four other squares (the Level 0) having a linear dimension of I. This system is a

particular case of a more general two-level hierarchical system where each of the Level 1

building blocks consists of 2N, x2N, , squares, where N,, and N, stand for the number of
Level O units in the two orthogonal directions associated with a Level 1 building block, see
Figure 7-1(a). Note that if N, =N,, =N, , the Level 0 would approximately assume the shape
of a square (as is the case in the this chapter) whilst if N, = N, , the Level 0 would assume

the shape of a rectangle.

Variables g, and ¢, correspond to angles between the adjacent units of the zeroth and first
level respectively. These quantities can in turn be used in order to determine the linear

dimensions (L, and L, ) of the discussed system (see Appendix I11). It is also very important to

note that the hierarchical systems considered in this study cannot be constructed for an arbitrary

combination of &, and 6. The possible values of these angles are given in Figure 7-1 (c).
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Figure 7-1 The panels in this figure present (a) the two-level hierarchical auxetic system with four square-like units corresponding to Level 1 of
the structure, where each unit consists of N, x N, (in the provided example N, =3) Level 0 repeat units (bright green), (b) an example of the

structure corresponding to N, =1 and (c) the permissible angles for 6, and ¢,, which conditions ensure that the squares do not overlap with each
other and the system retains the same connectivity. This is attained when conditions &, > 6, and & =7 —-26,—26, >0 are satisfied.
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This model operates under the assumption that the Level O rotating square units of the
system are completely rigid and cannot distort or change shape in any way during deformation.
The validity or otherwise of this assumption for a real physical system will depend on how the
real system is constructed. For example, this model derived here is likely to be valid for systems
constructed from stiff units (e.g. metal) connected through hinges, i.e. a system which is
purposely constructed to satisfy these assumptions of the model. For small strains, the ‘rigid
units’ assumption is also expected to be applicable to other systems, such as perforated systems
as described in Cho et al. [329] and Grima et al. [420], where previous studies have shown that
the smaller the ‘connection’ between the squares in relation to the size of the units (e.g. squares)
themselves, the more valid the assumption is [420]. Furthermore, the Level 0 squares and Level
1 building blocks will be assumed to be connected together through hinges which permit
relative rotation of two connected units. In order to further simplify the description of the very
complex system discussed in this chapter, it is also going to be assumed that the variation in the
moment of inertia of respective units / building blocks constituting the system is relatively
small. The symmetry of the system, as well as its geometric constraints result in a system which
only has few degrees of freedom. In particular, under the condition of uniaxial on-axis loading,
all of the units constituting the i-th level of the system are geometrically constrained to rotate
by the same angle, while the 0-th level squares remain rigid, i.e. they do not distort or change
shape in any way. Under these conditions, for a given value of | (size of the length of a single
square), the geometry of the whole system can be described through just two independent
variables, angles ¢, and 6. This means that it is sufficient to investigate the rotation of
individual units in both levels in order to obtain a complete picture of the deformation
mechanism of the considered structure, i.e. the dynamics of the system may be fully described
through a set of equations which are the rotational analogues of Newton’s equation of motion,

which equations may be solved numerically. In other words, the deformation through time, of
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the whole system may be established by solving the equations governing the changes in the

angles @ ata given time, an approach which allows for perfect rigidity of the 0-th level rotating

units and is highly efficient from a computational time point of view, as the number of
equations which must be solved at a given time corresponds to the number of levels within the
system and is nearly independent of the number of units constituting a given level. This stems
from the fact that the number of rigid units corresponding to the i-th level is only a number

parameter in the equation describing the dynamics of the angle 4, as will be discussed later in
this paper.

In order to induce a deformation in the systems discussed in this work, a force F (the same
in terms of magnitude) is applied on each of the leftmost and rightmost vertices of the system,
as shown in Figure 7-1(a) (or topmost and bottommaost, depending on the direction of loading).

At this point, it should be noted that even though in former chapters the resistance of hinges
connecting the respective vertices of rigid units to the rotational motion was not taken into
consideration as it would affect the discussed phenomenon only quantitatively, in general it
does not have to be the case. As a matter of fact, there is a variety of systems where the
resistance of hinges to the rotational motion may qualitatively affect the investigated behaviour.
One such example is the system analysed in this chapter, where the resistance of the hinge to
rotation may be defined in a number of ways depending on the way how the hinges within the
considered system are constructed. A very well-known approach makes use of a harmonic
potential in order to describe the hinging process, an approach which can mimic a number of
realistic scenarios, including the behaviour at small strains of perforated and other similar
systems corresponding to an analogical geometry.

In the considered model, based on a harmonic potential, it is assumed that resistance to
rotation is solely due to a restoring force associated with hinges. In other words, apart from

assuming that Newton’s equations are adequate to describe the dynamics of the discussed

103



system, it is also being assumed that the system is just being uniaxially stretched and not being
subjected to additional factors (magnetic field, medium viscosity etc.). The approach used here
is expected to be valid only for certain macroscale systems present in a medium with relatively
low viscosity which are not subjected to additional environmental factors such as gravitational
force etc. At this point it is important to note that, in the case of this particular potential, even
if all of the hinges within the system were the same, the restoring force corresponding to hinges

from Level 0 and Level 1 may vary as angles &, and ¢, might be opened to a different extent

with respect to equilibrium angles 26, ., and 26, ,, respectively. In such a case, the resistance

.€q

to rotation associated with individual hinges may be quantified in terms of torques as

2K, [(6,-6)) (6.4 -0

0,eq

)} or 2K, (90 —Qoveq) depending on the position within the system.

In this case K, stands for a stiffness constant associated with the harmonic potential resistance

torque. Furthermore, based on Figure 7-1(b), one may note that for the considered structure

there are always four hinges corresponding to Level 1 of the system and by extension to the

6

torque 2K, [(91 —6?0)—(91 beg )} However, in the case of Level 0 of the system, all of the

,eq o
hinges within the structure correspond to this level.

Under the assumptions made in this chapter, for a given level to keep expanding, the
resultant resistance torque associated with this level has to be overcome by the torque
corresponding to the force applied to the system at all times. This means, that in general, one
can describe the motion of units constituting the i-th level of the structure by means of the of

the following equation of motion:

2
iddt§=riiBi -1

where, |, stands for the collective moment of inertia of all of the units within the system and

2

dtzi Is the angular acceleration associated with the rate of change in the angle 6. The
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remaining variables in the above equation, i.e. 7, and B, stand for the magnitude of the torque

induced by the application of the external forces (having a magnitude of F) to the leftmost and
rigtmost vertices of the structure and the resistance torque associated with hinges. Upon
follwing this general formulation, the deformation of the system can then be established through
the rotation of the units found in each level, by means of the rotational analog of Newton's

equation of motion:

|1% =8, F sin (<)1F1a E)¢8Kh [(61 _90)_(61,63(4 _eo,eq )J "

2 —_— —
I, % =8r,F sin(<tr0, F)$8Kh [(6’1 —6?0)—(6?1’eq — O eq )Jiz(ni -4)K, (90 —eoleq)

where, n,, is the number of hinges corresponding to Level i of the system, r, is the distance

7-3

between the vertex where the force is applied and the centre of mass of the Level i building

block. Since in this study, a two-level system is being considered, and hence i=0,1. Here, |,
corresponds to the rotation of individual squares with respect to their own centres and 1, is

associated with the rotation of the Level 1 building blocks with respect to their centres of mass.
The information concerning the way how these quantities were calculated can be found in

Appendix I11.

The signs in equations 7-2 and 7-3, are set in a way so that the resultant resistance torque
always opposes the rotational motion of units corresponding to the i-th level. Furthermore, the
factor 8 in equations 7-2 and 7-3 is associated with the way the force is being applied to the

system and the resulting reaction forces as described in [421].

It is important to note that the methodology developed here can be applied to various other
analogous constructs including other hierarchical system composed of an arbitrary type of
rotating rigid units. Furthermore, it is important to highlight the fact that although the model

proposed above is based on a specific type of hinge in which the rotational motion is governed
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by harmonic potential, the derived model can be used for an arbitrary potential or type of
interaction. A very good example can be hinges where the rotational motion is governed by
friction. In this case, one can assume that for a considered model, a resistance to rotation is
solely due to friction from all the hinges in the system, which are identical to each other
irrespective of their position within the system. In this case, the resistance to rotation may be

quantified in terms of a friction torque f = f. (i=0,1) resulting from the friction caused by the

rotational motion of the hinge, where the value of f remains constant regardless of changes in
angular velocity and angle of aperture of the subunit. Under such assumptions, for a given level
to start deforming, the resultant friction torque associated with this level has to be overcome by
the torque corresponding to the force applied to the system. In this case, the Newton's equation
of motion describing a rotational motion of the i-th level, can be written in an analogical manner

as it was the case for the harmonic potential as follows:

d?e N
IiF=8riFsm(<ri,F)+nif .
Systems having hinges governed by friction, apart from being indisputably simple to

7-4

describe mathematically, are a very good representation of macroscopic pin-jointed structures
where the resistance to rotation of the hinge is associated with the friction governing the hinging

process.

Calculation of the Poisson’s ratio

In general, for loading in the x direction, the Poisson’s ratio can be expressed as follows:

Sy 7-5
&

XX

where ¢,, and &, are the strains in the x and y directions respectively. In this work, the value

Vg =—

of v,, atagiven time was calculated using the following formula:
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ny,k+l =

_ gyy,k+1 __ I-y,k+1 - I-y,k Lx,k+1 - Lx,k 7-6
L L,

XX, K+1 Y.k

Parameters

In order to investigate the deformation behaviour of the discussed system for loading in the
x-direction, a structure consisting of 1><1(N0>< NO) Level 0 building blocks was used. The
constants characterising this system were set as follows: F = 500 N, | = 0.05 m,
o =3000 kg-m? (area density of the material making up the Level 0 subunits), @, and
@, =0 deg-s™ (the initial angular velocity of the rotating units in the respective first and zeroth

levels), At=10"s. In addition, the initial geometric parameters of the system were set as:
20, =20°, 26, =10°, which in the case of N, =1 leads to, L, =0.248 mand L, =0.234 m.
Furthermore, in order to show how the deformation of the system changes upon varying the
value of K, , K, was set to be equal to {0.035, 0.174, 0.349, 0.698, 1.396, 2.093} N-m-deg™

. In the case of the structure constructed by means of hinges governed by friction, all of the
parameters, with exception for f, were kept fixed. In the considered cases f assumed the values

of {0.0, 0.5, 1.0, 1.5, 2.0, 2.5, 3.5} Nm.
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7.3 Results and Discussion

Numerical solutions of the model presented above suggest that irrespective of the hinge
being used, a tensile force results in the system deforming through a relative rotation of the
constituent units where, for a given initial structure, the actual manner of deformation, and
hence the Poisson’s ratio, is dependent on the resistance to motion offered by the hinges. This
means that if the magnitude of the resistance to rotational motion offered by the hinges could
be controlled, then it would be possible to control the mechanical behaviour of the system
without altering its geometry. Such control over the resistance to the rotational motion of the
hinges can be achieved through the use of magnetic fields (which concept was first proposed
by Grima et al. [406]) or thermal expansion of hinges. This is very significant as it is the first
time that a change in the Poisson’s ratio is not being imparted through a change in the geometry
of the system, as is normally the case, but merely due to a change in the resistance associated
with the hinges of the hierarchical system. This is clearly shown by the results plotted in for

systems with the same initial geometry, set to | = 0.05 m, N, =1, 26, =10° and 26, =20°,

having hinges which offer different resistance to motion. Here it is important to note that the
changes in the mechanical properties of the hierarchical systems occur while the system is still
deforming via the rotating mechanism. This is completely different from the effect observed in
other auxetic systems such as hexagonal re-entrant honeycombs [15, 235, 236], where the
mechanical properties depend on the interplay between the three main deformation mechanisms
present in these systems, i.e. the stretching, hinging and flexing mechanisms. For such re-
entrant systems one could alter the mechanical properties by changing the ratio of their
respective stiffness constants. However in our case, there is no such interplay of mechanisms
and the change in mechanical properties was obtained solely as a result of the relative rotations

of Level 0 and Level 1elements.
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Figure 7-2 Plots showing the variation in (a) &, (b) 6, and (c) Poisson's ratio v, as a function of time t for loading in the x direction for systems

with K, values ranging from 0.035 N-m-deg™ to 2.093 N-m-deg™ and (d) the relation of &, to @, for a deforming structure having the motion
of the hinges governed by harmonic potential. Similarly, plots (e), (f) and (g) show the variation in &,, &, and v, respectively as a function of
time in the case of friction-based hinges corresponding to the value of f ranging between 0 N-m and 3.5 N-m. (h) shows the relation of &, to 6,
for a deforming structure having the motion of the hinges governed by friction. In all cases considered, N, =1 and F=500 N. It is important to note

that in the case of (c) and (g), the scale in the y-axis (incremental Poisson’s ratio) was arbitrarily stopped at -2, since this value of the Poisson’s
ratio tends to —eo upon approaching the maximum deformation. A cut-off value of -2 is appropriate in view of the fact that the part of the deformation
which is not included in panels (c) and (g) is relatively small, as shown in Table 7-1. An analogical set of results, plotted with respect to applied
strain, is provided in Appendix IlI.
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f [Nm] Vi Exina | K, [N -m- deg'1] Vyy &y, final

00  -0508ate =0.157 0.157 0.035 -0.543 at £, =0.162 = 0.162
05  -0.640at & =0.194 | 0.194 0.174 -2.0at &, =0253 | 0271
10 | -20ate =0289 | 0.303 0.349 -2.0at £,=0.199 | 0.212
15 | -20ate =0273  0.291 0.698 -2.0at g, =0.134  0.143
20  -20ate =0246  0.266 1.396 -2.0at ¢, =0.181 | 0.086
2.5 20at £, =0.211 | 0.234 2.096 -2.0at & =0.057 | 0.062
35 | -20ate =0183 | 0.187 - B .

Table 7-1 Values of the strain ( ) corresponding to the minimum value of the Poisson's ratio
presented in Figure 7-2 in comparison to the final value of the strain (&, g, ) associated with
the geometric lockage of the system.

K, [Jdeg™] 0.035 0.174 0.349 0.698 1.396 2.093

20, it — 20, [deg] | 20811 | 29.766  17.233 | 8.600 | 3.780 | 2.231
20,y — 20 [deg] 10812 | 38101 | 29261 = 20.175 = 12661 | 9.302

Table 7-2 Difference between the final and initial value of the angle &, for particular values of

K, . In all of the considered cases, the system was subjected to a constant force having a
magnitude F=500 N throughout the whole process of deformation, i.e. from &, ..., upto &, 4,
, when the system goes to the locked conformation.

Figure 7-2 (a)-(d) show the results for systems where the resistance to motion is governed
through a harmonic potential associated with every hinge within the system. These different

structures have the same initial geometry but different values of a stiffness constant K, ranging

from 0.035 N-m-deg™ to 2.093 N-m-deg™. In all cases, the system was subjected to a

constant force having a magnitude of 500 N until it was geometrically locked i.e. until the
system could not continue to deform through rotations of the level 1 and / or level 0

quadrilaterals. A detailed analysis of these results indicates that in the case of the hierarchical
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systems having relatively high values of K, , Level 1 opens to a greater extent than Level O of
the structure. This can be concluded from the fact that angle &, opens to a greater extent than
angle g, as shown in Figure 7-2 and Table 7-2. This is in accordance with the numerical and
experimental work conducted by Gatt et al. [330] and Tang et al. [331] concerning the
deformation of hierarchical perforated materials. However this deformation behaviour is not
observed for all systems with the equivalent initial geometric configuration. In fact, for systems

having relatively low values of K, , the opposite behaviour is observed, with the Level 0

squares opening to a greater extent than the larger Level 1 units. Therefore, these results suggest

that the deformation behaviour depends on the magnitude of the K, coefficient (or other

parameter depending on the type of hinge). This is very important as it indicates that for a given
initial conformation, the final loaded structure depends upon the value of the hinge resistance
to the rotational motion coefficient, as indicated in Figure 7-2. It is also important to note that

although &, always increases, for relatively low values of K, , referring to Figure 7-1(a) and
Figure 7-2, angle ¢, becomes smaller with time whilst for relatively large values of K, this

angle becomes increasingly larger. It is also important to note that the deformation behaviour
(and hence mechanical properties) of this hierarchical system can also be controlled through
the magnitude of the force applied. In particular, for a system having a constant resistance to
rotational motion, an increase in the magnitude of the force results in level 0 quadrilaterals
opening to a greater extent in comparison to level 1 quadrilaterals, without changing the
structure itself i.e. without having to deconstruct and re-construct the structure with different
hinges. Additional fine-tuning may also be achieved by applying a force which changes in

magnitude with time (see Appendix IlI).
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Figure 7-3 Diagrams showing the final state of the deformation of two systems, where the
hinging process is governed by friction, with K, values of 0.035N-m-deg” and

1.396 N-m-deg™.
This difference in the deformation mechanisms upon altering the K, coefficient may be

explained if one considers the number of hinges present within each level of the system. The
deformation of the rotating units in the respective levels is governed by the ratio of the resultant
friction torque in the zeroth and first level of system. For the hierarchical structure considered

above, the total number of hinges present in Level 0 (n, ) is equal to 20 whilst the total number
of hinges present in Level 1 (n,), is equal to 4. Based on equations 7-2 and 7-3, the resultant
resistance torque, which the system has to overcome in order to expand, depends on a number
of hinges present within each level of the system. Hence, in the considered case of N, =1, the
corresponding resistance torque of the zeroth level of the structure is significantly larger than
in the case of the first level, which stems from the fact that a number of hinges corresponding
to Level 0 is five times greater than it is the case for Level 1. Thus for relatively large values of
K, , for example K, =1.396 N-m-deg™”, the magnitude of the resultant resistance torque
corresponding to Level 0 is relatively large when compared to that of the torque associated with
the applied force. At the same time, Level 1 units are not as affected by the value of K, (see
Figure 7-2(a)) due to the fact that in this case, the resistance torque associated with only 4 hinges
has to be overcome. This results in a greater deformation of the Level 1 units. However, in cases

where the K, constant assumes a relatively small value (such as in the case of
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K, =0.035 N-m-deg™), the resultant resistance torque becomes insignificant in comparison
to the one associated with an applied force and the distance r. becomes the governing factor for

the deformation of the system. This means that the Level 0 units deform to a greater extent in

the case of a relatively small value of K, . The effect which the value of K, has on the

deformation of the system is clearly shown in Figure 7-2(d) and Figure 7-3 where the final

configuration of the system corresponding to both of the discussed values of K, is presented.

Based on Figure 7-2(b), one can note that Level O starts closing during the process of
deformation. This result is associated with the fact that the resultant restoring force (for this
level) is greater than in the case of Level 1 (number of hinges is greater for Level 0 than it is
the case for Level 1), hence it is more prone to exceed the torque corresponding to the external
force. In order to better understand the extent of deformation for each of the considered
parameters, the analogical set of results plotted with respect to strain is provided in Appendix
.

The above results indicate that one may control the deformation behaviour of the system
simply by changing the magnitude of the coefficient corresponding to the resistance to the

rotational motion (such as K, in the case of a harmonic potential). This also suggests that for
any two-level hierarchical rotating squares geometry (assuming that both levels open at the
same time), there is a specific value of K, where the rate of angle opening of g, and &, is

equal. Such a threshold value of K, can be denoted as K, . It can be obtained by means of

equations 7-2 and 7-3, where by assuming that @, = @,, the value of K, ; can be found once

2 2

.. d e . .. . . .
the condition dt20 ZT; is satisfied. It is also important to note that the value K, ;, can be

determined only for a given time since it varies as the angles change.
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Figure 7-2(c), shows the change in the incremental Poisson’s ratio with time for the
hierarchical structure under consideration having different values of K, . The incremental
Poisson’s ratio [422], also known as the Poisson’s function [423] was used in this study as it
gives a much better indication of changes in the lateral dimension of the system as a measure
of applied stress (i.e. during the deformation) when compared to the engineering Poisson’s ratio.
From Figure 7-2(c), it is clear that the value of the Poisson’s ratio at a particular time, depends

on the value of K, . This stems from the fact that the geometry of Level 1 units (defined by u,
and o, in Figure 7-1(a)) can be described as rectangles rather than as squares, with u, =0.1083
mand v, =0.0996 m. For relatively large values of K, , €, changes to a small extent, meaning

that the dimensions of the Level 1 units remain roughly constant throughout the deformation of
the hierarchical structure. It is well known that the Poisson’s ratios of the rotating rectangles

model is dependent on the dimensions of the rectangles and the angle between them, where the
incremental Poisson’s ratio exhibit an asymptote-like behaviour (v, — %o ) upon approaching
the locking conformation, i.e. upon reaching the maximum applied strain in the loading
direction. For relatively small values of K, , (for example K, =0.035 N-m-deg™) 6, changes
to a large extent, meaning that the dimensions of the Level 1 units change throughout the
deformation of the hierarchical structure. This means that in this case, the Poisson’s ratio of the
hierarchical system will depend on the relative changes of 6, and @, . Furthermore, one may
note that the initial value of the Poisson’s ratio is the same for all the systems considered
(governed by a harmonic potential) irrespective of the value of the stiffness constant. This effect
can be explained by the fact that in the case of the harmonic potential, at the time equal to zero,

the term corresponding to the restoring torque (see equations 7-2 and 7-3) assumes a value of

zero as the hinges are in their equilibrium states.
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At this point, it is important to note that the results presented above relate only to a hinge
governed by the harmonic potential, but the findings that the deformation pathway and
mechanical properties are affected by the properties of the hinges is a general result. As an
example, a similar set of results was produced for structures in which the hinging process is
governed by a friction rather than a harmonic potential. The values of f (associated with the
friction of a hinge) for these structures were set in the range between ON-m and 3.5N-m,
while the same geometric parameters considered for the hinges governed by harmonic potential
were used. From the results obtained, see Figure 7-2(e)-(h), one can note that even though the
deformation patterns are slightly different than it was the case for Figure 7-2 (a)-(d) (which
stems from a different nature of the hinging process), both of the systems lead to the same
conclusions as analogical trends can be observed in both sets of figures. For example, for
relatively high values of f, Level 0 of the hierarchical system opens to a greater extent than
Level 1 and, vice-versa, for relatively low values of f, Level 0 opens to a greater extent than
Level 1 (see Table 7-3). Furthermore, in the case of the friction-based hinges, the initial
Poisson's ratio is not the same for different values of f, which was not the case for the hinges
governed by harmonic potential (see Figure 7-2 (c), (g)). This is due to the fact that the initial
system varies for different values of f as a different resistance to motion has to be overcome
from the beginning of the deformation. In fact, referring to Figure 7-4, it can be shown that for

the hierarchical system having f =3.5 Nm, the Poisson's ratio follows the same profile as the

rigid rotating rectangles model proposed by Grima et al. [286]. This result also proves the

suitability of this dynamics method to model systems based on rigid rotating units.
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Figure 7-4 A plot showing a comparison of the Poisson’s ratios obtained from the numerical
solutions presented here for f = 0.5 Nm and f = 3.5 Nm with those calculated from analytical
models for uni-level rotating rigid rectangle and square systems.

f [Nm] 0.0 0.5 1.0 1.5 2.0 2.5 3.5

20, o — 200 vuia [deg] | 20.133 | 24.686 | 47.658 | 35.075 22.869  12.176 0.034
20, 1ot — 20w [deg] | 10.134 | 14688 | 46.793 | 50492 55.351 59.799  65.182

Table 7-3 Difference between the final and initial value of the angle &, for particular values of
f. In all of the considered cases, the system was subjected to a constant force having a magnitude
F=500 N throughout the whole process of deformation, i.e. from 26, ;... up to 26, ..., when

the system goes to the locked conformation.

Also, although the results discussed here are specific to a particular geometry, the same
trends in deformation and Poisson's ratios are expected to occur for other initial geometric
conformations of the hierarchical system (see [424]). Furthermore, this result is expected to be
valid for larger values of N,. However, one may presume that as N, increases, Level 0
becomes increasingly rigid meaning that the Poisson's ratio would increasingly depend on the
deformation of the Level 1 units. Moreover, as N, —oo, the geometry of Level 1 units
resembles more closely that of a square and thus the Poisson's ratio of the system would

approach -1 as expected for the rotating squares model [2].
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All this is very significant, since the work presented here shows that it is possible to alter
the deformation mechanism, and hence the mechanical properties of a hierarchical rotating rigid
unit system simply by changing the resistance to rotational motion of all the hinges in an even
manner. This property is not observed in currently known non-hierarchical rotating rigid unit
systems and adds another element of versatility to this class of auxetic structures, which has
already been shown through previous studies to possess the potential to exhibit a considerable
range of mechanical properties through geometric variation alone [329-331]. This means that
if, for example, one were to build a hierarchical system where the Level 0 squares are connected
together through ‘smart/intelligent’ hinges with tuneable friction coefficients, one could
achieve a considerable range of negative Poisson’s ratio without altering the initial geometry
of the system. Moreover, the examples discussed here only provide a glimpse of the true
potential of these systems. A greater degree of versatility is envisaged if other geometries
besides the rotating square motif are employed and if the number of hierarchical levels in the
system is increased. This increased versatility could make these systems ideal for a number of
niche applications such as smart filters, where the friction coefficients of ‘intelligent' hinges
may be customized according to the required pore sizes. This way, one filter may be used to
filter a range of substances with different parameters, hence reducing material costs. Also, such
a filter would be much easier to clean than a normal filter due to the adjustable pore size. Such
systems with tunable porosity could also find applications in the design and manufacture of

smart dressings as discussed elsewhere [330, 425].

Before concluding, it is important to highlight the fact that whenever there is an even
number of units, as a result of the particular design, the considered hierarchical system cannot
induce the effect discussed in former chapters, i.e. it cannot induce its global rotation as a result
of the rotation of its subunits. However, should one for example change the mass distribution

within the structure, so that units rotating in a specific direction would be heavier than units
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rotating in the opposite direction, then in theory it should be possible to observe the effect of
the self-induced global rotation. Nonetheless, in order for this phenomenon to be manifested,
the structure should be deformed internally as opposed to the external application of forces to
the system as is the case in this chapter. Such internal deformation could be induced through
the appropriate use of actuators located between the adjacent units within the system. It could
also be achieved through the use of magnets / electromagnets located on neighbouring rigid
units which could change the angle of aperture between the rigid units as a result of mutual
interaction. Both of these solutions make it possible to deform different levels of the
hierarchical structure independently which effect, as discussed in this chapter, is very difficult
to be achieved upon applying external forces to the system. In view of this, it may be expected
that the internal deformation of the system allows for a greater control over the deformation
pattern of the entire structure and hence it may prove to be useful in the case of applications

where one wants the hierarchical structure to assume the particular configuration.

As mentioned in this chapter, in order to achieve the control over the resistance of
respective hinges to the rotational motion, one can use the magnetic field which could be
induced by magnets which would be appropriately inserted into the system. This means that
magnetic inclusions inserted into mechanical metamaterial systems could be expected to affect
their mechanical properties. As the matter of fact, as discussed in the Literature Review, there
are already a few studies where it was shown that the use of magnetic inclusions could lead to
the design of mechanical metamaterials exhibiting anomalous mechanical behaviour which
otherwise would not be possible. Also, as recently reported [352], the use of magnetic
inclusions may also lead to the design of mechanical metamaterials exhibiting several unusual
mechanical properties at the same time which effect is very rarely observed in other classes of
mechanical metamaterials. However, despite the potential of mechanical metamaterials with

magnetic inclusions to exhibit enhanced unusual mechanical behaviour, the studies related to
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this concept are still in their infancy. In view of this, in future chapters, the concept
corresponding to the mechanical system with magnetic inclusions exhibiting a number of

anomalous properties will be proposed.

Furthermore, up to this point of the thesis, all of the novel types of mechanical behaviour
or unusual mechanical properties were exhibited by mechanical metamaterials composed of
square/rectangle-like motifs having parallelogram-shaped pores. However, this does not mean
that mechanical metamaterials exhibiting counterintuitive properties need to be necessarily
built from rigid squares/rectangles. In fact, it has already been amply demonstrated that other
motifs built from triangles, rods, etc. can also exhibit unusual mechanical behaviour, as
discussed in Chapter 2. One may also argue that it is more than likely that many other new
metamaterials constructs will be discovered in the future. The next chapter will look at one such
novel motifs, namely simple systems which are built from rigid triangles connected at their
vertices, where, like the rotating square/rectangle systems discussed so far, also have

parallelogram-shaped pores.

7.4 Conclusions

In conclusion, through a dynamics approach, a simple model was designed to predict the
Poisson's ratio and approximately quantify the relative rotations of the units at each hierarchical
level for the hierarchical rotating rigid unit systems. It was shown that unlike unilevel systems,
the Poisson's ratios and deformation patterns for a given applied load of such hierarchical
structures may be altered solely by changing the relative resistance to the rotational motion of
the hinges of the systems. This contrasts sharply with the behaviour of other auxetic systems
where, unless the geometry of the system is altered, changes in the mechanical properties can

only be attained through changes in the interplay of different deformation mechanisms. This is
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very significant as it suggests that if one were to construct such a system through the use of
hinges where the resistance to the rotational motion could be fine-tuned, then in theory it would
possible to control relative deformations of the various hierarchical levels and hence the overall

macroscopic and mechanical properties of the system.
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8. Mechanical metamaterial composed of generic triangles with the
potential to exhibit negative compressibility and negative

thermal expansion®

HIGHLIGHTS

e Novel design of the mechanical metamaterial system composed of generic rigid
triangles connected at vertices is proposed;

e The considered system has a propensity to exhibit negative linear compressibility in at
least one direction irrespective of the stage of the mechanical deformation or the type
of rigid units constituting the system;

e Itis shown that apart from the negative linear compressibility, the proposed system may

also exhibit negative thermal expansion.

8.1 Introduction

In this thesis, it was already shown that despite the fact that mechanical metamaterials have
been thoroughly studied over the last two decades, it is still possible to propose novel concepts
leading either to anomalous mechanical properties or to other types of interesting behaviour. It
might be also noted that all of the novel systems discussed in this dissertation, which were
capable of exhibiting unusual type of behaviour as the result of their geometry, consisted of
rotating rigid square/rectangles motifs. However, this does not mean that it is not possible to

propose other types of novel designs of mechanical metamaterials which could have the

> The content of this chapter has already been published in the peer-reviewed journal Smart Materials and
Structures: K. K. Dudek, D. Attard, R. Caruana-Gauci, K. W. Wojciechowski, J. N. Grima, Unimode
metamaterials exhibiting negative linear compressibility and negative thermal expansions Smart Mater. Struct. 25
025009 (2016)
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propensity to exhibit unusual characteristic. As the matter of fact, as discussed in the Literature
Review, there is a plethora of novel mechanical metamaterials which in recent years were
reported to have a potential of exhibiting unusual mechanical and other types of behaviour. In
view of this, in this chapter, a novel type of such system, which was inspired by the work of

Prof. Milton [426], will be proposed and analysed in order to assess its mechanical properties.

Milton proposed and generalised various periodic unimode structures (structures that have
a single easy mode of deformation [427]) built from rigid bars and pivots [426, 428], including
ones built from connected triangles which behave as rotating rigid units [426]. One such system
can be described through a sub-structure composed of four triangles which are connected
together. Milton regards this structure, which should not be confused with other triangular
lattices and geometries which have been extensively studied [255, 288, 290, 300, 301, 429-
431], as an expander since an application of a small strain in one direction may result in a
considerable enhancement of the strain in the orthogonal direction [426]. In fact, it may be
shown that such a structure may lead to very high positive Poisson’s ratios in particular

directions, which as discussed in this chapter may in turn give rise to NLC.

Milton’s work has clearly confirmed that the systems he considers exhibit high
expandability. However, generalised mathematical models describing the mechanical
behaviour of these systems and similar ones have not yet been established in terms of geometry.
In this respect, it would be useful to develop a model which can quantify not only the
expandability and expected Poisson’s ratios of such systems but also other thermo-mechanical
properties, such as thermal expansion or compressibility properties, which could also be of
interest.

In view of this, and the important role that the relative rotation of rigid units has in
generating anomalous thermomechanical properties, this chapter will look into more general

systems which could be potentially constructed from Milton’s expander, with the aim of
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formulating an analytical model which can predict the Poisson’s ratios, compressibility

properties and thermal expansion behaviour of such construct.

8.2 The model

Before examining the mechanical properties of these systems, it is useful to discuss their
geometries, which are essentially generalisations and variations of Milton’s expanders
implemented as tessellations. One can establish a basic unit cell for such networks, consisting
of two sets of two non-equivalent scalene triangles, as illustrated in Figure 8-1(a). In such a

case the shape of the system is describable through seven independent geometric parameters,
six of which relate to the shape of the triangles of dimensions of axbxc and dxex f and one
which relates to the degree of aperture of the system, angle €. If one assumes that the triangles

are rigid constructs, then the shape and size of this system rely on only one degree of freedom,

the angle of aperture, thus qualifying it as a unimode system.

X,
a : Ir""Ex"._'."Ii'._"_'.-: """ .
c 2 X / \
p BN a as b
d N7
E { ! E IE"_ X5
| = U Ao .
G.\.'|
(a) (b)

Figure 8-1 (a) A generalised structure based on Milton’s expanders (b) the complement unit
cell of a typical form of the systems studied here [Taken from [432]].

In this chapter, a simpler case is studied, where only one type of triangle making up the

unit cell is considered. The sides of the triangle are denoted as a, b and ¢ which subsequently

define the interior angles of the triangle «, f and ¥ . The angle of aperture is defined by the
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angle @ which is twice the angle subtended between the side of length a and the Ox, direction.

The triangles are connected in such a manner that sides of the same length make up the
perimeter of the resulting pores (see Figure 8-1(b)). Typically a triangle has all three vertices
connected resulting in pores which are rhombic in shape. However there are some cases, in
which the triangle has only two connections leaving a free vertex and as a consequence of this,
a more complex pore shape is observed. The resulting unit cell always has two lines of
symmetry.

For a given triangle the system may be connected together in a tessellatable manner in a
number of ways, henceforth referred to as forms. As a result of the geometry, although the
different forms are very similar to each other, it is not possible to move from one form to another
without permitting overlap of the triangles which de facto means that systems would be
constrained to exist in only one of these forms unless the system is dismantled and re-
assembled. In other words, depending on the value of & and the dimensions axbxc, only one
of the six forms is permissible, i.e. a form may only exist in a bound range of angles, whose
limits are henceforth referred to as transition angles &*. The transition angles occur whenever
one of the three pores in the unit cell assumes a fully closed position. Since each pore has two
different closed configurations, a total of six transition angles occur. These transition angles for

0° <@*<360° are a function of the interior angles of the triangle and are given by;

0* e {23,180° - 2y,180°,180° + 23,360° — 2y,360°} 8-1
Note that the order of occurrence of the transition angles is not always the same and is
dependent on the parameters describing the shape of the triangle. As a consequence of this, it
is a futile exercise to name the different forms occurring for a general case of axbxc.
The dimensions of the unit cell (in this case a width and length of the unit cell respectively)

are also a function of the parameters a, b, ¢ and 0 and can be expressed as:
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Equations describing linear dimensions were obtained by considering a single triangle from

the unit cell, calculating the co-ordinates of each of its vertices when the side a is aligned
horizontally and then performing a rotation transformation by an angle (0/2) to get the co-

ordinates of the triangle when the degree of aperture of the system is &. By subtracting the
minimum X and Y co-ordinates from the maximum co-ordinates one can find the dimensions of
the unit cell (an example concerning the dimensions of the unit-cell can be found in Appendix

V).

8.2.1 Mechanical properties

Using the obtained expressions for the dimensions of the unit cell, following the
methodology discussed elsewhere [202, 287, 288, 290, 430], one can then calculate the

Poisson’s ratio for each form using:

1 g X (dX,)(dx, )"
V12:—:——:—— e . 8_4
Vy, & X, dé )\ dé

The Young’s moduli, assuming a unit thickness z (where z is of the same order of

magnitude of the parameters a, b and c), can be obtained using an energy approach. If the unit
cell has an overall stiffness of K, (which relates to the work required to change the angle of
aperture) then the strain energy stored per unit cell, U is given by:

K 2
U= h do) .
2X1X22( ) 8-5
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The Young’s modulus is related to the strain energy by:

2 *2
E = g =K, X (%j wherei=1,2 . 8-6
& X, X,z\ d@

One may also write expressions for the linear compressibilities along the Ox, and Ox,

directions [433] in terms of the Young’s moduli and Poisson’s ratios:

1 _Vy

ox, |==—
A.10x] EE, 8-7
1 v
ox,|==—--2.
B [ 2] E, E 8-8
The area compressibility can be found from the linear compressibilities through:
Ba=5L [Oxl] + B [Oxz] . 8-9

8.2.2 Thermal properties

Apart from the mechanical properties of the model under consideration, one could also
investigate the thermal expansion properties of the presented system, based on the work on
RUMs (Rigid Unit Modes) which has already been done in the field of thermal expansion [434-
437]. If the system is in a conformation having a maximum area when in its cold state

(corresponding to the temperature in the vicinity of 0 K), where the angle between the units is
0=4,, then it is possible for it to exhibit a NTE (negative thermal expansion) upon heating as
the units vibrate with an amplitude of A& about 6, .

To simplify the analysis, based on previous work [434, 438], the following assumptions
will be made, namely that (i) the units are rigid so that the only mode of deformation is through

rotation; (ii) the rigid units behave as harmonic oscillators so that the thermal average of A@ at

a given temperature T, i.e. (A@)_ is zero; (iii) the amplitude of oscillations is small so as to

allow for small angle approximations for terms involving A6.
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For the sake of simplicity, systems constructed from isosceles triangles with b =c¢ > a shall
be used as an example to illustrate this NTE effect. For such a case, as discussed in further detail

in the discussion, the form which occurs in the range of 180°—2y <8< 2/ is one of the most

predominant forms and also has the maximum area for the system. For such a form, the unit

cell dimensions can be expressed by means of the following equations:

Xlzacos(gj—bcos(gj and Xzzbsin(y+§j : 8-10

Thus the area of the unit-cell may be defined as a product of the above quantities, hence:

A(O)=X,-X, = b{acos(gjsin(;wgj—bcos(y+§jsin(y+§ﬂ : 8-11

From this equation it can be shown that the maximum area of the unit-cell occurs at 6, = %

about which point it is also symmetric such that A(6, +A8)=A(6,—A6). Subsequently, the

area can be expressed in terms of the equilibrium angle 6, and its change A& as follows (see
Appendix IV for the derivation):
Al Z+A0|=b Esin 7/+£+A¢9 +Esiny—95in 2}/+Z+A6’
2 2 2 2 2 2
ba : . ba .
=?(cos;/cosA6?—sm ysin A9)+?smy 8-12

2

—b?(cos 2y cosAG—sin 2y sin AG)

Assuming the change in angle, A@, is small, this equation can be further simplified, using

AG®
the Taylor series [cos A~ 1—% and sinA@ ~ AQ ~ O] , S0 that the thermal average of the

area can be expressed by:

K (49°) ) ag. b (a6°),
(A), =b Ecos;{l—T +Esmy—§coszy 1—T : 8-13

In order to express <A02>T in terms of the temperature T one could use the approach

proposed in [434] which is based on the principle of the equipartition of the energy, which states
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that every mode, of which there is only one in this case, is provided with the energy equal to

%kBT where k is the Boltzmann constant (1.38x10% J K*). Thus:

%Iaf(AHz)T :%kBT 8-14

where 1 is the moment of inertia of the rotating rigid units and w is the frequency by which

the units oscillate. This gives a thermal expansion coefficient «, of:

0 - ks (bcos(2y)—acos(y))
i) a2 KT e (21T eos(zr)

8-15

8.3 Results and Discussion

Plots for the dimensions and mechanical properties of three particular cases of triangles
(equilateral, isosceles and scalene) are presented in Figure 8-2 and Figure 8-3. The plots are
divided into regions corresponding to different forms of the triangles (diagrams representing
these three types of triangles and their respective forms and transitions can be found in
Appendix 1V). It is evident that on changing the geometry of the triangle, the mechanical
properties change accordingly. However, before discussing the actual mechanical properties of
the systems, it is useful to first discuss the constructability or otherwise of these systems, i.e.
the number of forms that such systems can have and the angle range over which these forms
occur. This will be followed by a discussion of thermomechanical properties afforded by these

systems.
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Figure 8-2 Variation in mechanical properties for three different types of systems. Panels show results for systems where the unit-cell is composed
of (a) equilateral triangles having dimensions a =1 nm, b =1 nmand ¢ = 1 nm, (b) isosceles triangles corresponding to dimensions a =1 nm, b =
2 nmand ¢ =2 nm and (c) scalene triangles where a =6 nm, b =3 nm and ¢ =4 nm. Solid red and dashed blue lines indicate mechanical properties
exhibited by the system in the Ox: and Ox. directions respectively. Different colours on of the background helps to make a distinction between
different forms assumed by considered systems [Taken from [432]].
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Equilateral triangles Isosceles triangles Scalene triangles
a=1nm,b=1nm, ¢c=1nm a=1nm,b=2nm,c=2nm a=6nm,»=3nm, c =4 nm

S9e 60° 120° 180° 240° 300° 360° 60" 120° 180° 240° 300° 360" - 60° 120° 180° 2400 300° ae0-

] 6 ]

Figure 8-3 Variation in geometric dimensions of the unit-cell for three different types of
systems. Solid red and dashed blue lines indicate mechanical properties exhibited by the system
in the Ox1 and Ox directions respectively. The black dashed line represents the area of the unit-
cell corresponding to a given system [Taken from [432]].

Looking at the constructability of these systems, it should be noted that the range of angles
over which the different forms occur changes with the shape of the triangle, even though there
are always six of such forms. For an equilateral triangle, all six forms will each have a range of
60°, whilst for an isosceles triangle, four forms will have the same extent of range and two
forms will have the same extent of range, which range is different from the other four forms.
On the other hand, a scalene triangle will have three pairs of forms where each pair has the
same extent of range, which extent is different from that of other pairs. This pairing up of forms
occurs since these forms are a 90° rotation of each other. Thus on considering all types of
triangles, it becomes evident that the change in the extent of the ranges is related to the ratio of
the sides of the triangles. On increasing the disparity of the sides (and hence changing their
ratio), the extent of the ranges changes accordingly. This can be observed, especially for
isosceles triangles, from figures Figure 8-2, Figure 8-3 and Figure 8-4. This kind of behaviour
is reflected in all the mechanical properties of the systems. It must be mentioned that if one

were to increase the sides of the triangle in such a manner so as to keep the same ratio, the
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extent of the ranges will remain unchanged but the magnitude of the mechanical properties is

affected except for the Poisson’s ratio since this is scale independent.

180° F ' -

135° y
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90° 1
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b:a ratio
0 for minf3;[Ox;] ——  lower bound 0 =5183°----
6 for minf, [ Ox,] upper bound 0=12817°----

Figure 8-4 Variation of the range of angles in which NLC is exhibited for a particular form on
changing the b:a ratio of an isosceles triangle.

In terms of the mechanical properties, a look at the plots shown in Figure 8-2 will reveal
that the mechanical properties afforded by the systems are highly dependent on the form in
which the system exists, with a marked discontinuity in the mechanical properties between one
region and the next. This is because at the transition angles, the forms are in a locked
conformation and hence the mechanical properties at that particular angle cannot be defined.
This is in contrast to the behaviour of the unit cell dimensions which are characterised by a
continuous transition from one form to the next. This implies that at the transition angles, both
forms have the same dimensions.

On examining the Poisson’s ratio for all three different types of triangles presented, it is
evident that the Poisson’s ratio is positive for all values of & and can have large values, i.e.
there is no auxetic behaviour. These large values tend to occur when the derivative of the
dimension along which the system is being loaded tends to zero. In the case of the equilateral
and isosceles triangles, such behaviour is observed at the vicinity of each transition angle. A

similar behaviour is also observed for the Young’s moduli.
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It is also evident from the plots in Figure 8-2 and Figure 8-3 that all the systems considered

exhibit NLC. In fact, for the whole range of &-values the systems exhibit NLC along Ox, or

Ox, but never in both directions simultaneously. This ensures that the area compressibility S,

IS never negative, so that on application of a hydrostatic pressure, the area of the system always
decreases, resulting in densification of the system, even though one dimension may increase in

size. Thus the 2D equivalent of the bulk modulus of these systems is always positive. It is

interesting to note that the total range over which NLC is observed along the Ox, direction is
equal to that over which NLC is observed along the Ox, direction. In other words, NLC is

observed in the Ox;, and Ox, over a total range of almost 180° for each direction (except for

values at the transition angles, at which values, compressibility is undefined).

On further examination of the plots, it can be observed that for each form, the range in
which NLC occurs is bound. The bounds correspond to the instance where the unit cell of that
form has a maximum area and by the instance when the form is fully opened in one of its major
axis which occurs at the transition angle. When the area of a form is close to its maximum,
applying a hydrostatic pressure causes it to decrease. Since the Poisson’s ratio of the system is
positive for all angles, then on application of a hydrostatic pressure, one of the unit cell
dimension increases in length exhibiting NLC whilst the other unit cell dimension decreases in
length, exhibiting positive linear compressibility. This effect is observed until the unit cell
dimension which is increasing in length achieves a fully extended position, at which point the
transition angle would have been reached.

Another way of describing the range in which NLC is observed is through the Poisson’s
ratios. It can be shown that in cases where deformation occurs through a unimode hinging

mechanism, as in the systems described here, typically, the Poisson’s ratio fulfils the relation

Vi, = (vﬂ)_l. In such cases, it follows from equations 8-4 and 8-6 that the occurrence of NLC
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along Ox, direction (equation 8-7) can be expressed by the requirement that the strains along
the Ox,_ and Ox, directions, & and &, respectively, must satisfy the condition &7 +¢,, <0,
i.e. g&, <0 and |ge,|> & . This condition is satisfied whenever |g,|>|¢,| and the Poisson’s
ratios are positive (see Appendix IV for a detailed derivation). Thus, when v, >1,
B [Oxi] < 0. In a more general manner, this means that whenever one of the Poisson’s ratios

for loading in one direction is greater than +1 (and hence larger than the Poisson’s ratio for
loading along the other direction because of their inverse relation), NLC is observed in that
direction.

It should also be mentioned here that the magnitude of NLC is affected by the shape and
size of the triangles. Considering an isosceles triangle (b=c) for the sake of simplicity (but
similar arguments may also hold for scalene triangles), on increasing the sides but keeping the
same aspect ratio, the magnitude of the compressibilities increases accordingly, while the range
over which NLC is exhibited for a particular form remains unchanged. On the other hand, if the
b:a ratio of the isosceles triangles increases from 1, NLC values become more negative and one
of the forms becomes increasingly more predominant. In the limit that this ratio approaches
infinity, when virtually only one form is possible, the triangles become flattened to a line, and
geometry wise, the structure becomes similar to a wine-rack. As illustrated in Figure 8-4, on

increasing the b:a ratio, the angles at which the most NLC values occur tend to that of 128.17°

or 51.83° (corresponding to S_[Ox,] and B, [Ox, ] respectively) which angles are identical to

that at which the wine-rack-type mechanism exhibits minimum (most negative) linear
compressibility [439]. These angles do not seem to have any particular geometrical significance
but are obtained on solving for the minimum compressibilities. In fact, in the particular cases
where b > a, the form with the widest extent of range and which exhibits the most negative

values for linear compressibility has the cell parameters:
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X, :2acos(§j—2bcos(y+§j 8-16

X2=2bsin(7+§j : 8-17

In the limit that b>a, y —90° and hence the above equations may be expressed by:

X, = 2bsin (gj and X, = 2bsin (;/+§j 8-18
which equations correspond to that of the wine-rack-like [439] structure after recognising the
differences in orientation.

In terms of the thermal expansion properties, the equations derived above, particularly
equation 8-15 suggests that the system presented here may also exhibit NTE, that is, it decreases
in size along one or more directions on the application of heat. From the plots of the unit-cell
parameters (see Figure 8-2) it is evident that at certain angles of aperture the unit-cell has a
maximum area. If on heating, the system oscillates about a point of maximum area
configuration via a ‘RUM”, as discussed in various works [434-436] its area will decrease. This
is of particular significance as it suggests that the presented system may exhibit both NLC
(Negative Linear Compressibility) and NTE.

Moreover, as evident from equation 8-15, the magnitude of the coefficient of thermal
expansion is dependent on the shape of the isosceles triangles, i.e. on the ratio of the side
dimensions. This is illustrated more clearly in Figure 8-5 which shows how the coefficient of
thermal expansion for a system of isosceles triangles vibrating about an equilibrium angle of
90° (which angle, as illustrated in Figure 8-3, is a point of maximum area) changes with the

shape of the isosceles triangles. In the cases considered the temperature was set to be equal to

T =293 K and the value of 1o” was set to be equal to 75k, T . In general the dimensions of the

triangular units could be assigned arbitrary values in the nano-scale. In these cases the value of

a was kept constant at 0.5 nm whilst the lengths of sides b and ¢ were increased up to 50 nm in
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steps of 0.001 nm. The plot in Figure 8-5 suggests that, in this case, the magnitude of NTE
increases as the triangles become more slender, as was the case for the compressibility. Here,
it should be highlighted that the plot only represents one of the six forms in which the system
can exist. There may be other forms which also give rise to NTE, albeit to a different extent, as
is clear from the plot of area against & in Figure 8-3, where for any type of triangle, more than

one area maximum occur.

0 20 40 60 80 100
b : a ratio

Figure 8-5 Variation of the thermal expansion coefficient with the aspect ratio of isosceles
triangles for systems where b =c>a=1 having a form that exists for 180°-2y <8 <2/ and

vibrating about an equilibrium angle of 90°. The temperature was set to be equal to T =293 K
and the value of 1o° was set to be equal to 75k,T . The provided results were generated by

means of the expression for the area thermal expansion coefficient «,, which expression was
derived based on the procedure proposed by Welche et al. [434].

All this is very significant because the system studied here can be used as a blueprint to
design materials that not only have NLC but also NTE concurrently. Also significant is the
finding made through this work that although networks constructed from rotating rigid triangles
are usually closely associated with auxeticity, this may not always be the case as clearly
illustrated by the systems considered here which instead can exhibit giant positive Poisson’s
ratio properties which are conducive to NLC. This highlights the versatility of these systems

which when designed in a specific geometric conformation have the potential to exhibit tailored
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negative properties. Possible applications for systems which exhibit NLC include their use in
high pressure environments and as sensitive interferometric pressure sensors [433]. NTE
materials are sought for their use in obtaining composites with tailored coefficients of thermal
expansion. Such composites could be used in a variety of ways ranging from dental fillings
[440] to solar arrays in telescopes [441] and other applications which involve large fluctuations
in temperature that could lead to thermal cracking.

Before concluding one should mention that although a prima facie both equations
describing the compressibility and thermal expansion of the systems seem to be only dependent
on the ratios of the sides of the triangles, the NLC and NTE effects described here are likely to
manifest themselves only if the system is at a molecular scale. For the thermal expansion
analysis described here to apply, the structural features must be small enough for thermal
vibrational motion to be present. One would not expect such thermal vibrations, and hence such
a mechanism, to occur on a macro-scale structure. Similarly, the mechanism responsible for
NLC in the model presented here is such that the hydrostatic pressure is only exerted on the
outside of the system, that is, the fluid particles exerting the hydrostatic pressure on the system
should not permeate through the system (as discussed in [439]). Thus it may be difficult for
such a mechanism to operate at a macroscale, however, it may manifest itself at a nano level,
providing the material has the necessary geometric features which allow this mechanism to
occur, which ideally is also the only mechanism of deformation. Other modes of deformation
acting concurrently with the hinging mechanism may in fact diminish the effect of NLC where
it exists [439], although, they may themselves cause NLC in particular directions to be exhibited

over a larger range of angles.

8.4 Future perspectives

In this chapter, it was shown that despite thorough studies on mechanical metamaterials, it

is still possible to design novel systems with the potential to exhibit anomalous mechanical
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behaviour. In order to do that, a particular mechanical metamaterial system composed or rigid
triangles connected at vertices was investigated in terms of its propensity to exhibit unusual
mechanical behaviour such as negative linear compressibility and negative thermal expansion.
However, the fact that such system has a potential to exhibit unusual mechanical properties

does not mean that it cannot manifest other type of behaviour which is discussed in this thesis.

For example, in theory, as shown schematically in Figure 8-6(a), one could consider the
use of the mechanical metamaterial consisting of rigid triangles in order to induce its global
rotation as a result of the rotation of its subunits. This stems from the fact that the only condition
required in order to observe the discussed phenomenon is a non-zero net angular momentum
associated with the motion of subunits which effect similarly as was the case for rigid squares

could be achieved for example by the variation in the mass of units rotating in opposite

directions.

AT
032

Figure 8-6 Panels show: (a) a visualisation of the hypothetical concept related to the self-
induced global rotation of mechanical metamaterials composed of triangle motifs having
different masses and (b) expected behaviour of the rotating rigid triangle systems with magnetic
inclusions. In the case of diagrams shown on panel (b), the blue and red colour were used in
order to indicate the north and south pole of magnets.
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It is also possible to consider the use of magnetic inclusions in such systems in order to
change the way how they deform which concept is shown schematically in Figure 8-6(b).
Depending on the position and orientation of magnetic inclusions within the system, one could
also expect that it would be possible to control the stiffness exhibited by the structure. One can
also note that the behaviour of such system can be controlled solely as a result of magnetic
interactions between magnetic inclusions which concept may lead to a design of programmable
magneto-mechanical systems. For example, shown schematically in Figure 8-6(b) are the same
mechanical systems with two different conformations of magnets. The system on the left has

the magnets impregnated within it in a manner where the adjacent magnets tend to repel each
other with the result that the system would prefer to adopt a conformation where the angle 6,
tends to decrease. On the other hand, the system on the right hand side has the magnets inserted
into the structure in a different manner with the result that the system would prefer to increase
the angle 6, . This shows that metamaterials with magnetic inclusions merit to be further studied

in view of the properties they may achieve as a result of magnetic interactions. In view of this,

the next chapters will look more closely at systems with magnetic inclusions.

8.5 Conclusions

In this chapter, it was shown that mechanical metamaterials composed of rigid triangles
have a potential to exhibit negative linear compressibility in at least one direction irrespective
of the type of the system or stage of a deformation. This stems from the high positive Poisson’s
ratio which is always exhibited by this system in the considered directions. As a matter of fact,
it was even shown that there is a link between the negative compressibility and the value of the
Poisson’s ratio, i.e. whenever the value of the Poisson’s ratio exceeds one then the system

exhibits negative compressibility in this particular direction. Furthermore, upon analysing the
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results presented in this chapter, it was also clear that the extent of investigated mechanical
properties changes depending on the particular geometry of the system. Another interesting
result reported in this chapter is associated with the propensity of the discussed system to exhibit
negative thermal expansion. Finally, the potential of the proposed model to utilise some of the
other concepts which are studied in this thesis was also discussed which hopefully will lead to
the further interest of the scientific community in this system as well as in mechanical

metamaterials in general.
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9. Mechanical metamaterials with magnetic inclusions with the
potential to exhibit both negative stiffness and auxetic behaviour

simultaneously®

HIGHLIGHTS

e It is shown both by means of the theoretical model and experimental testing that
magnetic inclusions can be used to alter the stiffness, where, depending on the
orientation of magnets within the system, the considered mechanical metamaterial with
magnetic inclusions may exhibit either positive or negative stiffness;

e The discussed magneto-mechanical system (metamaterial) is capable of exhibiting two
different anomalous mechanical properties, i.e. negative stiffness and negative
Poisson’s ratio, at the same time;

e Itis shown that the magnitude of the stiffness exhibited by the system may be controlled
via the variation in the magnetic moment of magnets (which would not change the
Poisson’s ratio) or the change in the geometric parameters (which could change the

Poisson’s ratio).

9.1 Introduction

As discussed in the earlier chapters and literature review, scientists working in the field of

materials science are becoming increasingly more interested in the concept of mechanical

& The content of this chapter is currently under review in the peer-reviewed journal Proceedings of the Royal
Society A: K. K. Dudek, R. Gatt, M. R. Dudek, J. N. Grima, Negative and positive stiffness in auxetic magneto-
mechanical metamaterials Proc. Royal Soc. A (2018)
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metamaterials with magnetic inclusions [401, 406, 411, 442, 443]. This stems from the fact that,
for example, as mentioned at the end of the last chapter, the use of magnetic inclusions may not
only further enhance mechanical properties exhibited by the system but also potentially lead to
the control over them. Some of the most promising studies related to this concept correspond
to the possibility of incorporating magnetic inclusions into the system in a way resulting in the
structure exhibiting negative stiffness which property as discussed in the Introduction and in
the Literature review is highly desired due to potential applications where it can be implemented

(variety of vibration damping devices etc.).

Despite the fact that it is known that negative stiffness can be exhibited by attracting
magnets, which concept was confirmed both through theory and experimental studies [381,
413, 444], scientists working in the field of mechanical metamaterials have been primarily
focused on the potential of mechanical metamaterials to exhibit negative stiffness as the result
of their geometry. However, as shown in the recent work by Hewage et al. [352], the use
magnetic inclusions may allow mechanical metamaterials to exhibit several anomalous
characteristics at the same time. More specifically, it was shown that a particular mechanical
metamaterial may simultaneously exhibit negative Poisson’s ratio and negative stiffness.
Studies on such systems are very important as they may lead to the implementation of
mechanical metamaterials with magnetic inclusions in novel branches of the industry where the

use of materials exhibiting several anomalous properties at the same time would be required.

In this chapter, the particular mechanical metamaterial system [445] which is historically
known to exhibit negative Poisson’s ratio, will be investigated from the point of view of its
potential to exhibit negative stiffness after the insertion of magnetic inclusions in the form of
magnets into it. Based both on theoretical studies and the experimental results, the effect of the
orientation of magnets within the system on its stability and mechanical properties will be

analysed. In this chapter, it will be also discussed that the use of magnetic inclusions may lead
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to the negative stiffness in the case of otherwise conventional systems exhibiting positive

stiffness.

9.2 Concept

The mechanical system investigated in this work corresponds to the mechanical
metamaterial composed of “arrow head” units which was proposed by Larsen and Sigmund et
al. [445]. This system is historically known to have a propensity to exhibit negative Poisson’s

ratio in the case when it deforms solely via the hinging of rigid bars having a length of |, and
I, (see Figure 1-2) which constitute the structure. In the case of this work, for all of the
considered cases |, > 1, . Furthermore, as shown in Figure 9-1, the angle between ligaments

corresponding to lengths |, and |, is denoted by &, where it may be noted that the angle @ is

the only parameter describing the configuration assumed by the system, hence the entire process
of the mechanical deformation can be discussed in terms of the variation in this parameter. As
the matter of fact, it might be even shown that for such system deforming solely as the result of
hinging of rigid bars, the in-plane Poisson’s ratio corresponding to loading in the vertical

direction may be defined as follows:

(I, ~1,c0s0)(l, -1, cos )
s I, sin? 0 o1

where for a particular system it will only depend on the variation in 6.
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Figure 9-1 Panels show: (a) the considered system composed of a number of arrowhead units
with magnetic inclusions, (b) a single unit of the system, (c)(i) stages of the mechanical
deformation in the system with attracting magnets in each unit (ii) stages of the mechanical
deformation in the system with attracting magnets in each unit and (d) experimental prototype
used in order to investigate mechanical properties of the considered system.

As shown in Figure 9-1(b), within each unit of the considered mechanical system, there are

magnetic inclusions in the form of magnets corresponding to linear dimensions d, and d, .
These magnetic inclusions are located in the middle of bars having a length of |, with their

orientation being such that the magnetic dipole moment ; associated with each of the magnets

is always orthogonal to the bar on which the given magnet is located. It is assumed that all of
the magnets within the system are identical and that there is no other source of the magnetic
field within the system. It is also assumed that the rigid bars constituting the system are made
of the non-magnetic material as otherwise the interaction between magnets and rigid bars

should be taken into consideration.

Due to the particular geometry of the considered system, upon being extended in the

vertical direction from the configuration corresponding to the angle &, to the threshold
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configuration associated with the angle &, , the system shown in Figure 9-1 would deform in a

way resulting in the increase in the separation distance between magnets within a given unit.
Upon assuming that magnets within the system are oriented as shown in Figure 9-1(a) and

Figure 9-1(c-i), then their interaction offering the resistance to the vertical deformation of the
system assumes the maximum value at the initial configuration associated with =46, . This
means that as the distance between neighbouring magnets increases as the result of vertical

pulling, the strength of interaction between magnets decreases which in turn decreases the

resistance which must be overcome in order to deform the system. In other words, throughout

the deformation from the configuration corresponding to =6, to the threshold configuration
(6=6,), it becomes increasingly simpler do deform the system. After surpassing the threshold

configuration in an attempt to extend the system to the final configuration associated with the

angle =6

max ?

the distance between the magnets starts decreasing and hence the magnitude of

interaction between magnets increases. However, upon surpassing the threshold conformation,
the interaction between attracting magnets promotes the deformation of the system in the

vertical direction. In view of this, throughout the entire process of mechanical deformation from

the configuration corresponding to the angle =6, to the configuration associated with the

angle =0

max ?

it becomes increasingly simpler to overcome the resistance offered by the

magnets and deform the system. According to the definition provided in this thesis, such

anomalous behaviour is an indication of the negative stiffness (negative tangent / incremental

stiffness). In terms of the force F (F :‘E‘) which should be applied to the topmost and

bottommost part of the structure (see Figure 9-1(d)) in order to induce the vertical extension of

the system at the constant rate, its magnitude would initially assume large positive values (in

the vicinity of 6=46,;,) in order to keep decreasing up to the end of the deformation process
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where the system assumes the conformation corresponding to €=4, . Conversely, upon

changing the orientation of magnets within the system so that within each of the units they
would be repelling each other (see Figure 9-1(c-ii)), the opposite behaviour should be expected
with the system exhibiting positive stiffness throughout the whole process of deformation as a

result of magnetic interaction between magnets.

At this point, it is also important to note that the analogical behaviour of the system would
be observed should the deformation process be reversed. This means that for example in the

case of the system with attracting magnets within the unit, the system would also exhibit

negative stiffness upon being deformed from the configuration correspondingto =6, to the

configuration associated with =46, .

9.3 Simulations

In order to investigate the considered system by means of the theoretical model, it is
assumed that rigid bars constituting the system are highly idealised and apart from being
perfectly rigid they also do not offer any resistance to the hinging process, which is the only
mechanism corresponding to the deformation of the structure. It is also assumed that magnets

inserted into the system are uniformly magnetised and have a magnetic dipole moment z . Due

to the fact that in this work, that size of magnets is not expected to be negligible in comparison

to the distance between neighbouring magnets, it is assumed that each magnet can be

represented by an array of N, x N, magnetic dipoles having a magnitude |ﬁim|which can be

defined as follows [406]:

1
[ = 141 9-2
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where, N represents the number of magnetic dipoles constituting a given magnet (N =N, xN,)

. Inthe case of this chapter, quantities N, and N, were set to be equal to 20 and 10 respectively.

The separation distances between respective magnetic dipoles are defined in the following

manner:

S, = d, and S, = d,
*N,-1 ® N, -1 9-3

In order to analyse stability of the considered system at a particular configuration, it is first

necessary to calculate its magnetic potential energy. To calculate such energy for individual
magnets, one must determine the energy of interaction of individual magnetic dipoles located
on the considered magnet with all of the magnetic dipoles associated with remaining magnets
within the system. As shown in the literature [406, 446], the potential energy of an arbitrary i-
th magnetic dipole interacting with the j-th magnetic dipole located on an arbitrary

neighbouring magnet, can be defined as shown below:

0o

Ui',v;AG :_(ﬁi' j) 9-4

where, éj represents the magnetic field associated with the aforementioned j-th magnetic

dipole measured at the point where the i-th magnetic dipole is located (|ﬁi| = ‘ﬁj‘ = |ﬁim|) . Such

magnetic field can be defined as follows [406, 446]:
AL LR
i~ 5 3 9-5
SCAN L
where, 1 is the position vector pointing from the j-th magnetic dipole to the i-th magnetic
dipole on the considered magnet. This also means that || stands for a distance between the two
magnetic dipoles. At this point, it should be noted that due to the particular geometry of the

system, the only possible difference between vectors g and z; corresponding to the i-th and

j-th magnetic dipole respectively is the sign. It should also be highlighted that in this work, the
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interactions of magnetic dipoles located on the same magnet with each other are not taken into

consideration.

Based on equations 9-4 and 9-5, and upon taking all of the dipole-dipole interactions for
each of the magnetic dipoles from the considered magnet into consideration, it is possible to

write down the expression corresponding to the total magnetic potential energy of the single

magnet within the discussed system U™ in the following manner:

g _ g (ZZUJ o
neighbours \_i=1 j=1

The first sum in the above equation corresponds to a number of neighbours of a single
magnet. It should be noted that in the particular case when the system would consist of only
one arrowhead unit (see Figure 9-1(b-d)), the first summation would disappear as there would
be only one magnet apart from the magnet for which the energy would be calculated. One can
also consider whether for a hypothetical very large or infinite system it is necessary to calculate
the energy of a particular magnet based on all of the magnets within the system. As shown in
equation 9-5, the magnitude of the magnetic field corresponding to the interaction between any
two magnets decreases proportionally to their separation distance raised to the power of -3. This
means that very distant magnets would make a negligible contribution to the energy of the given
magnet. Thus, in order to obtain a reliable information regarding the magnetic potential energy
associated with a single magnet, it should be sufficient to calculate the magnitude of the
interaction of the considered magnets with those of its neighbours which make a significant

contribution to its energy. The extent of such neighbourhood can be established by means of

the appropriate convergence test (see Appendix V).

In order to investigate mechanical properties and stability of the discussed system, the

considered structure was deformed from the initial to the final configuration corresponding to

angles =6, and =0, respectively. At one point of such process corresponding to the
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vertical extension, the system assumes the threshold triangle-like conformation where the
separation distance between the magnets within the same unit assumes the maximum value.
This means that at this stage of the process, the magnetic interaction between adjacent magnets
is the weakest and one should expect the extremum in the energy profile (both for attracting
and repelling magnets) to be observed. At this point, it should be also noted that in the case of
the discussed theoretical model, it is also possible to calculate the stiffness exhibited by the
system throughout the deformation. In order to do that, one may assume that the change in the
energy of the system to undergo a transition from one configuration to another corresponds to
the work W which must be done in order to extend the structure by a certain distance dy in the
vertical direction. In view of this, the vertical force F required to extend the system can be

determined based on these two quantities.

9.4 Construction of the Prototype and Experimental Testing

Apart from theoretical studies, the concept corresponding to the possibility of achieving
negative stiffness in the discussed magneto-mechanical system was also confirmed

experimentally. In order to do that, an experimental prototype consisting of a single unit (see
Figure 9-1) having linear dimensions I, =10 cmand |, =3.5 cmwas constructed by means of
the 3D extrusion printer (using ABS plastic). The magnets which were inserted into the system
were cylindrical neodymium magnets corresponding to the estimated magnetic dipole moment

of |1 =1.656 Am?. Each of those magnets had a radius of 1 cm (d, =2 cm) and the out-of-

plane thickness equal to 1 cm (db =1 cm) . In order to investigate the potential of the discussed

system to exhibit different types of stiffness, analogically to the concept shown schematically
in Figure 9-1(c), two scenarios were analysed where the facing magnets were either attracting
or repelling each other depending on the change in the orientation of one of them. It should also

be noted that in the case of the experiment, the considered magnets were shifted inwards the
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unit by 5 mm in the orthogonal direction to the linear dimension of rigid bars having a length

of |

a’

In order to investigate the stiffness exhibited by the experimental prototype, the
deformation of the considered system was induced by means of the Testometric universal
loading machine (M350-20CT) equipped with a 1000 N load cell. More specifically, the
considered prototype was subjected to the vertical displacement at a constant rate of 1 cm / min.
It should be also noted that before recording any of the results, the force and displacement

measured by the loading machine were zeroed at the moment when the system was assuming a

threshold configuration corresponding to =46, .

In order to analyse properties of the experimental prototype, the system was deformed from

the initial configuration corresponding to the angle 6., =32.6° (see Figure 9-2(a-i)) to the

mi

final configuration associated with the angle 8, ~117° (see Figure 9-2(a-iii)).

9.5 Results and Discussion

Based on Figure 9-2(a), one can clearly see that as the system is being pulled in the vertical

direction at the range of & between 6 . and ¢, the structure expands in the horizontal

direction which behaviour is an indication of the negative Poisson’s ratio. This observation is
also in accordance with the predictions made by Larsen and Sigmund et al. [445]. However,
upon surpassing the threshold configuration, the system starts exhibiting positive Poisson’s
ratio as its horizontal dimension is decreasing. The variation in the value of the Poisson’s ratio
can be seen in Figure 9-2(b). It is also important to note that the force F recorded by the load
cell during the experiment is plotted with respect to the vertical displacement in Figure 9-2(c).

The stiffness corresponding to this experiment is presented in Figure 9-2(d).
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As shown in Figure 9-2(c), as expected based on theoretical predictions, the force measured

by the load cell for the system with attracting magnets was decreasing throughout the entire

process of mechanical deformation corresponding to the change in 8 from 6, to .., . Such

behaviour, as already discussed in this chapter and in the Introduction of the thesis, is an
indication of the negative stiffness. As the matter of fact, the negative values of the stiffness
corresponding to this system are shown in Figure 9-2(d). Conversely, in the case of the system
with repelling magnets, the opposite behaviour of the system can be observed, i.e. the force F
is continuously increasing throughout the entire process of deformation. This in turn, as shown
in Figure 9-2(d), leads to the positive stiffness which result is in accordance with predictions
made in this chapter. As already mentioned in the thesis, it is very unusual to design mechanical
metamaterials which can exhibit numerous anomalous mechanical properties at the same time.
As shown while discussing the results from Figure 9-2(b), irrespective of the orientation of
magnets, the considered system exhibits negative Poisson’s ratio at the range of & between

0., and @, (Poisson’s ratio would be the same even for the system without magnets as it

min

depends solely on the geometry). This stems from the fact that throughout this part of the
process of deformation, the horizontal dimension of the structure increases up the point when

the system reaches the threshold configuration. However, as the system is further extended in
the vertical direction, it starts exhibiting positive Poisson’s ratio (6’ € (6y,6,ax >) . It should also

be noted that, as discussed in the above paragraph, the stiffness exhibited by the system varies
significantly depending on the orientation of magnets within the system. In particular, it was
shown that in the case of the structure with attracting magnets inserted into it, the negative
stiffness can be exhibited at the range of & between &, and 6, (entire deformation). Thus,
it may be concluded that the considered system with magnets oriented in a way as shown in

Figure 9-1(c-i), may exhibit highly unusual negative Poisson’s ratio and negative stiffness at
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the same time while being deformed from the initial (6 =46, ;) to the threshold configuration (

6=6,).
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Figure 9-2 Panels show: (a) different stages of the deformation of the experimental prototype
associated with: (i) initial, (ii) threshold and (iii) final configuration, (b) Poisson’s ratio
exhibited by the system for loading in the vertical direction, (c) force recorded by the tensile
loader throughout the entire process of deformation of the experimental prototype, (d) stiffness
exhibited by the prototype with attracting and repelling magnets, (e) theoretical results
corresponding to the force required to deform the system analogical to the experimental
prototype and (f) stiffness exhibited by the system according to the theoretical model.
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As shown in Figure 9-2(e-f), the experimental results obtained in this work were also
analysed by means of the theoretical model where all of the parameters were set in a way to
closely resemble the experimental prototype in order to compare both sets of results. Based on
generated results, one may note that the theoretical model leads to the same conclusions
regarding the mechanical properties of the considered system. It may also be noted that in terms
of the magnitude, there is a very good agreement between both sets of results which increases
the credibility of the reported results. Of course, despite the fact that theoretical and
experimental results reported in this work are very similar, they are not exactly the same as is
normally the case upon comparing theoretical model to the experiment. One source of a small
discrepancy between both sets of results could be the fact that due to a very strong interaction
at small distances, the magnets in the experimental prototype were not perfectly aligned with

the rigid bars having a length of |,. In addition to that, it should be noted that the standard

analytical expression used in order to calculate the magnetic field between any two magnetic
dipole moments is expected to provide only approximated results especially with this
approximation being less accurate for configurations where the distance between the magnets

was relatively small.

Apart from results generated for systems composed of a single structural unit with two
magnets (see Figure 9-1(b)), it is also possible to consider more complex systems with a large
number of units (see Figure 9-1(a)). More specifically, in the case of this chapter a hypothetical
large system was taken into consideration where the neighbourhood of each of the magnets
similarly to infinite systems could be assumed to be the same for each of the magnets (see
Model section). Furthermore, with the help of the appropriate convergence test (see Appendix
V), the energy per magnet in such system was calculated in order to discuss the stability of the

structure and later determine its stiffness.
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Figure 9-3 Panels show: (a) the variation in the Poisson’s ratio in the loading direction for
systems corresponding to a different value of |, (b) variation in the (i) magnetic potential
energy per unit and (ii) stiffness of the system with attracting magnets for structures
corresponding to different values of |, and (c) graphs analogical to those from panel (b) but
generated for systems with repelling magnets.

As shown in Figure 9-3(b-i), the magnetic potential energy of the system per structural unit

with magnets oriented as in Figure 1-2(a), resembles the reversed parabola with the maximum

at the threshold configuration where 6=46),. The extremum at this particular configuration is
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associated with the fact that it corresponds to the largest possible distance between the magnets
within each of the units. This particular energy profile also indicates that such system is unstable
which behaviour as shown in Figure 9-3(b-ii) is an indication of the negative stiffness. Thus,
should one set the system in a way so that at a given moment it would assume the threshold
configuration, then in an attempt of reaching a more energetically favourable configuration, the
system would want to assume the conformation corresponding to €=6,,, or 6=6,,,.
However, should one change the orientation of one magnet in each of the structural units (see
Figure 9-1(c-ii)), then a very different behaviour of the system in terms of its stability would be
observed. Based on Figure 9-3(c-i), one may note that the profile of the energy of the system

per structural unit resembles a parabola with a minimum corresponding to the threshold
configuration (€ =46,). This means that the system would not want to leave this particular
conformation as it is the most favourable from the energy point of view. This in turn indicates

that the system is stable which behaviour is also normally expected to lead to the positive

stiffness which as shown in Figure 9-3(c-ii) was also the case for the considered model.

Another interesting aspect of the discussed system which remains to be discussed is the

effect which the geometry of the structure has on its behaviour. In view of this, in this chapter,

the behaviour of the considered model was analysed for different values of |, which quantity

stands for a length of some of the ligaments within structural units (see Figure 9-1(b)). Based

on Figure 9-3(a), one can note that the values of the Poisson’s ratio exhibited by the system

throughout the process of deformation are strongly affected by the variation in I, . This should
be expected as the Poisson’s ratio depends solely on the geometry of the system. One can also
note that in terms of the absolute magnitude, the lower the values of |, the larger the values of
the Poisson’s ratio for analogical values of the vertical displacement. Based on remaining panels

in Figure 9-3, it can be concluded that the variation in the geometric parameter |, does
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significantly affect the energy of the system and it stiffness. More specifically, it may be noted
that in terms of the absolute magnitude, irrespective of the stage of the deformation, the lower

the values of |, the larger the energy and stiffness of the system. This result may be easily

understood should one realise that for small values of |, magnets are being brought closer to

each other and hence the energy associated with their magnetic interaction is being increased.
The stronger interaction between magnets makes it also more difficult (or conversely simpler)

to deform the system which results in the increase in the magnitude of the stiffness.

Apart from the effect which the geometry of the system has on its behaviour, it is also
possible to investigate the effect which the strength of magnets has on the energy and
mechanical properties exhibited by the system. This can be achieved through the analysis of
results corresponding to exactly the same systems in terms of their geometry but corresponding
to different values of , . As shown in Figure 9-4(a), the Poisson’s ratio exhibited by considered
systems is not affected by a type of the magnets inserted into the structure. However, according
to the remaining panels from Figure 9-4, it may be noted that both the energy and the stiffness
are significantly affected by the variation in , . More specifically, as should be expected, one
can see that the stronger the magnets the larger the absolute values of the energy and stiffness
exhibited by the system. It should be also emphasised that the variation in , does not change
any of the trends exhibited by considered systems. At this point, it should be mentioned that in
reality, the variation in the value of . could be achieved upon replacing magnets with
electromagnets in which case the strength of their interaction could be controlled by the
intensity of the provided current. This in turn means that one could conveniently fine-tune the
magnitude of the stiffness exhibited by the system. By changing the direction of the current, it
could be also possible to change the stiffness of the system from positive to negative and vice-

versa without the necessity of reconstructing the structure.
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As discussed above, the possibility of replacing magnets with electromagnets in the case
of the considered system would potentially make it possible to conveniently change the stiffness
of the structure from positive to negative and vice-versa as well as to fine-tune its magnitude.
It should be also emphasised that the potential of such system to exhibit a versatile stiffness
could also be utilised together with the effect of auxetic behaviour which was also reported in
this chapter as one of the characteristics of this system. Such control over the type of the
stiffness exhibited by the system as well as the potential to exhibit other types of anomalous
mechanical behaviour may lead to the proposal of novel types of applications where such
versatility would be essential. One could for example consider the use of devices based on this
concept as smart filtration devices where the size of the pore could be controlled by the electric
current. It could also be potentially applied in the case of a variety of protective and vibration
damping devices where both negative Poisson’s ratio and negative stiffness are historically

known to be of great importance.

Apart from considering mechanical metamaterials at the macroscale where such systems
are normally investigated from the point of view of their mechanical properties, it would be
also very interesting to consider such systems with magnetic inclusions at significantly lower
scales such as the nano- or microscale. This stems from the fact that due to the relative ease
with which mechanical metamaterials can be deformed, these systems could be considered as
very interesting candidates to investigate different physical phenomena where the variation in
the distance between magnetic inclusions is significant from the point of view of the exhibited
effect. In view of this, in the following chapter, the propensity of the particular mechanical
metamaterial system to enhance unusual physical phenomena at the nanoscale as the result of

its deformation will be discussed.
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Figure 9-4 Panels show: (a) the variation in the Poisson’s ratio in the loading direction for
system with magnets corresponding to different values of ., (b) variation in (i) magnetic

potential energy per unit and (ii) stiffness of the system with attracting magnets for structures
corresponding to different values of , and (c) results analogical to those shown on panel (b)

but generated for systems with repelling magnets within structural units.
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9.6 Conclusions

In this chapter, the particular mechanical metamaterial with magnetic inclusions was
proven to be capable of exhibiting both negative Poisson’s ratio and negative stiffness at the
same time. This highly unusual behaviour was analysed both by means of the theoretical model
and experiment where both of these approaches were shown to lead to analogical results. It was
also shown that different orientation of magnets within the structure may change the stiffness
of the system from positive (repelling magnets) to negative (attracting magnets) and vice versa.
Such variation in the orientation of magnets was also reported to lead to a different behaviour
of the system in terms of its stability. All of these results indicate that the investigated system
may prove to be useful upon designing novel vibration damping devices where apart from
normally desired negative stiffness one could further enhance the properties of the system by

the manifestation of the auxetic behaviour.
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10.

Potential of mechanical metamaterials with magnetic

inclusions to exhibit magnetocaloric effect’

HIGHLIGHTS

The potential of rotating square system with magnetic inclusions to exhibit
magnetocaloric effect was investigated though a model where the system was
represented by means of the Ising model (ferromagnetic interactions) defined on the
square lattice as such approach allows to determine the exact expression for entropy of
the system by means of the famous Onsager’s solution. It is also discussed that the
considered model may represent an array of magnetic particles arranged on the square
lattice where Ising spins represent magnetic moments of individual particles;

It was shown that this particular magneto-mechanical system may induce the
magnetocaloric effect solely as a result of the mechanical deformation and without the
presence of an external magnetic field,;

The magnitude of the magnetocaloric effect induced for the considered system during

the isothermal process can be very large even in the vicinity of the room temperature.

10.1 Motivation

As discussed in the last chapter, apart from investigating the potential of macroscopic

mechanical metamaterials with magnetic inclusions to exhibit anomalous mechanical

behaviour, it would be also interesting to consider such systems at the nano-scale. This stems

from the fact that as a result of the deformation of these systems it would be possible to change

" The content of this chapter has already been published in the peer-reviewed journal Smart Materials and
Structures: M. R. Dudek, K. W. Wojciechowski, J. N. Grima, R. Caruana-Gauci, K. K. Dudek, Colossal
magnetocaloric effect in magneto-auxetic systems Smart Mater. Struct. 24 085027 (2015)
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the magnitude of magnetic interaction between magnetic particles inserted into the mechanical
structure. This in turn could prove to be useful in the case of different physical phenomena
under the assumption that the system would consist of a large number of densly-packed
magnetic nanoparticles where such change could be significant. One very interesting effect
which could be expected to be affected by the variation in the distance between magnetic
inclusions and is historically-known to be an intrinsic property of all of the magnetic systems
subjected to a change in the magnetic field is the magnetocaloric effect. This phenomenon,
which is explained and discussed in relation to the already existing studies in the following
section, corresponds to the change in the temperature of the magnetic system as the result of
the external stimuli and has been proven to be useful in the case of magnetic refrigeration
techniques. More specifically, this effect is normally induced as a result of the change in the
externally applied magnetic field or originates from the movement of the magnetic system in
the magnetic field. However, one could also consider the possibility of inducing the analogical
effect as a result of mechanical deformation of the magneto-mechanical system which concept
despite being initially proposed [447, 448] has not been thoroughly investigated and many of
its aspects still remain to be discovered. In view of this, the possibility of designing a
hypothetical mechanical metamaterial with magnetic inclusions which would be capable to
exhibit a strong magnetocaloric effect without the presence of the external magnetic field is
going to be investigated in this chapter. It should be also noted that for a majority of magnetic
materials, unless a very strong magnetic field is applied, the magnetocaloric effect induced by
the application of the external magnetic field is very weak in the vicinity of the room
temperature. Thus it would be interesting to analyse the propensity of mechanical metamaterials
with magnetic inclusions at the wide range of temperatures including the room temperature
where the considered effect could prove to be the most important from the point of view of

potential applications.
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10.2 Introduction

The magnetocaloric effect (MCE) is a phenomenon related to the heating of a magnetic
material upon the application of a magnetic field, and conversely, its cooling after the removal
of a magnetic field. MCE was first discovered in iron by Warburg in 1881 [449] and since then,
a vast number of studies have been carried out on this phenomenon [450, 451]. MCE is an
intrinsic property of magnetic materials but it is usually too weak to be used in everyday
magnetic cooling applications operating at around room temperature. Some of the exceptions

which correspond to systems where MCE under similar conditions can be significant include
gadolinium (Gd), which has a critical temperature of T, =294K , various compounds based on

manganites, and related compounds of rare earth metals [451]. It should also be noted that a
significant progress associated with the proposal of new MCE materials has been noted since
the discovery of giant MCE in Gds(Si-Gez) by Pecharsky and Gschneidner [452] which study

encouraged other scientists to investigate the considered phenomenon.

As discussed above, the magnetocaloric effect for an arbitrary magnetic system is normally
induced through the change in the external magnetic field or the movement of such system at
the constant magnetic field. However, it does not mean that it is not possible to induce this
effect by means of other techniques. In this thesis, it was already discussed that the mechanical
deformation of the mechanical system with magnetic inclusions results in the change in the
distance between respective magnetic inclusions which in turn affects the strength of their
interaction. Thus, this process, which is very similar to the change in the external magnetic
field, may be also expected to affect or even possibly induce the magnetocaloric effect in the
case of mechanical systems with magnetic inclusions. As the matter of fact, despite being in its

infancy and lacking more thorough analysis which could lead to potential applications, the
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concept of inducing the magnetocaloric effect at the zero external magnetic field [451] as well
as the possibility of affecting the magnetocaloric effect as a result of the mechanical
deformation of the magnetic system [447, 448] have already been proposed. In particular,
Tishin and Spichin introduced the concept of an elastocaloric effect which arises by changing
the external pressure at a constant (or zero) magnetic field [451]. This study was followed by
Mosca et al. who showed that strain can tune MCE related to the magneto-structural phase

transition in MnAs [448]. In their work, it was also shown that the critical temperature of the

strained epilayers of MnAs depends on the mean strain & as T, =T, (1+ ZKE)fOI’ some

adjustable parameters T, and x . Among some of the more recent studies related to this concept

it is also worth to mention the work by Paes and Mosca [447] where the effect of an applied
mechanical stress on galfenol was discussed and it was shown that magnetostriction and

magnetoelastic interactions can be responsible for auxeticity in galfenol.

At this point, it is worth to mention that the recent trend which may be observed in the field
of research related to the magnetocaloric effect indicates that scientists are increasingly more
interested in finding novel materials capable to exhibiting a desired type of the magnetocaloric
effect instead of fine-tuning the currently known solutions. In particular, single-domain
magnetic nanoparticles have been found to be promising candidates to design such materials

which stems from their potential to exhibit superparamagnetic behaviour above the blocking
temperature T, , their large area for heat exchange as well as the possibility of placing them into

another host material which material can be non-magnetic [453]. In the system composed of
such particles, each magnetic nanoparticle acts as a single superspin which can interact with the
surrounding superspins through dipolar interactions [453]. In the relatively dense ensemble of
magnetic nanoparticles they can show collective behaviour typical for spin-glass or

superferromagnetic systems [453-456]. In particular, in the work by Petracic et al. [453] , where
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thin layers of CosiFex nanoparticles which are embedded in a diamagnetic Al-Os matrix were
investigated, it was shown that when the nominal thickness of the nanoparticles concentration
exceeds the value of 1.1 nm, superferromagnetic ordering can be observed (such creation of
magnetic domains is analogous to the behaviour observed in ferromagnets). In view of this, it
would be very interesting to design a novel systems conducive to the magnetocaloric effect

which could allow for interactions of single domain magnetic inclusions.

In this chapter, in view of the studies mentioned above, an attempt is made to investigate
the possibility of inducing the magnetocaloric effect in the case of the particular hypothetical
mechanical metamaterial system with magnetic inclusions without the presence of the external
magnetic field. It will also be analysed whether the mechanically-driven magnetocaloric effect
which is expected to be observed for the considered system may assume significant values at
temperatures in the vicinity of the room temperature. Should it be the case, this result could
prove to be important in the case of potential applications such as magnetic refrigerators which
would ideally be able to operate at the room temperature. Note that for the sake of simplicity
the considered magneto-auxetic system is going to be referred to as MAS in the remaining part

of this chapter.

10.3 Concept

In this chapter, the possibility of inducing the magnetocaloric effect solely as a result of
the mechanical deformation by the considered magneto-mechanical system is going to be
investigated in the case of the isothermal process without the presence of the external magnetic
field. In the case of such process, the magnetocaloric effect is manifested by the change in the
magnetic entropy of the system. Upon representing magnetic inclusions within the considered
system by means of the Ising model defined on a square lattice, the change in the magnetic

entropy for such system can be determined by means of the famous Onsager’s solution [457-
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459]. More specifically, through the use of this solution, one may find the entropy of the system
at a given configuration (particular arrangement of Ising spins in space governed by mechanical
deformation). Thus, upon calculating the entropy of the system at two different configurations,
it is possible to calculate the change in the magnetic entropy (a difference between entropies
corresponding to the system at two different geometric configurations) corresponding to the
deformation of the system from one configuration to another as discussed in more detail in the

following sections of this chapter.

10.4 Model

The considered system corresponds to the non-magnetic matrix in a form of the rotating
sguare system where at the centre of each of the rigid units there is a magnetic inclusion located.
This model is inspired by the novel work by Grima et al. [406] where, as discussed in the
Literature Review, a similar system with magnetic inclusions in the form of permanent magnets
located at the centre of respective rectangular units was considered. In this chapter, it is assumed
that the considered non-magnetic matrix consists of N x N identical perfectly rigid square-like
units connected at vertices with each of the units having the linear dimension a. The angle of
aperture between the adjacent rigid units is denoted as 26 . Furthermore, all of the magnetic
inclusions in the system are represented by means of the Ising model defined on the square
lattice which means that the considered system is assumed to be the microscopic spin 1/2 system

which can exhibit phase transitions. In such system, magnetic moments are represented by Ising
spins s; =*1 which are located at the centre of mass Ejof the squares (i, j) where

I, J=12,..,N. A schematic representation of a MAS consisting of 3x3 square units is

presented in Figure 4-2. It should be noted that for the considered system, the centres of mass

of the squares create a two-dimensional square lattice where L, =L, =L = Na[cos@+sin 0] .
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L.x .

Figure 10-1 Magneto-auxetic system of 3x3 squares of dimension axa with the exemplary
configuration of Ising spins s==1 denoted by “+” and “-” respectively, located at centre of

mass of the squares. L, and L, denote linear dimensions of the system in the x and y directions
respectively.

<«

In general, the nearest-neighbour Ising model Hamiltonian [460] is used to describe

magnetic interactions between Ising spins in the following manner:

" , 10-1
Heeo =— Z ‘]ij,klsijskl - pgH z Sij
(i K1) i,j=1
where the angular brackets denote summation over the nearest-neighbour lattice pairs, H is the

external magnetic field measured in Teslas, £ is the Bohr magneton (constant corresponding
to the magnetic moment of an electron), J;, is the coupling constant which depends on the

distance I;,, between the nearest-neighbour sites (i, j) and (k, 1). In this chapter, it is assumed

that Jy g = Jo /1

i« and Jg >0 (ferromagnetic interaction). It should also be noted that, for the

considered system (see Figure 10-1), the distance between centres of adjacent rigid units can

be expressed as follows: r;,, = a\/ﬁsin(9+%). Furthermore, as a result of the mechanical
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deformation of the considered auxetic system, the symmetry of the magnetic Hamiltonian is not
being changed because the centres of mass of the rotating squares are represented by a square

lattice for an arbitrary value of € which is permitted by the geometry of the system, i.e.

6 [0, 7] rad.

In a closed thermodynamic system of localized magnetic moments, the total entropy S
depends on temperature T, pressure p, and external magnetic field H. In view of this, the full

differential of the entropy can be written as:

dS=(§] dT +(§j dp+(§j dH . 10-2
T Jon P ); , oH J; .

It should be noted that the magnetocaloric phenomenon investigated in this chapter is
represented by the isobaric-isothermal process (dp = 0, dT = 0) which leads to the following

expression:

dsz(ﬁJ dH . 10-3
oH ),

It is also important to highlight the fact that the magnetocaloric effect can be expressed in

two different ways:

(i) by the temperature increase AT =T, —T. >0 of the magnetic material
after a change in the magnetic field AH =H, —H, >0, from the initial
value H; to the final value H . In this case, the magnetic field is applied

adiabatically through a thermodynamically reversible process;

(ii) by the decrease of the magnetic part S,, of the total entropy S after the

magnetic field H; (H,; >H,) is applied isothermally to the system at

temperature T, that is:
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AS, =Sy (T.H, ) =S, (T, H,)<0. 10-4

In view of the latter approach leading to the magnetocaloric effect, it may be noted that
there is another possibility of obtaining the change in entropy (see equation 10-2) which is

possible through the isothermal process at constant magnetic field (dT =0, dH = 0):

ds = (ﬁj dp . 105
P Jr

As reported by Tishin et al. [451], an example of such process can be the elastocaloric

effect. In the case of the considered magneto-mechanical system, the infinitesimally small

uniaxial stress do; for loading in the direction i (e.g. x or y) substitutes the infinitesimally small
isotropic pressure change dp in equation 10-5. The stress do; can be expressed in terms of
Young’s modulus E; and the strain & for loading in the direction i, i.e., do; = E.dg;. In the

particular case of the considered system which is shown in Figure 10-1, d¢, in the above

expression assumes the same value for loading in the x and y direction, i.e.

o
)
Il
>
Il
Il

dL .
! T where dL =a[cosd—-sin@]d@. Thus, the full differential of the

entropy from equation 10-5 can be expressed as follows:

ds =(§j de . 10-6
o0 ); ,

A more general process is also possible if the external magnetic field was to be changed

from the initial value H, to the final value H, (Hi < Hf) concurrently to an applied strain.

In the case of this chapter, the entropy decrease AS,, being the result of the magnetocaloric

effect during the isothermal process is given by:

AS, =Sy (T.H.0,)-S,, (T.H,.6,) <0 10-7
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where 6 and 6, represent the initial and final values of & for which the distance between the

magnetic moments decreases.

In this chapter, in order to be close to the experimental values concerning materials with
an MCE (Magneto Caloric Effect) near room temperature [451], the value of J, in the
Hamiltonian expressed by equation 4-2 is chosen to be equal to 0.01116 eV. This value is such

that T. =293.9 K for #=90° and T, =103.9 K for & =45°, where T, stands for the critical
temperature. As mentioned before, the isothermal magnetic entropy change AS,, after the
mechanical deformation A@ =6, — 6, can be easily determined with the help of the well-known
Onsager solution [457-459] for the two-dimensional Ising model defined on the square lattice

at zero magnetic field (H =0). In such the case, in order to determine the extent of the observed

magnetocaloric effect, the entropy per site s,, = i—“" is calculated as S, = ,B(u -F (T , O)) (see
B

Appendix VII for the implementation). Based on the above expression, one may note that in
order to find the reduced entropy for a given configuration of the considered system, it is first
necessary to determine its free energy per site u and the free energy per site reduced by

temperature f . As shown in the literature [458], for the Ising model, these quantities may be

expressed as follows: U = _sf_ﬁ and f = 8F (T,0) (see Appendix VI for the explicit form). At

this point, it must be noted that in this chapter, the rotating squares system is used in order to
have the exact Onsager solution for the Ising model, however there are other rotating rigid units
or other mechanical systems which can be effectively used as a non-magnetic matrix. This
means that even though, in general, one can use an arbitrary geometry to construct the system
capable of inducing the discussed phenomenon, the extent of this effect could not be estimated

for such systems by means of the exact analytical expressions known from the literature. It
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should also be noted that should one try to apply the considered approach to real systems which
have the analogical geometry, it would be valid only in the case of systems composed of a very
large number of magnetic inclusions forming a particular square lattice and would not be

expected to work for other systems.

3
It should also be noted that in the considered model, T, =T /(a\/fsin(6+%jj where

T. % is the critical temperature for the Ising model defined on the square lattice with the unit

lattice constant. This means that throughout the process of the mechanical deformation

(followed by the change in @) the critical temperature of the system T, changes accordingly.

Hence, there is a direct analogy between the considered model and the model proposed by Bean
and Rodbell [461] where the dependence of the critical temperature on strain [448] was

assumed.

10.5 Results and Discussion

M

. A . .
In Figure 10-2, the dependence of As,, = kS per site on temperature is shown for

B
different values of 6and 6; (corresponding to a different extent of the mechanical
deformation) with no presence of the external magnetic field. The characteristic feature of the
plotted magnetic entropy difference AS,, is that the concavity of this function changes (point
of inflection) at temperatures corresponding to the critical temperature associated with the
initial (0=46,) and final (8 =46,) configuration of the considered system subjected to the

mechanical deformation.

169



T,(45°) T,(80°) T,(90°)

07 ) ) ) . \ T T
- T(70°) 1 T(89°%) ! 89°-90° ]
06 | S §§ 80°-90° -
' 4 ' -, v 700_900 ____________
05 45°-90° =mmimims .
S 04
! 03
0.2 +
0.1
0 SATHARTT, ‘ C -
0 100 200 300 400 500

Temperature (K)

Figure 10-2 Temperature dependence of the isothermal entropy change As,, for MAS deformed
from 6 to 6, at zero magnetic field. The plots representing deformations 89°— 90°,

80°—90°, 70°—>90°, 45°—90° are shown (units in degrees). The vertical lines indicate
location of T_for a given value of & and 6, .

In the case of a spin 1/2 model taken into consideration, the maximum value of the reduced

magnetic entropy —As,, cannot exceed the value of log (2) ~ 0.693 as for the Ising model (see

Appendix VI for a detailed description corresponding to the calculation of —AS,,). As can be
seen in Figure 10-2, the largest value of the change in magnetic entropy is observed for the
deformation from 6 =45° to 6, =90° where it is about 85% of the maximum possible value.
This stems from the fact that for such system, during the process of deformation, the separation
distance between the neighbouring Ising spins is changed from the maximum to the minimum
distance which can be achieved for the considered system. Also, as shown in Figure 10-2, upon
reducing the extent of mechanical deformation, the values corresponding to the change in the

reduced magnetic entropy assume increasingly lower values (in terms of the absolute

magnitude). However, it may be noted that even in the case of the relatively small deformation
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by 1° from 8 =89° to &, =90° (or equivalently from & =1° to 8, =0°), the observed

I |
variation in —AS,, corresponds approximately to 15% of the maximum entropy. It should also
be noted that even in the vicinity of the room temperature, the change in the reduced magnetic
entropy is relatively close to the maximum value of —AS,, exhibited by each of the considered

types of deformation. This in turn indicates that one could expect to observe a strong
mechanically-driven magnetocaloric effect in the case of applications involving the use of this

concept at temperatures in the vicinity of the room temperature.

In order to compare the obtained results with the results known from literature, one can
hypothetically assume that Ising spins are replaced with some atoms. If for example Gd atoms
(where the total angular momentum of an atom is equal to 7/2) were substituted for the Ising

“atoms”, then, the maximum change in the magnetic entropy cannot exceed the value of

log(8)~2.079. After the multiplication of this number with the gas constant
(R =8.314 Jmol™ Kfl) for Gd atoms, this maximum value of the change in the magnetic

entropy would correspond to 17.3 J mol™* K or 110.02 J kg™ K [451]. In view of this, in the
case of the results shown in this chapter, the entropy change by 15% of the maximum entropy
value would result in 16.50 Jkg™ K. This value is more than three times larger than the
maximum entropy change for Gd after an application of the external magnetic field of
ZT(Hi =0T,H, = 2T) and it is of the same order of magnitude as in Gds(Si-Ge:) for the same
parameters (refer to figure 4 in the paper by Pecharsky and Gschneidner [452]). This means
that solely mechanically-driven magnetocaloric effect which was observed for the considered

hypothetical system can be very strong and as mentioned above, it may also exhibit large values

in the vicinity of the room temperature.
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In view of the very promising results discussed above, the question arises whether other
currently known MCE (Magneto Caloric Effect) materials offer a similar level of expandability
as the considered system which is clearly the reason behind the extent of the observed
phenomenon. Due to a particular design of the non-magnetic matrix, the linear dimension L of
the discussed system can increase up to 41% under a uniaxial strain applied in the x or y
direction while the corresponding increase in area could reach up to 100% of the initial value.
It may also be mentioned that for the hypothetical three-dimensional equivalent of the
considered auxetic system, the volume could increase up to approximately 180%. This

enormous expandability can be compared to present MCE materials where often only a small
volume expansion AV /V <0.1% is observed at T. due to a magnetoelastic transition.

However, there are several materials known to lead to MCE which can deform to a relatively
large extent. One such example can be intermetallic compound MnAs, which has a first-order
phase transition, where the volume expansion can be of the order of 2% [462]. Another example
can be samarium where in the case of the phase transition from fcc to dhcp after an application
of a pressure of 7x10°Pa at room temperature [451], a volume decrease of approximately 8%
can observed. Thus, upon comparing the volume changes of the already known MCE materials
with that of the considered system it may be noted that the discussed model expands to a
significantly larger extent than is the case for other materials which are known to exhibit MCE.
This also indicates that the use of mechanical metamaterials with magnetic inclusions which
systems are known from their capability to significantly change the distance between their
constituents as a result of mechanical deformation could lead to a further progress related to the

studies on MCE.

In order to better visualise the extent of MCE in the considered system, one could substitute
the Ising spins found at the nodes of the lattice with magnetic moments of single-domain
magnetic nanoparticles of FesOs. This, as mentioned in the introduction of this chapter, is one
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of the most promising approaches related to the MCE materials. For such system, the magnetic
moment per f.u. (formula unit) of the compound FesOais equal to z/f.u. =433y, [463]. Thus,
if for example the magnetic nanoparticles were considered to have a dimension of 5 nm, then
the magnetic moment of nanoparticles could be estimated as  ~ 3831z, . Moreover, if the
centre-to-centre distance between two adjacent magnetic moments (or superspins as they may
be also referred to [453]) is defined as d, then the potential energy of the superspin—superspin
interaction can be determined as a function of d. Thus, assuming that d = 5 nm (i.e. the
nanoparticles are touching each other) the interaction potential energy between two superspins
can be estimated as: E/kg; = 73K (see Appendix VI for more details). Furthermore, upon
considering the four-nearest-neighbours interaction approach (i.e. the given superspin interacts
with its four nearest neighbours as is normally the case for the Ising model) for d =5 nm, then
the total value of dipolar interaction energy is equal is approximately equal to: E/k; =~ 293K.
On the other hand, if the distance d was set to equal to 10 nm, the value of the energy including
the four-nearest-neighbours interaction drastically would decrease drastically to the level of:
E/k, =37K. This result clearly indicates that a change in energy occurs on changing the
distance between the magnetic nanoparticles and that it can be significant at room temperature.
It should also be noted that as already discussed, an analogical change in the separation distance
between magnetic nonoparticles arises when modifying the geometry of the considered system.

Before concluding, one can note that the magnetic entropy in the Ising system depends on
the orientation of Ising spins and the distribution of spins having the same orientation within
the system, where as shown in this chapter the orientation of spins may be expected to change
as a result of the mechanical deformation. Furthermore, it should also be noted that in this
chapter, only specific configurations of the system were taken into consideration in order to

calculate their entropy, i.e. two configurations represented by specific angles & associated with
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initial and final configuration of the deformed system. However, it would be also very
interesting to investigate the evolution of magnetic domains in the magneto-mechanical systems

and the effect which the rate of the mechanical deformation could have on their evolution.

10.6 Conclusions

In this chapter, the rotating square system with magnetic inclusions located at centres of
respective units was modelled by means of the Ising model defined on the square lattice where
the distance between the Ising spins can be changed as the result of the variation in the angle
6. Through the use of the exact Onsager’s solution for the square lattice, it was shown that

such a system, upon undergoing the transition from one configuration corresponding to a
particular value of @ to another configuration (Qf ) may experience a significant change in

the magnetic entropy during the isothermal process which result is an indication of the
magnetocaloric effect (MCE). It was also shown that extent of this phenomenon may be very
large at room temperature even without the presence of the external magnetic field which
stimulus could potentially further enhance the magnitude of the discussed phenomenon. In view
of this, the proposed concept corresponding to the use of mechanical metamaterials to induce a
mechanically-driven magnetocaloric effect may prove to be useful in the case of rapidly
developing magnetic refrigeration techniques where the possibility of inducing this effect in the

vicinity of the room temperature is of great importance.
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11. Magnetic domain evolution in magneto-auxetic systems®

HIGHLIGHTS

e Through the use of simulations involving the use of the Monte Carlo Metropolis
algorithm, it was shown than one may control the evolution of magnetic domains in the
considered magneto-mechanical system (which system similarly to the last chapter is
represented by means of the Ising model) upon changing the rate at which the system is
deformed,

e |t was shown that the average size of magnetic domains within the system (r) does not
increase in time (t) proportionally to the factor t*2 | which is normally expected for the
Ising system where the distance between the Ising spins is constant;

e The energy of the system corresponding to Ising spins located at boundaries of magnetic

domains can be controlled via the variation in the rate of deformation of the system.

11.1 Motivation

In the last chapter, the Ising model defined on the lattice corresponding to the rotating
square system was used in order to investigate the potential of such system with magnetic
inclusions to induce the magnetocaloric effect. To asses its suitability the exhibit the
aforementioned phenomenon, the entropy S was calculated with the help of the Helmholtz’s
free energy, F =U —TS , for different configurations of the system subjected to mechanical
deformation at the constant temperature T, where U represents internal energy. As discussed

in the previous chapter, the change AS between the entropies calculated for different

8 The content of this chapter has already been published in the peer-reviewed journal Physics Status Solidi — Rapid
Research Letters: K. K. Dudek, W. Wolak, M. R. Dudek, R. Caruana-Gauci, R. Gatt, K. W. Wojciechowski, J.
N. Grima, Programmable magnetic domain evolution in magnetic auxetic systems Phys. Status Solidi RRL 11
1700122 (2017)
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configurations at a given value of T can be interpreted as the extent of the magnetocaloric effect
in the case of the isothermal process. However, in the case of the procedure employed in the
case of the last chapter, only the initial and final configuration of the system were taken into
consideration in order to investigate the discussed physical phenomenon. Thus, it would be very
interesting to analyse the evolution of clusters of magnetic moments having the same
orientation throughout the whole process of mechanical deformation corresponding to the
change in the distance between Ising spins. It would be also interesting to investigate the effect
which the rate of such mechanical deformation has on the behaviour of the system. In view of
this, in this chapter, both of these aspects related to the magnetic domain evolution in magneto-

mechanical systems as going to be analysed.

11.2 Introduction

Over the years, the Ising model [464] has been proven to be a great tool in order to
investigate a wide range of physical phenomena. In particular, based on the famous Onsager
solution [465-466] for the two-dimensional square lattice at zero magnetic field, this model
allowed to gain a fundamental understanding of critical phenomena. It also led to numerous
discoveries in areas such as social physics [467], modelling of neural networks [468] and
economy [469]. The interest of scientists in this particular technique resulted in numerous
studies in which it was shown that in the systems modelled with the Ising model, the mean size
of magnetic domains (after a temperature quench of the system from a disordered to an ordered
phase) increases in time accordingly to a particular power law. More specifically, it changes
proportionally to the evolution time raised to the power of 1/2 or 1/3 for systems with a non-
conserved [470, 471] or conserved [472, 473] order parameter respectively. A detailed
mathematical description of different laws governing a domain growth in various systems can
be found in papers by Bray [474] and Rutenberg [475]. At this point, it is important to note that

the results discussed above were obtained for systems in which the distances between the
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neighbouring spins within the system were fixed. These rules regarding the rate of growth of
domains in magnetic systems do not have to apply to systems in which the distances between
the neighbouring spins change in time. In fact, over the years, numerous attempts [476, 477]
have been made to analyse various physical phenomena associated with the deformed Ising
model (e.g. compressed) with one of the most promising studies being the work of Cirillo et al.
[478] where it was shown that the above characteristics are not valid for the Ising model
subjected to a shear flow. This also suggests that if one was to be able to control the distance
between the neighbouring Ising spins then it might be possible to observe a completely new

type of evolution of magnetic domains in time.

As discussed in this thesis, mechanical metamaterials are a class of systems which as
already discussed in this thesis may exhibit unusual behaviour upon being subjected to a
mechanical deformation. These systems may be used to conveniently change the distance
between the elements constituting the structure in a rather unusual pattern which would not be
possible for conventional systems. Some of the most studied mechanical metamaterials are
rotating rigid unit systems with one of the prime examples being ‘rotating squares system’ with
a Poisson's ratio of -1. This particular system deforms in a highly symmetric manner which
permits specific distances within the model, e.g. the distances between the centres of all of the
neighbouring units, to change by exactly the same amount. This in turn makes this system to be
a perfect candidate to alter the geometry of the Ising model throughout the process of

simulation.

11.3 Model

In this chapter, the two-dimensional model based on a set of N, xN, rigid squares

connected at vertices is going to be discussed (see Figure 11-1). It is assumed that each square

has a side length of a. The angle between the adjacent units is denoted as 26 and due to
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geometric constraints its value lies within the interval between 0° and 180°. Furthermore, in
order to analyse the evolution of magnetic domains in time in such system, it is assumed that
located at the centre of each square there is an Ising spin (see Figure 11-1). These spins assume
one of the two possible orientations, i.e. either “up” or “down” which states correspond to
values 1 and -1 respectively. One may note that Ising spins in such system form a square lattice
with the distance d separating each pair of neighbouring spins which also means that d stands

for a distance between the centres of adjacent squares.

Figure 11-1 The model represented by a set of rigid squares connected at vertices. In this case,
signs “+” and “-” located at the centre of each unit, correspond to opposite orientations of
magnetic moments within the system. In this diagram, the number of squares was set in a way
allowing to conveniently visualise the introduced variables.

Evolution of magnetic domains (collection of spins having the same orientation) is going
to be investigated through the use of the well-known Metropolis algorithm [479] (with periodic
boundary conditions imposed on the discussed system) in which case the energy of interaction

between the neighbouring spins may be defined in the following manner (see Appendix VII1):

Np
H =—JZO‘iGJ— 111
(i.j)

where, J is the coupling constant, the angular brackets denote summation over the N, nearest-

neighbour square pairs with Ising spins o, and o;. Similarly as in the previous chapter, the
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value of J depends on a distance d as shown in the following equation: J =J, /d® [480]. At

this point one may also note that the value of d depends on the extent of the angle 26 and may

be expressed as follows:

d :a\/fsin(%ﬂé'j 11-2

It means that the energy of interaction between the adjacent magnetic moments changes
accordingly to the value of the angle 6. It also means that the critical temperature T_ changes
with the value of @which stems from the fact that this particular quantity depends on

J=1J (9).Thus, analogically to the last chapter, the value of T, is given by:

3
T.(0)= 2'259‘10 (aﬁsin(%+9j) : 11-3
B

In order to ensure that the initial state of the system resembles the situation which one

would expect in reality, the fully-closed system (26 = 0°) is initially subjected to the relatively

high temperature T, (significantly above the value of T,(&)) for a duration of N, Monte
Carlo steps. After this pre-heating procedure, the evolution of magnetic domains in the system
is investigated in the case of a deformation process corresponding to the change in the value of
260 angle from 0° to 180° at a certain temperature T. At this point, one should note that a
change in the value of the angle 26 from 0° to 90° (maximal distance between adjacent spins)
corresponds to an increase in the distance between the neighbouring spins by 41% which is

associated with a significant change in the magnitude of J.

In order to analyse the evolution of magnetic domains, the discussed system was
mechanically deformed at a temperature of T =77.35 K with the angle 26 being changed

from 0° to 180°. The value of T was chosen in a way which for different values of & results

in it being both greater and lower than the value of T, (see equation 11-3) throughout the
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deformation process. More specifically, the value of T /T, is equal to 2.142 and 0.963 in the

case of 26 assuming the value of 0° and 90° respectively. The process of deformation of the
discussed system was investigated for different rates of opening of the angle 26, i.e. ®={0.5,
1.0, 10, 100}°/MCs (°/MCs - degree per Monte Carlo step). The remaining parameters

defined in this Model section were set to be the following: N, xN, =500x500, a = 18.475

nm, T. =800K, N._.. =5 and J, =50.42 eV nm®. At this point it is worth to note that before

initial
the pre-heating procedure, which procedure took place before the beginning of the deformation,
the orientation of spins within the system was selected randomly. Furthermore, in order to

ensure high quality of the generated results, each set of results was averaged 10 times.

11.4 Results and Discussion

Based on Figure 11-2(a), one can note that throughout the process of mechanical
deformation, the change in size of magnetic domains (represented by means of the correlation
length r) does not follow the well-known power law corresponding to Ising systems with a non-
conserved order parameter, i.e. is not proportional to the time raised to the power of 1/2. Instead,
the correlation length of the deformed system exhibits a more complex behaviour with two local
extrema being observed. More specifically, at the range of & between 0° and 30° the value of
r increases in order to subsequently start decreasing upon surpassing the configuration
corresponding to 26 =30°. This trend is continued up to the point where the local minimum of
r is reached, i.e. around 90°—100°. During the remaining part of the mechanical deformation
of the discussed system the angle 26 is being changed from 90° to 180° (this process
corresponds to a decrease of the distance between the adjacent spins) which results with an
increase of the magnitude of the correlation length. This novel behaviour can be easily
understood if one was to analyse the evolution of magnetic domains in time in the case of the

analogical system in which the distance between the adjacent units does not change throughout
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the simulation, i.e. @ =const. (see Figure 11-2(b)). From Figure 11-2(b), one can note that in
the case of these systems, the lower the distance between the neighbouring units the larger the
value of r throughout the simulation. On the other hand, the model discussed in this work is
deformed in a way so that the value of 26 changes from 0° to 180°. This in turn means that
the value of d increases at the interval between 0° and 90° and analogically decreases at the
interval between 90° and 180°. In view of this, one may imagine that the evolution of domains
in the system in which the value of 26 is being changed throughout the simulation can be
approximately visualised as the function connecting different points at the consecutive time
steps from functions corresponding to systems in which the distance between the neighbouring
spins remains constant. In other words, according to Figure 10-2(b), the process discussed in
this work can be approximated by the procedure in which we "move" in time from the line
corresponding to 0° to the line corresponding to 90° (in the case of systems where the distance
between spins is fixed) and then back from 90° to 0°. Furthermore, in the case of Figure

11-2(b), the plots associated with relatively small values of & correspond to the situation where
T <T.. In such cases the emergence of the formerly discussed power law is expected (I ~t“,

where a=1/2), which trend may be easily observed taking the system corresponding to
260 =0° as an example. In this particular case, the exponent « associated with the system is

equal to 0.49913 + 0.00098.

181



45
w = 100°/MC's p
—— Ww=10°/MCs ’
'_|30 —_———— W = IO/J.ICS
[’i || ===+ w=10.5°/MCs
S
o
2
<
ﬁ — ’
S5 TN /y
/.- ""n:'\ 2
lf'/ ”Q‘*\-"-‘.. ///'/'/ -
1/ Tt
e TTmTI
0 ‘ , ‘
0 45 90 135 180
(a) 20 [O]

is expressed in terms of the distance d (see equation 11-2).
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Figure 11-2 The panels present (a) the change in the correlation length r during the deformation process for different values of » and (b) the
comparison of the evolution of the system corresponding to @ =1°/MCs to the behaviour of systems in which the distance between the
neighbouring spins is not being changed throughout the simulation, i.e. the simulation takes place for a fixed value of €. The correlation length r
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Another interesting result corresponds to the effect which the rate of opening of the angle
260 has on the evolution of magnetic domains in the discussed system. As shown in Figure
10-2(a), a variation in the magnitude of the angular velocity o allows to control the growth of
domains within the system. In particular, it may be noted that the lower the magnitude of w,
the larger the value of r (average size of magnetic domains). Based on Figure 11-2(a) one can
also see that there is a certain threshold value of » below which value the system does exhibit
the characteristics described above. In the case of results presented in Figure 11-2 (a) such
threshold value would may be found in the vicinity of @=10°/MCs. Above this value,
magnetic domains do not have enough time to evolve during the deformation process which
leads to significantly lower values of r. Moreover, in the case of relatively high values of w,
the local minimum of the function of r, which might be observed in the vicinity of 90°,
disappears. A clear difference between the evolution of domain in systems deformed with
relatively high and relatively low value of  is visualised in Figure 11-3.

It is also possible to analyse the change in energy during the deformation of the discussed
system. In particular, the change in the energy E associated with spins at the boundaries of
respective domains. Based on Figure 11-4, one can note that the change in @ results with
qualitatively different results in terms of the energy E for systems corresponding to relatively
large and small values of @.

In this chapter, in order to generate the results discussed above, we consider the use of
magnetic rigid units constituting the system of rotating squares. In reality, the behaviour of such
theoretical structure could be represented by a non-magnetic system of rotating squares with
magnetic nanoparticles embedded at the centre of each unit as discussed in the former chapter.
Furthermore, in order to ensure that the discussed results could be obtained in reality, all of the
parameters used in this work were set in a way so that the system behaves as if magnetic

nanoparticles of the size of 10 nm were embedded on top of non-magnetic units.
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Figure 11-3 The panels present (a) diagrams visualising the configuration of the magnetic auxetic system corresponding to a particular value of the
angle @ (red lines are used in order to highlight edges forming the aperture of the unit-cell), (b) evolution of magnetic domains for a system in
which the angle @ is being changed with the constant angular velocity @ =0.5°/MCs (relatively low value of @) and (c) visualisation of the
evolution of magnetic domains in the system corresponding to @ =10°/MCs (relatively high value of ). In order to better visualise the domains
in the system on panels (b) and (c), only a fragment (100x100 units) of the larger square lattice considered in this work was selected.
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Figure 11-4 Energy of spins at the domain boundary per spin for different values of .

All of this is very important as it is shown that it is possible to control the evolution of
domains upon changing the magnitude of the angular velocity @. It is also shown that the
variation in the value of @ leads to very different results in terms of the energy E. This control
over the change in the value of the energy throughout the process of deformation may be used
in order to control the magnitude of the mechanically-driven magnetocaloric effect as shown in
the last chapter. This in turn would allow to increase or decrease the value of temperature of
the system in a controllable manner without the presence of the external magnetic field. This
result could prove to be very important for scientists working on novel techniques associated
with magnetic refrigeration particularly in view of the recent wide interest in magnetic
metamaterials and other systems. It is also hoped that this work may contribute to the further
discussion concerning the use of the Ising model in the case of hierarchical systems which could
possibly lead to novel applications of such systems.

At this point, it should be highlighted that even though in the case of this chapter a

particular type of the non-magnetic matrix was chosen, magnetic inclusions could also be

185



inserted into a different mechanical system in order to analyse the effect of the magnetic domain
evolution. However, for an arbitrary system there would not be any analytical expression
allowing to determine the value of the critical temperaure corresponding to a given system. It
should also be noted that the considered effect of the magnetic domain evolution can only be
analysed in the case of large systems. This means that the behaviour of the hypothetical
magneto-mechanical system which is discussed in this chapter is not expected to be observed
in the case of real relatively large systems which despite the analogical geometry do not consist

of a large number of magnetic inclusions.

11.5 Conclusions

In conclusion, in this chapter, it was shown that the evolution of magnetic domains in the
Ising model associated with the magnetic system of rotating squares does not follow a well-
known power law which is valid for systems in which the distance between the neighbouring
units remains constant throughout the simulation. It was also shown that the evolution of
magnetic domains can be controlled upon altering the magnitude of the angular velocity of rigid
units constituting the system. Another result obtained through this study shows that upon
changing the value of the angular velocity of rigid units, it is possible to control the energy of
the system. It should also be noted that all of the discussed results could potentially prove to be

useful in the case of applications related to the magnetic refrigeration.
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12. General Discussion, Conclusions and Future Perspective

As said by Albert Einstein, “To raise new questions, new possibilities, to regard old
problems from a new angle, requires creative imagination and marks real advance in science”.
This famous quote suggests that sometimes in order to make a true contribution to science it is
necessary to think “out of the box™ and approach some of the problems from a new angle.
Inspired by this approach, in this thesis an attempt was made to investigate some aspects of
mechanical metamaterials which have never been studied or studies related to them are still in

their infancy and should be further developed before proving to be useful in practise.

Over the years, mechanical metamaterials have been extensively investigated from the point
of view of their capability to exhibit unusual mechanical properties such as negative Poisson’s
ratio, negative thermal expansion, negative compressibility and negative stiffness. Thanks to
their potential to exhibit such anomalous mechanical behaviour, these systems were found to
be suitable for a variety of applications in different branches of industry. As discussed in the
Literature Review, studies related to mechanical metamaterials have been primarily focused on
the design of new types of such systems which could exhibit counterintuitive mechanical
behaviour. As a result of these studies, over the years, many new classes of mechanical
metamaterials have been proposed with some of the most studied examples being rotating rigid
unit systems, perforated systems, re-entrant and chiral honeycomb structures as well as foams.
One of the reasons behind the existence of numerous systems could be the fact that in the
majority of cases, new systems have been proposed and analysed analytically and
experimentally in an attempt to achieve novel behaviour. However, in theory, novel behaviour
can also be obtained from already known systems by appropriately modifying them without the
need to actually design a completely new geometry. For example, it might be possible to
achieve unusual mechanical properties simply by using different materials to construct the
system. However, the use of different constituent materials does not ensure that the resultant
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structure would exhibit significantly different unusual mechanical properties than the original
system composed of a single material. One may also expect that for such a system, it would be
difficult to observe a novel mechanical behaviour which is not observed for its mono-material
counterpart. Nevertheless, a new type of mechanical behaviour could be manifested should it
be assumed that some of the constituents in a newly constructed system can interact with each
other. It would be particularly interesting if one were to consider a system where constituents
can interact with each other without the need of being physically connected with each other.
One type of interaction which is known to satisfy this condition is magnetic interaction between
magnetic entities where, in this work, this type of interaction between constituents was achieved
through the introduction of magnetic inclusions to the mechanical metamaterial. Consequently,
one can expect that the resultant magneto-mechanical system may possess superior mechanical
properties in comparison to its non-magnetic mono-material counterpart where, as discussed in
the Literature Review, the resultant structure may even exhibit anomalous mechanical
behaviour which cannot be observed for a similar system without magnetic inclusions. At the
same time, it is very important to highlight the fact that the concept based on the use of magnetic
inclusions in the case of mechanical metamaterials is still relatively new and the research related
to this topic is in its infancy. In addition to this, one should also note that as discussed in this
thesis, the novel type of mechanical behaviour observed for already known mechanical
metamaterials does not have to be induced by the use of magnetic inclusions and in general one
could consider the use of a variety of different approaches such as the variation in the mass
distribution of the system. In view of the above, this thesis focused primarily on the potential
of already proposed mechanical metamaterials to exhibit novel types of mechanical behaviour
or counterintuitive mechanical properties as a result of modifications made to historically-

known mechanical metamaterials composed of a single material.
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One of many interesting aspects related to the possible behaviour which can be exhibited
by mechanical metamaterials which still remains to be explored corresponds to the capability
of these systems to induce their own global rotation as a result of the rotation of their subunits.
One of the possible reasons why this effect has not been yet studied by scientists working in
this field might be the fact that normally in order to investigate mechanical metamaterials, these
systems are being constrained which makes it impossible for the system to exhibit the discussed
phenomenon. In view of this, in this thesis, the possibility of achieving this effect was
investigated for a particular type of a mechanical metamaterial system composed of square-like
rigid units which was free to rotate with respect to its centre of mass. More specifically, in
Chapter 4 of the thesis, this novel concept was analysed through a theoretical model describing
the dynamics of deformation of such a system for which the results suggest that the considered
effect can be not only observed but its extent may also be controlled via the variation in the

mass distribution.

In order to verify the possibility of achieving the self-induced global rotation of mechanical
metamaterials in practise, in Chapter 5, an analogical system was also investigated through the
use of an experimental prototype which study led to similar conclusions suggested by the
theoretical predictions. More specifically, it was shown that as expected based on the
conservation of angular momentum principle, the rotation of individual units constituting the
system results in the rotation of the entire structure in the opposite direction to the rotation of
heavy units. In this chapter, the behaviour of the system after the collision between the rigid
units was also described which makes it easier to predict the behaviour of devices based on the
proposed concept in reality. In the chapter following these results, i.e. in Chapter 6, it was
shown that even though mechanical systems composed of rigid square-like units show great
promise to induce their global rotation as a result of mechanical deformation, it is not the only

geometry which might be conducive to this phenomenon. In view of this, to gain a better
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understanding of the effect of the variation in geometry on the behaviour of the system, the
aforementioned model was replaced with a similar system composed of rectangular units as it
is significantly more versatile in terms of its geometry. More specifically, in this chapter, it was
shown that depending on their connectivity, upon being subjected to mechanical deformation,
different rotating rectangle systems exhibit a very different extent of global rotation which, for
some of these systems, also depends on the aspect ratio of the structural units. However, despite
these differences, it should be highlighted that nonetheless this phenomenon was observed in
all of the considered systems. In view of this, it should be mentioned that all of the reported
results relating to the ability of mechanical metamaterials to exhibit the discussed characteristics
indicate that this concept may prove to be useful in a variety of applications. One type of such
applications could be wind turbines where the ease with which these mechanical systems can
be deformed could be used to fine-tune the moment of inertia of the entire wind turbine. This
in turn, would allow the control of the reaction of the wind turbine to the wind having a
particular strength, thus allowing increase in the efficiency of the device. Another broad class
of applications where the considered concept of self-induced global rotation of mechanical
metamaterials could be utilised relates to devices employed in space such as satellites,
spacecraft or telescopes. Due to the fact that in space there is no medium to interact with, the
only way for such systems to induce their own rotation is to change their mass (e.g. through gas
jets) or change the angular momentum of one or more of their components, which process
would lead to a change in the angular momentum of the entire system in a way that the angular
momentum of the whole system would be conserved. The concept proposed in this work utilises
the latter approach where through the rotation of subunits, one can induce and control the
rotation of the whole system employed in space. However, it should be noted that before
implementing the considered concept in industry one should conduct studies related to the fault

control and cost analysis which are beyond the scope of this thesis.
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As discussed in this thesis, even though novel types of behaviour which can be exhibited
by mechanical metamaterials might be attractive enough to introduce them to new branches of
industry, the research related to these systems is still primarily focused on the possibility of
obtaining anomalous mechanical properties. In particular, in recent years, the scientific
community working in this field devoted a lot of attention to the possibility of enhancing
anomalous mechanical properties of mechanical metamaterials so that these systems could be
even more efficient in various applications. One class of mechanical metamaterials which was
recently reported to exhibit such a characteristic are hierarchical mechanical metamaterials,
where it was shown that the resultant negative Poisson’s ratio can assume lower values than
would be the case for analogical systems which do not incorporate the concept of hierarchy. In
those studies, it was also reported that lower levels of such multi-level systems tend to open up
to a significantly lower extent than higher levels which do not allow the systems to achieve
their full potential. In order to address this observation, in Chapter 7 of the thesis, a particular
two-level hierarchical system composed of rigid squares connected at vertices was investigated
through a dynamics approach. For this system, it was shown that the deformation pattern
exhibited by the structure depends on the magnitude of the resistance of respective units to the
rotational motion, which in turn is related to the number of hinges associated with each of the
levels. Thus, as shown in this chapter, upon changing the magnitude of such resistance it is
possible to open both levels of the considered system to a different extent, which also leads to
a different value of the Poisson’s ratio. This result is interesting as it shows that the exact same
system (at least in terms of geometry), can deform differently and exhibit different mechanical
properties solely as a result of the variation in the resistance of hinges connecting the structural
units to rotational motion. However, this does not mean that a similar or greater level of control
over the deformation pattern cannot be achieved by means of a different approach. As a matter

of fact, as discussed in Chapter 7, even though the deformation of the considered hierarchical
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system was induced through the application of external forces to the structure, it does not mean
that one cannot deform it through the use of internal forces which could for example be applied
by means of actuators or magnets / electromagnets appropriately located on adjacent rigid units.
It should also be noted that the latter approach would be expected to make it possible to open a
given level of the hierarchical structure to an arbitrary extent irrespective of the deformation of

other levels.

One can note that in Chapters 4-7 of the thesis, novel mechanical behaviour, such as the
self-induced global rotation of mechanical metamaterials, and unusual mechanical properties
were reported for systems composed of square/rectangle-like motifs. However, this does not
mean that one cannot propose novel mechanical systems capable of exhibiting such counter-
intuitive behaviour. As a matter of fact, in view of the versatility that mechanical metamaterials
afford, one can expect that there is a plethora of such systems which still remain to be
discovered. As discussed in Chapter 8, an example of such a system is a mechanical
metamaterial composed of generic rigid triangles connected at vertices. In this thesis it was
shown that irrespective of the stage of the deformation and the shape of the structural units,
such a system has the potential to exhibit negative linear compressibility in at least one
direction. It was also reported that the considered system exhibits this particular characteristic
whenever it also assumes a positive Poisson’s ratio that exceeds the value of one for loading in
the same direction. In addition to negative linear compressibility, this novel mechanical
metamaterial was also reported to have a propensity to exhibit negative thermal expansion. It
should also be highlighted that even though this system can exhibit anomalous mechanical
properties solely as a result of its geometric design, its properties can be further enhanced and
controlled through the use of magnetic inclusions. This in turn could allow the design of a

device based on a such concept in a way which would make it act as a smart filtration device.
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Deformation of mechanical metamaterials can in general be controlled or influenced
through a variety of different techniques. One of the most common approaches to affect
deformation in such systems is through the use of hinge-like elements whose deformation is
governed by a harmonic potential, which normally would cause a given system to assume a
particular conformation. However, such an approach does not provide a true control over the
deformation of the given system. In addition to this, once such a system is produced, it is very
difficult to change its properties. It seems that the most promising concept that provides a
solution to both of these problems, thereby allowing one to acquire the desired level of control
over the behaviour of the system, relies on the use of magnetic inclusions. This stems from the
fact that, through mutual interactions, such inclusions may control the behaviour of the structure
at any stage of the deformation. It should also be noted that as reported in the literature (see
Literature Review), interactions between magnetic inclusions may also lead to anomalous
mechanical properties which would be no longer observed upon removing such inclusions from
the structure. Nonetheless, despite their great potential, studies related to mechanical

metamaterials with magnetic inclusions are still in their infancy.

In view of the above, in Chapter 9 of this thesis, in an attempt to gain a better understanding
of the behaviour of these systems, the potential of a particular mechanical metamaterial with
magnetic inclusions in the form of magnets was investigated vis-a-vis its ability to exhibit
unusual mechanical behaviour. More specifically, through a theoretical model as well as
experimental testing, it was shown that the considered system may exhibit either positive or
negative stiffness depending solely on the orientation of magnets within the system, where it
should be noted that results generated by means of both of the techniques were in a very good
agreement. In this chapter, it was also shown that a system composed of arrowhead structural
units may also exhibit other unusual mechanical properties. More specifically, it was shown

that throughout a significant part of the deformation process, the discussed system is capable
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of exhibiting both negative Poisson’s ratio and negative stiffness at the same of time, where the
magnitude of these effects could be fine-tuned via the variation in geometric parameters
defining the geometry of the structure. All of these results indicate that apart from smart
filtration devices, the considered concept could prove to be useful in a variety of vibration
damping devices where negative stiffness is normally required. These results also suggest that
it may be possible to propose novel types of applications where materials exhibiting several

anomalous mechanical properties simultaneously would be essential.

As discussed in Chapter 10 of the thesis, the concept of mechanical metamaterials with
magnetic inclusions could also be used in order to investigate physical phenomena which are
not directly related to mechanical properties. An example of a very interesting physical effect
which is an intrinsic property of magnetic systems is the magnetocaloric effect, which is
normally observed in the presence of an external magnetic field. However, in the literature there
are a few studies which suggest that in addition to the variation in the magnetic field, this effect
could also be achieved as a result of a deformation of the magnetic system (for example as a
result of a compression of the system with magnetic inclusions). In order to investigate the
possibility of observing such phenomenon for magneto-mechanical systems, a particular
hypothetical system was considered where magnetic inclusions were set at the centres of
respective units in a rotating square system at a constant temperature. This means that
irrespective of the stage of the mechanical deformation of such a system, magnetic inclusions
would always form a square lattice. Thus, as discussed in Chapter 10, the extent of the
magnetocaloric effect for the considered system could be calculated as a change in the magnetic
entropy upon deforming the system from one configuration to another. In view of this, in order
to determine the possibility of generating the magnetocaloric effect (and its magnitude) for
different ranges of mechanical deformation, the considered system was approximated by means

of the Ising model without the presence of an external magnetic field. Furthermore, through the
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use of this model, the entropy assumed by the system for each of the configurations was
determined by means of the famous Onsager’s solution. The generated results clearly indicate
that the discussed phenomenon can indeed occur without the external magnetic field and that
its magnitude can be large even at room temperature. In this chapter, it was also shown that the
extent of the magnetocaloric effect can be controlled by adjusting the range of the mechanical

deformation corresponding to the change in the distance between the magnetic inclusions.

In addition to the possibility of inducing the magnetocaloric effect, it could be also very
interesting to analyse the process of magnetic domain evolution throughout the deformation of
the magneto-mechanical system. In view of this, in Chapter 11, this phenomenon was simulated
for a system analogical to that of Chapter 10 by means of the Monte Carlo Metropolis algorithm.
According to the generated results, it may be concluded that the rate at which such magneto-
mechanical systems are deformed affects the way how magnetic domains are evolving. It should
be also noted that the variation in the mean size of magnetic domains in such systems subjected
to mechanical deformation does not follow a well-known power law which normally
characterises the evolution of magnetic domains in the Ising model. This result could encourage
scientists working on critical phenomena to investigate such physical processes in systems
subjected to mechanical deformation as they clearly show a potential to exhibit very interesting
behaviour. Furthermore, keeping in mind the results proposed in chapters 10 and 11, it might
be also possible that hypothetical mechanical metamaterial systems with magnetic inclusions
constructed at the nanoscale may potentially be used to design magnetic refrigerators. In order
to make such devices available to the general public, they should be able to operate at room
temperature which normally is very difficult to achieve. However, as discussed in Chapter 10,
the extent of the magnetocaloric effect for the considered system can assume large values at
room temperature which makes it to be a very interesting candidate to further investigate its

potential from the point of view of its applicability in the industry.
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It is worth mentioning that the results presented and discussed in this thesis were generated
by means of different approaches depending on the type of the investigated phenomenon. More
specifically, in chapters 4-7, the dynamic behaviour of particular rotating rigid unit systems
composed or square-like motifs was analysed by means of theoretical models where their
evolution in time was described by means of appropriate equations of motion. Such approach
was very convenient because of its relative simplicity. Also, unlike some other techniques, it
made the obtained results easily reproducible for researchers who may want to further develop
some of the ideas proposed in this thesis. However, it should be emphasised that should one
consider a different set of assumptions than those made in the aforementioned chapters, then it
might be necessary to consider the use of other methods. Furthermore, in chapters 8, 9 and 10,
some of the standard theoretical models which are commonly used in the considered fields of
science were used in order to analyse concepts proposed in these chapters. Such approach apart
from being very reliable, also allows for a simple assessment of limitations of each of the
considered theoretical models as in a majority of cases they have been already discussed in the
literature. In chapter 11, in order to analyse the evolution of the Ising model defined in a way
allowing to represent a particular magneto-mechanical system, the Monte Carlo Metropolis
algorithm was used which is a standard tool used to minimise the free energy of the considered
system. This approach is well-known to correctly describe the evolution of a variety of systems
including magnetic inclusions which can be represented by the Ising model as is the case in this
thesis. It should also be mentioned that in the case of chapters 5 and 9, the results obtained
through the use of theoretical models were additionally verified by experiments involving the

use of prototypes constructed by a 3D extrusion printer.

At this point, it should be noted that all of the concepts proposed in this thesis were
discussed for two-dimensional systems. However, this does not mean that these concepts cannot

be observed in three dimensional mechanical metamaterials. As discussed in the literature (see
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Literature Review), planar mechanical metamaterials such as rotating square systems have their
three-dimensional counterparts which are capable of exhibiting unusual mechanical properties
in three dimensions as is the case for the rotating cuboid system [303]. It has also been already
reported that two-dimensional planar mechanical metamaterials can be arranged into three-
dimensional tubular configurations to utilise their unusual properties in applications such as
stents etc. It is also worth to mention that one can design the considered systems in a way so
that they would be capable of deforming from a planar to non-planar conformation and vice-
versa. Such behaviour could for example be achieved as a result of magnetic interactions

between magnetic inclusions implemented within the system.

Another aspect related to systems considered in this thesis which could benefit from being
further investigated is the subject of order and disorder within the structure. All of the
considered systems were designed in a manner so that one could distinguish a particular element
within each of the structures which could be tessellated in order to reproduce the entire system.
This means that all of these systems were ordered. However, this does not mean that it is not
possible to design similar constructs incorporating the concept of disorder. As a matter of fact,
in general, the behaviour of such systems would be expected to be different from their ordered
counterparts which means that such systems could potentially exhibit very interesting
behaviour. One could for example consider studies related to stiffness exhibited by disordered
systems with magnetic inclusions where the emergence of regions of particularly large or small

positive/negative stiffness could be expected.

At this point, it is important to mention that the majority of results discussed in this thesis,
especially those related to the self-induced global rotation of mechanical metamaterials and the
possibility of inducing either negative or positive stiffness in magneto-mechanical systems, are
seemingly scale independent. This stems from the fact that such phenomena are expected to be

observed as long as the considered systems can be constructed, which in theory does not depend
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significantly on the scale of the system. However, one should note that upon decreasing the size
of such systems, so that they would be in the vicinity of the nanoscale, their behaviour would
no longer be governed by classical mechanics and instead one should consider the use of
quantum mechanics to describe them. On the other hand, the magnetocaloric effect for the
considered hypothetical magneto-mechanical systems would be observed only at the nanoscale
as it requires a very large number of densely packed interacting magnetic particles to be

manifested.

Finally, it can be concluded that despite numerous studies related to mechanical
metamaterials, there are still many aspects of these systems which are worth being investigated.
For example, despite the fact that all of the unusual effects discussed in this thesis were obtained
for structures based mostly on historically-known mechanical metamaterials, it is still possible
to propose novel designs of mechanical metamaterials which are capable of exhibiting
anomalous mechanical and other types of behaviour with or without magnetic inclusions
enhancing their properties. It is also important to note that concepts discussed in this thesis are
not limited to particular geometries and in general they may be expected to be applicable for a
variety of systems. In view of this, it is hoped that concepts discussed in this thesis will
contribute to further studies related to mechanical metamaterials and will hopefully one day
lead to their implementation in novel applications improving the standard of our lives. It is also
worth to mention that some of the concepts reported in this thesis have already been followed
by other researchers with one of the examples being the results from Chapter 8. More
specifically, in his recent work [292], Zhou et al. studied the potential of the system composed
of generic rigid triangles to exhibit negative linear compressibility for which a concept of a

similar model was proposed in an aforementioned chapter in this thesis.
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Appendix I: Additional information related to the self-induced

global rotation of the rotating square system

A) Derivation of the analytical formula allowing to determine moment of
inertia of the system of rotating squares rotating with respect to its
centre of mass

In this work, the general expression for moment of inertia of the discussed system

rotating with respect to its centre of mass was defined as follows:

|1:%az[(st—l)Mﬁ(st+1)'V'H}+ Al-1

1 N> i
+Zd2(NSZ_1)[(78_1JML+(TS+1JMH} :

The above expression was derived by means of the induction procedure during which

process certain number of initial values of N was taken under consideration. In order to further
explain the way how equation A1-1 was derived, the expression for 1, is going to be calculated

for a few values of N (see Fig. Al-1).

Ng=5

Figure Al-1 The system corresponding to Ng =1, 3 and 5. The black point at the centre of the
square is associated with the axis of rotation of the whole system.
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Expression for 11 calculated for the system corresponding to Ns=1

According to the assumption stated in the main text, the square corresponding to the centre

of mass of the whole system is always associated with M, . This means that the system

corresponding to Ns=1 consists of only one square. Moreover, in this particular case, the axis
of rotation of the whole system corresponds to the centre of the square (see Figure Al-1). In

view of this, the moment of inertia I1 can be written down as follows:

1
I:L:gllea2 .

At this point one may realise that upon substituting the variable N with 1 in equation Al-

Al-2

1 it is possible to obtain equation A1-2.

Expression for I; calculated for the system corresponding to Ns=3

Based on Figure Al-2, one can note that in the case of the system corresponding to Ny =3
, the moment of inertia associated with the centre square is the same as it was the case for the
system in which Ng =1. This means that in order to find the expression for |, it is sufficient to

establish the contribution to its final value based on 8 remaining squares (highlighted part in

Figure A1-2). This can be done by means of the parallel axes theorem in the following manner:

2
Ly s cont =4E|\/|La2 + MLd2}+4EMHa2 +M,, (dﬁ) } . Al-3
This means that in the case of this system, the final expression for |, can be expressed in

the following manner:

IlzéMHa2+ll,Ns—300ntr :gMHa2+§MLa2+d2(4ML+8MH) '

Al-4
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At this point one may note that upon substituting the N variable in equation Al-1, the

obtained expression is identical to equation Al-4.

Figure Al1-2 The system correspondingto Ng =3. The highlighted part corresponds to the units
which have not yet been considered in terms of their contribution to the final value of I,.

Expression for I calculated for the system corresponding to Ns=5

Analogically to the system corresponding to Ny =3, in order to determine the expression
for 1, itis sufficient to calculate the moment of inertia associated with squares which were not

present in the system corresponding to lower values of N . Such expression would assume the

following form:

I1N =5 contr =4'|:EI\/|Ha2+|V|H (2d)2:|+4|:£MHa2+MH (2\/§d)2:|+
N 6 6 Al-5
+8EMLa2+ML(d\/§)1 .

In view of this, the expression for 1, can be expressed as shown in equation A1-6.
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Il = % MHaz + I1,N5=3 contr + Il,NS=5 contr — % IVIHaZ +% I\/ILaz +d2 (44ML +56M H )

After substituting the Ny variable with 5 in equation Al-6, it is easy to show that the

Al-6

obtained expression is identical to the one presented above.

Figure Al1-3 The system correspondingto Ng =3. The highlighted part corresponds to the units
which have not yet been considered in terms of their contribution to the final value of I, .

Verification of the expression for 11 for an arbitrary value of Ns

In order to show that the expression shown in equation Al-1 applies to an arbitrary value

of Ny, the computer script was written in order to calculate the value of I, accordingly to the

above procedure. The comparison of the results obtained by means of the script and analytical
expression may be found in Figure Al-4. This graph was generated for an arbitrary set of

parameters set to be:a=5.16 m, M =1.2 kg, M,, =3.4kgandd =4.17 m.
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Figure A1-4 The system corresponding to Ng =3. The highlighted part corresponds to the units
which have not yet been considered in terms of their contribution to the final value of I,.

Based on Figure Al-4, one may note that there is a perfect agreement between the values

of 1, generated by means of the analytical expression provided in the main text and the script.

B) Angular momentum associated with rigid units constituting the
system

Before discussing a particular form of the angular momentum associated with rigid units

constituting discussed systems, it is worth to write down a general expression for the angular
momentum of the rigid body (I:) moving with respect to an arbitrary point O. This can be done

by means of the following formula:

L Al-7
L=lo+mrxo
where, | and @stand for the moment of inertia and the angular velocity associated with the

rotation of the rigid body with respect to its own centre of mass. The remaining quantities on

the right hand side of the above equation represent the following: m is the mass, r stands for
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the distance between point O and the centre of mass of the considered body and o represents
the linear velocity measured with respect to the point O. Based on the above equation, one can
easily note that the first term on the right hand side corresponds to the rotation of the body with
respect to its own centre while the second term is associated with the translational motion. It
should be highlighted that depending on the type of the exhibited motion, either first, second,
both or none of these terms may assume the value of zero. At this point, one may also note that
rigid unit systems considered in this thesis are a collection of rigid bodies where the angular
momentum can be calculated separately for each of the units by means of the expression

analogical to equation A1-7.

As discussed in this thesis, all of the considered systems are highly symmetric and due to
their geometry the resultant angular momentum (calculated with respect to the centre of mass
of the entire structure) associated with all of the units constituting the system does not depend
on the linear velocity of respective units. This means that, upon denoting the respective

quantities corresponding to one of the units within the system by means of the index i, the

angular momentum L corresponding to the whole system may be rewritten from:

(NE+1)/2 (Ng-1)/2

L= > L@y +myTy x8 [+] D 1 (~@,)+ M x0,
i=1 j=1

Al-8
to the following form:

(N&+1)r2 (Ng-1)r2

_ . . Al-9
L=| > 1a, |+] > 1.(-d)
i=1 j=1
where, 1, ; and r_; correspond to the distance of centres of the respective heavy and light units

from the centre of mass of the entire structure. Analogically, v, and o, stand for linear velocities

associated with these units. One should note that the negative sign in front of @, in the second
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term of the above equation stems from the fact that one group of rigid units rotates in the

clockwise direction while all of the remaining units rotate in the anticlockwise direction.
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Appendix I1: Solving differential equations by means of the fourth-

order Runge-Kutta algorithm

In this thesis, there are a few chapters where it is necessary to solve a differential equation
in order to describe the motion of the investigated system. In the literature, there are numerous
algorithms which depending on the particular problem allow to estimate the exact solution of a
differential equation with a varying accuracy. In the case of this thesis, a particular algorithm,
i.e. the fourth-order Runge-Kutta method was selected in order to solve all of the differential
equations (which could not be solved exactly) as it is normally considered as a stable method
providing reliable results for a variety of different physical problems. However, it should be
noted that due to a relative simplicity of considered problems and small time steps At, one
could consider the use of lower order techniques which would also allow to correctly estimate

the behaviour of investigated systems.

Before applying the Runge-Kutta method to a particular physical problem it is necessary
to express equations of motion corresponding to a given system in terms of the velocity v and
acceleration a. It is also necessary to define initial parameters describing the system, i.e.

X, (¥ =xX(t=0)) and v, (v, =v(t=0)), where x stands for the position of the system at a time

t. In general, upon providing such information, the set of equations of motion corresponding to
an arbitrary physical system could be solved by means of the fourth-order Runge-Kutta method

in the following manner:
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k, = Ata(x,,0,.t,) I, = Ato,
k k
:Ata(x ++ 21 ,tn+1,2j l, :At(un +31J
l, k k
= (x to ,tnﬂ,zJ l, :At(un +?2j A2-1
Ata(x, +1y,0, +kst,,) l, = At(v, +k,)
=y, +g(k1+2k2 +2k, +Kk,)

X, =X +%(Il+2l2 +2l,+1,)

where, t ,X, and v, stand for time, position and velocity of a system at the n-th time step

respectively.

Some examples of systems which in the case of this thesis were investigated from the point
of view of their dynamic behaviour could be the rotating squares system and rotating rectangle
systems. In both of those cases, the potential to induce a global rotational motion as a result of
the rotation of their subunits was investigated which effect originates from the principle of the
conservation of angular momentum. This means that in the case of the system which was
initially at rest, one should expect that the net angular momentum would be always equal to
zero irrespective of the stage of deformation. In order for that to happen, the resultant angular
momentum associated with the motion of respective units would have to be equal to the angular
momentum associated with the global rotation in terms of magnitude and have an opposite
orientation. As the matter of fact, in order to verify whether the differential equations of motion
describing the behaviour of the system are solved correctly, one could check whether the
aforementioned conservation law is satisfied throughout the simulation. An example of such
validation procedure is presented below for a particular example of the Type | rotating

rectangles system with all of the parameters being the same as in the case of Chapter 6.

Based on equation A2-1, one may note that before applying the fourth-order Runge-Kutta

method to a particular system, it is necessary to rewrite Newton’s equations of motion in a
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manner allowing to express them in terms of the acceleration and velocity. In the particular case
of the Type | rotating rectangles system inducing its own global rotational motion, in order to

describe the global rotation of the system, these quantities may be expressed as follows:

dl,
o6 _d6_ o | A2-2
Lot toodt? 1,

It should be noted that all of the quantities used in the above equation were already defined
in Chapter 4 and Chapter 6 of the thesis. It is also important to remember that in the case of this
particular study, equations describing the movement of individual units constituting the system
were solved exactly, hence only equations corresponding to the global rotation had to be solved

numerically.

Based on Figure A2-1, one can clearly note that the angular momenta corresponding to the
individual units composing the system and the entire system almost exactly cancel each other
out which results in the system having the same net angular momentum at all times. This result
confirms that the principle of the conservation of angular momentum is satisfied and proves the

suitability of the considered numerical method to describe the motion of systems discussed in

this thesis.
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Figure A2-1 Panels show the variation in the magnitude of angular momenta associated with
the rotation of individual units constituting the system and the global rotation of the system.
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Appendix 11l: Additional results corresponding to the
deformation of the hierarchical mechanical metamaterial system

composed of rigid squares

A) Expressions for Lx and Ly

The geometry of a two-level hierarchical rotating square system may be described by the

aperture between the Level 0 squares (26, ), the aperture between the Level 1 square-like units
(26,) and the number of Level O repeat units (N, ). This means that the Level 1 building block
is made up of N,x N, Level O repeat units which corresponds to 2N, x2N, squares. These
parameters may be used to define the linear dimensions of the Level 1 square-like units, u, and
v, as follows: u, = 2Nyl cos(6,)+2(N, —1)1sin(6,) and v, = 2Nl (cos(6,)+sin(6,)), where

| stands for the length of the sides of the Level 0 squares. These dimensions can in turn be used

to define the overall on-axis dimensions of the system:

L, =2(u,cos(8,)+v,sin(4,)) A3-1

L, =2(v,cos(6,)+u,sin(6,)) A3-2

y
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B) Calculation of the moment of inertia corresponding to Level 0 and
Level 1 of the system

The moment of inertia I,associated with Level 0 of the structure can be considered as the

sum of moments of inertia of all of the Level O squares rotating with respect to their centres.

Assuming that the rotating rigid units are made of a material having a surface density p, the

N : 1 .
moment of inertia of a single square can be expressed as |, :E'OI . In'such a case, I,can be

calculated by means of the following expression: 1, =16N; 1.

The moment of inertia |, can be defined as four times the moment of inertia corresponding
to the Level 1 building block (ILBB) rotating with respect to its centre of mass (there are 4 Level

1 building blocks). The moment of inertia I, 5z depends on the contribution from each of the

Level 0 squares, constituting the Level 1 building block and the distance from the centre of

mass of the Level 1 building block to the centre of the particular square within the considered

Level 1 unit d_ . Thus, I, can be expressed as follows:

4N?
1, =41, =4(Z|Sq+p|2d§]j. A3-3
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C) Dependence of values of angles defining the considered system on
strain

10
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Figure A3-1 Behaviour of the system plotted with respect to strain (gx) . Panels (a)-(c) correspond to

the results where the resistance to the rotational motion of hinges was governed by the harmonic
potential while panels (d)-(f) correspond to friction-based hinges. All of these results were generated for

the analogical parameters as it was the case in Chapter 7.
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D) The effect of the variation in the magnitude of the applied force in
time on the behaviour of the system

The effect of a non-constant force on the deformation of the considered hierarchical system

was also investigated. This was done by changing the magnitude of the force F as shown in

Figure A3-2(a-e) and Figure A3-3 (a-e). These results indicate that although there are similar
trends to the results obtained for the system subjected to the constant force (‘If‘ =500 N), in

this case, Level 0 opens to a greater extent for the same coefficients corresponding to the
resistance to the rotational motion (See Figure A3-2). This stems from the fact that in this case,
the initial force is very large and thus, the ratio of the torque generated by the applied force and
the resistance torque is significantly greater than was the case for a constant force. This also
indicates that in the case of the considered hierarchical system, one may apply a force to its
vertices which changes in magnitude in time in order to gain an additional way of controlling

the behaviour of the system.
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Figure A3-2 Deformation of the system (expressed in terms of the change in strain) subjected
to the force F having its magnitude gradually changed from 2000N to 500N (which value was
considered in Chapter 7). Panels (a)-(d) correspond to the system with hinges having their
rotational motion governed by the harmonic potential while panels (e)-(h) correspond to

friction-based hinges.
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Figure A3-3 Deformation of the system (expressed in terms of the change in time) subjected to
the force F having its magnitude gradually changed from 2000N to 500N (which value was
considered in Chapter 7). Panels (a)-(d) correspond to the system with hinges having their
rotational motion governed by the harmonic potential while panels (e)-(h) correspond to

friction-based hing

€s.
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E) Dependence of strain on time for all of the considered types of hinges
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Figure A3-4 Dependence of the value of the strain on time for the considered types of hinges.
Results shown in panel (a) correspond to hinges in which the resistance to the rotational motion
is governed by friction whereas the results shown in panel (b) are associated with the harmonic
potential.

F) Different loading directions

In Chapter 7, only loading in the x-direction (see Figure A3-5(a)) was discussed. This stems
from the fact that for this type of connectivity, upon subjecting the structure to the uniaxial
tensile load, both levels can open simultaneously. On the other hand, for loading in the y-
direction, Level 0 squares tend to close when subjected to the same tensile load, while at the
same time, Level 1 building blocks rotate in a way promoting the expansion of the structure in
the loading direction. This effect can be explained based on the orientation of vectors r and F.

Based on Figure A3-5(a), one can note that in the case of the vast majority of permissible

values of 6, and @, the torque corresponding to Level 1 building block and Level 0 squares to

which the force is applied, has the same orientation. Based on the right hand rule, it is easy to
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note that in both cases a clockwise rotation will occur. This in turn leads to the opening of both

levels upon the application of the tensile load. In the case of connectivity Il (see Figure A3-

5(b)), in the majority of cases, the right hand rule implies that Level 0 and Level 1 building

blocks will close and open respectively.

Figure A3-5 The system considered in this study for loading (a) in
y-direction.

In Figure A3-6, one may also note results associated with the

to the loading in the y direction.

the x-direction and (b) in the

considered system subjected
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Figure A3-6 Plots show a variation in (a) 6, (b) 6, and (c) Poisson's ratio v,, as a function of

time measured in the loading direction for systems corresponding to type Il connectivity with f
values ranging between 0.5 Nm and 2.5 Nm. Graphs shown here were generated for initial

angles 26,and 26, set to be equal to 10°and 20° respectively.
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Appendix 1V: Details corresponding to the analysis of mechanical
properties of unimode mechanical metamaterials composed of

generic rigid triangles

A) Analytical transformation of the expression representing the unit-cell
of the system required to determine the thermal expansion coefficient

The area of the unit-cell of the structure analysed in Chapter 8 from the point of view of its

propensity to exhibit negative thermal expansion was expressed as follows:

A(0)=X,-X, = b{acos(gjsin(7/+§]—bcos(y+§jsin(y+§ﬂ : Ad-1

In this chapter, it was also mentioned that based on the assumption that vibrations of

adjacent rigid units constituting the system are symmetric with respect to the equilibrium
configuration associated with the angle 6, :% (which implies that A(6, +A0)= A(6,—A0)

), it is possible to rewrite equation A4-1 in the form of equation A4-2, however the steps

required to obtain the aforementioned expression were not provided.

Vs a . Vs a . b . V4
Al —+A@ |=b| =sin| y+—=+ A0 |+—=siny——=sin| 2y + =+ A0 -
(zj{zpzjzyzwzﬂ Ad2
Upon substituting A(6, +A0) = A(6,—A8) and 6, :%into equation A4-1, it is possible

to rewrite it as follows:
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A(6,+A6)= bacos(é’O ;Aejsin(y+

—b? cos(y+ % ;Aejsin(y+ % J;AQJ

As shown in equation A4-4, the above expression can be divided into two parts denoted as

0, + Aej
A4-3

term1 and term2 in order to consider them separately.

A(%+ Aej =b[term1—term2] Ad-4
Expression denoted by term1 may be subsequently rearranged by means of the following

trigonometric identity sin(x+y)=sinxcosy+cosxsiny:

terml=acos 1 7 AO sin y cos 1 Z L AO +Ccosysin 1 E+A<9j St
2\ 2 2\ 2 2\ 2

term1=asin y cos’ 1 LNV +acos y cos 1 Z A0 ||sin 1 Tl A4-6
2\ 2 2\ 2 2\ 2

Equation A4-6 can be further subdivided into terms termla and term1b which leads to the

following:

term1=termla+termilb . Ad-T

» X 1+cosx

At this point one can use the following identity: cos > to rewrite termla into

the following expression:

1+cos (72[ + Aej
termla =asiny Ad-8

2

It is also possible to rewrite term1b by means of the following identity

%sin (2x) =sin xcos x in order to express it as follows:
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term1b = 2 cos ysin Zir0]. A4-9
2 2
In view of this, term1 can be written down in terms of new expressions associated with

termla and term1b in the following manner:

terml:%asin y+%a{sin ycos(%+A9j+c03ysin(%+A0ﬂ : A4-10

As the result of the above transformations, and while remembering that
term2=%sin[2y+%+A9], it is possible to obtain the desired form of the expression

(equation A4-2) representing the area of the investigated unit-cell.

B) Transformations of systems composed of different types of triangles
which were analysed in order to investigate their mechanical

properties

As discussed in Chapter 8, three different types of triangles (i.e. equilateral, isosceles and
scalene triangles) were selected in order to analyse mechanical properties of systems composed
of such units. It was also discussed that in order for these systems to undergo a transformation
at the whole range of #between 0°and 360° such systems would have to undergo six transitions
in their connectivity. In order to better visualise this concept, a diagram was prepared were the

deformation of the systems considered in this work is presented.

278



Equilateral triangles
a=1,b=1,c=1

Figure A4-1 Transformation of different systems at the range of & between 0° and 360°. Each row corresponds to a different form of a given

Isosceles triangles
a=1,b=2,c=2

(b)

Scalene triangles
a=6,b=3,c=4

structure. Panels show examples of systems composed of: (a) equilateral, (b) isosceles and (c) scalene triangles.



C) Derivation of the relationship between the value of the Poisson’s ratio

and linear compressibility in a given direction

As discussed in Chapter 8, upon analysing the results generated for the considered systems,
it was observed that whenever the value of the Poisson’s ratio in a specific direction was
exceeding the value of 1, then the system was also exhibiting negative linear compressibility in

the same direction. This interesting observation can be confirmed analytically as shown below.

As written in Chapter 8, some of the general expressions describing mechanical properties of

the discussed class of mechanical metamaterials can be defined as follows:

2 -2
L& g KX (d_xj ﬂL[OXZ]:i_& .
Vo & X, X,z\ dé@ E, E

Based on these expressions one can show that in order for a linear compressibility in a

A4-11

given direction to assume negative values (for example in the Ox, direction), the condition

which can be obtained as the result of the following operations must be satisfied:

1 v 1 v E X2 X?
Lo |=—-2<0=> <Ll 2y, 1< 2 _|——v Ad-12
L[ 2] E2 El E2 El El 12 (dxzjz (d)<1j2 12
do do
2 2 2
1< X / X 2V12:>1<‘9_1(_ﬁj:>1<_ﬁ:>1<‘/21_ A4-13
& &,

(@) (@)~
dé déo
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Appendix V: Convergence test used in order to determine the size
of the neighbourhood of the magnet in the considered magneto-
mechanical system which is required to estimate its potential

energy

As discussed in Chapter 9, in order to calculate the magnetic potential energy of a single
magnet in the very large or infinite system, it is sufficient to consider the contribution made
only by those of the magnets which are relatively close to the considered magnet for which the
energy is being calculated. This stems from the fact that the magnitude of magnetic interactions
between any two magnets decreases proportionally to their separation distance raised to the
power of -3. In order to establish the size of such neighbourhood, one may conduct an

appropriate convergence test as shown below.

Before conducting the convergence test, it is first necessary to define a particular
nomenclature allowing to refer to a specific region within the system which consists of a certain
number of magnets. One such approach is shown in Fig A5-1, where the auxiliary reference
magnet for which the magnetic potential energy is being calculated is surrounded by a red
dashed line. The highlighted background corresponds to the smallest possible neighbourhood

considered in this chapter where magnets form a rectangle-like region composed of 3x3

magnets. In view of this, this type of neighbourhood will be referred to as N,, =3. Should one

consider extending this neighbourhood both in the horizontal and in the vertical direction by

one “row of magnets”, then the considered region would consist of 5x5magnets and hence it

would be referred to as N,, =5.
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120

Figure A5-1 A fragment of the large / infinite system where the reference magnet for which the
magnetic potential energy is calculated is encircled by means of the red dashed line. According
to the proposed nomenclature, the highlighted background indicates the neighbourhood of the

size N, xN,, =3x3.

In order to verify the sufficient size of the neighbourhood to calculate the energy of a given
magnet, the energy U™*®was calculated for different values of N,,. Based on Figure A5-2,
one may clearly note that the neighbourhood composed of 7x7 magnets already gives a good

estimation of the real value of the energy. However, in order to make the results even more

reliable, in the case of all of results presented in Chapter 9, N,, was set to be equal to 15.
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20 40 60 8O 100 120 140 20 40 60 80 100 120 140
6 [deg] 0[deg]

Figure A5-2 The results of the convergence test showing the magnetic potential energy of the
system throughout the deformation process for the neighbourhood if a single magnet

corresponding to different values of N,, .
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Appendix VI: Details corresponding to the calculation of the
extent of the magnetocaloric effect for the considered magneto-

mechanical system

A) Change in entropy in the magneto-mechanical auxetic system

The extent of the magnetocaloric effect in the isothermal process corresponds to the change
in the reduced magnetic entropy of the system (AS,, ). In order to calculate this quantity in the
case of the system undergoing the transition from the configuration associated with a particular

value of 6 to the conformation corresponding to 6, it is first necessary to determine the

reduced magnetic entropy S,, of these systems at certain temperature T. In order to do that, one

must calculate reduced internal energy u and reduced Helmholtz free energy f associated with

these configurations.

In Chapter 10, Ising spins defined on the matrix related to the particular mechanical
metamaterial were defined on the square lattice at all times. The only geometric parameter
which was changing as the system was undergoing the transition from configuration
corresponding to one value of € to another was the distance between Ising spins. In view of
this, the reduced entropy s for the magneto-mechanical system discussed in Chapter 10, can be
determined by means of the famous Onsager solution corresponding to the square lattice.
According to this solution, both the reduced Helmholtz free energy and reduced internal energy
can be expressed by means of the following expressions:

—f = |n(2cosh(2%jj—2ij‘dq)ln (1+«/1—K2 sin? ¢) Ab6-1
T 0

B
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/2
u=-2J tanh[%}ﬂjl{g _[ dpy1-x?sin® @ AB-2

dT 7
B 0
where the parameter « and its derivative with respect to the temperature T are defined as

follows:

-J (sinh2 [kZ‘_JI_J—lj
x = 2tanh [ﬂjcosh( 2J j dr _ B A6-3

B ko aT sinh 23 cosh 23
ke T ke T
Upon substituting parameters provided in Chapter 10 into above equations, it is possible to

calculate the reduced entropy s by means of equation A6-4.

oo [f_ U A6-4
kT

Based on Figure A6-1, one can see that for a given temperature T, different systems
correspond to very different values of the reduced entropy. The only exception are systems
where 8=0° and €=90°, where as the result of the particular geometry of the considered
system, the distance between Ising spins is exactly the same. It may also be noted that despite
significant difference in the value of s associated with different system at a given temperature,
the extent of the change in s for the entire range of temperature is approximately the same. It is

also worth to highlight the fact that the maximum value of s assumed by each of the system

does not exceed the value of In(2)which condition must be satisfied for the Ising model.
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Figure A6-1 The variation of the reduced entropy in temperature for systems corresponding to
different values of 6.

In order to determine the change in the magnetic entropy corresponding to the transition of
the system from the configuration associated with the angle 6 to the configuration associated
with the angle 8, it is sufficient to subtract values corresponding to arbitrary two graphs from

Figure A6-1. As the result of such subtraction, one can obtain results presented in Figure A6-2.
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Figure A6-2 The variation of the reduced magnetic entropy in temperature for systems
corresponding to different values of 6.
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B) The extent of the magnetocaloric effect for the hypothetical
experimental realisation of the considered theoretical model

As discussed in Chapter 10, the considered magneto-mechanical system was represented
by means of the Ising model solely due to the fact that such approach made it possible to obtain
exact results corresponding to the magnetic entropy of the system. Nonetheless, this does not
mean that one cannot consider the use of actual magnetic nanoparticles to represent magnetic
inclusions within the system. As the matter of fact, as discussed in Chapter 10, the extent of the
magnetocaloric effect for the discussed hypothetical magneto-mechanical system can be better

visualised upon considering the scenario where the Ising spins within the system would be
replaced with magnetite nanoparticles (F6304). In this chapter, it was also mentioned that even

very small magnetic Fe3O4 nanoparticles with a diameter of 5 nm (radius R=2.5 nm) can be
sufficient for ordering processes at room temperature. However, in order to estimate the extent
of the magnetocaloric effect for such a system, it is first necessary to determine the magnetic
moment associated with each of the nanoparticles which can be achieved based on information

regarding the considered compound as shown below.

A single unit cell of the magnetite (Fe,O, which can be represented by formula

Fe*"Fe**O,) consists of 32 Oxygen atoms which based on the chemical formula of this

compound means that there are eight formula units (f. u.) per unit cell. The linear dimension of

such unit cell a is equal to 8.397 A which means that the volume of the entire unit cell

V, (Vu = a3) is approximately equal to 592.07 A. Furthermore, based on the volume of a single
unit cell (V, ) and the volume of an entire nanoparticle (V ), it is possible to find a number of

unit cells in a nanoparticle (N ) in the following manner:
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N=V/V, :ﬂﬂ'Rsizl]_O , Ab6-5
3 V,

As already discussed, in each of the nanoparticles there would be 8N magnetic moments,

which according to the above equation is approximately equal to 880. Furthermore, as reported

by Huang et al. [481], the magnetic moment per formula unit (,ufu) Is equal to 4.33 1, . Thus,

the magnetic moment corresponding to the considered nanoparticle (,u) can be expressed as

=8Ny, =~38301;.

Once when knowing the magnetic moment u (y:|ﬁ|) associated with each of the

magnetite nanoparticles, it is possible to determine the magnetic interaction energy for two
adjacent nanoparticles having a magnetic moment x where the distance between their centres
d is assumed to be equal to 5 nm (nanoparticles are touching each other). In general, the energy

E of interaction between two magnetic moments can be described by means of the following

expression:

.3 .
E=—t0 | i (i) (fi-F) A6
4x|r| 7]

where, (,uo ~1.257x107° NA‘Z) stands for vacuum permeability and T is the position

vector (in this case, |F| =d). One should note that in the case of the Ising model, the adjacent

magnetic moments are always either parallel or antiparallel which means that the above
equation can be simplified to the following form:
Ho

-~ axlef
It should be noted that upon substituting the above numbers into equation A6-7 and

e AB-7

dividing both of its sides by the Boltzmann constant kg (kB ~1.38x107% JK‘l), the reduced

energy E /Ky describing the interaction between two particles is approximately equal to
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73.1 K. Based on the fact that in the case of the considered two-dimensional square lattice each
of the nanoparticles interacts with four of its nearest neighbours, the energy E/k; per

nanoparticle can be estimated as 292.3 K. It may be noted that this value is very close to the
room temperature which suggests that magnetic dipole-dipole interactions in the considered
system can be sufficiently large at such temperature to induce the ordering process if the

magnetic inclusions on the non-magnetic matrix are densely packed.

It should be noted that the magnitude of the magnetocaloric effect depends on the strength
of interaction between magnetic inclusions. This in turn means that the results corresponding
to the hypothetical theoretical system discussed in chapter 10 of the thesis should be expected
to be observed in reality only if sufficiently strong magnetic interactions between magnetic
inclusions within the system could be achieved. In view of this, the fact that in this appendix it
is shown that very strong interaction can be observed in the vicinity of the room temperature
for a particular experimental realisation of the considered model indicates that the considered

concept may indeed prove to be useful in the case of real life applications.
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Appendix VII: Python script used

entropy of the investigated system

in order to calculate the

1. #!/usr/bin/env python

2. from scipy.interpolate import interpld

3. from scipy.integrate import quad

4.

5. import numpy as np

6. import sys

7.

8.

9.

10. if __name__ == '__main__':

11.

12. kB=8.617342e-5 #eV/K

13. J=0.01116#eV

14. a_latt=1.0

15. teta= 90.0/180.0*np.pi

16. dist=(2*a_latt*a_latt)**@.5*np.sin(teta+np.pi/4.0)
17.

18. J=J/dist**3

19.

20.

21. Tstart=30.0# K

22. Tstop=600.0# K

23. nT=100.0

24. dT=(Tstop-Tstart)/nT

25.

26. nphi=1000

27.

28.

29. X = np.linspace(0.0,np.pi,nphi)

30. y = np.linspace(0.0,np.pi,nphi)

31.

32. xx = np.linspace(0.0,np.pi/2,nphi)

33. yy = np.linspace(0.0,np.pi/2,nphi)

34.

35.

36.

By T=Tstart

38.

39. with open('entropy_thetad9e', 'w') as g:
40 while T<=Tstop:

41. kBT=kB*T

42.

43. wyraz@=-np.log(2*np.cosh(2*J/kBT))
44,

45. for i in range(nphi):

46. a=np.float64(x[i])

47. K=2*np.sinh(2*3/kBT)/(np.cosh(2*3/kBT)*np.cosh(2*J/kBT))
48. K2=K*K

49. wyraz=(1.0-K2*np.sin(a)*np.sin(a))
50.

51. y[i]=np.log((1.0+np.sqrt(wyraz))/2)
52.

53.

54. f = interpld(x, y)

55. ans, err = quad(f, 0.9, np.pi)
56.

57. #free energy

58. free_energy=wyraz0-ans/(2*np.pi)
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59.
60.
61.
62.
63.
64.
65.
66.

print free_energy, "free_energy"

K=2*np.sinh(2*3/kBT)/(np.cosh(2*J/kBT)*np.cosh(2*J/kBT))
K2=K*K
dK=-J*(np.sinh(2*J/kBT)*np.sinh(2*J/kBT) -

1.0)/(np.sinh(2*J/kBT)*np.cosh(2*J/kBT))
67.
68.
69.
70.
71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.

ue=-2*J*np.tanh(2*3/kBT)

for i in range(nphi):
a=np.float64(xx[1i])
delta=np.sqrt(1.0-K2*np.sin(a)*np.sin(a))

yy[i]=1/(delta)
f = interpld(xx,yy)
ans, err = quad(f, 0.9, np.pi/2)

energy=u@+dK*(ans*2/np.pi-1.0)
print energy, "U"

entropy=-(free_energy-energy/kBT)

g.write(str(T))
g.write(" ")
g.write(str(entropy))
g.write('\n")

print T”, ",entropy
T+=dT
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Appendix VIII: Python script allowing to generate all of the

results related to the magnetic domain evolution in magneto-

auxetic system associated with the rotating squares system

oONOOUVThAWNER

54.

import numpy as np
import random
import time

class Initial_high_T():

def __init_ (self, 1, Jo, T, beta, Nx, N, N_monte_initial, theta_0):

def

def

def

self.1 =1

self.Jo = Jo

self.Nx = Nx

self.N = N

self.theta_0 = theta_0
self.N_monte_initial = N_monte_initial
self.beta = beta

lattice = self.initial_assignment()
self.algorithm_input(lattice)

initial_assignment(self):
lattice = np.zeros((self.Nx, self.Nx))

for i in range(self.Nx):
for j in range(self.Nx):

possibilities = [-1, 1]
spin = random.choice(possibilities)

lattice[i][]j] = spin

return lattice

algorithm_input(self, lattice):

r = self.1 * ((2**0.5) / 2.0)
d=2.0*r * np.sin(np.pi / 4.0 + self.theta_0 / 2.0)

self.] = self.Jo / (d**3)
lattice old = lattice

for i in range(int(self.N_monte_initial)):
lattice_new = self.algorithm(lattice_old)

lattice_old = lattice_new

self.lattice_final_high_T = lattice_new

algorithm(self, lattice):

291



55.
56.
57.

58.
59.
60.
61.
62.
63.
64.
65.
66.
67.

68.
69.
70.

71.
72.
73.
74.
75.
76.
77.
78.
79.
80.
81.
82.
83.
84.
85.
86.
87.
88.
89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
99.

for i in
x_1i

range(int(self.N)):
= random.randint (@, self.Nx - 1) #The x coordinate of the i-

th spin is selected randomly from the given interval.

y_ i
boun

x1
xr
yt
yb =

nn_s

= random.randint(@, self.Nx - 1)
dary_cond = self.periodic_boundary_conditions(x_i, y_i)
boundary_cond[0]
boundary_cond[1]
boundary_cond[2]
boundary_cond[3]

um = lattice[x_i][y_i] * ( lattice[x_i][yb] + lattice[x1][y_i] + lat

tice[x_i]J[yt] + lattice[xr][y_1i] )

El
E2 =

-self.J * nn_sum
self.J * nn_sum #The energy calculated for considered spins base

d on the fact that the i-th spin changed its orientation

def

100.
lo1.
102.
103.
104.
105.
106.
107.
108.
109.
110.
111.
112.
113.
114.
115.
116.
117.

dE =

if d

else

return 1

periodic
yt =y i
yb =y i
xr = x_i
xl = x_1i

if x1 ==
x1l =

i

i

i

r

def r

E2 - E1

E < 0:
lattice[x_i][y_i] = lattice[x_i][y_i] * (-1) #flipping a spin

r = random.random() #A random number from the interval [©; 1)
Boltzman_factor = np.exp(-self.beta * dE)
if r < Boltzman_factor:

lattice[x_i][y_i] = lattice[x_i][y_i] * (-1) #flip the spin
else:

None

attice

_boundary_conditions(self, x_i, y i):
+ 1
-1
+ 1
-1
-1:
self.Nx - 1
f xr == self.Nx:
Xr = 0
f yt == self.Nx:
yt = 0
f yb == -1:

yb = self.Nx -1

eturn x1, xr, yt, yb

esults(self):

return self.lattice_final_high_ T
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118.
119.
120.
121.
122.
123.
124.

125.
126.
127.
128.
129.

130.
131.
132.
133.

134.
135.
136.
137.
138.
139.
140.
141.
142.
143.
144.

145.
146.
147.
148.
149.
150.
151.
152.
153.
154.
155.

156.
157.

class Deform

def __in

N_monte, lattice_in
self

self

self

self
d_factor)

def iter
ed_factor):

latt
self
self
self

ation():

it_ (self, theta_@, theta_f, delta_theta, JO, 1, T, beta, Nx, N,
itial, speed_factor):

.theta_0 = theta_o

.theta_f = theta_f

.delta_theta = delta_theta

.iterations(Jo, 1, T, beta, Nx, N, N_monte, lattice_initial, spee

ations(self, JO, 1, T, beta, Nx, N, N_monte, lattice_initial, spe

ice_old = lattice_initial
.list_of lattices = []
.list_of_angles = []
.list_of_time = []

counter_time = 0@

for theta in np.arange(theta_0, theta_f, delta_theta):

theta, theta_0, spe

def resu
retu

158.
159.
160.
161.

162.
163.

164.
165.
166.
167.
168.
169.
170.
171.

class Spins(
def __in
theta_0, speed_fact

self.
self.
self.
self.
self.
self.
self.
self.

172.

173.

self

174.
175.
176.

177.

def metr

print theta * (180.0 / np.pi), "theta"

constructor = Spins(lattice_old, 1, Jo, T, beta, Nx, N, N_monte,
ed_factor)

lattice_new = constructor.results()

self.list_of lattices.append(lattice_new * 1.0)
self.list_of_angles.append(theta * 1.0)
self.list_of_time.append(N_monte * speed_factor * counter_time)
lattice_old = lattice_new

counter_time += 1

lts(self):
rn self.list_of_angles, self.list_of_ time, self.list_of_ lattices

):

it_ (self, lattice_theta, 1, Jo, T, beta, Nx, N, N_monte, theta,
or):

Jo = Jo

beta = beta

theta = theta

Nx = Nx

N =N

1 =1

theta_© = theta_0
speed_factor = speed_factor

.metropolis process(lattice_theta, N_monte)

opolis_process(self, lattice old, N_monte):
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178.
179.
180.
181.
182.
183.
184.
185.
186.
187.
188.
189.
190.
191.
192.
193.
194.
195.

r = self.1 * ((2**0.5) / 2.0)
d=2.0*r * np.sin(np.pi / 4.0 + self.theta / 2.9)

self.J = self.Jo / (d**3)
for i in range(N_monte):

lattice_new = self.algorithm(lattice_old)
lattice_old = lattice_new

self.final_lattice = lattice_new

def algorithm(self, lattice):

for i in range(int(self.N * self.speed_factor)):
Xx_i = random.randint(@, self.Nx - 1) #The x coordinate of the

i-th spin is selected randomly fron the given interval.

196.
197.
198.
199.
200.
201.
202.
203.
204.
205.

206.
207.
208.
209.

y_i = random.randint(@, self.Nx - 1)

boundary _cond = self.periodic_boundary_conditions(x_i, y i)

x1 = boundary_cond[@]
xr = boundary_cond[1]
yt = boundary_cond[2]
yb = boundary_cond[3]

nn_sum = lattice[x_i][y_i] * ( lattice[x_i][yb] + lattice[x1l][y_i
lattice[x_i][yt] + lattice[xr][y_i] )

E1 -self.J * nn_sum
E2 = self.J * nn_sum #The energy calculated for considered spi

ns based on the fact that the i-th spin changed its orientation
with respect to the former definition. The surrounding spins retain their orientatio

n.

210.
211.
212.
213.
214.
215.
216.
217.
218.
219.
220.
221.
222.
223.
224.
225.
226.
227.
228.
229.
230.
231.
232.
233.
234.
235.
236.
237.
238.

dE = E2 - E1

if dE < 0:
lattice[x_i][y_i] = lattice[x_i][y_1i] * (-1) #flip a spin

else:
r = random.random() #A random number from the interval [0; 1)

Boltzman_factor = np.exp(-self.beta * dE)
if r < Boltzman_factor:

lattice[x_i][y_i] = lattice[x_i][y_i] * (1)#flip the spin
else:

None

return lattice

def periodic_boundary_conditions(self, x_i, y_i):

yt=y i+ 1
yb =y i-1
xr = x_1i+1
xl =x1i-1
if x1 == -1:

xl = self.Nx - 1

if xr == self.Nx:
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239.
240.
241.
242.
243,
244,
245,
246.
247.
248.
249,
250.
251.
252.
253.
254.
255.
256.
257.
258.
259.
260.
261.
262.
263.
264.
265.
266.
267.
268.
269.
270.
271.
272.
273.
274.
275.
276.
277.
278.
279.
280.
281.
282.
283.
284.
285.
286.
287.
288.
289.
290.
291.
292.
293.
294,
295.
296.
297.
298.
_right(index_right)
299.
300.
301.

302.

def

Xr = 0

if yt == self.Nx:
yt = 0

if yb == -1:
yb = self.Nx -1

return x1, xr, yt, yb

results(self):
return self.final_lattice

class Correlation_length():

def

def

def

__init_ (self, list of_lattices, Nx, N):

self.list_of_lattices = list_of_lattices
self.Nx = Nx
self.N = N

self.initial_procedure()

initial_procedure(self):
self.list_corr_lengths = []
for i in range(len(self.list_of_lattices)):

avg_corr_length = self.procedure(self.list_of_lattices[i])
self.list_corr_lengths.append(avg_corr_length)

procedure(self, lattice):
corr_length_given_time_step = []

for i in range(self.Nx):
for j in range(self.Nx):

counter_left = 0
counter_right = 0
counter_top = 0
counter_bottom = @

validator_r
validator_1
validator_t
validator_b

nonu
[ O RN ]

while validator_r == 0:
index_right = j + counter_right

indices_right_element = self.periodic_boundary_conditions

right_elem_x = indices_right_element

index_more_to_the_right = self.periodic_boundary_conditio

ns_right(j + counter_right + 1)

more_to_the_right_x = index_more_to_the_right
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303.

304.
x][1i]:

305.

306.

307.

308.

309.

310.

311.

312.

313.
left(index_left)

314.

315.

316.
ft - 1][1]:

317.

318.

319.

320.

321.

B8

323.

324.

325.

326.
op(index_top)

327.

328.

329.

330.

if lattice[right_elem_x][i] == lattice[more_to_the_right_

counter_right += 1

else:
validator_r =1

if counter_right >= self.Nx - 1:
validator_r =1

while validator_1 ==
index_left = j - counter_left
indices_left_element = self.periodic_boundary_conditions_

left_elem_x = indices_left_element
if lattice[j - counter_left][i] == lattice[]j - counter_le

counter_left += 1

else:
validator_1 =1

if counter_left >= self.Nx - 1:
validator_1 =1

while validator_t ==
index_top = i + counter_top
indices_top_element = self.periodic_boundary_conditions_t

top_elem_y = indices_top_element

index_higher_top = i + counter_top + 1
indices_higher_top_element = self.periodic_boundary_condi

tions_top(index_higher_top)

331.
BE7H
333.
1:
334.
335.
336.
337.
338.
339.
340.
341.
342.
343.
s_bottom(index_bottom)
344,
345.
346.
347.

higher_top_elem_y = indices_higher_top_element
if lattice[j][top_elem_y] == lattice[j][higher_top_elem_y

counter_top += 1

else:
validator_t =1

if counter_top >= self.Nx - 1:
validator_t =1

while validator_b ==
index_bottom = i - counter_bottom
indices_bottom_element = self.periodic_boundary_condition

bottom_elem_y = indices_bottom_element

index_below_bottom = i - counter_bottom - 1
indices_below_bottom_element = self.periodic_boundary_con

ditions_bottom(index_below_bottom)

348.
349.
350.
lem_y]:
351.
352.
353.
354.
355.
356.
357.

below_bottom_elem_y = indices_below_bottom_element
if lattice[j][bottom_elem_y] == lattice[j][below_bottom_e

counter_bottom += 1

else:
validator_b =1

if counter_bottom >= self.Nx - 1:
validator_ b = 1

corr_length_given_item_avg = (counter_right + counter_left +

counter_top + counter_bottom) / 4.0
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358. corr_length_given_time_step.append(corr_length_given_item_avg

)

359.

360. corr_length_final = sum(corr_length_given_time_step) / len(corr_lengt
h_given_time_step)

361.

362. return corr_length_final

363.

364.

365.

366. def periodic_boundary_conditions_right(self, xr):

367. if xr >= self.Nx:

368. xr = xr - self.Nx

369. else:

370. None

371.

372. return xr

373.

374.

375. def periodic_boundary conditions_left(self, x1):

376. if x1 <= -1:

377. x1l = self.Nx + x1

378. else:

379. None

380.

381. return x1

382.

383.

384. def periodic_boundary conditions_top(self, yt):

385. if yt >= self.Nx:

386. yt = yt - self.Nx

387. else:

388. None

389.

390. return yt

391.

BIP

393. def periodic_boundary_conditions_bottom(self, yb):

394. if yb <= -1:

395. yb = self.Nx + yb

396. else:

397. None

398.

399. return yb

400.

401.

402.

403. def results(self):

404. return self.list_corr_lengths

405.

406.

407.

408.

409.

410. class Energy_calculation():

411. def __init_ (self, list_of_lattices, Nx, N, list_of_angles, J0, 1):

412. self.list_of_lattices = list_of_lattices

413. self.Nx = Nx

414. self.N = N

415. self.list_of_angles = list_of_angles

416. self.Jo = Jo

417. self.1 =1

418.

419. self.change_in_angle()

420.

421.
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422.
423.
424.
425.
426.
427.
428.
429.
430.
431.
432.
433.
434,
435.
436.
437.
438.
439.
440.
441.
442.
443.
444,
445,
446.
447.
448.

449.
450.
451.
452.
453.

454,
455,
456.
457.
458.
459.
460.
461.
462.
463.
464.
465.
466.
467.
468.
469.
470.
471.
472.
473.
474.
475.
476.
a477.
478.
479.
480.
481.
482.
483.
484.
485.

def change_in_angle(self):
self.list_of_energies = []

for i in range(len(self.list_of_angles)):
r = self.1 * ((2**0.5) / 2.9)
theta = self.list_of_angles[i]
d=2.0*r * np.sin(np.pi / 4.0 + theta / 2.0)
J self.Jo / (d**3)

energy = self.calculation(i, 3J)
self.list_of_energies.append(energy / self.N)

def calculation(self, i, J):
lattice = self.list_of_lattices[i]

temporary_energy = 0
for m in range(Nx):
for n in range(Nx):
indices = self.periodic_boundary_conditions(n, m)
y_bottom = indices[0]
x_right = indices[1]

if lattice[n][m] * lattice[x_right][m] < ©:
energy_right = -
J * (lattice[n][m] * lattice[x_right][m])
else:
energy_right = 0

if lattice[n][m] * lattice[n][y_bottom] < ©:
energy_bottom = -
J * (lattice[n][m] * lattice[n][y_bottom])
else:
energy_bottom = @

temporary_energy += (energy_right + energy_bottom)

return temporary_energy

def periodic_boundary conditions(self, x_i, y i):
yb =y i-1
xr = x_1i+1

if xr == self.Nx:
Xr = 0
if yb == -1:

yb = self.Nx -1

return yb, xr

def results(self):
return self.list_of_energies

class Visualization():
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486.
487.
488.
489.
490.
491.
492.
493.
494,
495.
496.
497.
498.
499.

500.
501.
502.
503.
504.
505.
506.
507.
508.
509.
510.
511.
512.
513.
514.
515.
516.
517.
518.
519.
520.
521.
522.
523.
524.

525.
526.
527.
528.
529.
530.
531.
532.
533.
534.
535.
536.
537.
538.
539.
540.
541.
542.
543.

544.
545.
546.
547.
548.

def

def

__init_ (self, lattices_for_all_angles):
self.lattices = lattices_for_all_angles

self.new_files()
new_files(self):

for i in range(len(self.lattices)):
np.savetxt("Ising "+str(i)+".txt", self.lattices[i])

class Graphs():
def __init__ (self, time_list, list_of _angles, corr_lengths_list, list_of_

energies):

def

self.time_list = time_list
self.corr_lengths_list = corr_lengths_list
self.list _of angles = list_of_angles
self.list_of energies = list_of_energies

self.generation()

generation(self):

with open('avg_corr_length_speed_fac_0_1.dat', 'w') as g:
for i in range(len(self.time_list)):

.write(str(self.time_list[i]))

g.write(" ")

g.write(str(self.list_of_angles[i]))

g.write(" ")

g.write(str(self.corr_lengths_list[i]))

g

g

g

B

(o]

write(" ")
.write(str(self.list_of_energies[i]))
.write('\n")

print "BBB"

class Average():
def __init_ (self, all_list_of_time, all_lists_of_angle, all_lists_of_cor

r_lengths, all_

def

lists_of_energy, n_aux):

self.all_lists_of_corr_lengths = all_lists_of_corr_lengths
self.all_lists_of_energy = all_lists_of_energy
self.all list of_time = all list of time
self.all_lists_of_angle = all_lists_of_angle

self.n_aux = n_aux

self.calculation()

calculation(self):

n_internal = len(self.all_lists_of_energy[0])
self.corr_lengths = np.zeros(n_internal)
self.energies = np.zeros(n_internal)
self.angles = np.zeros(n_internal)

self.times = np.zeros(n_internal)

for j in range(n_internal):
for i1 in range(self.n_aux):

self.corr_lengths[j] += self.all_lists_of_corr_lengths[i][]]

self.energies[j] += self.all lists_of_energy[i][j]

self.angles[j] += self.all_lists_of _angle[i][]j]

self.times[j] += self.all list_of time[i][j]
self.corr_lengths[j] = self.corr_lengths[j] / self.n_aux
self.energies[j] = self.energies[j] / self.n_aux
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549.
550.
551.
552.
553.
554.
555.
556.
557.
558.
559.
560.
561.
562.
563.
564.
565.
566.
567.
568.
569.
570.
571.
572.
573.
574.
575.
576.
577.
578.
579.
580.
581.
582.
583.
584.
585.
586.
587.
588.
589.

590.
591.
592.

593.
594.
595.
596.
597.
598.
599.
600.
601.
602.
603.

604 .
605.
606.

607.
608.
609.
610.

self.angles[j] = self.angles[j] / self.n_aux
self.times[j] = self.times[j] / self.n_aux

def results(self):
return self.corr_lengths, self.energies, self.angles, self.times

[

if __name__ == '__main__':

Nx = 500

N = Nx**2#number of units
N_monte = 1#1
1 = 1.0#linear dimension of a square
n_avg = 4
Jo = 1.2
T = 1.0#Tc=2.269 [J / kB]
k_ B = 1.0#1.38 * 10**(-23)

beta = 1.0 / (k. B * T)

theta_© = 0.0 * (np.pi / 180.9)

theta_f = 180.0 * (np.pi / 180.0)
delta_theta = 1.0 * (np.pi / 180.0)#speed

speed_factor = 0.1
print speed_factor, "speed_factor”

n_avg = 10

all lists_of_angle = []

all list of time = []

all lists_of _corr_lengths = []
all lists_of_energy = []

for i in range(n_avg):
print i
T_initial_high = 10.0
beta_initial = 1.0 / (k_B * T_initial_high)
N_monte_initial = 5.0

constructor_init T = Initial_high_T(1, JO, T_initial_high, beta_i

nitial, Nx, N, N_monte_initial, theta_0)

lattice_initial = constructor_init_T.results()

constructor_deform = Deformation(theta_0, theta_f, delta_theta, 3J

9, 1, T, beta, Nx, N, N_monte, lattice_initial, speed_factor)

> N)

results_for_diff_angles = constructor_deform.results()
list_of_angles = results_for_diff_angles[0]

list_of _time = results_for_diff_angles[1]

list_of lattices = results_for_diff_angles[2]

if i == 0:
constr_vis = Visualization(list_of lattices)
else:
None
constructor_corr_length = Correlation_length(list_of_lattices, Nx

list_of_corr_lengths = constructor_corr_length.results()

constructor_energy = Energy calculation(list_of_lattices, Nx, N,

list of angles, Jo, 1)

list_of _energies = constructor_energy.results()

all lists_of _corr_lengths.append(list_of corr_lengths)
all lists_of _energy.append(list_of_energies)
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611. all lists_of angle.append(list_of_angles)

612. all list_of_time.append(list_of_time)

613.

614.

615. constr_avg = Average(all_list of time, all_lists_of_angle, all_lists_of c
orr_lengths, all_lists_of_energy, n_avg)

616. avg_results = constr_avg.results()

617. avg_list _corr_lengths = avg results[0]

618. avg_list_energies = avg_results[1]

619. avg_list_angles = avg _results[2]

620. avg_list_times = avg_results[3]

621.

622. constr_graps = Graphs(avg_list_times, avg_list_angles, avg_list_corr_leng

ths, avg_list_energies)
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