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⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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)

= S1

N

∑
k=t

(
z1(k−1)2 +α2

12z1(k)2 +α2
13z2

1(k)
)

S1 α21

N

∑
k=t

(γO1(k)γI2(k)z2(k))−
N

∑
k=t

(γO1(k)ζ2(k))−
N

∑
k=t

γI2(k)z2(k)v7(k)−
N

∑
k=t

ζ2(k)v7(k)

=
N

∑
k=t

(z2(k)2γI2(k)
2α21)+

N

∑
k=t

(z2(k)γI2(k)ζ2(k)α21)

+
N

∑
k=t

(z3(k)z2(k)γI3(k)γI2(k)α31)+
N

∑
k=t

(z3(k)γI3(k)ζ2(k)α31)



α21

N

∑
k=t

(
S2γO1(k)z2(k)−S2z2(k)v7(k)−α31S2S3z2(k)z3(k)

)

= α21

N

∑
k=t

(S2
2z2

2(k))

θ

Q R
Q R

−2E{G(θk, θ̂k)}
Q−1 R−1

Pk|N Pk−1,k Pk,k−1 Pk−1|N

Q̂ =

1
(N−1)

N

∑
k=2

[
(x̂k|N− Â(k−1)x̂k−1|N− B̂(k−1)z(k−1))

(x̂k|N− Â(k−1)x̂k−1|N− B̂(k−1)z(k−1))
T

+Pk|N− Â(k−1)Pk−1,k−Pk,k−1Â(k−1)T

+ Â(k−1)Pk−1|NÂ(k−1)T
]

Q−1 R−1

ln(R−1) =− ln(R)

∂ ln |(R)|
∂R−1 =− ∂ ln |(R−1)|

∂R−1

∂ ln |(R−1)|
∂R−1 = [(R−1)−1]T = R



R̂ =
1
N

N

∑
k=1

[
(y(k)− Ĉ(k−1)x̂k|N− D̂(k−1)z(k))

(y(k)− Ĉ(k−1)x̂k|N− D̂(k−1)z(k))T

+ Ĉ(k−1)Pk|NĈ(k−1)T
]

N



θ
k N N

x̂k|N N

(ζn(k)+ γIn(k) · zn(k))<(Snzn(k))

−2E{G(θ θ̂k)} θ

(ζn(k)+ γIn(k) · zn(k))>(Snzn(k))

−2E{G(θ θ̂k)} θ

A B C D θ̂k



θ̂ Q̂ R̂
t n̄+1

t y(t)
k (t− n̄) t

x̂k|n̄

−2E{G(θ θ̂k)} θ

N n̄

Â B̂ Ĉ D̂ θ̂k

Â=(Âunsat ·n̄unsat)(Âsat ·n̄sat)
n̄

t>m̄ m̄
k (t− m̄) t
Q R

N m̄



n̄

m̄

Q R
n̄ m̄ N

n̄ m̄

N

n̄ m̄ N

N

n̄

m̄ n̄

(ζn(k) +



γIn(k) ·zn(k))≥(Snzn(k)) (ζn(k)+

γIn(k) · zn(k))<(Snzn(k)) (23)

n̄

A=(Aunsat ·n̄unsat)(Asat ·n̄sat)
n̄ Aunsat Asat

n̄unsat n̄sat

n̄=n̄unsat+n̄sat

α12 α13 α21 α23 α31 α32



α12 α13 α21 α23 α31 α32 S1 S2 S3

x � [ζ1 ζ2 ζ3 γI1 γI2 γI3 φ1 φ2 φ3]
T

θ � [α12 α13 α21 α23 α31 α32 κ1 κ2 κ3 β1 β2 β3 S1 S2 S3]
T

Q R



R

R=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0.2963 0.0849 0.0616 0.0921 0.0891 0.1215 0.0832 0.0750 0.0673

0.0849 0.3145 0.0488 0.1078 0.0706 0.1128 0.0940 0.0824 0.0990

0.0616 0.0488 0.2163 0.0610 0.0662 0.0756 0.0605 0.0740 0.0741

0.0921 0.1078 0.0610 0.3543 0.0746 0.0630 0.1072 0.0720 0.1128

0.0891 0.0706 0.0662 0.0746 0.3016 0.0735 0.1133 0.1054 0.0913

0.1215 0.1128 0.0756 0.0630 0.0735 0.3098 0.0668 0.0951 0.1206

0.0832 0.0940 0.0605 0.1072 0.1133 0.0668 0.3577 0.0984 0.1039

0.0750 0.0824 0.0740 0.0720 0.1054 0.0951 0.0984 0.2933 0.0841

0.0673 0.0990 0.0741 0.1128 0.0913 0.1206 0.1039 0.0841 0.3285

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

p̂

J�

√
∑
n̄
(p(t)−p̂(t))2

n̄ p

J

p(t)



ζi γIi

J

p(t)

αi j Si

J

n̄
ζ1
ζ2
ζ3
γI1

γI2

γI3



J

n̄
α12
α13
α21
α23
α31
α32
S1
S2
S3

α12

m̄

Q R
Q̂ R̂ ‖Q̂‖ ‖R̂‖

R√
b
∑

l=1

b
∑
j=1
|al, j|2 al, j



α12

R lth jth m̄

R̂

m̄
‖R̂‖ ‖R‖

−27
1 1
1 1

χIi τi

γOi i = 1,2,3

n̄= m̄=



% %

α12
α13
α21
α23
α31
α32

J

√
∑
n̄

p2(t)

n̄



ζ1
ζ2
ζ3
γO1

γO2

γO3

φ1
φ2
φ3

θ Q
R

N

n̄ m̄





f (ρt) = 0 f ρ = ρ∗

f (ρ)> 0 ρ > ρ∗ f (ρ)< 0 ρ < ρ∗

ρ̂t ρ̂ ρ∗

ρ̂t+1 = ρ̂t−ηtgt

gt f (ρ̂t) ηt

limt→∞ ηt = 0 ∑∞
t=0 ηt = ∞ ∑∞

t=0 η2
t < ∞

f (ρ) ηt=
1
t

κ1 κn β1 βn

S1 Sn

yt

t



−2E{G(θt , θ̂t , x̂t ,Q̂, R̂)}=−2E{G(θt−1, θ̂t−1, x̂t−1,Q̂, R̂)}+ ln |Q|
+ ln |R|+

(
Tr

(
Q−1Eθ̂

(
(xt −Ax̂t−1−Bzt−1−w)

(xt −Ax̂t−1−Bzt−1−w)T |yt
)))

+
(

Tr
(

R−1Eθ̂

(
(yt −Cx̂t −Dzt −v)(yt −Cx̂t −Dzt −v)T |yt

)))

0

x0

μ P0 μ

μ P0

−2G(θt , θ̂t , x̂t ,Q̂, R̂) t = 0

−2E{G(θ0, θ̂0,x0,Q̂0, R̂0)}= ln |P0|+ ln |Q0|+ ln |R0|
+Tr(P−1

0 Eθ̂

(
(x0−μ)(x0−μ)T +P0|yt

)
)

f (κ1)

κ1



2
(
− q̂6,1ζ̂1(t)ζ̂1(t−1)− q̂6,2ζ̂2(t)ζ̂1(t−1)− q̂6,3ζ̂3(t)ζ̂1(t−1)

− q̂6,4γ̂I1(t)ζ̂1(t−1)− q̂6,5γ̂I2(t)ζ̂1(t−1)− q̂6,6φ̂1(t)ζ̂1(t−1)

− q̂6,6ζ̂1(t−1)w6(t−1)− q̂6,7φ̂2(t)ζ̂1(t−1)− q̂6,8φ̂3(t)ζ̂1(t−1)

+ q̂6,6
(
κ̂1ζ̂1(t−1)ζ̂1(t−1)+ β̂1φ̂1(t−1)ζ̂1(t−1)

)
− q̂3,6ζ̂1(t−1)γ̂I3(t)z3(t)

)
= 0

κ̂1(t) = κ̂1(t−1)−2ηt(
− q̂6,1ζ̂1(t)ζ̂1(t−1)− q̂6,2ζ̂2(t)ζ̂1(t−1)− q̂6,3ζ̂3(t)ζ̂1(t−1)

− q̂6,4γ̂I1(t)ζ̂1(t−1)− q̂6,5γ̂I2(t)ζ̂1(t−1)− q̂6,6φ̂1(t)ζ̂1(t−1)

− q̂6,6ζ̂1(t−1)w6(t−1)− q̂6,7φ̂2(t)ζ̂1(t−1)− q̂6,8φ̂3(t)ζ̂1(t−1)

+ q̂6,6
(
κ̂1ζ̂1(t−1)ζ̂1(t−1)+ β̂1φ̂1(t−1)ζ̂1(t−1)

)
− q̂3,6ζ̂1(t−1)γ̂I3(t)z3(t)

)

η(t) 1
t

Q−1 R−1

Q̂(t) = Q̂(t−1)− 1
t

[
Q̂(t−1)

− (x̂t|t − Â(t−1)x̂t−1|t−1− B̂(t−1)z(t−1))

(x̂t|t − Â(t−1)x̂t−1|t−1− B̂(t−1)z(t−1))
T

+Pt|t − Â(t−1)Pt−1,t|t −Pt,t−1|tÂ(t−1)T

+ Â(t−1)Pt−1|t−1Â(t−1)T
]



R̂(t) = R̂(t−1)− 1
t

[
R̂(t−1)

− (y(t)− Ĉ(t−1)x̂t|t − D̂(t−1)z(t))

(y(t)− Ĉ(t−1)x̂t|t − D̂(t−1)z(t))T

+ Ĉ(t−1)Pt|tĈ(t−1)T
]

α12 α13 α1n α21 α23 α2n

αn1 αn2 αn(n−1) n

ρ̃t+1 = ρ̃t−ηtgt

ρ̂t+1 = πF(ρ̃t+1)

πF ρ̃ F ρ̂
∈ F t

η(t)
h
t h = (α̂12(t)−ᾱ12)

f (α̂12(t))
ᾱ12

α12(t)



π f

F

α̃12(t) α̃13(t) α̃12(t) α̃13(t)

F

α̃13− α̃12−1 > 0 α̃13+ α̃12−1 �= 0
α̃13−α̃12+1< 0 α̃12(t) α̃13(t)

α12 α13

α̂12(t) = 0 α̂13(t) = 1 F α̃12(t) α̃13(t)

α̂12(t) = 1 α̂13(t) = 0 F α̃12(t)

α̃13(t) F

α̂12+α̂13 = 1 α̃12(t) α̃13(t)

(α̃12(t) α̃13(t))

(α̃12(t) α̃13(t))

α̂12(t) =
(α̃12(t)− α̃13(t))+1

2

α̂13(t) =
(α̃13(t)− α̃12(t))+1

2



πF

ρ̃ F

α̃12(t)+ α̃13(t)+ α̃14(t) = 1
α̃12(t) α̃13(t)

α̃14(t) α̃12(t) α̃13(t) α̃14(t)

α̃12(t)+ α̃13(t)+ α̃14(t) = 1

α̂12p(t) = α̃12(t)−
( α̃12(t)+ α̃13(t)+ α̃14(t)−1

3

)

α̂13p(t) = α̃13(t)−
( α̃12(t)+ α̃13(t)+ α̃14(t)−1

3

)

α̂14p(t) = α̃14(t)−
( α̃12(t)+ α̃13(t)+ α̃14(t)−1

3

)

F

α̂12p α̂13p α̂14p

F

s1

s1 = (t1,0,1−t1) t1

t1= t1=

t1 α̂12p, α̂13p, α̂14p

d2 = [α̂12p − t1]2 + [α̂13p]
2 + [α̂14p − 1+ t1]2



α12 α13 α14

d(d2)
dt1

= 0 t1

s2 s2 = (t2,1− t2,0) s3

s3 = (0, t3,1− t3) t2 t3
d t2 t3

d

t1 t2 t3 α̂12 α̂13 α̂14

t1 t2 t3 s1 s2 s3

t1 t2 t3 α̂12p, α̂13p, α̂14p

F



n=

n=

θ̂ Q̂ R̂
t y(t)

x̂t|t

(ζ̂n(t)+ γ̂In(t)zn(t))<(Ŝn(t−1)zn(t))
G(θ θ̂t) θ

(ζ̂n(t)+ γ̂In(t)zn(t))>(Ŝn(t−1)zn(t))
G(θ θ̂t) θ

Â B̂ Ĉ D̂ θ̂t

G(θ θ̂t) Q̂ R̂

t



S1= 50 S2= 57 S3= 48 S4= 50

R
×10−3

χIi τi γOi i= 1,2,3,4
y

R̂
‖R‖

R %

α̂13

α̂23



ζ1
ζ2
ζ3
γO1

γO2

γO3

φ1
φ2
φ3

α̂12
α̂13
α̂14
α̂21
α̂23
α̂24
α̂31
α̂32
α̂34
α̂41
α̂42
α̂43
Ŝ1
Ŝ2
Ŝ3
Ŝ4
‖R̂‖ ×10−4 ×10−3



−0.8



f p(θ)= f p(θ)

pth

p=1, ...,h h

f(θ)
f(θ) � [ f 1(θ) f 2(θ)

f h(θ)]T θ̂t

θ̂ θ∗

θ̂t+1 = θ̂t−ηt
gt

ct

gt f(θt) ηt ct

ct=
c

Ct
Ct = td ηt =

m
tb c m

d b

limt→∞ ct = 0 ∑∞
t=0 ηt =∞ ∑∞

t=0(
ηt
ct
)2 <∞ ∑∞

t=0 ηtct <∞

t



α12 α13 α21 α23 α31 α32

S1= 54 S2= 53 S3= 65

R
χIi τi γOi

i = 1,2,3 N = 7097
y

Ct ηt c



α12

ct Ct t0.1 c

α12

ηt

α12

ηt ct

ηt ct

ct
100
t0.1 c = 100

Ct = t0.1 ηt
1
t

α12

ct =
100
t0.1 c= 100 Ct = t0.1 ηt =

1
t

α12



α12

α12

α̂23

12× −4



α̂12
α̂13
α̂21
α̂23
α̂31
α̂32
Ŝ1
Ŝ2
Ŝ3
R̂



12× −4

−2E{G(θt , θ̂t , x̂t ,Q̂, R̂)}



G θt

g(θt) =
∂G
∂θt

θ∗

g(θt) = 0

θ̂t

θ∗

θ̂t = θ̂t−1−ηt ĝt(θ̂t−1, x̂t ,Q̂t−1, R̂t−1)

ηt h ηt ∈ R≥0 ∀ t a
tλ a

h h

ĝt(θ̂t−1, x̂t ,Q̂t−1, R̂t−1) =
[ f+t − f−t

2ct1Δt,1
...

f+t − f−t
2cthΔt,h

]T

ĝt g(θt)

t f+t f−t
f+t =−2E{G(θ̂t−1 + ctΔt , x̂t ,Q̂t−1, R̂t−1)+ ε(+)

t }
f−t =−2E{G(θ̂t−1 − ctΔt , x̂t ,Q̂t−1, R̂t−1) + ε(−)t }

f+t f−t
ct ct

h ct ∈ R≥0 ∀ t cth

ĝt ct
c

tω c h

ε(+)
t ε(−)t

E(ε(+)
t − ε(−)t |θ̂1,...,tΔt) = 0 ∀ t Δt ∈ Rh h

{Δt,1,Δt,2, ...,Δt,h}



ηt ηth

∑∞
t=0 ηth = ∞

∑∞
t=0(

ηth
cth

)2 < ∞

∑∞
t=0 ηthcth < ∞

c a,λ ,ω > 0 λ −2ω > 0
3ω− λ

2 ≥ 0

ηt ct

ηt ct

ηt
1
t ct

1
t0.02

ηt ct ηt
1

1000t ct
1

t0.2 c

c

c

Δt

± Δt,h

ε+t ε−t ĝt

Q̂t

Q̂t = Q̂t−1−ηt ĝt(θ̂t , x̂t ,Q̂t−1, R̂t−1)



Q̂0 ηt

f+t =−2E{G(θ̂t , x̂t ,Q̂t−1 + ctδt , R̂t−1)+ ε(+)
t }

f−t =−2E{G(θ̂t−1, x̂t ,Q̂t−1 − ctδt , R̂t−1) + ε(−)t } δt ∈ Rm×m

δt

±
lth jth δtl, j

ct

Q ĝt m×m

ĝt(θ̂t , x̂t ,Q̂t−1, R̂t−1) =

⎡
⎢⎢⎢⎢⎢⎢⎣

f+t − f−t
2ct δt1,1

f+t − f−t
2ct δt1,2

. . . f+t − f−t
2ct δt1,m

f+t − f−t
2ct δt1,2

f+t − f−t
2ct δt2,2

. . . f+t − f−t
2ct δt2,m

f+t − f−t
2ct δt1,m

f+t − f−t
2ct δt2,m

. . . f+t − f−t
2ct δtm,m

⎤
⎥⎥⎥⎥⎥⎥⎦

εt ct ηt

Q̂t

Q̂t = (Q̂tQ̂t)
1
2

R̂t



θ̂ Q̂ R̂ G
t y(t)

x̂t|t

G(θ θ̂t) θ

Â B̂ Ĉ D̂ θ̂t

G(θ θ̂t) Q̂
R̂

t

α12 α13 α14 α21 α23 α24 α31

α32 α34 α41 α42 α43



α12 α13 α21 α23 α31 α32

S1= 120 S2= 127
S3= 80 S4= 120

S1= 118 S2= 120 S3= 80

R

χIi τi γOi i = 1,2,3,4
N = 786

y



J�

√
∑
N
(p(t)−p̂(t))2

N

t

t

K� 1
N ∑

N
(γOi (t)− γ̂Oi (t))

γ̂Oi(t)

x̂(t−1)

α̂12

a
a

1
1000

λ c ω

ηt ct

ηt
a
t ct



c
t0.2

a 1
1000 λ = 1 ω = 0.2 c

c
ft α12

c α12

α12 a

α12

ε+t ε−t

f+t − f−t



103 ε+t ε−t
ĝt

α̂12

α12

α13

α14

Q̂ R̂

R̂



α̂12
α̂13
α̂14
α̂21
α̂23
α̂24
α̂31
α̂32
α̂34
α̂41
α̂42
α̂43
Ŝ1
Ŝ2
Ŝ3
Ŝ4



α̂21



α21

α23 α32



α̂12
α̂13
α̂21
α̂23
α̂31
α̂32
Ŝ1
Ŝ2
Ŝ3

√
1
N ∑

N
p2(t)





H

H t



f f ∈ [1, ..,H] f

M f

A f B f C f D f Q f R f

Θ f

E f (t) t

M f Θ f S j(t)

t S1(t) = {E1(1),E2(2),E2(3), ...,E1(t)}

H Ht t

Ht

t

{M1,M2, ...,MH}

Yt S f



M f Yt

Pr(M f |Yt) =
p(yt |M f ,Yt−1)Pr(M f |Yt−1)

∑H
j=1 p(yt |M j,Yt−1)Pr(M j|Yt−1)

Pr() p()

xt

M f x̂ f
t

P f (t|t−1)

p(yt |M f ,Yt−1) =− 1

(2π)
1
2 |Z f

t |
1
2

exp−
1
2 (yt−ŷ f

t )
′(Z f

t )
−1(yt−ŷ f

t )

Z f
t M f

Z f
t = C f P f (t|t−1)C f ′+R f

ŷ f
t yt

ŷ f
t = C f x̂ f

t +D f z(t)

(yt − ŷ f
t )

yt ŷ f
t

t

H

Hk H d



H

x̂ f
t

x̂t

x̂t =
H

∑
f=1

x̂ f
t Pr(M f |Yt)

x̂tmax:Pr(M f |Yt )

P(t|t)

P(t|t) =
H

∑
f=1

[P f (t|t)+(x̂ f
t − x̂t)(x̂

f
t − x̂t)

T ]Pr(M f |Yt)

Θ f

Q̂ R̂



Θ f

θ̂

H

Θ A B C D
Q R



A f B f C f D f Q f R f

t y(t)
f A f B f C f D f Q f R f

x̂ f
t

f
x̂t x̂tmax:Pr(M f |Yt )

P(t|t) P(t|t)max:Pr(M f |Yt)

H

Θ Q R

αi j

j

Θ f

α21 α31 α23 α32

αi j



Θ̂ f Q̂ f R̂ f −2E{G}
t y(t)

f x̂ f
t

f G(Θ f Θ̂
f
t ) Θ f

G(Θ f Θ̂
f
t ) Q̂ f R̂ f

f
x̂t x̂tmax:Pr(M f |Yt )

P(t|t) P(t|t)max:Pr(M f |Yt)

max : Pr(M f |Yt) Â f B̂ f Ĉ f D̂ f Θ̂
f
t

t

H

Θ Q R
f

f th



Θ̂ f Q̂ f R̂ f f −2E{G}
t

y(t)

f
x̂ f

t f = 1...H

f ( f = 1...H) G(Θ f Θ̂ f
t )

Θ f

G(Θ f Θ̂ f
t ) Q̂ f R̂ f

f
Hth

Θ̂ f

Q̂ f R̂ f H → H +1
x̂t x̂tmax:Pr(M f |Yt )

max : Pr(M f |Yt) Â f B̂ f Ĉ f D̂ f Θ̂ f
t

t

Θ f

αi j



R

i γIi φi

i γOi i = 1,2,3 N = 830
y

th th



th th

rd rd

th rd

rd rd

th rd



nd th

√
1
N ∑

N
p2(t)

H

Θ f A f B f C f D f

R f

th th

th th



x̂tmax:Pr(M j |Yt )

Θ f

A f B f C f D f R f



ζ̂1

ζ̂2

ζ̂3
γ̂I1

γ̂I2

γ̂I3

φ̂1
φ̂2
φ̂3

Θ f

Q f R f

H

α21 α31 α23 α32

α12 α32

α13 α23

th th



th th

α12 α31

α12

α12

α31

α12



α12

H

Θ

Q R

th

th

th

th

th th

th th

th

th



th

th



H

Θ

Q R



rd

th

√
1
N ∑

N
p2(t)



ζ̂1 ζ̂2 ζ̂3 γ̂I1 γ̂I2 γ̂I3 φ̂1 φ̂2 φ̂3

ζ̂1

ζ̂1





ζ̂1





zi i

i



ζi(t) γIi(t) φi(t)



⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ζ1(t +1)
ζ2(t +1)
ζ3(t +1)

ζn(t +1)
γI1(t +1)
γI2(t +1)
γI3(t +1)

γIn(t +1)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 · · · 0 1 0 0 · · · 0
0 1 0 · · · 0 0 1 0 · · · 0
0 0 1 · · · 0 0 0 1 · · · 0

· · · · · ·
0 0 0 · · · 1 0 0 0 · · · 1
0 0 0 · · · 0 1 0 0 · · · 0
0 0 0 · · · 0 0 1 0 · · · 0
0 0 0 · · · 0 0 0 1 · · · 0

· · · · · ·
0 0 0 · · · 0 0 0 0 · · · 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ζ1(t)
ζ2(t)
ζ3(t)

ζn(t)
γI1(t)
γI2(t)
γI3(t)

γIn(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

IO1 0 0 · · · 0
0 IO2 0 · · · 0
0 0 IO3 · · · 0

· · ·
0 0 0 · · · IOn

0 0 0 · · · 0
0 0 0 · · · 0
0 0 0 · · · 0

· · ·
0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

z1(t)
z2(t)
z3(t)

zn(t)

⎤
⎥⎥⎥⎥⎥⎦+

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

w1(t)
w2(t)
w3(t)
w4(t)
w5(t)
w6(t)

w2n(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎣

ζ1(t)
ζ2(t)
ζ3(t)

ζn(t)

⎤
⎥⎥⎥⎥⎥⎦ =

⎡
⎢⎢⎢⎢⎢⎣

1 0 0 · · · 0 0 0 0 · · · 0
0 1 0 · · · 0 0 0 0 · · · 0
0 0 1 · · · 0 0 0 0 · · · 0

· · · · · ·
0 0 0 · · · 1 0 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎦

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

ζ1(t)
ζ2(t)
ζ3(t)

γI1(t)
γI2(t)
γI3(t)

γIn(t)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

+

⎡
⎢⎢⎢⎢⎢⎣

v1(t)
v2(t)
v3(t)

vn(t)

⎤
⎥⎥⎥⎥⎥⎦

c c c c

c

c(t)=[ζ1(t)ζ2(t)ζ3(t)γI1(t)γI2(t)γI3(t)]

c(t)=[ζ1(t)ζ2(t)ζ3(t)] (t)=[z1(t)z2(t)z3(t)]

n



X = [ c
T (t +1) c

T (t +2) · · · c
T (t +N)]T

U = [ T (t) T (t +1) · · · T (t +N−1)]T

Y = [ c
T (t +1) c

T (t +2) · · · c
T (t +N)]T

N

X = Axxc(t)+BxU

Y = Ayxc(t)+ByU

U c(t) U

x x A2
c

Ac

Ax =
[

Ac Ac
2 · · · Ac

N
]T

Bx =

⎡
⎢⎢⎢⎢⎢⎢⎣

Bc 0 · · · · · · 0
AcBc Bc

0
Ac

N−1Bc Ac
N−2Bc · · · · · · Bc

⎤
⎥⎥⎥⎥⎥⎥⎦



y y

c
υ

c c
υ ∀ υ ∈ 0,1, ...,N

l1

J1 =
N

∑
t
|ζ (t)|

l2

J2 =

√
N

∑
t
|ζ (t)|2

l∞

J∞ = maxt{|ζ (t)|}



l1,1

l2,2

l∞,∞ ∞ ∞

l1,2

l1,∞ ∞

l2,1

l2,∞ ∞

l∞,1 ∞

l∞,2 ∞

l1,1 l2,2 l∞,∞

l1,2 l1,∞ l2,1 l2,∞ l∞,1

l∞,2

l1,1

l1,1

J1,1 =
N

∑
t

n

∑
i
|yci(t)|= ||Y||1,1



J1,1 = ||QcAyxc(t)+RcByu(t)||1,1

Qc

Rc

min
U
‖F1U+g1‖1,1

F1=RcBy g1=QcAyxc(t) J1,1

Υ

min
U,Υ

[
0
1

]T [ U
Υ

]

0≤ F1U+g1 ≤ Υ

Υ=[ϒ1(t) ϒ2(t) ... ϒn(t) ϒ1(t + 1) ... ϒn(t +N)]T

Y
Υ

Υ

Υ Υ



0.93−((n−1)×0.1)

Aconstraint =

⎡
⎢⎢⎢⎢⎣

Ω1 0
RcBy −I
−RcBy 0

0 Ω2

⎤
⎥⎥⎥⎥⎦

bconstraint =

⎡
⎢⎢⎢⎢⎣

c1

−g1

g1

c2

⎤
⎥⎥⎥⎥⎦

Aconstraint

[
U
Υ

]
≤ bconstraint

Υ 4th

Aconstraint bconstraint

Υ=[ϒ1(t) ϒ2(t) ϒ3(t) ϒ1(t+1) ϒ2(t+1) ϒ3(t+1)]T

Υ Ω2



Ω2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

c2 [0 0 0 0 0 0 60 60 60 60 60 60]T

U 1st Aconstraint

bconstraint

Ω1

Ω1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 0 0
0 −1 0 0 0 0
0 0 −1 0 0 0
0 0 0 −1 0 0
0 0 0 0 −1 0
0 0 0 0 0 −1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

c1 [0.1 0.1 0.1 0.1 0.1 0.1 0.73 0.73 0.73 0.73
0.73 0.73]T 3rd 4th

Aconstraint bconstraint



Aeq beq

Aeq(
1 1 1 0 0 0 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0 0 0 0

)
beq

(
0.93
0.93

)

Aeq

[
U
Υ

]
= beq

l2,2

l2,2

J2,2 =
N

∑
t

n

∑
i
|yci(t)|2 = ||Y||22,2

= ||Q
1
2
c Ayxc(t)+R

1
2
c Byu(t)||22,2

min
U
‖F2U+g2‖2

2,2

F2=R
1
2
c By g2=Q

1
2
c Ayxc(t)

min
U

1
2

UT [2FT
2 F2]U+[2FT

2 g2]
T U

0≤ Y≤ c2



c2 = [60 60 60 60 60 60]T

−g2 ≤ F2U≤ c2−g2

U 1st Aconstraint bconstraint

2nd 3rd

Aconstraint =

⎡
⎢⎣

Ω1

F2

−F2

⎤
⎥⎦

bconstraint =

⎡
⎢⎣

c1

c2−g2

−g2

⎤
⎥⎦

AconstraintU≤ bconstraint

Aeq beq

Aeq
(

1 1 1 0 0 0
0 0 0 1 1 1

)
beq

(
0.93
0.93

)

AeqU = beq



l∞,∞ ∞ ∞

l∞,∞

J∞,∞ = maxt{maxi|yci(t)|}= ||Y||∞,∞

= ||QcAyxc(t)+RcByu(t)||∞,∞

min
U
‖F1U+g1‖∞,∞

F1=RcBy g1=QcAyxc(t) J∞,∞

ϒ

0≤ maxt{maxi(F1U+g1)} ≤ϒ

min
U,ϒ

[
0
1

]T [ U
ϒ

]

Aconstraint =

⎡
⎢⎢⎢⎢⎣

Ω1 0
RcBy −I

−RcBy 0
0 Ω2

⎤
⎥⎥⎥⎥⎦



bconstraint =

⎡
⎢⎢⎢⎢⎣

c1

−g1

g1

c2

⎤
⎥⎥⎥⎥⎦

Aconstraint

[
U
ϒ

]
≤ bconstraint

ϒ 4th Aconstraint

bconstraint

Ω2
(−1

1

)
c2 [0 60]T ϒ

U 1st Aconstraint

bconstraint Ω1 c1

Aeq beq

Aeq
(

1 1 1 0 0 0 0
0 0 0 1 1 1 0

)
beq

(
0.93
0.93

)

Aeq

[
U
ϒ

]
= beq

l1,2 l1,∞ l2,1 l2,∞ l∞,1

l∞,2



linprog

quad prog

u(t)



ϒ

Θ̂ Q̂ R̂ −2E{G}
t

y(t)

x̂t

G(Θ Θ̂t) Θ

G(Θ Θ̂t) Q̂ R̂

J

l1,1 U
u(t)

t



Qc Rc

ϒ

ϒ
1

ϒ ϒ



ϒ ϒ

l2,2

(ζn(k)+ γIn(k) · zn(k))≥(Snzn(k))

ϒ



ϒ
ϒ

l2,2

l1,1 l2,2



ϒ

l1,1

l1,1
l2,2

l1,1 l2,2

l1,1



l2,2

i
(queue lengthvariablei−queue length f ixedi)

queue lengthvariablei
×100 queue lengthvariablei

i

queue length f ixedi i

ϒ

ϒ



l1,1

i

(∑i queue lengthvariablei−∑i queue length f ixedi)

∑i queue lengthvariablei

×100

l1,1 l2,2 l∞,∞

l1,1 l2,2 l∞,∞



l1,1
l2,2
l∞,∞
l1,2
l2,1
l1,∞
l∞,1
l2,∞
l∞,2

l1,1
l2,2
l∞,∞

l2,2

l1,1
l∞,∞

l2,2
l1,1 l∞,∞



8.127× −25 2.543× −78



2.564× −21 4.903× −6

l1,1 l2,2 4.903× −6

l2,2 l∞,∞ 2.564× −21

l1,1 l∞,∞ 1.299× −8

l1,1 l2,2 7.302× −17

l2,2 l∞,∞ 4.574× −44

l1,1 l∞,∞ 1.105× −30

l2,2
l1,1 l2,2

l1,1
l∞,∞

l2,2





H

H

t f f ∈ [1, ..,H]

f M f A f

B f C f D f Q f R f Θ f

f

A f
c B f

c C f
c

x̂ f
t

M f

t

u(t)

linprog quad prog



Θ̂ f Q̂ f R̂ f f −2E{G}
t

y(t)

f
x̂ f

t f = 1...H

f ( f = 1...H) G(Θ f Θ̂
f
t )

Θ f

G(Θ f Θ̂
f
t ) Q̂ f R̂ f

f
Hth

Θ̂ f

Q̂ f R̂ f H → H +1
x̂t x̂tmax:Pr(M f |Yt )

max : Pr(M f |Yt) Â f B̂ f Ĉ f D̂ f Θ̂
f
t

A f
c B f

c C f
c

J
U

t



H

th

th

th

th

th th

th th

th

th

th



th

l2,2

ϒ



ϒ
ϒ

l2,2

ϒ



l2,2



l2,2

l1,1
l2,2
l∞,∞



l1,1
l2,2
l∞,∞

l2,2

l1,1 l∞,∞

l2,2 l1,1
l∞,∞

5.549× −100 1.209× −98



l1,1 l2,2 1.780× −63

l2,2 l∞,∞ 7.053× −46

l1,1 l∞,∞ 6.950× −6



l1,1 l2,2 6.675× −19

l2,2 l∞,∞ 2.227× −49

l1,1 l∞,∞ 2.864× −35

H



rd

th

rd

th



l1,1
l2,2
l∞,∞

l1,1
l2,2
l∞,∞

l2,2

ϒ
ϒ



ϒ

ϒ

l2,2

l2,2

ϒ ϒ



l2,2

l2,2



l1,1
l∞,∞

l1,1 l2,2
l∞,∞



1.874× −43

1.884× −104

l1,1 l2,2 5.522× −19

l2,2 l∞,∞ 5.638× −28

l1,1 l∞,∞ 3.0695× −9

l1,1 l2,2 9.905× −30

l2,2 l∞,∞ 2.263× −68

l1,1 l∞,∞ 3.156× −30



l1,1
l2,2
l∞,∞

l1,1
l2,2
l∞,∞

l1,1
l2,2 l∞,∞

l1,1 l2,2
l∞,∞



7.265× −93

6.5208× −42



l1,1 l2,2 3.770× −33

l2,2 l∞,∞ 3.949× −54

l1,1 l∞,∞ 4.392× −19

l1,1 l2,2 9.924× −15

l2,2 l∞,∞ 6.853× −34

l1,1 l∞,∞ 2.820× −7



l1,1
l1,1

1.568× −94

l2,2
l2,2

1.764× −95

l∞,∞
l∞,∞

8.047× −90

l1,1
l1,1

3.766× −107

l2,2
l2,2

4.671× −114

l∞,∞
l∞,∞

9.840× −93















l1,1 l2,2 l∞,∞

l2,2
l1,1 l∞,∞







l1,2

l1,2

J1,2 =
N

∑
t

√
n

∑
i
|yci(t)|2

J1,2 =
N

∑
t

n

∑
i
|yci(t)|2

l2,1

l2,1

J2,1 =

√
(

N

∑
t
(

n

∑
i
|yci(t)|)2)



J2,1 =
N

∑
t
(

n

∑
i
|yci(t)|)2

Ys =
n

∑
i
|yci(t)|

= Ttrs f Y

= Ttrs f (QcAyxc(t)+RcByu(t))

Ttrs f n ·N × n ·N

Ttrs f =

⎛
⎜⎜⎜⎝

1 1 1 · · · 1 0 0 0 · · · 0 0 0 0 · · · 0 · · ·
0 0 0 · · · 0 1 1 1 · · · 1 0 0 0 · · · 0 · · ·

· · · · · · · · ·
0 0 0 · · · 0 0 0 0 · · · 0 1 1 1 · · · 1 · · ·

⎞
⎟⎟⎟⎠

J2,1 =
N

∑
t
(Ttrs f Y)T Ttrs f Y

=
∥∥Ttrs f (QcAyxc(t)+RcByu(t))

∥∥
2

min
U
‖F2U+g2‖2

F2=Ttrs f RcBy g2=Ttrs f QcAyxc(t)

min
U

1
2

UT [2FT
2 F2]U+[2FT

2 g2]
T U



0≤ Ys ≤ c2

−g2 ≤ F2U≤ c2−g2

Aconstraint =

⎡
⎢⎣

Ω1

F2

−F2

⎤
⎥⎦

bconstraint =

⎡
⎢⎣

c1

c2−g2

−g2

⎤
⎥⎦

AconstraintU≤ bconstraint

AeqU = beq

l1,∞ ∞

l1,∞

J1,∞ =
N

∑
t

maxi|yci(t)|



Ys =

⎡
⎢⎢⎢⎣

maxi{yci(t)}
maxi{yci(t +1)}

maxi{yci(t +N)}

⎤
⎥⎥⎥⎦

J1,∞ = ∑
t

Ys

= ‖Ys‖1

=
∥∥(QcAymaxxc(t)max +RcBymaxu(t)max)

∥∥
1

= ‖F1U+g1‖1

Aymax Ay

xc(t)max

Bymax By

u(t)max u(t)
F1=QcAymaxxc(t)max g1=RcBymaxu(t)max

min
U
‖F1U+g1‖1,1

0≤ F1U+g1 ≤ Υ

min
U,Υ

[
0
1

]T [
U
Υ

]



Aconstraint =

⎡
⎢⎢⎢⎢⎣

Ω1 0
RcBy −I
−RcBy −I

0 Ω2

⎤
⎥⎥⎥⎥⎦

bconstraint =

⎡
⎢⎢⎢⎢⎣

c1

−g1

g1

c2

⎤
⎥⎥⎥⎥⎦

Aconstraint

[
U
Υ

]
≤ bconstraint

Aeq

[
U
Υ

]
= beq

l∞,1 ∞

l∞,1

J∞,1 = maxt

n

∑
i
|yci(t)|

Ys =
n

∑
i
‖yci(t)‖1

= Ttrs f Y

Ttrs f



J∞,1 = ‖Ys‖∞
= ‖F1U+g1‖∞

F1=Ttrs f cBy g1=Ttrs f cAyxc(t)

0≤ maxt ‖F1U+g1‖ ≤ϒ

min
U,ϒ

[
0
1

]T [ U
ϒ

]

Aconstraint =

⎡
⎢⎢⎢⎢⎣

Ω1 0
Ttrs f RcBy −I

−Ttrs f RcBy 0
0 Ω2

⎤
⎥⎥⎥⎥⎦

bconstraint =

⎡
⎢⎢⎢⎢⎣

c1

−g1

g1

c2

⎤
⎥⎥⎥⎥⎦

Aconstraint

[
U
ϒ

]
≤ bconstraint

Aeq

[
U
ϒ

]
= beq



l2,∞ ∞

l2,∞

J2,∞ =

√
(

N

∑
t
(maxi|yci(t)|)2)

J2,∞ =
N

∑
t
(maxi|yci(t)|)2

Ys =

⎡
⎢⎢⎢⎣

maxi{yci(t +1)}
maxi{yci(t +2)}

maxi{yci(t +N)}

⎤
⎥⎥⎥⎦

J2,∞ = ‖Ys‖2

=
∥∥(QcAymaxxc(t)max +RcBymaxu(t)max)

∥∥
2

= ‖F2U+g2‖2

Aymax Ay

xc(t)max

Bymax By

u(t)max u(t)
F1=QcAymaxxc(t)max g1=RcBymaxu(t)max



min
U
‖F2U+g2‖2

F2=RcBy g2=QcAyxc(t)

min
U

1
2

UT [2FT
2 F2]U+[2FT

2 g2]
T U

0≤ Ys ≤ c2

−g2 ≤ F2U≤ c2−g2

Aconstraint =

⎡
⎢⎣

Ω1

F2

−F2

⎤
⎥⎦

bconstraint =

⎡
⎢⎣

c1

c2−g2

−g2

⎤
⎥⎦

AconstraintU≤ bconstraint

AeqU = beq



l∞,2 ∞

l∞,2

J∞,2 = maxt

√
n

∑
i
(|yci(t)|)2

J∞,2 = maxt(
n

∑
i
(|yci(t)|)2)

= maxt

⎡
⎢⎢⎢⎢⎣
‖yc(t +1)‖2

‖yc(t +2)‖2

‖yc(t +N)‖2

⎤
⎥⎥⎥⎥⎦

min
U
{‖F2U+g2‖2}

J∞,2 = {‖yc(t +1)‖2} F2 =Rc[CcBc 0 0 · · · 0] g2 =QcCcAcxc(t)

J∞,2 = {‖yc(t +2)‖2} F2 = Rc[CcAcBc CcBc 0 0 · · · 0]
g2 = QcCcA2

cxc(t)

J∞,2 = {‖yc(t +3)‖2} F2 =Rc[CcA2
cBc CcAcBc CcBc 0 0 · · · 0]

g2 = QcCcA3
cxc(t)

min
U

1
2

UT [2FT
2 F2]U+[2FT

2 g2]
T U



0≤ Y≤ c2

−g2 ≤ F2U≤ c2−g2

Aconstraint =

⎡
⎢⎣

Ω1

F2

−F2

⎤
⎥⎦

bconstraint =

⎡
⎢⎣

c1

c2−g2

−g2

⎤
⎥⎦

AconstraintU≤ bconstraint

AeqU = beq


















































































