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Abstract

We obtain graph theory results of independence, domination, covering or
Turén type, most of which are bounds on graph parameters.

We first investigate the smallest number A\(G) of vertices and the smallest
number A.(G) of edges that need to be deleted from a non-empty graph G
so that the resulting graph has a smaller maximum degree. Generalising the
classical Turan problem, we then investigate the smallest number A\ (G, k) of
edges that need to be deleted from a non-empty graph G so that the resulting
graph contains no k-clique. Similarly, we address the recent problem of
Caro and Hansberg of eliminating all k-cliques of G by deleting the smallest
number (G, k) of closed neighbourhoods of vertices of G, establishing in
particular a sharp bound on ¢(G, k) that solves a problem they posed.

Similarly to the problem of determining A\(G), the classical domination
problem is to determine the size of a smallest set X of vertices of GG such that
the degree of each vertex v of the graph obtained by deleting X from G is
smaller than the degree of v in G (that is, each vertex in V(G)\ X is adjacent
to some vertex in X). We add the condition that the vertices in V(G)\X
have pairwise different numbers of neighbours in X, and we denote the size
of X by 7;,(G). We also consider the further modification that V(G)\X is
an independent set of GG, and we denote the size of V(G)\X by a;.(G).

We obtain several sharp bounds on the graph parameters A(G), \.(G),
A(G k), (G E), vir(Q), and ;. (G) in terms of basic graph parameters such
as the order, the size, the minimum degree, and the maximum degree of G.

We also characterise the extremal structures for some of the bounds.
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Chapter 1

Introduction

1.1 Overview

We start this thesis with a brief description of the work presented in it. The
main definitions and notation are provided in the next section.

We obtain graph theory results of independence, domination, covering or
Turén type, most of which are bounds on graph parameters.

We first investigate the smallest number A\(G) of vertices and the smallest
number \(G) of edges that need to be deleted from a non-empty graph G
so that the resulting graph has a smaller maximum degree. Generalising the
classical Turan problem, we then investigate the smallest number \.(G, k) of
edges that need to be deleted from a non-empty graph G so that the resulting
graph contains no k-clique. Similarly, we address the recent problem of
Caro and Hansberg of eliminating all k-cliques of G' by deleting the smallest
number (G, k) of closed neighbourhoods of vertices of G, establishing in

particular a sharp bound on ¢(G, k) that solves a problem they posed.



Similarly to the problem of determining \(G), the classical domination
problem is to determine the size of a smallest set X of vertices of GG such that
the degree of each vertex v of the graph obtained by deleting X from G is
smaller than the degree of v in G (that is, each vertex in V(G)\ X is adjacent
to some vertex in X). We add the condition that the vertices in V(G)\X
have pairwise different numbers of neighbours in X, and we denote the size
of X by 7i-(G). We also consider the further modification that V(G)\ X is
an independent set of G, and we denote the size of V/(G)\X by a;.(G).

We obtain several sharp bounds on the graph parameters A(G), \.(G),
Ae(GL k), (G k), 7 (G), and o (G) in terms of basic graph parameters such
as the order, the size, the minimum degree, and the maximum degree of G.
We also characterise the extremal structures for some of the bounds.

A more detailed outline of the contents of the thesis is provided in Sec-

tion 1.3.

1.2 Basic definitions and notation

In this section, we define some basic graph theory concepts and notation that
will be used throughout the thesis. We shall use capital letters such as X
to denote sets or graphs, and small letters such as x to denote non-negative
integers or functions or elements of a set. The set {1,2,...} of positive
integers is denoted by N. For any n € N, the set {1,...,n} is denoted by
[n]. Tt is to be assumed that arbitrary sets are finite. For a set X, the set of
r-element subsets of X is denoted by ():) For any set X, the power set of
X, denoted by P(X), (or 2%), is the set of all subsets of X.



A graph G is a pair (X,Y), where X is a set, called the vertex set of G,
and Y is a subset of ()2( ) and is called the edge set of G. The vertex set of GG
and the edge set of G are denoted by V(G) and E(G), respectively. It is to
be assumed that arbitrary graphs have non-empty vertex sets. An element
of V(G) is called a vertez of G, and an element of F(G) is called an edge of
G. We may represent an edge {v,w} by vw. If vw is an edge of G, then v
and w are said to be adjacent in GG, and we say that w is a neighbour of v in
G (and vice-versa). An edge vw is said to be incident to x if x = v or x = w.

For any v € V(G), Ng(v) denotes the set of neighbours of v in G, Ng[v]
denotes Ng(v) U {v} and is called the closed neighbourhood of v in G, Eg(v)
denotes the set of edges of G that are incident to v, and dg(v) denotes | Ng(v)|
(= |Eg(v)|) and is called the degree of v in G. For X C V(G), we denote
Usex Na(v), U,ex Nelv] and U,cx Ec(v) by Ne(X), Ne[X] and Eq(X)
respectively. The minimum degree of G is min{dg(v): v € V(G)} and is
denoted by 6(G). The mazimum degree of G is max{dg(v): v € V(G)} and
is denoted by A(G). Let M(G) denote the set of vertices of G of degree
A(G). It G = (0,0), then we take both §(G) and A(G) to be 0. If a vertex
v of a graph G has only one neighbour in GG, then v is called a leaf of G.

If H is a graph such that V(H) C V(G) and E(H) C E(G), then H is
said to be a subgraph of G, and we say that G contains H. For X C V(G),
(X, E(G)N (%)) is called the subgraph of G induced by X and is denoted by
G[X]. For a set S, G — S denotes the subgraph of G obtained by removing
from G the vertices in S and all edges incident to them, that is, G — S =
G[V(G)\S]. We may abbreviate G — {v} to G —v. For L C E(G), G — L

denotes the subgraph of G obtained by removing from G the edges in L, that



is, G — L= (V(G), E(G)\L). We may abbreviate G — {e} to G — e.

If n > 2 and vy, vs,...,v, are the distinct vertices of a graph G with
E(G) = {vviy1: i € [n — 1]}, then G is called a v v,-path or simply a path.
The path ([n],{{1,2},...,{n — 1,n}}) is denoted by P,, and is called the
n-path. For a path P, the length of P, denoted by I(P), is |V (P)| — 1 (the
number of edges of P).

For a graph G and uw,v € V(G), the distance of v from u, denoted
by dg(u,v), is given by dg(u,v) = 0 if u = v, dg(u,v) = min{l(P):
P is a uv-path, G contains P} if G contains a wv-path, and dg(u,v) = oo
if G contains no wv-path.

Where no confusion arises, the subscript G may be omitted from any of
the notation that uses it; for example, N (v) may be abbreviated to N(v).

A graph G is connected if for every u,v € V(G) with u # v, G contains
a uv-path. A component of G is a maximal connected subgraph of G (that
is, one that is not a subgraph of any other connected subgraph of G). It is
easy to see that if H and K are distinct components of a graph G, then H
and K have no common vertices (and therefore no common edges). If H is
a component of G, v € V(G), and V(H) = {v}, then H is called a singleton
of G and v is called an isolated vertex of G. Note that for v € V(G), v is an
isolated vertex of G if and only if dg(v) = 0.

If G,Gy,...,G, are graphs such that V(G) = J,_, V(G;) and E(G) =
Ui_, E(G}), then we say that G is the union of Gi,...,G..

If Xy,...,X, are sets such that no r of Xy,..., X have a common el-
ement, then X;,..., X, are said to be r-wise disjoint. Graphs Gy,..., Gy

are said to be r-wise vertex-disjoint if V(Gy),...,V(Gy) are r-wise disjoint.



Graphs G, ...,Gy are said to be r-wise edge-disjoint if E(Gh),...,E(Gy)
are r-wise disjoint. We may use the term pairwise instead of 2-wise.

It is easy to see that if G, ..., G, are the distinct components of G, then
G1,...,G, are pairwise vertex-disjoint and hence pairwise edge-disjoint, and
G is the union of Gy, ..., G,.

If n > 3 and vy, vs,...,v, are the distinct vertices of a graph G with
E(G) = {v1vg, 0903, ..., 010, 0,01 }, then G is called a cycle. The cycle
([n], {{1,2},...,{n — 1,n},{n,1}}) is denoted by C,,. A triangle is a copy
of Cs.

A graph G is a tree if G is a connected graph that contains no cycles.
If |V(G)| =k+1and E(G) = {zv: v € V(G)\{z}} for some z € V(G),
then G is called a k-star, or simply a star, with centre x. The k-star ({0} U
[k],{{0,4}: ¢ € [k]}) is denoted by K; 4. A copy H of K;j will be called a
k-star or simply a star, and, if k& > 2, then the vertex of H of degree k will
be called the centre of H. Thus a star is a tree. A forest is a graph whose
components are trees.

If G is a graph, then the complement of G, denoted by G, is the graph
(V(@G), (V(QG)) \ E(G)). Thus, two distinct vertices are adjacent in G if and
only if they are not adjacent in G.

If C C V(G) such that every two distinct vertices in C' are adjacent in G,
then C' is said to be a clique of G. If C'is a clique of G and |C| = k, then C'
is said to be a k-clique of G. Let Cx(G) denote the set of distinct k-cliques
of G. The size of a largest clique of G is called the cligue number of G and
is denoted by w(G).

For I C V(G), we say that [ is an independent set of G if for every two



distinct vertices u,v € I, u is not adjacent to v in G. The independence
number of G, denoted by a(G), is the size of a largest independent set of G.

A graph G is complete if every two vertices of G are adjacent (that is,
E(G) = (V(QG)), or equivalently V(G) is a clique of G). The complete graph
([n], ([’;})) is denoted by K,. A graph G is empty if no two vertices of G are
adjacent (that is, E(G) = (), or equivalently V(G) is an independent set of
(). The empty graph ([n], () is denoted by E,. A graph G is a singleton if
|V(G)| =1, in which case G is complete and empty.

If G is a graph such that V(G) is partitioned into two non-empty sets V;
and V5 such that every edge of G has one vertex in V; and the other in V5,
(or rather, V; and V; are independent sets of ), then we say that G is a
bipartite graph with partite sets Vi and V5. A bipartite graph G with partite
sets Vi, V4 and with E(G) = {uwv: u € Vi,v € V,} is said to be complete; the
complete bipartite graph G with partite sets [s] and [s + 1, s + ¢] is denoted
by K.

A graph G is regular if the degrees of its vertices are the same. If k €
{0} UN and the degree of each vertex of G is k, then G is called k-regular.

Let H be a graph. A graph G is a copy of H if there exists a bijection
f:V(G) — V(H) such that E(H) = {f(u)f(v): uv € E(G)}, and we write
G ~ H. Thus, a copy of H is a graph obtained by relabeling the vertices of
H.

For A, D C V(G), we say that D dominates A in G if for every v € A,
v is in D or v has a neighbour in G that is in D. A dominating set of G is
a set that dominates V(G) in G. The domination number of G, denoted by

7(G), is the size of a smallest dominating set of G.



For L. C F(G) and X C V(G), we say that L is an edge cover of X in
G if for each v € X with dg(v) > 0, v is incident to at least one edge in L.
An edge cover of V(G) in G is called an edge cover of G. The edge covering
number of G is the size of a smallest edge cover of G and is denoted by 5'(G).

Given an injective function f: X — Y the set {{x,y}: x € X,y = f(2)}
is called a matching from X into Y. A set M is called a matching of G if
for some X, Y C V(G) with X NY =), M is a matching from X into Y. A
matching M of G is perfect if V(G) = |J,cpy e- The matching number of G

is the size of a largest matching of G' and is denoted by o/(G).

1.3 Background and outline of the thesis

We shall now give an outline of the thesis together with some background
from the literature. The problems considered in Chapters 2 and 3 can be
generalised as follows. Given a graph G and a certain graph parameter p, we
investigate the size of a smallest set of vertices or edges whose removal from
G yields a graph with a smaller value of p. More formally, given a graph GG
and a certain graph parameter p, we investigate the size of a smallest set X of
vertices or edges such that p(G—X) < p(G). In chapters 4 and 5, we consider
the stronger condition that the value of the parameter becomes smaller than
a given non-negative integer k. In Chapters 2 and 3, p is the maximum
degree, and in chapters 4 and 5, p is the clique number. In Chapters 6 and
7 we consider a variant of independence and domination respectively. The
work in this thesis can be classified as work of independence, domination,

covering or Turén type. These are classical areas of extremal graph theory



and are widely studied. We will give some background on each of them and
then the work in each of the subsequent chapters in more detail.

The domination number of a graph is one of the most extensively studied
parameters in extremal graph theory. Many of the main results of the classi-
cal domination bound can be seen in |21, 22, 29-31]. Numerous variants have
been studied; many of the earliest ones are referenced in [32], but nowadays
there are several others. We consider a number of variations of the classical
domination problem throughout this thesis.

The independence number of a graph is also extensively studied (see [5,
13, 24, 25, 27, 34, 37, 53|). The notions of independence and domination are
closely related. We observe that for a given graph GG, a maximal independent
set of G is a dominating set of G. Thus, any maximal independent set
of GG is necessarily also a minimal dominating set. Numerous variants of
independence have been studied throughout the years; see, for example, |3,
16, 19, 28|.

Another widely-studied area of extremal graph theory is Turan theory,
the aim of which is mainly to establish the maximum number of edges a
graph G can have if it does not contain a copy of a given graph F' (that
is, F' is forbidden from being a subgraph of ). This has its origins in
the classical theorem of Turan [52|, which solves the problem for the case
where [’ is the complete graph K and characterises the extremal graphs.
The special case k = 3 had been established by Mantel [42]. In [1], Aigner
provides a brief insight to the problem and discusses some of the known
proofs of this theorem. Several variants of this problem have been studied;

see, for example, (2, 33, 44, 51]. In [36], Keevash surveys known results and



methods, and discusses some open problems. Observe that a clique of G is
an independent set of G, and vice versa. Thus, the problem of reducing the
clique number to a value less than k is equivalent to the problem of reducing
the independence number to a value less than k.

Edge covering type problems are a special case of set covering type prob-
lems, which are the most prominent covering type problems. In 1959, Gallai
[26] established the immediate connection between edge covering and match-
ing by showing that o/(G) + 5'(G) = |[V(G)| for every graph G without
isolated vertices. There is also a connection between edge covering and inde-
pendence. Indeed, in 1916, Kénig [38] proved that for any bipartite graph G
without isolated vertices, a(G) = f/(G). In general, o(G) < §'(G) for any
graph G without isolated vertices because, if X is an edge cover of G and [
is an independent set of GG, then each vertex of I is in some edge in X, and
no edge in X contains more than one vertex in 7. In [48], Paschos surveys
some approximation algorithms for some of these covering type problems.

In Chapter 2, we investigate the minimum number of vertices that need
to be removed from a graph so that the new graph obtained has a smaller
maximum degree. Recall that M (G) denotes the set of vertices of G of degree
A(G). We call asubset R of V(G) a A-reducing set of G if A(G—R) < A(G)
or V(G) = R (note that V(G) is the smallest A-reducing set of G if and
only if A(G) = 0). Note that R is a A-reducing set of G if and only if
M(G) C Ng[R]. Let A(G) denote the size of a smallest A-reducing set of G.
We provide several sharp bounds for A(G) in terms of basic graph parameters
such as the order |V(G)]|, the size |E(G)|, the maximum degree A(G), the

number of vertices of maximum degree | M (G)|, and other graph parameters.



Note that D dominates M (G) in G if and only if D is a A-reducing set of G.
Therefore \(G) = min{|D|: D dominates M(G) in G}. Thus, the problem
we consider is a variation of the classical domination problem defined above.

In Chapter 3, we investigate the minimum number of edges that need
to be removed from a graph so that the new graph obtained has a smaller
maximum degree. We call a subset L of E(G) a A-reducing edge set of G if
A(G—L) < A(G) or A(G) = 0. We denote the size of a smallest A-reducing
edge set of G by A\e(G). We provide several bounds and equations for \.(G).
Note that L is a A-reducing edge set of GG if and only if L is an edge cover of
M(G) in G. Thus, the problem we consider is an edge covering type problem.

In Chapter 4, we consider a generalisation of the classical problem of
Turan [52]. We investigate the smallest number of edges that need to be
removed from a non-empty graph G so that the resulting graph does not
contain k-cliques. We call L C E(G) a k-clique reducing edge set of G if
w(G — L) < k. We denote the size of a smallest k-clique reducing edge set of
G by A(G, k). That is, \c(G, k) = min{|L|: L C E(GQ),w(G — L) < k}. We
call \(G, k) the k-clique reducing edge number of G. We provide a number
of sharp bounds and equations for A\.(G, k).

In Chapter 5, we investigate the size of a smallest set of vertices that when
removed together with its closed neighbourhood from a graph, we obtain a
subgraph with no k-cliques. More generally, if F is a set of graphs and F'
is a copy of a graph in F, then we call F' an F-graph. If G is a graph and
D C V(G) such that G — N[D] contains no F-graph, then D is called an
F-isolating set of G. Let «(G, F) denote the size of a smallest F-isolating set

of G. We call D C V(G) a k-clique isolating set of G if G — Ng[D] contains

10



no k-clique. We define (G, k) to be the size of a smallest k-clique isolating
set of G. That is, (G, k) = «(G,{K;}) = min{|D|: D C V(G),w(G —
N¢[D]) < k}. The study of isolating sets was introduced recently by Caro
and Hansberg [14, 15]. It is an appealing and natural generalization of the
classical domination problem. Indeed, D is a { K }-isolating set of G if and
only if D is a dominating set of G' (that is, N[D] = V(G)), so «(G,{K1})
is the domination number of G. We obtain sharp upper bounds for «(G, k),
and consequently we solve a problem of Caro and Hansberg [14].

In Chapters 6 and 7, we consider a variant of independence and domi-
nation, respectively. We consider the notions of irregular independence and
irregular domination respectively, as counterparts of the notions of regular
independence and regular domination (also referred to as fair domination),
which were recently introduced in [17, 18]. If D is a smallest dominating set
of a graph G with the condition that the vertices in V(G) \ D have pairwise
different numbers of neighbours in D, then we call D an irregular dominating
set of G, and we denote the size of D by v;,(G). If we consider the further
modification that V(G) \ D is an independent set of G, and assume that G
does not contain isolated vertices, then V(G)\ D is an irregular independent
set of G, and we denote the size of a largest irregular independent set of G
by «;,(G). The formal definitions of these parameters are as follows.

If A is an independent set of a graph GG such that the vertices in A have
pairwise different degrees, then we call A an irregular independent set of
G. The size of a largest irregular independent set of G will be called the
irregular independence number of G' and will be denoted by «;.(G). If A is

an independent set of a graph G such that the vertices in A have the same

11



degree, then A is called a regular independent set of G. The size of a largest
regular independent set of GG is called the reqular independence number of G
and is denoted by a,¢,(G).

If D is a dominating set of G such that |N(u) N D| # |N(v) N D| for
every two distinct vertices u and v in V(G)\D, then we call D an irreqular
dominating set of G. The size of a smallest irregular dominating set of G
will be called the irreqular domination number of G and will be denoted by
vir(G). If D is a dominating set of G such that |N(u) N D| = |N(v) N D] for
every two vertices u and v in V/(G)\D, then D is called a regular dominating
set of G. The size of a smallest regular dominating set of GG is called the
reqular domination number of G and is denoted by v,.,(G).

Trivially, these are variants of the classical independence and domination
defined above. Chapters 6 and 7 are organized as follows. In Section 6.2, we
prove several sharp upper bounds on «;,(G). In Section 6.3, we characterize
the graphs G with «;,.(G) = 1, we determine those that are planar, and
we determine those that are outerplanar. In Section 6.4, we provide sharp
Nordhaus—Gaddum-type bounds for the irregular independence number. In
Section 7.2, we prove several sharp lower bounds for 7;,.(G), we characterize
the graphs G with 7;,.(G) € {n,n—1}, and we also provide some upper bounds
for 4;-(G). In Section 7.3, we provide sharp upper bounds relating «;,.(G) to
Yir(G) or 4;,(G). In Section 7.4, we provide sharp Nordhaus-Gaddum-type

bounds for the irregular domination number.
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Chapter 2

Reducing the maximum degree of

a graph by deleting vertices

2.1 Introduction

In this chapter we investigate the minimum number of vertices that need
to be removed from a graph so that the new graph obtained has a smaller
maximum degree. Definitions and notation from Chapter 1 will be used.
Recall that M (G) denotes the set of vertices of G of degree A(G). We call a
subset R of V(G) a A-reducing set of G if A(G— R) < A(G) or V(G) =R
(note that V'(G) is the smallest A-reducing set of G if and only if A(G) = 0).
Note that R is a A-reducing set of G if and only if M (G) C Ng[R]. Let A(G)
denote the size of a smallest A-reducing set of G.

We provide several sharp bounds for A(G). Our main results are given in
the next section. In Section 2.3, we investigate A(G) from a structural point

of view, particularly observing how this parameter changes with the removal
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of vertices. Some of the structural results are then used in the proofs of the
main results; these proofs are given in Section 2.4.

Recall that a subset D of V(G) is called a dominating set of G if N[D] =
V(G). A dominating set of G is a A-reducing set of G. Thus, the problem of
minimizing the size of a A-reducing set is a variant of the classical domination
problem; the aim is to use as few vertices as possible to dominate the vertices
of maximum degree rather than all the vertices. If G is k-regular (that is,
d(v) = k for each v € V(G)), then our problem is the same as the classical
one, that is, A(G) = v(G).

In this chapter, we present our work from our recent papers in 9] and
[10]. The parameter A\(G) was first introduced and studied in our recent
paper [9]. An application is indicated in [55].

We can now move on to the next section of this chapter, where we will

present our main results on A\(G).

2.2 Main results

Our first result is a lower bound for A\(G).

Proposition 2.2.1. For any graph G,

Proof. Let k = A(G). For any X C V(G), we have [Ng[X]| < Y o« [Ne[v]|
< (k+1)|X|. Let S be a A-reducing set of G of size A\(G). Since M(G) C
N¢[S], IM(G)| < |Ng[S]| < (k+1)|S| = (k+ 1)A(G). The result follows. O

15



The bound above is sharp; for example, it is attained by complete graphs.

We now provide a number of upper bounds for \(G).

Proposition 2.2.2. For any non-empty graph G,

A(G) < min {|M<G>|,7<G>, ‘ig’ } |

Proof. Obviously, G — M(G) has no vertex of degree A(G). Thus A(G) <
[M(G)]

Let D be a dominating set of G. Since every vertex in V(G)\ D is adjacent
to some vertex in D, dg_p(v) < dg(v)—1 < A(G)—1 for each v € V(G —D).
Thus A(G) < |D|. Consequently, \(G) < v(G).

Since G is non-empty, A(G) > 0. Let v; be a vertex of G of degree
A(G). If A(G —v1) = A(G), then let vq,...,v, be distinct vertices of G
such that A(G —{v1,...,v.}) < A(G) and dg_go,,..0,_1} (Vi) = A(G) for each
i€ [r\{1}. If A(G —v;) < A(G), then let r = 1. Let R = {vy,...,v,}.
Then R C M(G), and by the choice of vy, ..., v, no two vertices in R are
adjacent. Thus |E(G — R)| = |E(G)| — rA(G), and hence |E(G)| > rA(G).

O

Therefore, we have A\(G) < |R| =1 < %gg‘.

Let d(G) denote the average degree ﬁ > vev(c) da(v) of G. Proposi-

tion 2.2.2 and the handshaking lemma (d(G)|V(G)| = 2|E(G)|) give us

A@IV(©)|

NG = =586

(2.1)

16



It immediately follows that A(G) < 3|V(G)|. In Section 2.4, we characterize

the cases in which the bound 1|V(G)] is attained.

Theorem 2.2.3. For any non-empty graph G,

and equality holds if and only if G is either a disjoint union of copies of Ko

or a disjoint uniton of copies of Cy.

The subsequent new theorems in this section are also proved in Sec-

tion 2.4. The following sharp bound is our primary contribution.

Theorem 2.2.4. If G is a non-empty graph, n = |V(G)|, k = A(G) and
t = |M(G)|, then

n+(k—1)t
MG) < —r

In [9], we pointed out four facts regarding Theorem 2.2.4. The first is

that it immediately implies (2.1). Indeed, let S = {v € V(G): dg(v) =

IN

0}, ' = G — S and 0/ = |[V(G")|; then \(G) < "H-Ub — ktn'—t
ﬁ ZUEV(G’) da(v) = ﬁ ZUEV(G) da(v) = E(2G_k)n‘

Secondly, the bound in Theorem 2.2.4 can be attained in cases where
AG) = t and also in cases where A\(G) < t. If G is a disjoint union of ¢

copies of Ky, then A(G) = t, n = (k + 1)t, and hence \(G) = n+(§1;1)t’

If G is one of the extremal structures in Theorem 2.2.3, then ¢ = n and

A(G) _n _ n+(k)—1)t'

2 2k

Thirdly, it is immediate from the proof of Theorem 2.2.4 that the in-

equality in the result is strict if the closed neighbourhood of some vertex of
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G contains at least 3 members of M(G); see (2.8).
Fourthly, since A(G) < t, Theorem 2.2.4 is not useful if ¢t < w. This
occurs if and only if ¢ < 2. Thus, if ¢ < "=t k DL then A(G) < 2. We

k+1 k+1

have

(2.2)

A(G)smax{ n ”+(1€—1)t}7

k+1 2k

and if 15 < "+(§k Dt and k> 2, then n < (k+ 1)t and A(G) < ”+(§k Dt ¢,

In [10], we managed to come up with a new proof for the bound in The-
orem 2.2.4; by induction on the number of vertices, n. The new argument
enabled us to characterise the extremal graphs which attain the bound. We
first define a special graph.

Ifk>2651,...,5 are vertex-disjoint k-stars, and G is a graph such that

V(G) = Ui, V(S), Ui B(Si) € E(G), A(G) = k, and [M(G)| =t (or

equivalently, M (G) is the set of centres of Sy, ..., S;), then we call G a special

k-star t-union and we call Si,...,S; the constituents of G.
Sl 52 S3 St

Figure 1: An illustration of a special k-star ¢t-union.

We can now present the following Theorem.

Theorem 2.2.5. If G is a non-empty graph, n = |V(G)|, k = A(G), and
t = |M(G)|, then

n+(k—1)t
AG) < —
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Moreover, equality holds if and only if one of the following holds:
(i) k =1 and each component of G is a copy of K,
(i1) k = 2 and each component of G is a copy of Py or Cy,

(i1i) k > 2 and G is a special k-star t-union.

It turns out that if G is a tree, then, although we may have "5 < ——5—
(that is, n < (k + 1)t, as in the case of trees that are paths with at least 4

vertices), \(G) < = holds.

k+1

Theorem 2.2.6. For any tree T,

V(T)|
ND) S 3 pt

In [9], we pointed out that the bound is sharp. In [10], we determine the
trees which attain the bound; but before stating the result, we first define a
special graph.

If Sy,...,S; are vertex-disjoint k-stars and 7" is a tree such that V(7T') =
Ui, V(S:), U, E(S;) € E(T), and A(T) = k, then we call T k-special (it
is easy to see that T has ¢ —1 edges ey, . .., e, ; such that E(T)\U!_, E(S;) =
{e1,...,ei—1} and, for each i € [t — 1], there exist some j,k € [t] such that

J # k and e; = {v;, v;} for some leaf v; of S; and some leaf vj, of Sy).

Sl 52 Sg 54 S5 Sﬁ

Figure 2: An illustration of a k-special tree with £ = 3 and ¢t = 6.
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Theorem 2.2.7. The bound in Theorem 2.2.6 is attained if and only if T is

k-special.

By Proposition 2.2.2; any upper bound for v(G) is an upper bound for
A(G). Domination is widely studied and several bounds are known for v(G);
see [29]. The following well-known domination bound of Reed [50] gives us

MG) < 2|V(G)| when §(G) > 3,

Theorem 2.2.8 ([50]). If G is a graph with 6(G) > 3, then

Arnautov [6], Payan [49] and Lovész [41] independently proved that

1+ln(5(G)+1)> (2.3)

(@) < ( IG)+1

Alon and Spencer [5] gave a probabilistic proof using Alon’s well-known argu-
ment in [4]. By adapting the argument to our problem of dominating M (G)
rather than all of V(G), we prove the following improved bound for A\(G),

replacing in particular §(G) by A(G).

Theorem 2.2.9. If G is a graph, n = |V(G)|, k = A(G) and t = |M(G)|,

then

nin(k+1) 4+t
< .
@) = k+1

We now give a brief discussion on regular graphs. If G is regular, then
M(G) = V(G), and hence A\(G) = v(G). For a regular graph G, Theo-
rem 2.2.9 is given by (2.3) as §(G) = A(G). Kostochka and Stodolsky [40]
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obtained an improvement of the bound in Theorem 2.2.8 for 3-regular graphs.

Theorem 2.2.10 ([40]). If G is a connected 3-regular graph with |V (G)| > 9,

then
4

7(G) < 11

V(&)

Also, they showed in [39] that there exists an infinite class of connected
3-regular graphs G with v(G) > PV(?)—G)'-‘ > {%-‘ This means that the
lower bound in Proposition 2.2.1 is not always attained by regular graphs,
and that the bound in Theorem 2.2.6 does not extend to the class of regular
graphs. For regular graphs G with A(G) < 2, the problem is trivial. Indeed,
if such a graph G is connected, then either G has only one edge or G is a
cycle. It is easy to check that {1+3t: 1+ 3t € [n]} is a A-reducing set of C),

. . n V(Cn
of minimum size, and hence A(C,,) = [%] = [%W
As pointed out above, a dominating set is a A-reducing set, so A(G) <

v(G). We conclude this section with a brief discussion on how the bounds

above compare with well-known domination bounds. First we note that

our boun o

on A(G) is at most Ore’s upper bound § on (G) (for
d(G) > 1) |47], and it is equal to it if and only if G is k-regular (in which case
AMG) = v(G)). However, taking § = §(G), we see that our bound for k > 2
is at most the classical upper bound %n on v(G) if and only if ¢ <

s (1+2n(6 +1) 4+ 27 In(6 + 1) + 4=2).  Thus, the improvement offered

by our bound is limited. It is interesting that, on the other hand, the upper
bound 7 in Theorem 2.2.6 is a basic lower bound for the domination number

of any graph G with A(G) = k (see [29]), meaning that no domination

number upper bound is better than it.
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2.3 Structural results

In this section, we provide some observations on how A\(G) is affected by
the structure of G and by removing vertices or edges from G. Some of the

following facts are used in the proofs of our main results.

Lemma 2.3.1. If G is a graph, H is a subgraph of G with A(H) = A(G),
and R is a A-reducing set of G, then RNV (H) is a A-reducing set of H.

Proof. Let S = RNV (H). Consider any v € M(H). Since A(H) = A(G),
v € M(G) and Ny[v] = Ng[v]. Since v € M(G), u € Ng[v] for some u € R.
Since Ny[v] = Ng[v], u € Ny[v]. Thus u € V(H), and hence v € S. Thus

v € Ng[S]. The result follows. 0

We point out that having |R| = A(G) in Lemma 2.3.1 does not guarantee
that |[RNV(H)| = A\(H). Indeed, let k > 2, let G; and G5 be copies of K j
such that V(G1) N V(Gs) = 0, let G be the disjoint union of G; and Go, let
e be an edge of Gy, and let H = (V(G), E(G)\{e}). For each i € [2], let v;
be the vertex of G; of degree k. Let R = {v1,v5}. Then R is a A-reducing
set of G of size A(G), {v1} is a A-reducing set of H, but RNV (H) = R.

Proposition 2.3.2. If G s a graph and G4, ...,G, are the distinct compo-
nents of G whose mazimum degree is A(G), then N(G) = >_"_ MG;).

i=1
Proof. Let R be a A-reducing set of G of size A\(G), and let R; = RNV(G;)
for each ¢ € [r]. Then Ry,...,R, partition R, so |R| = > ._,|Ri|. By
Lemma 2.3.1, A\(G;) < |R;| for each i € [r]. Suppose \(G;) < |R;| for some

j € [r]. Let R} be a A-reducing set of G; of size A(Gj). Then R;UUie[r]\{j} R;
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is a A-reducing set of GG that is smaller than R, a contradiction. Therefore,
MG;) = |R;| for each ¢ € [r]. Thus we have A\(G) = |R| = >/, |Ri| =
22:1 /\<Gi)~ |

Proposition 2.3.3. If H is a subgraph of a graph G such that A(H) = A(G),
then A(H) < MG).

Proof. Let R be a A-reducing set of G of size A(G). Let S = RNV (H). By
Lemma 2.3.1, A(H—S) < A(G). Thus we have A(H) < |S| < |R| = A\(G). O

Proposition 2.3.4. If G is a graph, v € V(G) and v ¢ Ng[M(G)], then
AG —v) = \G).

Proof. By Proposition 2.3.3, A\(G—v) < A(G). Let R be a A-reducing set of
G —v of size A\(G—wv). Since v ¢ Ng|[M(G)], M(G—v) = M(G). Thus Ris a
A-reducing set of G, and hence A\(G) < A(G —v). Hence A(G—v) = \(G). O
Proposition 2.3.5. Ifv is a vertex of a graph G, then A(G) < 1+ \(G —v).
Proof. If A(G —v) < A(G), then A(G) = 1. Suppose A(G —v) = A(G), so
M(G —v) € M(G). Let R be a A-reducing set of G — v of size A(G — v).

For any x € M(G)\M (G —v), x € Ng[v]. Thus RU {v} is a A-reducing set

of GG. The result follows. O

Define M;(G) = {v € M(G): dg(v,w) < 2 for some w € M(G)\{v}}
and My(G) = M(G)\M;(G). Thus My(G) = {v € M(G): dg(v,w) >
3 for each w € M(G)\{v}}.

Proposition 2.3.6. For a graph G, \(G) = |[M(G)| if and only if M2(G) =

M(G).
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Proof. Suppose A\(G) = |M(G)| and My(G) # M(G). Then M;(G) #
(. Let v € M;(G). Then dg(v,w) < 2 for some w € M(G)\{v}. Thus
Nglv] N Ng[w] # 0. Let © € Ng[v] N Ng[w]. Then (M(G)\{v,w}) U {x}
is a A-reducing set of G of size |M(G)| — 1, a contradiction. Therefore, if
MG) = |M(G)|, then My(G) = M(G).

Conversely, suppose My(G) = M(G). Let R be a A-reducing set of G
of size A(G). Then M(G) C Ng|R] and Ng[v] N M(G) # 0 for each v € R.
Suppose |Ng[v] N M(G)| > 2 for some v € R. Let z,y € Nglv] N M(G)
with z # y. Since z,y € Ng[v], we obtain dg(x,y) < 2, which contradicts
x,y € My(G). Thus |[Ng[v] N M(G)| = 1 for each v € R. Since M(G) C
NelR], M(G) = M(G) \ NelR] = M(G) 1 Uyen Nofo] = U,er(Nolt] N

M(G)). Thus we have [M(G)| <> cr|[Nalv]NM(G)| =>_,cr1 = |R|. By

vER

Proposition 2.2.2, |R| < |M(G)|. Hence |R| = |M(G)]. O

Proposition 2.3.7. If G is a graph with My(G) # M(G), then A(G —
My(G)) = A(G) and \(G) = [Ma(G)| + MG — My(G)).

Proof. We use induction on |My(G)|. The result is trivial if [My(G)| = 0.
Suppose |My(G)| > 1. Let © € My(G). Since My(G) # M(G), Mi(G) #
). Thus we clearly have A(G — z) = A(G), Mi(G — z) = M;(G) and
My(G — z) = My(G)\{z} # M(G — x). By the induction hypothesis,
MG —x) = [ Ma(G — 2)| + M(G — ) — Ma(G — ) = |[Ma(G)] — 1+
MG — ({2} UMy (G — 2))) = |My(G)| — 1+ MG — M(G)). By Propo-
sition 2.3.5, A(G) < 1+ A(G — z). Suppose A\(G) < MG — x). Let R
be a A-reducing set of G of size A(G). Then x € Ng[y] for some y € R.
Since © € My(G), y ¢ Nglz] for each z € M(G)\{z} (because otherwise
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we obtain dg(z,z) < 2, a contradiction). We obtain that R\{y} is a A-
reducing set of G — z of size A(G) — 1 < A\(G — x) — 1, a contradiction. Thus

MG) =14 MG —z) = [Ma(G)| + MG = My(G)). -

We conclude this section by conjecturing that for any graph G,

A(G)

MG) < My (G| + AG) + 1

ML(G)]. (2.4)

Equality holds if GG is the following tree. Let & > 3, and let T}, be the tree with
E(Ty) = {uvi, ..., 0, 01T1, .« ., OkThy 1YL 1y - - oy T1YL k15« - s TkYh1y - - - s Tk
Ykk—1}, Where u, vy, ..., Uy @1,y ooy Ty Yy oo oy YLy - o s Ykds - - - s Yk k—1 AT€
the distinct vertices of T,. We have A(T}) = k and M(Ty) = {u, z1, ...,z }.
Also, for each ¢ € [k], we have Ny, [2;] Ny, [u] = {v;}, and Npy [2;] Ny, [z;] =
() for each j € [k]\{i}. It follows that M(T}) = M;(T}) and that {vq,..., v}
is a smallest A-reducing set of Ty. Thus |M(T})| =k + 1, My(T) = 0 and

A(Ty)

MTy) =k = |My(Ty)| + AT +1

| My (Ty)|-

One can easily enlarge T) to a graph G with A(G) = k, My (G) = M, (Ty),

M(G) # 0 and N(G) = [Ma(G)| + 5555 M (G)|, for example, by adding

copies of K as components (and connecting components by vertex-disjoint

paths of length at least 3 if G is required to be connected).
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Y11 Y1,k—1 Y21 Y2,k—1 Yk,1 Yk, k—1

NSNS N

U1 (%) Uk

u

Figure 3: An illustration of the tree T} as described above.

2.4 Proofs of the main results

We first prove Theorems 2.2.3, 2.2.4, 2.2.6 and 2.2.9.

Theorem 2.2.3. For any non-empty graph G,

and equality holds if and only if G is either a disjoint union of copies of Ko

or a disjoint union of copies of Cy.

Proof of Theorem 2.2.3. Let n = |V(G)| and k = A(G). Since G is

non-empty, k£ > 0. By (2.1), A(G) < 5. It is straightforward that if G is

either a disjoint union of copies of K5, or a disjoint union of copies of Cy, then

A(G) = 5. We now prove the converse. Thus, suppose \(G) = Then,

N3
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by (2.1), G is k-regular. Let Gy,...,G, be the distinct components of G.
Consider any i € [r].

Applying the established bound to each of G,...,G,, we have A\(G;) <

w for each j € [r]. Together with Proposition 2.3.2, this gives us

S OIS s NGy = AMG) = 2 = 3, YO and hence A(G) =

j=1 2 j=1 2

V(G .
% for each j € [r].

Suppose k > 3. Since G is k-regular, G; is k-regular. Thus we have
3(G;) = k > 3, MG;) = v(G), and hence, by Theorem 2.2.8, A\(G;) <

3V (Gi)l [V(Gi)l
8 < 2

, a contradiction.
Therefore, k£ < 2. If £ = 1, then G, is a copy of Ky. Suppose k = 2.
Clearly, a 2-regular graph can only be a cycle. Thus, for some p > 3,

G, is a copy of C,. As pointed out in Section 2.2, \(C,) = Pﬂ Since

AC,) = MG;) = |V(2Gi)| = 2. it follows that p = 4. The result follows. O
For any m,n € {0} UN, we denote {i € {0} UN: m < i <n} by [m,n].

Note that [m,n] = 0 if m > n.

Theorem 2.2.4. If G is a non-empty graph, n = |V(G)|, k = A(G) and
t =|M(G)|, then
n+(k—1)

MG) < T —.

Proof of Theorem 2.2.4. Since G is non-empty, k& > 0. Let r = A(G)
and G; = G. Let R be a A-reducing set of G of size r. We remove from

(G1 a vertex v; in R whose closed neighbourhood in G; contains the largest
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number of vertices in M(G1), and we denote the resulting graph G — vy by
Go. If r > 2, then we remove from G, a vertex ve in R\{v;} whose closed
neighbourhood in Gy contains the largest number of vertices in M(G3), and
we denote the resulting graph G5 — vy by G3. If r > 3, then we remove from
G5 a vertex vz in R\{v1,vs} whose closed neighbourhood in G35 contains
the largest number of vertices in M (G3), and we denote the resulting graph
G35 — v3 by G4. Continuing this way, we obtain vy,...,v,. and Gy,..., G411
such that R = {vy,...,v.}, Goy1 = G — R, A(G;) = k for each i € [r] (since
|IR| =7r=AG)), A(Gy11) < k and

M(G) = | (Ve [l 0 M(G)). (2.5)

i=1
For each i € [r], let A; = Ng,[v;] "M (G;). The members vy, ..., v, of R have
been labelled in such a way that

[Ar] > > A (2.6)

For every i,j € [r] with ¢ < j, each member of 4; N V(G,) is of degree at

most k — 1 in G; (as its neighbour v; in G; is not in V(G;)), and hence

Let Is={ier]: |A| >3}, L={ier]: |[A] =2}and [, = {i € [r]: |A;| =
1}. Let ry = |I1], 7o = |I5| and r3 = |I3|. Then r = r; +ry +r3. By (2.6), we
have I3 = [1,73], Iy = [rs + 1,rs + o] and Iy = [r3 +ro + 1,73+ 12 + 11| =

[r—ri+1,7]. Let H =G 41.
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Suppose 11 = 0. Then I, U I3 = [r]. By (2.5), M(G) = U,cpur, Ai-

By (2.7), it follows that ¢t = >, ., o Al > > icr,ur, 2 = 2r, and hence

Now suppose 1 # 0. Then A(H) = k. By construction, {v;: 7 € I} is a

A-reducing set of H, and M (H) = .., A;. If we assume that H has a A-

i€l
reducing set S of size less than ||, then we obtain that (R\{v;: i € I;})US is
a A-reducing set of G of size less than | R|, a contradiction. Thus \(H) = |I3].

Together with M(H) = J,.;, Ai, (2.7) gives us |[M(H)| = >_,.; |Ail = |L].

i€l i€l

By Proposition 2.3.6, M (H) = My(H). For each i € I, let z; be the unique
element of A;. By (2.7), z; # z; for every i,j € I; with ¢ # j. Since

MQ(H) = M(H) = U Ai; MQ(H) = {Zz'i 1€ ]1} By definition of MQ(H),

i€ly

it follows that for every ¢,7 € I} with ¢ # 7,
NH[ZZ] N NH[Zj] = @
Therefore,

‘ U Nulzl| = 3 INulz]l = (k + DIL] = (k + Dy

i€l i€l

Let R = (R\{v;: i€ I,})UM(H). Since |M(H)| = |I,| = \(H) (and M (H)
is a A-reducing set of H), R’ is a A-reducing set of G of size A\(G).

Let Bl = U NH[Zi], B2 = {UZ'Z 1€ _[2} and Bg = {Uil 1 € Ig} Then

i€l
|Bi| = (k+ 1)ry, |By| = ry and |Bs| = r3.
Suppose that there exists j € I, such that A; C By U By U Bs. Let w,

and wy be the two members of A;. Let C' = {v;: ¢ € I5,i > j}. We have
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wy,wy € V(G;) = V(G)\{v;: i € [1,j — 1]}, so wy,we € By UC. We have
wy,wy € Ng;lvj] and dg, (w1) = dg, (w2) = k.

Suppose v; = w;. Since wy,wy € By U C, we have wy € By U (C\{v;}).
Suppose wy € By. Then wy € Ny[z] for some ¢ € I;. Since A; U {z} =
{vj,wa, zi} € Ng,[ws], we obtain that (R'\{v;, z}) U {ws} is a A-reducing
set of G of size |R'| — 1, which contradicts |R'| = A(G). Thus wy € C\{v,},
meaning that ws = v; for some ¢ € I, such that ¢ > j. From this we obtain
that R'\{v;} is a A-reducing set of G of size |R'| — 1, a contradiction.

Therefore, v; # wy. Similarly, v; # w,. If we assume that wy,w, € C,
then we obtain that R'\{v;} is a A-reducing set of G of size |R'| — 1, a
contradiction. Therefore, at least one of w; and ws is in By; we may assume
that wy; € By. Thus wy € Ny|z] for some i € I;. If we assume that wy € C,
then we obtain that R'\{v;} is a A-reducing set of G of size |R'| — 1, a
contradiction. Thus wy € Bj, and hence wy € Ng[z;] for some h € I.
From this we obtain that R"\{v,} is a A-reducing set of G of size |R'| — 1, a
contradiction.

Therefore, A; ¢ By U By U By for each ¢ € I. For each i € I, let
z; € A\(B1UB2UB3). Let By = {x;: i € I;}. Thus ByN(B;UByUB3) = 0.
Since By, By and Bs are pairwise disjoint (by construction), it follows that
U, Bil = 30, |Bi|. By (2.7), @; # x; for every i,j € I, with i # j. Thus
|By| = 719.

By (2.5) and (2.7), the sets Ay, ..., A, partition M(G). Thust = >, | 4]
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> 3r3+2ry + 11 =2r3+ 19+ r, and hence —rg —ry > r —t +r3. We have
4

4
n> || JBil =) |Bi|l =rs+2r + (k+ 1)y
=1

=rs+2rg+ (k+1)(r—rs —r)
=k+1)r+k-1(-r3s—1r9) —rsg > (k+1)r+ (k-1 —t+rs) —r;

=2kr — (k— 1)t + (k — 2)rs,

and hence
kE—1)t— (k-2
SEEICRIVEICE )
If k=1, then r3 = 0. Thus (k — 2)r3 > 0, and hence r < "H;];l)t. O

We now prove Theorem 2.2.6, making use of the following well-known

fact.

Lemma 2.4.1. Let x be a vertex of a tree T. Let m = max{dr(z,y): y €
V(T)}, and let D; = {y € V(T): dr(z,y) = i} for each i € {0} U [m]. For

each i € [m] and each v € D;, Ng(v) N U;:o D; ={u} for some u € D;_;.

Indeed, let v € D;. By definition of D;, v can only be adjacent to vertices
of distance i — 1, 7 or 1+ 1 from z. If v is adjacent to a vertex w of distance 1,
then, by considering an zv-path and an zw-path, we obtain that 7" contains
a cycle, which is a contradiction. We obtain the same contradiction if we
assume that v is adjacent to two vertices of distance i — 1 from .

Recall that if a vertex v of a graph GG has only one neighbour in GG, then
v is called a leaf of G.
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Corollary 2.4.2. If T is a tree, ,z € V(T) and dr(z, z) = max{dr(z,y): y
e V(T)}, then z is a leaf of T

Proof. Let Dy, D;,...,D,, be as in Lemma 2.4.1. Then 2z € D,,. By

Lemma 2.4.1, Ny(z) = {u} for some u € D,, ;. O

Theorem 2.2.6. For any tree T,

Proof of Theorem 2.2.6. Let n = |V(T)| and k = A(T). The result is
trivial for n < 2. We now proceed by induction on n. Thus consider n > 3.
Since 7' is a connected graph, we clearly have k£ > 2.

Suppose that 7" has a leaf z whose neighbour is not in M (7). Then
M(T — z) = M(T) and, by Proposition 2.3.4, A(T — z) = A(T). By the

induction hypothesis, \(T" — z) < Z—H < - Thus AM(T) <

=
Now suppose that each leaf of 7" is adjacent to a vertex in M (7"). Let z, m
and Dg, Dy, ..., D,, be asin Lemma 2.4.1. Let z € D,,. By Corollary 2.4.2, z

is aleaf of T'. Let w be the neighbour of z. Then w € M(T). By Lemma 2.4.1,

w € Dmfl.
Suppose w = x. Then m = 1 and E(T) = {xz,...,22} for some
distinct vertices z,...,2; of T. Thus {z} is a A-reducing set of T, and

hence \(T) =1 = 5.
Now suppose w # wx. Together with Lemma 2.4.1, this implies that

Np(w) = {v,21,..., 2,1} for some v € D,,_» and some distinct vertices
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21,...,2k—1 in D,,. By Corollary 2.4.2, z1,...,z._1 are leaves of T'. Let T" =
T —v. Then each component of 7" is a tree. Let K be the set of components
of 7" whose maximum degree is k, and let H be the set of components of T’
whose maximum degree is less than k. Let W = {w, z1, ..., zx_1}. Note that
(W {wz1, ..., wzp_1}) is in H, and hence W N [Jpee V(E) = 0. If € = 0,
then {v} is a A-reducing set of 7', and hence \(T') = 1 < ;5. Suppose
K # 0. For each K € K, let Sk be a A-reducing set of K of size A(K). By
the induction hypothesis, |Sx| < L&) k+1 Ol for each K € K. Now {v}UUkex Sk

is a A-reducing set of T'. Therefore, we have

|WU{U}| [V ( n
<1+ E
)< +K€K|5K|— k+1 k+1 SEar

as required. O

In order to prove our next result, we will make use of some well-known
basic results in probability theory; the following is one of these results and
is referred to as the probabilistic pigeonhole principle. This powerful general-
isation of the pigeonhole principle is also used in other probabilistic results

in subsequent chapters.

Proposition 2.4.3. If X is a random variable on a probability space (), P),
then there exist w,w' € Q such that X (w) < E[X] and X (w') > E[X].

Theorem 2.2.9. [f G is a graph, n = |V(G)|, k = A(G) and t = |M(G)|,

then
nin(k+1)+1¢
A <
(@) < k+1
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Proof of Theorem 2.2.9. We may assume that V(G) = [n]. Let p = 1n](€11+11)‘

We set up n independent random experiments, and in each experiment a
vertex is chosen with probability p. More formally, for each ¢ € V, let
(Q4, P;) be the probability space given by ; = {0,1}, P;,({1}) = p and
P({0}) = 1—p. Let Q = Q) x---xQ,, and let P : 2% — [0,1] such
that P({w}) = [[i; Pi({w;}) for each w = (wy,...,w,) € Q, and P(A) =
Y wen P{w}) for each A € Q. Then (€2, P) is a probability space.

For each w = (wy,...,w,) € Q, let S, be the subset of V(G) such that w
is the characteristic vector of S,, (that is, S, = {i € [n]: w; = 1}), let T, be
the set of vertices in M (G) that are neither in S, nor adjacent to a vertex
in S, (that is, T, = {v € M(G): v ¢ Ng[Su]}), and let D, = S, UT,. Then
D, is a A-reducing set of G.

Let X,Y : Q — R be the random variables given by X (w) = |S,| and
Y(w) = |T,]. For each i € [n], let X; : Q@ — R be the indicator random
variable for whether vertex i is in S,,; that is, for each w = (wy,...,w,) € Q,

) 1 ifiesS,;
0 otherwise.
For each i € M(G), let Y; : Q@ — R be the indicator random variable for
whether vertex ¢ is in T,,; that is, for each w = (wq,...,w,) € Q,
1 ifieTy:

Yi(w) =

0 otherwise.
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We have X =>" | X; and Y = ZieM(G) Y;.
For each i € [n], P(X; =1) = P,({1}) = p. For each i € M(G),

P(Y;=1) = P({w € Q: w; = 0 for each j € Ngli]})

= ] P({o}) =1 —p) Vel = (1 —p)*+,
JENGIi]
For any random variable Z, let E[Z] denote the expected value of Z. By

linearity of expectation,

E[X + Y] = E[X] + E[Y] = En: EX]+ Y E[]

i=1 i€eM(G)

1€M(Q)

By Proposition 2.4.3, there exists w* € € such that X(w*) + Y (w*)

IN

np+t(1—p)**1. Since X (w*)+Y (w*) = [ S|+ |10

o

and (1—p)k+t

IN

efp(kJrl), |Dw*

O

< np + te P = 2D g inhrl) - il 4t
We now prove Theorems 2.2.5 and 2.2.7.
The next result implies that the bound in Theorem 2.2.5 is attained by
special k-star t-unions, and that the bound in Theorem 2.2.6 is attained by

k-special trees.

Lemma 2.4.4. If Sy,...,S; are vertex-disjoint k-stars and G is a graph
such that V(G) = U_, V(S:), U_, E(S;)) C E(G), and A(G) = k, then
V(G)| = (k+ 1)t and \(G) =t.

Proof. We have |V(G)| = 3.1_, [V (Si)| = (k + 1)t. For each i € [t], there
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exists a vertex x; of S; such that Ng,[z;] = V(S;) and E(S;) = Eg,(z;). Let
X = {a1,...,2}. Since V(G) = U'_, V(S:) = Ng[X], X is a A-reducing set
of G,s0 A(G) < |X| =t. Now let R be a A-reducing set of G of size A(G). For
each i € [t], we have k = |V (S;)\{z:}| = |Ns,(z;)| < |Na(z:)| < A(G) =k,
so Ng(z;) = V(S;)\{z;}, z; € M(G), and hence RN Nglx;] # 0. We have
Bl = ROV(G)| = RNU, V(Si)| = iy [RNV(Si)] as V(S), ..., V(S))
are pairwise disjoint. Thus, |R| = >'_ |[R N Ng[z]| > >2'_, 1 = t. We have
t < ANG) <t,s0 A\(G) =t. O

Theorem 2.2.5. If G is a non-empty graph, n = |V(G)|, k = A(G), and
t =|M(G)|, then

n+(k—1)
ANG) < -

Moreover, equality holds if and only if one of the following holds:
(i) k =1 and each component of G is a copy of K,
(i1) k = 2 and each component of G is a copy of Py or Cy,

(i1i) k > 2 and G is a special k-star t-union.

Proof of Theorem 2.2.5. If each component of GG is a copy of Ky, then

ANG) = 3§ = %k_l)t If G has s; + s components, s; components of G

are copies of P3, and sy components of G are copies of (4, then k = 2,

n = 381 + 48y, t = 1 + 459, and clearly A(G) = s1 + 259 = % If @

. . . o o _ nt(k—1)t
is a special k-star t-union, then n = (k + 1)t and \(G) =t = ~5— by

Lemma 2.4.4.

We now prove the bound in the theorem and show that it is attained
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only in the cases above. Since G is non-empty, n > 2. If n = 2, then G is a
copy of Ky, so A(G) =1 = %k_l)t We proceed by induction on n. Thus,
consider n > 3. If k = 1, then G is the union of vertex-disjoint copies of
Ks, 50 MG) = 5§ = w Consider £ > 2. Let v* € M(G). We have
n>|Np*|=k+1.

Suppose that My(G) has a member u. If A(G —u) < A(G), then A\(G) =
1< 2D (a5 >k + 1), TEAG) =1 = 2D then V(G) = Nul,
so G is a special k-star 1-union. Now suppose A(G — u) = A(G). Then,
since u € My(G), M(G —u) = M(G)\{u} and v ¢ Ng_,[M (G — u)] for each
v € N(u). Thus, M(G — N[u]) = M(G —u), A(G — N[u)) = A(G —u) =k,
and A\(G— NJu]) = \(G —u) by repeated application of Proposition 2.3.4. Let
G'=G—Nu],n =|V(G)=n—k—1,and t' = |M(G")| = |M(G —u)| =

t — 1. By Proposition 2.3.5 and the induction hypothesis,
n'+ k-1t n+(k—1)t

< —u) = < =
MG) <1+ MG—-u)=1+ANG") <1+ o o

Suppose A\(G) = n+(§k_1)t. Then A\(G') = %k_l)t/ By the induction hypoth-

esis, G' is a special k-star (t — 1)-union or each component of G’ is a copy of
P3 or C4. Suppose that each component of G’ is a copy of P; or Cy. Then
k = 2. Let u; and uy be the two members of N(u). Since u € My(G), we
have d(uy) = d(ug) = 1, so N(uy) = N(ug) = {u}. Thus, G[N[u]] is a copy
of P;3 and a component of G. Therefore, each component of GG is a copy of P
or Cy. Now suppose that G’ is a special k-star (¢ — 1)-union with constituents
Si,...,Si—1. Let Sy be the k-star (N[u], E(u)). Then S,...,S; are vertex-
disjoint, V(G) = V(G)UNu] = U!_, V(Si), and U._, E(S;) C E(G). Thus,
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(G is a special k-star t-union.
Now suppose My(G) = 0. Then M(G) = M;(G).

Suppose that G has a vertex u such that N[u| contains at least 3 vertices

in M(G). If A(G—u) < A(G), then \(G) =1 < D q > k41, ¢ > 3,

and k > 2. Now suppose A(G—u) = A(G). Let n’ = |V(G—u)| =n—1 and

t'=|M(G —wu)| <t—3. By Proposition 2.3.5 and the induction hypothesis,

A(G)§1+A(G—u)§1+w

§1+(n—1)+(/€—1)(t—3):n+(k_1>t_(k_2)
2k ok
<w.

- 2k

(2.9)

Suppose A(G) = %k_l)t Then, in (2.9), equality holds throughout. Thus,
kE=2(asn+(k—1t—(k—=2)=n+(k—1t), ' =t—=3 (asn’+(k—1)t' =
(n—1)+(k—1)(t—3)), and A(G—u) = w By the induction hypothesis,
G —u is a special 2-star ¢’-union or each component of G —u is a copy of P3 or
Cy. If G—u is a special 2-star t-union, then, by definition, the constituents of
G —u are the components of G —u (because, since k = 2 and |[M (G —u)| =1/,
dg_u(z) = 1 for each leaf z of any constituent), and they are copies of Pij.
Therefore, in any case, each component of G — u is a copy of P3 or C}. Let
s1 be the number of components of G — u that are copies of Ps, and let sg
be the number of components of G — u that are copies of Cy. Let u; and
ug be two distinct members of N(u). Since k = 2 and |N[u] N M(G)| > 3,
Nu| = {u,uy,us} = NuJNM(G). Thus, d(u) = d(uy) = d(uz) = A(G) = 2.

For each i € [2], dg—u(u;) = dg(u;) —1 = 1, so u; is a leaf of a component H;
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of G—wu that is a copy ({u;, u}, w!}, {wul, wul}) of Py. Since N(u) = {uy, us}
and Ms(G) = (), H; and Hs are the only components of G —u that are copies
of P;. Suppose Hy; # H,. Then G has s, + 1 components, s, components of
G are copies of Cy, and 1 component of GG is a copy of P;. Thus, n = 4s,+7,
t =4sy + 5, and clearly A\(G) = 255+ 2. We have A\(G) < 2s9 +3 = W,

a contradiction. Thus, H; = Hs, and hence each component of GG is a copy

of 04‘

Now suppose that
INv]N M(G)| < 2 for each v € V(G). (2.10)

Suppose that, for each v € M(G), N(v) contains no member of M(G).
Let x € M(G). Since M(G) = M;(G), there exists some w € N(z)\M(G)
such that y € N(w) for some y € M(G)\N|[z]. Since z,y € N(w), N(w) N
M(G) = {x,y} by (2.10). If A(G —w) < A(G), then \(G) = 1 < “HEL!
as n > 3 and t > 2. Suppose A(G — w) = A(G). Then M(G — w) =
M(G)\{z,y}. Let G’ = G — {w,z,y}. Since N(z) N M(G) = 0, N(y) N
M(G) =0, and N(w) N M(G) = {z,y}, we have M(G") = M(G)\{z,y} =
M(G —w), A(G") =k, and \(G") = MG — {w,z}) = \(G — w) by Proposi-
tion 2.3.4 (as y € Ng—fw,e}[M(G — {w,z})] and x ¢ Ng_,[M(G —w)]). Let
n' =|V(G")| =n—-3and ' = |M(G")| =t —2. By Proposition 2.3.5 and the

induction hypothesis,

"+ (k- 1)t _ n+(k—1)

n
< — = N <
MG) S TG —w) =14 NG) < 1+ o
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Finally, suppose that G has a vertex w in M (G) such that N(u) contains
a member w of M(G). By (2.10), Nju| N M(G) = {u,w} = N[w] N M(G).

If A(G —u) < A(G), then A(G) = 1 < D a5 5 > 3 and ¢t >
2. Suppose A(G —u) = A(G). Then M(G —u) = M(G)\{u,w}. Let
&' = G — {u,w}. Since N[u] N M(G) = {u,w} = N[w] N M(G), we have
M(G) = M(G)\{u,w} = M(G —u), A(G') = k, and A\(G') = MG — u) by
Proposition 2.3.4 (as w ¢ Ng_o[M(G — u)]). Let n’ = [V(G')| = n — 2 and

t' = |M(G")| =t — 2. By Proposition 2.3.5 and the induction hypothesis,
'+ (k-1t n+(k—1)t

< —u) = < = ,
MG <T+AMGE—-—u)=1+ANG) <1+ o o

Suppose A\(G) = % Then M\G') = "/+(§k_1)t/. By the induction

hypothesis, G’ is a special k-star (¢ — 2)-union or each component of G’ is a
copy of Py or Cy. Thus, 6(G") > 1.

Suppose first that each component of G’ is a copy of P3 or C;. Then
A(G") = 2. Since A(G) = A(G"), d(u) = d(w) = 2. Thus, N(u) = {u/,w}
for some v’ € V(G)\{u,w} = V(G"). Since N[u|N"M(G) = {u,w} and k = 2,
we have d(u’) < 2, so N(u') = {u}. We obtain dg (u') = 0, which contradicts
I(G) > 1.

Now suppose that G’ is a special k-star (¢t — 2)-union. Let Si,...,S; o
be the constituents of G'. Let X = N(u)\{w} and Y = N(w)\{u}. Then
| X|=1Y|=k—1and dg/(v) < k for each v € X UY. For each i € [t — 2],
S; has a vertex v; such that dg, (v;) = k. Since A(G) = k, d(v;) = dg,(v;) = k
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for each i € [t — 2]. Note that

t—2
XUY CV(GE)N\for,..., o0} = V(G@N\M(G) = N (v). (2.11)
i=1
Suppose X NY # 0. Let x € XNY. We have z € N(v,) for some p € [t —2].
Thus, we have u,w,v, € Nz] N M(G), contradicting (2.10). Therefore,
X NY = 0. Recall that we are considering k& > 2. Since | X|=|Y| =k — 1,
X #0 #Y. Let 2 € X. By (2.11), 2* € N(v,) for some p € [t — 2].
Consider any y € Y. By (2.11), y € N(v,) for some ¢ € [t — 2]. Suppose
q # p. Then ({v1,..., 02} \{vp,v,}) U {2*, y} is a A-reducing set of G of
size t — 2. We have
k— 1)t V(S| A+ (k—1)t

_(2+(k:+1)(t—2))+(k—1)t_t )
h 2k Y

a contradiction. Thus, Y C N(v,). Let y* € Y. Then y* € N(v,). By an
argument similar to that for z*, X C N(v,). Since X NY = ), we have
20k —1) = |XUY| < |N(vy)| =k, s0 k < 2. Since k > 2, k = 2. Thus,
since N[u| N M(G) = {u,w}, N(u) = {w,u'} for some v € V(G)\M(G).
Since d(u') < k =2, N(u') = {u}. We obtain dg (u") = 0, which contradicts
(G > 1. O

We now prove Theorem 2.2.7.
Theorem 2.2.7. The bound in Theorem 2.2.6 is attained if and only if T is

k-special.
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Proof of Theorem 2.2.7. By Lemma 2.4.4, \(T) = ;2 if T' is k-special.

We now prove the converse. This is trivial if n < 2. We proceed by induction
on n. Suppose n > 3 and \(T') = - Since T is a connected graph, we
clearly have k > 2.

Suppose that T" has a leaf z whose neighbour is not in M (7T"). Then M (T —
z) = M(T) and, by Proposition 2.3.4, A\(T'— z) = A(T"). By Theorem 2.2.6,
—2) <

Therefore, each leaf of T" is adjacent to a vertex in M(T'). Let z, m, and

AT " < #5. Thus, we have \(T) < a contradiction.

= Eag
Dy, Dy, ..., D,, be as in Lemma 2.4.1. Let z € V(T) such that d(z, z) = m.
By Corollary 2.4.2, z is a leaf of T. Let w be the neighbour of z. Then
w € M(T). By Lemma 2.4.1, w € D,,_;.

Suppose w = z. Thenm = 1 and E(T) = {xz1,...,xz} for some distinct
vertices z1,..., 2, of T. Thus, T is a k-star and hence k-special.

Now suppose w # x. Together with Lemma 2.4.1, this implies that
N(w) = {v,21, ...,zk_1} for some v € D,, 5 and some distinct vertices
21, .., 2k—1 in Dy,. By Corollary 2.4.2, zq,..., 2.1 are leaves of T'. Let T" =
T —v. Then each component of 7" is a tree. Let K be the set of components
of T" whose maximum degree is k, and let H be the set of components of T’
whose maximum degree is less than k. Let W = {w, z, ..., 2,1 }. Note that
(W, {wz,...,wzp_1}) € H, and hence W N {Joee V(C) = 0. Let Sy be the
k-star (W U {v}, {wv,wz, ..., wzg_1}).

Suppose IC = ). Then {v} is a A-reducing set of T, and hence \(T") = 1.
Since \(T)

= w47 we have n =k + 1, s0 T' = So. Thus, T is k-special.

Now suppose K # (). Let Ty,...,T, be the distinct members of K. For
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each i € [r], let R; be a A-reducing set of T; of size A\(7;). By Theorem 2.2.6,
|R;| < W(T” for each ¢ € [r]. Now {v} UlJ;_, R; is a A-reducing set of T

Thus, we have

" |VS() | n
T <1 R
) < +;| <1 Z k+1 S L

Since A\(T') = 2+, it follows that V(T) = V(Sy) UU;_, V(T;) and N(T;) =

k417
“;(JFTIH for each ¢ € [r]. By the induction hypothesis, for each i € [r|, T; is k-
special, so there exist vertex-disjoint k-stars S;1,...,S; such that V(T;) =
Uizl V(S;,;) and U;;l E(S; ;) € E(T;). Therefore, we have V(T') = V(Sp) U
U, Uiy V(Siy) and E(So)UU;_, Uy E(Si;) € E(T). Since So, 1, - .., T,

are vertex-disjoint, Sp,S11,..., S14, -3 501,-.., S, are vertex-disjoint.

Since A(T) =k, T is k-special. 0
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Chapter 3

Reducing the maximum degree of

a graph by deleting edges

3.1 Introduction

In the previous chapter, we investigated the minimum number of vertices that
need to be removed from a graph so that the new graph obtained has a smaller
maximum degree. In this chapter, we investigate the minimum number of
edges that need to be removed from a graph for the same purpose. The first
problem is of domination type (see [9]), whereas the second problem is of
edge covering type (see below). In this chapter, we present our work from
our recent paper in [11].

Recall that we call a subset L of E(G) a A-reducing edge set of G if
A(G — L) < A(G) or A(G) = 0. We denote the size of a smallest A-
reducing edge set of G by A.(G). More formally, A\(G) = min{|L|: L C
E(G), A(G—L) < A(G)}. Note that L is a A-reducing edge set of G if and
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only if M(G) € U.ernme ey € or AG) = 0.

We provide several bounds and equations for \.(G). Our main results are
given in the next section. Before stating our results, we need to recall some
definitions and notation, and make a few observations.

Let G, denote the subgraph of G given by (U,cir(q) Ea(v), Ec(M(G)))
(= (Ng[M(G)], Ec(M(Q)))). Recall that for L C E(G) and X C V(G), we
say that L is an edge cover of X in G if for each v € X with dg(v) > 0, v is
incident to at least one edge in L. Note that L is a A-reducing edge set of
G if and only if L is an edge cover of M(G) in G. Thus,

Ae(G) = min{|L|: L is an edge cover of M(G) in G}.
Consequently, we immediately obtain
Ae(G) = Ae(Go). (3.1)

Definitions and notation from Chapter 1 will be used.

We are now ready to state our main results, given in the next section. In
Section 3.3, we investigate A\.(G) from a structural point of view; we obtain
equations for A\¢(G) in terms of certain parameters of certain subgraphs of
G, and observe how A.(G) changes with the deletion of edges. Some of
the structural results are then used in the proofs of the main upper bounds

presented in the next section; these proofs are given in Section 3.4.
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3.2 Main results

In this section, we present our main results, most of which are bounds for

Ae(G) in terms of basic paramaters of G. We start with a lower bound.

Proposition 3.2.1. If G is a graph, n = |V (G)|, m = |E(G)|, k = A(G) >
1, and t = |M(G)|, then

0 2 me{ [0 [])

Moreover, equality holds if G is complete.

Proof. Let L be a A-reducing edge set of G of size \o(G). Since A(G—L) <

k—1, the handshaking lemma (applied to G— L) gives us |E(G—L)| < (kgl)n.
Since m = |B(G — L)) + || < 52 4 0(@), A(@) > |G,
Since L is a A-reducing edge set of G, each vertex in M (G) is contained

in some edge in L. Thus, M(G) C U, e. Therefore, t <> _, |e| = 2|L],
and hence \o(G) > [L].

2

Suppose that G is a complete graph. Then ¢t = n, kK = n — 1, and
m = @ Let vy,...,v, be the vertices of G. Let X = {wvy;_juv9: 1 €
N,7 < 2}. If n is even, then X is a A-reducing edge set of G of size
=i = {w-‘ If n is odd, then X U {v,v1} is a A-reducing edge

set of G of size 241 = [4] = [2n==n |, .

In the rest of this section, we present upper bounds for A\.(G), the proofs
of which are given in Section 3.4. For this purpose, we shall first introduce a

class of graphs that attain each of these upper bounds.
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For k > 1, we will call a graph G a special k-star union if A(G) = k and
each non-singleton component of G is a union of k-stars that are pairwise

edge-disjoint and k-wise vertex-disjoint.

S Sy

|

5]

Sl SQ S?

o—_—

Ss

So

Figure 4: An illustration of special k-star union.

In Section 3.4, we prove the following.

Lemma 3.2.2. If G is a special k-star union, m = |E(G)|, and t = |M(G)|,
then m = kt and \.(G) = t.

Theorem 3.2.3. If G is a graph, m = |E(G)|, k = A(G) > 1, and t =
|M(G)|, then

m+ (k— 1)t
<~ 7
Ael(G) < 2k — 1

Moreover, equality holds if and only if G is a special k-star union or each

non-singleton component of G is a 2-star or a triangle.

Remark 3.2.4. By (3.1), we may take m = |F(G,)| in each of the results
above, and n = |V(G,)| in Proposition 3.2.1. Note that A(G) = A(G.) and
M(G) = M(Ge). Thus, we actually have the following immediate conse-

quence.
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Corollary 3.2.5. If G is a graph, n = |V (G.)|, m = |E(G.)|, k = A(G) > 1,

and t = |[M(G)|, then

Imm{[%n_<k_1mwwEW}SAJG)SWF%%_Jﬁ.

2 2 2k —1

Moreover, the bounds are sharp.

Consider the numbers m, k, and ¢ in Corollary 3.2.5. By the defini-
tion of G,, m < kt. Let H = G.. By the handshaking lemma, 2m =
> vevin (V) = 32 chie) du(v) = kt (and equality holds if and only if G.
is regular). Thus,

kt
5 <m <kt (3.2)

Using a probabilistic argument similar to that used by Alon in [4], we

prove the following bound.

Theorem 3.2.6. If G is a graph, m = |E(G,)|, k = A(G) > 2, and t =

v <n(1-52(2))

Moreover, equality holds if G is a special k-star union.

|M(G)|, then

As we also show in Section 3.4, a slight adjustment of the proof of Theo-

rem 3.2.6 yields the following weaker but simpler (and still sharp) result.

Theorem 3.2.7. If G is a graph, m = |E(G.)|, k = A(G) > 1, and t =

ve < (1em(E)),

Moreover, equality holds if G is a special k-star union.

|M(G)|, then
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A set of pairwise disjoint edges of G is called a matching of G. The
matching number of G is the size of a largest matching of G and is denoted

by o/(G). In the next section, we prove the following result.

Theorem 3.2.8. For every non-empty graph G,

Ae(G) = [M(G)] = o (GIM(G))).

If G is a regular non-empty graph, then M(G) = V(G), and hence, by
Theorem 3.2.8, \(G) = |V(G)| —/(G). Thus, for a regular graph G, a lower
bound for o/(G) yields an upper bound for \.(G), and vice-versa. For k > 3,
Henning and Yeo [35] established a lower bound for o/(G) for all k-regular
graphs G, and showed that the bound is attained for infinitely many k-regular
graphs. Biedl et al. [8] had proved the bound for & = 3 and several other
interesting lower bounds for o/(G). Another important lower bound for k-
regular graphs with & > 4 is given by O and West [46|. The 2-regular graphs
are the cycles. It is easy to see that {n, 1} U{{2:,2i+1}: 1 <i < [n/2] -1}

is a smallest A-reducing edge set of C),, so

Ae(Ch)

m . (3.3)

For k > 1, we will call a tree T an edge-disjoint k-star union if T is a

union of pairwise edge-disjoint k-stars.
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Figure 5: An illustration of an edge-disjoint k-star union.

In Section 3.4, we prove the following sharp bound for trees.

Theorem 3.2.9. IfT is a tree, n = |V(T')|, m = |E(T)|, and k = A(T) > 1,

then
n—1

m
A(T) < =

Moreover, equality holds if and only if T is an edge-disjoint k-star union.

The trees of maximum degree at most 2 are the paths. It is easy to see
that {{2,2i +1}: 1 <i < [(n—2)/2]} is a smallest A-reducing edge set of

P,, so

Ao(Py) = [” > 2} . (3.4)

Theorem 3.2.9 yields the following generalization.

Theorem 3.2.10. If F' is a forest, m = |E(F)|, and k = A(F) > 1, then
m
A(F) < 2
(<"

Moreover, equality holds if and only if each non-singleton component of F is

an edge-disjoint k-star union.
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Proof. Let C be the set of components of F'. Let D = {C € C: A(C) = k}.

Since A(F) =k, D # . For each D € D, D is a tree, so \(D) < |E(kD)|

by Theorem 3.2.9. By Proposition 3.3.7 (given in the next section), A.(F') =

Y pep Ae(D) <X pep |E(]€D)| < 7. If each non-singleton component of F'is an
|E(D)|

edge-disjoint A-star union, then, by Theorem 3.2.9, A(F') = Y pcp =

7. Now suppose A(F') = 2. Then, by the above, m =, |E(D)| and
Ae(D) = @ for each D € D. Thus, each non-singleton component of F'

is a member of D, and, by Theorem 3.2.9, it is an edge-disjoint k-star union. O

By the observations in Remark 3.2.4, we may take m = |E(G,)| in The-
orem 3.2.10. Thus, for the case where G is a forest, Theorem 3.2.10 im-

proves each of the upper bounds in Corollary 3.2.5, Theorem 3.2.6, and Theo-

. m(k—1)t  m+(k—1)(m/k)
rem 3.2.7. Indeed, since m < kt (by (3.2)), we have =5 =+ > T =

_1
pon (1= (8)7) 20—z (Lo () 2

3.3 Structural results

In this section, we take a close look at how A.(G) is determined by the
structure of G' and at how it is affected by removing edges from G. Some of
the following observations are used in the proofs given in the next section.
Let M;(G) denote {v € M(G): vw € E(G) for some w € M(G)\{v}}.
Let My(G) denote M (G)\M,(G). Thus, My(G) = {v € M(G): dg(v,w) >
2 for each w € M(G)\{v}}.
Recall the definition of an edge cover, given in Section 3.1. An edge cover

of V(G) in G is called an edge cover of G. The edge covering number of G
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is the size of a smallest edge cover of G and is denoted by '(G). Clearly,

Ae(G) = F(G) if G is regular. In general, we have the following.

Theorem 3.3.1. For every non-empty graph G,

Ae(G) = [My(G)] + B'(G[ML(G)]).

Proof. We start with a few observations. Let £ = A(G). Since G is non-
empty, k£ > 1. For each v € M(G), G has exactly k edges incident to v. By

definition of My (G),

for any v € My(G) and any e € Eg(v), e ¢ Eg(w) for each w € M(G)\{v}.

(3.5)
For any v € M;(G), vw € E(G) for some w € M(G)\{v}, and therefore
w € M;(G) and vw € G[M;(G)]. In other words,

for any v € M;(G), G[M;(G)] has at least one edge incident to v.  (3.6)

Thus, G[M;(G)] has an edge cover.

Let K be an edge cover of G[M;(G)] of size p'(G[M;(G)]). For each
v € My(G), let e, € Eg(v). Let K' = {e,: v € My(G)} UK. Then K’
is a A-reducing edge set of G. By (3.5), |K'| = |My(G)| + |K|. Thus,
A(G) < [M(G)] + B(GIAL(G)).

Now let L be a A-reducing edge set of G of size A(G). For each v € M(G),
there exists some e, € Eg(v) such that e, € L. Let Ly = {e,: v € M;(G)}

and Ly = {e,: v € My(G)}. Then Ly U Ly is a A-reducing edge set of
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G. Thus, since Ly U Ly C L and |L| = \(G), L = L; U Ly. By (3.5),
L1 U Ly| = |La| + [Ma(G)]. Let X = {v € Mi(G): e, ¢ E(G[M(G)])}.
By (3.6), for each v € M;(G), there exists some €, € Eg(v) such that
e/ € E(GIMy(G)]). Let L} = (Li\{e,: v € X})U{e,: v € X}. For each
v € X, e, N M(G) = {v}. Thus, L] is an edge cover of G[M;(G)], and
[Lh] < [La]. We have Ao(G) = [L] = [Ma(G)| + |La| = [Ma(G)| + [L4] =
|Ms(G)| + B'(G[M1(G)]). Since A\(G) < |[Ma(G)| + B'(G[M1(G)]), the result

follows. O

We now prove Theorem 3.2.8. Using a well-known result of Gallai [26],
we then show that Theorems 3.2.8 and 3.3.1 are equivalent, meaning that

they imply each other.

Theorem 3.2.8. For every non-empty graph G,

Ae(G) = [M(G)| = o/ (GIM(G))).

Proof of Theorem 3.2.8. Let H = G[M(G)]. Let K be a matching of H of
size o/ (H). Let X be the union of the vertices which are incident to the edges
in K. That is, X = [J.cxe. Then X € M(G) and |X| = 2|K|. For each
veMG\X,lete, € Eg(v). Let K/ ={e,: v € M(G)\X}. Then KUK is
a A-reducing edge set of G. Thus, \(G) < |K|+ |K'| < |K|+ | M(G)\X| =
K|+ |M(G)| — |X| = [M(G)| — | K| = |M(G)| — /(H).

Now let L be a A-reducing edge set of G of size A\.(G). Then, for each
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v € M(G), there exists some € € Eq(v) such that e € L. Let J be a largest
subset of L that is a matching of H. Let Y = J ., e. Then Y C M(G) and
Y| = 2|J]. Let Y = M(G)\Y. Let J' = {e/:v € Y'}. If we assume that

e, = e, for some u,v € Y’ with u # v, then we obtain that €, = e/ = uv

and that J U {uv} is a matching of H of size |J| + 1, which contradicts the
choice of J. Thus, |J'| = [Y’|. Now JUJ C L and JNJ = (. We have
Ao(G) = L] 2 [J US| = [J[+ '] = [+ Y] = [J| + [M(G)] = [Y] =
\M(G)| — |J] > |M(G)| — &/(H). Since A\(G) < |M(G)| — o/(H), the result

follows. O
Proposition 3.3.2. Theorems 3.2.8 and 3.3.1 are equivalent.

Proof. By (3.6), 0(G[Mi(G)]) > 1. A result of Gallai [26] tells us that
o/(H) + B'(H) = |V(H)| for every graph H with 6(H) > 1. Therefore,
o/ (GML(G)]) + BI(GIML(G)]) = [V(GIM(G)])| = [Mi(G)]. If v,w € M(G)
such that vw € E(G), then vw € My (G). Thus, E(G[M(Q)]) = E(G[M,(G)]),
and hence o (G[M:(G)]) = o/(G[M(G)]). Thus, since |M(G)| = |M(G)| +

|M5(G)|, Theorem 3.2.8 implies Theorem 3.3.1, and vice-versa. O

From Theorem 3.3.1 we immediately obtain the next two results.

Proposition 3.3.3. If G is a non-empty graph, then A\(G) < |[M(G)|, and
equality holds if and only if Mx(G) = M(G).

Proof. For each v € M(G), let e, € Eg(v). Since {e,: v € M(G)} is
a A-reducing edge set of G, A\(G) < |[{e,: v € M(G)} < |[M(G)|. By
Theorem 3.3.1, \o(G) = |[M(G)| if My(G) = M(G). Suppose My(G) #

M(G). Then M;(G) # 0. Let x € M,(G). By (3.6), xy € E(G[M(GQ)]) for
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some y € M;(G)\{z}. Also by (3.6), for each v € M;(G)\{z,y}, there exists
some €, € Eg(v) such that e/ € E(G[M;(G)]). Let L = {ay} U{e,: v €
M, (G)\{x,y}}. Since L is an edge cover of G[M,(G)], ' (G[M:(G)]) < |L| <
|M;(G)| — 1. Thus, by Theorem 3.3.1, A\(G) < |Mx(G)| + |Mi(G)| — 1 <
M(G). O

Proposition 3.3.4. If G is a graph with My(G) # M(G), then A(G —
Ma(G)) = A(G) and Mo(G) = IM(G)| + AelG — Ma(G)).

Proof. Let H = G — My(G). Since My(G) # M(G), M1(G) # 0. By (3.5),
Eq(Mi(G)) C E(H). Together with M(G) = M;(G) U My(G), this gives us
M(H) = M,(G). Let K be an edge cover of G[M;(G)] of size f'(G[M,(G))])
(K exists by (3.6)). Then K is a A-reducing edge set of H, and hence
Ae(H) < B (G[M;(G)]). By Theorem 3.3.1, \o(G) > |Ma(G)| + A\e(H). Now
let Ly be a A-reducing edge set of H of size A\(H), and let L, be as in the
proof of Theorem 3.3.1. Then Ly U Ly is a A-reducing edge set of G. Thus,
Ae(G) < |La| + [Lao| = Ae(H) + |M3(G)|. The result follows. O

In the rest of the section, we take a look at how A\.(H) relates to A(G)
for a subgraph H of G, or rather, how A\.(G) is affected by removing edges
from G.

Lemma 3.3.5. If G is a graph, H is a subgraph of G with A(H) = A(G),
and L is a A-reducing edge set of G, then LN E(H) is a A-reducing edge set
of H.

Proof. Let J = LN E(H). It is sufficient to show that for each v € M(H),
e € Ey(v) for some e € J. Let v € M(H). Since A(H) = A(G), v € M(G)
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and Ey(v) = Eg(v). Since v € M(G), e € Eg(v) for some e € L. Since
Eq(v) = Eg(v), e € E(H). Therefore, e € J. O

We point out that |L| = A\e(G) does not guarantee that |L N E(H)| =
Xe(H). Indeed, let k > 2, let G4 and G2 be copies of K;; with V(Gy) N
V(G3) = 0, and let G be the union of G and Gs. Let e; € E(G;) and ey €
E(Gs). Let e € E(Gy)\{e2}. Let H = (V(G), E(G)\{e}). Let L = {ey,ea}.
Then L is a A-reducing edge set of G of size \o(G), LNE(H) = {e1,e2} = L,
but {e;} is a A-reducing edge set of H of size \o(H). Thus, LN E(H) is not

a smallest A-reducing edge set of H.

Corollary 3.3.6. If H is a subgraph of G such that A(H) = A(G), then
Ae(H) < Ae(G).

Proof. Let L be a A-reducing edge set of G of size A\(G). Let J = LNE(H).
By Lemma 3.3.5, J is a A-reducing edge set of H. Therefore, A\o(H) < |J| <
’L’ = )‘e(G) O

Proposition 3.3.7. If G is a graph and G4, ..., G, are the distinct compo-
nents of G whose mazimum degree is A(G), then M\e(G) = >"1_; Ae(G;).

Proof. Let L be a A-reducing edge set of G of size A\,(G). For each i € [r],
let L; = LN E(G;). Then Ly,...,L, partition L, so |L| = "', |L;|. By
Lemma 3.3.5, for each i € [r], L; is a A-reducing edge set of Gy, s0 A\o(G;) <
|Li|. Suppose Ac(Gj) < |Lj| for some j € [r]. Let L’ be a A-reducing edge
set of G; of size Ae(G;). Then Lj U, 5y Li 1s a A-reducing edge set of G
that is smaller than L, a contradiction. Thus, A\.(G;) = |L;| for each i € [r].

We have Ae(G) = L] = 32 [Lil = 32imy Ae(Gi)- o
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Proposition 3.3.8. If G is a graph, u,v € V(G)\M(G), and uwv € E(G),
then Ae(G — uv) = Ae(G).

Proof. Let e = wv. Since u,v ¢ M(G), A(G —e) = A(G). By Corol-
lary 3.3.6, A\e(G —e€) < A(G). Let L be a A-reducing edge set of G — e of size
Ae(G —e). Since u,v ¢ M(G), M(G —e) = M(G). Thus, L is a A-reducing
edge set of G, and hence A\(G) < A(G — €). Since \o(G — e) < A\o(G), the
result follows. O
Proposition 3.3.9. If G is a graph and e € E(G), then A\o(G) < 14 \o(G —
e).

Proof. If A(G —e) < A(G), then A\(G) = 1. Suppose A(G —e) = A(G).
Then M(G —e) C M(G) Ue. Let L be a A-reducing edge set of G — e
of size A\e(G — €). Then L U {e} is a A-reducing edge set of G. Thus,
Ae(G) < |LU{e}| =1+ X(G —e). O

Corollary 3.3.10. If eq,...,e; are edges of a graph G, then \o(G) < t +
Ae(G —{e1,...,e1}).

Proof. The result follows by repeated application of Proposition 3.3.9. O

3.4 Proofs of the main upper bounds

We now prove Lemma 3.2.2 and Theorems 3.2.3, 3.2.6, 3.2.7, and 3.2.9.

Lemma 3.2.2. If G is a special k-star union, m = |E(G)|, and t = |M(G)|,
then m = kt and \.(G) = t.
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Proof of Lemma 3.2.2. Since G is a special k-star union, A(G) = k and
E(G) = E(G1) U ---U E(G,) for some k-stars G, ..., G, that are pairwise
edge-disjoint and k-wise vertex-disjoint. Thus, m = kr, and for i € [r], there
exist u;,vi1,...,vx € V(G) such that G; = ({us,viq, ..., vigh, {wivia, ...,
w;vi k). Fori € [r], |Eg, (uw;)| = k = A(G), so we have Eg(u;) = Eg,(u;) =
E(G;). Thus, since E(Gy),...,E(G,) are pairwise disjoint, uy,...,u, are
distinct. Consider any w € V(G)\{u1,...,u,}. For each i € [r| such that
w € V(G;), Eqg(w) N E(G;) = {w;w}. Thus, dg(w) = [{i € [r]: w € V(G;)}|,
and hence, since Gy, ..., G, are k-wise vertex-disjoint, dg(w) < k. Thus,
M(G) = {uy,...,u,}, and hence t = r. Since m = kr, m = kt.

Now let L be a A-reducing edge set of G of size \o(G). For i € [r], there
exists some e; € Fg(u;) such that e; € L. Let L' = {ey,...,e.}. Fori,j € [r]
with ¢ # j, Eg(u;) N Eg(u;) = E(G;)NE(G;) =0, so e¢; # e;. Thus, |[L'| =r.
Now L’ is a A-reducing edge set of G and L' C L, so \(G) < |L'| < |L].
Since \o(G) = |L|, we obtain L’ = L, so A(G) = r. Since t = r, the result is

proved. O

Theorem 3.2.3. If G is a graph, m = |E(G)|, k = A(G) > 1, and t =
|M(G)|, then

m+ (k—1)t
< - 7
A(G) = 2k — 1

Moreover, equality holds if and only if G is a special k-star union or each

non-singleton component of G is a 2-star or a triangle.
Proof of Theorem 3.2.3. If GG is a special k-star union, then, by Lemma 3.2.2,
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we have m = kt and \(G) =t = % If G has exactly ¢; + ¢3 + ¢3 com-

ponents, ¢; components of G are singletons, ¢; components of G are 2-stars,

and c3 components of GG are triangles, then m = 2co+3c3, k = 2, t = co+3c3,

and, by Proposition 3.3.7, Ae(G) = co\e(Py) + 30 (C3) = co+2¢3 = mJ;gc__ll)t.
We now prove the bound in the theorem and show that it is attained only
in the cases above. If m = 1, then k = 1, and the result follows immediately.

We now proceed by induction on m. Thus, suppose m > 2. If k = 1,

then the edges of G are pairwise disjoint, GG is a special 1-star union, and
Ae(G) =m = % Suppose k > 2.

Suppose My(G) = M(G). Let vy,...,v; be the vertices in My(G). By
(3.5), Eg(v1), ..., Eg(v) are pairwise disjoint, therefore |Eq(My(G))| =

S |Ba(v)| = YLk = kt. Thus, m > kt, and equality holds only if

E(G) = ._, Ec(v;). By Proposition 3.3.3, A\.(G) =t = kt;g:l)t < m;](f__ll)t.

Suppose A\(G) = % Then m = kt, and hence E(G) = J'_, Eq(v:).
For i € [t], let G; be the k-star (Ng[vi], Eg(v;)). Then Gy, ..., Gy are pairwise
edge-disjoint. For i € [t], we have dg,(v;) = A(G), so v; ¢ V(Gy) for j €
[t]\{i}. Consider any w € J._, V(Gi)\{v1,...,v}. Then w ¢ M(G), and
hence dg(w) < k. For i € [t] such that w € V(G;), Eg(w) N E(G;) = {v,w}.
Thus, [{i € [t]: w € V(Gi)}| = dg(w) < k. We have therefore shown
that G1,...,G; are k-wise vertex-disjoint. Since F(G) = Ule Eq(v;) =
Ui_, E(G)), G is a special k-star union.

Now suppose My(G) # M(G). Then zy € E(G) for some z,y € M(G).
Let H = G —ay. We have m > |Eg(z) U Ec(y)| = |Eg(x)| + |Ec(y)| —
|Eq(z) N Eq(y)| =2k — {zy}| =2k — 1. If A(H) < k, then M(G) = {z,y}

o m+(k—1)t
and A(G) =1 < =5+,
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Suppose A(H) = k. Then M(H) = M(G)\{z,y}. By the induction

hypothesis, \.(H) < (m_l);](f__ll)(t_%. By Proposition 3.3.9,

(m—1)+k-1)(t—-2) m+ (k-1

< < =
A(G) <14+ A(H) <1+ T T

Suppose A(G) = ZEEDL - Then A (G) = 1 + A(H) and A\(H) =

2k—1

(m—1)+(k—1)(t—2)

SE1 By the induction hypothesis, H is a special k-star union

or each non-singleton component of H is a 2-star or a triangle.

Suppose that H is a special k-star union. We have |M(H)| =t — 2. Let
Uy, ..., u_o be the distinct vertices in M(H). By the proof of Lemma 3.2.2,
Ey(u),..., Eg(ui—s) partition E(H), and A\e(H) = |M(H)|. Since dy(x) =
|Ec(z)\{zy} = k—1 >0, uyx € E(H) for some p € [t — 2]. Similarly,
ugy € E(H) for some ¢ € [t —2]. For each i € [t —2]\{p, ¢}, let e; € Epn(u;).
Since M(G) = {uy, ..., w2} U{z,y}, {e;: i € [t — 2]\ {p, ¢} } U{upx,u,y} is
a A-reducing edge set of G. Together with t — 2 = |[M(H)| = A\(H), this
gives us A\o(G) < Ao(H), which contradicts \o(G) =1+ A\e(H).

Therefore, each non-singleton component of H is a 2-star or a trian-
gle. Thus, & = 2. For v € {z,y}, let H, be the component of H such
that v € V(H,). Since 2 = k = dg(z) = |Ep,(z) U {zy}| = dy, (z) + 1,
we have dpy,(z) = 1, so H, is a 2-star and z is a leaf of H,. Suppose
H, # H,. Then there are 6 distinct vertices ai,...,as of H such that
H, = ({a1,a2,a3},{a1a2,a2a3}), H, = ({a4,as5,a6},{asas, asa6}), a3 = =,
and ay, = y. Let L be a smallest A-reducing edge set of H. Since H, and
H, are components of H, we have M(H)N (V(H,)UV(H,)) = {az,as} and
LNE(H,) #0+#LNE(H,). Let e, € LN E(H,) and e, € LN E(H,). Let
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L' = (L\{es, e, })U{azas, asas}. Then L' is a A-reducing edge set of G. Thus,
we have \o(G) < |L'| = |L| = Ae(H), which contradicts \o(G) = 1 4+ \o(H).
Therefore, H, = H,. Let G, = (V(H,), E(H,)U{zy}). Then G, is a compo-
nent of G. Since x and y are the two leaves of the 2-star H,, G, is a triangle.

Consequently, each non-singleton component of GG is a 2-star or a triangle. O

Theorem 3.2.6. If G is a graph, m = |E(G.)|, k = A(G) > 2, and
t =|M(G)|, then

e =n (14237

Moreover, equality holds if G is a special k-star union.

Proof of Theorem 3.2.6. We may assume that Eq(M(G)) = [m]|. By
(3.2), m < kt. Let p =1— (2—’;)ﬁ We set up m independent random
experiments, and in each experiment an edge is chosen with probability p.
More formally, for ¢ € [m], let (;, P;) be given by Q, = {0,1}, P,({1}) = p,
and P;({0}) =1—p. Let Q = Q; x --- x Q,,, and let P: 2% — [0, 1] (where
[0,1] denotes {z € R: 0 < = < 1}) such that P({w}) = [[\~, P,({w;}) for
each w = (wi,...,wy) € Q, and P(A) = > ., P({w}) for each A C Q.
Then (€2, P) is a probability space.

For each w = (wy,...,wm) € Q, let S, = {i € /m|: w; = 1} and T, =
{v € M(G): no edge incident to v is a member of S, }.

Let X : © — R be the random variable given by X (w) = |S,,|. Fori € [m)],
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let X;: Q — R such that, for w = (wq,...,wy) € Q,

1 ifieS,;
Xi(w) =

0 otherwise.
Then X =)"" X;. Fori e [m], P(X; =1) = P({1}) =p.
Let Y: Q@ — R be the random variable given by Y (w) = |T,,|. For v €
M(G), let Y, : © — R such that, for w = (wq,...,wy,) € Q,

1 ifveT,;
Yy(w) =

0 otherwise.
Then Y =3y Yo Forv e M(G), P(Y, =1) = (1 —p)k.
For any random variable Z, let E[Z] denote the expected value of Z. By

linearity of expectation,

E[X +Y]=E[X]|+E[Y] = iE[Xi] X Z B[Y,]
=1 veM(Q)
:iP(XZ' =1+ Y PY,=1)=mp+i(l—p
=1 veEM(G)

Thus, by Proposition 2.4.3, there exists some w* € 2 such that X(w*) +
Y (w*) < mp+t(1—p)*. Forv € T+, let e, € Eg(v). Let Ly« = S.«U{e,: v €

T.+}. Then L, is a A-reducing edge set of G. Thus, A\(G) < |Lg»

<

|Sw*

—'I_ |Tw*

= X+ ) St = m (1=K () ).
G, is a special k-star union, then, by Lemma 3.2.2, we have m = kt and

Xe(G) =t, and hence \.(G) =m (1 — %(%)’fl) O
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Remark 3.4.1. Note that the minimum value of the function f : [0,1] - R

m

1
given by f(p) = mp + t(1 — p)* occurs at p = 1 — (kt) *~1_ hence the choice

of p in the proof above.

Theorem 3.2.7. If G is a graph, m = |E(G.)|, k = A(G) > 1, and

e < (1em(H)),

Moreover, equality holds if G is a special k-star union.

t =|M(G)|, then

Proof of Theorem 3.2.7. Let p* = 1 — (2—2)ﬁ and ¢ = %ln (%) By
(3.2), kt/2 < m < kt. Thus, 0 < ¢ < %ln2 < 1. Let f be as in Re-
mark 3.4.1. Thus, f(p*) < f(q). By the proof of Theorem 3.2.6, \.(G) <

f(p*) < f(q) = mg+t(1 —q)*. Since 1 — q < €79, we obtain \(G) <
mq+te” % = 7 In (%) +te_1n(%) =7 (1 +In (%)) If G is a special k-star
union, then, by Lemma 3.2.2, we have m = kt and A\.,(G) = t, and hence

M(G) =2 (1+1n (&), .

We now prove Theorem 3.2.9. Recall that if a vertex v of a graph G has

only one neighbour in G, then v is called a leaf of G.

Theorem 3.2.9. IfT is a tree, n = |V(T)|, m = |E(T)|, and k = A(T) > 1,

then
n—1

m
A(T) < =
1) == k
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Moreover, equality holds if and only if T is an edge-disjoint k-star union.

Proof of Theorem 3.2.9. The result is trivial for n < 2. We now proceed
by induction on n. Thus, consider n > 3. Since T is connected, k > 2.

Suppose that T has a leaf z whose neighbour is not in M (7). Let w
be the neighbour of z in 7. Let 7" = T — z. By (3.1), A\(T) = A(T")
as T, = T".. By the induction hypothesis, A\o(7") < ”T_Q < "T_l Thus,
Ae(T) < ™. Suppose T is an edge-disjoint k-star union. Then 7' contains
a k-star S such that z € V(5). Since Ng(z) C Nr(z) = {w}, = is a leaf of
Sand S = ({w,z],...,2.},{wz],...,wz.}), where 2| = z and 2}, ..., 2, are
distinct elements of V(T')\{w, z}. Thus, we have dr(w) = k, contradicting
w ¢ M(T). Therefore, T is not an edge-disjoint k-star union.

Now suppose that each leaf of T" has its neighbour in M (7). Let x, m,
and Dy, ..., D,, be asin Lemma 2.4.1. Let z € V(T) such that dy(x, z) = m.
By Corollary 2.4.2, z is a leaf of T'. Let w be the neighbour of z in 7. By
Lemma 2.4.1, w € D,,_1.

Suppose w = x. Then m =1 and T' = ({x, z1,..., zx},{zz1, ..., 22 })
for some distinct vertices z1,..., z; in D,,. Thus, T is a k-star. Since xz; is
a A-reducing edge set of T, Ao(T) =1 = L.

Now suppose w # x. Together with Lemma 2.4.1, this implies that
Nrp(w) = {v,21,..., 2,1} for some v € D,,_» and some distinct vertices
21y, 2k-1 in Dpy,. By Corollary 2.4.2, zy,..., 2,1 are leaves of T. Let

e = wv. Let

Ty =T—{w,z1,...,2z,1} and To = ({w,z1,..., 2,1} {wz1,...,wzk_1}).
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Clearly, T} and T are the components of T' — e, and they are trees. Let
Ty = ({v} UV (Ty),{e} UE(Ty)). If T'=1T;, then A(T —e) < k, and hence
Ae(T) =1 =221 We have A(T3) < k.

Suppose A(T;) < k. Then A(T —e) < k, and hence A(T) = 1 < 2L
Suppose Ae(T) = 1. Then n = k+ 1 = |V(T»)| + 1. Since n = [V(T)| +
|V (T3)|, we obtain |V (T})| =1, so V(T1) = {v}. Thus, T is the k-star T3.

Finally, suppose A(T7) = k. By Proposition 3.3.7, A\o(T'—¢) = Ae(T}). By

the induction hypothesis, Ae(77) < ”‘Z‘l, and equality holds if and only if T}

is an edge-disjoint k-star union. By Proposition 3.3.9, Ao(T) < 1+ X (T—e) <

n—k—1 _ n—1
L+=— =5

Suppose Ae(T) = 2. Then Ao(T7) = 2=, and hence T} is an edge-
disjoint k-star union. Since 7" is the union of T} and 73, T' is an edge-disjoint
k-star union.

We now prove the converse. Thus, suppose that T is an edge-disjoint
k-star union. Then there exist pairwise edge-disjoint k-stars Gi,...,G,
such that z; € V(G,) and T is the union of Gy,...,G,. Since Ng, (z1) C
Np(z) = {w}, G, = {w, 21,91, ..., yk—1}, {wz,wyr, ..., wy, ,}) for some
Yt .., Yk—1 € V(T). Since dg,(w) = k = dr(w), Ng,(w) = Nr(w). Thus,
{z1,91,- -, yk—1} = {z1,- .., 2k—1, v}, and hence G, = Ty. Consequently, 77 is
the union of Gy, ..., G,_1, and hence \(T}) = ”‘T’H Let L be a A-reducing
edge set of T of size A\o(T). Let Ly = LN E(Ty) and Ly = L N E(T}3). Since
E(T)) and E(T3) partition E(T'), Ly and Ly partition L. Since w € M(T)
and Er(w) = E(T}), Ly # 0. Suppose that L; is not a A-reducing edge
set of T}. Then, since A(Ty) = k, there exists some u € V(T7) such that

dr, (u) =k and Er(u)NL C Ly. Since V(T1)NV(T3) = {v} and Ly C V(T3),
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u=v. Now k > |Ep(v)| = |Ep(v) U{e}| > |En(v)| = dg, (v), which con-
tradicts dr, (v) = dp,(u) = k. Thus, L; is a A-reducing edge set of 7. We
have 1 > A\ (T) = |L| = |L1| + |La| > Ao(Th) +1 = 2251 41 = 21 g0
Ao(T) = =5t

A basic result in the literature is that |F(G)| = |V(G)| — 1 if G is a tree.

This completes the proof. O
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Chapter 4

A generalisation of Turan’s

problem

4.1 Introduction

In this chapter, we consider a generalisation of the classical problem of Turan
[52]. We investigate the smallest number of edges that need to be removed
from a non-empty graph G so that the resulting graph does not contain
k-cliques. Let Cx(G) denote the set of distinct k-cliques of G. That is,
Cr(G) = {C C V(G): Cis a k-clique of G}. We call L C F(G) a k-clique
reducing edge set of G if w(G — L) < k. We define A\.(G, k) to be the size of
a smallest k-clique reducing edge set of G that is, A(G, k) = min{|L|: L C
E(G),w(G — L) < k}. We call \.(G, k) the k-clique reducing edge number.
We can now state our results, which are given in the next section. In
Section 4.3, we investigate \.(G, k) from a structural point of view; that is,

how the parameter changes with the removal of edges. Some of the structural
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results are then used in the proofs of the main results; these proofs are given

in Section 4.4. Definitions and notation from Chapter 1 will be used.

4.2 Main results

In this section we present our results. We start by stating Turan’s theorem,
but first we define a special graph.

Let G be a graph such that V' (G) is partitioned into k—1 sets, V4, ..., Vi_1,
\Vi| = n;, for each ¢ € [k—1], and E(G) = {{u,v}: u e V,,v € V;,i # j}. Let

us denote the resulting graph by K, . _,. Note that n =n; +--- +ny_;.

.....

The Turdn graph T'(n, k) is the graph K,

iLjelk—1i#]

,,,,, ne_1» With [n; —n;| < 1, for every

Theorem 4.2.1 (Turan, [52|). If G is a graph, n = |V(G)|, m = |E(G)],

and G does not contain k-cliques, then

(=

Moreover, the bound is attained if and only if G is the Turdn graph T'(n, k).

Turan’s theorem generalises a previous result [42] by Mantel which states
that the maximum number of edges in a graph on n vertices and which does

not contain a copy of Ks, is L"IQJ

Corollary 4.2.2. If G is a graph, n = |V (G)|, m = |E(G)|, then

- |(=2)2)
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Proof. Let G be a graph and let L be a k-clique reducing edge set of GG
of size A\(G, k). Thus, w(G — L) < k, and therefore, by Theorem 4.2.1,

|E(G — L) < [(52)%]. But |[E(G — L)

2

|E(G)] = [L] = m = A(G, k).
Thus, A(G, k) =m — |E(G — L)| > m — [(£=2)2]. O

We point out that the bound in Corollary 4.2.2 is attained by any graph
G (on n vertices) which contains the Turan graph T'(n, k) as a subgraph.
Indeed, let L = E(G) \ E(T(n,k)). Note that w(G — L) = w(T(n,k)) < k.
Thus, L is a k-clique reducing edge set of G. Therefore, \.(G,k) < |L| =

k=2) %J . Thus, since

(B(G)\ E(T(n, k)| = |E(G)| — |E(T(n,k))| = m — [(
Ae(Gok) > m — [(522)20 ] then A\ (G, k) = m — [(522)2]. In particular, if
G is the complete graph K,,, then \(G, k) = (3) — [(E=2)22 |,

If we apply an approach similar to that used in the proof of Theorem 2.2.4

in chapter 2, we get the following bound; however, we prove this result by

induction on the number of edges.

Theorem 4.2.3. If G is a graph with 6(G) > 0, m = |E(G)| andt = |Cx(G)|,

then
m+ ((5) — 1)t
A(GLE) < 2(5) 1 .

Moreover, the bound is attained if and only if G is a union of t pairwise

edge-disjoint k-cliques.

By adapting an argument similar to that used by Alon in [4], we prove

the following sharp bound.

Theorem 4.2.4. If G is a graph, m = |E(G)|, t = |Ck(G)|, and o = (S),
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then

M <mfi- () (2))

a J\at
The bound in Theorem 4.2.4 is attained if GG is a union of ¢ pairwise

edge-disjoint k-cliques.

4.3 Structural results

In this section we provide results on how A.(G, k) is affected by removing
edges from G. Some of these structural results are then used in the proofs of
the main results.

Recall that C,(G) = {C C V(G): C is a k-clique of G} is the set of all
distinet k-cliques of G. Now for the rest of this chapter, for each C' € C(G),
we will let E(C) = E(G[C]) = (§).

Define C{(G) = {C € Cx(G): E(C)NE(K) # () for some K € Cx(G)\ C}.
Let C}(G) = C(G)\ CLH(G). That is, C3(G) = {C € Cx(G): E(C)NE(K) =0
for every K € C,(G) \ C}.

Lemma 4.3.1. If G is a graph, H is a subgraph of G and L s a k-clique

reducing edge set of G, then LN E(H) is a k-clique reducing edge set of H.

Proof. If w(H) < k, then the result is trivial. So suppose w(H) > k. Let
J = LN E(H). It is sufficient to show that for every C' € Cy(H), there
exists e € E(C) for some e € J. Let C' € Cy(H). Since H is a subgraph
of G, then C' € Cx(G). Therefore, by definition of L, there exists e € L
such that e € E(C). But since C' € Ci(H), then e € E(C) C E(H). Thus,
e€ LN E(H)=J. Thus, the result follows. O
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We point out that |L| = A\.(G, k) does not guarantee that |L N E(H)| =
Ae(H, k). Indeed, let £ > 3 and let G be a copy of Kj. Let e; = {1,2},
ey = {k,1} and H = G — e5. Then L = {e;} is a k-clique reducing edge set
of G of size \(G, k), LN E(H) = L, but since w(H) < k, then we can take
() as a k-clique reducing edge set of H. Thus, L N F(H) is not a smallest

k-clique reducing edge set of H.
Corollary 4.3.2. If H is a subgraph of G, then \.(H, k) < (G, k).

Proof. Let L be a k-clique edge reducing set of G of size A\(G, k). Let
J = LNE(H). By Lemma 4.3.1, J is a k-clique reducing edge set of H.
Therefore, A\.(H, k) < |J| < |L| = X\(G, k). O

Proposition 4.3.3. If G is a graph and G4, ...,G, are the distinct compo-
nents of G, then A\(G, k) =3 i A\(Gi, k).

Proof. Let L be a k-clique reducing edge set of G. For each i € [r], let L; =
LNE(G;). Then Ly,..., L, partition L, so |L| = 3 _:_, |L;|. By Lemma 4.3.1,
for each i € [r], L; is a k-clique reducing edge set of G;, so \.(Gy, k) < |L;].
Suppose \(Gj, k) < |L;| for some j € [r]. Let L) be a k-clique reducing edge
set of G of size A\.(Gj, k). Then L Ui 5y Li is a k-clique reducing edge
set of G that is smaller than L, a contradiction. Therefore, A.(G;, k) = | L]

for each i € [r]. Thus, \o(G, k) = |L| = >\, |Li| = > i_; A\(Gi, k). 0

Proposition 4.3.4. If G is a graph and e € E(G) \ Uceey)E(C), then
A(G — e, k) = A\(G. k).
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Proof. Let e € E(G)\Ucec, () E(C). Since G'—e is a subgraph of GG, then by
Corollary 4.3.2, A\c(G—e, k) < A\(G, k). Let L be a k-clique reducing edge set
of G—e of size \o(G'—e, k). Since e & Ugec, () E(C), then C, (G —e) = Ci(G).
Thus, L is a k-clique reducing edge set of G, so A\(G, k) < |L] = A\(G —
e k). O

Proposition 4.3.5. If G is a graph and e € E(G), then A\(G,k) < 1+
Ae(G — e, k).

Proof. If Cx(G — e) = 0, then the result is trivial. Suppose Cr(G — ¢) # 0,
s0 Cx(G —e) C Cx(@). Let L be a k-clique reducing edge set of G — e of size
Ae(G —e,k). For any C € Ci(G) \ Cx(G —¢), e € E(C). Thus, LU {e} is a
k-clique reducing edge set of G. Therefore, \.(G, k) < |LU{e}| =|L|+1=
A(G —e,k)+ 1. 0

Corollary 4.3.6. If G is a graph and ey, . . ., e; are edges of G, then \(G, k)
S t+ >\C<G — {61, Ce 7€t}7k)-

Proof. The result follows by repeated application of Proposition 4.3.5. O

Proposition 4.3.7. If G is a graph, A\.(G,k) < |Cx(G)|, and equality holds
if and only if Cr(G) = C3(G).

Proof. If Ci(G) = 0, then A.(G,k) = 0, and therefore the result fol-
lows. Suppose Cx(G) # 0. For each C € Ci(G), choose a single edge
ec € E(C). Then {ec: C € Cx(G)} is a k-clique reducing edge set of G,
and thus Ac(G, k) < {ec: C € Cr(G)} < |Ch(G)].

Suppose Ci(G) = C3(G). Then C}(G) = (. Suppose that G has a k-

clique reducing edge set L of G such that |L| < |Cx(G)|. By definition of
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L, for every C' € Ci(G) there exists e € L such that e € E(C'). But since
|L| < |Ck(G)]|, then by the pigeonhole principle, there exists ¢/ € L, and
C1,Cy € Cr(G), Oy # Oy, such that ¢ € E(C)) and ¢ € E(Cy). Thus,
E(Cy) N E(Cy) # 0, which contradicts C(G) = C?(G). Suppose now that
Ci(G) # C3(G). Then CL(G) # 0. Let C; € CL(G), then E(Cy) N E(Cy) # 0
for some Cy € CL(G)\{C1}. Let e € E(C1)NE(Cy). Note that L = {eq: C €
Cr(G)\ {Cy,Cy}} UA{e} is a k-clique reducing edge set of GG, and therefore,
A(G k) < |L] < |Cu(G)] = 1 < [Cu(G)]- =

Proposition 4.3.8. If G is a graph and C}(G) # Ci(G), then \(G, k) =
ICHG)| + A(G — Ugeez (o) E(C), K).

Proof. We use induction on |[CZ(G)|. The result is trivial if |C3(G)| = 0.
Suppose |CZ(G)] > 1. Let C" € C}(G). Since C3(G) # Cx(GQ), then Ci(G) # 0.
Clearly, Ci(G—E(C")) = Ci(G), and Ci(G = E(C")) = CR(G)\{C"} # Cr(G -
E(C")). By the induction hypothesis, A\.(G — E(C"), k) = |C3(G — E(C"))| +
A((G = B(CY) = Ugeesapen B(C), k) = ICUG)| — 1+ Al(G — B(C)) -
Uceczon ey B(C), k) = [CR(G)| = 14+X(G = (E(C") Upeez (@ oy E(C)). k) =
ICH(Q)] — 1+ Ae(G — UoeezayE(C), k). Let ¢’ € E(C”). Now since for every
edge e € E(C") \ {€'}, e & Ucee, (- E(C), then by repeated application of
Proposition 4.3.4, A\(G — ¢, k) = A\(G — E(C'"), k). By Proposition 4.3.5,
A(G k) <14+ X(G =€ k) =1+ N(G— E(C"), k). Suppose \(G,k) <
A(G—E(C"), k). Let L be a k-clique reducing edge set of G of size (G, k).
Then there exists ¢’ € L such that ¢’ € E(C'). Since C' € C}(G), ¢ ¢
E(C) for some C' € Ci(G) \ {C'}. We obtain that L\ {€"} is a k-clique
reducing edge set of G — E(C") of size A (G, k) —1 < A\(G—E(C"),k)—1, a
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contradiction. Therefore, A\.(G, k) = 1+ (G —E(C"), k) = [C}(G)]|+ (G —
UCEC%(G)E(C% k‘) O

4.4 Proofs of the main results

In this section, we provide the proofs of Theorem 4.2.3 and Theorem 4.2.4.

Theorem 4.2.3. If G is a graph with 6(G) > 0, m = |E(G)| andt = |Cx(G)|,

then
m+ ((§) — 1)t
A(GL k) < ) -1

Moreover, the bound is attained if and only if G is a union of t pairwise

edge-disjoint k-cliques.

Proof of Theorem 4.2.3. If GG is a union of ¢ pairwise edge-disjoint k-

k —
cliques, then m = (S)t, and therefore, A\ (G, k) =t = M We now

2(%)-1

prove the bound and show it is attained only if G is a union of ¢ pairwise edge-

k —
disjoint k-cliques. Suppose m = 1. If k > 3, then A\ (G, k) =0 < %Ll)t

k
If £k =2, then t = 1 and thus, \.(G,k) =1 = % We now proceed

by induction on m. Thus, suppose m > 2. If & = 2, then ¢t = m and
Ae(G k) =m = %)_—11)75 In such a case, G is a union of ¢ pairwise edge-
disjoint 2-cliques. Suppose k > 3. If Cx(G) = 0, then the result is trivial.
Thus, suppose Ci(G) # 0.

Suppose first that C3(G) # 0. Let K € C}G). Let ¢ € E(K). If
Cr(G—¢) =0, then \(G,k)=1< %, which is true since ¢t = 1 and
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(S) < m in such a case. If the bound is sharp, then m = (k), and since t = 1,

2
then G is a copy of K}, and thus the result follows. If Cx(G — €’) # (), then
for every e € E(K)\ {¢'}, e ¢ Ucec,c—ey2(C). Therefore, Cp(G — E(K)) =
Cr(G —¢€') = Cx(G) \ { K}, and by repeated application of Proposition 4.3.4,
A(G — €, k) = A\(G — E(K), k). Now let G’ be the graph obtained from
G — E(K) by deleting all the isolated vertices (if any) of G — E(K). Clearly,
Ae(G — E(K), k) = \(G', k). Therefore, by applying Proposition 4.3.5 and

the induction hypothesis,

A(GoE) T4+ M(G—€,k) =14+ N(G — E(K),k) =1+ \(G", k)

<1+(m—(l§)>+((l§)—1)(t—1) Cm+((5) -1t
- 2(;) -1 o2 -1

If the bound is sharp, then A\.(G — E(K), k) = (m <2)>+,§(2) e 1), and

therefore by the induction hypothesis, G — E(K) is a union of (t—1) pairwise
edge-disjoint k-cliques. Now since K € C#(G), then E(K) N E(C) = 0, for
every C' € Cp(G)\{K} = C,(G—E(K)). Therefore, G is a union of ¢ pairwise
edge-disjoint k-cliques.

Suppose now that CZ(G) = 0. (That is, Cx(G) = CL(G)). Then there
exists an edge ¢’ € E(G) and Q1, Q2 € Ci(G) such that ¢’ € E(Q1) N E(Q2).
Let ¢ = {vw}. Note that clearly G — ¢’ does not have any isolated vertices
since dg_e(v) = dg(v)—1>2—1=1,and dg_o(w) = dg(w)—1 > 2—-1 = 1.

If Co(G —€') =0, then \(G, k) =1< %, since we are assuming
k>3, and t > 2 and m > (’;) in such a case. Suppose Cx(G —€’) # (). Note

that Cp(G —€') C Cp(G) \ {Q1, Q2}. Therefore, by applying Proposition 4.3.5
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and the induction hypothesis,

(m=1)+((5) Dt -2
2(3) — 1
25) —1+m—1+((5)—1t—=205)+2 m+((5) -1t
2(5) — 1 o2 -1

If the bound is sharp, then Ci(G — €') = Ci(G) \ {Q1, @2}, and A\ (G —

— k — —
e k)= . 1)2((%)11)@ 2), and therefore by the induction hypothesis, G — ¢

2

Ae(GoR) S T4 A(G—€ k) <1+

is a union of (¢ —2) pairwise edge-disjoint k-cliques. Now since @)1 and @), are
distinct, then there exists a vertex = € @)1 such that x ¢ @Q,, and similarly,
there exists a vertex y € Q2 such that y ¢ Q. Thus, {zv} € E(Q1) \ F(Q2)
and {yw} € E(Q2) \ E(Q1). Let Cx(G —€') = {Q),...,Q;_5}. Now since
¢’ & {xv,yw}, we have {zv} € E(Q;) for some i € [t —2], and {yw} € F(Q})
for some j € [t —2]. Suppose Q; = Q}. Then z,v,w,y € V(Q;). Thus, we
have {vw} € E(Q;), which contradicts F(Q;) € E(G —¢'). Thus, Q; # Q.
Now for each p € [t — 2], let ¢, € E(Q,). Now since {zv} € E(Q;) and
{yw} € E(Q2), then, if we let L = ({e1,...,er—o} \ {es, ¢;}) U{{zv}, {yw}},
then G — L contains none of the t k-cliques of G. Thus, L is a k-clique

reducing edge set of G of size |L| =t — 2 < A\(G, k). O

Theorem 4.2.4. If G is a graph, m = |E(G)|, t = |Cx(G)|, and o = (g),

then

1

nemEnfi- (22)(25)]

a ot
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Proof of Theorem 4.2.4. We may assume that F(G) = [m]. Let p =
1— (%)ﬁ We set up m independent random experiments, and in each
experiment an edge is chosen with probability p (and hence not chosen with
probability 1 — p). More formally, for i € E(G), let (2, P;) be given by
Q; € {0,1}, B({1}) = p and P({0}) = 1 —p. Let Q@ = Q; x --- x Q,
and let P: 2% — [0,1] such that P({w}) = [[, P.({wi}) for each w =
(Wiy -y wp) € Q, and P(A) = 3 4 P({w}) for each A C Q. Then (Q2, P)
is a probability space.

For each w = (wq,...,wn) € Q, let S, be the subset of F(G) such that w
is the characteristic vector of S,, (that is, S, = {i € [m]: w; = 1}). Let T, be
the set of k-cliques in Cix(G) such that if C' € 7, then F(C)N S, = (. That
is, T, = {C € C(G): E(C)N S, = 0}. For each C' € T, let ec € E(C).
Let T = {ec: C € T,}. Note that 7] may contain multiple elements and
thus is a multiset. Obtain the set 7] from the multiset 7). Note that
T < T = |To).

Define D, = S, UT". Then D, is a k-clique reducing edge set of G.

Let Y: © — R be the random variable given by Y (w) = |7,|. For each
C € Ci(G) and for each w = (wy,...,wy) € Q,

1 if E(C)NS, = 0;

YC (OJ) =
0 otherwise.

Let X: Q@ — R be the random variable given by X (w) = |S,,|. For each

i € [m], let X;: Q — R be the indicator random variable for whether edge i
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is in S, that is, for each w = (wy,...,wy,) € Q,

1 ifieS,;

0 otherwise.

Then X =17 X;.

For each i € [m], P(X; = 1) = Pi({1}) = p and for each C' € C,(G),
P(Yo=1) = (1-p)".

For any random variable Z, let E[Z] denote the expected value of Z. By

linearity of expectation,

i=1 CEeCL(B)
:iP(Xzzl)‘i‘ Z P(Yczl):mp+t(1_p)a
=1 CeC(@)

By Proposition 2.4.3, there exists w* € Q such that X (w*) + Y (w*) < mp +
t(1 — p)*. Now |D,-

= |Sw*

+ |T7.

S |Sw*

+ |Tw*

<mp+t(l—-p* =

mll = (*)(5) =] =
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Chapter 5

Isolation of k-cliques

5.1 Introduction

In this chapter, we investigate the size of a smallest set of vertices that when
removed together with its closed neighbourhood from a graph, we obtain a
subgraph with no k-cliques.

A more natural problem is to investigate the size of a smallest set of
vertices whose deletion from a graph induces a subgraph with no k-cliques.
However, as we shall now explain (see below), this problem is equivalent to
that of finding the size of a smallest transversal of a uniform hypergraph,
given by Alon in [4]. We first make way for the following definitions.

A hypergraph H is a pair (X,Y'), where X is a set, called the vertex set
of H, and Y is a subset of P(X) and is called the edge set of H. The vertex
set of H and the edge set of H are denoted by V(H) and E(H ), respectively.
An element of V(H) is called a verter of H, and an element of F(H) is

called a hyperedge of H (or simply an edge of H). A hypergraph H is said
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to be k-uniform if all hyperedges of H have size k. A graph is a 2-uniform
hypergraph.

Let F be a finite family of subsets of a finite set X. Let S be a subset
of X. If S intersects each member of F, then S is called a transversal of F.
Let H be a hypergraph. Then 7' C V(H) is said to be a transversal of H if
T intersects each member of E(H). The transversal number of H, denoted
by 7(H), is the size of a smallest transversal of H.

Recall that Cy(G) denotes the set of distinct k-cliques of G. That is,
Cr(G) ={C CV(G): Cis a k-clique of G}.

We will now show that the problem of finding a smallest set of vertices
whose deletion from a graph induces a subgraph with no k-cliques is equiv-
alent to finding a smallest transversal of a uniform hypergraph. Indeed, let
G be a graph and suppose Ci(G) # (. Let R be a smallest set of ver-
tices of G such that w(G — R) < k. Then its not difficult to see that for each
C € Cy(G), RNC # (). We construct a k-uniform hypergraph H from G. Let
H = (V(H),E(H)), where V(H) = V(G) and E(H) = C(G). Then H is a
k-uniform hypergraph and R is a transversal set of H. Suppose 7(H) < |R|.
Let R* C V(H) be a set which realizes 7(H). Then R* intersects all the
edges of H. Since V(H) = V(G) and E(H) = Cx(G), then R* C V(G), and
R*NC # 0, for every C' € C,(G). Thus, R* is a set of vertices of G such that
w(G — R*) <k, and |R*| = 7(H) < |R|, contradicting the minimality of R.

If F is a set of graphs and F' is a copy of a graph in F, then we call F
an F-graph. If G is a graph and D C V(G) such that G — N[D] contains
no F-graph, then D is called an F-isolating set of G. Let «(G,F) denote

the size of a smallest F-isolating set of G. The study of isolating sets was
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introduced recently by Caro and Hansberg [14, 15|. It is an appealing and
natural generalization of the classical domination problem. Indeed, D is a
{ K }-isolating set of G if and only if D is a dominating set of G (that is,
N[D] = V(G)), so t(G,{K,}) is the domination number of G (the size of a
smallest dominating set of G). In this paper, we obtain a sharp upper bound
for (G, {K}), and consequently we solve a problem of Caro and Hansberg
[14].

We call a subset D of V(G) a k-clique isolating set of G if G — N|[D]
contains no k-clique. We denote the size of a smallest k-clique isolating set
of G by «(G, k). That is, «(G, k) = min{|D|: D C V(G),w(G — N[D]) < k}.
Thus, (G, k) = (G, {K}).

We are now ready to state our main results; which are given in the next
section. The proofs of the main results are given in Section 5.3. Definitions

and notation from Chapter 1 will be used.

5.2 Main results

Before stating our first result, we require the following definitions.

Forn,k € N, let a,, j, = L J and b, = n—kay, . We have a,j, < by 1 <

k+1
Uni+ k. Ifn <k, thenlet B, = P,. If n > k+1, then let Fy,...,F,, , be
copies of K}, such that Py, ., I, ..., by, , are vertex-disjoint, and let B, be
the connected n-vertex graph given by V(B,, ;) = V (B, ,) U V(F;) and
E(B,y) = E(B,,,) U {iv:i € [any),v € V(F)}UU™ E(F;). Thus, By
is the graph obtained by taking P, ,, F1,..., Iy, , and joining i (a vertex of

an’k) to each vertex of F; for each i € [ay k]
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For n,k € N with k # 2, let

t(n, k) = max{u(G,k): G is a connected graph, V(G) = [n], G 2 K}.

For n € N, let

t(n,2) = max{:(G,2): G is a connected graph, V(G) = [n],G % Ky, G # Cs}.

The following is our primary result.

Theorem 5.2.1. If G is a connected n-vertex graph, then, unless G is a

k-clique or k =2 and G is a 5-cycle,

n
E+1

UG k) <

Consequently, for any k> 1 and n > 3,

u(n, k) = u(Boy, k) = L{;ZlJ .

A classical result of Ore [47] is that the domination number of a graph G
with min{d(v): v € V(G)} > 1 is at most § (see [29]). Since the domination
number is ¢(G, 1), it follows by Lemma 5.3.2 in Section 5.3 that Ore’s result
is equivalent to the bound in Theorem 5.2.1 for k = 1. The case k = 2
is also particularly interesting; while deleting the closed neighbourhood of
a {K}-isolating set yields the graph with no vertices, deleting the closed
neighbourhood of a {K,}-isolating set yields a graph with no edges. In

[14], Caro and Hansberg proved Theorem 5.2.1 for k = 2, using a different
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t(n,k)

<3

Wl

argument. Consequently, they established that #1 < limsup,,_,

L(Z’k) . The answer

In the same paper, they asked for the value of limsup,, ,

is given by Theorem 5.2.1.

Corollary 5.2.2. For any k > 1,

I t(n, k) 1
1111 Su = .

Proof. By Theorem 5.2.1, for any n > 3, k—}rl — ﬁ - %(le_ﬁ) <
t(n,k) 1 . . . Wnk) 1

-~ < g, and, if n is a multiple of k + 1, then == = 5. Thus,
1 L( 7k) . — 15 1 1
limy, 00 Sup{ ]; ip = n} = lim;, 00 B O

We will now exhibit graphs which attain the bound in Theorem 5.2.1. We
start by defining a special graph which attains the bound in Theorem 5.2.1
when £ = 2.

Let m € NU{0}. If ry > 1, then let C, ..., C,, be distinct copies of Cj.
For each i € [rq], let V(C;) = {vi, ..., vt} and E(C;) = {{v},vi}, ... {vi,vi}}.
Let Vi = {v1,..., v, } be such that V1NV (C;) = 0, for each i € [r1]. For each
i € [r)], let G; = (V(G;), E(G;)) where V(G;) = V(C;) U{v;} and E(G;) is

one of the following;
(1) E(Gi) = E(Ci) U {vi,vi}
(i) E(G:) = E(C) U {{vi,vi}, {vi, v3}}

(i) E(Gy) = B(C:) U {{vi,vi}, {vi, vi}}

(iv) E(G;) = E(C:) U {{vi, vi}, {vi, 03}, {vs, vi}}
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(v) E(Gi) = E(Ci) U {{vi, vi}, {vi, 03}, {vi, vs}}

Let ro € NU{0}. If 7o > 1, then let @q,...,Q,, be distinct copies of
K,. For each i € [ry], let V(Q;) = {ui,ul} and E(Q;) = {{u},u’}}. Let
Vo = {u,...,u} be such that Vo N V(Q;) = 0, for each i € [ry]. For
each i € [ry]. Let G} = (V(G)), E(G})) where V(G = V(Q;) U {u;}
and {E(Q;) U {u},u;}} € B(G) < (V). Then G = (V(G), B(Q))
where V/(G) = (UL, V(Gi)) U (U2, V(G))) and (UL E(Gi)) U (U2, E(GY)) ©
E(G) C (UL B(Gy) U (U2 E(G)) U (")"%). If H is a copy of G, then
we say that H is a 2-clique special graph. We call Gy, ...,G,, the b-cycle
constituents of G and G, ..., G, the 2-clique constituents of G. We call
v1,...,v, the 5-cycle connections of Gy,...,G,, in G (respectively), and

Ui, . .., U, the 2-clique connections of G, ..., G}, in G (respectively).

LR P

Gy G G Gy G, G, G, G,
Figure 6: An illustration of a 2-clique special graph.

Proposition 5.2.3. If G is a 2-clique special graph on n vertices and has
r1 b-cycle constituents and ry 2-clique constituents, then n = 6ry + 3ry and

L(G, 2) = 27”1 + 7a.
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We now define a special graph which attains the bound in Theorem 5.2.1
when k£ > 3.

Let @1, ..., Q, be distinct sets of vertices, each of size k. For each i € [r],
let Q; = {u},...,ut}. Let V. = {vy,...,v.} be such that VN Q; = 0,
for each i € [r]. Let G; = (V(G;), E(G;)) where V(G;) = Q; U {v;}, and
{(4)u{ui,vi}} € B(Gy) € (Y§¥). Then G = (V(G), BE(G)), where V(G) =
Ur_,V(G;), and U_E(G;) C E(G) CU[_,E(G;) U (‘;) We say that G is a
k-clique special graph and we call G1,...,G, the k-clique constituents of G

and vy, ...,v, the k-clique connections of G1,...,G, in G (respectively).

G Go Gs Gy G,

Figure 7: An illustration of a 5-clique special graph.

Proposition 5.2.4. If G is a k-clique special graph on n vertices and has r

k-clique constituents, then n = (k + 1)r and (G, k) =r.
We propose the following conjecture.

Conjecture 5.2.5. If G is a graph, then G attains the bound in Theo-
rem 5.2.1 if and only if either k = 2 and G is a 2-clique special graph or

k >3 and G is a k-clique special graph.

We can now move on to state our second main result. But first we define

a special graph.
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Let k£ > 2. Let ,...,Q, be distinct sets of vertices, each of size k.
For each i € [r], let Q; = {u},...,ul}. Let V = {vy,...,v,} be such that
VNQ; =0, for each i € [r]. Let G; = (V(Gy), E(G;)), where V(G;) =
Q;U{v;}. and E(G;) = {(Qz) U{u},v;}}. Then G = (V(G), E(G)), where
V(G) = U_,V(G;), and E(G) = U_,E(G;) U E(Ty), where Ty is a tree
induced by the vertices of V. We say that G is a k-clique edge-special graph
and we call G1,...,G, the k-clique constituents of G and vy, ..., v, the k-

clique connections of G, ..., G, in G (respectively).

G1 G2 G3 G4 G5 GG

Figure 8: An illustration of a 5-clique edge-special graph.

Proposition 5.2.6. If G is a k-clique edge-special graph with r k-clique
constituents, n = |V (G)| and m = |E(G)|, then n = (k+ 1)r, m = ((}) +

2)r — 1 and (G, k) =r.
We now state our second main result.

Theorem 5.2.7. If G is a connected graph, m = |E(G)|, and G is not a

k-clique, then for k > 2,
m+ 1

() +2

Moreover, equality holds if and only if G is a k-clique edge-special graph or

(G k) <

k=2 and G is a 5-cycle.
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We now consider a slight variant of +(G, k). We define ¢/(G, k) to be the
size of a smallest independent k-clique isolating set of G; that is, J/(G, k) =
min{|D|: D C V(G), w(G — Ng[D]) < k, D is an independent set of G}.

We provide the following sharp bound.

Theorem 5.2.8. If G is a connected graph, n = |V(G)|, and A = A(G),

then
n—A—-1+k

! <
L(G7k)— k

The above bound is attained, for example, when G is a union of ¢ pairwise

vertex-disjoint k-cliques.

5.3 Proofs of the main results

We start by proving Proposition 5.2.3, Proposition 5.2.4 and Proposition 5.2.6.
We then prove the main results; that is, Theorem 5.2.1, Theorem 5.2.7 and
Theorem 5.2.8.

Proposition 5.2.3. If G is a 2-clique special graph on n vertices and has

r1 b-cycle constituents and ry 2-clique constituents, then n = 6ry + 3ry and

1(G,2) =2r; + 1.

Proof of Proposition 5.2.3. Let G be a 2-clique special graph as described
in Section 5.2. By construction, n = |V(G)| = |(U;L,V(G;))U(U2,V(G))| =
YL IVIGH)|HY22 V(G| = 6r1+3rs. We now show that o(G, 2) = 21 +rs.

It is not difficult to see that X = V;UVoU{vs, ..., v5'} is a 2-clique isolating
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set of G. Therefore, ((G,2) < |X| = ry +ry + 11 = 2ry + ro. Suppose that
1(G,2) < 2r; + 19, and let X’ be a set which realizes ¢(G,2). Then we must
have one of the following cases.

Case 1: there exists x € X' such that x € Ng|[C;] N Ng[Q,], for some
i € [r1], j € [r2]. Note that C;NQ; = 0. If there exists a vertex in C; which
is adjacent to some vertex in ();, then this contradicts the construction of G.
If x € V1 U V5, then this also contradicts the construction of G.

Case 2: there exists © € X' such that © € Ng[C;] N Ng[Cy], for some
i,j € [r1], i # j . Note that C; N C; = 0. If there exists a vertex in C; which
is adjacent to some vertex in C}, then this contradicts the construction of G.
If x € Vi, then this contradicts the construction of G.

Case 3: there exists v € X' such that v € Ng|Q;] N Ng[Qj], for some
i,j € [re], i # j . Note that Q; NQ; = (. If there exists a vertex in (); which
is adjacent to some vertex in ();, then this contradicts the construction of G.
If x € V5, then this contradicts the construction of G. This completes the

proof. O

Proposition 5.2.4. If G is a k-clique special graph on n vertices and has r

k-clique constituents, then n = (k + 1)r and (G, k) =r.

Proof of Proposition 5.2.4. Let G be a k-clique special graph as de-
scribed in Section 5.2. By construction, n = |V(G)| = | U_, V(G))| =
S V(G| =22, 1Qi U{v;}| = r(k +1). We now show that «(G, k) =r.
It is not difficult to see that V is a k-clique isolating set of G. Therefore,

(G, k) < |V| =r. Suppose (G, k) < r, and let V' be a set which realizes
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t(G, k). Since there are r distinct cliques Qq,...,Q,, then by the pigeon-
hole principle, there exists v € V' such that v € Ng[Q;] N Ng[Q,], for some
i,j € [r],i # j. Since Q1,...,Q, are distinct, then @; N Q; = 0. If there
exists a vertex of (); which is adjacent to a vertex of ();, then this contradicts
the construction of G. If v € V', then this again contradicts the construction

of (G. This completes the proof. O
Proposition 5.2.6. If G is a k-clique edge-special graph with r k-clique con-
stituents, n = |V(G)| and m = |E(G)|, thenn = (k+1)r, m = ((g) +2)r—1

and (G, k) =r.

Proof of Proposition 5.2.6. Let G be a k-clique edge-special graph as

described in Section 5.2. By construction, n = |V(G)| = | U_, V(G;)| =
2 V(G = 2 Qe U v} = r(k+1). Also, m = |E(G)] = | U,
E(G) U E(Tv)| = | Uz E(G)| + [E(Tv)] = X [E(G)] + |E(Tyv)| =

(&) +1)r+ (r—1) = ((}) +2)r — 1. We now show that ¢(G, k) = r. It is
not difficult to see that V' is a k-clique reducing closed neighbourhood set of
G. Therefore, «(G, k) < |V| = r. Suppose ¢(G,k) < r, and let V' be a set
which realizes ¢(G, k). Since there are r distinct cliques @, ..., @,, then by
the pigeonhole principle, there exists v € V’ such that v € N¢[Q:] N N [Q],
for some 4,5 € [r],i # j. Since Q1,...,Q, are distinct, then Q; N Q; = 0.
If there exists a vertex of (); which is adjacent to a vertex of @);, then this
contradicts the construction of G. If v € V| then this again contradicts the

construction of G. This completes the proof. O
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We now prove the main results in the previous section. We start with

two lemmas that will be used repeatedly.

Lemma 5.3.1. If v is a vertex of a graph G, then (G, k) < 14 (G —
Ne[v], k).

Proof. Let D be a k-clique isolating set of G — Ng[v] of size «(G — Ng[v], k).
Clearly, C'N Ng[v] # 0 for each C' € Cr(G)\Cr(G — Ng[v]). Thus, DU {v} is

a k-clique isolating set of G. The result follows. O

Lemma 5.3.2. If Gy, ..., G, are the distinct components of a graph G, then
G R) =31 UG k).

Proof. For each i € [r], let D; be a smallest k-clique isolating set of G;.
Then, ;_, D; is a k-clique isolating set of G. Thus, «(G, k) <>/ | |D;| =
Yo t(Gy, k). Let D be a smallest k-clique isolating set of G. For each
i €[r], DNV(G;) is a k-clique isolating set of G;, so |D;| < |[DNV(G;)|. We
have 30, «(Gi, k) = 320 |Dil < 32 [IDNV(G)| = |D] = «(G, k). The

result follows. O
Theorem 5.2.1. [If G is a connected n-vertex graph, then, unless G is a
k-clique or k =2 and G is a 5-cycle,

n
E+1

UG k) <

Consequently, for any k> 1 and n > 3,

U(n, k) = u(Boy, k) = L{ZlJ .
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Proof of Theorem 5.2.1. We use induction on n. If G is a k-clique, then

WG k) =1=15 If k= 2and G is a 5-cycle, then «(G,2) = 2 = 1.

Suppose that G is not a k-clique and that, if £ = 2, then G is not a 5-cycle.
Suppose n < 2. If k > 3, then «(G,k) = 0. If k = 2, then G ~ K, so
(G,2) = 0. If k=1, then G ~ Ky, so «(G,1) =1 = 5. Now suppose
n > 3. If C,(G) =0, then (G, k) = 0. Suppose Cr(G) # 0. Let C € Cr(G).
Since G is connected and G is not a k-clique, there exists some v € C' such
that N[v]\C # (. Thus, |[N[v]| > k+1as C C N[u]. If V(G) = N[v],
then {v} is a k-clique isolating set of G, so ¢(G,k) = 1 < ;25. Suppose

V(G) # N[v]. Let G" =G — N[v] and n’ = |V(G")|. Then,
n>n+k+1

and V(G") # (. Let H be the set of components of G'. If k # 2, then let
H={HeH: H~K}. lfk=2,thenlet H ={H € H: H~ K}, or H ~
Cs}. By the induction hypothesis, o«(H, k) < ZUDl for each H € H\H'. If

k+1

= (), then, by Lemmas 5.3.1 and 5.3.2,

UG k) ST+ u(G k) =1+ u«(H, k)
HeH
\V(H) k+1+n n
<1 = < ) 5.1
= +HZ€H k1 el kil (5.1)

Suppose H' # (). For any H € H and any z € N(v), we say that H is

linked to x if zy € E(G) for some y € V(H). Since G is connected, each
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member of H is linked to at least one member of N(v). One of Case 1 and

Case 2 below holds.

Case 1: For each H € H', H is linked to at least two members of N(v).
Let H' € H' and x € N(v) such that H' is linked to x. Let H, be the set of

members of H that are linked to x only. Then,
H, CH\H,

and hence, by the induction hypothesis, each member H of H, has a k-clique

V(H)

isolating set Dy with [Dy| < 5257

Let X = {2z} UV (H’) and G* = G — X. Then, G* has a component G
with N[v]\{z} C V(G?), and the other components of G* are the members
of H,. Let D! be a k-clique isolating set of G? of size «(Gf, k). Since H' is
linked to z, zy € E(G) for some y € V(H'). If H' is a k-clique, then let

={y}. If k =2 and H' is a 5-cycle, then let ¥’ be one of the two vertices
in V(H')\Ng[y], and let D' = {y,y'}. We have X C N[D’| and |D’| = %‘1
Let D = D'"U Dy UUyey, Du. Since the components of G* are G and
the members of H,, we have V(G) = X UV(G}) UUpey, V(H), and, since

X C N[D'], D is a k-clique isolating set of G. Thus,

\V(H

UG, k) < |D| = |Di|+|D'|+ Y |Dy| < |D; |+k+1+ > 5.2)

HeH HeH,

Subcase 1.1: G is neither a k-clique nor a 5-cycle.
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Then, |D}| < |V I by the induction hypothesis. By (5.2),

1 n
WG, k)<k—<|V(G*)|+|X|+ S v(H >:k+1'

HeH,

Subcase 1.2: G, is a k-clique.

Since |N[v]| > k+ 1 and N[v]\{z} C V(GY), we have V(G}) = N[v]\{z}. If
H' is a k-clique, then let X’ = {y} and D" = {z}. If k =2 and H' is a 5-
cycle, then let X’ be the set whose members are y, ¢/, and the two neighbours
of y in H', and let D" = {z,y'}. Let Y = (X UV(G)\({v,2} U X’). Let
Gy = G — ({v,2} U X’). Then, the components of Gy are the components
of GY] and the members of H,.

If G[Y] has no k-clique, then, since {v, 2} UX' C N[D"], D" Uy ¢y, D

is a k-clique isolating set of GG, and hence

Xuv(a V( n

Gk <D// D | .

UG k) < |D"|+ Y |Dy| < k:+1 + k+1 Tkt
HeH, HeH »

This is the case if k = 1 as we then have Y = ().

Suppose that k£ > 2 and G[Y] has a k-clique Cy. We have

V(Cy) € (V(G)\{v}) U (VH)\XT). (5.3)

Thus, [V(Cy) N V(G| = [VICy N\(V(H')N\X')| > k= (k—1) = 1 and
V(Cy) nVH)| = [VICANV(GO\{vD] = k= (B —1) = 1. Let z €
V(Cy)NV(GE) and Z = V(GE) UV (Cy). Since z is a vertex of each of the
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k-cliques G} and Cly,

We have
1Z| = V(G| +|V(ICy \V(GL)| =k + |[V(Cy)NV(H)| > k+1. (5.5)

Let Gz = G—Z. Then, V(Gz) = {z} U(V(H)\V(Cy))UUpep, V(H). We
have that the components of Gz —x are Gz[V (H')\V(Cy)] (which is a clique
or a path, depending on whether H’ a k-clique or a 5-cycle) and the members
of H,, y € V(H')\V(Cy) (by (5.3)), y € Ng,[z], and, by the definition of
M., No,(x) NV (H) # 0 for each H € H,. Thus, Gz is connected, and, if
H, # ), then Gy is neither a clique nor a 5-cycle.

Suppose H, # (). By the induction hypothesis, 1(Gz, k) < %ff)‘ Let
D¢, be a k-clique isolating set of Gz of size 1(Gz, k). By (5.4), {z} U Dg, is
a k-clique isolating set of G. Thus, ((G, k) <14+ 1(Gz, k) <1+ %ff)‘, and
hence, by (5.5), «(G, k) < 2L 4 V92l — 0

Now suppose H, = 0. Then, G* = G*, so V(G) = V(G:) U {z} UV (H').
Recall that either H' is a k-clique or kK = 2 and H' is a 5-cycle.

Suppose that H' is a k-clique. Then, n = 2k + 1. By (5.4), |[V(G —
N[ < |V(G—=2)|=n—|Z| =2k +1—|Z|. Suppose |Z| > k + 2. Then,
V(G — N|z])| < k—1, and hence {z} is a k-clique isolating set of G. Thus,
(G, k) =1 < ¢57. Now suppose [Z| < k + 1. Then, by (5.5), |Z]| =k + 1
and |V (Cy) NV (H")| = 1. Let 2’ be the element of V(Cy) NV (H'), and let
Z'=V(Cy)UV(H'). Since 2’ is a vertex of each of the k-cliques Cy and H’,

Z' C N[2']. We have |Z'| = [V(Cy)| + |V (H')| — [V(Cy) NV (H')| = 2k — 1
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and [V(G—=N[ZD|I<|V(G-=Z")=n—|Z"=2k+1)— (2k—1) =2. If
k > 3, then {'} is a k-clique isolating set of G, and hence «(G, k) =1 < 2.
Suppose k = 2. Then, H', G, and Cy are the 2-cliques with vertex sets
{y, 7'}, {v, z}, and {z, 2'}, respectively. Thus, V(G) = {v,z,7,y,x}, and
G contains the 5-cycle with edge set {zv,vz, 22/, 2y, yx}. Since G is not a
5-cycle, d(w) > 3 for some w € V(G). Since |V(G—N|w])| =5—|N[w]| <1,
{w} is a k-clique isolating set of G, and hence «(G, k) =1 < 3 = 5.

Now suppose that k = 2 and H' is a 5-cycle. Then, V(G}) = {v, 2z} and
E(H") = {yy1, y1Y2, Y23, Y3Ya, yay } for some y1,y2, y3, ys € V(G). Recall that
V(Cy)NV(H")| > 1. Let 2/ € V(Cy)NV(H'). Since z and 2’ are vertices
of Cy, zz' € E(G). We have V(G) = {v, z, 2, y,y1, Y2, Y3, Y1 }, N(v) = {z, 2},
2" € {y1,y2,y3, 94} (as y ¢ V(Cy) by (5.3)), and {vz,vz, vy, 22"} U E(H') C
E(G). If 2" is yy or yy, then V(G — N[{y, 2'}]) is {v,y3} or {v,y2}. If 2’ is yo
or y3, then V(G — N[{y, 2'}]) = {v}. Thus, {y, 2’} is a k-clique reducing set

of G, and hence (G, k) =2 < % = o

Subcase 1.3: G is a 5-cycle.

If k # 2, then the result follows as in Subcase 1.1. Suppose k = 2. We have
E(G?) = {vvy, v109, 0903, U304, 140} for some vy, v9,v3,04 € V(G). Let Y =
{va,v3,v4}. Recall that the components of G* are G and the members of H,,.
Thus, G =Y is connected and V(G =Y) = {v, v, 2} UV (H" ) UUyy, V(H).

Suppose that G —Y is not a 5-cycle. By the induction hypothesis, G —Y

< VGEY)| _ n=3 _ n _ { Gince

has a k-clique isolating set D with |D)| e 3 3

Y C Nluvz], {vs} U D is a k-clique isolating set of G, so «(G, k) < 5 = 5.
Now suppose that G — Y is a 5-cycle. Then, H' is a 2-clique and

V(G -Y)=A{v,v,x,y, 2}, where {z} = V(H")\{y}. Since vyv,vz,zy,yz €
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E(G—=Y)and G =Y is a 5-cycle, E(G —Y) = {vjv,vx,zy,yz, zv1}. We
have V(G — N[{v,v}]) C {vs,y}. If vsy ¢ E(G), then {v,v,} is a k-clique
isolating set of G. If vy € E(G), then V(G — (N[v] U Nuvs])) C {2z}, so
{v,v3} is a k-clique isolating set of G. Therefore, 1(G, k) =2 < % = -
Case 2: For some x € N(v) and some H' € H', H' is linked to x only.
Let Hy = {H € H': H is linked to x only} and Hy, = {H € H\H': H is
linked to z only}. Let hy = |H1| and hy = |Hs|. Since H' € H;, hy > 1. For
each H € Hy, yg € N(x) for some yy € V(H). Let X = {x} Uy, V(H).
For each k-clique H € Hy, let Dy = {z}. If k = 2, then, for each 5-
cycle H € Hy, let yj; be one of the two vertices in V(H)\Ny[yg], and let
Dy ={z,yy}. Let Dx = Upcy, Du- Then, Dx is a k-clique isolating set of
G[X]. If k # 2, then Dx = {a}, so |Dx| =1 < 2l — XL 1¢ . — 9 and

k+1 k+1°

welet by = [{H € Hi: H ~ Cs}|, then |[Dx| = 1+h} < w = ,'%‘1
Let G* = G—X. Then, G* has a component G with N[v]\{z} C V(G}),
and the other components of G* are the members of H,. By the induction

hypothesis, ((H, k) < % for each H € Hy. For each H € H,, let Dy be

a k-clique isolating set of H of size «(H, k).

If Gf is a k-clique, then let D} = {x}. If K = 2 and G}, is a 5-cycle, then
let v" be one of the two vertices in V(G})\Ng:[v], and let D} = {z,v'}. If
neither G is a k-clique nor £ = 2 and G is a H-cycle, then, by the induction
hypothesis, G has a k-clique isolating set D} with |D}| < %

Let D = D;UDx U UHGH2 Dy. By the definition of H; and Hs, the

components of G — x are G} and the members of H; U Hy. Thus, D is a

k-clique isolating set of G since x € D, v € V(G}) N N|z], and Dx is a
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k-clique isolating set of G[X]. Let D" = Dx Uy cy, Dr and n* = [V(G})|.

We have

X| \V(H) n—n'

D'|=[Dx|+ > |D < XL 3 = .

|D'| = |Dx] |H|—k 1+ 1 ]
HeHo HeHo

If G is a k-clique, then |D| = [D'| < #7. If k =2 and G is a 5-cycle, then

n—n* n—>5 n
Dl=1+|D<1 =1 < .
D] +HID < +k—|—1 + 3 k+1

If neither G is a k-clique nor k = 2 and G, is a 5-cycle, then

n* n—n* n
D| = |D* D' < = . 5.6
PI=IDi+ 1Pl s mg + 0 = v (5:6)

This completes the proof.

Recall that for every v € V(G), let Eg(v) = {e € E(G): e is incident to v
in G}. Recall also that for X C V(G), Eg(X) denotes U,ex Eg(v). Now for
the remaining of this chapter, for X C V(G), we will let E(X) = E(G[X]).

Theorem 5.2.7. If G is a connected graph, m = |E(G)|, and G is not a

k-clique, then for k > 2,
m+ 1

() +2

Moreover, equality holds if and only if G is a k-clique edge-special graph or

(G k) <

k=2 and G is a 5-cycle.
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Proof of Theorem 5.2.7. If G is a k-clique edge-special graph with r k-

clique constituents, then by Proposition 5.2.6, «(G, k) =r = (ZL)—Z

2

. Note also

that if G is a 5-cycle, then +(G,2) =2 = (’75;12 We now prove the bound and
show that it is attained if G is a k-clique edge-special graph or k = 2 and
G is a H-cycle. We use induction on m. Suppose G is a connected graph on
m edges different from K. We first point out that if £ = 2, then the bound
is given by Theorem 5.2.1. Indeed, we first note that Co(G) = E(G). We
note also that if G is a connected graph and n = |V(G)| and m = |E(G)|,

then m > n — 1, and thus, n < m + 1. Therefore, by Theorem 5.2.1,

(G, 2) <

n_ _n m+1 _ m+1
—k:—l—l_?)S

5 (94

Suppose the bound is sharp. Then ((G,2) = § = mTH Thus, m =n —1,
and therefore, since 7 is connected, G is a tree. Since ((G,2) = %, then
the bound in Theorem 5.2.1 is sharp. Following along the lines of the proof
of Theorem 5.2.1, if V(G) = N[v] and «(G,2) = 1 = %, then n = 3 and
m = n — 1 = 2, thus G is a 2-clique edge-special graph with 1 2-clique
constituent. Continuing along the lines of the proof of Theorem 5.2.1, if
((G,2) = % =™ then (5.1) is sharp and n = n' + k +1 = n’ + 3. Since
n =n'+3, then |[N[v]| = 3. Let N[v] = CU{z}, for some z € V(G), and let
C = {u,v}, for some u € V(G). Note that dg(v) = 2. Since (5.1) is sharp,
then for each H € ‘H, «(H,2) = |V(3—H)| Now for each component H € H, since

(G is a tree and H is a subgraph of GG, then H is a tree. Thus, for each H € H,

|E(H)| = |V(H)|—1. Therefore, for each H € H, 1(H,2) = |V(3H)| = ‘E(I?Hl.
Thus, by the induction hypothesis, for each H € H, H is a 2-clique edge-
special graph. Let H = {Hi,...,H,}. For each ¢ € [p|, let H; have r;

2-clique constituents Gi,...,G. . For each i € [p], let V; = {v},... vl } be
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the set of the 2-clique connections of GY,...,GL in H;. Also, for each i € [p]
and for each j € [r], let V(G%)\ {vi} = {;u],u)}. We can assume that
for each i € [p] and for each j € [ry], ;u] is adjacent to v?. Note that by
Proposition 5.2.6, «(H;,2) = r; = %, for each i € [p]. Let V = U_, V.
Note that |V| =" r; = f:1%: lewzg—lzm?“—l.

For any H € H and any w € N(v), we say that H is linked to w if
wy € FE(G) for some y € V(H). If there exists a component H;, for some
i € [p], such that H; is linked to both u and z, then G contains a cycle, and
thus, this contradicts that GG is a tree. Thus, for each H; € H, H; is linked
to only one neighbour of v; call this neighbour w;. If there exists more than
one vertex in H; which is adjacent to w;, then G contains a cycle, and thus,
this contradicts that GG is a tree. Thus for each H; € H, there exists just one
edge which links H; to w; € N(v). Note that u and = cannot be adjacent as
this would create a cycle in G and thus, contradicts that G is a tree. Suppose
dg(u) > 2 and dg(z) > 2. Let y; € Ng(z) \ {v} and let yo € Ng(u) \ {v}.
Suppose y; € V(GY), for some s € [ry], j € [p], and suppose yo € V(GY), for
some t € [ry], ¢ € [p]. Then V '\ {v?,v}} U {y1, 92} is a k-clique isolating set
of GG of size less than mTH, a contradiction. Thus, without loss of generality,
assume that dg(u) = 1. Then for each ¢ € [p], H; is linked to x by just one
edge. Let D =V U {z}. Then |D| = |V|+ 1 = 2. Consider Hj, for some
j € [p]. Suppose H; is linked to by some edge {xy}, where y € V(GY),
for some s € [r;]. If y = ;uj, then D\ {v/} is a k-clique isolating set of

m+41

G of size less than "=, a contradiction. Suppose y = ju;. If 7; > 1, then

m—+1

D\ {v]} is a k-clique isolating set of G of size less than ™=, a contradiction.

If r; = 1, then H; = (V(H,), E(H;)), where V(H;) = {v{,ju%,jué}, and
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E(H;) = {{v]ul}, {jul;us}}. In such a case, relabel the vertices of H; such
that v] is relabelled to jul, ;ul is relabelled to jul, and ju} is relabelled to

Therefore, for each i € [p|, H; is linked to x by some edge {zy}, where
y = v’ for some s € [r;]. Thus, G[V U {z}] is a tree, and therefore, it is
not difficult to see that G is a 2-clique edge-special graph with 1+ Y7 r;

constituents G[N[v]], Gy, ..., G}

ISR

G, ..., G? , and z is the 2-clique con-
nection of G[Nv]] in G.

Following along the lines of the proof of Theorem 5.2.1, case 1 cannot
occur since otherwise this would create a cycle in GG, and thus, contradicts
that G is a tree.

Following along the lines of the proof of Theorem 5.2.1, if the bound is

sharp, then (5.6) is sharp. If (5. 6) is sharp, then |D}| = k+1 = 2 and
n—n* X X
|D/| = 22 = n=nt Since | D] = 220 = 1o Dx| = =Bl and

for each H € Hs, ]DH] = %ﬁ)' = |V(H)| Note that for each H € H; U Hao,

H is linked to x by just one edge as otherwise, this would create a cycle
in GG, which contradicts the fact that G is a tree. Now for each component
H € H,{UHs, since GG is a tree and H is a subgraph of GG, then H is also a tree.
Note that since G is a tree, {H € Hy: H ~ Cs} = ), and thus, b} = 0. Since
IDx| = 2% = Bl then |Dy| = 1+ by = Z0) XL — Xy

since by = 0, then |Dx| =1 = X2 "and therefore, hy = 1. Therefore, G[X]

is a 2-clique edge-special graph with 1 2-clique constituent. Note therefore,

that |Dx| =1 = ‘ = 3[X])| ‘E(G[X L Since for each H € H,, H is a

tree, then |E(H)| = |V(H)| — 1 for each H € Hy. Thus, for each H € H,,
Dyl = Ml _ BN

, and therefore, by the induction hypothesis, for
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each H € Hy, H is a 2-clique edge-special graph. Since the component

G is a subgraph of G and G is a tree, then G is also a tree, and thus,

v

|E(G%)| = [V(G2)| — 1. Therefore, |Df| = = = VEl = B o4 thus,
by the induction hypothesis, G} is a 2-clique edge-special graph.
Let Hy = {Hy,...,Hy,}. For each i € [p], let H; have r; 2-clique con-

stituents Gi, ..., G"

T

For each i € [p], let V; = {v{,...,v.} be the set of
the 2-clique connections of GY,...,GL in H;. Also, for each i € [p] and for
cach j € [ry], let V(G5) \ {v}} = {iu?,;u}}. We can assume that for each
i € [p] and for each j € [ry], ;u] is adjacent to v'. Note that by Propo-
sition 5.2.6, «(H;,2) = r; = %, for each i € [p]. Let V = U_ V.
Let G[X]| = (V(G[X)), E(G[X])) where V(G[X]) = {z,y1,y2}, for some
y1,y2 € V(G), and E(G[X]) = {{zn1 }, {v1y2}}. Let G have r* 2-clique con-
stituents G, ..., Gp«. Let {vy,...,v.«} be the set of the 2-clique connections
of Gy,...,Gw in G*. For each j € [r*], let V(G) \ {v;} = {u],ul}. We
can assume that for each j € [r*], v; is adjacent to u{ Note that by Propo-
sition 5.2.6, 1(G%,2) = r* = G Lot D" = {2} U {v,...,0-} U V.
Since (5.6) is sharp, then |[D"| = 14+ r* = Y7 | r; = ™H_ Recall that
dg(v) = 2, thus we can let Ng(v) = {u,x}, for some u € V(G). Note that
since N[v] \ {z} € V(G}), then u € V(G;}). Note also that dg:(v) = 1, and
thus, v is only adjacent to v in G¥. Suppose r* > 1, then since dg: (v) = 1,
then v = u} for some j € [r*]. Thus, D"\ {v;} is a k-clique isolating set
of G of size less than mT“, a contradiction. Therefore, r* = 1. That is,
G¥ = G;. Then G: = (V(G}), E(G)), where V(G?) = {vy,uj,us}, and
E(G:) = {{viut}, {uju}}. We can assume that v = vy, (if v = u, then

relabel the vertices of G such that v; is relabelled to uj, ul is relabelled to
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ui, and us is relabelled to vy). Recall that for each H € H,y, H is linked

to x by just one edge. Consider H; € H,. Suppose H; is linked to = by

some edge {zy}, for some y € V(H;). Then y € V(GY), for some s € [r;].

Suppose y € V(GI) \ {vi}. If y = jui, then D"\ {v/} is a k-clique isolat-
m1

ing set of GG of size less than "5, a contradiction. Suppose y = juz. If

r; > 1, then D"\ {v!} is a k-clique isolating set of G of size less than ™.
If r; = 1, then H; = (V(H,), E(H;)), where V(H;) = {v], ;ul,;u}}, and
E(H;) = {{v]ul}, {jul;us}}. In such a case, relabel the vertices of H; such
that v] is relabelled to juj, jul is relabelled to ju}, and ju} is relabelled to v7.
Therefore, for each i € [p], H; is linked to = by some edge {zy}, where y = v/,
for some s € [r;]. Thus, G[D"] is a tree, and therefore, it is not difficult to see
that G is a 2-clique edge-special graph with 14+r*+>""_ r; = 243"  r; con-
stituents G[X],G*, G1,...,GL ..., G} ... GP

1) Tp®

Note that x is the 2-clique
connection of G[X] in G, v; is the 2-clique connection of G? in G, and for
each j € [p], s € [ry], v! is the 2-clique connection of GZ in G.

So suppose k > 3. Suppose m < 4. If m < 3, then since k > 3 and G is
different from K}, then (G, k) = 0. Suppose m = 4. If k > 4, then (G, k) =
0. If k = 3 and C3(G) = 0, then «(G,3) =0 < (Tg)t; If £ =3 and C3(G) # 0,

then since G is connected, G = (V(G), E(G)), where V(G) = {v1, v, v3,v4}

and FE(G) = {v1vy, v1v3, 1903, v304}. Thus, «(G,3) = 1 = éﬁ? = (7;1)?2
Note that in such a case, G is a 3-clique edge-special graph with 1 3-clique
constituent. We proceed by induction on m. If C,(G) = 0, then «(G, k) = 0.
Suppose Cr(G) # 0. Let C' € Cr(G). Then since G is connected and G is
not a k-clique, there exists a vertex v € C' such that Ng[v] \ C # 0. Let

u € Nglv] \ C. Note that E(C) U {uv} C Eg(Ng[v]). If V(G) = Nglv], then
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{v} is a k-clique isolating set of G, so «(G, k) =1 < (m)trl If the bound is

sharp, then m = (2) + 1, and thus, G is a k-clique edge-special graph with
1 k-clique constituent. Suppose V(G) # Nglv]. Let G' = G — Ng[v] and

mZm'+(§)+1

and V(G’) # 0. Let H be the set of components of G" and let H' = {H €

m’ = |E(G")|. Then,

H: H ~ K} }. By the induction hypothesis,

|E(H)|+ 1
(5) +2

Now for each component H € H, there exists at least one edge ey € E(G)

(H k) < for each H € H\H'.

such that ey is incident to a vertex in Ng(v) and incident to a vertex in
the component. Trivially, {eg: H € H} N (E(C) U {uv}) = 0, and for each

H e H, ey ¢ E(H). Therefore, we have

mz|E(O)u{uv}|+Z|E(H)UeH|:()+1+Z|E )+1). (5.7)

HeH HeH
Thus, we get
k
> (I1E( )|+1)§m—<2)—1 (5.8)
HeH
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If H' = (), then, by Lemmas 5.3.1 and 5.3.2,

UG k) S 1+u(G k) =1+ o(H, k)

HeH
E(H)|+1  (5) +2+ X yen(E(H) +1)
<1 —
SR D s
B +2+m-() -1 m+1
. O+z (O+2 >

If the bound is sharp, then (5.7), (5.8), and (5.9) are sharp. Since (5.7) is
sharp, for each H € H, there exists only one edge ey which is incident to a

vertex in Ng(v) and incident to a vertex in V(H). Since (5.9) is sharp, then

for each H € H, «(H, k) = # Thus, by the induction hypothesis, for
each H € H, H is a k-clique edge-special graph. Let H = {H;,..., H,}. For

each i € [p], let H; have r; k-clique constituents G, ..., G% . For each i € [p],
let Vi = {v{,...,v.} be the set of the k-clique connections of GY,..., GL
in H;. Also, for each i € [p] and for each j € [r;], let V(G%) \ {v}} =
{iud, ..., ul}. We can assume that for each i € [p] and for each j € [ry], s
is adjacent to v;- Note that by Proposition 5.2.6, «(H;, k) = %,

for each ¢ € [p]. Note also that since (5.7) is sharp, then Ng[v] = C U {u}
and wu is only adjacent to v in C. Let Ng(v) = {vi,...,v5_1,u} where
{v,.. ., U {v} = C. Let V = Uiy Vi, and let D = V U {u}. Then it
is not difficult to see that D is a k-clique isolating set of G and since (5.9) is
sharp, |[D| =1+ V| =14+ Vil =1+>0 i =14+>", (SW:
(s = UG R

Let H; € H and consider ep,. Suppose ey, = {vs, v} }, for some s € [k—1],

J € [ri]. Then V' is a k-clique isolating set of G of size less than (G, k), a
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contradiction. Suppose ey, = {vs, ;u]}, for some s € [k — 1], j € [ri], | € [k].
Then D\ {v},u} U {v} is a k-clique isolating set of G of size less than
t(G,k), a contradiction. Thus, the vertex in Ng(v) which ey, is incident
to, is u. Since H; is arbitrary, this is true for all ¢ € [p]. Suppose now
that ey, = {u, u]}, for some j € [r;], | € [k]. Then D\ {vl} is a k-clique
isolating set of G of size less than (G, k), a contradiction. Therefore, for
cach i € [p], ey, = {u,v}}, for some j € [r;]. Thus, G[V U {u}] is a tree,
and therefore, it is not difficult to see that G is a k-clique edge-special graph
with 1437 | 7; constituents G[N[v]],Gi,..., G} ,...,GY,...,G? , and u is
the k-clique connection of G[N[v]] in G.

Suppose H' # . Since G is connected, each member of H is linked to at

least one member of Ng(v). One of Case 1 and Case 2 below holds.

Case 1: For each H € H', H is linked to at least two members of N(v).
Let H € H' and = € N(v) such that H' is linked to x. Let H, be the set of

members of H that are linked to x only. Then,
H, C H\H,

and hence, by the induction hypothesis, each member H of H, has a k-clique
isolating set Dy with |Dy| < %

Let X = {2} UV(H') and G* = G — X. Then, G* has a component G},
with N[v]\{z} C V(G}), and the other components of G* are the members of
H.. Let DI be a k-clique isolating set of G with |D}| = «(G5, k). Since H' is

linked to x, xy € E(G) for some y € V(H’). Since H' is linked to at least two
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members of N (v), then there exists an edge 'y’ # zy such that ' € N(v) and
y € V(H'). Let D' = {y}. Then X C N¢[D'], E(H') U {xy} C Ec(N¢gly)),
and |D'| =1 = W%% Let Gx = G[X], then since V(Gx) C Ng[D'],
D" is a k-clique isolating set of G'x. Let D = D' U Dy UJyey, Du- Since
the components of G* are G} and the members of H,, we have V(G) =
XUV(Gy)UlUpen, V(H), and, since X C Ng[D'], D is a k-clique isolating
set of G. For each component H of H,, let ey € E(G) be one edge which

links the component to . Thus, we have

m > |E(Gy) U {va}| + [E(H") U {zy} ULy} + Y |E(H) Ues|
HeHy

:;E(G;)|+1+(>+2+Z (|E(H)| +1). (5.10)

HeHy

Therefore,

UG, k) < |D| = |Dj| +|D'|+ > |Dul

HeH,
E(H")U +1 E(H +1
() +2 Hets )

Subcase 1.1: G is not a k-clique.

Then |D}| < BG)FL 1v the induction hypothesis. Therefore, by (5.11) and

(5)+2
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(5.10),

E(GH|+1 |E(H’)U{xy}|+1 |E |+1
RSN A FS TP P
_IE(GZ)|+1+IE(H’)U{96@/}I+1+ZHEHI(| ( )|+1)
(3) +2
CBGHI 1+ ((5) + 1) + 1+ Y, (E(H) +1)
(3) +2

(G k) < |

m <m+1
B+ () +2

Subcase 1.2: G is a k-clique.
Since [N [v]| > k+1and N[v]\{z} C V(G?), we have V(G?) = N[v]\{z}. Let
Y = (XUV(G))\{v,z,y}. Let Gy = G — {v,z,y}. Then, the components
of Gy are the components of G[Y] and the members of H,.

If G[Y] has no k-clique, then, since v,y € Nlz], {z} UUycy, Du is a

k-clique isolating set of G, by (5.10),

m22(<§)+1)+1+ > (EH)|+1),

HeH,
and thus,
(Gk)<1+Z\DH]< ( Z'E((:;Hl
:2<(’;)+1>+2H€Hm<|E< N+ _m=1 _m+1
(5) +2 EOEANGES]

Suppose that G[Y] has a k-clique Cy. We have

V(Cy) € (V(G)\{v}) U (VH)\{y}). (5.12)

107



Thus, |[V(Cy) N V(G| = [VICy)\N(V(H)\{yH| = k= (k—1) = 1 and
V(Cy) nV(H')| = [VICy)NV(GO\{v})] = k — (k—1) = 1. Let 2 €
V(Cy)NV(G:) and Z = V(G%) UV(Cy). Since z is a vertex of each of the
k-cliques G* and Cy,

Z C N[zl. (5.13)

We have
1Z) = V(G| + [V(ICy \V(G)| =k +|V(Cy) NV(H)| > k+1. (5.14)

Let Gz = G — Z. Then, V(Gz) = {=} U (V(H)\V(Cy)) UUyeyn, V(H).
We have that the components of Gz — x are Gz[V(H')\V(Cy )] (which is a
clique) and the members of H,, y € V(H')\V(Cy) (by (5.12)), y € Ng,[z],
and, by the definition of H,, Ng,(z) NV (H) # 0 for each H € H,. Thus,
Gz is connected, and, if H, # (), then G is not a clique.

Suppose H, # 0. By the induction hypothesis, «(Gz, k) < % Let
D¢, be a k-clique isolating set of Gz of size «(Gz, k). Since Z C N|z|,
{z}UD¢, is a k-clique isolating set of G. Now since the k-cliques G} and Cy
can intersect on at most k— 1 vertices, we have that |E(GX)NE(Cy)| < (*}1),
and thus, |E(G5)UE(Cy)| = |E(G3)|+|E(Cy)| = |E(G5) NE(Cy)| > 2(4) —
(*3") = (5) + k — 1. (By applying the well known fact ("*') = (*) + (,”,)

with p =k — 1 and ¢ = 2). Therefore, we have

m > [E(G}) U E(Cy)| + [{vz}| + |[E(GZ)| = (g) +k—141+]|E(Gz).
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Thus, we have

() +h—1 |B@Gl+1_ m _m+1
B+2 G2 TG+ (2

WG ) <1+ (G k) <

Now suppose H, = (). Then, G* = G, so V(G) = V(G:)U{z} UV (H').
Recall that H' is a k-clique. Then, n = 2k + 1. By (5.13), |V(G — N[z])| <
V(G —Z)| =n—|Z| =2k+1—1|Z|. Suppose |Z| > k + 2. Then, |V(G —
N[z])] < k — 1, and hence {z} is k-clique isolating set of G. Note that in

this case m > 2(';) + 3 since H' is linked to at least 2 neighbours of Ng(v).

k
Thus, (G, k) =1<2= (2(2,2+3)+1 < s+l Now suppose | Z| < k+ 1. Then,

(G)+2 = (5)+2
by (5.14), |Z] = k+ 1 and |V(Cy) NV (H')| = 1. Let 2’ be the element of
V(Cy)NV(H"), and let Z' =V (Cy) UV (H'). Since 2’ is a vertex of each of
the k-cliques Cy and H', Z' C N[z']. We have |Z'| = |V(Cy)|+ |V (H)| —
V(Cy)NV(H")| =2k —1and |V(G - N[Z)| < |V(G-Z)|=n—1|Z'| =

(2k + 1) — (2k — 1) = 2. Therefore, {2’} is a k-clique isolating set of G, and

)+ _
5)+2 = (H)+2

Case 2: For some x € Ng(v) and some H' € H', H' is linked to x only.

since m > 2(%) +3, (G, k) =1<2=

Let Hy = {H € H': H islinked to z only} and Hy = {H € H\H': H is linked
to z only}. Let hy = |Hy| and hy = |Hs|. Since H' € H,, hy > 1. For each
H € HiUHy, yg € N(x) for some yg € V(H). Let X = {o}UUyyy, V(H).

Let Dx = {x}. Then D is a k-clique isolating set of G[X]. So,

| Uren, (E(H) U{zyn})| + 1 _ ha((5) +1) + 1.

Dyl =1<
Dxl=ts ) +2 () +2

Let G* = G—X. Then, G* has a component G* with N[v]\{z} C V(G%),
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and the other components of G* are the members of H,. By the induction

hypothesis, ((H, k) < % for each H € Hy. For each H € H,, let Dy
2

be a k-clique isolating set of size ((H, k).
If G} is a k-clique, then let D} = {z}. If G is not a k-clique , then, by the

< [E@)I
=T

Let D = Dy U Dx UUyey, Pu- By the definition of H, and H,, the

induction hypothesis, G has a k-clique isolating set D} with | D}

components of G — z are G} and the members of ‘H; U H,. Thus, D is a
k-clique isolating set of G since x € D, v € V(G}) N Nglz], and Dy is a

k-clique isolating set of G[X]. Note that

m > |E(G) U{ve} +| | (BH) U{zya D)+ | | (B(H) U {zyn})]
HeHy HeHo
= \E(G;)]+1+h1((§) +1)+ Z (|E(H)| +1). (5.15)

If G} is a k-clique, then D = D U Dx Uy ey, Dr = {2} UUpep, Du
and thus, from (5.15),

m > (g) +1 +h1((§> +1)+ > (|EH)|+1).

HeH

110



Therefore,

|[E(H)| + 1
G.k)<|D| =1 Dyl <1 P2
G = 1D Z%' =12 T
(h1+) |E |+1
< s B
. <’;>+1+h1<(2)+1>+2H6H2<|E< I+ 1)
()2

- m <m+1
T2 ()2

If G} is not a k-clique, then D = D; U Dx UJy¢y,, Du, and by (5.15),

(G, k) < D] =|D;| +|Dx|+ ) |Dul

HeHo

|E(Gy)| +1 |E(H)|+1

ST A e

EGH+1 h(()+1)+1 |E(H)|+1

STH T e T e

_ IE(G)I+1+h((5) +1) + 14+ X 4o, (E(H)| + 1)
52

g(?)ilz (5.16)

If the bound is sharp, then (5.15) and (5.16) are sharp, and thus, we have

that for each H € Ho, |Dy| = %, |D?| = TJ)F\H and since |Dx| = 1,
2
hy =1.
Since for each H € Ho, o(H, k) = ( 42 IIEL then by the induction hy-

pothesis, for each H € Hy, H is a k-clique edge-special graph. Let Hy =
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{Hy,...,H,}. Foreachi € [p],let H; have r; k-clique constituents G%, ..., G?

T

For each i € [p], let V; = {v},...,v. } be the set of the k-clique connec-

tions of G¢,..., G!

i

in H;. Also, for each i € [p] and for each j € [r], let
V(G)\ {vi} = {d,...,;ul}. We can assume that for each i € [p] and for
each j € [r], ;u] is adjacent to v?. Note that by Proposition 5.2.6, «(H;, k) =

_|B(H)|+1 : . - Q; x| _ |BE(GH)|+1
e Qe for each i € [p]. Let V' = U V;. Since, |Dj| = (2 then

by the induction hypothesis, G is a k-clique edge-special graph. Let G have
r* k-clique constituents Gq,...,Gp«. Let {vq1,...,v+} be the set of the k-
clique connections of G, ..., G, in G}. For each j € [r*], let V(G;)\ {v;} =
{ul,. .. ,ui} We can assume that for each j € [r*], v; is adjacent to w). Note
that by Proposition 5.2.6, «(G%, k) = r* = % Now since h; = 1, let
Hy={H'}. Let V(H') = {y1,...,yx} and without loss of generality, assume
x is adjacent to yi, that is, ygr = y1. Let D' =V U{vy,..., v« }U{z}. Since
(5.16) is sharp, then |D'| =>7 ri+r*+1= (7’5;12

Let H; € Hy and consider yy,. If yy, = ;ul for some [ € [k], j € [r;], then

D"\ {v}} is a k-clique isolating set of G of size less than (T)—J;lz’ a contradiction.
2

Therefore, for each H; € Ho, yu, = v}, for some j € [ry].
Now consider G. Since (5.15) is sharp, then G is linked to z only via
the edge {vz}. Consider the vertex v. If v = ] for some I € [k], j € [r*],

then D"\ {v;} is a k-clique isolating set of G of size less than 7%t Thus,

(5)+2°

v = v, for some j € [r*].
Finally note that G[D] is a tree. Therefore, G is a k-clique edge-special
graph with 1 +r* 4+ "% | r; constituents G[X],G1,...,G+,Gq,...,G}, ...,

1)

GY,...,GP . This completes the proof. O
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Theorem 5.2.8. If G is a connected graph, n = |V(G)|, and A = A(G),

then

n—A—-1+k
k .

(G k) <
Proof of Theorem 5.2.8. Clearly, n > A + 1. If G does not contain a
clique of k vertices, then //(G, k) =0 < ”_Aki. Thus, suppose that G has a
clique of k vertices. We let G; = (G. Choose a vertex x; which has maximum
degree in G;. Then, delete its closed neighbourhood from the graph G,
and denote the resulting graph G; — Ng, [z1] by Ga. If G2 does not contain
k-cliques, then {z;} is an independent k-clique isolating set of G. Thus,
(G k) =1< %. If G has a clique of k vertices, then choose a vertex
xo which is in a clique of k vertices of Go. Clearly, |Ng,[xs]| > k. Then,
delete its closed neighbourhood from the graph G5 and denote the resulting
graph G — Ng,[72] by Gs. Note that Ng, [21] N Ng,[z2] = 0. Thus, {1, 22}
is an independent set. Moreover, n > |Ng,[x1]| + |Ng,[za]| > A+ 1+ k.
Thus, if G3 does not contain k-cliques, then {1, x2} is an independent k-

clique isolating set of G. Thus, J/(G,k) <2 < (A+1+k)k_b‘_1+k < "‘Ak_Hk. If

(G5 has a clique of k vertices, then choose a vertex x3 which is in a clique of
k vertices of G3. Then, delete its closed neighbourhood from the graph Gj
and denote the resulting graph Gz — Ng,[x3] by G4. Continuing this way,
we obtain x1,...,z, and Gy, ..., G,y such that G; = G;_1 — Ng,_,[z;_1] for
each i € [r+ 1]\ {1}, and G, does not contain k-cliques. Note also that
Ne,[zi] N Ng,[z;] = 0 for every i,j € [r] with i < j. Thus, {x,...,2,} is

an independent k-clique isolating set of G. Now since x; was chosen to be a
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vertex of maximum degree in G; = G, then |Ng, [z1]| = A+ 1. Also, since z;
is in a clique of k vertices of G; for i € [r] \ {1}, we have that |Ng,[z;]| > k

for each ¢ € [r] \ {1}. Thus, we have

n > [Ne[a1]] + [Ney o] + -+ [N, [0,]| = A+ 1+ (r = 1)k,

and therefore,

This completes the proof. O
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Chapter 6

Irregular independence

6.1 Introduction

In this chapter and the next, we will consider the notions of irregular in-
dependence and irregular domination (respectively) as counterparts of the
notions of regular independence and regular domination (also referred to as
fair domination), which were recently introduced in [17, 18]. In this chapter
and the next, we present our work from our paper in [12|. Definitions and
notation from Chapter 1 will be used.

If A is an independent set of a graph G such that the vertices in A have
pairwise different degrees, then we call A an irregular independent set of
G. The size of a largest irregular independent set of G will be called the
irreqular independence number of G and will be denoted by «;.(G). If A is
an independent set of a graph G such that the vertices in A have the same
degree, then A is called a reqular independent set of GG. The size of a largest

regular independent set of G is called the regular independence number of G
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and is denoted by a;ey(G).

The regular independence number was first introduced by Albertson and
Boutin in [3]. They proved lower bounds for planar graphs, maximal planar
graphs, bounded-degree graphs and trees. Recently, Caro, Hansberg and
Pepper [18] generalised the regular independence number by introducing the
regular k-independence number oy,_,.,(G) of a graph G, and they generalized
the results in [3] and found lower bounds for the regular k-independence
numbers of trees, forests, planar graphs, k-trees and k-degenerate graphs.
Guo, Zhao, Lai and Mao [28] obtained the exact values of the regular k-
independence numbers of some special classes of graphs, and they established
some lower bounds and upper bounds for line graphs and trees with a given
diameter. They also obtained results of Nordhaus-Gaddum [45] type.

Unless specified otherwise, we make use of the following notation: n =
V(G)|, m = [E(G)], d(v) = [N(v)], 6(G) = min{d(v): v € V(G)}, A(G) =
max{d(v): v € V(G)}.

For a graph G and a subset A of V(G), E(A, V(G)\A) denotes the set of
edges of G which have one vertex in A and the other in V(G)\A. We denote
by e(A, V(G)\A) the size of E(A,V(G)\A). We define the maz-cut of G,
denoted by B(G), as B(G) = max{e(A,V(G)\A): ACV(G)}.

We provide several sharp bounds for «;,(G). Our results are given in the
next two sections. In Section 6.3, we study the particularly interesting case
when «;,(G) = 1. In Section 6.4, we obtain the Nordhaus-Gaddum type

results for the irregular independence number.

116



6.2 Results

In this section, we provide various bounds for «;,.(G). We start with bounds
in terms of basic graph parameters.

For any graph G, we denote by span(G) the number of distinct values in
the degree sequence of G. More formally, span(G) = |{d(v): v € V(G)}|.
Clearly, span(G) < A —§+ 1.

Theorem 6.2.1. If G is a graph, n = |V(G)|, m = |E(G)|, 6 = 06(G) and
A = A(G), then

— 1 22 —2n —4 1
1§Ozir(G)§min{A_5_‘_1’ {n 5+1J’{ +V2n n — 4m + J}

2 2

Moreover, the bounds are sharp.

Proof. We have a;,.(G) > 1 as {v} is an irregular independent set for each
v € V(G). Clearly, a;.(G) < span(G) < A —§+ 1. Let A be a largest
irregular independent set. Let vq,...,v; be the distinct vertices of A with

0 <d(vy) <---<d(v). Thus, 6 +t —1 < d(v;) < |[V(G)\A| = n —t, from

which we get t < | 2=+ |, Let B = V(G)\A. We have
2

t

m=|E(GB])|+Y dv)<-(n—t)(n—t—1)+> (n—2t+1)

veEA i=1

DN | —

:%m—om—t—m+%@n—m+n,

80 262 —2t+(n+2m—n?) < 0, and hence a;,(G) < 5 (1 + v2n? — 2n — 4m + 1).
This establishes the bound in the theorem.

The lower bound is attained if GG is regular. We now show that the upper
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bound is sharp. Let r and ¢ be positive integers.

If G is the union of ¢ vertex-disjoint graphs Gy, ..., G, such that G; is a
copy of K, ; 1 for each i € [t], then a;,.(G) = A — 0 + 1.

Let Kk =r+t—1. Suppose that GG is constructed as follows: let vy, ..., vy,
wi, ..., wg be the distinct vertices of G, and, for each i € [t], form exactly
r + 4 — 1 distinct edges of the form {v;,w;}. Let A = {vq,..., v} and

B = {wy,...,wg}. Since A is an irregular independent set of G, a;,.(G) > t.

But o, (G) < |23 | = [OR2EDL | — ¢ Thus, a,,(G) = |23+

Let r > t. Suppose that G is constructed as follows: let vy, ... v, wy, ...,
w, be the distinct vertices of GG, form a complete graph on the vertices
wi, ..., w,, and, for each i € [t], form exactly r—t+i distinct edges of the form
{vi,w;}. Let A= {vy,...,v}. Since A is an irregular independent set of G,
t < i (G). Wehavem = 3r(r—1)+>1_ (r—t+i) = sr(r—1)+3t(2r—t+1).

Sincen=r+t2m=(n—t)(n—t—1)+t(2n -3t +1) = n* —n — 2t*> + 21.

By the established bound, «;,(G) < % (1 +v/2n% —2n —4m + 1) < t. Since

ay(G) > t, ozi,,(G):%(1+\/2n2—2n—4m+1). O

We also have

—2(5—|—1+\/(2(5—1)2+8m

(@) <
ai(G) < 5

(6.1)

This is immediate from our next result, the proof of which also shows that

(6.1) is sharp.
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Theorem 6.2.2. If G is a graph, § = 0(G) and f = B(G), then

—2(5+1—|—\/(25—1)2+86

. <
ai(G) < 5

Moreover, the bound is sharp.

Proof. Let t = «;(G). Let A be an irregular independent set of G of size t,
and let vy, ..., v be the distinct vertices in A. We have > e(A,V(G)\A) =
S d(w) > (0 +i) = (26 +1—1), 50 0 > 2+ (26 — 1)t — 23. Solving

the quadratic inequality, we obtain t < % (—2(5 +1+ \/(2(5 — 1)2 + 85).
We now prove that the bound is sharp. Let r and ¢ be positive integers
such that t(t—1) > 2r(r—1). Let k = r+t—1. Let mod* be the usual modulo
operation with the exception that, for every two positive integers a and b,
ba mod* a is a instead of 0. Let sy = 0, and let s; = Z;;})(r +7) for each i €
[t]. Suppose that G is constructed as follows: let vy, ..., v, wy,. .., wy be the
distinet vertices of G, and, for each i € [t], let v; be adjacent to the vertices in
{w; mod» k1 7 € [si—1+1, s;]}. Thus, vy is adjacent to wy, . .., w,, vy is adjacent
t0 Wyy1, ..., Wort1, vy is adjacent to wo,yo, ..., w313, and so on, where the
indices are taken mod* k. By construction, d(wy) = min{d(w;): j € [k]}.
Let A ={vy,...,v} and B = {wy, ..., wx}. Since G is a bipartite graph with
partite sets A and B, we have  =m = e(4, B) = 3_\_, d(v,) = s, = 3t(2r +
t —1). We also have m = 3% d(w;) > d(wy)k, so 2t(2r +t — 1) < d(wy)k,
and hence d(wy) > t(QT;r,:_l) = t;?:rtt__ll)). If we assume that t;?:if__ll)) < r, then

we get a contradiction to the condition t(t —1) > 2r(r —1). Thus, d(wy) > 7.

Since min{d(v;): ¢ € [t]} = d(v1) = r < d(wg) = min{d(w;): j € [k]},

d = d(vy) = r. Now A is an irregular independent set of G, so ;. (G) > t.
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By the bound in the theorem,

—25+1+\/(25—1)2+85

air(G) S 2
—27"—1—1—1—\/(2r—1)2+4t(2r+t—1)
B 2
= 2r 14/ (2r 2t - 1)2 _,
- : =t
Since a;(G) > t, o, (G) = 3 (—25 +1+ \/(25 — 1)+ 86). O

Our next result provides inequalities relating a;,(G) to u.,(G).
Theorem 6.2.3. For any graph G on n vertices,
(1) 2 < i (G) + ey (G) <n+1,
(ii) a(G) < i (G)ang(G) < (a(@))%,
(i4i) if n >4, then 1 < a;(G)auey(G) < [5][5]
Moreover, the following assertions hold:
(a) The bounds are sharp.

(b) The upper bound in (i) is attained if and only if G is empty. Also, for any

integer k with 2 < k <n+1, a;(G)+eg(G) = k if G = Ejp_ o UK, _j40.

Proof. Let A be an irregular independent set of G of size ;. (G). Let B be a
regular independent set of G of size a,,(G). Let I be a largest independent

set of GG.
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(i) Trivially, a;(G) > 1, aeq(G) > 1, and hence the lower bound is
clear. Clearly, [ANB| < 1. We have n > |[AUB| = |A|+|B| — |[AN B| >
Qir(G) + g (G) — 1, 50 @ (G) 4+ ey (G) < m + 1.

(i) Let dy,...,d, be the distinct degrees of the vertices in I. For each
i € [r], let D; be the set of vertices in I of degree d;. Let s = max{|D;|: i €
[r]}. We have r < a;,(G), s < aey(G) and a(G) = |I| = |Dy| + -+ -+ |D,| <
rs < iy (G)aye(G). Trivially, a;,(G) < a(G), awey(G) < a(G), and hence
the upper bound.

(iii) As in (i), the lower bound is trivial. By (i), |A| + |B] < n + 1.
Suppose equality holds. Then G = E,, by (b), which is proved below. Thus,
|A||B] =n < [§]1%] if n > 4. Now suppose |A| + |B| < n. Then [A||B] <
|A|(n — |A]). By differentiating the function f(r) = r(n — r), we see that f
increases as r increases from 0 to 5. Thus, |[A||B| < [5](n—[5]) = [5][5].

Hence the upper bound.

(a) The lower bounds in (i)—(iii) and the upper bound in (ii) are attained
if G = K,,. The upper bound in (i) is attained if G = E,,.

We now show that the upper bound in (iii) is sharp. For each of Cases
1-4 below, we construct a graph that attains the bound. Let vy,...,0,
be its distinct vertices. If nmod4 = 0, then let X = {vy,... vz}, let
Y = {vni1,... 0.}, and, for each j € [n/4], let v; be adjacent to exactly
J — 1 vertices in Y, and let vz_;,1 be adjacent to the remaining vertices in
Y. If nmod 4 = 1, then let X = {vl,...,vnT_l}, let Y = {UnTH+1,...,Un},
and, for each j € [(n — 1)/4], let v; be adjacent to exactly j vertices in Y,

and let vn-1

S be adjacent to the remaining vertices in Y. If n mod 4 = 2,

thenlet X = {vy,...,vn}, let Y = {vzyy,... 0.}, let vn be adjacent to each
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vertex in Y, and, for each j € [(n — 2)/4], let v; be adjacent to exactly j
vertices in Y, and let vz_; be adjacent to the remaining vertices in Y. If
n mod 4 = 3, then let X = {vl,...,v%}, let Y = {v%,...,vn}, and, for
cach j € [(n+ 1)/4], let v; be adjacent to exactly j — 1 vertices in Y, and

let vnt1 be adjacent to the remaining vertices in Y. Suppose that the

Hj+1
resulting graph is G. Then X is an irregular independent set of G, Y is a
regular independent set of G, and |X||Y| = |5][5]. By the bound in (iii),
air(G)areg(G) = [5115]-

(b) As stated in (a), the upper bound in (i) is attained in G = E,,. We
now prove the converse. Thus, suppose a;.(G) + @, ey(G) = n + 1. Thus,
|A| +|B| = n+ 1. Recall that [AN B| < 1. Thus, n < |A|+|B|—-|ANB| =
|AU B| < n, giving |[AU B| =n and |[AN B| = 1. Thus, for some v € V(G),
ANB = {v} and A = (V(G)\B) U {v}. If d(v) = 0, then since v € B, all
the vertices of B must have degree 0. Since A and B are independent sets
containing v, v has no neighbours in AUB. Thus, d(v) = 0as AUB = V(G).
Hence d(w) = 0 for each w € B. Now consider any € V(G)\B. We have
x € A. Since A is independent, N(z) C B. Since the vertices in B have no
neighbours, N(z) = (). Thus, G is empty, as required.

It is easy to check that a;,(G) + a.ey(G) =k it G = Ej_o U K,,_j42 with

2<k<n+1. O
Corollary 6.2.4. For any graph G on n > 4 vertices,

ir (@) areg (G) < min{(a(G))*, [5115]}-
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6.3 Graphs with irregular independence
number 1

We now investigate the particularly interesting case a;,.(G) = 1.

6.3.1 A general characterization

Let G be a graph. Let n = |V(G)| and § = 6(G). Let D(G) denote the
set of degrees of vertices of G. For any ¢ € D(G), let N; denote the set of
vertices of G of degree i. Let n; = |N;|. For any two disjoint subsets X and
Y of V(G), let <X,Y > denote the subgraph of G given by (X UY, {{z,y} €
EG): ze X,yeY}).

Lemma 6.3.1. If a;(G) = 1, then
(1) <N;, N;> is a complete bipartite graph for any i,j € D(G) with i # j,
(ii) the subgraph of G induced by Ny, is (k+ng—n)-regular for any k € D(G).

Proof. (i) Suppose {v,w} ¢ E(G) for some v € N; and some w € N; with
i # j. Then {v,w} is an irregular independent set of G of size 2. This
contradicts a;,.(G) = 1.

(ii) Let v € Ni. By (i), for any j € D(G)\{k}, v is adjacent to each
w € N;. Thus, v is adjacent to each vertex in V(G)\N,. By definition of

Ny, the degree of v in the subgraph of G induced by Ny is k — (n —ny). O
Theorem 6.3.2. If a;.(G) =1, then

(i) ng > n—k for any k € D(G),
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(i) span(G) < 3(1+ V1 + 85).
Moreover, the bound in (ii) is sharp.

Proof. (i) By Lemma 6.3.1(ii), k +ny —n > 0.
(i) Let t = span(G). If t = 1, then the result is immediate. Suppose
t > 2. Then D(G) = {dy,...,d;} for some integers dy,...,d; with 0 < d; <
-<dy<n—1. Forie[t]\{1},wehave d; < dy—1<---<d;—(i—1) <
<dy—(t—-1)<n—-1—-(t—1)=n—t,sod; <n—t+(i—1). By (i),

ng;, > n —d; for i € [t]. We have

=tn—0— (t;n(Qn—t).

Therefore, 0 > t2 — t — 26, and the bound follows. The bound is attained if,

for example, GG is the complete k-partite graph K . Indeed, we then have

.....

ap(G)=1,0=n—kn=14-+k="5%Fk+1) and

1+\/1+85_ 1++/1+8(n—k)
B 2

1+\/1+8§k+1)—8k_1+\/m_k
_ . _

k = span(G) <

bl

14++/14+86 m

so span(G) = =5
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6.3.2 Planar graphs and outerplanar graphs

We now determine the planar graphs and outerplanar graphs whose irregular
independence number is 1.

Suppose that G and H are vertex-disjoint graphs. The join of G and
H, denoted by G + H, is the graph with V(G + H) = V(G) U V(H) and
E(G+H)=EGUEH)U{{z,y}: 2 € V(G),yc V(H)}. It k>2,1r>2,
G = Ky, and H is the union of r vertex-disjoint copies of K;_1, then G + H
is called a k-windmill graph and is denoted by Wd(k,r). Note that Wd(k,r)

is merely the union of r copies of K} that have exactly one common vertex.

Theorem 6.3.3. A graph G is planar and o;,.(G) = 1 if and only if G is a
reqular planar graph or a copy of one of the graphs Ky ,_1, Ko ,—o, Ko+ E,,_o,
Ky + ”T’QKZ, Ey + ”T’QKQ, Ey+ C, o, Wd(3, "T’l) and K, + H, where H is

a union of vertex-disjoint cycles.

Before giving the proof of the theorem above, we need the following lem-

mas.

Lemma 6.3.4. If a planar graph G has a vertex v that is adjacent to all the

other vertices of G, then G — v s outerplanar.

Proof. Indeed, by deleting v (and all edges incident to it) from a plane
drawing of G, we obtain a plane drawing of G — v that has all the vertices
on the same face. This means that G — v is outerplanar because, for any
face F' of a plane drawing ¢ of a planar graph, ¢ can be transformed to
another plane drawing of the same graph in such a way that F' becomes
the unbounded face, for example, by using stereographic projection (see |54,

Remark 6.1.27]). O
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Lemma 6.3.5. If ¢ is a plane drawing of Fy + Cy (k > 3), then a vertex v
of E5 is mapped by @ into the interior I of the drawing of Cy, and the other

verter w of Ey is mapped by ¢ into the exterior E of the drawing of Cj.

Proof. Let G = Ey + Cy. Let F' € {I, E} such that v is mapped by ¢ into
F'. Since v is adjacent to each vertex of C, each face of F' in the drawing of
G — w has exactly 3 vertices on its boundary, one of which is v. Thus, if we
assume that w is mapped into F', then we obtain that w lies in the interior
of one of these faces, and hence that w is adjacent to at most two vertices of

C}, a contradiction. O

Proof of Theorem 6.3.3. It is easy to check that if G is one of the explicit
graphs in Theorem 6.3.3, then G is planar and «a;,.(G) = 1. We now prove
the converse.

Let G be a planar graph with «a;,.(G) = 1. Since K5 and K33 are non-
planar, GG does not contain any copies of these. It is well known that having
G planar implies that m < 3n — 6. Suppose that G is not regular. Setting
t = span(G), we then have t > 2 (and n > 3). We have D(G) = {dy, ..., d;}
for some integers dy,...,d; with 0 < dy < --- < d;. We will often use
Lemma 6.3.1(i), which tells us that, for any i,j € D(G) with ¢ # j, each
vertex of Ny, is adjacent to each vertex of Ng,. The first immediate deduction
from this is that d; > 1 ast > 2.

Suppose t > 3. Let {ay,...,a;} ={dy,...,d;} such that n, <--- <n,,.
If we assume that n,, = n,, = 1, then Lemma 6.3.1(i) gives us a1 = ay =
n — 1, a contradiction (as ay,...,a; are distinct). Thus, n, > 2 for each

i € [2,t]. If we assume that 2223 Na;, > 3, then, by Lemma 6.3.1(i), we
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obtain that <N, U N,,, Uﬁzg N,,> contains a copy of K33, a contradiction.
Thus, t = 3 and n,, = nge, = 2. Let {ug,us} = N,, and {vy,v2} = Ng,.
We cannot have {uy,us}, {v1,v2} € E(G), because otherwise Lemma 6.3.1(i)
gives us ag = Ng, + Ngy + 1 = 1y, + 3 = Ny, + Ny, + 1 = as, a contradiction.
Similarly, we cannot have {ui,us},{v1,v2} ¢ E(G). Thus, for some i €
{2,3}, a; = ng, +2 and as—; = n,, + 3. We cannot have n,, = 1, because
otherwise a; = ng, + nay = 4 = a5—;. Thus, n,, = 2. Let {wy,ws} = N,,.
We cannot have {wy,ws} € E(G), because otherwise a; = 5 = as_;. Thus,
we have {wy,wy} ¢ E(G), which gives us a; = 4 = a;, a contradiction.

Therefore, t = 2. If we assume that ng, > 3 and nyg, > 3, then, by
Lemma 6.3.1(i), we obtain that G contains a copy of K33, a contradiction.
Thus, ng, < 2 for some i € {1,2}. Let j = 3 —i. By Lemma 6.3.1(i),
G = G[Ng] + G[Ng,]. By Lemma 6.3.1(ii), G[Ng,] is k-regular, where k =
dj +ng; —n.

Suppose ng, = 1. Let {v} = Ng,. Thus, G = ({v},0) + G[Ng]. By
Lemma 6.3.4, G[Ng,] is outerplanar. Since the minimum degree of an out-
erplanar graph is at most 2 (see [54, Proposition 6.1.20]), £ < 2. If £ = 0,
then G is a copy of Ki,_1. If k = 1, then G[Ny,] is a copy of 51K, so
G is a copy of Wd(3,%). If k = 2, then G[Ng] is a cycle or a union of
vertex-disjoint cycles.

Now suppose ng, = 2. Let {v,w} = Ng, and let {uy, ..., up_2} = Ny,.

By the handshaking lemma, |E(G[Ng])| = k("z_z). By Lemma 6.3.1(i),

|E(<Ng;, Na;>)| = 2(n — 2). Now

k(n —2)

m = [B(GINa])| + | B(GINg, )| + [ B(<Ng,, Nay>)| = =

+2(n —2).
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Since m < 3n — 6, we obtain k < 2.

If £ =0 and {v,w} € E(G), then G is a copy of Ky + E,, 5. If k =0
and {v,w} ¢ E(G), then G is a copy of Ey + E, 5 = Ky, 2. If Kk =1 and
{v,w} € E(G), then G is a copy of Ko+ 252 K;. If k = 1 and {v, w} ¢ E(G),
then G is a copy of Es + nT_QKQ.

Finally, suppose k£ = 2. We cannot have v adjacent to w, because oth-
erwise m = 1 + @ +2(n —2) > 3n — 6. Since k = 2, G[Ny,] is a union
of vertex-disjoint cycles Gy, ...,G,. Suppose r > 2. Let 6 be a plane draw-
ing of G. Let ¢ be the drawing obtained by restricting 6 to the subgraph
G’ = ({v,w},0) + Gy of G. By Lemma 6.3.5, no face of ¢ has both v and w
on its boundary. Since G’ and G are vertex-disjoint, the drawing of G5 in 0
lies in the interior of one of the faces of p. Thus, no vertex of (G5 is adjacent

to both v and w. This contradicts G = G[Ny,] + G[Ng,]. Therefore, r = 1.

Thus, G is G[Ny,] + Gy, which is a copy of Ey + C,,_. O

Corollary 6.3.6. A graph G is outerplanar and o;,.(G) = 1 if and only if G
is a union of vertex-disjoint cycles or a copy of one of the graphs E,, 5K,

Kl,n—l; K2 + E2 and Wd(g, nT—l)

Proof. It is trivial that if GG is one of the explicit graphs in the statement of
Corollary 6.3.6, then G is outerplanar and «;,.(G) = 1.

We now prove the converse. Let G be an outerplanar graph with «;,.(G) =
1. This means that 6 < 2, as mentioned in the proof of Theorem 6.3.3. If G
is k-regular, then k& < 2, and hence G is a copy of FE, (if £ = 0) or a copy
of K, (if k = 1) or a union of vertex-disjoint cycles (if & = 2). Suppose

that G is not regular. Since § < 2, it follows by Theorem 6.3.3 that G is a
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copy of one of Ky ,,_1, Koo, Ko+ Ey_o, By + 252K, and Wd(3,254). Tt is
well known that K 3 is not outerplanar. Thus, K5 ,_s is outerplanar only if
n < 4; note that Ks,_» is the cycle Cy if n = 4. Also, for n > 5, Ky + E,,_»
is not outerplanar as it contains Kj 3. Similarly, Fy + ”T’ZKQ is planar only

if”T—2<1. 0

6.4 Nordhaus—Gaddum-type results

In this section, we provide results of Nordhaus-Gaddum type [45] for the
irregular independence number. In the proof, we need to use the following
more precise notation (see Chapter 1). For a vertex v of a graph G, we will
denote the set of neighbours of v in G by Ng(v), and the degree of v in G by
dc(v). Formally, Ng(v) = {w € V(G): vw € E(G)} and dg(v) = |Ng(v)].

Theorem 6.4.1. If G is a graph on n > 2 vertices, then
(i) 2 < a;(Q) + i (G) < n,

(ii) 1< 0 (G)ai(G) < 31175,

Moreover, the bounds are sharp.

Proof. By Theorem 6.2.1, 1 < a;,(G) < L%J and 1 < a,(GQ) <

Lnﬂs(é)ﬂ

5—— |. The lower bounds follow immediately, and they are attained if G

is regular. If §(G) = 0, then G has a vertex v with no neighbours, so §(G) > 1
(as v € Ng(u) for each u € V(G)\{v}). Thus, §(G) > 1 or §(

) > 1. Hence
air(G) + ain(G) < [5] + ["F] < nand i (G)aw (G) < [5]["5].
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We now show that the upper bounds are sharp. Let k = [§] and [ =
L%J Suppose that G is constructed as follows: let uq,...,ug,vy,...,v; be
the distinct vertices of G, let every two distinct vertices in {vy,...,v;} be
adjacent, and, for each i € [k], let u; be adjacent to the vertices in {v;: j €
[i —1]}. Clearly, {uy,...,ux} is an irregular independent set of G, and
{vy,..., v} is an irregular independent set of . Therefore, a;,.(G)+a;.(G) >
k+1=mn and a;(G)a;.(G) > kl. By (i) and (ii), we actually have oy, (G) +
a;(G) = n and a;,(G)a;(G) = kl. Finally, note that k = [ %], O
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Chapter 7

Irregular domination

7.1 Introduction

In this chapter, we will consider the notion of irregular domination as a
counterpart of the notion of regular domination. Definitions and notation
from Chapter 1 will be used.

If D is a dominating set of G such that |N(u) N D| # |N(v) N D| for
every two distinct vertices u and v in V(G)\D, then we call D an irreqular
dominating set of G. The size of a smallest irregular dominating set of G
will be called the irregular domination number of G and will be denoted by
vir(G). If D is a dominating set of G such that |N(u) N D| = |N(v) N D] for
every two vertices u and v in V/(G)\D, then D is called a regular dominating
set of G. The size of a smallest regular dominating set of GG is called the
reqular domination number of G and is denoted by v,.,(G). Observe that the
notion of irregular domination is an extreme case of the well-studied notion

of location-domination [7]: a set D is called a locating-dominating set of G
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if D is a dominating set of G such that N(u) N D # N(v) N D for every two
distinct vertices w and v in V(G)\D.

The regular domination number was first introduced and studied by Caro,
Hansberg and Henning [17]. They referred to the regular domination number
as the fair domination number. Das and Desormeaux [23| considered the
problem of minimizing the size of a regular dominating set that induces
a connected subgraph. Further results on fair domination are obtained in
[20, 43].

Unless specified otherwise, we make use of the following notation: n =
V(G)], m = [E(G)], d(v) = [N(v)], 6(G) = min{d(v): v € V(G)}, A(G) =
max{d(v): v € V(G)}.

Recall from the previous chapter, that for a graph G and a subset A of
V(G), E(A,V(G)\A) denotes the set of edges of G which have one vertex
in A and the other in V(G)\A. We denote by e(A,V(G)\A) the size of
E(A,V(G)\A). We define the maz-cut of G, denoted by 5(G), as B(G) =
max{e(A, V(G)\A): A CV(G)}.

We obtain several sharp bounds for v;,.(G). Our results are given in the
following sections.

In the next section, we provide a number of sharp results on v;,.(G). In
Section 7.3, we obtain a set of inequalities relating the irregular independence
number to the irregular domination number. In Section 7.4, we obtain the

Nordhaus-Gaddum type results for the irregular domination number.
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7.2 Results

We will start with lower bounds for v;,(G).

Theorem 7.2.1. If G is a graph, n = |V(G)| and A = A(G), then

Yir(G) > maXng . n— A} .

Moreover, the bound is sharp.

Proof. Let t = 7,.(G). Let D be an irregular dominating set of G of size
t. Let vy,...,v,— be the vertices in V(G)\D. For each i € [n — t], let
w; = |N(v;) N D|; since D is a dominating set, w; > 1. We may assume that
wy < -+ < wy_y. Wehavet=|D|>w,_; >n—t, and hence t > [%W Since
n—t<w,_ <A t>n—A.

We now show that the bound is sharp. Let k& = (%W and n’ = n — k.

Suppose that G is constructed as follows: let uq,...,u, vy,..., v, be the

distinct vertices of G, and, for each i € [n/], let v; be adjacent to exactly

i of the vertices uy,...,u;. Since max{d(w;): i € [k]} < n' = d(vy) =
max{d(v;): i € [n']}, A =n'. Clearly, {uy,...,ux} is an irregular dominating
set of G of size [2] =n—n'=n—A. O

Theorem 7.2.2. If G is a graph, n = |V(G)| and p = B(G), then

1—I+33

Moreover, the bound is sharp.
Proof. Let t, D, vy,...,v,_¢, w1,...,w,_; be as in the proof of Theo-

133



rem 7.2.1. We have 8 > e(D,V(G)\D) = " w; > S0 i =(n—t)(n —
t+1), 500> t*—(2n+1)t+ (n®+n—20), and hence ¢ > n+1(1—+/1+3p).

We now show that the bound is sharp. Let n/2 < k < n — 1 and
n' = n—k. Suppose that GG is constructed as follows: let wuq, ..., ug, v1,..., Uy
be the distinct vertices of GG, and, for each i € [n/], let v; be adjacent to
exactly @ of the vertices wuq,...,ug. Let D = {uq,...,ux}. Since D is an
irregular dominating set of G, 7;.(G) < k. Since m = e(D,V(G)\D), we
have § = e(D,V(G)\D) = 1(n)(n/ + 1). By the established bound,

1—1+383 1—/1+4(n)(n +1)

V(@) Zn+ ——F—— =n+ ;
1—+/(2n — 2k +1)2
=n—+ \/( n + ) — k.
2
Since v, (G) < k, v (G) = n + 1—\/21+78/3_ -

Corollary 7.2.3. If G is an n-vertex graph with average degree d, then
Yir(G) > n — Vdn.

Moreover, equality holds if and only if G is empty.
Proof. Since 8 < m, 7;,(G) > n+ (1 — v/1+ 8m) by Theorem 7.2.2. Now
dn =} ey @ d(v) = 2m (by the handshaking lemma), so 4dn = 8m. Thus,
Vir(G) > n+ 3(1 —V/1+4dn) > n+ $(—V4dn) = n — Vdn. Note that
equality holds throughout only if d = 0, in which case G is empty.

If G is empty, then d = 0 and 7,,(G) = n = n — Vdn. O
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Next, we give a full characterization of the cases v;,(G) = n and v;,.(G) =

n — 1. For two graphs G and H, we write G ~ H if GG is a copy of H.

Theorem 7.2.4. For any graph G on n vertices, the following assertions

hold:
(i) vir(G) = n if and only if G ~ E,,.

(ii) vir(G) = n — 1 if and only if, for some t > 0 and some r > 1, G =~

tKi1 UKy, or G ~tK;UH for some r-reqular graph H.

Proof. (i) If G has an edge {v, w}, then V(G)\{v} is an irregular dominating
set of G, 80 v;-(G) < n—1. Therefore, 7;,.(G) =nonlyif G ~ E,. f G ~ E,,
then V(G) is the only dominating set of G, so 7;.(G) = n.

(i) It is easy to see that 7, (G) =n—1i1f G ~tK UK, or G ~tK,UH
for some r-regular graph H. We now prove the converse. Thus, suppose
16(G) =n — 1. By (i), B(G) #0.

Suppose that G has two vertices u and v such that 2 < d(u) < d(v). Then
V(G)\{u,v} is an irregular dominating set of G (independently of whether
u and v are adjacent or not). Thus, we have 7;,.(G) < n — 2, a contradiction.

Therefore,

d(u) <1 for any u,v € V(G) with d(u) < d(v). (7.1)

Suppose span(G) > 4. Then there exist vy, vq,v3,v4 € V(G) such that
d(vy) < d(ve) < d(vs) < d(vg). Thus, we have 2 < d(vs3) < d(vg), which

contradicts (7.1). Therefore, span(G) < 3.
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If span(G) = 1, then G is an r-regular graph for some r > 1 (r # 0 as
E(G) # ), and we are done.

Suppose span(G) = 2. Then {d(v): v € V(G)} = {p,r} with 0 < p < r.
By (7.1), p < 1. If p = 0, then G ~ tK; U H for some t > 1 and some
r-regular graph H. Suppose p = 1. Then r > 2. If we assume that there
exists a pair of non-adjacent vertices u and v of degrees 1 and r, respectively,
then we obtain that V(G)\{u,v} is an irregular dominating set of G of size
n — 2, which contradicts v;.(G) = n — 1. Thus, each vertex z of degree 1 is
adjacent to each vertex of degree r. Since x has only one neighbour, there is
only one vertex of degree r. Consequently, G = K ,.

Finally, suppose span(G) = 3. Then there exist vy, v9,v3 € V(G) such
that d(v) < d(v2) < d(vs). If we assume that G has no vertex of degree
0 or no vertex of degree 1, then we obtain 2 < d(ve) < d(vs), which con-
tradicts (7.1). Thus, since span(G) = 3, {d(v): v € V(G)} = {0,1,r} for
some r > 2. Let G’ be the graph obtained by removing from G the set I of
vertices of G of degree 0. Then {d(v): v € V(G")} = {1,r}. As in the case

span(G) = 2 above, this yields G' ~ K ,, so G = t KUK ., where t = |I|. O

The Ramsey number R(p,q) is the smallest number n such that every
graph on n vertices contains a clique of order p or an independent set of

order gq.

Theorem 7.2.5. For any graph G on n wvertices, the following assertions

hold:

(i) If span(G) > R(k, k) and 6(G) > k, then v;,(G) <n — k.
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(ii) If span(G) > 5 and 6(G) > 3, then v, (G) < n — 3.

Proof. (i) Suppose span(G) > R(k,k) and 6 > k. Let B be a set of R(k, k)
vertices of G of distinct degrees. Then G[B] has an independent set of size k
or a clique of size k. If G[B] has an independent set I of size k, then V(G)\I
is an irregular dominating set of G of size n — k. If G[B] has a clique K of
size k, then, since 0 > k, V(G)\ K is an irregular dominating set of G of size
n — k.

(ii) Suppose span(G) > 5 and 6 > 3. Let B be a set of 5 vertices of G
of distinct degrees. It is easy to see that if a 5-vertex graph does not have
an independent set of size 3, then it is a copy of C5 or has a clique of size
3. If G[B] is a copy of C5, then each vertex in B has a distinct number
of neighbours in V(G)\B, and hence, since 6 > 3, V(G)\B is an irregular
dominating set of G of size n — 5. As in the proof of (i), 7;(G) < n — 3 if

G[B] has an independent set of size 3 or a clique of size 3. a

7.3 Relations between irregular independence
and irregular domination

We now establish a set of inequalities relating the irregular independence
number to the irregular domination number. These are gathered in the the-
orem below. In the proof, we need to use the following more precise notation
(see Chapter 1). Recall that for a vertex v of a graph G, we will denote the
set of neighbours of v in G by Ng(v), and the degree of v in G by dg(v).
Formally, Ng(v) ={w € V(G): vw € E(G)} and dg(v) = |[Ng(v)|.
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Theorem 7.3.1. For any graph G on n vertices, the following assertions

hold:

5(G) > 1.

(i1) ir(G)yir(G) < [ "53] [™2] if 6(G) = 0, and i (G)ir(G) < |5]T5] of
5(G) > 1.

(iii) ir(G) + 7 (G) <+ 1.
(v) 0ir(G)yir(G) < [*FH][25H].
Moreover, the bounds are sharp.

Proof. Let A be an irregular independent set of G of size «;.(G), and let
D =V(G)\A. Let § = §(G).

Suppose ¢ > 1. Then D is an irregular dominating set of G, so «;-(G) +
16:(G) < |Al+ D] < n and aq(G)1(G) < |AIID] = |Al(n — |A]) < [2](n -
15)) = [5][5] (as in the proof of Theorem 6.2.3(iii)). Now suppose § = 0.
Let Vy be the set of vertices of GG of degree 0, and let V; be the set of
vertices of G of degree at least 1. Clearly, A has exactly one element = of
Vo, and D U {z} is an irregular dominating set of G. As in the case 6 > 1,
air(G[Vi]) + 7 (GIVA]) < [VA[. We have o (G) +7ir (G) = (i (GVA]) +1) +
(Yir(GIVA])) + Vo) < [Vol + Vil +1 = n+ 1 and air (G)7ir(G) < A[([D[+1) <
[Al(n+1—|A]) < [%52](n+ 1= [%7]) = [%57][*5+]. Hence (i) and (i),

Let vy, ..., v be the distinct vertices in A, where dg(vi) < -+ < dg(vy).
We have dg(v;) < |V(G)\A| =n —t. For each i € [t], let a; = |Na(v;) N D|.

For eachi € [t], a; = n—t—dg(v;) > n—t—dg(vy). Thus, if dg(v,) < n—t—1,
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then D is an irregular dominating set of G, and hence a;,.(G) + ;. (G) <
|A|+|D| =t+ (n—t) = n. Suppose dg(v;) = n—t. We have a; > 1 for each
ie€[t—1]. Let A’ = A\{w}. Let D' = DU{w;}. For eachi € [t —1], let b; =
|N&(v;)ND'|. For each i € [t—1], we have Ng(v;)N D" = (Ng(v;) N D)U{w;},
sob;=a;+1=n—t—dg(v;)+ 1. Thus, D’ is an irregular dominating set of
G. Consequently, a;.(G) + 7 (G) < |A|+|D'| =t+ (n—t+1)=n+1 and
0 (@)r(G) < |AIID| = tn+1— 1) < |22 (n+1— [2£1]) = (2222811,
Hence (iii) and (iv).

We now show that the bounds are sharp. We use constructions similar
to that in the proof of Theorem 7.2.1.

Let k = {%W and n’ = n—k. Suppose that G is constructed as follows: let
U, ..., Uk, U1, . ..,V be the distinct vertices of G, and, for each i € [n/], let
v; be adjacent to exactly k — i+ 1 of the vertices uy, ..., u. Clearly, 6 > 1.
Also, {v1,...,v,} is an irregular independent set, and, by Theorem 6.2.1, it
is of maximum size. Moreover, {uy,...,u;} is an irregular dominating set of
G, and, by Theorem 7.2.1, it is of minimum size. Thus, a;.(G) + 7, (G) =
n' +k =n and o;(G)v(G) =n'k = [§][5]. Now suppose that we instead
have that & = WT_IL n’ = n — k, and, for each i € [n'], v; is adjacent

to exactly i — 1 of wuy,...,ug. Since d(v;) = 0, 6 = 0. Similarly to the

above, {uy,...,ux, v} is an irregular dominating set of G of minimum size
as {uq,...,u;} is an irregular dominating set of G — v; of minimum size.
Also, {v1,..., vy} is an irregular independent set of maximum size. Thus,

ai(G) + 7 (G) = n+k+1=n+1and a;(G)V(G) = n'(k+ 1) =
| 254 |[25]. We have established that (i) and (ii) are sharp.
n—1

Let k = (TW and n’ = n — k. Suppose that G is constructed as follows:
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let uq, ..., ug,v1,..., 0, be the distinct vertices of G, and, for each i € [n/],
let v; be adjacent to exactly & — ¢ + 1 of the vertices uy,...,u;. Thus,
{v1,..., vy} is an irregular independent set, and, by Theorem 6.2.1, it is of
maximum size (note that 9 is d(v,/), which is 0 if n is odd, and 1 if n is even).
Also, we clearly have that {uy,..., ux,v1} is an irregular dominating set of
G, and it is of minimum size because dg(v1) = 0 and, by Theorem 7.2.1,
{uy,...,ux} is an irregular dominating set of G'— v; of minimum size. Thus,
Qir(G) + 7 (G) = n' +k+1 = n+1 and o, (Q)y(G) = n'(k+ 1) =

ESIEt =

7.4 Nordhaus—Gaddum-type results

In this section, we provide results of Nordhaus-Gaddum type [45] for the
irregular domination number. We shall use the notation introduced in the

preceding section.
Theorem 7.4.1. If G is a graph on n > 2 vertices, then
(i) 2[5] < 7 (G) + 7 (G) < 2n — 1,
(it) ([51)* < %r(G)7ir(G) < n(n —1).
Moreover, the following assertions hold:
(a) The bounds are attainable for any n > 3.
(b) For each of (i) and (ii), the upper bound is attained if and only if G is

empty or complete.
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Proof. By Theorem 7.2.1, 7, (G) > [%] and 7;,(G) > [%]. The lower

bounds in (i) and (ii) follow immediately. If G is empty, then G is complete,
0 Vir(G) + Vi (G) =n+n—1=2n—1 and 7, (G)v:(G) = n(n—1). If G is
complete, then G is empty, so 7i(G) + 7 (G) = 2n — 1 and 7;,(G)yir (G) =
(n—1)n. If G is neither empty nor complete, then G is non-empty, and hence,
by Theorem 7.2.4, v;,(G) + 7 (G) < 2(n — 1) < 2n — 1 and 7;,(G)7:,(G) <
(n—1)*<n(n-—1).

[t remains to show that the lower bounds in (i) and (ii) are attainable for
any n > 3.

Suppose first that n is odd. Let k = "T_l Suppose that G is constructed as
follows: let uy, ..., ug, v1,...,v,r1 be the distinct vertices of GG, and, for each
i € k], let u; be adjacent to vy, ..., v;. Clearly, {vq,...,vg1} is an irregular
dominating set of G and of G. Thus, 7;,(G) + 7 (G) > 2(k + 1) = 2[%]
and v, (G)v:,(G) > (k+ 1) = [2]%. By (i) and (ii), we actually have
Yir(G) + 7 (G) = 2[5] and Yir(G)yir (G) = [%12

Now suppose that n is even and n > 8. Let k = 7. Suppose that

V(G) = {uy,...,ux,v1,...,v} and that, for each ¢ € [k]\{2}, u; is adjacent

to vy,...,v;, us is adjacent to vy and v, v, is adjacent to vy, ..., v, v is ad-
jacent to vy, ..., vk, and there are no other adjacencies. Let A = {vq,..., v}
and B = {uy,ug,v1,04,...,0;}. Clearly, A is an irregular dominating set
of G. Let wi = v, wy = vg, W3 = Up_1, Wy = Ug_2,..., W, = Us. Thus,

V(G)\B = {wy,...,w;}. Note that |Ng(w;) N B| =i for each ¢ € [k]. Thus,
B is an irregular dominating set of G. Therefore, we have ~;,(G) > |A| = k
and 7;,.(G) > | B| = k, and hence the lower bounds in (i) and (ii) are attained.

Suppose that n = 6, uy, us, us, vy, va, v3 are the vertices of G, and {uy, v, },
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{ug, vo}, {ug,vs}, {us, v1}, {us,ve}, {us, vs} are the edges of G. Clearly,
{v1,v2,v3} is an irregular dominating set of G, and {uy, vy, v3} is an irregular
dominating set of G. Thus, the lower bounds in (i) and (ii) are attained.
Finally, suppose that n = 4 and G is the path Py = ([4], {{1,2},{2,3},
{3,4}}). Then {1,3} is an irregular dominating set of GG, and {1,2} is an
irregular dominating set of G' = ([4], {{2,4}, {4, 1}, {1,3}}). Thus, the lower

bounds in (i) and (ii) are attained. 0
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