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Abstract

Ever since it was discovered that the Universe is expanding at an accelerated rate,
cosmologists have been searching for an explanation in the form of dark energy: a
mechanism or physical component capable of producing this effect. The study pre-
sented here focuses on dynamical dark energy models, in which the observed accelera-
tion arises as a result of either a cosmic component whose pressure is negative, or as a
modification to the General Relativistic description of the geometry of the space-time
manifold. The word ‘dynamical’ sets these models apart from the ACDM cosmology;,

in which the density of dark energy remains constant as the Universe expands.

Many works in the literature are based on the premise of a spatially flat Universe, and
indeed this is what observational data appears to point to in a ACDM framework.
The question naturally arises, however, whether the assumption of flatness continues
to hold in the case of dynamical dark energy models, especially since spatial curvature
is often correlated with dark energy parameters, and so any wrong assumptions about
it could greatly distort our understanding of dark energy. The aim of this thesis is

precisely to look for an answer to that question.

For the first part of the study, dark energy is modelled as a scalar field that can
either be minimally or non-minimally coupled to the Ricci scalar, and a number of
exact solutions to the cosmological field equations are presented. Each corresponds
to a particular geometry — flat, open or closed. In the next part, analytical methods
are combined with numerical techniques to analyse several models from the literature,
chosen for their ability to represent the complete cosmic history. The aim is to investi-
gate how spatial curvature influences the main features of the evolution. Initially, the
Universe is assumed to consist of a Van der Waals fluid, but this alone cannot provide
an explanation for the acceleration at late times, despite the fact that it accounts for
the inflationary and matter-dominated epochs. Hence, dark energy is introduced as
Quintessence, a Chaplygin gas or dynamical vacuum energy. It turns out that the
transition from the inflationary epoch to the matter-dominated one would occur first
for the open universe, and last for the closed one. The onset of late-time accelera-

tion would also take place in this order. Furthermore, positive curvature is found to

iii



iv

enhance inflationary acceleration and the deceleration that follows. Among the fluid
characteristics considered are the customary proportionality between energy density

and pressure, and bulk viscosity.

The effects of spatial curvature on cosmic evolution are then investigated in the context
of the generalised running vacuum model (GRVM) and its sub-cases. In the GRVM,
the cosmological constant is replaced by a function of the Hubble parameter and its
time derivative: A(H) = A+ BH? + CH (A, B and C being constants). Two-
parameter models are obtained by setting B or C' equal to zero. The main goal is to
find out if the models best describe observations when one assumes spatial flatness,
or if the presence of curvature improves the fit. This is accomplished via a Markov
Chain Monte Carlo (MCMC) analysis. The data set used comprises measurements of
observables related to Type-Ia supernovae, cosmic clocks, baryon acoustic oscillations,
the cosmic microwave background and redshift-space distortions (RSDs). Since it
is well known that the data itself (rather than just the particular model) plays an
important part in determining whether curvature is ruled out, the chapter draws
comparisons between the constraints obtained in various scenarios, such as when RSD
measurements are excluded (in contrast to when the full data set is employed). The
lack of consensus within the scientific community about the value of the Hubble
constant (Hy) is also taken into account. Two different values of Hy from the literature

are introduced and their effects on the results are investigated.

In the last part, the focus is shifted to an alternative theory of gravity — namely,
f(R) gravity, constructed by generalising the Ricci scalar in the Einstein-Hilbert ac-
tion to a function thereof. Four f(R) models are considered, all of which appear
to be compatible with Solar-System and cosmological constraints: the Hu-Sawicki,
Starobinsky, Exponential and Tsujikawa models. The idea is to see whether these
models are able to accommodate non-zero spatial curvature (while still being consis-
tent with cosmological observations). Since they all reduce to ACDM at high redshifts,
any differences from ACDM are most likely to emerge at the level of perturbations.
Therefore, the perturbation equations (in the sub-Hubble, quasi-static regime) are
derived and incorporated into the analysis, which is again carried out using MCMC
sampling techniques. Given that matter density perturbations are scale-dependent
in f(R) gravity, the results obtained for different values of k; (the comoving wave

number) are compared.



Conventions

o The metric signature is (—, +, +, +);

o The unit system employed has ¢ = 1 (¢ being the speed of light in vacuum);
o An overdot denotes differentiation with respect to cosmic time ¢;

o A prime denotes differentiation with respect to the argument;

« Plots are produced with 87G /3 set to unity (G is the Newtonian constant of

gravitation). G is assigned standard units anywhere else;

e The Riemann curvature tensor takes the form

A A
Ry, = 8,10, — 0,00, + TP, [N —T0.T

ouv 1 no 7

o The Ricci tensor is derived from the Riemann tensor by summing over its first
and third indices: R, = R)\/m/ )
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CHAPTER 1

Introducing Dark Energy

1.1 Evidence for Dark Energy

A few decades ago, the present-day Universe was thought to be mainly composed of
matter. This would then have explained the supposedly decelerating cosmic expan-
sion. In 1998, however, the High-z Supernova Search Team reported that luminosity
distance measurements to a sample of Type la Supernovae (SNela) favoured an ac-
celerating universe [1,2]. The next year, the Supernova Cosmology Project published
a study [3] which made use of the magnitude-redshift data for a number of SNela
to constrain cosmological parameters. The team also found evidence of cosmic ac-
celeration. For their leading role in ‘the discovery of the accelerating expansion of
the Universe through observations of distant supernovae’, Saul Perlmutter, Brian P.
Schmidt and Adam G. Riess were awarded the 2011 Nobel Prize in Physics [4].

Supernovae classified as Type Ia have optical spectra with two distinctive features:
the absence of hydrogen lines, and the occurrence of a singly ionised silicon Si II
absorption line at 615 nm [6]. They are thought to be thermonuclear explosions of
white dwarf stars, with ignition taking place either when one of these stars has accreted
enough mass from a nearby companion to exceed the Chandrasekhar limit, or when
two white dwarfs collide [7]. SNela make it possible to probe the expansion history of
the Universe by looking at how their (luminosity) distance! from us is related to their
redshift. Whenever this relation departs from a pure Hubble law,? the difference (to
lowest order in z) is proportional to the deceleration parameter, and can thus yield
important information about the rate at which the Universe is expanding [2]. SNela

are ideal in this regard because they act as standard candles — in the sense that their

IRefer to subsection 1.3.4.

2Hubble’s law states that the observed recession velocity v of a galaxy is directly proportional
to its distance d from us: v = Hod, where Hy is the Hubble constant [8]. This law only holds for
redshifts z < 1 [9].
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FIGURE 1.1: Observed magnitude versus redshift for distant and (in the inset) nearby Type Ia
Supernovae. For clarity, measurements at the same redshift are combined. At redshifts beyond
z = 0.1, the cosmological predictions (indicated by the curves) begin to diverge, depending on the
assumed cosmic densities of matter and vacuum energy. The red curves represent models with zero
vacuum energy and matter densities ranging from the critical density p. (refer to subsection 1.3.4)
down to zero (an empty cosmos). The model that best fits the data is represented by the blue line;
it has a matter density of about p./3 plus a vacuum energy density that’s twice as large, and hence
corresponds to an accelerating universe.

Figure and caption from Ref. [5]. Copyright © 2003 American Institute of Physics.
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homogeneity as a group means their intrinsic luminosity (or absolute magnitude) can
be calibrated [7], and hence astronomers may readily find how distant they are by

measuring their observed luminosity (called the apparent magnitude) [10].

The discovery that the Universe is currently accelerating ushered in the concept of
dark energy. This is a form of energy which (unlike matter and radiation) is not
gravitationally attractive, but instead gives rise to a repulsive effect. Furthermore,
dark energy is thought to be homogeneously distributed, with a density of only about
10~2"kgm™3 [11], so the prospect of detecting it directly is very low. The fact that it
only interacts gravitationally, and not via any of the other fundamental forces, makes

it even more elusive.

Additional evidence for dark energy comes directly from the cosmic microwave back-
ground (CMB). Fluctuations in the temperature of the CMB usually follow a Gaus-
sian distribution. Recently, however, astronomers analysing data from the Atacama
Cosmology Telescope in Chile discovered CMB fluctuations which deviate from this
distribution. The phenomenon was attributed to gravitational lensing by large-scale
structure (LSS). It was proposed that the degree of non-Gaussianity could shed light
on whether dark energy really exists, because in its absence the lensing signal would
be enhanced (mainly due to three reasons: firstly, CMB photons would spend a longer
time at lower redshifts, where there is more LSS; secondly, the growth rate of LSS is
higher in a universe with positive curvature and no dark energy, and thirdly, when
no dark energy is present, projection effects tend to pick out fluctuations with longer
wavelengths, which are larger for most lensing scales). Consequently, lensing data is
able to break the geometric degeneracy of models that, despite having different expan-
sion rates and spatial curvature, give rise to similar temperature power spectra and
so cannot be distinguished using only primordial CMB measurements. The amount
of lensing detected was found to favour cosmologies with dark energy over those that
had none [12,13].

The existence of dark energy is further evidenced by the Integrated Sachs-Wolfe (ISW)
effect [15]. This is an effect experienced by CMB photons due to the temporal variation
of the cosmic gravitational potential, and translates into a secondary anisotropy of
the CMB [16]. Let us suppose that a CMB photon travelling across the Universe
passes through a region where there is a galactic super-cluster. As it falls into the
gravitational potential ‘well’ created by the strong gravity of the super-cluster, the
photon’s energy increases, and it is blue-shifted. If the gravitational potential is static,

this energy gain is compensated for by the loss that occurs when the photon has to
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Gnomonic projections of the WISE-2MASS projected density map (left) and the Planck SMICA
CMB map (right).
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FIGURE 1.2: Comparison of the projected WISE-2MASS galaxy density field (left) with the Planck
SMICA CMB map (right) reveals that one of the most significant cold spots of the CMB is aligned
with a prominent large-scale under-density [14].

‘climb out” of the well. However, the expansion of the Universe — driven by dark
energy — causes the super-cluster to become less dense during the time it takes for the
photon to travel through it. Consequently, the well becomes shallower, meaning that
the energy the photon loses during exit is a little less than the amount gained on the
way in. The light we receive from the corresponding region of the sky is thus slightly

warmer than it would have been in the absence of the super-cluster [17].

As a result of successive additions and subtractions of energy (due to the presence
of over- and under-dense regions), the path a photon travels from the last scattering
surface to Earth may be characterised by a net rise or fall in temperature. This
explains why hot spots in the CMB — regions with a higher-than-average temperature
— correlate well with peaks in matter density. On the other hand, areas where the
temperature is lower than average, called cold spots, are correlated with under-dense

regions [17]. A typical example is depicted in Fig. 1.2.
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1.2 Different Dark Energy Models

1.2.1 ACDM

Given the above-mentioned evidence, dark energy has to be somehow incorporated
into a successful cosmological model, either as an actual component of the cosmic fluid
or as a mechanism which arises from the geometry of the space-time manifold. One
of the first dark energy models to be proposed was ACDM, constructed by adding
a cosmological constant A — also known as vacuum energy — to Einstein’s theory of
General Relativity (GR).

As the name implies, the cosmological constant has an associated energy density
pa with fixed value: pp = —pp = A/8wG [18], where pp denotes the corresponding
pressure. While the matter and radiation components are diluted by cosmic expansion,
therefore, dark energy is not, and it eventually starts to dominate. This would then
explain why we seem to be living in a dark-energy dominated epoch: the WMA P nine-
year results suggest that in a flat ACDM universe, baryonic and dark matter only
make up 28.65% of the cosmic fluid, with dark energy accounting for 71.35% [19].
Also assuming a flat ACDM cosmology, the Planck collaboration report a cosmic
composition of 68.47% dark energy and 31.53% matter [20].

The addition of a cosmological constant was, in fact, initially considered by Einstein
himself, albeit for a different purpose. At the time, observations of the Universe
were mainly limited to the stars in our galaxy, and the available evidence suggested
that the Universe was in a state of static equilibrium. In 1917, therefore, Einstein
published a paper entitled ‘Cosmological Considerations in the General Theory of
Relativity’, in which he proposed the addition of a new term to the field equations
of GR as a means of counteracting the attractive force of gravity. Five years later,
however, Friedmann derived a solution to Einstein’s equations that appeared to imply
an expanding universe. When Edwin Hubble verified this prediction observationally,
Einstein dismissed the cosmological constant completely (refer to [21] and works cited
therein). Indeed, he is reputed to have called it his ‘biggest blunder’. Little did he

know that it would be re-introduced many years later.

Despite providing a reasonably good fit to observational data,> ACDM is not without

its shortcomings, especially on scales larger than the Solar System. Prominent among

3See, for instance, Refs. [19,22] and [23].
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these is the smallness problem, which refers to the fact that the theoretical value
for A deduced in the framework of Quantum Field Theory is larger than the one
derived from observations by a factor of ~10'20. This stems from the fact that zero-
point energy calculations based on the assumption of a Planck-scale cutoff yield a
vacuum energy density for bosonic fields [24] of ~10' Jm~3. On the other hand,
the upper bound consistent with observations is of ~107? Jm™3 [25]. Interestingly,
Klauber mentions that if fermions are also taken into consideration when computing
the theoretical estimate, the total vacuum energy density would be negative and of

the same order as the observed value [24].

Another difficulty with ACDM is encountered when one considers that the matter
energy density, notwithstanding the fact that it is a function of redshift, appears to
be comparable to the density of dark energy at present. It is rather implausible that
this should have happened purely by coincidence. However, ACDM offers no better
explanation, a limitation which we term the coincidence problem. There is also the
tension between the local value of the Hubble constant [26] and the result obtained
by the Planck collaboration [20] in the context of a ACDM cosmology. A fourth
example is the challenge posed by the ‘small-scale crisis’ (see Ref. [27] and works cited
therein), which refers to the discrepancies between sub-galactic-scale observations
and the predictions resulting from N-body simulations of structure formation in the

standard model.

The above-mentioned shortcomings have led the scientific community to propose and
study alternative models of dark energy. Most are constructed by modifying either

side of Einstein’s field equations [8]:
1
Ry — §Rgu,, = 8nG Ty — Aguw - (1.1)

Here, Ry, g and T, are the Ricci, metric and energy-momentum tensors, respec-
tively, while R denotes the Ricci scalar. We shall also take a look at a few models

which are based on a completely different approach.

The next three sections summarise the main features of a number of models from each
category. The list is extensive, but by no means exhaustive. The reader is directed

to [28] for references and more information.

Before proceeding, however, let us make a small detour to introduce the equation of
state (EoS) parameter. This is often denoted by w, and is defined as the ratio of p

to p, where p is the energy density of the relevant cosmic fluid component and p the
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associated pressure. For the cosmological constant, we thus get that wa = pa/pa =
—1. The EoS parameter of dark energy need not be constant, though, and in many
models alternative to ACDM it is not. In such cases, it is more appropriate to refer

to an ‘effective’ equation of state.

1.2.2 Modified matter models

In Modified Matter models, the energy-momentum tensor is altered to include a com-
ponent whose negative pressure drives the late-time cosmic acceleration [29]. One
class of such models is based upon the replacement of the cosmological constant with
a dynamical A which, as the name implies, is allowed to vary throughout the cosmic
history, although the EoS parameter is kept fixed at —1. The decay of vacuum energy
to its present small value consequently provides a natural solution to the smallness

problem. These dynamical-A cosmologies are further explored in Chapter 4.

When the modified model incorporates a rolling scalar field, the resultant cosmol-
ogy can be thought of as a generalisation of ACDM: if the field rolls slowly, its
potential energy behaves like the cosmological constant [28]. Prominent examples are
Quintessence and Phantom (or Ghost) models. The main characteristics of each are

briefly outlined below. A number of other Modified Matter models are also included.

Quintessence

The word quintessence means ‘fifth element’. In fact, Quintessence models [30,31] are
founded on the postulate of a fifth cosmic component — the other four being baryons,
dark matter, radiation and spatial curvature. The new addition is a time-varying
scalar field ¢ [29] which has a canonical kinetic energy term? and is minimally coupled
to gravity. It provides the negative pressure required to explain the accelerating

expansion of the Universe [28].

Quintessence models may be classified as either freezing or thawing. In the former case,
wg decreases with time and approaches the phantom divide (wgy = —1), whereas in
thawing scenarios the scalar field gradually ‘thaws out’ of its frozen state and causes wy

to increase away from —1. Freezing models may additionally be subdivided into two

4This refers to a term of the form —1/2 gV, 6V, ¢. The presence of a minus sign is made
necessary by the choice of metric signature — given a scalar field that depends only on time, its
kinetic energy density then works out to be positive [and equal to 1/2 (d¢/dt)?, where ¢ is cosmic
time] [32].
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classes. In tracking freezing models, the evolution converges to a common solution for
a wide range of initial conditions — a feature which could solve the coincidence problem.
Scaling freezing models earn their name from the fact that the equation of state for

¢ scales as the one for matter during the early matter-dominated epoch [33,34].

It should be emphasised, however, that the name ‘quintessence’ is often regarded
simply as an indication of a phenomenological approach [35]. One need only mention
that models based on non-minimally coupled scalar fields or bulk-viscous fluids, or
even on networks of non-intercommuting topological defects, are among the many

that may classify as ‘Quintessence’ [36].%

Phantom models

Phantom scalar fields [37] have negative kinetic energy. Consequently, they tend to
roll up the potential ‘hill’ (and not down, like conventional fields do), so that their

3(1+w¢), where a

energy density pg grows in the process. Given that pg goes as a™
is the cosmological scale factor, an increase implies that the EoS parameter wy must
be less than —1 [38]. The fact that phantom energy violates the dominant-energy

condition is perhaps unpalatable but not necessarily problematic [39].

If wy is constant, py keeps on growing and causes the cosmic expansion rate to diverge
in finite proper time, ultimately leading to a point at which the Universe is ripped
apart and physical laws break down (the Big Rip singularity) [39]. A disadvantage of
ghost models is the vacuum instability that results from interactions (gravitational or

otherwise) of the phantom quanta with other fields [28].

Recently, K. J. Ludwick suggested that phantom models need not have negative ki-
netic energy on all relevant length scales at all times. He also concluded that the

kinetic energy of Quintessence may not always be positive [40].

We now turn to dark energy models based on fields with modified kinetic terms.

K-essence

K-essence models are constructed by replacing the conventional kinetic term in the
action with the pressure of the field, which is a function of both the field itself and

also of the said canonical kinetic term. At the same time, it is made sure that

5Such models are sometimes referred to as extended Quintessence.
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Lorentz symmetry is preserved [28]. As the name implies — K-essence is short for
Kinetically-Driven Quintessence — in this class of models the particular behaviour of
the scalar field derives from the presence of non-canonical kinetic terms [41], rather
than on precise functional forms for the field potential (as is usually the case with
Quintessence). While it is not generally possible to rewrite K-essence models in terms
of Quintessence parameters, Malquarti et al. report that an equivalence can be made

in certain dynamical regimes [42].

K-essence may lead to a unified cosmological framework in which a single scalar field
accounts for both the inflation of the early Universe and the late-time accelerated
expansion [43]. Indeed, the proposal that cosmic dynamics are kinetically-driven first

appeared in the context of inflation [44].

Kinetic Gravity Braiding

The action for Kinetic Gravity Braiding is constructed by adding a term of the form
V=9 f(¢,X)0¢ to the Lagrangian density of K-essence, where OJ is the covariant
d’Alembertian and f is a generic function of the scalar field ¢ and the associated
canonical kinetic energy X. Due to the presence of the f[J¢ interaction term, the
energy-momentum tensor of the scalar field does not take the perfect-fluid form; ¢ is
therefore termed an imperfect scalar. Furthermore, this same term encodes a coupling
between ¢ and the metric tensor g, giving rise to a mixing of the associated kinetic
terms and thus earning the theory its name. The key feature of models with kinetic
braiding is the dependence of the Einstein equations and the equation of motion for
¢ on the second derivatives of both the scalar field and metric — and this despite
the fact that one starts off with a scalar field whose coupling to gravity is seemingly
minimal [45]. The literature contains several examples of different forms that f(¢, X)
may take [46,47].

As a consequence of kinetic braiding, ¢ couples to other kinds of matter in a rather
peculiar manner. In the absence of an additional, direct interaction between matter
and the scalar field, this coupling has a one-way nature, in the sense that the matter
distribution itself does not become coupled to the scalar and can thus only be affected
gravitationally by it [45]. On the other hand, the sensitivity of ¢ to the presence of
matter opens up the possibility that the former takes on the role of dark energy, so
that under certain conditions the resulting cosmology approaches a de Sitter space

asymptotically at late times. The scalar field may additionally cross the phantom
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divide wy = —1 without generating ghosts or gradient instabilities [45].

Ghost Condensation

The Ghost Condensation model is another generalisation of K-essence. It originated
as a solution to the problem posed by the quantum instability of phantom dark energy
[28].

Like the cosmological constant, a ghost condensate is endowed with the equation of
state py = —pg (Where py stands for the pressure and pg the energy density of the
condensate). It enables the Universe to admit a de Sitter phase, and is also similar
to A in that it does not get diluted as the Universe expands. Contrary to vacuum
energy, however, the ghost condensate is modelled as an actual physical fluid with a
physical scalar excitation. The underlying concept stems from a theory based on a
real scalar field ¢ whose Lagrangian has the ‘wrong-sign’ kinetic term characteristic

of ghost fields. Additionally, ¢ is shift-symmetric and has a constant velocity [48].

The ability of the ghost condensate to give rise to a de Sitter phase suggests that
it might be driving the current acceleration, and that it could have been responsible
for the early inflationary epoch of the Universe. It has also been suggested that
the ghost condensate may be able to produce the effects usually attributed to dark
matter [48]. Furthermore, a recent study reports that the Galileon ghost condensate

model (of which the model described here is a sub-case) is observationally favoured
over ACDM [49].

We shall now take a look at a modified matter model which is not based on scalar
field theory.

Chaplygin gas model

Most models of dark energy have a fluid description. Some, however, originate from
the direct modification of hydrodynamical equations. Prominent among these is the
Chaplygin gas (CG) model, so-called because it incorporates dark energy as a Chap-
lygin gas. The equations governing this fluid were originally used in aerodynamics to
model the flow of air around the wings of an aircraft [28]. The Chaplygin gas EoS

reads:
A
pcGc = ——— (1.2)
PCG
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where pcq and pcg are the pressure and energy density of the fluid in a comoving
reference frame, respectively, and A stands for a positive constant [50]. Generalised
versions of Eq. (1.2) have also been explored in the literature. One of these, which gives
rise to the generalised Chaplygin gas (GCG) model [28], includes a second constant
(denoted by «) and takes the form [51]:

A
PacG

pGeG = — (1.3)
Interestingly, despite the fact that the representation of dark energy as a Chaplygin
gas did not originate as a scalar field theory, the resulting dynamics may alternatively
be ascribed to the presence of a scalar with a simple potential during the matter- or

dark energy-dominated epochs [28].

The CG and GCG models have been thoroughly investigated using observational
data from numerous sources, such as SNela, baryon acoustic oscillations (BAOs),
and the CMB. Most studies have shown that the CG model is not compatible with
observations [28]. In particular, the combination of X-ray, SNela and Fanaroff-Riley

type IIb radio galaxy data, when used to test the GCG model, yielded the constraint
a=—0.097033 (1.4)

at a 95% confidence level. This study thus rules out the CG model, which corresponds
to a =1 [52].

An attractive feature of GCG is its ability to incorporate dark energy and dark matter
as a single component. In fact, GCG is sometimes called the Unified Dark Matter
model® (UDM). However, when « is positive, the dark matter power spectrum in
the UDM scenario is characterised by oscillations which turn out to be incompatible
with observations. On the other hand, negative values of o make the perturbations
grow exponentially, but these are also ruled out. Studies have shown that most of the
parameter space of « is excluded by observational constraints. The values still allowed
are those extremely close to zero — which essentially means that only the ACDM limit

can satisfy the said constraints [53].

6The reader is referred to [28] and works cited therein.
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1.2.3 Modified gravity models

Modified Gravity models are constructed from altered versions of the action that forms
the basis of General Relativity. The GR action reads [8]:

S:/L\é;_é(R—QA)] ddz . (1.5)

Changes to Eq. (1.5) are made with a view to providing an alternative description of
the geometry of space-time — one that gives rise to the effects usually attributed to
dark energy. We will thus be concerned with the left-hand side of Eq. (1.1).

A number of Modified Gravity models are reviewed in more detail below.

f(R) and f(T) gravity

As the name suggests, the idea behind f(R) gravity models is the generalisation of
the Ricci scalar R in the gravitational action of GR [Eq. (1.5)] to a function f(R).
The action is then varied either with respect to the metric itself (an approach known
as the metric formalism), or by treating the metric and connection” as independent
variables and varying the action with respect to both. In the latter case, one gets the

Palatini formalism of f(R) gravity, in which the matter part of the action must be

"The connection is a mathematical construct that defines the notion of parallel transport along a
curve on a manifold [54]. Parallel transport can be loosely understood as the curved-space general-
isation of the concept of ‘keeping a vector constant’ while moving it along a path [8]. There is an
important difference, however, between what happens in a flat space and a curved one: in the latter
case, the result of parallel transport depends on the path taken.

An affine connection is essentially a set of linear transformations which enable us to compare tangent
vectors lying at different points on a manifold [55]. To make the basic principles more intuitive, we
may picture a pseudo-Riemannian manifold embedded in a pseudo-Euclidean space of higher dimen-
sion. Then, starting with the vector v belonging to the tangent space of a point P, we shift it to a
neighbouring point Q, keeping it parallel to itself in the process. This amounts to transporting the
vector within the Euclidean embedding space while keeping its length and direction fixed. At Q, v
will not in general be tangential to the surface. That is why we need to equip the manifold with an
affine connection. It enables us to shift v from P to Q in such a way that the end result is a vector
lying in the tangent space of Q [18].
In mathematical terms, a vector v is said to be parallel transported along the path z#(¢) if the
condition [8]

da*

d¢
holds at every point along the path. The quantity V,v? stands for the covariant derivative of v and
is given by:

V7 =0

(oa (oa g
V7 = 0y —I—l"upvp.
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assumed independent of the connection. If the assumption in question is relaxed, the

resulting version is called metric-affine f(R) gravity [56].

The recent discovery that the Universe is accelerating motivated a surge of interest in
this class of models [56]. Indeed, like other Modified Gravity theories, f(R) gravity
opens up the possibility that the effects attributed to dark energy may be arising
naturally from the geometry of the space-time manifold, and is an endeavour to make
dark energy redundant. We shall be reviewing metric f(R) in greater detail in Chapter
5. The metric-affine formalism is as yet relatively unpopular, and the Palatini class
of theories has ‘suffered multiple deaths’ [57]; its problematic features include a non-
dynamical scalar field, an ill-posed Cauchy problem, and curvature singularities arising

from discontinuities in the matter distribution [57].

In GR, the geometric quantity that can be said to ‘describe gravity’ is the Riemann
curvature tensor. This tensor embodies a description of the geometry that matter
induces in the space-time manifold, and which in turn determines the trajectories
of test particles — a role commonly attributed to ‘gravity. The Riemann curvature
tensor is constructed from the torsionless Levi-Civita (or Christoffel) connection. In
1928, however, Einstein tried using the Weitzenbock connection instead. This has no
associated curvature but is characterised by non-zero torsion. Consequently, in the
resulting model (called Teleparallelism) the prominent role that the Riemann curva-
ture tensor plays in GR is assigned to the torsion tensor. Nonetheless, Teleparallelism

shares many features with standard GR [58].

The basis of the Lagrangian density for the Teleparallel Equivalent of GR (TEGR) is
the torsion scalar T [58,59]:

_ vy
L= 0T (1.6)

which is itself defined as the product S,/ T7,,,. The torsion tensor 77, is constructed

The connection is specified by the set of coefficients I' ,. It is possible to construct many connections
on a given manifold, but one is of particular significance: the (torsion-free) metric compatible con-
nection, so-called because the associated covariant derivative operator gives zero when it acts upon
the metric [8]. The coefficients that define this connection are known as the Christoffel symbols and
may be computed from the metric as follows:

1
I = 590'0 (Ougvp + OvGpp — Opguw) -

Although we have focused exclusively on vectors, the concept of parallel transport can be extended
to any tensor of arbitrary rank.
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from the Weitzenbock connection, WFZ),‘M:

A A A
T ="Th-"T,,, (1.7)
whereas S,/ takes the form:
1
S, = (KM, + 5Ty = 55Ty . (1.8)
Here, IC’“’p represents the contortion tensor:
1
K, = L (TH, T, — T, (19)

and 0¥ is the familiar Kronecker delta [58,59].

Just as f(R) theory generalises the Ricci scalar in the GR action to functions thereof,®
so f(T) Lagrangian densities are non-linear functions of the above-mentioned
TEGR scalar 7. One advantage of f(7) models is the fact that the field equations,
being second-order, avoid the pitfalls associated with the higher-order equations of
the f(R) metric formalism [58].

In f(7T) gravity, the non-zero torsion of the connection is responsible for the observed
cosmic acceleration [59]. The theory can also accommodate the radiation- and matter-
dominated epochs, and there is the possibility for inflation to be
achieved without an inflaton field. The reader is directed to [60] for references and a

comprehensive review.

MOND and TeVeS theories

The Modified Newtonian Dynamics (MOND) theory was proposed as a means of
erasing the need for dark matter. It involves the modification of Newtonian dynamics
on very large scales [28]. MOND can provide an explanation for several observational

aspects of galaxies and galaxy clusters without invoking any ‘hidden’ mass [61].

8Tt should be noted, however, that in the Palatini and metric-affine approaches, R derives from
the non-metric connection [56].
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The basic assumption of MOND is concisely summarised by the equation

F =mg f(lal/c)a;

fy>)=1; fly<l)~y, (1.10)

where myg is the gravitational mass of an object that moves in a static force field F

with acceleration a. The constant ¢ was determined to be approximately 2 x 10710

ms~2. When |a|] > ¢, the function f tends to unity, and Newtonian gravity is
recovered [61]. The assumptions underlying MOND can be interpreted in two ways:
either as a modification of Newton’s second law (F = mga) or as an alternative

description of the gravitational field [62].

Bekenstein and Milgrom have shown that the basic principles of MOND may be
incorporated into a theory with a Lagrangian formalism. The main feature of the
Lagrangian density they propose is the fact that it contains a function of (V®)? (®
being the potential responsible for the acceleration of test bodies) [62]. This property
is reflected in the name given to the resulting theory: AQUAL, which is short for A
QUadratic Lagrangian [28].

The relativistic version of AQUAL is based on the Lagrangian density:

£ \/__g

= 0 R 2 (U Vvi)| (111)

Here, U is a constant introduced for dimensional consistency, i) represents a real
scalar field,” and guv is conformal to the physical metric (which is given by gu,,ew).
Unfortunately, relativistic AQUAL has been empirically falsified, mainly because of
two major shortcomings: the violation of causality by -waves and the failure to
properly account for light deflection, which in GR requires the presence of dark matter
[63].

TeVeS is arguably the most complicated in the MOND family of models. Indeed,
the name is an acronym for Tensor-Vector-Scalar, because the theory incorporates
three dynamical fields: the Einstein metric tensor g, a timelike four-vector field v#
and a scalar field ¢, together with a non-dynamical scalar field £&. Unlike some of
the other MOND-like models, TeVeS makes it possible to avoid causality violations

and to comply with the constraints imposed by gravitational lensing experiments.

9To a good approximation, relativistic AQUAL reduces to MOND when the acceleration is weak,
and (subject to certain conditions) the field ¢ takes the role of ® [63].
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Nonetheless, it has its share of problems. For instance, the effects that in GR are
attributed to dark energy do not emerge as a natural consequence of the theoretical

framework [28].

Gauss-Bonnet gravity and Lovelock gravity

For Gauss-Bonnet (GB) gravity [64], the Einstein-Hilbert action of Eq. (1.5) is mod-
ified to include a ghost-free correction proportional to RF*P? R, e — 4R* Ry, + R2.
This expression is called the GB term G [28].

GB theory was proposed with the aim of deriving a ghost-free gravitational action
from the low-energy limits of string theory [28,64]. When G is coupled to a scalar
field ¢ whose potential takes the form V(¢) = Vpexp (—A¢), and the GB coupling —
in other words, the factor which scales G in the action — is proportional to exp (g¢)
(0 > A; o and X are both contants), the matter-dominated era may be followed by
a late-time de Sitter epoch. Yet despite being well-motivated by low-energy effective
string theory, GB gravity is observationally disfavoured as a dark energy candidate
model. Additionally, in order to prevent Solar System constraints from being violated,
the energy contribution of the GB correction must be strongly suppressed. This
suppression may in turn render the GB term insufficient to account for the late-time
accelerated cosmic expansion. However, it is possible to get the required acceleration
by replacing G with a function f(G). A number of models that result from this
approach are able to satisfy local gravity constraints, but have been found lacking
in other ways. In particular, density perturbations in perfect fluids are subject to
negative instabilities during both the radiation- and matter- dominated epochs (refer
to [65] and works cited therein).

A more general version of GB theory is known as Lovelock gravity [66]. In a D—

dimensional space-time, the action for pure Lovelock gravity takes the form!° [67]:

v—9 L 4D
S(q) :/167TG C(q)n(q)d xz, (1.12)

where ¢ is an integer, C(q) denotes a parameter with dimensions of (length)Q(q_l) and

n%q) represents the Lovelock invariant:

1
L 1V . gV A Ag . L __
U(q) - E 5011/\1...03)\3 Rull/fl Lo R,uqy;jq . 77(0) =1. (113>

10A general Lovelock action would contain a sum of Lovelock invariants [67].
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In the above, RWU)‘ is the Riemann tensor, while the indices pu, v, o and A can take
values in the range [0, D — 1] and serve to label the D spacetime coordinates. The

generalized Kronecker delta is defined in terms of the Levi-Civita symbol!! [67]:

Op ity = ey Ly = mlOl O (1.14)

79
Although Lovelock gravity cannot directly yield a cosmology dominated by dark en-
ergy, dimensional reduction techniques have made it possible for third-order Lovelock
dark energy models to be proposed [28]. In Ref. [68], for instance, the authors con-
sider the third-order Lovelock equations in a higher-order Kaluza-Klein space-time
devoid of matter and without a cosmological constant. They show that dark energy

and matter can be created out of the curvature of the Kaluza-Klein space-time.

Horava-Lifshitz Gravity

Horava-Lifshitz Gravity [69] tackles the problem of non-renormalisability, a major
stumbling block encountered when attempting to quantise GR.'? Horava suggested
that by giving up Lorentz invariance at high energies, it is possible to at least have
power-counting renormalisability [28]. A theory is said to be renormalisable by power
counting when the processes leading to divergences are finite in number and exclusive

to Feynman graphs with only a few external lines [70].

The metric that arises within the Horava-Lifshitz framework reads:
ds® = = N2dt* + pj (da’ + N'dt) (da? + Ndt) (1.15)

Here, N and N’ represent the lapse and shift functions, respectively, and fij is the
spatial metric [71]. An important and distinctive property of the theory is its UV
fixed point, which is characterised by an anisotropic, Lifshitz scaling of the form
2’ — ba',t — b°t (b is the scaling factor and e the dynamical critical exponent [71].
The latter must equal three for the theory to be power-counting renormalisable in a

spacetime with 3 + 1 dimensions [69].)

Hotava-Lifshitz cosmology is constructed by combining the modified gravitational

HThe Levi-Civita symbol, denoted by €p1pa...on» €Valuates to +1if p1pa ... py, is an even permuta-
tion of 0,1,2...n — 1. It is equal to —1 if the permutation is odd, and 0 otherwise [8].

12The appearance of loops in Feynman diagrams often implies unbounded transition amplitudes.
In very simple terms, renormalisability refers to the process of redefining certain quantities in a way
that makes the transition amplitudes finite [24].
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background with a scalar field ¢. The resulting model describes a universe with a
cosmological constant and a so-called dark radiation term, as well as a dark matter
distribution that ¢ is expressly introduced to account for [71]. In Ref. [71], the addition
of a second scalar field gives rise to an effective dark energy component with a varying

EoS parameter that may even cross the phantom divide.

Conformal Weyl Gravity

The action for Conformal Weyl Gravity (CWG) is constructed from the conformal
Weyl tensor Cy . [72]:

2
S - _5/\/ —g O)\/wmo)\'uyﬁ d4ZE = _5/\/ —g (R)\/U/;QR/\MVK — QRMVRMV + Z) d4£B;
(1.16)

1 R
C)\,uyn = R)\pl/fi - 5 (g)\z/R;u-c - g)\/iR,u,l/ - g,uVR)\/s + g/mRAl/) + g (g/\ug,uf@ - g/\nguy) .
(1.17)

In the above, ( is a dimensionless coupling constant.

Eq. (1.16) may be simplified [72] by making use of the fact that the Lanczos Lagrangian
density [73], which reads

Ly, = v=9 (RywnRM" = AR, R*™ + R?) | (1.18)

is a total divergence and hence does not contribute to the equations of motion; the
conformal action consequently becomes [72]:

2
S =23 / V=g (RWR“” - ]Z) Az . (1.19)

Among the features that CWG shares with standard GR are general coordinate
invariance and an equivalence principle structure. In addition, CWG is endowed
with local conformal invariance, meaning that metric transformations of the type
g (2?) — e2f(mk)gu,,($>‘) [where f(z*) is an arbitrary local phase] leave the action

invariant [74].

The strong point of CWG is that it provides an explanation for galactic rotation curves
without any need for dark matter [74]. It can also serve as a dark energy model [72],

but has its share of controversy, not least because conformal invariance constrains the
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total energy-momentum tensor T/tfy’t to have vanishing trace. Since cosmological fluids

(with the exception of radiation) are in general described by an energy-momentum
tensor with non-zero trace, this must mean that Tﬁ,‘ﬂt receives contributions from an
additional source. According to Mannheim, the source in question is none other than
the Higgs field [75]. However, some see this scenario as highly unlikely. For instance,
Yoon underlines the difficulty of proposing a mechanism that would distribute the

Higgs field in the way necessary to render Tj9" traceless [76].

A further setback of CWG concerns the parameter . This parameter arises as an
integration constant in the line element exterior to a static, spherically symmetric
source!3 [77]:

dr?
2 _ 2 2 2 s 2 2\ .
ds? = —B(r)dt By T (d6° +sin*0de?) ; (1.20)
92—
B(r)=1- ”(rw — Buy 4y — 2 (1.21)

Eq. (1.21) essentially represents a modification of the Newtonian gravitational poten-
tial, and is the reason why the features of galactic rotation curves may be explained
without the need for dark matter. A good fit to the data is obtained if v is approxi-
mately 10728 cm~! [77]. Herein lies the problem: the given estimate is several orders
of magnitude smaller than the value inferred from lensing data [78] or from consider-
ations of quantum interference effects [79]. A recent study even argues that v must
be set to zero [80]. On the other hand, constraints from the perihelion precession of
planetary orbits are compatible with those from galactic rotation curves [81]. There
is also the fact that the sign of v is itself a subject of debate!# [83-85].

1.2.4 Other models of dark energy

Several other noteworthy dark energy models are introduced below.

Holographic dark energy

The Holographic Principle originated from black hole thermodynamics [28]. After

Bekenstein proposed that a black hole has an entropy proportional to its horizon

BThe quantities v and ¥ are also integration constants.
1A number of works have attempted to explain why different studies disagree on the role that ~
plays in strong lensing. Refer, for instance, to [80,82] and [83].
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area [86], and the Bekenstein-Hawking area-entropy relation was established [86-88],
't Hooft [89] and Susskind [90] realised the possibility of interpreting black hole en-
tropy as a dimensional reduction [28]. In his book The Black Hole War: My Battle
with Stephen Hawking to Make the World Safe for Quantum Mechanics [91], Leonard
Susskind tells how he and Gerard 't Hooft ‘waged war’ against Hawking’s claim that
the information trapped inside a black hole (due to in-falling matter) gets obliterated
when the black hole evaporates. In an effort to save the principle of information con-
servation — ‘one of the most trusted principles of physics’ [91] — they suggested that
the surface of the black hole encodes information about the matter that has fallen

inside. This information then leaks out when the black hole emits Hawking radiation.

The Holographic Principle takes this concept one step further. According to it, every-
thing inside a region of space can be described by information that is restricted to the
boundary [91]. The holographic entropy bounds resulting from this approach paved
the way [92] for a relation to be established between the infrared and UV cutoffs of
a system [93], here denoted by ¢; and {yy, respectively. The said relation guarantees
that, assuming the system has size ¢;, the quantum zero-point energy p,, = ¢t can-
not exceed the energy pertaining to a black hole of the same size (Ref. [93] as cited
by Ref. [94]). This places bounds on p,, [94]. When the holographic principle is
applied to the dynamics of the Universe, the cutoff length ¢; must be of cosmologi-
cal proportions, and interestingly, different infrared cutoffs give rise to different dark
energy models [95]. For instance, Cohen et al. reported that choosing a value for ¢
comparable to the current horizon size (the Hubble radius H 1 [95]) results in a dark
energy density — equivalent to p,, — which is approximately equal to the observed
effective cosmological constant [93]. It later turned out, however, that this choice of ¢;
means that wp is equal to zero (rather than —1) [92]. Li suggested that the infrared
cutoff could be identified with the size of the event horizon!® instead [96].

Sub- and Super- Hubble inhomogeneities

One of the most fundamental assumptions underlying modern cosmology is the cosmo-
logical principle, according to which the observable Universe is both homogeneous and
isotropic. This principle lies at the very core of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric and all its implications for cosmology, including the Friedmann

equations. Although deviations from the cosmological principle have been investigated

B The event horizon is defined in subsection 1.3.4.
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in the literature — for instance, a Bianchi-type universe is homogeneous but not nec-
essarily isotropic [97] — the FLRW description of the Universe is arguably the most
popular today.

The cosmological principle is, in fact, supported by CMB and LSS observations. How-
ever, on sub-Hubble scales the Universe is not homogeneous at all, but contains struc-
tures such as galaxy clusters. Neither can it be ascertained that homogeneity and

isotropy hold on scales larger than the observable Universe (super-Hubble scales) [28].

Since gravity is non-linear, it is possible that any anisotropies and/or inhomogeneities
back-react on the evolution of the observable Universe [28], giving rise to accelerated

expansion at late times ( [28,98] and references therein).

Quantum Cosmology

It is as yet not possible to speak about quantum cosmology as one would of a well-
established dark-energy model, because at present we do not have a theory of quantum
gravity to provide the necessary framework. However, we can at least formulate a
qualitative picture of such a cosmology [99]. One way in which this may be done is by
assigning the Universe a wave function whose behaviour is described by the Wheeler-
De Witt wave equation [100-102]. Under certain conditions, the cosmological constant
term behaves effectively as a mass-squared term in the said equation. Consequently,
just as second quantisation makes it possible for a particle to decay into another of
a different mass (provided that interactions between the two kinds of particles are
allowed), so the addition of interactions to the quantised Lagrangian density implies
that a universe with a large cosmological constant may decay into one having a smaller
A [103,104]. Given two universes with a different cosmological constant but coupled
wave equations, it is also possible to construct a ‘mass matrix’ analogous to the one
used in neutrino physics. The seesaw mechanism can then be applied to cosmology.
In the case of neutrinos, this mechanism aims to provide an explanation for their
small, non-zero mass by introducing a seesaw-like relation between the eigenvalues of

the mass matrix: when one eigenvalue increases, the other decreases [28].

In a similar way, the ‘mass matrix’ associated with the above-mentioned universes
might hold the key to the solution for the smallness of the cosmological constant.
The eigenvalues of the matrix would be determined by the two different values for the
cosmological constant (one in each universe). If the vacuum energy of one universe

is at the Planck scale, and that of the other is at the supersymmetry breaking scale,
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the seesaw mechanism could result in the smaller eigenvalue being suppressed by the

amount necessary for it to match the current observed value of A [104].

Another explanation of dark energy may arise from the mechanism of efficient reso-
nance tunnelling, a well-established concept in quantum mechanics. It occurs when a
wave function has to tunnel through multiple potential barriers. Although the process
of tunnelling usually causes the wave function to decay exponentially, the presence of
a second barrier alters the scenario considerably if the energy of the wave function
matches that of a bound state in the intermediate region. Should this happen, the
requirements of continuity may only be met at all the boundaries under a particular
condition: the tunnelling amplitude must be exponentially enhanced by one of the
barriers (while still being exponentially suppressed by the other) [28]. In certain sit-
uations, the probability of tunnelling through both barriers may actually become of

order one, and efficient resonance tunnelling occurs [105].

It has been proposed that the Universe itself could have experienced resonant tun-
nelling. More specifically, it is possible — in the context of string theory — that the
Universe might have tunnelled from an early era characterised by a large value for the

cosmological constant to the current epoch, with its small value of A [105].

1.3 The FLRW Cosmology

The Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology is based on three fun-
damental assumptions: the cosmological principle, Weyl’s postulate, and the notion

of a maximally symmetric three-space [18].

The cosmological principle states that all positions in space are equivalent at any given
time. Additionally, the Universe as viewed from a general point looks the same in all
directions. The former property is referred to as homogeneity, while the latter is called
isotropy [18]. Although the idea that the Universe is roughly the same everywhere
might seem counter-intuitive, especially when one considers inhomogeneities such as
galaxies and galaxy clusters, the cosmological principle is only valid on scales large

enough for density variations to be averaged over [8].

Weyl’s postulate builds on the concept of space-time as a series of three-dimensional
space-like hypersurfaces. In layman’s terms, we ‘slice’ space-time into non-
intersecting space-like surfaces and label each with a parameter t. Consequently,

all events happening at a given time ¢ must be confined to the surface bearing the
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‘label’ t = . We then introduce the notion of fundamental observers, so called be-
cause they are assumed to be motionless relative to the cosmological fluid (this ‘fluid’
is the description we give to the ‘smeared-out’ motion of galaxy clusters and other
matter). Weyl put forward the hypothesis that the time-like world lines of the funda-
mental observers link all of space-time. More specifically, they form a bundle which
is assumed to diverge from a point in the past — or converge to one in the future — in
such a way that there is a unique world line passing through every point, but no two

intersect (except possibly at a singular point) [18].

The next postulate we consider is that of a maximally symmetric three-space. Before
proceeding, it should be emphasised that each of the hypersurfaces mentioned above
is a three-dimensional space — the idea of a ‘surface’ results from the fact that it is
more intuitive to suppress a spatial dimension and imagine the Universe as a stack
of two-dimensional ‘sheets’. Now that the concept of space-time foliation has been
established, we apply the cosmological principle by assuming that the three-spaces
are homogeneous and isotropic. This in turn implies the highest degree of symmetry
and renders them maximally symmetric. As a result, their Riemann and metric tensors

are related thus:
Rijt = K (9ikg51 — 9i195k) - (1.22)

The coordinate-independent curvature K is a constant that takes the same value for

all hypersurfaces. It is more commonly expressed in normalised form as the ratio

K /|K|, henceforth denoted by k [8,18].

The above three propositions form the building blocks of the FLRW cosmology. When
combined, they yield the line element [8]:

dr?

— RT

ds? = —di2 + a2(1) +72(d6? +sin? 6 de?)| | (1.23)

2

where 7 has dimensions of distance and a(t) = R/Ro, R being the scale factor and
Ry its-present day value [so that if we let ¢y denote the current time, we get that
a(tg) = 1]. The role of the scale factor is to account for the expansion or contraction
of the Universe by scaling the spatial part of the metric accordingly. As for the
parameter &, this is defined as the ratio of k to R3. It thus follows that x has
dimensions of (length)~2 [8].

The spatial coordinates used in Eq. (1.23) are said to be comowving. In fact, these

coordinates seem to move with the fundamental observers (who in actuality represent
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individual galaxies), so that as long as peculiar velocities are negligible on cosmolog-
ical scales, the world line of a galaxy has fixed values of (r,0,¢). What about the
parameter t?7 Space-time may be foliated in such a way that the world lines of the fun-
damental observers intersect the space-like hypersurfaces orthogonally. Consequently,
t can be identified with the proper time of these observers, and is hence called the

synchronous time coordinate [18].

1.3.1 Spatial curvature and geometry

Let us consider the metric given by Eq. (1.23) and extract the spatial part [8]:

do? = dr?

=13t r2d¥? . (1.24)

Here, d¥2? = d#? + sin? 0 dy?. If we redefine the radial coordinate as follows [8]:

dr
dy = ——n 1.25
X= (1.25)

and then integrate Eq. (1.25), we get that r = F(x), with

X ifk=0;
F(x) = {sin (VEX)/VE if k>0 (1.26)

sinh(\/mX)/\/m if Kk <0.

Consequently, the spatial line element may be written as [§]

do? = dy® + F2d¥? . (1.27)

Zero spatial curvature
When k = 0, Eq. (1.27) becomes [§]
do? = dy? 4+ 2d¥? = da® + dy? + dz? (1.28)

where the last equality follows from the coordinate transformation x = y sinf cos ¢,
y = xsinfsinp, z = xcosf [18]. Eq. (1.28) is none other than the metric for three-

dimensional Euclidean space.
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Positive spatial curvature

Positive values of k are associated with the line element
1 1
do? = dx* + = sin® (Ve x) d¥? = = [d¥® + sin” () d¥?] . (1.29)
K K

The last equality is obtained by setting v/k x equal to ¥, and puts the metric in a form
that describes a three-sphere embedded in four-dimensional Fuclidean space. We can
hence deduce that a 3-space with positive curvature has finite volume [18]. Indeed, a

universe having x > 0 is often said to be closed.

Negative spatial curvature
In this case, Eq. (1.27) reads

do? = dx?* + |i’ sinh? (\/m x) d¥? = ’i’ [d;? + sinh? (%) d‘FQ] : (1.30)
where Y = \/m X- The properties of the resulting geometry emerge more clearly if we
embed the metric (as expressed in terms of X) in four-dimensional Minkowski space.
Here, the 3-dimensional hypersurface may be identified with a hyperboloid, which
leads us to conclude that a 3-space with negative curvature has infinite volume [18].
It additionally explains why a universe having x < 0 is commonly referred to as being

open [8].

1.3.2 Spatial curvature in the literature

One of the main aims of this study is to shed light on the role that spatial curvature
plays in the expansion history of the Universe. The possibility that the Universe is
not spatially flat has been largely overlooked in the literature, mainly due to two
reasons: the consistency of a flat geometry with the concept of inflation, which would
conceptually have ‘smoothed out’ any curvature, and the support that observations
seem to lend to a flat ACDM cosmology [19,20,106,107]. With regards to the latter,
the question naturally arises whether the assumption of flatness may be justifiably
extended to dynamical dark energy models, since many of the studies that use cosmic
data to constrain spatial curvature do so in the framework of a ACDM cosmology.

One might be tempted to answer in the affirmative, especially in the light of a number
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of studies which have obtained constraints in several modified matter scenarios, and
whose results are indicative of a flat geometry [108-111]. Other studies, however,
have shown that alternative dark energy models may accommodate a non-flat universe
when tested with cosmological data [112-114]. It should be remembered that the dark
energy FoS parameter is likely to become degenerate with spatial curvature when one
attempts to constrain both simultaneously [115]. Indeed, if the density of dark energy
is allowed to vary freely with time, constraints on the geometry of the Universe may
become looser [116]. This degeneracy implies that making a wrong assumption about
one of the parameters can severely distort results related to the other. For instance,
data analysis of models with curvature and dynamical dark energy may produce results
suggestive of flat ACDM should the dynamics of dark energy be overlooked. On the
other hand, the assumption of flatness can result in cosmological observations being
seemingly at odds with ACDM if the Universe is actually curved [115,117]. There is
the additional possibility that a closed universe consisting of dust and quintessence

behaves as a flat, accelerating ACDM universe at late times [118].

Relativistic effects like cosmic magnification may also play a part. It has been sug-
gested that unless these effects are accounted for in galaxy number counts, measure-
ments of Q) based on data from galaxy surveys can be significantly biased [119]. An-
other point of interest is the fact that recent SNela data appears to be in tension with
the flat ACDM hypothesis [120], and may actually favour a non-flat universe [121,122].

Standard inflation predicts that any spatial curvature should be negligibly small. This
follows from the exponential decrease of Qg during inflation and the much smaller
growth rate since then [22]. It may be argued, however, that one should look for the
potential presence of curvature as a means of testing the inflationary paradigm, rather
than setting Q% to zero [112]. Moreover, Bolejko suggests that the spatial geometry
of the Universe could have evolved from spatial flatness at early times to a slightly
hyperbolic one today. The author reaches this conclusion by running a Simsilun
simulation!%(a relativistic simulation of the large-scale structure of the Universe) [123],
and finds that the emergence of spatial curvature might actually be the key to solving
the Hubble constant problem. He reports that when the system enters the non-linear
regime, Q% begins to depart from zero, while the average expansion rate deviates
from ACDM and ultimately yields a value of 72.5 4 2.1km s~ Mpc~! for the Hubble
constant. This despite the fact that the initial conditions are consistent with the

Planck constraints [124].

16 A ray-tracing algorithm is first incorporated into the simulation.
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1.3.3 The Friedmann equations for ACDM

Let us return to Einstein’s equation for GR, first introduced in subsection 4.6.5. It is

reproduced below for ease of reference [§]:
1
R/‘“j - QRg/’“/ — 87TG T‘LLZ/ - Ag‘LLl/ . (1.31)

The left-hand side relates to the geometry of the space-time manifold and may be

evaluated once g, is known. Indeed, we have that [§]

R=g"Ry ; (1.32)
Ry = R\ (1.33)
Ry = 0,10, — 0,10, +T0,T), =TT, (1.34)
[0, = ;g"p (Ougup + O — Opguv) (1.35)

where R is the Ricci scalar, R, and R

respectively, and I'},, represents the Christoffel symbols.

ouv denote the Riccei and Riemann tensors,

The right-hand side of Eq. (1.31) accounts for any sources of energy and/or mo-
mentum. In cosmology, the matter and radiation content of the Universe is usually
modelled as a cosmic fluid. In other words, just as fluid mechanics deals with the bulk
properties of liquids and gases — rather than with the behaviour of the constituent
particles — so the approach in cosmology is to ‘smear out’ the individual galaxies and
galaxy clusters, treating them as a whole and focusing instead on the attributes of the
generalised distribution. To this end, it is common practice to adopt a perfect fluid
description. Such a fluid is defined by the absence of heat conduction and viscosity in
the instantaneous rest frame (IRF) [18]. Its energy-momentum tensor is completely

characterised by the energy density p and isotropic pressure p:
T = (p+p)u'v” + pg""” (1.36)

with both quantities as measured in the IRF. The vector u* is the four-velocity of the
fluid (ufu, = —1) [8].

We are now in a position to find out what specific form the Einstein field equations

take. In an FLRW universe filled with a perfect fluid, the ur = 00 component of
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Eq. (1.31) yields'" [8,18]:

a A7 A
- 3 — 1.37
. 5 (p+3p) + 3 (1.37)

which, when combined with the equation for uv = 17, allows us to conclude that:

a\2 8rG A K
=T, 1.
< ) 3 p—|—3 a? (1.38)

a

The isotropic nature of the FLRW space-time implies that one may only obtain a

single distinct equation from the pur = ij components |8, 18].

The above two relations, (1.37) and (1.38), are collectively known as the Friedmann

equatz’ons.18

1.3.4 Terminology

The Hubble parameter

The Hubble parameter H characterises the rate of expansion [8]. It is defined as the
quantity .
a

H=- 1.39

., (1.39)

(or equivalently, as R/R), and the value it takes at present is known as the Hubble
constant (Hp). This value is currently a subject of some controversy. The reason
is that in the context of a ACDM cosmology, measurements of CMB observables
constrain Hy to be approximately 67 kms™! Mpc™? [20], which is in tension at 4.40
with the model-independent value inferred directly from Cepheid data (Hy = 74.03 £+
1.42kms™ *Mpc™1) [125].

The density parameters

The various components of the cosmic fluid all have an associated density p and
pressure p that are generally functions of redshift. The way these quantities scale with

z may be determined by invoking the principle of energy and momentum conservation.

17 An overdot denotes differentiation with respect to .
18When referring to them individually, we shall call (1.38) the first Friedmann equation and (1.37)
the second Friedmann equation.
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Provided the components do not interact, each of them must satisfy the condition [18]:
Vu(T'); =0. (1.40)
The action of the covariant derivative V, on an arbitrary tensor is as follows [§]:

Vg JHIH2:Hn = O JH1H2:Hn

ViV2...Um V1V2...Um

K1 TPH2-- b 2 TH1P--- b .. Hn TH1H2.--P
+ rUp‘] nl/11/2...l/m, + rUp‘] nl/lljg...llm + + rdn‘]

P Viv9...Um

e O T L (L (1.41)

. TP JHIM2-p
e, J n

...Um V1p..-Vm vive..p °

Eq. (1.40) may thus be expanded by making use of Eqs. (1.23), (1.35), (1.36) and
(1.41). The result (for a generic component of the cosmic fluid) reads:

pi(t) = —3H (pi +pi) - (1.42)

Next, we establish the relationship between p; and p; by choosing an appropriate equa-
tion of state. For the perfect fluids relevant to cosmology, this equation is particularly
simple [8]:

pi = wip; - (1.43)

Inserting the above relation into Eq. (1.42) allows us to solve for p;:

i a
pi = —35/%(1 +w;) ;

d 3
— L= S
pia) = pla 3w (1.44)

Here, p? denotes the current density, while the equation-of-state parameter w; is a
constant whose value depends on the fluid being considered. It is equal to zero in the
case of matter, 1/3 for radiation and —1 for the cosmological constant. Thus we get

that

P =m0 05 pe=pats pa =) (1.45)

In the above, the subscripts m, r and A respectively stand for matter (baryons and
cold dark matter), radiation (photons and massless neutrinos) and a cosmological

constant, while a superscript 0 indicates present-day values. The multi-component
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cosmic fluid may itself be treated as a perfect fluid with energy-momentum tensor [18]
" = (p+p) u'u” + pg"” (1.46)

where

T =3 (T"); 5 p=2_pis P=2pi (1.47)

i
It is common practice to write the energy densities in terms of dimensionless quantities
called density parameters. The density parameter (); associated with p; is defined as

the ratio of p; to the critical density peyi¢ [18]:

pi pi 8 0 <H0)2 —3(1+w;)
Qi — = = ;= QY [ — v 14
peit 3H2/(87G) sz’ i\m) (1.48)

Perit being the energy density of the cosmic fluid in a perfectly flat Universe. When we
divide Eq. (1.38) by H? and express the energy densities as functions of the respective
;s [while making use of the relation pp = A/(87G)], the first Friedmann equation

takes the form:
K

It is customary to introduce a parameter () analogous to (); [18]:
K
so that Eq. (1.49) becomes:
O+ + 00 +Qp=1. (1.51)

By comparing model predictions to cosmological observations, the present-day values
for the density parameters (in the framework of a ACDM cosmology) are estimated
at 0.3 for the matter component and 0.7 for vacuum energy [20]. Q0 is found to be

negligibly small'® (=~ 9 x 1079).

The cosmological redshift

As light from galaxies travels through space-time, the expansion of the Universe causes

its wavelength to ‘stretch’” and thus shifts it closer to the red end of the spectrum. In

9This can be calculated from the current value of the matter density parameter (Q2 ~ 0.3) and

the redshift at which the matter and radiation densities were equal, zeq = 3349 [20].
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other words, the light is red-shifted.

Let us consider a photon emitted at point O and received at R. The cosmological
redshift z is defined in terms of the change in frequency it undergoes along the way [8]:

p= POTER (1.52)

WR
Here, w is the frequency of the photon at the point indicated by the subscript. We

may write z as a function of the photon energy E by recalling that £ o w:

_ Eo - ER

o (1.53)

2
E itself is determined from the momentum four-vector (p#) of the photon, and its

value also depends on the four-velocity (u”) of the observer [8]:
E = —p,ut . (1.54)

We shall parameterise the null geodesic along which the photon travels in such a way
that p* = da#/ds (5 represents an affine parameter). If we furthermore pick an
observer who co-moves with the cosmic flow — that is, one whose four-velocity u* is

(1,0,0,0) — it may be deduced that [8]:

dz? dz0  dt
E = —goo——u’ =

G T A A (1.55)

since goo = —1 for the FLRW metric [Eq. (1.23)].

The simplest definition of a geodesic is that it is a curve along which the tangent
vector is parallel-transported. In other words, the directional covariant derivative
of the tangent vector must be zero at every point on a geodesic. The condition for

parallel transport is thus:

dat dat
| = 1.
dse Vi ( dse ) 0, (1.56)
which can be expanded to give
A2k dx? dx?
re = 1.
ds? P9 dse dse 0, (157)

where '} are the Christoffel symbols [8]. Without loss of generality, we may consider
paths having a# () = {t(s),r(),0,0}. In an FLRW cosmology, then, the u = 0
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component of the geodesic equation [Eq. (1.57)] would read:

d?t ad dr 2
L2 + =2 <d%> =0, (1.58)

and Eq. (1.23) would be reduced to

dr?

1—kr2’

0= —dt* +a*(t) (1.59)

since photon geodesics have a null line element [8]. The above equation may be
expressed as dr/d» = a~'v/1 — kr? dt/dse. Inserting this into Eq. (1.58) yields the

following relation:
&t afdt)’
—+-|1—] =0 1.60
dse? * a (d%) ’ (1.60)

which admits the solution dt/ds oc a~!. Hence, going back to Eq. (1.55), we are able
to deduce that £ oc a~!. Eq. (1.53) consequently becomes [8]

p=-0 R TR _q (1.61)

so that if the photon is detected at present (when ag = 1), the redshift of the source
is
z=a1-1, (1.62)

where a = ag, although the subscript is now redundant.

In conclusion, light undergoes a frequency shift as it travels through space-time, and
this feature — a direct result of cosmic expansion — provides us with the value of the
scale factor at the time the photon was emitted. It additionally serves as a measure of
distance: the greater the redshift, the further away the source is from the detector [8].
The frequency shift itself is determined from the emission or absorption spectrum of

the former.

Distance measures

Proper distance

The proper distance to an object is the radial separation between it and the origin of

our coordinate system, as measured instantaneously i.e. when both origin and object
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are contained within the same spatial hypersurface [8]. Before proceeding, let us make
use of Eq. (1.27) and write Eq. (1.23) in a slightly different form:

ds® = —dt* + a(t)? (dx* + F2 [d6® + sin® 0 d¢?|) . (1.63)
The proper distance to an object positioned at y is therefore:
X
dp =a(t) [ dx =a(t)x . (1.64)

where y is a comoving coordinate and so (provided the origin and observed object

have no peculiar velocity) does not change with time.

Despite being a physical distance, dp is not a quantity we can measure in practice.
Anything we observe must be situated in our past light cone and not within our spa-

tial hypersurface [8].

Comoving distance

This is simply the proper distance with the expansion of the Universe ‘factored out’:

X
de = /0 diy = x . (1.65)

Since the scale factor a is normalised with respect to its present-day value, the proper

and comoving distances are currently equivalent.

Angular diameter distance

In Euclidean space, an object of proper diameter D located at a distance d subtends
an angle (or angular diameter) Af that is given by the ratio of D to d. To calculate

the angular diameter distance d,, the starting point is therefore the relation:

D

(1.66)
An expression for D may be obtained from the FLRW metric [18]. To this end, we
consider two rays of light that are emitted at t = t, from a source having proper
length (or diameter) D and positioned at a fixed value of x (say ye). The rays travel
along radial null geodesics and reach our observer at time ¢, where they intersect

at an angle Af. We shall simplify the derivation by orienting the spatial axes in such



1.3. THE FLRW COSMOLOGY 34

a way that ¢ does not change along the photon paths [18].

]
NT

(t.-Xe.0 + AB, )
\

(tObS7O)0)0) Ae Q)

(te’XC>0’ ¢)
FIGURE 1.3: (Top) Geometry associated with the definition of angular diameter distance (one
spatial dimension is suppressed), and (bottom ) specification of coordinates. The observer is indicated

with an O and the source (or emitter) with an E.

Figure and caption from Ref. [18].

As depicted in Fig. 1.3, the source has end-points with spatial coordinates (xe,6 +
A, ¢) and (xe, 0, @), and the observer sees it the way it was at ¢ = to. This information
[in conjunction with Eq. (1.63)] allows us to deduce that:

D = a(te)F(xe)AD . (1.67)

Inserting the above into Eq. (1.66) yields [18]:

dy = W — a(te) Flxe) (1.68)

and once a(te) has been converted into the corresponding redshift via Eq. (1.62), the
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expression for the angular diameter distance reads:

F(Xe)

dr =
AT 4

(1.69)

with the function F defined as in Eq. (1.26). The comoving coordinate y, may be
calculated from Eq. (1.63) by using the fact that ds = df = d¢ along a photon path.
Provided the origin is fixed at the position of the observer (i.e. the photon is assumed
to be incoming), and the redshifts of the emitter and observer are denoted by z, and

Zobs, Tespectively, we can write [18]:

Xe te it tobs  dt Ze dz
Xe /0 X toe @) e a(t) o H(Z) (1.70)

Luminosity distance

As before, it is best to start from an operational definition [18]. In Euclidean space,
the flux F' from a source of absolute luminosity L decreases in inverse proportion to
the area over which the light spreads. In other words, we have that F' = L/ (4wd?) [8],

and hence [18]
L
dy, =|—= . 1.71
L=\ R (1.71)

What does Eq. (1.71) translate into for an FLRW geometry? Let us suppose that a
source with y-coordinate x, (relative to an observer at the origin) emits a signal at
t = te. At any given time t > t,, the photons would be spread evenly over a sphere
centred at the point of emission. The area of the sphere may be determined from the
metric [Eq. (1.63)] by considering that:

o dt = 0, because the sphere exists within the same hypersurface;

e« dy = 0. To clarify why this is so, we may shift the origin to the position of
the emitter. Then, by symmetry, the emitter would assign the coordinate y, to
the observer. Detection occurs when the photons reach ye (i.e. the location of
the observer). But since all points on the sphere of light are equidistant from
the emitter, it follows that all have y-coordinate y., and so dxy = 0 along the

surface of the sphere.

Consequently, at the time of observation (fyps) the surface has line element:

ds® = a®(tans) F2(xe) (6% + sin® 0 dg?) . (1.72)
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The above may be compared with the metric of a 2-sphere having radius r (and area
471?):
ds® = r? (d6® 4 sin® 0 d¢®) (1.73)

from which it can readily be deduced that the surface area A of the sphere of light is
4ma’(tops ) F2(xe). However, the flux is not diluted simply because the light spreads
out. Two additional effects come into play as a result of cosmic expansion [8]: firstly,

20 and

the photons are redshifted by a factor (1 4+ z) on their way from the source,
secondly, two photons emitted a time dt apart reach the detector with a temporal

separation of (1 + z)dt. Therefore, the flux observed at t = tqps is [8]:

L(te)  L(te) 1 L(t.) 1
F(t = = = 1.74
(o) = T = ~4 X A3~ Traliom) PO (T2 7
and the luminosity distance is given by:
dy, = a(tops) F(xe)(1+2) . (1.75)

At this stage, it is convenient to introduce a function F that is a slightly modified
version of F [the latter is defined in Eq. (1.26)]:

x ifk=0;

F(r) =<{sinz ifx>0; (1.76)

sinhz ifx<O0.

Then Eq. (1.75) becomes:

dy, = a(tobs) 1\/%7 F (Mxe) : (1.77)

and inserting Eq. (1.70) into the above yields:

1+ =2

_ Ze dz
dy = a(tops) ——— F [ /| ) , 1.78
L CL( b )H()\/m ( | kl robe H(Z)/HO ( )

where we have also made use of the relation x = —Q)H3 from Eq. (1.50). When
k =0, Eq. (1.78) simplifies to

20 As outlined in subsection 1.3.4, 1+ z is defined as the ratio of the frequency at emission to the
frequency at reception. We refer to z as the redshift of the source.
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1+2 [z dz

HO Zobs H(Z)/HO ‘ (179)

dL = a(tobs)

The horizons

The speed of light sets a limit on how far into the past we are able to look. To
investigate the extent of the region from which an arbitrary comoving observer may
receive light signals (at some given time t), we must first familiarise ourselves with

the various horizons defined in cosmology.

The particle horizon

The particle horizon provides a measure of the distance that light could have travelled
since the beginning of the Universe [126]. The concept can be simplified by considering
the following scenario: a comoving observer E with y coordinate x, emits a photon at
t = te, which travels through spacetime and reaches an observer O situated at y = 0.
The arrival time of the photon shall be denoted by t,ps. Since information cannot be
transmitted at a speed faster than that of light, the only signals emitted at ¢, that O

can detect at time g are those originating from radial coordinates x < ye [18].

We have already seen that x. can be expressed as the integral

tobs dt
= —. 1.80
W= ma (1.80)

It follows that if yo — oo as te — 0, O is able to receive signals from any comoving
particle?! — no matter how far away it is — provided that they are emitted at a
sufficiently early time. On the other hand, should the integral converge in this limit,
it would mean that the y-coordinate of the emitter has a finite, time-dependent upper
bound xp(t), and the region beyond is inaccessible to O. Simply put, the integral in
Eq. (1.80) (with te — 0) determines where an emitter should be situated if a light
pulse it sends out at the very beginning of time (¢ = 0) just reaches the observer at
t = tops. Signals from objects that are further away would still be ‘in transit’. The fact
that xp is a function which increases with ¢ implies that as time passes, previously

hidden parts of the Universe gradually come into view [18].

In conclusion, if the integral of Eq. (1.80) converges as te — 0, our vision of the

Universe at time ¢ is restricted by a particle horizon located at xp, where x p is given

2Tn this context, particles represent typical galaxies.
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by: .
xp(t) =/ A (1.81)

0 a(f)
For instance, the proper distance to the particle horizon in a flat ACDM cosmology is

3t during the matter-dominated epoch, and 2t for a radiation-dominated Universe [18].

The presence of a particle horizon leads to an apparent contradiction known as the
horizon problem. If the homogeneity of the Universe is due to the physical transport of
energy and momentum from place to place, then at a given time t one would expect
to find inhomogeneities on scales larger than 2a(t)xp(¢), this being the maximum
possible proper distance between any two particles that could have received the same
signal by time ¢ [127]. How, then, does one explain the nearly uniform temperature of
the cosmic microwave background? The photons of the CMB were emitted from the
surface of last scattering, and the particle horizon at the time would subtend an angle
of around 1° in the sky today [128]. So how do regions so far apart that — according to
standard cosmological models — they could never have been in causal contact display

the same physical characteristics?

The horizon problem was one of the factors that motivated the introduction of infila-
tion. This refers to a period of very rapid expansion that is thought to have taken
place in the early Universe, and which caused the comoving Hubble distance (defined
as the quantity H~!/a) to shrink. Consequently, the observable Universe is at present

much smaller than the region that was causally connected before inflation [121].

The event horizon

The event horizon is closely related to the particle horizon. We have seen that the
latter grows with time, which raises the question: what happens as t — co? This is

where the event horizon comes in.

Let us return to Eq. (1.80) and take the limit tops — tmax [18]:

tmax dt
= — . 1.82
w=[" o (1.82)
Here, e is the y—coordinate of the source, te the time of emission, and t,,x is either
infinity or the time of the big crunch, depending on the model. Whether or not the
model admits an event horizon is determined by the behaviour of the integral. If it

diverges, the answer is no, because the y-coordinate of the emitter is not subject to an
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upper bound [18]. However, a finite value for x, (say xp) indicates that a light pulse
sent out at ¢ = t, from a source at yp will reach the observer (positioned at y = 0)
just as t — tmax. Signals emitted at ¢ = ¢, from particles with radial coordinate
X > xg would never be detected; there would simply not be enough time for them to
travel all the way to the observer. Therefore, a convergent integral indicates that our
view of the Universe is forever limited by an event horizon located at xp. The value

of xg depends on ¢ and is given by:

tmax dt
= — . 1.83
XE /te (l(t) ( )

Symmetry considerations imply that a signal emitted from y = 0 at ¢ = ¢, would be

unable to ever go beyond x = xp [18].

The Hubble distance

The Hubble distance (or radius) is defined as the reciprocal of the Hubble parameter:

1

du(t) = HE)

(1.84)
and serves as a measure of the size of the observable Universe. Since it approximates
the distance that light can traverse while the Universe expands appreciably, it is
commonly called ‘the horizon’ [126]. On scales much smaller than dy(t), Newtonian
theory is often adequate to describe gravitational phenomena [18], and provided the
time intervals considered are sufficiently shorter than the Hubble time,?? the expansion

of the Universe can usually be treated as negligible on such scales [126].

22The Hubble time is the quantity H 1 (the Hubble distance is cH !, but becomes H~! with our
choice of units). It provides a rough estimate of the age of the Universe [126].
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CHAPTER 2

Cosmology based on Scalar-Tensor Theory

2.1 Introduction

Without doubt, the simplest fields that can be invoked to explain physical phenomena
are the scalar ones. A prominent example of the relevance and importance of scalar
fields is their use in inflationary cosmic scenarios. Their significance, however, began
to be realised long before Guth [129] proposed the concept of inflation in the 1980s.
Indeed, the conformally flat scalar theory of gravity put forward by Nordstrém [130]
is even older than General Relativity (GR). Another example is provided by the
Newtonian constant of gravitation (G). It was Dirac [131], when working on his Large
Number Hypothesis, who first explored the idea of making G time-dependent. He
saw this as a means of establishing a relation between cosmological and fundamental
physical constants. The following decade, Jordan [132] took Dirac’s idea further and
promoted G to the role of a gravitational scalar field [36].

The prototype of Scalar-Tensor Theory (STT) was published by Brans and Dicke
[133] in 1961. Their theory makes use of the Friedmann-Lemaitre-Robertson-Walker
(FLRW) metric tensor, but they added a scalar field that can be identified with
the inverse of the gravitational coupling G. In Brans-Dicke theory, G is a variable
whose value is determined by all the matter in the Universe. Mach’s principle is thus
explicitly incorporated — the distribution of matter on cosmological scales affects local

gravitational experiments [36]%2.

The success of GR in accounting for Solar System observations means that any alter-
native model must have a GR limit on small scales. Significant deviations may only
show up in cosmological scenarios. The fact that scalar fields in STT evolve over a

cosmological time scale, therefore, makes Scalar-Tensor gravity especially relevant for

23 Also refer to works cited therein.
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cosmology [36].

The importance of scalar fields in modern unified theories has led to renewed interest
in STT. After all, it is a scalar field (called the Higgs field) which allows the W and
Z bosons and the fundamental fermions to acquire mass [134]. Quantum excitations
of the Higgs field give rise to scalar bosons known as Higgs particles [135,136]. The
experimental verification of the bosons’ existence by the ATLAS [137] and CMS [134]

collaborations in 2012 was a pivotal moment for particle physics.

In cosmology, the relevance of STT becomes evident when one considers, for in-
stance, that bosonic string theory has a low-energy limit similar to the Brans-Dicke
model [138], and that STT bears a resemblance to supergravity and string theory.
At the classical level, the extra spatial dimensions of Kaluza-Klein theory may be

compactified to arrive at the Brans-Dicke theory [36]%4.

This is not to say that Scalar-Tensor gravity is without its caveats. There was actually
a time when its popularity began to decline, especially as Solar System experiments
became more and more accurate and the resulting constraints more stringent. Conflict
between observation and theory centred around the value of the parameter w that
features in Brans-Dicke theory. This parameter is expected to be of order unity,
but the constraints imposed by Solar System observations were pointing to much
larger values [139,140]. Although the discrepancy did not disqualify the theory, the
implied fine-tuning did not go down well with physicists. However, the dynamic
nature of w in generalised Brans-Dicke theory and STT means that it can vary from
a parameter of order unity in the early Universe to attain the required larger value
later on [36,141,142].

At present, the principles of STT provide the basis for some of the most prominent
dark energy models. It may well be that the observed acceleration of the Universe
is due to a long-range gravitational scalar field [36]. Part of the work leading to this
thesis involved looking for solutions to the field equations of Scalar-Tensor gravity.
We shall therefore proceed by going over the basic properties of STT, and then we
shall analyse a number of solutions in which the scalar field produces the effects of

dark energy at late times.

24 Also refer to works cited therein.
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2.1.1 Scalar fields in the literature

The detection of gravitational waves from a binary neutron star merger became a
reality on August 17, 2017, when the LIGO-VIRGO collaboration picked up signals
from the event later designated GW170817 [143]. The signature of a short gamma
ray burst (GRB170817A) reached observatories a few seconds later [144].

This episode has had great implications for scalar-tensor theory. The extremely small
probability that GW170817 and GRB170817A happened in such close proximity (both
temporal and spatial) purely by chance led to the conclusion that they were both the
result of the same event. The recorded electromagnetic and gravitational wave signals
could thus be used to constrain the difference between their respective speeds, and
the tight bound obtained implied a variation of less than 10713 % [144]. A significant
number of scalar-tensor theories, however, predict a gravitational wave speed that
differs from the speed of light, and consequently many of these are no longer deemed
viable dark energy models [145]. The list includes Horndeski theories such as the
Fab Four [146] and the quartic/quintic Galileon scenarios [147,148], as well as several
beyond Horndeski models [149-151]. Quintessence and K-essence, Brans-Dicke theory,
f(R) gravity and Kinetic Gravity Braiding are among the models that remain valid
[145].

As may be deduced from the last two sentences, ‘Scalar Tensor Theory’ has become
a kind of umbrella term for all the models in which cosmic dynamics are controlled
by one or more scalar fields. Some of these models — f(R) gravity, for instance — are

not explicitly scalar-tensor theories, but may be recast as such [56, 152].

The GW170817 event appears to favour simple dark energy models. One of the sim-
plest constructs in the context of STT is Quintessence — a family of models based on
a canonical scalar field ¢ that is minimally coupled to gravity.?> These models are
usually classified as either freezing or thawing. The former accommodate very small
departures from ACDM when tested with observational data, but thawing models
appear to allow for more significant deviation [33]26. The possibility that the same
scalar field drives both inflation and the current accelerated expansion has also been
considered in the literature [153-156], many times in the framework of braneworld

cosmology. The resulting models are called Quintessential Inflationary Scenarios.?”

25 Minimal and non-minimal coupling are defined in the beginning of section 2.2.

26See also [34] and references therein.

2TThe word quintessence is usually taken to be synonymous with ‘dark energy’, while the scalar
field responsible for inflation is referred to as an inflaton.
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In standard models of Quintessence, however, the scalar field is only allowed to gain
prominence at late times. This is motivated by the fact that a non-negligible (al-
beit sub-dominant) amount of Quintessence present during the period of structure
formation would have left a detectable imprint on the cosmic microwave background
(CMB). On the contrary, models in which the scalar field couples directly to matter
can support the growth of density perturbations even when the scalar dominates.
Such a coupling arises naturally if the STT equations are expressed in the Einstein
frame.?® The problem in this case is that the associated ‘fifth force’ may be diffi-
cult to reconcile with cosmological observations [36]%, although it does not preclude
the existence of viable models. For instance, Tsujikawa et al. [157] consider models
whose Einstein-frame version is characterised by a constant coupling ) between non-
relativistic matter and the scalar field. Quintessence corresponds to the case Q = 0,
but in general the scalar field is not minimally coupled, nor its kinetic term canon-
ical. The authors conclude that these models may admit a matter-dominated era
followed by a period of cosmic acceleration. Provided certain conditions are met, they
are furthermore able to satisfy both cosmological and local gravity constraints [157].
Another study [158] has shown that a canonical scalar field conformally coupled®® to
dark matter — and evolving in a background identical to the one in ACDM — can alle-
viate the fog o tension that is currently one of the major shortcomings of the standard
model. This tension refers to the difference that emerges between the amount of clus-
tering inferred from CMB data and that determined from redshift space distortions

when estimates are made in a ACDM framework [158].

A phase of cosmic history during which scalar fields are thought to have been especially
important is the primordial period of acceleration known as inflation. STT models
meant to describe the early Universe may in fact not only incorporate a graceful exit
from inflation [159,160], but the dynamics of the scalar field can also serve to suppress
the nucleation of true vacuum bubbles until inflation reaches the final stages [141].
Inflationary scenarios modelled on the basis of ST'T are often termed hyper-extended
[36]. This chapter, however, focuses on scalar fields whose properties resemble those

of dark energy at late times.

In the context of Einstein gravity, a minimally-coupled scalar field cannot have an
equation of state (EoS) with characteristic parameter wq < —1. Quintessence is a

case in point. Yet the situation changes when the coupling is non-minimal — in this

28More details about the Einstein frame may be found in Chapter 5, subsection 5.2.3.
29 Also refer to works cited therein.
30 Conformal coupling is defined in the beginning of section 2.2.
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case, an FoS parameter (wq) that crosses the phantom divide does not preclude the

31 “although the range of values it can take is

existence of attractor solutions [36]
currently a matter of dispute. Observational constraints on the present value often
restrict it to the range [—1,—1/3]. Nonetheless, values less than —1 can also be

compatible with observations [31,161].

The advantages of non-minimal coupling go beyond the possibility of having wq < —1.
For instance, the inclusion of a (non-zero) coupling constant £ in the coupled Einstein-
Klein-Gordon equations is necessary to renormalise the theory, and may be shown to
arise from first-loop corrections [36]3!. It has additionally been proposed that non-
minimal coupling may alleviate problems associated with primordial nucleosynthesis
[162].

2.2 Field Equations

Let us first recall the famous Einstein-Hilbert action on which GR is based:

= — G/R\/_d4 (2.1)

The addition of a cosmological constant is effected by replacing R with R — 2A.

Eq. (2.1) emerges naturally if one considers the following: under the condition that
metric derivatives higher than second order are excluded, R turns out to be the only
independent scalar which can be constructed from the metric. This led Hilbert to

realise that the simplest action based on g,,, was the one given by Eq. (2.1) [8].

In contrast, the gravitational part of the STT action we adopt throughout this chapter

reads:

S = / KWG - 2) R— ;V"qbvngb “V(¢)| v_gdiz . (2.2)

Here, V (¢) denotes the potential associated with the scalar field ¢, and £ is a dimen-
sionless constant responsible for the explicit coupling between ¢ and the Ricci scalar.
Setting & = 0 corresponds to what is known as minimal coupling. On the other
hand, if £ is non-zero we say we have non-minimal coupling. The choice £ = 1/6 is
especially popular. This is the case of conformal coupling, so called because putting

the potential V either equal to zero or proportional to ¢* renders the Klein-Gordon

31 Also refer to works cited therein.
32Sec. 2.2 is based on parts of Ref. [36]. Any other sources are referenced explicitly.
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equation (and hence the physics of ¢) conformally invariant when ¢ = 1/6.3 An-
other important feature of models with conformal coupling is their adherence to the
Einstein equivalence principle. Indeed, all other values of £ lead to violations of this
principle [163]. We note that the strong coupling scenario (|£| >> 1) is also given

attention in the literature.

The next step consists in varying the action (2.2) with respect to the metric. The

resulting field equation is:

1
(1— 87TG€¢2)G/W = 87TG{VM¢VV¢ - ig;wvn?bvngb Vg +§ [g/w D(¢2)_

vuvy(qbz)] } ; (2.3)
while variation with respect to ¢ yields:
dVv

Lo — — — = 0. 2.4

635~ RO = 0 (2.4)

The latter can be thought of as the curved-space generalisation of the Klein-Gordon

equation.

The energy-momentum tensor of a non-minimally coupled scalar field can be defined in
various ways. Consequently, so can the energy density, pressure, and effective equation
of state associated with ¢. The differences arise from the way in which Eq. (2.3) is
cast and reflect the fact that as yet, no general formulation for the energy density
of the gravitational field has been established. There are three options available to
us. If we follow the work of Callan, Coleman and Jackiw [164], for instance, the term
87GEP Gy, on the left-hand side of (2.3) is absorbed into the expression for T g’u:

Gy = 87G (T +Tp) (2.5)

In the above, T, is the energy-momentum tensor for any matter distribution addi-
tional to the scalar field. T;f,;CCJ denotes the energy-momentum tensor of ¢ and is

given by:

1
T = VudVud = 59wV "0V 50 — Vo + € [0 D(0%) = ViV (0°)] + E6° G -
(2.6)

33 A theory is said to be conformally invariant if the form of its action is not altered by conformal
transformations [such as the one of Eq. (2.27)].
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Alternatively, one may take the effective coupling approach and divide Eq. (2.3) by
(1 —87GEP?), getting that

8rGG (

G = 12 8TGEQ?

T3 +T80) = ken() (T + 1), (2.7)
with T ;f’;,EC =T ;f,;cm — £¢?G . The parameter reg(¢) plays the role of an effective

gravitational coupling for both T;f,;EC and 7}, and earns the procedure its name.

The so-called mized approach on which this chapter is based entails rewriting Eq. (2.3)

as:

» T
Glﬂ/ = 871G (Tﬁl’, 4 1—87le> . (28)

Now the energy-momentum tensor for the scalar field takes the form

1

Td), MIX __
v 1— 8rGER?

{vuwm - ;ngnqbvnqb — Vo + € (g0 =V, Vy) 7| .
(2.9)
One caveat of adopting this viewpoint is the potential loss of solutions for & > 0.
Scalar fields which satisfy Eq. (2.3) but which attain one of the values +(87G¢)~1/2
are missed when looking for solutions to Eq. (2.8). The mixed approach is nonetheless
advantageous in other ways. A case in point is the fact that in the FLRW framework,
it yields simpler expressions for the energy density and pressure of the scalar field.

We shall henceforth take Tl‘fl, to stand for 7, /‘f’,;MIX.

The total energy-momentum tensor, T,E,‘Zt =T /‘fy + 1 /(1—87GE ¢2), is conserved in

the mixed approach (as is T},;,). In other words, we have that V“Tﬁ?,t = 0. However,

T [fy is not conserved separately unless 7)), = 0. Indeed, one gets the relation
16mGEP

vipg v m
VTS, = (1—87TG§(;52)2(V ¢) T, . (2.10)

The total energy density is given by the sum of the individual densities, ps and pp,
with the latter rescaled by the factor 1/ (1 — 87G&¢?):

Pm

ot = S L 2.11
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2.2.1 The field equations in an FLRW cosmology

The homogeneous nature of the FLRW universe precludes any spatial variation of the
scalar field, restricting it to be solely a function of time. As is common practice, we
shall be assuming that ¢ has the characteristics of a perfect fluid. This means that

we shall cast the effective energy momentum tensor of Eq. (2.9) in the form:

T, = (po + Po) Ut + PpGuv - (2.12)

where pg is the energy density of the scalar field and py its pressure, while its four-
velocity ut satisfies g, utu” = u,u” = —1. An expression for ps may be obtained by
considering that an observer comoving with the fluid (and thus also having velocity
u*) measures its energy density to be iju“u”, since Tl‘fyu“u” = (pg + po)upuyutu’ +
Pogutu” = (py + pg) (=1)(=1) +ps(=1) = py + ps — py = pg- If T, is written as
specified in Eq. (2.9), therefore, it follows that

1 1
Po = W [quﬁvy(b N ig“’/vngbvflgb - Vg/w +¢ (guz/[’ - VMVV) (;52] utu”;
1 . 1 )
T 1 8rGER? [¢2 = 5 (=)VI6Vy6 = V(=1) = 06" —¢ (VuVue?) u'u ] ,

In the second line, the first term in square brackets is a result of the fact that
fundamental observers have u* = (1,0,0,0), and consequently (V,¢V,¢)utu” =
(aoqb)QuOuO = ¢? (a dot denotes differentiation with respect to cosmic time t). The
term next to it simplifies due to ¢ being a function of time only: V"¢V,¢ =
9"V Vo = —(9pp)%. At this stage, then, we have that

1 h2 '
P = 1 8:Gid? [2 +V —£g"Vu(20V.0) =€V (2¢¢)] ;
1 H2 . .
T 1_8nGed? Vg +V = 26006 — 269"V 6V, 6 — 2600 — 2&;52] ,(213)

with O¢ = ¢V, V¢ = ¢" (00,0 —T7,00¢0) = = — "' T}, 000 = —d— (¢"' T +
g%’TY, + g33T93)é. The FLRW metric tensor is diagonal, and so ¢!, ¢?? and ¢33 are
simply the reciprocals of the respective components from Eq. (1.23). Combining these
with the connection coefficients T, = aa/ (1 — kr?), Ty = aar? and T'Yy = aar?sin 6
[18] allows us to conclude that ¢ = —¢ — 3H . Meanwhile, the quantity ¢"*V 0V, ¢
that appears in (2.13) reduces to — @2, as explained above. These considerations mean

that Eq. (2.13) becomes
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An expression for the pressure of the scalar field may be obtained in similar fashion.
We go back to Eq. (2.12) and find the trace of T/‘fV:

T% =T35,9" = (s + po)uptwg™ + Psguw g™
= (P + pp) (—1) +4py = 3py — py - (2.15)

The term 4py in the last row arises from the relation g,,¢7" = 9.
The quantity py is therefore given by:

1
ps =5 (T7+pp) = ST0, (9" +uu) (2.16)

= 3T

W

and expanding this by following the principles outlined when deriving py yields

_; 1_ PR : .
po= Tgrge (g~ %) 9 -V —2ed—dcHod| . (217)

The reader is again reminded that measurements of energy density and pressure are
observer-dependent. Both Egs. (2.14) and (2.17) reflect the point of view of a funda-

mental observer, i.e. one who comoves with the cosmic fluid.

The scalar field is assumed to coexist with a matter distribution that also behaves as

a perfect fluid. Thus its energy-momentum tensor reads:

T = (Pm + pm) Wt + PmGpuw (2.18)

pm and py being the corresponding energy density and pressure, respectively. Since
T}, is conserved separately of T ;fy, the general relativistic conservation equation still
holds:

pm"'SH(pm +pm) =0. (2.19)

Let us furthermore assume that ordinary matter has the customary barotropic EoS,

Pm X pm- Then the solution to Eq. (2.19) is a simple power law:

Py = poa30Hwm) (2.20)
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where the EoS parameter wy, is a constant and p? denotes the present-day value of
pm- The above relation can in turn be used in conjunction with Egs. (2.11) and (2.14)

to substitute for por in the first Friedmann equation:3*

e K

2 _
H = Tptot — ? N (221)
which consequently takes the form:
K 8rG h2 .
H>+ — — T 4V +6¢H 0 q=3(4wm) ) — o 2.22

This corresponds to the time-time component of Eq. (2.8). As for the spatial compo-
nents, isotropy implies that all non-trivial equations obtained by setting pur = 15 in
Eq. (2.8) should be equivalent. In fact, one finds that both sides of Eq. (2.8) sum up

to zero for ¢ # 7, while the three cases with ¢ = j all lead to the same conclusion:

a 8 19 ; N Lo 3(14wm)
2= —1 H$) — = wn) (3w, 4 1) .
@ = 30 sreg®) |9 B~ DV 4366 (34 Ho) — 5ona (3w +1)
(2.23)
Eq. (2.23) may be written more compactly as
a ArG
S= T3 (Ptot + 3ptot) (2.24)

where pgot is given by Egs. (2.11), (2.14) and (2.20), and ptot is similarly defined:
Pm
= —_— . 2.25

The pressure of the scalar field is as specified in Eq. (2.17), while py = wmpm.

The FLRW version of Eq. (2.4) reads:

. 8rG : . , .
¢ — 1_;2?(/)2 [¢2 — 4V —18€H b — 66(¢? + ¢) — poa 31 Hum) (1 - 3wm)}
+ i; +3Ho=0. (2.26)

34Refer to Chapter 1, Eq. (1.38).
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2.2.2 The Einstein and Jordan frames

In the absence of ordinary matter, the field equations on which STT is based can
be greatly simplified by means of conformal transformation techniques. These make
it possible to map the Jordan frame — in which the governing equations are usually
expressed — into the Einstein frame, where the non-minimal coupling present between
¢ and R in the Jordan frame disappears, allowing us to write the equations in terms
of a minimally-coupled scalar ¢. It should be emphasised that although it is standard
practice to use rigid units in the Einstein frame, this is not what Dicke intended when
he introduced the concept of conformal transformations for Brans-Dicke theory [165].
According to his interpretation, the units of time, mass and length should scale with
appropriate powers of the Brans-Dicke scalar. However, the version with fixed units
for the Einstein frame is by far the more popular, and it is therefore the one we shall

be referring to (unless otherwise stated).

There is some disagreement in the literature on what exactly constitutes a conformal
transformation [166]. In our case, such a transformation shall be defined as a point-

dependent rescaling of the metric tensor g,

glw(x) — g,ﬂ,(l’) = QQ(x) guu(x) ) (2.27)

where the conformal factor Q(z) is given by:

O =/1-87GEP? (2.28)

and the coordinates are held fixed. It should be noted, though, that some works refer
to Eq. (2.27) as a Weyl transformation instead, and describe a conformal transfor-
mation as a change of coordinates [from z to #, with z#* = f#(Z")] that acts on the

metric similarly to a Weyl transformation [167]:

afr afe

e () = @) gu(3) . (220)

9w (2) — G (T) =

The relation between the transformed field (gz;) and its Jordan-frame analogue takes

the form

dN__¢1—8ngu.—6@¢2
¢= 1 — 8nrGEP?

Consequently, any non-minimally coupled scalar field which solves the field equations

dé . (2.30)

in the Jordan frame, but at some point attains either of the values i(87TG5)_1/ 2
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does not turn up as a solution in the Einstein frame. This may constitute a serious

limitation in certain cases.

As already mentioned, the conformal transformation renders the scalar field minimally
coupled, and so the Einstein-frame version of the field equations is usually much
simpler to solve (provided other forms of matter are absent). Any solutions one finds
may then be rewritten in terms of the Jordan-frame metric and scalar field. There
is, however, a caveat: solutions which are physically significant in one frame do not

necessarily remain so in the other.

For the rest of this chapter, the cosmic fluid shall be assumed to consist of a scalar
field and ordinary matter. In the Einstein frame, the direct coupling of the two means
that the system is no simpler than its Jordan frame analogue. There is also the fact
that the equation VFT}, = 0 is only conformally invariant (i.e. it only holds in the
Einstein frame) if T}, has vanishing trace. Otherwise, energy and momentum are
exchanged between the conformally-transformed scalar field and matter component.
Furthermore, since the general relativistic geodesic equation is a direct consequence
of energy-momentum conservation, massive particles which fall freely in the Jordan
frame experience a ‘fifth force’ proportional to*> V*¢ in the Einstein frame. This
fifth force violates the universality of free fall — and hence the equivalence principle.
Interestingly, on adopting running units of mass, time and length for the Einstein
frame, one finds that the mass m of a massive particle becomes a varying quantity
(within the said frame), and that V7 is essentially equivalent to VH7m. Herein lies
the crux of the matter: the two frames are physically equivalent, but only if one uses
running units in the Einstein frame, as Dicke intended [165]. With his interpretation,

the presence of matter no longer spoils conformal invariance [168].

This does not mean that the Einstein frame with fixed units has no merits. On the
contrary, the energies it admits are always physically acceptable, which cannot be said
for the Jordan frame. Then again, the latter emerges more naturally from physical
considerations. The long and short of it is that neither frame can be seen as superior.
In certain situations, the Jordan-frame version of the theory is acceptable while the

Einstein-frame formulation (with fixed units) is not, and vice-versa.

35V, denotes the covariant derivative operator constructed from §,,, the Einstein frame metric.
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2.3 Dark Energy as a Scalar Field

The main goal of this chapter is to present solutions to the equations set out in Sec.
2.2 that could correctly model the late-time expansion history of the Universe. Any

solutions must therefore meet the following criteria:

e 4 > 0, implying an accelerated cosmic expansion (the models are thus valid at
2 < 0.3);

a > 0 and a > 0 — the scale factor should be positive, and must also increase

with time;

e pm > 0 at all times, in line with the stipulations of the weak energy condition
(which is discussed in detail in the next subsection). The requirement that
Pm + pm > 0 is then satisfied automatically, since we set py, = Wy pm, wm being

a non-negative constant.
e py = 0and py + py > 0, as necessitated by the weak energy condition;

e pg < 0, allowing the scalar field to drive the cosmic acceleration that charac-

terises the current epoch;

e prot < —3Ptot - This follows from Eq. (2.24) and the first two points mentioned
above. The quantities pgor and pyot are as specified by Egs. (2.11) and (2.25),

respectively.

2.3.1 The Weak Energy Condition

A few comments about the Weak Energy Condition (WEC) are warranted before we
move on to the said solutions. Let us start by noting that given any energy-momentum
tensor T' describing what is thought to be physically reasonable matter (though not
a null fluid®%), it is possible, at a general point P, to find a frame S in which T takes
the form:

T=pey®ey+pe®e +pe®@e+p3e3es, (2.31)

36 A null fluid is a field of directed massless radiation — an incoherent superpositioning of waves
that have random phases and polarisations but the same direction of motion. Its energy-momentum
tensor is Ty, = ®k,k,, where k, is a null vector (k,k* = 0) and @ is often interpreted as the
radiation density of the distribution. It is important to stress, however, that ® is not uniquely
defined. Examples of null fluids include massless neutrinos and null electro-magnetic fields [169,170].
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where (e, €1, €2, e3) is an orthonormal basis with one time-like (eg) and three space-
like vectors, and ® denotes the tensor product. The eigenvalue p may be identified
with the rest energy density of the fluid, while the eigenvalues p1, p2 and ps3 are called
the principal pressures [171].

In any other frame S8’ [assumed to have basis vectors (Ig, Ty, ITz, IT3)], the compo-

nents of T' can be expressed as:
TH = peleq + p1 eel + pa eheb + ps ebel | (2.32)
with e representing the component o of the vector e, (since e, = €2 Il,).
Let us consider an observer in § with four-velocity:
u = y(ep+y1e1 + yae2 + yzes) . (2.33)

Here, v = 1/+/1 —v2 and v denotes the magnitude of the three-velocity @, so that
v? = y% + y% + y%. The parameters y1, y2 and y3 are equivalent to the rate at which
the respective spatial coordinates vary with cosmic time. Since u is time-like, we have
that

yityi i<, (2.34)

In &, the components of u read:
ut = y(el)y + yref + yoeh + yseh) . (2.35)

The weak energy condition stipulates that a general observer always measures the en-
ergy density of any ‘physically reasonable, classical matter’ [171] to be non-negative.
Now, according to an observer with four-velocity u#, the fluid described by the energy-
momentum tensor 7;,5 has energy density equal to T, Buo‘uﬁ . Consequently, if all possi-
ble  observers are to be taken into  account, the  condition
Taﬁuauﬂ > 0 must be satisfied for all time-like vectors w. Let us put T3 = gapugs, TH
and write T and u® as in Eqs. (2.32) and (2.35), respectively. Then it is straight-
forward to show that the orthonormality of the vectors eg, e;, es and e3 translates

the requirement for 7, aguo‘uﬁ to be non-negative into:

Y (p+ Pyt + pays +p3y3) > 0. (2.36)

If S’ happens to be the rest-frame of the observer, 1, y2, and y3 evaluate to zero,
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and (2.36) reduces to a constraint on p: p > 0. Setting y» = y3 = 0 implies that
p+py? > 0, which when coupled with (2.34) yields the inequality®” p +p; > 0. One
can easily see that this may be generalised to p+p; > 0 for ¢ = {1,2,3}. To show
that the conditions p > 0 and p; > —p are not only necessary, but also sufficient
for T, aguauﬂ > 0 to hold, it is enough to consider what happens when the relation
pi > —p is combined with (2.36): we get that

p+pyi+poys+psys > p—plyi+ys+u3) > 0, (2.37)

where the last inequality follows from (2.34). Hence, if p > 0 and p+ p; > 0, the
WEC is satisfied.

Now that the physical significance of the WEC has been established, we may move
to the STT solutions mentioned previously. They were obtained by first inserting a
candidate function for @ and/or ¢ into Eqs. (2.22) and (2.26),3® then by looking for
ways in which the equations could be satisfied (and trying to solve for a or ¢ if only
one of them had been specified). This mainly involved deriving constraints for the
model parameters. It was ensured that only solutions which met the conditions listed

at the start of section 2.3 were retained for further analysis.

The work was carried out using WOLFRAM MATHEMATICA® 11.3, and the code is
provided in Appendix C.

2.3.2 Models in a flat universe

In this case, the spatial curvature parameter (k) was set to zero. The letters A, B,

C, D and n denote constants.

3T1f p; # 0, the inequality in question becomes p + p; > 0.
38In the process, the scalar potential V was replaced with the corresponding expression from
Eq. (2.23).
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Solution 1

The first solution we consider has the following characteristics:

a(t) = Aexp(Bt) ; (2.38)
2B

o) = Conn(22500) L €21/, (259)

P = 0.

Let us first redefine the time coordinate as ¢ = Hyt. Then the Hubble parameter is
automatically rescaled to H = H/Hy, and at the present time (¢t = t() one gets that
f =1ty = Hytgp and H = Hy/Hy = 1. The latter may in turn be combined with the
fact that a(fp) = 1 to deduce that da/df [= d/(f)] is currently equal to unity.

Equipped with the boundary conditions a(fy) = a'(fy) = 1, we may solve for A
and B using Eq. (2.38) and its first derivative with respect to #. It is found that
A =exp (—tp) and B = Hy. Consequently, Eq. (2.38) can be rewritten as:

a(f) =exp (t—1p) . (2.40)

How does the resulting evolution compare with the (late-time) predictions of flat
ACDM? One recalls that the dynamics in an FLRW cosmology are governed by the
two Friedmann equations,? and in the presence of a cosmological constant the second
one reads:

2d" (1) + Q% a2 4+20% 3 —20%a =0, (2.41)

where Q) and QY shall be fixed at 0.3153 and 0.6847 [20], respectively. As for QF,
this may be determined from the relation QY = Q0 / (1 + 2eq) (2eq being the redshift
at matter-radiation equality). Putting zeq = 3402 [20] yields a value of approximately
9 x 107°. For practical purposes, therefore, the radiation component is negligible at
low redshifts.

Fig. 2.1 depicts the variation of cosmic acceleration with time in the model under
investigation and in flat ACDM. It was obtained by setting the age of the Universe, g,
equal to 0.95 — which is equivalent to around 13.8 Gyr [20]. The boundary conditions
used to solve Eq. (2.41) numerically were thus fixed at a(0.95) = o/(f = 0.95) = 1. It
should be noted that Fig. 2.1 shows the acceleration as calculated with respect to the

39Refer to Chapter 1, Egs. (1.37) and (1.38).
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rescaled time [we denote this acceleration by a” ()] — the axis label simply expresses

it in terms of d(t), its cosmic time counterpart. In other words, o’ () = a(t)Hy 2.
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FIGURE 2.1: The variation of acceleration with time during the dark energy-dominated epoch, in a
spatially flat universe devoid of matter and with a scalar field ¢ o< exp (Dt).

Our analysis of the solution outlined by Egs. (2.38) and (2.39) ends here. This
solution satisfies the WEC and is characterised by an accelerating cosmic expansion,
but the absence of matter is a significant shortcoming. We shall therefore move on to

more promising scenarios.

Solution 2

Here, the EoS parameter of the matter distribution (wy,) and the coupling constant
€ equate to zero and 1/ B2, respectively. The scale factor and scalar field vary with

time as follows:

a(t) = A8/, (2.42)

o(t) = \/;T_G(B+Ct4/5) . B?<23/4, (2.43)

while the present-day value of the matter density is given by:

A3C?(23 — 4B?)
50mG B2

P = (2.44)

Redefining t as ¢ = Hyt and applying the constraints

a(t_o) = a/(to) =1 (2.45)
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makes it possible to deduce that 7y = 6/5 and A = (5Hy/6)%/%. Accordingly,
Eq. (2.42) takes the form:
a(f) = (5/6 )7 . (2.46)

The resulting acceleration is compared with the flat ACDM prediction in Fig. 2.2.
We shall only use the value 6/5 for Zy in relation to the STT solution, so Eq. (2.41)

was again solved numerically subject to the conditions a(0.95) = /(¥ = 0.95) = 1.
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FIGURE 2.2: The variation of acceleration with time during the dark energy-dominated epoch, in a
spatially flat universe consisting of dust and a scalar field ¢ oc B 4+ Ct~08,

Let us next consider the implications of having fy = Hoptg = 6/5. The first thing
we note is that Hy would have to be approximately 85km s~ Mpc™! if one assumes
a cosmic age of 13.8 Gyr [20], but this value for the Hubble constant is way too
large in comparison to what is reported in the literature (see, for instance, Refs.
[19,20,26]). If Hy is instead set to the model-independent measurement of Riess et al.
(HO = 73.48+1.66 kms ! Mpc’1>, one finds that ¢y amounts to about 16 Gyr, and
using the upper bound for Hy in place of the mean lowers the age of the Universe to
15.6 Gyr. The good news is that this value is not ruled out by constraints obtained
from stellar dating. Nevertheless, it should be admitted that they do not accommodate
it comfortably either [172].

Fig. 2.3 shows how the late-time evolution of py [Eq. (2.14)] compares with that of py,.
Having wy, = 0 is indicative of a dust distribution, so py, equates to p a=3, where p%
is the present-day density given by Eq. (2.44). The constant B was set to unity and
C o0 Hy 475, Additionally, for the sake of avoiding having to deal with very small

40The value of C' was chosen with the aim of eliminating Hy from the equation for pe(t). Note
that Fig. 2.3 shows the rescaled energy densities, py(f) and pp (%), which are respectively equivalent
to py(t)Hy % and pm(t) Hy 2.
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numbers, the unit system was adjusted by putting 87G /3 = 1 when constructing
figures.
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FIGURE 2.3: The dynamics of py and py, during the current epoch of acceleration, in a spatially flat

universe consisting of dust and a scalar field ¢ o< B + Ct~038.

As clearly shown in Fig. 2.3, the scalar field currently dominates over the matter
component. This is the kind of behaviour we are looking for. It implies that we are
living in an epoch during which the negative pressure associated with ¢ overcomes the

attraction of dark and baryonic matter, causing the cosmic expansion to accelerate.

Solution 3

The final solution valid in a flat universe is given by

alt) = AP A:M; (2.47)
o(t) = \/;T_G<Bt"+0t_”) . (2.48)

Inserting the above (except the relation for \) into Eq. (2.22) gives a polynomial in
t with exponents that are functions of A\, n and wy,; the coefficients of the different
powers of ¢ can be isolated by using the code provided in C.2. It turns out that
no physically viable solution exists unless we equate two or more exponents. This
explains the origin of the constraint on \: A = 2(14+n)/3(1 + wp). Eq. (2.22) is re-
evaluated for our particular choice of A and the coefficients of different powers of ¢ are
again extracted. The aim is to try to obtain expressions for the model parameters that
reduce all the coefficients to zero, so that the left-hand side of Eq. (2.22) matches the
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right-hand side. It is found that terms in tQ(H”), t2 and 2(1+20) 4]| go to zero if one
assumes a flat universe, but the coefficient of ¢4n+4(1+n)/3(1+wm) g A?’(me)Bz{éLf +
2n& (7 + 3wy, ) — n?[—3 + 8¢ + 3wy (4€ — 1)]}, which equates to zero if

3n2(1 4 wy, )

&= 2[=2 = n(7+ 3wm) + 2n%(2 + 3wn )] (2.49)

B and p% may be inferred from the coefficients of ¢2n4(1+n)/3(l+wm) apq

t4(1+n)/3(1+wm), respectively:

2004 n)[-2—n(T 4 3ww) + 202 (24 3ww)]
3CN2(1 4 wi)[—4 — 3n(3 + wn) + 2n2(2 + 3wy)]

B = (2.50)

02A3(1+wm)n3(5 +2n + me)

0
= . 2.51
. 471G (1 + wm) (=2 — Tn + 4n? — 3nwy, + 612wy, ) (2.51)

Meanwhile, the constant n must satisfy:

7+ 3wm + 3y/9 + 10w + w,

1
S m) ;
n>2( + 3wn) n > 102+ 3um)

(2.52)
The first inequality follows from the requirement that ¢ > 0 during the current epoch,

and the second ensures that the matter distribution has positive energy density.

The constraints specified in Eq. (2.45) imply that Eq. (2.47) may alternatively be

expressed as:

A

0= [ 2(1+7n)
with £ again equal to Hot. The above relation was obtained by applying the condition
a(fp) = 1 to determine A/Hy as a function of #y, then using the fact that o' (fy) = 1
to write #p in terms of n and wy,. As a further consequence of Eq. (2.45), one finds
that _

. 3(1+ w;n)to -2 | (2.54)

which, when combined with Eq. (2.52), allows us to deduce two lower bounds for #y:

_ _ 1 94+ wpn
f>1: f>—0 (5 . 2.55
0>15  to 2(2+3wm)< + 1+wm> (2.55)

The first seems to be at odds with the Planck value for the age of the Universe
(13.8 Gyr) [20], since this implies that {y ~ 0.95. It should be kept in mind, however,
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FIGURE 2.4: The variation of acceleration with time during the dark energy-dominated epoch, in

a spatially flat universe consisting of a matter distribution (with ppn o a*4'8) and a scalar field
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FIGURE 2.5: The dynamics of py and pn, during the current epoch of acceleration, in a spatially flat
universe consisting of a matter distribution (with pp, o< a=4®) and a scalar field ¢ o< Bt!64 4+ Ct=1:64,

that the conversion from ¢ to f depends on Hp,*! and the value of the Hubble constant
is still a subject of controversy [26]. We should nonetheless ensure that the lower

bound does not rise above unity. This may be achieved by specifying the constraint

1 9+ wn
— (5 — | <1 2.56
2(2—|—3wm)< +\/1+wm>_ ’ (2.56)

“IThe estimate for f#y presented here was obtained using the Planck mean
(Ho = 67.36kms~ Mpc™t) [20].
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which in turn means that wy, > 1//3.

The evolution of a” () is compared with that of its flat ACDM counterpart in Fig. 2.4.
The parameters wy, and g were assigned the values 0.6 and 1.1, respectively, while
Eq. (2.41) was again solved subject to the constraints a(0.95) = o/(f = 0.95) = 1.
One may choose a value for the constant C' in such a way that the end of the matter-
dominated epoch occurs close to the transition redshift predicted by ACDM. Setting
C equal to 0.4H, " achieves this without excessive fine-tuning, and furthermore elimi-

nates Hy from the equations for the rescaled energy density and pressure of the scalar
field.

Fig. 2.5 allows us to verify that the scalar field dominates the cosmic energy budget
at late times. As a consequence of this imbalance, the negative pressure due to ¢
(Fig. 2.6) overcomes the attraction of matter and causes the cosmic expansion to

accelerate, leading to the scenario depicted in Fig. 2.4.
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FIGURE 2.6: The dynamics of py during the current epoch of acceleration, in a spatially flat universe
consisting of a matter distribution (with pp, oc a=*®) and a scalar field ¢ oc Bt!:64  C1=1:64,

2.3.3 Models in an open universe

Here we solve Egs. (2.22), (2.23) and (2.26) in the context of a hyperbolic geometry.
The spatial curvature, k, is therefore equated to —1/ R(Q) (equivalent to putting k =
—1). The letters A, B, C, n and ¢ represent constants.
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Solution 4

This solution is characterised by the following expressions for a and ¢:

a(t) = At"; (2.57)
o(t) = — (Bt +Ct71) . (2.58)
V8TG
The constants n, ¢, A and B can be written in terms of wy,, C' and Ry:
2 14 3wn
_ : — -m 2.59
" 1-— 3wm , 1 11— 3wm ’ ( )
_ _ G2
4 — 1 — 3wm C[6 (1 —wpy — 6w2) + 1 ; (2.60)
Ro C?(—1 4 wm) (1 + 3wy )3 (=13 4 30wy, + 63w?))
3¢ (—7 + 24wy, + 27Tw?2, + 77)
B — (2.61)

— C(1 + 3wm)2(—13 + 30wy, + 63w2,) ’

where 1 = \/5\/—1+wm[—20+3wm(10—|—60wm+81w§1)] and ¢ = —1+ 4wy, +

9w2,. The coupling constant ¢ is given by

1+ 6wy, + w2,
6¢ ’

£ = (2.62)

while p? takes the form

q/n
(1 Bum)? C(1 = 3wm)? [6 (1 — wem — 6w2,) + 1]
P = S4nGRI(L+ wm)C | CZRE(L + 3wm)3 (13 — 43wm — 33w2, + 63w3))

(2.63)
and the requirement that A is real restricts wy, to the range [0.258,0.275).

Substituting ¢/ Hy for ¢ and making use of Eq. (2.45) allows us to conclude that

[f ‘| 2/(1—311)111)

5 (1= 3um) , (2.64)

whereas 7y is found to equal 2/ (1 — 3wy,). The range of values for wy, specified above

consequently constrains 7y to vary between 8.8 and 11.4, a far cry from the values
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found in the literature [1,3,19,20,173-175]. Solution 4 is thus effectively ruled out.

Solution 5

Here we have that

a(t) = A5HVI13)/6 (2.65)
o(t) = — <B+Ct<1—\/ﬁ)/3> . (2.66)
V8rG

B is related to A, C and Ry as follows:

g TI5F 3v13 + \/342 —90v/13 — 8(—128 + 35/13)C2 AR} (267
a 4(—4+ /13)CA2R2 : -

while ¢ = 1/B? and wy, must take the value 1/3(—7 + 2v/13) & 0.07. The density of
matter at the present time depends on A, B and C:

,  C3ATHRE 14 - 11VI3 4 2(—5 + 2V13) B
P = 727G (5 — /13) B? '

(2.68)

When ¢ is redefined as £ = Hpt and the constraints specified in Eq. (2.45) are applied,

Eq. (2.65) becomes:
6F (5+v13)/6
H=|— 2.69
0= (5:"5) , 260

and fy evaluates to (54 +/13)/6 ~ 1.43. This allows us to deduce that Hy must
amount to approximately 102km s~ Mpc~! if the age of the Universe is to be around
13.8 Gyr [20]. The fact that our estimate for Hy is so at odds with the range of values
found in the literature [19,20,26] means that Solution 5 cannot be considered a viable

dark energy candidate model.
2.3.4 Models in a closed universe
When x = 1/R3, the system of equations given by (2.22), (2.23) and (2.26) also

admits a number of solutions. The two relevant ones found in this study are detailed

below. A, B and C are again used to denote constants.
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Solution 6

The first solution valid in a closed universe has an exponentially-increasing scale factor

and a minimally-coupled scalar field:

a(t) = Aexp(Bt) ; (2.70)
3/2

2A 1
) = C 3Bt ) .—3Bt | 2‘* Bt _ —0 271
¢(t) ¢ {e R%e 3BC(2rGA3)1/2 ¢ 7 271)
while the matter distribution is dust-like (wy = 0) and its density currently attains

the value
o0 = & (2.72)
o 3BC(8rGA)3/2 " '

As already done when analysing Solution 1, the constants A and B may be determined
by applying the conditions a(#y) = a/(fp) = 1. One finds that A = exp (—%p) and
B = Hy. With I/ Hy in place of t, Eq. (2.70) then takes the form:

a(f) = exp (t—1p) , (2.73)

so that the variation of acceleration with time would be as shown in Fig. 2.1 (provided

the age of the Universe, #y, is again equated to 0.95).

Hot

FIGURE 2.7: The dynamics of pg and py during the current epoch of acceleration, in a closed

universe consisting of dust and the minimally-coupled scalar field ¢ = C (D1 — Dy e_Bt)3/2 (D7 and
D5 represent constants).

The next aim is to compare py, and pg. To this end, the parameter Ry is expressed as
Ho_l/|02|1/2, with Qf = —0.0106 [20], and C is set to 4H0_3/\/87rG. The resulting
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evolution is portrayed in Fig. 2.7. Here, too, we note that the scalar field dominates
the energy budget of the Universe during the time of interest. Additionally, the curve
of pyHy 2 gradually levels out, implying that at late times the scalar field effectively

mimics a cosmological constant.

Solution 7

The scale factor and scalar field are now given by:

a(t) = A’ + B, (2.74)
A = 67(“;0 and B:OlRO (2.75)

or A = 2\/2730 and B = 25/7_320; (2.76)
o(t) = Sy (2.77)

The coupling constant ¢ takes the value —1/6 and p2 is equal to zero. The latter
implies an unrealistic picture of the cosmos — we know that the Universe is not devoid
of matter — and so this solution will not be analysed in detail. Let us nonetheless make
the usual transformation from ¢ to . Applying the constraints specified in Eq. (2.45)
allows us to write Eq. (2.74) as:

(2-"70) , (2.78)

since A and B turn out to equal HZ/(2fy) and (2 — ) /2, respectively. These may
in turn be used to determine C. With A and B defined as in Eq. (2.75), we have that

6
C= HO,/m , (2.79)

whilst in the case of Eq. (2.76), the expression for C' becomes:

3
C = Hy, /m . (2.80)
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2.4 In Brief...

In this chapter, dark energy takes the form of a scalar field that may be either mini-
mally or non-minimally coupled to the Ricci scalar, and is considered in combination
with a simple matter component having py, < pn. It is shown that such a scenario

may indeed give rise to a period of late-time accelerated expansion.

All in all, the chapter serves to illustrate the challenge of finding exact analytical
solutions that are in accord with cosmological observations. This is especially true
when spatial curvature is introduced and the equations become more complicated,
and underlines the important role played by numerical techniques. Nonetheless, a
number of analytical solutions to the STT field equations (as expressed in an FLRW
framework) were found and have been presented in section 2.3. Some hold in a
cosmology with flat spatial sections, while others are valid when the Universe is either
closed or open. Despite the appeal of their analytical nature, however, they have a
number of shortcomings: several of them impose somewhat unconventional constraints
on the equation-of-state parameter of dark matter, while others do not admit a matter
component at all. Additionally, tensions with the observationally-established range of
values for parameters like the Hubble constant or the age of the Universe have also
been noted. One of the most promising solutions features an exponentially-increasing
scale factor, a matter distribution with wy = 0 and a minimally-coupled scalar field

that mimics a cosmological constant at late times.
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CHAPTER 3

The Effects of Spatial Curvature on Cosmic

Evolution

3.1 Introduction

As already discussed in Chapter 1, subsection 1.3.2, the importance of spatial cur-
vature is greatly underrated. Indeed, the majority of works put forward continue to
be based on the assumption that the Universe is flat. In this chapter, therefore, we
shall investigate the consequences of introducing curvature into different cosmological
models alternative to ACDM. The models in question provide a complete description
of the cosmic expansion history: they start with an inflationary phase that evolves
into an epoch of deceleration, which is in turn followed by the present period of ac-
celeration. In particular, the Universe shall first be modelled as a dissipative mixture
comprising a Van der Waals (VAW) fluid and a dark energy component, with the
latter taking the form of either Quintessence or a Chaplygin gas. These models have
been investigated in Ref. [176], but we shall extend the analysis by including spatial
curvature and studying its effects on the evolution of the Universe. The versatility
of the VAW fluid lies in the fact that its pressure can be either positive or negative,
depending on its density. Consequently, it can slow down the cosmic expansion at

certain times and speed it up at others.

In the last part of the chapter we shall consider two models in which the cosmological
constant is replaced by a dynamic A. In this case, the matter component will be
modelled in one of two ways: as a VAW fluid, or as a distribution with the customary
direct proportionality between energy density and pressure. Spatial curvature will

again be introduced and its role probed.

All numerical analysis presented in this chapter was carried out using WOLFRAM

MATHEMATICA® 12.0.
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3.2 Matter as a Van der Waals Fluid

Let us first assume that the Universe consists solely of a matter distribution with the
VAW equation of state (EoS). The aim is to build on Kremer’s model [176], repeating
his analysis but taking the possibility of non-zero spatial curvature into account. The

starting point is the first Friedmann equation:

G P

2_7 _— —
HY == rm =5

(3.1)
where pp, represents the energy density of matter and @ is defined as the ratio R /R,
R being the scale factor and R, the value it takes when H = 1. The time at which
this happens shall be denoted by ¢, [i.e. H(t.) = H, = 1]. Next, we shift the time
scale by putting £ = t —t,, so that at f = 0, R = R4 and @ = R«/Rs+ = 1, while
da/df = H, x a(f = 0) = 1. The spatial curvature & can be expressed in terms of

the normalised spatial curvature k as k/R?2 [8].

We proceed by differentiating Eq. (3.1) with respect to?? 7, then use the energy con-

servation equation:
pm = —3H (pm + pm) (3.2)

to substitute for py,. After replacing H with @/ and discarding the solution H = 0,
we get that
f — 4G (pm + pm) + 42 — a6 =0 . (3.3)

The relation between the pressure p,, of the matter content and its energy density
takes the form of the VAW EoS [177]:

2

S8Wm Pm (Pm) ¢
Py = |7— =3 — . (3.4)

. [?mfn ~ Pm P |
In classical thermodynamics, wy, is a dimensionless quantity equivalent to the ratio
of T to T, where T is the temperature of the fluid and 7° its value at the critical
point. This point is best described in the context of a pressure versus temperature
plot. Here, it coincides with the high-temperature end of the gas-liquid coexistence

curve; as one moves along the curve, the two phases grow more and more similar,

finally becoming indistinguishable at the critical point [178].

42An overdot denotes differentiation with respect to ¢, but £ = ¢ — t4, so d/dt is equivalent to

d/dt.
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So what meaning does wy, have for us? In a cosmological setting, wy, is often identified
with the constant of proportionality in the conventional barotropic relation py, o pm,
because this is essentially the form that Eq. (3.4) takes for small values of p,, /pS, (pS,
and p¢ denote the critical energy density and pressure, respectively) [179]. Another
common practice is to reduce the number of free parameters by setting pf, = p§, =
The VAW EoS can then be rewritten concisely as [179]:

Pm = —3p5 - (3.5)
If py is replaced with the above expression and one uses Eq. (3.1) to substitute for

pm, Eq. (3.3) becomes:

27(F +3)*  64nGund® (R + &°)

~ 9 .
Ata 87Ga2 7 8nGal + &2

+2ai=0. (3.6)

This reduces to Eq. (5) of Ref. [176] when & = 0, although Eq. (3.6) would have to

be written as a first-order differential equation in H to make a comparison.

Eq. (3.6) can be solved numerically by choosing appropriate parameter values and
initial conditions. In line with Kremer’s work, we have already established that a(f =
0) =a(f =0) = 1. Now we set wy, to 0.52, while & is assigned the values 0, 0.01 and
—0.01. The resulting plots are shown in Figs. 3.1-3.4.
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FIGURE 3.1: The variation of acceleration with time for a universe composed of a VAW fluid.
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FI1GURE 3.2: The variation of the Hubble parameter with time for a universe composed of a VAW
fluid. It may be noted that in the flat case, H is constant at early times. This is suggestive of
exponential inflation.
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FI1GURE 3.3: The variation of pressure with time for a universe composed of a VAW fluid.

The most widely-accepted view nowadays with regards to the different stages of cosmic
evolution is that the Universe initially underwent a period of accelerated expansion
known as inflation [129, 180, 181], and that a graceful exit then led to a radiation-
dominated epoch (and a later matter-dominated one) during which deceleration oc-
curred [182,183]. This was followed by another phase of acceleration [1, 3,184, 185]
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FIGURE 3.4: The variation of energy density with time for a universe composed of a VAW fluid.

— which extends to the present time and is thought to be one of the most notable
sources of evidence for dark energy. As pointed out by Kremer, modelling the Uni-
verse as a VAW fluid can correctly describe the transition from the inflationary epoch
to the subsequent deceleration, but fails to yield the proposed late-time acceleration
(Fig. 3.1).

The evolution of the Universe is determined by the pressure of the cosmic fluid. In
fact, Fig. 3.3 shows that when this fluid is described by the VAW EoS [Eq. (3.5)], pm
would initially be negative (resulting in inflation — Fig. 3.1). It would then start to
increase and become positive (causing the acceleration to decrease and deceleration to
set in), finally going asymptotically to zero (with deceleration following suit) rather

than becoming negative again (which would cause the Universe to accelerate).

Another point of interest is the way the presence of curvature affects the evolution.
From Fig. 3.1, it can be seen that positive curvature delays the onset of deceleration
with respect to the flat case, while negative curvature causes it to occur earlier. The
maximum acceleration and deceleration also change with &: they are largest for the
closed universe, and least for the open one. Furthermore, small variations in the
parameters or the initial conditions only alter the magnitude of these effects, and not
the behaviour of the evolution. The closed universe would still be characterised by
the largest acceleration and deceleration, and the transition from one to the other

would still occur later than it does for the flat and open geometries.
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3.2.1 Dark energy as Quintessence or a Chaplygin gas

To alleviate the problem posed by the absence of late-time acceleration, Kremer [176]
proposes adding a dark energy component to the VAW matter distribution. Thus

Eq. (3.1) becomes
2 &G K
H :T(Pm+0d)—72 : (3.7)
a
where pq is the dark energy density and we shall denote the corresponding pressure
by pq. Matter and dark energy are assumed to be non-interacting [176], so energy

conservation may be expressed as two decoupled equations:

pd = —3H (pa + pa) ; (3.8)
Pm = _3H(pm + Pm + w) ) (3'9>

The term —3Hw on the right-hand side of Eq. (3.9) represents the rate at which
energy (density) is transferred irreversibly from the gravitational field to the VAW
matter distribution, but may be equivalently described as the rate of change in py,
due to the bulk viscosity of the fluid. In other words, the decay of the gravitational
field*3 can be accounted for by considering a bulk-viscous cosmic fluid. Before going
on, let us note that the possibility of expressing energy conservation as two distinct
equations [with the term in w relegated to Eq. (3.9)] reflects the minimal nature of

the coupling between dark energy and the gravitational field [176].

The quantity w introduced in Eq. (3.9) is termed the non-equilibrium pressure. In
second-order non-equilibrium thermodynamics, the relaxation of w to its equilibrium

value (o = 0) is described by the equation [189]:

(3.10)

T being the relazation or characteristic time [176]. Once we move to a cosmological
setting and include the effects of an expanding universe, the above relation takes on
an extra term:

Tow+w=—-3nH . (3.11)

Here, 7 is the coefficient of bulk viscosity.** We shall proceed as in Ref. [176] and

43This decay happens due to particle production. More information may be found in Refs. [186,187]
and [188].

44 A derivation of Eq. (3.11) can be found in Ref. [186], where the authors make use of the seminal
work of Israel and Stewart [190].
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assume 7 to be directly proportional to the energy density [191] of the mixture (n =
Qptot, Where prot = pm + pq and « is a constant). If 7 is equated to 1/ peot [192], it
follows that 7 = «, and Eq. (3.11) becomes at + w = —3(apiot) H. Eq. (3.7) can

then be utilised to eliminate pior. One gets that:
. 2 K
Gt —w = - (H + ) . (3.12)

The presence of i suggests that the evolution of the non-equilibrium pressure is de-
pendent on the geometry. In fact, this is the main reason why w is introduced: it
enhances the impact of spatial curvature. However, the main conclusions we reach
would not be altered in its absence. The only effect to be expected — apart from the
fact that differences due to & would be smaller — are changes to which of the three
universes accelerates the most during the dark-energy dominated era. That said, the
analysis presented in this chapter indicates that # does not play a significant role in

the current epoch, so these slight variations are of no concern.

The pressure py, and energy density py, of the matter component are again related
by the VAW EoS [Eq. (3.5)]. As for dark energy, we shall take Kremer’s example
and consider either Quintessence or a Chaplygin gas. A similar model consisting of
Quintessence and a viscous VAW fluid in a Lyra manifold* is studied in Ref. [197].
There are some important differences, though: the authors also include a constant or
dynamical A and restrict their analysis to a flat geometry, and furthermore assume

dark energy and dark matter to be interacting, which is not the case in our work.

Quintessence

The EoS for Quintessence reads [176]

Pd = wapd ; wq < —1/3, (3.13)

45Tn 1918, Weyl [193] proposed a modification of Riemannian manifolds in order to fully geometrise
gravitation and electromagnetism [194]. Another modification was put forward by Lyra [195] more
than three decades later. Lyra’s version serves as the framework for a unified field theory similar to
Weyl’s, but has the advantage that parallel transport leaves the length of a vector unaltered (this
is not what happens in Weyl’s theory). An important characteristic of Lyra’s geometry is a gauge
function (introduced into the structureless manifold) that gives rise to a gauge vector field ¢, (z")
[194]. In cosmologies based on Lyra manifolds with constant ¢, [= (/3,0,0,0)], the combination of
¢, — which provides the necessary pressure — and a pressureless ‘vacuum fluid’ having pp, = —3B%/2
can be seen as analogous to a cosmological constant [196].
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where wq is a constant. When inserted into Eq. (3.8), Eq. (3.13) allows us to solve
for pq. It is found that
pa = p a—dtea) (3.14)

pg being the dark energy density at £ = 0. The next step entails taking the time
derivative of Eq. (3.7), then substituting for pq and pp, using the continuity equations,
(3.8) and (3.9). These contain pressure terms, but py,, and pg may easily be written
as functions of the respective energy densities by means of Eqs. (3.5) and (3.13).
Finally, the VAW energy density, pn, is replaced with the corresponding expression
from Eq. (3.7), while the right-hand side of Eq. (3.14) serves to eliminate pq. The

resulting equation is given by:

Swya’f(, &) R VX 7 22 | oaz
sm 3a2 — f(L,R) a2 (LR)" + —guy T+ tR+a+2aa=0;
0
ooy pd 3 - )
f(E,R) = ~T+3ug + e (/1+a ) . (3.15)

Together with Eq. (3.12), Eq. (3.15) governs the evolution of a universe composed of
a VAW matter distribution and Quintessence. It may be shown to reduce to Kremer’s

Eq. (13) [176] when & = 0.

We thus have a system of two differential equations that can be solved numerically by
again making use of the initial conditions @(0) = a(0) = 1. This time, however, we
also need an initial condition for Eq. (3.12), so we set @ (f = 0) = 0. The parameters
are assigned values as follows: o = 0.4, wy, = 0.6, wq = —0.9, pY = 0.03 x 3/(87G)
and |k| = 0.01 (or zero), and the resulting plots are shown in Figs. 3.5-3.8. It
immediately becomes evident that the negative pressure of dark energy is able to
produce the late-time acceleration missing in the pure VAW model. Otherwise, the
implications of a non-zero & for the epochs of inflation and deceleration are as before
(albeit being more pronounced): with respect to a flat universe, positive & delays the
onset of deceleration and increases the maximum acceleration and deceleration, while
negative & does the contrary (Fig. 3.5). A similar pattern is observed in the onset
of late-time acceleration. Once again, the closed universe is the last to undergo the

transition.

As stated previously, changes in the acceleration/deceleration of the Universe are
caused by variations in the pressure of the cosmic fluid. In fact, we note that the
temporal shifts between the curves of total pressure against time (Fig. 3.7) complement

those between the curves of acceleration versus time (Fig. 3.5). Provided that the
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FicURE 3.5: The variation of acceleration with time for a universe composed of a VAW matter
distribution and Quintessence.
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FIGURE 3.6: The variation of the Hubble parameter with time for a universe composed of a VAW
matter distribution and Quintessence.

pressure of the VAW fluid evolves smoothly, small changes in the initial conditions

or the parameters only alter the magnitude of the above-mentioned effects. Another

point worthy of mention is the fact that the deviation from the flat universe is stronger
for positive &.

The results presented here are in line with the conclusions reached in Ref. [187].
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F1GURE 3.7: The variation of total pressure with time for a universe composed of a VAW matter
distribution and Quintessence. The peaks of the curves are shown at greater resolution (inset).
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F1GURE 3.8: The variation of total energy density with time for a universe composed of a VAW
matter distribution and Quintessence.

Kremer and Teixeira da Silva model the cosmic fluid as a scalar field mixed with a
matter distribution, and likewise find that the inflationary acceleration and subsequent
deceleration are most pronounced for & > 0, while the transition to the present
epoch of acceleration occurs first for the open universe. They suggest that the larger

acceleration the closed universe undergoes during inflation is due to a greater |w|
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since, being negative, the non-equilibrium pressure w is partly responsible for the

said acceleration, as may be inferred from the second Friedmann equation:
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FiGURE 3.9: The two main factors contributing to the difference in the maximum inflationary
acceleration of the flat, open and closed universes: the variation with & of the non-equilibrium
pressure w and the VAW pressure py. The evolution of —py, is also shown. The Universe is
modelled as a bulk-viscous mixture of Quintessence and a VAW fluid and the value of & is denoted
by the label on each curve. Quintessence is negligible at this stage.

Here, ptot = pm + pa and peq = pm + pa. It transpires that their conclusion is valid
in our case, as may easily be deduced from Fig. 3.9. There is, however, an important
difference: the VAW fluid also exerts a repulsive pressure (pp,) at early times, and the
fact that this is strongest in the closed universe [which is, in turn, a result of the fact
that pp, is largest for & > 0 at £ = 0, as suggested by Eq. (3.7)] helps to boost its
acceleration. Indeed, it is precisely the difference in py, that initially causes the closed
universe to have the greatest acceleration. The effects due to @ set in later (Fig. 3.9).
After a while, the pressure py, becomes attractive, and at first it is smallest for & > 0

(Fig. 3.10). This is yet another factor which helps to enhance a.

There is a strong link between the variation of @ and @ with &. As Eq. (3.12) suggests,
|co| is largest for positive & at the start of the evolution. Hence w grows more rapidly

in the closed universe, which (partly because of this) expands at the fastest rate.
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F1GURE 3.10: Curves showing how the energy density and pressure of matter vary with time. The
Universe is modelled as a bulk-viscous mixture of Quintessence and a VAW fluid. The labels denote
the respective values of &.

Accordingly, the rapid expansion causes the gravitational field to decay more quickly

than it does in the flat and open cases,*6

resulting in a higher rate of energy transfer to
the VAW fluid and thus causing it to be diluted more slowly. The consequent decrease
in |pm| may be deduced from Eq. 3.9 and emerges clearly in Fig. 3.10. Moreover, it
explains why the total energy density in the closed universe soon becomes larger
than that in the other scenarios, remaining this way well into the deceleration epoch
(Fig. 3.8). In turn, a greater piot (and H) speeds up the growth of w (Eq. 3.12),
although not indefinitely — the non-equilibrium pressure acts to slow down its own

build-up, as is evident from the same equation.

Until py has decayed by a sufficient amount, the right-hand side of Eq. (3.5) is domi-
nated by the term —3p2,. Initially, therefore, the matter component exerts a negative
pressure whose magnitude is largest where the fluid is most dense (hence in the closed

universe). The variation of py, and py, with time is depicted in Fig. 3.10.

The larger magnitude that w has in the closed universe explains the delay in the
transition from the first accelerated epoch to the subsequent deceleration. Eq. (3.16)
implies that this transition occurs when 3|w| is equal to the sum py, + 3py, — in other

words, when the repulsive non-equilibrium pressure (dark energy is negligible at this

46The rate of decay is given by 3Hw [see Eq. (3.9)].
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point) is counterbalanced by the attractive force of matter. The smaller || in the
open universe thus leads to an earlier onset of deceleration. This is illustrated in
Fig. 3.11.
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FIGURE 3.11: Curves depicting the evolution of the non-equilibrium pressure w and of the sum
Ptot + 3Peq- The Universe is modelled as a bulk-viscous mixture of Quintessence and a VAW fluid,
and labels denote the spatial curvature . The intersection between curves with the same % indicates
the onset of deceleration for the respective universes.

As suggested above, Eq. (3.9) allows one to conclude that a negative non-
equilibrium pressure reduces the magnitude of pp,. Kremer and Teixeira da Silva
point out that, since |w]| is greatest in the closed universe, this is also where the most
matter is produced, hence leading to a larger deceleration [187]. Things are somewhat
different in the case under consideration, however: although the non-equilibrium pres-
sure decreases the rate at which matter is diluted during the first epoch of acceleration
— an effect that is most pronounced in the closed universe — it is never large enough
to yield an overall increase in py,. Indeed, Fig. 3.12 makes it clear that the closed
universe undergoes the greatest deceleration mainly due to the larger value of its scale

factor. This is because a scales the sum piot + 3peq + 3w in Eq. (3.16).

Ref. [187] invokes the greater production of matter for # > 0 and the faster decay
of the scalar field to explain why the onset of late-time acceleration is delayed when
the geometry is closed. Here, the said delay is attributed to the fact that matter

gets diluted more slowly in the closed universe,*” which causes the evolution of py

47This stops being the case at  ~ 9.
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FIGURE 3.12: Curves showing the temporal variation of &/@ and & for a universe composed of
Quintessence and a VAW fluid. Labels denote the respective values of &.

to lag behind that in the open and flat scenarios. One recalls that whether the
Universe accelerates or decelerates is due to the interplay of pressures. Once the first
term on the right-hand side of Eq. (3.5) dominates over the second one, the pressure
Pm becomes positive, increases to a maximum and then starts to decay, until the
repulsive pressure of dark energy takes over and the Universe enters a second phase
of acceleration. Since pp, begins to decay at a later time when & > 0, the transition

to the final epoch of acceleration occurs last in the closed universe.

Chaplygin gas

Next, we model dark energy as a Chaplygin gas, whose pressure pq is related to the

energy density pq by means of the EoS [176]:

A
pa=——3; A>0, (3.17)
Pd

where A is a constant. Inserting this relation into Eq. (3.8) and solving for pq as a

function of @ yields:

VA +C
pq = C;;r . C>0. (3.18)
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In the above, C represents a constant of integration. If we write C'/ A as ¢ and evaluate
pa at T =0, we get that pJ = \/A(1 +¢), and so Eq. (3.18) may be expressed in the

form: 0
~6
pq @+
= -< . 3.19
Pa= s\ 1 + (3.19)

We repeat the procedure adopted in the case of Quintessence and take the time

derivative of Eq. (3.7), then substitute for pq and py, from equations (3.8) and (3.9),
respectively. The pressure of matter is determined by the VAW EoS [Eq. (3.5)], and
that of dark energy by Eq. (3.17), with A written as (,03)2 /(14 1). The matter
energy density py, is subsequently replaced with the corresponding expression from
Eq. (3.7), while pq takes the form specified in (3.19). The final equation reads:

Swma?h(t, &)  3h(T, k)% pYa’ .9 .
— —_ —_— 3 a 2~~ fr—
8WG[3&2_h(7R) P + a‘w FOO+0) +R +a”+2aa =0,
ab + 4 - o F(0) 3 .
= ) = — — (a = 2

and reduces to Eq. (16) in Ref. [176] when & is set to zero and the necessary modi-
fications in notation are made. Together with (3.12), Eq. (3.20) is solved by setting
a(0) = a(0) =1, w(0) = 0, a = 0.4, wy = 0.6, ¥ = 3, pY = 0.03 x 3/(87G) and
7| = 0.01 or 0.
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FIGURE 3.13: The variation of acceleration with time for a universe composed of a VAW matter
distribution and a Chaplygin gas.
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FIGURE 3.14: The variation of total pressure with time for a universe composed of a VAW matter
distribution and a Chaplygin gas. The peaks of the curves are shown at greater resolution (inset).
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FIGURE 3.15: The variation of total energy density with time for a universe composed of a VAW
matter distribution and a Chaplygin gas.

The evolution of a universe with a VAW fluid as the matter component and a Chap-

lygin gas as dark energy is illustrated in Figs. 3.13, 3.14 and 3.15. It can be seen that
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the effects of curvature are similar to those noted when dark energy was modelled as
Quintessence. Once again, small variations in the parameters or the initial conditions

only change the magnitude of these effects.

3.2.2 Dark energy as a dynamical A

In this section, we again consider equilibrium pressures only, and model dark energy
as a time-dependent cosmological term A (%) with EoS parameter wp = pa/pa = —1
[pa and pp being, respectively, the pressure and energy density*® associated with
A(?)]. Thus, Eq. (3.1) now reads:

811G AT

H>="p, ——+—~ 3.21
3 pm C~L2 + 3 ) ( )
while energy conservation can be expressed as:
A(F

8tG

In this case, the matter and dark energy components cannot be conserved separately,

because Einstein’s field equations take the form*?

G = Ry —1/2Rgu, = 81GT),, — A guw (3.23)

and hence the Bianchi identity, V#G,, = 0, implies that 8tGVH* T — g, VFA(T) =
0. Since a time-varying gravitational coupling is beyond the scope of this study,
matter can only be conserved independently if V#A(f) = 0 — in other words, only
if A(7) goes back to being a cosmological constant, which is not what we want here.
Consequently, the models considered in the rest of the chapter are characterised by

an exchange of energy between matter and dark energy.

We proceed by taking the time derivative of Eq. (3.21) and using Eq. (3.22) to sub-
stitute for pm + A(f)/87G. The resulting equation reads:

87GE% (pm + pm) — 2(F + &2) +2a6 =0 . (3.24)

The next step consists in choosing a proper model for the matter distribution and an

expression for A(7).

48pA = A(f)/87TG

49T[f; is the matter part of the energy—-momentum tensor.
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A proportional to a=—¢

In the first model with a dynamical A, we retain the VAW EoS [Eq. (3.5)] for the

matter part of the mixture, and represent the time-dependent vacuum term by [198]:

A =21, (3.25)

where the parameter ¢ lies in the range [0, 2] and Ay is the value of A(?) at £ = 0.
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FIGURE 3.16: The variation of acceleration with time for a universe composed of a VAW matter

distribution and a dynamical A « &~ /2.

The fundamental equation is obtained from (3.24) by making use of Eq. (3.5) to write
Pm in terms of py,, then replacing the latter with the corresponding expression from
Eq. (3.21). When A(7) is substituted by the right-hand side of Eq. (3.25), we get:

o A 3 [s(LR)]? 64rGumas(f,R) .
~ 92 1 ) m ) ~
— — _ _ 2 —-0 -
P T gaG l i ] 2unGa® + s(T,7) e =0
- A -
s(F, k) = =3 3(R + @) . (3.26)

The parameters wy,, ¢, A1 and || are assigned the values 0.5, 0.5, 0.2 and 0.04 (or 0),
respectively. With the initial conditions set once more to @(0) = @(0) = 1, Eq. (3.26)
yields the cosmic history shown in Figs. 3.16-3.19. It can be seen that the effects

of curvature tally with what was observed for the previous models. As before, slight
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F1GURE 3.17: The variation of the Hubble parameter with time for a universe composed of a VAW
matter distribution and a dynamical A a~1/2.
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FIGURE 3.18: The variation of total pressure with time for a universe composed of a VAW matter
distribution and a dynamical A o« &~ /2.

variations in the initial conditions or the parameters only modify the magnitude of
the said effects, although this is subject to the condition that the evolution of py,

remains smooth.

We are now in a position to carry out an analysis similar to the one for the VdW-
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Quintessence model. The questions that most merit attention are two, namely: why
is it that deceleration and inflationary acceleration are largest for the closed uni-
verse? And why does positive curvature delay the onset of deceleration and late-time

acceleration?
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F1GURE 3.19: The variation of total energy density with time for a universe composed of a VAW
matter distribution and a dynamical A o @~ 1/2.
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FIGURE 3.21: The evolution of 47Gpy, — A(f) and —47G (3py) for a universe composed of a
VAW fluid and a dynamical A o< a1/2. When these two quantities are equal, & evaluates to zero
[Eq. (3.27)]. Hence, the point of intersection between curves with the same value of & (as indicated
by the label on each curve) denotes the onset of deceleration for the corresponding universe.

Initially, the second term on the right-hand side of Eq. (3.5) dominates the dynamics of
the VAW matter distribution, causing it to exert negative pressure. Eq. (3.21) implies
that at £ = 0, py, is greatest in the closed universe, for which & > 0. Consequently,
this is also where the pressure of the VAW fluid is strongest (Fig. 3.20), and hence
where the resulting repulsive effect is most significant. In fact, it is the closed universe

that experiences the greatest acceleration during inflation.

Eq. (3.22) allows us to deduce that the larger matter density associated with positive
curvature at £ = 0 also means a smaller |pn|. Together, these two factors (larger pp,
smaller |pn|) imply that the first term in Eq. (3.5) takes longer to dominate over the
second, and hence more time passes before py, becomes positive. This explains why the
transition to the epoch of deceleration happens last for the closed universe (Fig. 3.21).
As for the difference in the maximum deceleration each universe undergoes, Fig. 3.22
demonstrates that the main cause is the variation of the scale factor with &. Finally,
the delay in the onset of late-time acceleration when & > 0 may be attributed to the
fact that the evolution of py, lags behind that in the open and flat scenarios. The

result is that the decay of p,, begins at a later time in the closed universe. As may
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FIGURE 3.22: The temporal variation of @/@ and & for a universe comprising a VAW fluid and a
dynamical A « a~1/2. Curves are labelled with the respective values of 7.

be concluded from the equation:
. a

acceleration sets in when A(?) equates to 47G (pm + 3pm). The longer py, takes to

start decaying, the longer it is before this equality is realised.

3.3 Modelling Matter with EoS p,, = wmpm

Let us again use ¢ to represent ordinary cosmic time. In this section, we also revert
to the usual definitions of a and k, so that the former is now equal to the ratio of
the scale factor R to its present-day value, Rg, and the spatial curvature x = k/R3
(with £ = 0 or £1). The matter distribution is described by the EoS:

Pm = WmPm - (3.28)

As before, py, and py, stand for the pressure and energy density, respectively. The
parameter wy, € [0, 1] acts as a constant of proportionality and characterises the fluid,

taking the value 1/3 for radiation, 1 for a stiff fluid, and zero in the case of dust.
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We combine matter with a dark energy component that evolves according to the

equation [199]:

Alt) = Aw +3 (fh)n (:2 + Hz) . (3.29)

Here, Ay is the value of A(t) as a — oo, Hj stands for the Hubble parameter
associated with the primordial de Sitter stages,®® and n > 1 is an integer. At very
early times, H ~ Hy and the vacuum dynamics are driven by the second term on the
right-hand side of Eq. (3.29). When H < Hy, however, this term becomes negligible,
rendering A(t) approximately equal to As. Consequently, the resulting cosmology
converges to ACDM at late times [199].

The governing equation may be obtained by inserting (3.28) into Eq. (3.24) and using
Eq. (3.21) to eliminate pp,. The final result reads:
a n
(k +a?) {3(1 + W) l1 — <H> ] — 2} —Aso(I+wp)a® +2ai =0, (3.30)
1a
where A(t) has been expressed according to Eq. (3.29). With a few modifications,
Eq. (3.30) is seen to be equivalent to Eq. (22) in Ref. [199].°! The authors of [199]
point out that A(t) attains its final value (As) at the start of the adiabatic radiation

phase, and so Ay shall be identified with Ag, the cosmological constant.

We consider the inflationary epoch first and redefine the time coordinate as f =
Hit — 1. With this definition, the Hubble parameter is automatically rescaled to
H = H/H;, so that when H = H;, H = 1 and, assuming the relation t ~ 1/H,
one gets that £ ~ 0. The reference time # = 0 is thus specified as the point at which
the Hubble parameter H is (approximately) equal to unity, in line with the procedure
adopted in the previous section. Additionally, the rescaled time coordinate implies
that Eq. (3.30) can be rewritten in the form:

d'(f)

n
) ] — 2} — 3(1 + ww) BZOXa® + 2aa” () = 0,
(3.31)
where & = x/HE, d'(f) = a/Hy, o' () = a/H and Hy = Hy/H; (Hy being the

LEXAGH {3(1 + W) l1 - (

S0 H1 can be treated as an arbitrary parameter and its value inferred from CMB constraints [199].
Here we assume that deflation begins at around the time of grand unification, which means that
Hy ~ 10%5 5 [200].

51Care should be taken when comparing the two equations. In (3.30), a represents the normalised
scale factor (rather than the non-normalised version, as in Ref. [199]), while x stands for the ratio
k/R3. The authors of Ref. [199] use  to represent the normalised curvature parameter (which is
denoted by k here).
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current value of H). The relation Ag = 3HZOQ has been used to express Ag in terms

of the corresponding density parameter.

Eq. (3.31) is solved subject to the initial conditions a(0) = 1.03 Hy and o/ (f = 0) =
Hy. The slight difference between the values of a(0) and o/(f = 0) — while being
small enough to ensure that H (0) is still sufficiently close to unity — improves the
performance of the numerical simulator, because it ensures that the first term enclosed

in curly brackets in Eq. (3.31) does not drop out of the equation at £ = 0.

The matter distribution for our model shall be assumed to consist of dust. In cosmol-
ogy, dust is understood to be a pressureless perfect fluid [18] — in other words, a fluid
made up of non-relativistic, non-interacting particles [8]. The cold dark matter that is
thought to dominate the matter sector falls into this category, and so we shall model
the matter component in the same fashion. This is achieved by assigning wy, a null
value. Next, we set |&| to 0.08 A3 (or 0) and fix n at 2, the latter being in accordance
with the proposal that n should be even in flat space, as indicated by the covariance
of the effective action of Quantum Field Theory in curved spacetimes [201,202]. The
parameter Hy is estimated at®? 107°3. Finally, we put 99\ equal to 0.692, the value
reported by the Planck collaboration in Ref. [22]. Although the Planck constraints
are obtained in the context of a ACDM cosmology, this poses no serious issue, since

our model converges to ACDM at late times.

Figs. 3.23 and 3.24 show the evolution of ”(f) and A during the inflationary epoch
and the first stages of cosmic deceleration. At early times, the behaviour of A({) is
determined by the second term on the right-hand side of Eq. (3.29) — and in turn, A(f)
controls the cosmic evolution, as evidenced by Fig. 3.25. Since the term in question is
a function of &, the dynamics of the early Universe depend significantly on the spatial
geometry. It can be seen that the effects of curvature match those observed for all

the other models. But how does the cosmic history compare to ACDM?

According to the flat ACDM cosmology, the expansion of the Universe is governed by
the equation:
2aa” () + d' (£)* + HZ(Q%a~2 - 30%4%) =0, (3.32)

where QO is the present-day value of the radiation density parameter, equivalent to®

5276 a good approximation, this would mean that the beginning of the deflationary epoch coincides
with grand unification. More information is available in Ref. [200]. One should note, however, that
due to updated constraints on Hy [22], the above value for Hy differs slightly from the one in [200], but
is nonetheless compatible with typical estimates for the Hubble parameter at the end of inflation [203].

53This can be calculated from the current value of the matter density parameter (Q0 = 0.308 [22])
and the redshift at which matter and radiation were equally dense, zeq = 3365 [22].
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9.15 x 107°. Its smallness implies that we may safely leave out the term in QU at
late times. The initial conditions and parameter values used are as for the dynamical

vacuuln case.

Flat  — — Open ======-- Closed ==--=- - A=A

F1GURE 3.23: The evolution of the acceleration at early times. The Universe is assumed to consist
of dust and a dynamical A that is given by Eq. (3.29). The acceleration of a flat universe containing
dust and a cosmological constant is represented by the red dot-dashed curve. In this case, there is
no mechanism that can give rise to an inflationary epoch.

Flat — — Open ======== Closed ====—-= - A=Ag

FIGURE 3.24: The evolution of the Hubble parameter at early times. The Universe is assumed to
consist of dust and a dynamical A that is given by Eq. (3.29). The Hubble parameter for a flat
universe containing dust and a cosmological constant is represented by the red dot-dashed curve.
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FIGURE 3.25: The evolution of py and pp at early times. The Universe is assumed to consist of
dust and a dynamical A that is given by Eq. (3.29). Ouly the case of spatial flatness is considered.
The blue dotted curve depicts the evolution of py, in the presence of a cosmological constant, whose
associated energy density is represented by the red dot-dashed curve.

In the ACDM cosmology, the Universe is modelled as a mixture of dust, radiation,
and a dark energy component that takes the form of a cosmological constant A. The
dust distribution consists of both baryonic and dark matter and its density varies as

4 meaning that radiation gets

a~3. Meanwhile, radiation density is proportional to a~
diluted faster as the Universe expands. On the other hand, the density of dark energy
is not affected by cosmic dynamics and remains constant throughout the entire evo-
lution. Cosmological observations put the present-day values of the matter and dark
energy density parameters (Q?n and 09\) at around 0.3 and 0.7 [20], respectively,
which implies that the current epoch is dominated by dark energy. In contrast, as
we have just seen, Q0 is negligibly small. However, radiation would have been very
significant at early times, and indeed it is thought that the matter-dominated epoch
was preceded by a period of time during which radiation was the dominant component
of the cosmic fluid. Nonetheless, our model is compared with a ACDM cosmology
consisting solely of dust and the cosmological constant. We are thus better able to
investigate the effects of a dynamical A, this being the only difference between the
two models. Strictly speaking, therefore, our results are compared with the ones pre-
dicted by a constant-A model rather than by ACDM — a distinction that is especially

pronounced at early times.

Fig. 3.23 shows that the maximum deceleration attained during the matter-
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dominated epoch is smaller for the constant-A model. We may attribute this to the
fact that when A is allowed to evolve according to Eq. (3.29), the vacuum transfers
energy to the matter component as it decays [refer to Eq. (3.22) and Fig. 3.25], caus-
ing the energy density of the latter to grow. Consequently, the deceleration resulting
from the attractive pressure of matter is larger than in the constant-A scenario, where

such a mechanism is absent.??

As pointed out in Ref. [199] and shown in Fig. 3.24, only a flat universe would initially
have a constant Hubble parameter. The effect of positive curvature would be to
decrease the initial H below that in the flat case, while for negative 4 the plot of
H/Hy (= H) against £ should be truncated at H/Hy = 1 to prevent the weak energy
condition from being violated. We note that these characteristics are consistent with

the properties of the primordial de Sitter solutions as outlined in Ref. [199].

It is now time to turn our attention to the evolution of the Universe at late times. For
this purpose, the time parameter is redefined as ¢ = Hgt — 1, so that if one assumes
the relation ¢ ~ 1/ H, the current time corresponds to ¢ = 0. The Hubble parameter
is automatically rescaled to H = H/ Hy and becomes equal to unity at present. Using

this notation, Eq. (3.30) can be rewritten as:

5+ d (7] {3(1 ) [1 - (28 Ho)] —2} — 3(1+ wm) O + 200" () =,
(3.33)
while Eq. (3.32) takes the form:

2aa" () + d' (£)? + Q%2 —30%a* =0, (3.34)

where & = x/HZ, d'(f) = a/Hy and o”(f) = @/ HZ. The initial conditions are set
to a(0) = a/(f = 0) = 1. The first is required by the definition of the normalised
scale factor, and the second follows from the fact that A (0) = 1. The parameters &,
n and wy, are assigned the same values as for the early evolution. Since & = FIO_ 2z,

however, |&| is equal to 0.08 (or 0 if the Universe is flat).

The resulting curves of acceleration vs time are depicted in Fig. 3.26. As expected,
the open universe would be the first to exit the matter-dominated epoch, and the

evolution according to the constant-A cosmology (which is essentially equivalent to

%41t could be argued that the dot-dashed curve in Fig. 3.23 is directed downwards for decreasing
t, so at face value a constant A appears to allow for a greater deceleration than its dynamical
counterpart. However, it is important to remember that this behaviour is due to the failure of the
constant-A model to account for the inflationary epoch.
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FIGURE 3.26: The variation of acceleration with time during the current period of cosmic accel-
eration and the latter part of the preceding matter-dominated epoch. The Universe is modelled as
a composition of dust and a dynamical A that evolves according to Eq. (3.29). At this stage, the
dynamics of the flat universe are indistinguishable from those predicted by flat ACDM.
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FIGURE 3.27: The variation of py, with time during the transition from the matter-dominated epoch
to the current period of cosmic acceleration. The dashed black curve indicates how py, would evolve
in a flat ACDM cosmology, while the straight horizontal line corresponds to the energy density
associated with the cosmological constant.
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flat ACDM at this stage) becomes indistinguishable from that of the flat, dynamical-
A scenario at late times. Additionally, the presence of curvature no longer affects

the evolution significantly after the transition to the current epoch of acceleration
(Fig. 3.27).

3.4 In Brief...

This chapter investigates whether the presence of spatial curvature could influence
the evolution of the Universe — and if so, in what way. We have seen that for a closed
universe, the transition to the epoch of decelerated expansion would be delayed with
respect to the flat case. So would the start of the current dark energy-dominated era;
additionally, inflationary acceleration and the subsequent deceleration would both be
larger. The opposite was noted for an open universe. The fact that these features
are common to the different scenarios we consider has an important implication: it
suggests that the effects of curvature are independent of the way we model matter

and dark energy.

This work shows that it is possible to reproduce the main characteristics of the ex-
pansion history using only a few simple fluids. In the first model, the matter/energy
content of the Universe is represented by a VAW fluid. It is found that the current
period of acceleration requires the presence of a dark energy component, and thus in
the remaining four models dark energy is introduced as Quintessence, a Chaplygin
gas or a dynamical cosmological ‘constant’; the desired late-time acceleration is in-
deed obtained. The VAW EoS is retained in the first four models but changed to the
customary ppy, = wmpm for the last one. Another unique feature of the last model is a
time-dependent vacuum energy (density) that functions as an inflaton at early times,

and mimics a cosmological constant during the present epoch [199].

In conclusion, a non-zero Qg would have left definite signatures on the past dynamics
of the Universe. Although these might in reality be too small to be probed by current
cosmological experiments, the study presented here highlights the possibility that
spatial curvature could have played a role in the early universe, and not — as is often
asserted — just at late times. It turns out, in fact, that the evolution is only mildly

dependent on curvature at low redshifts.
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CHAPTER 4

Endowing A with a Dynamic Nature: Constraints

in a Spatially Curved Universe

4.1 Introduction

Despite the many dark energy models that have been proposed, the available evidence
is not sufficient for ACDM to be discarded in favour of one of the alternatives [204,205].
And for good reason: theoretically, its framework is appealingly simple, and when it
comes to observations, ACDM is compatible with local gravity constraints [206,207]
and has successfully predicted the baryon acoustic oscillation (BAO) imprint on galaxy
clustering [208]. It also provides a good description of the cosmology at redshifts
probed by cosmic microwave background (CMB) data [19,20,22]. This list is by no
means complete, but it serves to illustrate why ACDM is considered the standard
model of cosmology. On the other hand, it has a number of shortcomings that cannot
be overlooked, prominent among which are the cosmic coincidence and smallness

problems [209].

A sound alternative model of dark energy, therefore, is expected to emulate the suc-
cesses of ACDM while overcoming its drawbacks (or some of them, at least). Conse-
quently, such models should mimic ACDM at the high redshifts where it is well-tested
by CMB data, and give a comparable expansion history at low redshifts, albeit without
invoking a true cosmological constant [210]. Furthermore, on Solar-System scales their
behaviour must be in accordance with experimentally-supported General Relativistic
predictions [140]. One way of achieving this is by means of screening mechanisms,
which depend on the density contrast between the local environment and the cosmic
fluid to suppress small-scale deviations from the standard model (see, for instance,
Ref. [211] and works cited therein).

In view of the above, and keeping in mind that the successes of ACDM have not been
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eclipsed, the simplest — and perhaps most natural — extension of the standard model
is a scenario characterised by a mildly-evolving cosmological ‘constant’. We shall
therefore consider three dynamical-A models: the Running Vacuum Model (RVM),
in which A varies with the Hubble parameter H according to the relation A(H) =
A+ BH? (A and B being constants), a generalisation of the RVM (GRVM) with
A(H) = A+ BH? + C(dH /dt), where t is cosmic time and C another constant, and
a second sub-case of the GRVM: A(H) = A+ C(dH /dt). We shall refer to the last
as the ‘Generalised Running Vacuum Sub-case’, or GRVS. The GRVM and RVM were
introduced in Refs. [212] and [213], respectively, and have been analysed in works such
as Refs. [212,214-217] and [218], while the GRVS was investigated in Ref. [219] as a

model with a variable dark energy equation-of-state parameter.

These models are especially appealing due to the fact that they are motivated by
Quantum Field Theory (QFT) considerations [220-223]. Additionally, the RVM can
properly account for cosmic dynamics at both the linear perturbation and background
levels [218] — and in certain cases has been shown to outperform ACDM [215,224-226].
Likewise, the GRVM is compatible with observations [212,214,219], and it, too, has
been reported to receive greater support from cosmological data than ACDM [226].
A prominent advantage of both the RVM and GRVM is their ability to ease the og
tension that emerges in the standard model [215, 224, 226].

Although they feature in numerous studies, the GRVM, RVM and GRVS [with A(H)
taking the exact forms specified above] have not been analysed in the context of a
spatially curved space-time (but extended versions have, as discussed in section 4.4).
Indeed, a great number of works in the literature are based on the premise of spatial
flatness. This practice is rather concerning, because although it is true that observa-
tional data appears to favour a flat geometry, the evidence comes mainly from studies
which assume a flat ACDM cosmology [19,20,106,107]. Our primary aim, therefore,
will be to investigate whether the GRVM, RVM and GRVS can accommodate spatial

curvature while remaining compatible with the data available.

4.2 Dynamical-A Models

The literature contains many examples of models in which dynamical dark energy
takes the form of a varying A. In most cases, A is allowed to have a large value at early

times, and this then decays to the much smaller one observed at present. Therefore,
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such models go some way in addressing the smallness problem [201,227,228], which
refers to the fact that in ACDM, the observed value of py (where pp is the vacuum
energy density) happens to be around a factor of 10'2° smaller than the theoretical
estimate [209].

Endowing A with a dynamic nature may be achieved in two ways. One can either
model A as an explicit function of time, or else take an implicit approach and express
it in terms of appropriate cosmic parameters. In the former case, the most popular
choice is undoubtedly the inverse power relation given by> A(t) o t~™. The inverse
power-law model features in works such as Refs. [229-233] — the list is by no means
exhaustive — and has additionally been investigated in differing scenarios, including a
Bianchi Type-I cosmology with variable gravitational coupling [234] and the Brans-
Dicke theory [235,236]. Albeit less popular, exponential decay has also been proposed
[228,237].

In the category of implicit time dependence, one finds studies in which A is a function
of the scale factor a, with expressions such as A(a) = Aa™ + Ba™ [238-241] and
A(a) = A+ Ba ™ A # 0 [242]. Models having A(a) « a™" are very popular
— the reader is referred to Refs. [243-247] — and under certain conditions may be
seen as equivalent to standard cosmology with matter, radiation and an additional
component: an exotic fluid characterised by an equation of state parameter w =
n/3 —1 [248]. The case n = 2 is of particular interest. It may not only have its
foundations in quantum cosmology [249], but has also been shown — in the framework
of a closed geometry — to result from the assumption that the matter/radiation density
of the Universe is equal to the critical density at all times, not just at present [250].

This assumption would ensure that the current epoch is not special in any way.

Another notable study is Ref. [251]. Here, the authors present a model in which the
vacuum couples with radiation (during the radiation-dominated epoch), and has an

4(1*93), where x depends on the balance

associated energy density that scales as a™
between the energy densities of radiation and dark energy. Meanwhile, the innovative
approach detailed in Ref. [252] is based on the ansatz that the energy density of
cold dark matter (CDM) varies as a~31¥, rather than the customary a~2. The small
positive constant y results from the interaction with dark energy and quantifies the
decrease in the rate at which CDM gets diluted. It is interesting to note that provided
Q0% > 0.2 and n > 1.6, spatially flat cosmologies having A(a) oc a~" show consistency

with lensing data [248].

%The parameters n, m, A and B shall henceforth represent constants.
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A third popular class of expressions for A is based on the Hubble parameter H and
functions thereof. Prominent among these is again the power law: A(H) o« H"
[241,243,253-256]. Other interesting possibilities include combinations of H or H"
with either a™ [240,244] or dH /dt, or even the total energy density [253]. A case
in point is the entropic acceleration model [257]. This model is characterised by
an entropic force which acts at the apparent horizon of the Universe,’® and which
behaves essentially like a dark energy component whose density varies as A(dH /dt) 4+
BH? (B # 0) in flat space. According to the authors of Ref. [258], however, the
entropic model is problematic in that the sign of its deceleration parameter never
changes. Additionally, the possibility that it describes the late-time behaviour of a
more complete model is ruled out by its failure to reconcile recent cosmic growth
data with an accelerated expansion [258]. An alternative entropic model in which
A(H) = AH + BH? also has this shortcoming, while putting A(H) oc H results in
a scenario that is disqualified by CMB data [258]. It has in fact been proposed that
when A(H) is a simple function of terms from the set {H,dH /dt, H?}, the addition

of a constant to the said function is crucial to get a valid model [258].

4.3 Analytical Solutions with a Dynamical A

4.3.1 The equations in an FLRW cosmology
Let us go back to Eq. (3.24). It is reproduced below for ease of reference:
81Ga* (pm + pum) — 2(k + a?) +2aid = 0 . (4.1)

In this chapter, a and & take their usual definitions (a = R/Ro, s = k/RE), and an

overdot denotes differentiation with respect to t.

The energy density (pm) of the matter distribution may be expressed in terms of a
and a via the first Friedmann equation [Chapter 1, Eq. (1.38)]. Using the customary
barotropic equation of state, p, = wmpm, to write the pressure py, as a function of

pm (and hence of a and a), we get that

2da — (1 + wy)a®A(t) + (14 3wn)(k +ad*) = 0. (4.2)

56The apparent horizon is determined by the quantity (H 21 k/ a2)71/2, where k is the spatial

curvature parameter and a the scale factor, both in normalised form [257]. In the absence of spatial
curvature, the apparent and Hubble horizons are equivalent.
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Any solutions to the above equation should meet the following conditions:

e 4 > 0, implying an accelerated cosmic expansion (since the focus is on late

times);
e a>0and a > 0 — the scale factor is positive and increases with time;
e H > 0 and decreases with time;

e pm > 0 at all times, in line with the stipulations of the weak energy condition

(the requirement that pp + pm > 0 is then satisfied automatically);

o A(t) > 0 and decreases with time.%” The latter is a necessary prerequisite if the

smallness problem of the cosmological constant is to be alleviated.

The analytical models constructed on the basis of these criteria are presented below.
The work was carried out using WOLFRAM MATHEMATICA® 12.0.

4.3.2 The models

Model 1

Let us start from a candidate function for A(¢) that depends on the Hubble parameter

and has three constants (D, E and m):

A(H)=D+EH" =D+E (Z)m . (4.3)

Upon inserting it into Eq. (4.2), we get that:
2ia — (14 wm)a®(D 4+ Ea™a™™) 4+ (1 + 3ww) (s +ad%) =0, (4.4)
but this cannot be solved analytically. However, there is always the possibility that a

less generalised version can. Indeed, it is found that setting

2 m
m =2 and Ezﬂ (4.5)
1+ wy

5TThe notation A(t) is meant to stress the dynamical nature of A. It should not be taken to
indicate an explicit dependence on t.
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reduces Eq. (4.4) to
2ta — D(1 4wy )a® — a® + w(1 4 3wy) =0, (4.6)

which admits two solutions. We shall pick the one whose dependence on k is not

exponentially suppressed:

o—Ve(ttea)

2
o) =~z {Hél (~1 4 ereVe o)) —apeVEtte) (14 duy, + 302 /@] .
(4.7)
Here, the parameter € stands for the quantity D(1 + wy,) and each ¢; (i = {1,2}) is

a constant of integration.

An easy way in which to construct graphical representations of the evolution is by
taking the approach outlined in subsection 2.3.2. This is based on the introduction of
a dimensionless time coordinate ¢ that is defined as a scaled version of ¢ : ¢ = Hyt.
We again set 7y to 0.95, and fix the value of D by requiring that A(H) is currently
equal to the cosmological constant (D = 0.1Hg). Additionally, given that this is a

late-time solution, the matter component is best modelled as dust, with w,, = 0. The
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FIGURE 4.1: The variation of the scale factor and acceleration with time. The Universe is assumed
to have flat spatial sections, a dust-like matter distribution, and a dynamical A given by D + EH?,
where D and E are constants. The evolution in a flat ACDM cosmology with Q0 = 0.3 and
Q(/)\ = 0.7 [20] is shown for comparison (the associated quantities are indicated by a subscript A).
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constants of integration are treated as functions of spatial curvature. Once x has been
assigned a value, ¢; and co may be determined by applying the boundary conditions
derived in Chapter 2: a(fy) = d/(fp) = 1.

The resulting dynamics are compared to the standard model predictions in Figs. 4.1,
4.2 and 4.3. It may be noted that the acceleration of the Universe according to ACDM
is significantly steeper. Furthermore, our model is only valid at late times and cannot
account for the matter-dominated deceleration that preceded the current epoch. This
feature also emerges in Fig. 4.2. Here, we observe that while the matter density in a
ACDM cosmology increases appreciably as we go back in time, finally exceeding the
energy density of the vacuum, the same cannot be said for the dynamical-A model.
Nor should such behaviour be expected: these analytical solutions were constructed as

potential models of the Universe for the period of dark energy-dominated expansion.
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FIGURE 4.2: The variation of A(H) and py with time. The evolution of the matter density in a
flat ACDM cosmology (pl{[\l) is shown for comparison, while the horizontal dashed line represents the
cosmological constant.

The decaying nature of A(H) shows up clearly in Fig. 4.2. Tt gives A(H) the ability
to interpolate between a large value at early times and a small one at present, meaning
that the model may naturally evade the smallness problem associated with the cos-
mological constant. Meanwhile, Fig. 4.3 deals with the effect of spatial curvature on
the acceleration of the Universe. We note that negative curvature appears to enhance

the acceleration at late times.
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FIGURE 4.3: The variation of acceleration with time in a universe filled with dust-like matter and
dark energy. The latter takes the form of a dynamical A given by D + EH?. The spatially non-flat
models have |k| = 0.0067Hg, and the parameters c¢; and cg are curvature dependent: ¢; = 0.9,
o =1.454/Hpy (k =0), c1 = 0.893, co = 1.5/Hy (k > 0), c1 = 0.905, co = 1.418/Hp (k < 0).

Model 2

This time, we model A(t) as a function of a and H having four constants (I, J, n

and m):
2 n
Ala,H) = IH" + Ja™ = I <a> + Ja™ . (4.8)
a
For our choice of A(t), Eq. (4.2) reads:
2iia — (14 ww)a® " (Ja™ ™+ 1a") + (14 3ww) (k+4d?) =0, (4.9)

which needs to be simplified if we hope to find an analytical solution. The most

intuitive option is to put n equal to 2 and m to —2, whence Eq. (4.9) becomes
2iia — (14 ww) (J + 1%) + (1+ 3ww) (k+a*) =0 . (4.10)
Setting I to (3w — 1)/ (1 + wy,) further reduces this to

2ia + 26 + k(1 + 3wy) — J (1 +wy) =0 . (4.11)
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FIGURE 4.4: The variation of the scale factor and acceleration with time. The Universe is assumed
to have flat spatial sections, a matter distribution with wy, = 1, and a dynamical A given by
IH? 4 Ja=2, where I is a function of wy, and J represents an arbitrary constant, here set to 1.1H§.
The evolution in a flat ACDM cosmology having Q0 = 0.3 and Q([J\ = 0.7 [20] is shown for comparison
(the associated quantities are indicated by a subscript A).

It is now fairly straightforward to solve for a. We find that the scale factor varies with

t according to the relation®

(4.12)

2t2 2 2
a(t):JCT'“y -|-’VVC1( +c1)

Here, ¢; and ¢y are constants of integration, and the dependence on k is via the

parameter y:

v = ; [J(l + wm) — I{(l + 310111)] :

The main features of the resulting cosmic dynamics are shown in Figs. 4.4, 4.5 and 4.6.
It can be seen (Fig. 4.4) that the acceleration asymptotes to zero, in stark contrast to
what happens in ACDM. On the other hand, Fig. 4.5 demonstrates that the evolution
of the matter densities is very similar at late times. This despite the fact that the
matter distribution is modelled as a stiff fluid (with wy = 1) in the presence of a
dynamical A (putting wy, = 0 makes it difficult to meet the requirements listed in

subsection 4.3.1), whereas for ACDM wy, is fixed at zero.

BSetting A(t) = Ua=2? +Wa™* (where U and W are constants) yields a similar expression for a.
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FIGURE 4.5: The variation of A(a, H) and py,, with time. The evolution of the matter density in
a flat ACDM cosmology (p{x\l) is shown for comparison, while the horizontal dashed line represents
the cosmological constant.
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FIGURE 4.6: The variation of acceleration with time in a universe filled with a stiff fluid and
dark energy. The latter takes the form of a dynamical A given by IH? + Ja~2. The spatially
non-flat models have || = 0.0106H3 [20], and the parameters c; and cy are curvature-dependent:
cl1 = —0.041/H0, Cy = O.IHg (Ii = 0), Ccl1 = —0.023/H0, Cy = 0.079Hg (Ii > 0), Ccl = —0.058/H0,
co = 0.121H2 (k < 0).
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As done in the case of model 1, the integration constants are treated as functions
of spatial curvature. The reason is that the conditions a(fy) = da/(fp) = 1 cannot
otherwise be satisfied for k = 0, kK > 0 and x < 0 simultaneously. We again note
(Fig. 4.6) that the cosmic acceleration is largest for the open universe and smallest

for the closed one.

4.4 The Generalised Running Vacuum Model

The inspiration for the GRVM comes from the interpretation of A as a running pa-
rameter in the curved space-time version of QFT. The associated energy density,
PA, is thus expected to evolve according to a renormalisation group equation of the

form [259]

dIOA o 1 = 2n

where the dynamical variable S represents some characteristic infrared-cutoff scale.
In a cosmological context, the role of § may be played by the Hubble parameter H,
since the latter is of the order of the energy scale associated with the Friedmann-
Lemaitre-Robertson-Walker (FLRW) cosmology [214]. We furthermore note that the
coefficients S, result from loop contributions of fields having different masses and
spins [259]. Meanwhile, the absence of odd powers of 3 reflects the general covariance
of the effective action [214,260].

Given that 8 ~ H, the small present-day value of H (~ 10727 mfl) implies that terms
in Eq. (4.13) with n > 2 would be suppressed in the current epoch. An expression
for pa (henceforth PA( H)> may hence be obtained by integrating the remaining term
on the right-hand side. One gets the relation (47)%pa(g) = So + S16%/2, with S
denoting the constant of integration. Consequently, if 52 is identified with a linear
combination of* H? and dH /dt, the expression for PA(r) becomes (47r)2,0A( ) =
So + SoH? + S3(dH /dt), where Sy and S3 are constants [214].

In conclusion, we shall be investigating a model in which the cosmological constant is
replaced with
A(H)=A+BH*+CH . (4.14)

The leading constant and the coefficients of H? and H have been written as A, B

and C' for the sake of simplicity, B and C' being dimensionless and A having units of

MThese two quantities represent independent degrees of freedom [212].



4.4. THE GENERALISED RUNNING VACUUM MODEL 110

length™2. The model specified by Eq. (4.14) is none other than the GRVM, introduced
in section 4.1 — the RVM and GRVS follow as special cases by setting C' = 0 and
B = 0, respectively. One notes that A(H) is not an explicit function of time (the
dependence on ¢ is established implicitly, via H), and it is this property that the name

‘running vacuum model’ is meant to reflect [214].

The dynamic nature of A(H) means that the Bianchi identity may be satisfied in one
of two ways [226,261,262]. Let us see how such a possibility comes about. If A(H) is

not incorporated into 7}, Einstein’s field equations read

G =87GTy, — AN(H)guw (4.15)
so that the twice-contracted Bianchi identity, V#G,, = 0 [8], implies that

VA 8TGT ) = g VFA(H) . (4.16)

The above makes use of the fact that V, is constructed from a metric-compatible
connection (i.e. V*g,, = 0 at all points) [8]. In the presence of a time-varying G,
T, may be conserved separately, in which case Eq. (4.16) becomes 8771, VFG(t) =
9w VPA(H). If G is constant, however, the Bianchi identity requires that 8tGVHT),,
= g,/ V*A(H). In other words, we have the option of either a ‘running’ gravitational
coupling G(t) or of energy transfer between the vacuum and any other component/s
of the cosmic fluid.%° We shall take the constant-G' approach. Assuming that the
densities of baryonic matter and radiation evolve as in the standard model, it may be
deduced that dark energy interacts with cold dark matter (whose energy density is
denoted by peqm) according to the equation

pcdm + 3Hpcdm = _pA(H) : (4'17>

The relation pp gy = A(H)/(87G) and Eq. (4.14) can be combined to give

1 .
PAGH) = %(AJFBH +CH) (4.18)
so that Eq. (4.17) becomes
) 1 . ..
Pedm = —3H pedm — 5 (2BHH +CH) . (4.19)

60Tt is also possible to combine the two options.
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To obtain an expression for H, one uses (4.14) in conjunction with the second Fried-
mann equation [refer to Chapter 1, Eq. (1.37)], which reads:
ArG A(H)

H+H2:—T(p+3p)+T. (4.20)

Here, p denotes the sum of the energy densities of cold dark matter (pcqm), baryons
(pp) and radiation®! (p;), while p represents the total of the corresponding pressures.
Dark energy is modelled with an equation of state parameter w A(H) fixed at —1, as
in ACDM. If wp (g is instead allowed to vary, it would be possible for dark energy
to be conserved independently of the other cosmic components. Such a scenario has
been investigated in Ref. [219].

As stated previously, it is assumed that neither radiation nor baryons interact with
dark energy. Consequently, cosmic expansion dilutes the respective energy densities
in accordance with the familiar ACDM relations:

p=rba . po=plat. (4.21)

A O-superscript indicates present-day quantities.

Let us now return to Eq. (4.20). It provides us with an expression for H, and we
proceed by differentiating it with respect to ¢ to find H. We are then able to eliminate
the first and second time derivatives of H from Eq. (4.19), getting that

47rG{(C’ —2)(C = 3)plgm(a)a+2[9 — B+ C(C —5)] peam — 2B + (C —5)C]pha?
- §[3B +C(20 - 9)]p§a—4} +2(B-C)[A+ (B=3)H?| =0, (4.22)

where a prime denotes differentiation with respect to the argument and d/dt has been
replaced with aH(d/da). The next step is to solve the differential equation (4.22),
but before attempting to do so, the Hubble parameter must be expressed in terms of
a. To this end, one makes use of the first Friedmann equation [Chapter 1, Eq. (1.38)]:

&G

H? = —5 (Pcdm +popt ot IOA(H)) —ra? . (4.23)

The energy densities in Eq. (4.23) may be replaced with the corresponding relations

61 Radiation refers to photons and massless neutrinos.
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given by Egs. (4.18) and (4.21). This allows us to determine H as a function of a:

1/2
 |247Ga(C = 2) (peam@® + P)) + 167G (2C = 3)p? — 6(C — 3)ra® — 6 A’ /

a 6(B — 3) a2

(4.24)
Inserting the above into Eq. (4.22) yields the final version of Eq. (4.17):

376 [(C = 2 (@)a +2(B = B)peam + (2B = 3C)pla~ + (B —20)pla ™ -

4(B-C)ra™? =0, (4.25)

which can readily be solved for peqm. It is found that

2(3—B) _ 2(3—B) 4(B —2C _ 2(3—B)
Pedm — |fL -2 dim_ (CL 3—CL =2 )Qg_ 3(B(—2C+)1) (a 4_a C- )Q?
— 2 (o —aor )| 220 42
3(B—C—1) (a ¢ > s (4.26)

Now we require a similar expression for p,(g). Equipped with Eq. (4.26), one
first eliminates peqm from Eq. (4.24). Next, Eq. (4.26) is used in conjunction with
Eq. (4.21), the updated version of Eq. (4.24), and Eq. (4.14); they are inserted into
Eq. (4.20) and H is solved for. In all cases, the energy densities are written in terms of
the current values of the density parameters. Finally, one replaces H in Eq. (4.18) with
the newly-found solution, and substitutes Eq. (4.24) for H. Eq. (4.18) consequently

takes the form

_B3HE [(2B—=3C) [, 26-B)\ B-2C oy
pA<H>_87rG{2(B—3) (1 a02>ﬂm+3(B—3)(B—20+1) (B —3)a
B 23-5) B 0 (B-0C) oy -2
+2(3C —2B)a" =2 +3(B 20+1)]Qr B8 B_C-1) [(B 3)a
2(3—B) 0 0
+(2B—=3C)a o2 —3(B—C—1)|00+ 0% 1)1 - (4.27)

with Q?n = Q(c)dm + Qg. The requirement that PA(H) 18 currently equal to

3H809\(H)/(87TG) has been used to fix the value of A at Hg(?)Q?\(H) — B).

A few comments about the role of spatial curvature are in order before we proceed.
In Ref. [201], the RVM is represented as the late-time limit of a model that can

describe the complete cosmic history. Its generalised version takes spatial curvature
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into account [199], and is based on the following expression for A:

A(H,a) = Ao + 30 (H2 _HE 4 F;) + 3¢ (H)n (H2 + ”) , (4.28)

a Hy a?
where the integer n satisfies n > 1 [201] and A is the limit of A(H,a) as a — oo.
Hi and Hy stand for the Hubble parameter in two different epochs. The former
characterises inflation, while the latter denotes the ‘final’ value of H (or the limit of
H as a — o0) [199]. Lastly, v and ¢ correspond to dimensionless constants [199]. The

quantity 3v is the counterpart of the model parameter B introduced in Eq. (4.14).

The reason why we shall limit ourselves to the RVM, instead of analysing the extended
version just described, is twofold. Firstly, H is expected to be already much smaller
than Hy at the start of the adiabatic radiation phase [199]. Since we are not concerned
with inflation, but rather with the late-time behaviour of dark energy models, the term
in (H/Hp)"™ may be dropped. Secondly, the explicit inclusion of x in Eq. (4.28) is
motivated by phenomenological considerations [199]. It would therefore be interesting

to study how the RVM — in its original simple form — behaves if Q% is allowed to vary.

4.5 Likelihoods and Observational Data

If a dark energy model is to be considered a viable alternative to ACDM, one must
firstly determine whether it is compatible with observational data. To this end, we
shall employ Bayesian statistics, and perform a Markov Chain Monte Carlo (MCMC)
analysis using the Cosmic Linear Anisotropy Solving System (CLASS) v.2.6.3 [263]
in conjunction with MONTE PYTHON v.2.2.2 [264].

This section is a brief introduction to the likelihoods with which cosmological and

model-specific parameters shall be constrained.

4.5.1 The JLA likelihood for SNela

Type-la supernovae (SNela) make it possible to probe the expansion history of the
Universe by looking at how the luminosity distance to an object varies with redshift
z. Whenever this relation departs from a pure Hubble law [2], the difference (to
lowest order in z) depends on just the deceleration parameter, and can thus yield

important information about the rate of cosmic expansion. SNela are ideal in this
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regard because they act as standard candles — in the sense that their homogeneity as a
group means their intrinsic luminosity (or absolute magnitude) can be calibrated [7],
and hence astronomers may readily find how distant they are by measuring their

observed luminosity (called the apparent magnitude) [10].

The Joint Light-Curve Analysis (JLA) data set is based on a sample of 740 SNela [265].
The observable relevant to us is the distance modulus piohs, which has a theoretical

counterpart given by:

dr,
ftn = Slogyg (Mp ) + 25, (4.29)

where the luminosity distance d; should be quoted in Mpc, and is in turn determined

dy = Hj\;i (F / HOdZ). (4.30)

The above was derived in Chapter 1 [refer to Eq. (1.78)].

from the equation

We are now in a position to construct the associated y2. This may be expressed as

XJra = Aut O3 A (4.31)

where Ay is a vector whose i entry is the quantity (uébs — uih) — the difference
between the observed and theoretical distance moduli of the i*" supernova. ApT

represents its transpose [266].

The inverted covariance matrix for the observational values of j is denoted in Eq. (4.31)

by CJ_LlA. The reader is directed to Ref. [265] for more details about its construction.

4.5.2 The cosmic chronometer (clocks) likelihood
The Hubble parameter is defined in terms of the scale factor as the ratio a/a, and
the relation a = 1/(1 + 2) allows us to express it as a function of the redshift z:

L d
14+ 2zdt

H(z)=—

(4.32)

The differential age (or cosmic chronometer/clocks) method entails measuring
dz/dt to directly arrive at H(z). This approach, first put forward in Ref. [274], effec-
tively involves determining the age difference between two cosmic ‘chronometers’ [274]

located in a given redshift interval. The best chronometers are massive early-type
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TABLE 4.1: Cosmic chronometer data. Each value of H(z) in the third column is measured at an
effective redshift z given in the second column, and has a corresponding error o (fourth column).

Ref. 2 H(z) o ‘ Ref. 2 H(z) o
(km s~1 Mpc_l) (km s~1 Mpc_l)

[267]  0.0700 69.0 19.6 [268]  0.4783 80.9 9.0
[267]  0.1200 68.6 26.2 [269]  0.4800 97.0 62.0
[270]  0.1700 83.0 8.0 [271]  0.5929 104.0 13.0
[271]  0.1791 75.0 4.0 [271]  0.6797 92.0 8.0
[271]  0.1993 75.0 5.0 [271]  0.7812 105.0 12.0
[267]  0.2000 72.9 29.6 [271]  0.8754 125.0 17.0
[270]  0.2700 77.0 14.0 [269]  0.8800 90.0 40.0
[267]  0.2800 88.8 36.6 [270]  0.9000 117.0 23.0
[271]  0.3519 83.0 14.0 [271]  1.0370 154.0 20.0
[268]  0.3802 83.0 13.6 [270]  1.3000 168.0 17.0
[270]  0.4000 95.0 17.0 [272]  1.3630 160.0 33.6
[268]  0.4004 77.0 10.2 [270]  1.4300 177.0 18.0
[268] 0.4247 87.1 11.2 [270] 1.5300 140.0 14.0
[268]  0.4497 92.8 12.9 [270]  1.7500 202.0 40.0
[273]  0.4700 89.0 49.6 [272]  1.9650 186.5 50.4

galaxies which acquired more than 90 percent of their stellar mass very rapidly at
high redshifts, and have been evolving passively since then, without major episodes
of star formation [271] that would otherwise dominate the emission spectrum [274].
The age of such a galaxy can consequently be inferred from the differential dating of

its stellar population [271].

Table 4.1 lists the cosmic chronometer data employed in this chapter.5> Where possi-
ble, constraints on H(z) obtained using the Bruzual and Charlot 2003 (BC03) stellar
population synthesis (SPS) model [275] were given preference. It should be pointed
out, however, that the values of the Hubble parameter at different redshifts are ex-
pected to be largely unaffected by the choice of SPS [269,271].

The 2 for the cosmic chronometer likelihood reads:

obs _ prth (. 2
X = 22 (Hi chall Z)) : (4.33)

i OH(z),i

62In the case of the Ratsimbazafy et al. data point [273], o was calculated by summing the sys-
tematic and statistical errors in quadrature.
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Here, each H{’bs is the observed value from Table 4.1 corresponding to z = z;, o
represents the associated error, and H'"(z;) stands for the theoretical prediction at
the same redshift.

4.5.3 The CMB likelihood

Anisotropies present in the temperature and polarization power spectra of the CMB
can yield a wealth of information when used as cosmological probes. We shall work
with two main distance priors: the shift parameter % and the acoustic scale [,.
These are related to the amplitude and distribution of the temperature anisotropy
peaks. The shift parameter # characterises the temperature power spectrum in the

line-of-sight direction and is defined as follows [276]:

R(=) = \JOh Hy(1+2.)da (=) | (4.34)

where z, denotes the redshift of the photon decoupling epoch. The angular diameter
distance dy may be expressed via the distance-duality relation as dp, /(1 + 2)2, dr,
being the luminosity distance from Eq. (4.30).

The acoustic scale [5, on the other hand, relates to attributes of the CMB temperature

power spectrum in the transverse direction [277]. It, too, depends on da [276]:
d
(o) = (14 2,) ™AL (4.35)

Here, rs(z4) is the comoving sound horizon evaluated at z.. In our case, it shall be
determined numerically by CLASS, although it is worth noting that in general, the

function 74(z) takes the form

% ¢4(2)

z (2)

where ¢g(2) is the sound speed in the photon-baryon fluid and equates to

rs(z) =

dz, (4.36)

1/4/3[1+n(z)]. The function n(z) is given by 0.75p,/p, in the standard scenario
[276-278] (p- stands for the energy density of photons), but should be modified when
considering cosmological models in which py, and p, scale differently with 2. More
details may be found in Ref. [214].

It is interesting to note that while /5 determines the acoustic peak structure, changes
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TABLE 4.2: Mean values and corresponding errors for the CMB distance priors [277].

4 Ia QP h?
1.7448 £ 0.0054  301.460 +0.094  0.02240 & 0.00017

in & are mainly responsible for modifying the amplitude of the peaks [116,277].

The data used to constrain our model parameters is taken from Ref. [277] and shown
in Table 4.2. It was obtained in the context of a flat ACDM cosmology with Ap, as
a free parameter (Ay, being the amplitude of the lensing power spectrum). The fact
that a particular cosmological model had to be assumed is, however, only a minor
disadvantage, since Z(zx) and la(z«) are effective observables, while the quantity

3

Qghz — which serves as a third distance prior® -is virtually unaffected by the choice

of cosmology [277].

The x? associated with this likelihood reads:
e = AQSTCEl\l/[BAIB . (4.37)

In the above, Ax is the vector {Zops(zs) — Zin(24), 1% (2) — 180 (24), (QDR?) gps —
(QYh%),}. The notation ‘obs’ is used to indicate the observed values listed in Ta-
ble 4.2, while ‘th’ denotes theoretical quantities. The covariance matrix Coyp may

be obtained in normalised form from Ref. [277]. It is reproduced below for ease of

reference:
4 N QPh?
4 1.00  0.53 —-0.73
Comp = Ia 0.53  1.00 —0.42 | . (4.38)

alr? | —0.73 —0.42  1.00

4.5.4 The BAO likelihood

The physics of BAOs is centred around the imprint left by pre-recombination acoustic
waves on large-scale structure [283]. Simply put, galaxies clustered with a preferred
comoving separation equal to 75(2q), the sound horizon at the drag epoch.%* A promi-
nent signature of BAOs is the presence of a localised peak in the galaxy correlation

function. Another characteristic feature consists of a damped series of oscillations in

63The dimensionless constant h is equivalent to Hp/ (100 kms~! Mpc—1).
64r(2) is given by Eq. (4.36), and z4 denotes the redshift of the drag epoch.
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TABLE 4.3: Uncorrelated BAO data measured at different effective redshifts, zeg. Column 4 gives
the error in each quantity.

Ref. Zoff Quantity o Type
[279]  0.106 0.323 0.014 1

280] 0.150 4490 0170 2
281] 1520 26005  0.995 2
282] 2330 1031  0.026 3
1: rs(2zq)/dv; 2t dy/7s(zq) ;

3: aﬁja%?’;

T, ﬁd(Zd) = 147.78 MpC [283].

TABLE 4.4: BAO data. In the case of the first six data points, the associated errors — displayed in
column 4 — were derived from the corresponding covariance matrix. The value of o for the last two
entries was estimated by constructing the covariance matrix for the quantities numbered 4 and 5.

Ref. Zoff Quantity o Type
[283]  0.380 1512.390 24.994 4
[283]  0.380 81.209 2.368 5
[283]  0.510 1975.220 30.096 4
[283]  0.510 90.903 2.329 5
[283]  0.610 2306.680 37.083 4
[283]  0.610 98.965 2.502 5
[284] 2.400 5277.480  246.091 4
[284]  2.400 225.067 8.750 5

4: Dy X Ts, ﬁd(zd)/rs(zd)(MpC) ;
5 H X Ts(zd)/rs, fid(zq) (km s~1 Mpc_l) :
”f’s7 ﬁd(zd) = 147.78 MpC [283].

the CMB power spectrum (see Ref. [283] and works cited therein), and so 74(zq) may
be inferred from CMB data. Once the comoving separation between clusters is known,
it may be combined with measurements of the angular and redshift separations, and
utilised to calculate both the local expansion rate H(z) and the angular diameter
distance to the clusters [285]. However, it is common practice to adopt a distance
measure that depends on H and dp simultaneously — and this is where the volume

distance (or dilation scale) dy comes in [208]:
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1/3
9 %
d, = (DAH> . (4.39)
In the above, D stands for the comoving angular diameter distance and is equivalent
to (1 + Z)d A-

The data employed in our analysis is summarised in Tables 4.3 and 4.4. We shall
be using 7, fd(zq) to represent the sound horizon as evaluated at the drag epoch in
the fiducial cosmology (quantities pertaining to this cosmology shall henceforth be
indicated by a sub/superscript ‘fid’). As for the dimensionless parameters «; and
|, these describe how the BAO peak is displaced with respect to its position in the
fiducial model, and correspond to shifts perpendicular and parallel to the line of sight,

respectively [283]:

a) = , o = (4.40)
ng r (2q) | Hry(z)

The choice of a fiducial cosmology is necessary to convert redshifts into comoving
distances. The problem is that this may inadvertently distort the data. In Ref. [283],
therefore, constraints on distances are scaled by the ratio g fq(2zd4)/7s(z4), the aim
being to make a conversion of length scales and thus erase any bias potentially re-
sulting from the fiducial model [283]. The same fiducial value of r5(zq) has been used
to scale any data points obtained from other studies. Accordingly, the values listed
under ‘Quantity’ in Table 4.3 and in the last two rows of Table 4.4 are scaled versions

of the original.

The x? for the BAO likelihood may be expressed in the usual way:
XBao = AxTCpipAz . (4.41)

Here, the vector Az gives the difference between the observed quantities from Tables
4.3 and 4.4 (in that order) and their theoretical counterparts, while Cgao is the

covariance matrix and takes the form indicated below:

o2 00 0 0 O

0 o5 0 0 0 0

0o 0 3 0 0 0
“Br0=10 0 0 o2 0 0] (442)

0 0 0 0 Cy 0

00 0 0 0 Cp
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o1 to o4 being the standard deviations listed in column 4 of Table 4.3.55 As for the
submatrices, C' is the covariance matrix for the Alam et al. observations (the first
six data points in Table 4.4), and Cp corresponds to the quantities reported by des
Bourboux et al. (the last two entries in Table 4.4). These matrices may be constructed
from the data available in Refs. [283] and [284], respectively.

4.5.5 The LSS likelihood

The redshift of a galaxy depends on its velocity relative to us, and is hence affected
by any peculiar velocity the galaxy might have. If only the Hubble recession is taken
into account when converting redshifts into distances, therefore, the recovered over-
density field is characterised by redshift space distortions (RSDs) [286] along the line
of sight. The anisotropies that RSDs introduce into the galaxy power spectrum encode

information about the growth of large-scale structure (LSS) [287].

In this work we shall be using LSS data in the form of fog measurements. The growth

rate f and the quantity og are defined as follows [288]:

podmdw) 228 , (4.44)

dlna

where 6y, denotes the matter density contrast function, dm (1) = (e = 1) and o3 g is
the variance of the density field in spheres of radius Rg = 8 A~ Mpec. It is important
to note that og is calculated by linearly evolving the initial power spectrum to the
present time, so the square of its value is not necessarily equal to the variance of the

current distribution [289].

Let us consider 0, and og one by one. In both cases, the derivations are closely based
on the work presented in Refs. [215] and [290].

65Data points from different studies can be put together into one set as long as one knows how
they are correlated. The associated covariance matrix is formulated as follows:

data pt.1  data pt.2 data pt.n
data pt.1 O’% C190109 ... C1,010,
data pt.2 C9109071 g5 coo C9u090,
c = , , . , . (4.43)
d 2
ata pt.n Ch10n01 €Cpo0p0o ... (o

In the above, o; is the uncertainty in the i*® data point and ci; reflects the degree of correlation
between the i*™? and j* data points: it takes the value 0 if they are uncorrelated, and 1 if i = j (i.e.if
there is maximal correlation). When two experiments A and B are independent, the data produced
by A is not correlated with the data from B.
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The matter density contrast function (d,y,)

The linear perturbation analysis is carried out as detailed in Appendix A. One starts
by considering Eq. A.14, the time-time component of the perturbed Einstein equation,
but replaces pmom (= dpm) with a sum over baryon, cold dark matter and dark energy

perturbations:%6

D(kf — 3k) + 3H [®'(7) + DH| +4rGa® Y dp; = 0 ;

The presence of vacuum energy perturbations reflects the dynamic nature of A in the
models under study — they are, in fact, absent from ACDM. Radiation need not be

taken into account for the late times we are interested in.

We proceed by considering the conservation of the energy-momentum tensor. Let
us recall that cold dark matter and dark energy interact with each other, and hence
are conserved jointly: V(T + T KZ(/H)) = 0 [290]. This condition still holds when
perturbations are introduced. Therefore, the equivalents of Eqgs. (A.20) and (A.21)

read, respectively:67

> {00 () + (i +p:) kv =3 (7)] +3H (9p; +0p;) } =0 (4.46)
i=cdm,A(H)

d

> {—dT [(ps + 1) vy | + (ps + ) (ks ® — 4Ho,)) + k]tdpi} =0, (4.47)
i=cdm,A(H)

although the above equations also hold when baryons are considered on their own

(that is, when the sum is over baryons only, so to speak).

Our next task is to simplify Eqs. (4.46) and (4.47). One starts by assuming that
opi/dpi = pi/ pi = w; (w; being the equation-of-state parameter for the it distribu-
tion of matter/energy) [291], and then uses the conformal analogue of Eq. (4.17) to
substitute for ply.,(7) (since dpecdm = PedmOcdm)- As for the perturbations in dark
energy, it can be shown that dpa () < dpedm for modes that are deep inside the

665p; denotes the perturbation in the density p; of the i*? fluid, while dp; is the perturbation in
the corresponding pressure (p;). Additionally, 6; = dp;/p;. The symbols 7, ®, ki and H stand
for conformal time, the metric perturbation, the comoving wave number, and the conformal (or
comoving) Hubble parameter, respectively.

671)(1-) is the velocity potential of the i*? fluid, and should not be confused with v;, the i component
(in covariant form) of the spatial velocity (itself a perturbation).
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horizon [290]. The sub-horizon and quasi-static approximations are also introduced

at this point.

Once all of the above considerations have been taken into account, Egs. (4.46) and

(4.47) become

(/:dm(T) + Yocdm = _kTUcdm + 3(1)/(7—) ; (448)
)
%mﬁ%Hde+w—h®+szm:0, (4.49)
cdm

where ¢ = —p'A(H)(T)/pCdm, while w = 0 for cold dark matter and —1 for A(H).
The terms veqm? and kT(SpA(H)/pcdm in Eq. (4.49) reflect the rate of change in veqpy
attributable to the decay of dark energy. If this decay is solely due to an increase in
the mass of cold dark matter particles — and provided the weak equivalence principle
(i.e. the universality of free fall) holds [292] — Eq. (4.49) should reduce to its ACDM
counterpart. With this in mind, one imposes the relation

P P/A o (1)
5PA(H) = _?Tvcdm Pedm = (kT)UCdm , (4.50)

which is also valid if vacuum decay occurs via the only other alternative — particle

production. Eq. (4.49) may hence be replaced with its ACDM equivalent:
Vedm (T) + Hoedm — k4@ =0 . (4.51)

Thus far, we have been considering the conservation of energy-momentum for cold
dark matter and dark energy. As previously mentioned, baryons are conserved sepa-
rately, so in their case Eqgs. (4.46) and (4.47) become

o (1) = —kiop + 3P (1) ; (4.52)
o (1) + Ho, — k@ =0 . (4.53)

The contrast function and velocity potential may be cast in a form that accounts for

baryons and cold dark matter jointly (the subscript ‘m’ simply stands for ‘matter’):

5. — PedmOedn + o0 VedmPedm + Vb (4.54)
Pedm + Pb Pedm T Pb

The above definitions make it possible to combine Eqgs. (4.51) and (4.53) into one
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equation that reads:
v (1) + Hom — k4@ =0 . (4.55)

The details are given in Appendix A. Similarly, Eqgs. (4.48) and (4.52) may be con-
jointly expressed as:

O (T) 4+ Yom = —kivm + 3P (1) . (4.56)

Differentiating this with respect to 7 and inserting Eq. (4.55) into the result yields
O (7) + 05 () 4+ 9 (7)0m + kP — kyHom — 30" (1) =0 . (4.57)

Next, we apply the sub-horizon and quasi-static approximations to Eq. (4.45), and
find that
@(k% - 35) + 47TGa2 (pcdmdcdrn + Pb(sb + 5PA(H)) =0. (458)

The above equation can be further simplified by recalling that 5pA( m < 0pPedm ON
sub-horizon scales. Moreover, values of the comoving wave number k; in the relevant
range — that is, the range that most contributes to the integral in Eq. (4.72) [290] —
can be shown to satisfy kTQ > |k|. Therefore, the final version of Eq. (4.45) is simply:

kD 4 47 Ga® pndm = 0, (4.59)

where pmdm = (Pedm + Pb) Om = PedmOcdm + Pbop [refer to Eq. (4.54)]. Finally,
Eq. (4.59) is inserted into Eq. (4.57) along with Eq. (4.56). The result is a second-order

differential equation that stipulates how matter density perturbations evolve:
O (7) + 0 (7) (0 + H) + 0 [0/ (7) + ¥H — 4G’ p| =0 . (4.60)

The absence of any terms in ®'(7) or ®”(7) is a consequence of employing the sub-
Hubble and quasi-static approximations, as explained in Appendix A. In terms of the

scale factor a, the above equation reads:

5 (a) + Flc(ba) 5t (a) + Fz(za) Sma) =0, (4.61)
with
Fy(a) = W@ Y G (.62

H H?
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We are now in a position to derive initial conditions for oy, and &/, (a). Let us start by
finding the approximate form that peam and pa(gr) take deep in the matter-dominated
epoch. We return to Egs. (4.26) and (4.27) and look for the dominant terms by taking
a number of factors into account, such as the order of magnitude of the ratios QY /Y
and Q9 /O, the value of a at which the initial conditions will be applied (a = 0.01),
and the fact that B and C' are expected to be much less than unity — which makes it
possible to expand algebraic functions of B and/or C' via the binomial theorem. To

first order in B and C, the final expressions read:

3H? g 0 00 + O
Pm ~ 871'90 (ZglaB 3=8C/2 ) gl %+ gdm ) (463>
3 3 1 B-3-3C
Pa(H) ~ 85 [QOA(H) + 6(2B—30)Q9na 3-3C72 (4.64)

These are used in conjunction with Eq. (4.24) to obtain an approximation for #:
1
~ 0 . _ 2B-3C-2)/4
H ~ Hyy/QO, [1 + 35(2B —3C) al )4 (4.65)
while combining Eqs. (4.63)—(4.65) allows us to write ¢ as:

o= _p/A(H)(T) _ _p/A(H)(CL)HCL
Pm Pm ’

~ ;(23 — 3C) Hoy/QY, a2B-3C=2)/4 (4.66)

Next, the above results are inserted into Eq. (4.62) to estimate F} and F», and it is
found that: . )
F1%1(6+6B—90) , Fg%§(—3+2B—3C) . (4.67)

Eq. (4.61) may finally be solved analytically. The expression obtained for the density

contrast function is a sum of two modes:
5m — A1a1_3+3c/2 +A2a(—6—23+30)/4 , (468)

a growing mode and a decaying one. The latter is expected to be subdominant at the

redshifts of interest (z < 100), and so only the former is retained:
O = Ajal=BH3C/2 (4.69)

This is the ‘initial’ condition that is assigned to o, at a = 0.01. Taking its derivative
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with respect to a yields the corresponding initial value for 6], (a). We shall deal with

the constant of integration (A;) below.

The standard deviation of density perturbations (og)

The variance of the perturbation density field in spheres of radius Rg = 8 h~! Mpc
may be calculated as follows [288,293]:

oo
1
oRo =5 | PUk)W(ki)K db; (4.70)
0
Here, P(ky) is the present-day power spectrum, and the function W (k;) represents

the Fourier transform of a spherical top-hat window function having radius Rg:

3 sin (/{ZTRg)
ki) =
Wik) KPR [ ki Rs

— cos (k‘TRS)] . (4.71)

An expression for P(k;) is constructed as outlined in Refs. [215] and [290]. The result
is inserted into Eq. (4.70), and we get that

00

4 Agki™

Ug(a) = 512n(a) k?—i—ns [25 H4S(QO )2
0 0 m

] T2 (k) W2 (k) dky (4.72)
where use has been made of Eq. (4.44). The absence of the normalising factor [0 (1)]
is due to the fact that we account for it indirectly by putting the integration factor of
Eq. (4.69) equal to unity.

The quantities ng and Ag that appear in Eq. (4.72) are the index and amplitude
of the primordial scalar power spectrum, respectively, defined at a pivot scale ki
of 0.05Mpc~ ! [204]. A, is either fixed by setting In (1010As) equal to the Planck
2015 TT+lowP+lensing mean value of 3.062 [22] or treated as a free parameter.
In the latter case, a likelihood is constructed for Ag by assuming that it is sam-
pled from a Gaussian distribution whose mean and standard deviation are given by
(2.139 £ 0.063) x 1072 [22]. The primordial spectral index ng is allowed to vary sub-
ject to the CMB constraint of Ref. [277] (ns = 0.9680 & 0.0051), while the matrix of
Eq. (4.38) is updated to include the correlation between ng and the parameters Z, I
and QYh? (which is also provided in Ref. [277]). Finally, the transfer function 7'(ky)
is modelled as specified in the work of Eisenstein and Hu [295]. T'(k;) describes how



4.5. LIKELIHOODS AND OBSERVATIONAL DATA 126

perturbations evolve as they cross the horizon and as matter begins to dominate [296],
and computing it requires that we estimate the wave number (k?q) of the mode that

crosses the horizon at matter-radiation equality.

An approximation for k?q is arrived at by following the method of Ref. [290]. Terms
whose order in B and C' is higher than linear are discarded, and the fact that the
scale factor at equality satisfies a ~ O(1073) is used to remove subdominant terms.

The resulting expression reads:

o 7B 19C 209 3C v
Ela V2H) -2 |1—- — 4+ —— 4+ =k (C—B (B—)l L (4
M~ V2 Ho o 3 +3le(0 )+ > ) ao (4.73)

TABLE 4.5: LSS data from the compilation presented in Ref. [288]. Each fog measurement is listed
together with the corresponding redshift z and error o. Column 5 shows the values of QY for the
respective fiducial cosmologies.

Ref. 2 fos(z) o Qgﬂo
21,297]  0.02 03140  0.0480  0.266
298] 0.17 0.5100  0.0600  0.300

209]  0.18  0.3600  0.0900  0.270
209] 038 0.4400  0.0600  0.270
[300] 025 03512  0.0583 0.250
[300]  0.37  0.4602  0.0378  0.250
[301] 044 04130  0.0800  0.270
301  0.60  0.3900  0.0630  0.270
[301]  0.73 04370  0.0720  0.270
[302]  0.60  0.5500  0.1200  0.300
[302]  0.86  0.4000  0.1100  0.300
303] 140 04820 0.1160 0.270

Constructing x2

The data employed (Table 4.5) is a subset of the updated Gold-2017 compilation of
Nesseris et al. [288,304]. Apart from the fog values from Ref. [301] — which are cor-
related with each other — all data points are independent. Moreover, measurements

derived from the same survey data as any of the observables associated with previ-
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ous likelihoods (especially the BAO likelihood) are excluded. This is done to avoid

potential correlations.

At a given redshift z;, the theoretical prediction f agh is computed by combining og(2;)
with the growth rate f(z;) returned by CLASS. The quantity og(z;) itself is obtained
from Eq. 4.72.

The x? to be minimised is constructed as follows [305]:
X =Ve vy (4.74)

In the above, C' is the covariance matrix, assembled as described in Refs. [288] and
[304], and the vector V contains elements of the form® [305]

V= o™ (zi) — fo(z:) /Tap (4.75)

fagbs(zi) being the ™ data point from Table 4.5. The factor 1/ rp is designed
to correct for the Alcock-Paczynski (AP) effect. As was also the case with BAO
data, each of the studies from which the values in Table 4.5 are quoted makes use of a
different fiducial cosmology to convert redshifts to distances. If the fiducial cosmology
is not the same as the true one, the data incorporates an additional anisotropy that
is degenerate with RSDs [305]. This is the above-mentioned AP effect [306]. One
way of correcting for it involves multiplying the observational value of fog(z;) and its

associated error by the ratio [307]

- H (zi)da(2:)
AT HR () dR (z)

(4.76)

A superscript ‘fid” indicates quantities calculated in the framework of the respective
fiducial cosmologies (flat ACDM).

Alternatively, one may simply rescale f Jgh(zi) by 1/ Tgp [305], as done in Eq. (4.75).

%8 There is no summation over i in Eq. (4.75); 2; is simply the redshift of the i*h data point from
Table 4.5.
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4.6 Results

4.6.1 Preliminaries

The joint likelihood on which our analysis is based is specified by the function
1
Liot X exp {—2 (X?ILA + X71() + XemB + XBao T X%ss)} : (4.77)

where the relation .Z; o exp (— X? / 2) has been used for each likelihood considered in
section 4.5. The full data set — consisting of the JLA + H(z) + CMB + BAO + LSS
measurements — shall be referred to as ALL + LSS, and as the ALL data set when

LSS observations are excluded.

In order to investigate how results are affected by the value of the Hubble constant,
the parameters of each model are constrained six times, first using the ALL data
set, then extending this to JLA + H(z) + CMB + BAO + H} (ALL + H(l):{) and to
JLA + H(z) + CMB + BAO + Hf (ALL + H(];]), and finally repeating the whole
procedure with the ALL+LSS data set replacing ALL. Hg‘ is the value of Hy reported
by Riess et al. [26] and equates to 73.48 +1.66 kms~' Mpc~!. As for HE, this stands
for the Hubble constant as determined by Efstathiou [308] and amounts to 70.6 +
3.3 kms~! Mpc~!. We shall not include the Planck result [20], opting instead for

values of Hy which were derived independently of any cosmological model.

One of the topics currently at the forefront of cosmological research is the growing
discrepancy between — on the one hand — the value of Hy determined locally from
Cepheid parallax measurements [26], and on the other, that obtained in a ACDM
framework using measurements of CMB observables. It turns out that H§ is in
a 3.50 tension with the Planck 2018 value (Hy = 67.27 4+ 0.60kms™"Mpc 1) [20].
One reason for the said tension could be the presence of systematic errors in the
data used by either group. However, despite the investigative studies carried out,
no obvious problem has been identified so far (refer to [20] and works cited therein).
The other possibility is that this discrepancy provides compelling evidence for new

physics [309-311].

In conclusion, the lack of consensus about the value of the Hubble constant makes it
imperative to consider different options for Hy, especially since, as we later find out

from the posterior probability plots, there is significant correlation between Hy and
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TABLE 4.6: The flat priors for the baseline parameters.

Parameter Min  Max
Ho (kms 'Mpc™') 50 95
Qph? 0.005 0.100
Q) 0.01  0.99
QY 0.3 03
B 1.0 1.0
C 1.0 1.0
ng 0.75 1.25

the model parameters B and C'.

The likelihood combinations just described are used to run MCMC chains and place
constraints on the parameters of the GRVM, RVM and GRVS. The general baseline
set @ is given by® {Hy, QPr% Q0 h? QY. B, C, ns}, although QY is set to zero for
a flat space-time, and so is C' (B) when the RVM (GRVS) is studied. Furthermore,
the primordial spectral index is only considered a free parameter if LSS observations
are included in the data sets. The reason is that ng features explicitly in the LSS
likelihood but is of minimal importance otherwise. We shall also differentiate between
two scenarios in relation to the amplitude of the primordial power spectrum: the case
with a fixed value of Ay, and that in which Ay is incorporated into ® and allowed to
vary freely. However, the two approaches yield very similar results, and consequently
one need not distinguish between them when discussing the effects of introducing

growth data.

The flat priors for the main baseline parameters are listed in Table 4.6. With the
exception of the reionization redshift zyejo (which is set to 8.8 [22]), all other parameters
take the CLASS default values.” In particular, this implies that the effective number
of relativistic neutrino species (Neg) is fixed at 3.046 [312], and the current CMB
temperature (Toump) at 2.7255 K [313].

The plots presented in the next subsections were constructed using the MCMC anal-
ysis package GETDIST v.0.2.8 [314].

69The four nuisance parameters associated with the JLA likelihood (o, 3, M and AM) also form
part of ©.

0The exception is Ay, and only when LSS data is included in the analysis. More details are
provided in subsection 4.5.5.
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4.6.2 The GRVM

The GRVM is characterised by two highly-correlated parameters, B and C'. The
constraints we get in the flat case are nonetheless tight enough to be informative
(Fig. 4.7), but when QY is allowed to vary, the data used proves insufficient to break
the degeneracy between B and C' or between Qg and the model parameters (Fig. 4.8).

TABLE 4.7: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat GRVM scenario. LSS observations were excluded from the analysis. Results for the
baseline parameters are presented in the top block, whereas the last row is reserved for the derived
parameter, Q?\(H)' Hy is quoted in units of km s~ Mpec™!.

Parameter ALL ALL+H§ ALL—l—H(])E

Hy 68.8330T 10810 71.1120112978  69.185011 0!
103 Q) 2 22.409070475%  22.4190701730 224110754135
0, h? 0.1217+9-0070 0.13057 90025 0.12307 0064
B 0.05557 1960 0.234170-1186 0.08451 01458
C 0.0365"9-50% 0.1553+9-9776 0.0558F 90989
) m 0.6958F9-0070 0.697619-9052 0.6961+9:0067

TABLE 4.8: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat GRVM scenario. Double dashes indicate cases in which In(10'°4;) was assigned a

fixed value.
Parameter ALL+LSS ALL+LSS+HY  ALL+LSS+HY ALL+LSS ALLHALSS+HE  ALL+LSS+HE
Ho 67.52407 0850  68.8020°00%  67.7140705T  67.544070 500 68.858070808  67.74607 0§08
10300 12 224140704730 22447070178 224210701780 224160701782 22.4460701780  22.420070173%
Oamh? 0.1151%0003 0117078803 0.11s4TRERE 0.0152'QR0R 0.17sRRRR 0115570
B —0.049150495:5 0057170585 —0.0338%00008  —0.0483%09007  0.0619%G55F  —0.03017G560
c —0.0340700042  0.0353F00%57  —0.024010079  —0.0334700788  0.03857 00851 —0.02151 03004
N 0.96837 0032 0.9688+9:0023 0.968479:9053 0.968310:0052 0.968810:0032 0.968379:0052
In (10104 - - —— 3.0580+ 00539 3.05031 0544 3.0571t8;8§82
O () 0.6983707006, 07052700085 0.699370G00T  0.698270G0ET  0.7051FGGNES  0.699370G068

The challenges posed by the fact that B is correlated with C are also highlighted in
Ref. [214].

particular combination of v ( =

In this work, the authors find a way around the problem by defining a
B/3) and a (=
— labeled v — that is then constrained instead of the original two. They do this by

C'/2) as another effective parameter
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FIGURE 4.7: (top panel) Marginalised posterior probability distributions for the GRVM parameter B
vs (left) Ho, (right) Q% . The bottom panel shows analogous plots for the second GRVM parameter,
C. Darker (lighter) shades denote 1o (20) confidence intervals (the first two data sets listed in the
legend produce contours that overlap almost exactly). Space-time is assumed to be spatially flat.

TABLE 4.9: Mean values and 1o confidence limits obtained with each data set combination in the
context of a GRVM scenario. LSS observations were excluded from the analysis, and the condition

of spatial flatness was not imposed.

Parameter ALL ALL+-HE ALL+HE

Hy 68.8780716219 71,0800 11750 69.2380* 12922
103 Q9 h? 224050704734 22.4180101858  22.40601 51710
Q0 h? 0.121970:9969 0.13037 39932 0.123270:0063
QY —0.001913328 —0.00209:997  —0.002370:919%
B 0.10681 7948 0.26851 07313 0.15870555
C 0.06881 0594 0.17657 31038 0.102710:3292
N 0.6978 190143 0.6998F9-0173 0.69861 09190




4.6. RESULTS 132

TABLE 4.10: Mean values and 1o confidence limits obtained with each data set combination in the
context of a GRVM scenario. Qg was treated as a free parameter.

Parameter ALL+LSS ALLHALSS+HY  ALL+LSS+HE ALL+LSS ALLHLSS+HY  ALL+LSS+HE
Ho 67.7460108958  69.0740039T  67.887010858  67.7420109192  69.14107983% 679370108729
103002 224070104788 22443070478 224140704788 224000700718 224400731850 22.4180F 81758
Oyl 0115700 0.1180%0EG  0.11607ERE  0.1159TRGRE  0.L1S3TRGE 0116275665
Q) —0.00501339  —0.007313:0%2  —0.0020799197  —0.003510%18  —0.00623:9%8  —0.0040£3-91%8
B 0.1637°033%68  0.35917F: 33?8 0.0834%0455  0.0079%0%%  0.314870455 0~1248+8§é§é
c 0.101970:3333 0.228270-1118 0.0508 1534 0.05997 94292 0.2000F 03344 0.077370:5248
ns 0.968010:0922 09687759959 0.968210:0923 0.968170-9921 09686109921 0.9682+0:0049
In (101°4,) — — — 3.058479934 3.0514+0:9309 3.0578+9:0302
) 0.70387991%9 0.712870:0103 0.7024F99154 0.7021599152 0.71160:0198 0.70347:0176

—
All + LSS + HE
All + LSS + H§

0.8

0.4

0.6 T I ]
03 T T .
I ] B ]
-0.3 -+ - A u
T ] \ 1
-+ - 1 -
-0.6 T ] | ]
T ] . 1
1 1 1 1 1 1
0.28 0.30 0.32 -0.03 0.00 0.03
Ho/kms=tMpc? [o}R Qf

FIGURE 4.8: (top panel) Marginalised posterior probability distributions for the GRVM parameter
B vs (left) Hy, (centre) QO (right) Qg. The bottom panel shows analogous plots for the second
GRVM parameter, C.

making the approximation

1-v
le_awl—(y—a)zl—yeﬁ, (4.78)

which is justified on the basis that |v| and |«| must both be much smaller than unity
if the deviation from ACDM is to be mild. The parameter £ controls the way the
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matter energy density (pm) scales with a, and for the purposes of data fitting the

authors assume that p, evolves as in the standard model.

There are several reasons, however, why the approach outlined in Ref. [214] cannot
be taken here. To begin with, the authors determine p,, and p; in terms of a by con-
sidering the cosmic fluid to have only two components at any given time — dynamical
dark energy and either matter or radiation, depending on which of the two dominates.
The expressions thus obtained are then used to formulate p,(z) as a function of pm,
and py. The fact that we do not simplify our analysis likewise introduces more terms
into the relevant equations, as does the decision to treat Qg as a free parameter for
part of the study. In conclusion, the relations we get for peqm and p A(H) Egs. (4.26)
and (4.27), respectively — include several different combinations of B and C, so that

it is not possible to reduce the number of degrees of freedom as detailed in Ref. [214].

The constraints one gets in the context of a flat geometry are nonetheless instructive.
The most prominent feature of Fig. 4.7 is the shift in the marginalised 2D posteriors
that is brought about by the addition of LSS data. Table 4.8 shows that (in the
absence of the H{ likelihood) this shift results in negative mean values for B and C —
rather than the positive ones obtained otherwise (Table 4.7). A second characteristic
which emerges in Fig. 4.7 is the correlation between B (or C') and Hp. In the case
of B, this behaviour is in stark contrast with the negative correlation observed in
the RVM scenario (Figs. 4.9 and 4.10). The fact that a larger value of Hy favours a
larger B explains why, in the top panel of Fig. 4.7, the contours corresponding to the
ALL + HE and ArL + LSS + H{ data sets have a marked shift in the direction of
increasing B relative to their H(];] counterparts. The same holds true for C' (Fig. 4.7,
bottom panel). Consequently, in the context of a flat geometry, the ALL + Hg” mean
values of B and C' are inconsistent with zero within a 1o confidence interval. However,
Fig. 4.7 plainly demonstrates that the introduction of growth data causes the contours
to close around the ACDM limit. Additionally, the 2D posteriors for B (or C') vs H
make it clear that LSS data lends support to the Hubble constant as established
by Planck (Ho = 67.27 + 0.60 km sflMpcfl) [20], rather than to H{. This may be
observed in both the flat and non-flat cases (results for the latter are shown in Tables
4.9 and 4.10). We find that even the ALL + H§ mean values for Hy become more
compatible with the Planck constraints when the LSS likelihood is added. Moreover,
the Hubble constant from Planck is endorsed irrespectively of whether Ay is allowed
to vary, which makes it less likely that this is an indirect consequence of using the

ACDM value for As. Before the possibility can be ruled out, however, one would need
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to repeat the procedure with a wider Gaussian likelihood for A,.7!

4.6.3 The RVM

The results for the RVM are summarised in Tables 4.11-4.14. As can be deduced
from Figs. 4.9 and 4.10 (left panel), there is significant negative correlation between
the model parameter B and the Hubble constant Hp, although in the flat case the
use of LSS data makes this much less pronounced. The said correlation explains why
including H{ with the observational data — rather than the lower value of H{ — shifts
the corresponding contours in all the plots of Figs. 4.9 and 4.10 downwards, in the

direction of decreasing B.

TABLE 4.11: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat RVM scenario. LSS observations were excluded from the analysis. Results for the
baseline parameters are presented in the top block, whereas the last row is reserved for the derived
parameter, Q?\(H)' Hp is quoted in units of km s~ Mpec™!.

Parameter ALL ALL+H§ ALL—l—H(])E

Hy 67.4240T 04799 67.8950104085  67.4900 1030
103 Q) 2 22.3030704389  22.3830701518  22.31407543%8
00, h? 0.117550:0082 0.119070:3933 0.1177+30032
103B 3.02797 31358 10225731693 27498131431
0% () 0.6925%0006s 06932750661 0.69267( 5061

TABLE 4.12: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat RVM scenario. Double dashes indicate cases in which In(10104,) was assigned a

fixed value.
Parameter ALL+LSS ALL+LSS+HE  ALL+LSS+HE ALL+LSS ALL+LSS+HE  ALL+LSS+HE
Hy 67.813070:8130  68.477071Y 53},2 67903070899 67.8270F0:8LT0  68.50507 98812 67.91607: 2?59
10°Q) h? 22.37801 04388 224970104317 223940704230 22.38001 04820 224990104812 22396070425
Q0 h? 0.115813-9019 0.116113-9919 0.115919-9019 0.115919-9038 0.116319-9939 0.116010-9933
10°B 36665750501 2330971500 3480173037 35647730 2145675050 3.372575 0580
ng 0.9670500045  0.970570004  0.9675700013  0.9671X0004E  0.970670804  0.9675 50013
n (10104,) —— — — 3.0564+90307 30525790301 3. 0559*8-833?}
0 0.699410-0003 0.704310-950 0.70000- 0063 0.69931-9063 0.7042+3-9960 0.6999+-9062

"IA flat prior would not work well, as it would result in the LSS likelihood ‘picking’ values of Ay
well outside the established range.



4.6. RESULTS 135

The introduction of LSS data is a game-changer. In the flat scenario, it reduces or
even neutralizes the positive/negative correlation between B and the parameters Hy,
00 and 09\( H) (Fig. 4.9). This makes the constraints on B less compatible with the
ACDM limit, and indeed the new 1D posteriors for B exclude a null value at a little
over 1g. Similar behaviour is noted when 02 is allowed to vary. A few differences are
worth mentioning, however: in the presence of spatial curvature, the effect of the LSS
likelihood on the negative correlation between B and Hj is less significant (Fig. 4.10).
Furthermore, comparison of the average values of B in Tables 4.13 and 4.14 reveals
that the addition of growth data changes their sign from negative to positive (which
results from the tightening of contours around positive values of B; see Fig. 4.10).
Another point of interest is the fact that while the ALL 4+ H{ posteriors favour an
open universe at more than 20, the inclusion of LSS data causes them to close up
around ) = 0. Moreover, we note that the tendency of the LSS likelihood to select
smaller values for the Hubble constant emerges again in the non-flat case. It may
easily be deduced that the resulting mean values of Hy resonate with the Planck

constraint rather than with H{.

0.0144 - T T All + LSS + HE (As free) 1
[ T T All+Lss +HE ]

0.0072 r 1 TAn+Hg

4 All+HE

-0.0072 [

67 68 69 70 0.28 0.30 0.32 0.68 0.70 0.72
Ho/kms~tMpc~t Q% QR

FIGURE 4.9: Marginalised posterior probability distributions for the RVM parameter B vs (left) Hy,
(centre) QO (right) Q?\(H)' Space-time is assumed to be spatially flat.

Let us now take a look at the literature and see how our findings for the flat scenario
fare in comparison.”> The authors of Ref. [224] report that the RVM appears to
be more consistent with observations than ACDM, and furthermore remark that
the inclusion of an LSS likelihood tips the balance in favour of the Planck value
for Hy. Our results paint a somewhat different picture. We find no statistically
significant evidence that the RVM is preferred over ACDM (more details are provided
in subsection 4.6.5). Secondly, the addition of LSS data increases the mean values

of Hy slightly when Qg = 0, although one cannot say that it spoils the consistency

"2The studies considered here are based on the assumption of spatial flatness.
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with the Planck constraints. Nonetheless, once the conversion from v to B (= 3v)
is made, the mean values of B and the corresponding uncertainties (Tables 4.11 and
4.12) are found to be of the same order of magnitude™ as those obtained in Ref. [224]
with the full data set.

TABLE 4.13: Mean values and 1o confidence limits obtained with each data set combination in the

context of an RVM scenario. LSS observations were excluded from the analysis, and the condition
of spatial flatness was not imposed.

Parameter ALL AL+ HE ALL+HE

Hy 68.535071:243%  70.77507 1110 68.89207 14160
103 Q) 2 22.28707 01430 22.2940F9-1409  22.28707013%1
Q0 h? 0.122070:0086 0.130975:502 0.123470:0062
103009 2147472987 5.9320131120 2.779373-8798
10°B —0.326574909% 71221736456 _1 50547210128
O 0.6908 39962 0.68831 03067 0.69031 00005

TABLE 4.14: Mean values and 1o confidence limits obtained with each data set combination in the
context of an RVM scenario. Q,% was treated as a free parameter.

Parameter ALL+LSS ALL+LSS+HE  ALL+LSS+HE ALL+LSS ALL+LSS+HE  ALL+LSS+HE
Hy 675010108678 68.7760T0T8EE  67.7000105438  67.5280705510  68.82507080%  67.73107054%8
1030012 224130101080 224500501789 224180104788 22.4120F 01728 224490704731 22.41907 91747
Qo h? 0.1150%93%3¢  0.117015:99% 0.115375-99%2 01151599938 0.117375:99% 0.11547 99036
103029 —1.035812 540 10969119078 —0.6868729225  —0.98421 3410 11876119989 —0.64801 29751
103B 4.0567+33004 2.0203750293 3.7450+39332 3.9637+3185 1776672933 3.611243:3847
N 0.9682703%22  0.96897 00021 0.96837 9902 0.9682750021  0.968970:0922 0.968370-9023
In (10104,) — — - 3.0581+0:0541 3.0504+0:0315 3.0572+0:0312
Q) 0.6994706050 07039704087 0700100 0.699370GRGT  0.7036TGR0ET  0.700070660

The tendency of the RVM to lend support to the Planck bounds for Hy is also pointed
out in Ref. [225]. The authors find that v = 0 is excluded at more than 30 when they
include LSS data, and although our results do not corroborate this conclusion, the
mean and uncertainty for v again translate into values for B that match ours in order

of magnitude. The same can be said of the constraints placed on v in Ref. [226] by
means of a fit to SNela+BAO+H (2)+LSS+BBN+CMB data. This despite the fact

Two values (a x 10P and b x 10P, where 1 < a,b < 10 and p is an integer) shall be deemed to
have the same magnitude if |a — b < 5.
Given the quantity M, n 4 ¢ shall be referred to as the uncertainty in M.
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that the study in question considers radiation to interact with dark energy, which is
not the case here. We note that our mean values for B (excluding the ones obtained
with the ALL + H§ and ALL + LSS + H{! data sets) have v equivalents that lie within
Lo of the value found in Ref. [226] using the full dataset.

On the contrary, our results are in some tension with that of Ref. [218] [v = B/3 =
(1.3770:12) x 1074]. The authors attribute their strong constraints on v to the effec-
tiveness of CMB temperature fluctuations as cosmological probes [218]. One should
keep in mind, however, that the approach taken in Ref. [218] differs from ours in a
number of ways, the most prominent being the assumption that dark energy decays
into both radiation and matter, and the incorporation of massive neutrinos into the

model.
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FIGURE 4.10: Marginalised posterior probability distributions for the RVM parameter B vs (left)
Hy, (centre) Q3,, (right) Q.

We turn our attention to the study presented in Ref. [215] next. Here, the joint
analysis is based on measurements of observables associated with SNela, BAOs, cosmic
chronometers, LSS and the CMB, and again it transpires that the mean value of v
and associated standard deviation have the same order of magnitude as the ones we
get (for B/3). The authors also investigate the impact of the individual likelihoods on
the results, and observe that using both LSS and CMB data tightens constraints on
v, consequently endowing it with a definite sign. They go on to show that the absence
of either makes v compatible with the ACDM limit (v = 0). The authors conclude
that the BAO+LSS4+CMB combination excludes the standard model at more than
30.

Although some of the studies we've just reviewed allow radiation to couple with
vacuum energy, we shall not do likewise. There is an important reason for this: namely,
any interaction between radiation and dark energy would cause the CMB temperature
(Tems) to scale differently with redshift than it does in ACDM. Additionally, any net

changes in photon number would alter the relation between the angular diameter and
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luminosity distances [315]. The literature contains many examples of studies that have
constrained departures from the standard-model prediction for Teyp [Toms < (14
)] [315-318], or placed bounds on violations of the distance-duality relation [319-322].
As yet, however, no compelling evidence of deviations from ACDM has been found.
In other words, there is currently little observational justification for energy exchange

between radiation and the vacuum to be incorporated into a cosmological model.

In the same vein, since Qg is subject to very tight constraints, it is best to refrain
from coupling the baryon component with dark energy, as this would alter the way in
which py, scales with redshift. The reader is referred to Refs. [323] and [324] (and the

works cited therein) for a review of the said constraints.

4.6.4 The GRVS

Results are presented in Tables 4.15-4.18. The inclusion of LSS data again proves
to be important. In the flat case, it tightens constraints on C' and endows it with
a definite (negative) sign, while also reducing (or even neutralizing) the correlation
between C' and the parameters Hy, QO and Q%(H) (Fig. 4.11). As a result, the 1D
posteriors for C' exclude the ACDM limit at a little over 1o. The situation is in many
ways analogous to the RVM scenario. When the assumption of spatial flatness is
relaxed, we again find that LSS data shows mild preference for a closed (rather than
open) geometry, and tends to decrease the mean values of Hy (Fig. 4.12). Contrary
to what was observed for the RVM, the latter effect is also noted in the flat case.

TABLE 4.15: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat GRVS scenario. LSS observations were excluded from the analysis. Results for the
baseline parameters are presented in the top block, whereas the last row is reserved for the derived
parameter, Q%(H). Hy is quoted in units of km s~! Mpc™!.

Parameter ALL ALL+HE ALL+H

Hy 68.26401 07812 69.252019-7381  68.3850107053
103 Q) 2 22.43007 31647 225740704859 224490701821
00, h? 0.11937 39036 0.122210-0937 0.119713-3036
103C —0.10501245% 22458723401 (.1792+2418)

Q?\(H)

0.0069
0.6957 50066

0.0069
0.6980 50066

0.0069
0.6960 55066
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TABLE 4.16: Mean values and 1o confidence limits obtained with each data set combination in the
context of a flat GRVS scenario. Double dashes indicate cases in which In(1019A4,) was assigned a

fixed value.

Parameter ALL+LSS ALL+LSS+HE  ALL+LSS+HY ALL+LSS ALL+LSS+HE  ALL+LSS+HE
Hy 67.784070 0560 68477070301 67.8300108%0  67.80007083%) 684960703058  67.89907(0 633
103002 223790704588 22.5010704535  22.3060104340  22.3820701349  22.502070150F  22.3980104547
L, h? 0.11575:09%9 0.1161+3:9919 0.11587 59918 0.115875:99%9 0.116375:99%9 0.1159+9:3930
103C —2.38104 13889 14761113662 202558 1207 93120013902 13684713198 21795413559
N 0.9671+93042 0.9706+33044 09675400041 0.9671+93042 0.9707+33044 09676130042
In (104, — — — 30565 000 30522 0 05007008
) 06993759063 0.704370:995 0.700079-9962 0.6992F 59063 07041709060 0.699910-002

The correlation between C' and H explains why the H(I)D” likelihood shifts the contours
in Figs. 4.11 and 4.12 in the direction of increasing C. The introduction of growth

data makes this displacement much less pronounced.

——F7F— 71— ———7—
[ All + LSS + Hf (As free)
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L All+ HE
F A+ HE
© ool - - - =
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66 69 72 0.28 0.30 0.32 0.68 0.70 0.72
Ho/kms™tMpc? Q% QR

FIGURE 4.11: Marginalised posterior probability distributions for the GRVS parameter C' vs (left)
Hy, (centre) QY. (right) Q(/]\(H)' Space-time is assumed to be spatially flat.

TABLE 4.17: Mean values and 1o confidence limits obtained with each data set combination in the
context of a GRVS scenario. LSS observations were excluded from the analysis, and the condition
of spatial flatness was not imposed.

Parameter ALL ALL+-HE ALL+HE

Hy 68.7530T1284 709130111828 69.0730+1-1%]
102 Q) h? 22.4090T01128 224320704720 224120701118
00, h? 0.1214F9:9068  0.12981:9938 0.122755- 0083
103 Q) 10452732292 4.358512:307 1.563875 1042
103C 07443137198 4.950872:5763 1.416373:3979
O} (a1 0.694670:007  0.69281 09973 0.694375-00%
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TABLE 4.18: Mean values and 1o confidence limits obtained with each data set combination in the
context of a GRVS scenario. Qg was treated as a free parameter.

Parameter ALL+LSS ALL+LSS+HE  ALL+LSS+HY ALL+LSS ALLALSS+HEY  ALL+LSS+HE
Hy 67.5080108548  68.771013I80  67.7040798328  67.5270705090  68.825010 %000 67.72701 08557
1030052 224130104718 22.4490101720 224100501780 224140704738 224500104720 22.417010479]
Q0 h? 0.1150 33922 0.1170+3:3922 0.1153+3:39% 0.1151+9 9928 0.1173+3-3528 0.1154+999%9
103009 09464120824 11408119948 _0.6118120%%2  —0.92291 21007 1202274988 05637120727
103C 25830714200 —1.2027F12988  _23797H18010 95303+ 14MlS 113413620 9 3939714490
ns 0.9682 33952 0.968919:3%23 0.968313:9922 0.9682+9 9921 0.9690+0-39%4 0.968310-0023
In (101°4,) — — - 3.05841 33592 3.050413 3543 3.0571+9 9332
0% ) 0.6993+0:0063 0.7038+0:9069 0.7000+5:9962 0.6993+:0063 0.7036+3:9954 0.6999+5:0062
——— T
All + LSS + H I
0.01

O 0.00

All + HE
All + HE ]

IR [ T SRR SN S Y TR TR S S e i I IR T T N T S ST T T T T T N T T Y S

1 1
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FIGURE 4.12: Marginalised posterior probability distributions for the GRVS parameter C' vs (left)
Hy, (centre) QF, (right) Q.

Before we move on, let us consider how well the GRVM, RVM and GRVS account
for RSD measurements. The values of fog(z) inferred from CMB data (for a ACDM
cosmology) seem to be in excess of what observations related to structure growth
suggest. This is a result of the fact that the constraints on QY and 0g,0 obtained
from weak lensing, Sunyaev-Zel’dovich cluster counts, and RSDs appear to be in some
tension with the Planck analysis of primary fluctuations [305]. However, the cause
of the discrepancy is as yet a subject of debate. According to a recent study, the
lower value for the reionisation optical depth reported in more recent Planck papers
has partially solved the problem [325]. Whether or not any tension is detected also
depends on the choice of data set. In particular, RSD measurements published in the
last few years tend to probe higher redshifts, at which degeneracies can set in between
different models. Such measurements are therefore more likely to be consistent with
the ACDM values for fog [305].

Figs. 4.13 and 4.14 show the variation of fog with z for the dynamical-A models and
ACDM. The greater majority of the data points are located below the ACDM curve,
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FIGURE 4.13: The variation of fog with z in a flat scenario. The data points of Table 4.5 are shown
as black circles with 1o error bars, and it can be seen that they mainly probe redshifts less than
unity, at which different models are less likely to be degenerate [305]. The dynamical-A curves are
based on the ALL+LSS (4 fixed As) mean values. In the greater majority of cases, these curves are
closer to the observed values than their ACDM counterpart, which was obtained using the Planck
2015 (TT+lowP+lensing) results.
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FIGURE 4.14: The variation of fog with z. The dynamical-A curves are based on the ALL+LSS (
+ H/HE) data set, with the HE/HE likelihood included if specified in the legend. All curves but
one were obtained in the context of a flat geometry. The sole exception is labelled accordingly.
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so the fact that the GRVM, RVM and GRVS yield smaller values for fog(z) augurs
well. Indeed, both figures show that the dynamical-A set of curves is closer to the
mean values of the observations. It can be noted that the performance of the running
vacuum models is almost identical in this regard, although the GRVM and the non-
flat RVM produce slightly lower curves — a feature that in all probability is due to
their having an extra parameter (and hence an extra degree of freedom). Finally, it
appears that the addition of H§ to the data set results in a slightly higher value of
fos at a given z. This observation is perfectly in accord with our conclusion that LSS

data lends support to the Planck constraints on Hy.

4.6.5 Comparison with ACDM

In this subsection, we consider the cosmological parameter constraints obtained by us-
ing the ALL + LSS, ALL + LSS + H{ and ALL + LSS + H{ data sets in the framework
of a ACDM cosmology with freely-varying Q%. The mean values and 1o confidence

limits are presented in Table 4.19.

TABLE 4.19: Mean values and 1o confidence limits for the baseline cosmological parameters (top
block) and the derived quantity 09\ (bottom row) in the context of a ACDM cosmology. The condition
Of = 0 was not imposed.

Parameter ALL+LSS ALL+LSS+HE  ALL+LSS+HE ALL+LSS ALL+LSS+HE  ALL+LSS+HE
Hy 68.625010:8257  69.269079-5283  68.7000108438  68.608010:31)  69.25607052%  68.67901084%Y
10300 h? 224650701600 22.4740T18T  22.4640701708 224570704008 22.4680T01008  22.46007017%
Q0 h? 0.119013:0012 0.1191+98015 0119079992 0.1191+99912  0.1191F0995  0.1191F 99912
10302 0.345671 933+ 1640671508 0.513571 9087 0.403371:3%7 1673071600 0.5333719%3]
ns 0.9698+ 33021 0.9697+3:3021 0.96987 50021 0.96967 0021 0.9696 0021 0.969610-0001
In (101°4,) — — — 3.0417799399  3.04251093%0  3.04187093%3
09 0.699170:0088 07032730952 0.699503058  0.6987F0008  0.70207599%0  0.6992+0:3083

How may the results obtained for ACDM be compared with those for the GRVM,
RVM and GRVS? The number of baseline parameters differs from model to model
(11 for the GRVM, 10 for the RVM and GRVS, and 9 in the case of ACDM), so
one cannot simply assess performance by looking at the minimum y2. Instead, we
employ the Akaike Information Criterion (AIC) [326]. This takes into account both

the number of free parameters (p) and the value of the maximum likelihood (Znax):

AIC = 2p — 21n (Lnax) - (4.79)
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Additionally, since the theoretical quantities associated with each likelihood are treated
as samples from a multivariate Gaussian distribution, the AIC may equivalently be

expressed in terms of the minimum y?:
AIC = 2p + X2, - (4.80)
Another tool for model selection is the Bayesian Information Criterion (BIC) [327]:

BIC =pIn N — 21n (ZLnax) - (4.81)

Here, N is the number of observations, which in this work amounts to 798 or 799,74

depending on whether Hgi or H(])E are included. Provided the assumption of sampling
from a multivariate Gaussian distribution holds, Eq. (4.81) may alternatively take the

form

BIC = pIn N + \2,, - (4.82)

The AIC and BIC for the RVM and GRVS can be found in Tables 4.20 and 4.21. The
GRVM is not included, since some of its parameters are not well-constrained in the

non-flat case.

TABLE 4.20: The AIC and BIC statistics for the RVM, GRVS and ACDM. The values in the top,
middle and bottom sections were obtained using the ALL + LSS, ALL + LSS + H§ and ALL + LSS +
H(I;J data sets, respectively. Qg was treated as a free parameter in all cases, while A was set to a
fixed value.

Model X2 ~ AIC  AAIC  BIC  ABIC
RVM 722.9 7429 18 789.7 2.9
CRVS 7229 7429 1.8 789.7 2.9

ACDM 726.7 7447 0.0 786.8 0.0

RVM (+HE) 733.2  753.2 1.1 800.0 5.8
GRVS (+H) 7331  753.1 1.0 799.9 5.7
ACDM (+HE) 7341 7521 0.0 794.3 0.0
RVM (+HE) 7237 7437 —14 790.5 3.3
GRVS (+HY) 7237 7437 —14 7905 3.3
ACDM (+HE) 7271 7451 0.0 7873 0.0

T JLA: 740, H(z): 30, CMB: 4, BAO: 12, LSS: 12..
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TABLE 4.21: The AIC and BIC statistics for the RVM, GRVS and ACDM. Q% and A; were treated
as free parameters in all cases.

Model 2 ~ AIC  AAIC  BIC  ABIC
RVM 7231 7451 —1.2 796.6 3.5
GRVS 722.7  T447T  —1.6 796.2 3.1

ACDM 726.3  746.3 0.0 793.1 0.0

RVM (+HE) 7332 755.2 1.5 806.7 6.2
GRVS (+H}) 7331  755.1 1.4 806.6 6.1
ACDM (+HE) 7337  753.7 0.0 800.5 0.0
RVM (+HE) 724.0 7460 —0.6 797.5 4.1
GRVS (+HY) 7237 7457 —0.9 7972 3.8
ACDM (+HY) 7266  746.6 0.0 7934 0.0

Tables 4.20 and 4.21 demonstrate that the minimum y? for the RVM and GRVS is
smaller than its ACDM counterpart. What is more, this holds for all three data set
combinations. One must however determine whether the difference in x2, is enough
to justify the extra free parameter of the RVM and GRVS. The reason is that although
the addition of parameters introduces more degrees of freedom — and hence allows the
model to better approximate the data — it does not necessarily yield a model of greater
merit, because when the information supplied by the data has to be ‘shared’ among
more parameters the resulting estimates tend to be less precise [328]. In such cases,
information criteria like the AIC and BIC become indispensable to find a trade-off.”™
As can be deduced from Eqgs. (4.79) and (4.81), the AIC and BIC statistics do not only
penalise for a smaller value of Zax, but also for a larger number of free parameters.

In general, a smaller AIC/BIC indicates better performance.

Let us consider this in more detail. We start by noting that AAIC indicates the level
of support the data provides for the model with the smaller AIC. An absolute value
between 0 and 2 is usually not deemed enough to draw conclusions. If |AAIC| lies in
the range from 2 to 4, the model with the larger AIC is considerably disfavoured, while
a value of |[AAIC| > 10 renders it practically irrelevant. In the same vein, a difference

of magnitude 2 in the BIC is considered as evidence against the model with the larger

"™There is nonetheless a caveat: the AIC and BIC should, strictly speaking, only be applied
if certain conditions are satisfied [329,330]. For instance, they are both meant to be used with
independent observations [331, 332].
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BIC, while a difference of magnitude 6 or more constitutes strong evidence [333]. It
may thus be concluded that the models perform similarly when assessed by the AIC.
However, the BIC penalises for extra parameters more harshly than the AIC [334],

and consequently provides a considerable level of support for ACDM.

4.7 In Brief...

This chapter focuses on three models from the literature that feature a dynamical
A: the GRVM, whose characteristic A(H) takes the form A+ BH? + CH, and two
sub-cases: the RVM, obtained by setting C' to zero, and the model we have called the
GRVS, which has B = 0 instead. It is assumed that the vacuum only interacts with
cold dark matter. The parameters B and/or C' are constrained by fitting the models

to cosmological observations using MCMC techniques.

In the case of the GRVM, we find that the addition of the LSS likelihood lowers the
average values of Hy when Q% = 0, enhancing compatibility with the results reported
by the Planck collaboration [20]. This was also noted for the RVM (in the non-flat
scenario) and the GRVS.

Another consequence of including LSS observations when constraining the GRVM —
again under the assumption of flatness — is the tightening of the posterior distributions
for B and C around the ACDM limit. On the other hand, we have seen that for both
the RVM and GRVS, the introduction of growth data results in a dynamical A being
preferred to a cosmological constant at a little over 10.7® Additionally, it makes

constraints on Qg consistent with a flat geometry.

We may conclude that a running vacuum (modelled as in the RVM or GRVS) is only
marginally favoured over a cosmological constant. Moreover, this mild preference
comes at the cost of an extra parameter which — while not given much weight by the
AIC — has a negative impact on the BIC score. Another point of interest is the fact
that merging the RVM and GRVS expressions for A into a two-parameter combination
(the GRVM) appears to weaken support for dynamical vacuum energy. Furthermore,
the addition of LSS data reduces the ability of the models to accommodate a non-zero
.

"6In the majority of cases, this holds whether or not we assume that the Universe is spatially flat.
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CHAPTER 5

Spatial Curvature in Metric f(R) Gravity

5.1 Introduction

Fourth-order metric theories of gravitation can be said to have originated from Weyl’s
1918 non-integrable relativity theory. This theory (or variants of it) was further
investigated by scientists such as W. Pauli, R. Weitzenbock and F. Jiittner, and served
to introduce or promulgate key concepts such as conformal invariance, gravitational
theories based on a geometrical approach, and the unification of the forces of nature
[335]77. However, the popularity of Weyl’s theory soon declined, namely due to the
ambiguity of the Lagrangian and the problems posed by the higher order of the field
equations. Additionally, there did not seem to be any experimental evidence against
General Relativity that would favour the introduction of a more complicated theory
[335]. It was not until the 1970s that interest was revived. This happened as a result
of factors such as the one-loop renormalizability of fourth-order metric theories, and
the natural way in which inflation can be incorporated into them [335]. Moreover,
given a classical gravitational field arising from the energy-momentum tensor (7},,)
of quantised matter/radiation, the Lagrangian of fourth-order theories helps to erase

any singularities that the gravitational interaction induces in 7}, [336].

The general class of Fourth-Order Gravity is governed by an action whose gravitational

part reads [337,338]
_ -9 af afys\ 14
S_/lv67TG f (R, Rag R, RogsR*°) d'z (5.1)

where R, R.s and R,gs are the Ricci scalar and the Ricci and Riemann tensors,
respectively, and f represents an unspecified analytical function. In the metric ap-

proach, the field equations are derived by varying the action with respect to g, [338].

77 Also refer to works cited therein.

147
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Among the theories obtained in such a way is Conformal Weyl Gravity [77]. This is
based on the principle of conformal invariance, and has been the subject of significant

interest in the last thirty years.

Another popular example is metric f(R) gravity. Formulated by replacing the Ricci
scalar in the GR action with a function thereof, f(R) theory can be seen as a natural
extension of General Relativity (GR) [339]. Despite its simplicity, however, it incorpo-
rates some of the basic characteristics of higher-order theories of gravity (i.e. theories
constructed from actions in which R is generalised to some function of higher-order
curvature invariants), and is furthermore advantageous in that it appears to be the
only higher-order theory that does not suffer from the Ostrogradski instability [56].
The prototype of f(R) gravity has f(R) = R —a*/R (where a ~ Hp). It was
adopted in an attempt to explain late-time cosmic acceleration [57,340,341], but has
been ruled out on the basis of the Dolgov-Kawasaki instability [57,342] and the fact
that it does not have a viable weak-field limit [57,343]. In general, the class of models
with f(R) = R+ aR™™ cannot give rise to an acceptable cosmological expansion

history for any n > 0 and n < —1 [344].

The function associated with Starobinsky’s inflationary model [f(R) = R+ aR?] [345]
was also one of the first to be proposed. Since then, f(R) gravity has been the subject
of numerous studies. One of its apparent benefits is the ability of certain models
to reproduce both the early period of inflation and the current acceleration [346].
That said, due to the stringent constraints that a candidate model must satisfy — for
example, it has to predict a matter-dominated era — only a few are still considered
valid [339]. These are best tested on cosmological scales. It is here that deviations
from GR show up, so measurements of observables such as those related to galaxy

clustering, the CMB or weak lensing make excellent probes [347].

5.2 Metric f(R) Gravity: Preliminaries

5.2.1 The field equations

f(R) theory is a modified gravity model. In other words, it adjusts the General
Relativistic description of space-time geometry in a way that precludes the need for

a mysterious dark energy component. At the basis of f(R) theory is a generalisation
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of the Einstein-Hilbert action of GR [Chapter 1, Eq. (1.5)]:

S = / @f(]%) diz . (5.2)

Here, f(R) is a generic function of the Ricci curvature scalar. The field equations are
obtained by varying the action with respect to the inverse metric tensor g"” [57], and

collectively read

1 1
<Guy + §Rguu - Vuvzz + gpwl:l> Ir— if(R)guu = 8 T,uz/ ) (5'3)

where fr = df/dR, the quantity V, represents the covariant derivative operator
constructed from the metric connection, and J = g, V#V". We shall model the
matter /energy content of the Universe as a perfect fluid with proper density™ p,

corresponding isotropic pressure p and four-velocity u*, and hence

T,uu = (P +p)u,uuy + P - (5'4)

In an FLRW cosmology, the field equations [(5.3) above] can be cast in the same form

as their General Relativistic counterparts’™ [348]. We may therefore write:%

(G K
2 _ )
H® = 5 Ptot — 2 (5.5)
a e
g = - 3 (ptot + 3ptot) ) (56)

with piot = p 4 pde and prot = P+ Pde, p and p being the energy density and pressure
from Eq. 5.4. However, while in General Relativity pq. and pge are attributes of a
physical dark energy component — namely, the vacuum energy we denote by A — in
f(R) theory they refer to a collection of terms which result from the modification to

the geometry of space-time:

1 T1 , 3
pre = gogp |5 UnR = 1) = 3Hfn+3(1 fR)H? + 25 (1= fr)| (5.7)
1 1 ; , .
Pde:&TG[—Q(fRR—f)+fR+2HfR—(1_fR)(2H+3H2)+Zg(fR—l)

(5.8)

"8The proper density is the density as measured by an observer comoving with the fluid [18].
"Refer to Chapter 1, Eqs. (1.38) and (1.37).
80 An overdot again indicates differentiation with respect to ¢, the cosmic time.
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Simply put, the occurrence of these geometric terms mimics the presence of dark
energy [348] and is hence able to drive the late-time cosmic acceleration. Eq. (5.6)
implies that the expansion of the Universe accelerates if piot < —3ptot, Or equivalently
if

p+3p < — (pde + 3pde) - (5.9)

In other words, acceleration sets in when matter and radiation have become too
dilute to offset the effect of dark energy. For theories in which dark energy is a
physical component of the cosmic fluid, such as a scalar field, the said effect is a
repulsion arising from its negative pressure. Here, however, the acceleration is due to
the geometry of the spacetime manifold itself (although, as shown in subsection 5.2.3,
f(R) gravity may be interpreted as a type of Brans-Dicke theory by treating fr as a
scalar field). We additionally note that this effective dark energy does not interact with
matter or radiation. Consequently, conservation of energy and momentum implies
that:

p+3H(p+p)=0, (5.10)

where p = pm + pr and p = py + pr. The subscripts ‘m’ and ‘r’ denote matter (cold
dark matter and baryons) and radiation (photons and massless neutrinos), respec-

tively.

A valid f(R) theory must satisfy a number of constraints [56,57,349]. Firstly, since
the quantity Geg = G/ fr acts as an effective gravitational coupling, the requirement
that the graviton carries positive kinetic energy implies that Geg > 0, which in turn
imposes the condition fr > 0. Secondly, avoiding instabilities of the Dolgov-Kawasaki
type [342] necessitates that f”(R) > 0. As for the cosmological dynamics, the theory
should behave like ACDM at high redshifts, because the standard model is well-
supported by CMB data in this regime. We therefore stipulate that limp_, f(R) =
R+ constant. A late-time expansion history similar to the one in a ACDM cosmology
is also desirable, albeit in the absence of a cosmological constant; that is to say, one

expects that limg_,o f(R) = R+ 0 [210].

The successes of ACDM on Solar-System scales suggest that its phenomenology should
be included as a limiting case [210] of any viable alternative theory. In metric f(R),
however, the Ricci curvature introduces a scalar degree of freedom, which could cause
post-Newtonian constraints obtained from Solar System experiments to be violated.
The model only remains valid if the scalar field can somehow be ‘shielded’ from such

experiments. This may be achieved via the so-called chameleon mechanism, whereby
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the effective mass M of the scalar varies according to the energy density of the local
environment. In high-density regions like the Solar System, a large M would shorten
the range of the scalar field to scales that cannot currently be probed by weak-field
experiments. On the other hand, M would have to be small at cosmological densities,
so as to allow the scalar field to act over a long range and drive the acceleration of
the Universe [56,350,351]. One important thing to note about chameleon behaviour
is that it cannot be described as a fine-tuning mechanism. Rather, it is a natural and
intrinsic property of those f(R) models whose weak-field limit satisfies observational

constraints.

Phase space analysis can also yield a wealth of information. In a particularly note-
worthy study that takes this approach [344], the authors consider the quantities
m = [Rfrr/fr](r) (frr stands for d°f/dR?) and » = —Rfr/f and investigate
the behaviour of the m(r) curve on the (r,m) plane. It is found that for an f(R)
model to admit a viable matter-dominated epoch, the curve should satisfy the con-
ditions m(r) ~ +0 and dm/dr > —1 at r & —1. Additionally, a valid period of
late-time acceleration requires that m = —r — 1 while (v/3—-1)/2 < m < 1 and
dm/dr < —1, or that m lies in the range (0, 1] at r = —2 [344].

5.2.2 The cosmological equations as a set of first-order dif-

ferential equations

To avoid instabilities when solving Egs. (5.5) and (5.6) numerically, we rewrite them
as a set of first order ordinary differential equations. To this end, we follow the study
of de la Cruz-Dombriz et al. [352], generalising their equations to the case of a non-
flat geometry and also including a radiation component. The starting-point is the

following change of variables:

s:iz; v =—-R(2)(1+2);
6 (Hg'n)
f(R) Ofo(1+2)?
= 9 Wm = —— 57—
6/r (Hin) nfn
A 4
wr:QrvO(;—'—Z); K:M' (5.11)
IR (Hé\n)
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Here, a prime denotes differentiation with respect to the argument, n = H/ Hé\, Ompo
and (), o are the present-day values of the matter and radiation density parameters,
respectively, and a superscript A indicates quantities as measured/inferred in the

framework of a ACDM cosmology.

We have already seen that a candidate f(R) model ideally satisfies the condition
limp oo f(R) = R+ constant. The constant should be equal to —2A (A stands
for the cosmological constant), so that Eq. (5.2) becomes indistinguishable from the
Einstein-Hilbert action at high redshifts. At late times, though, an f(R) cosmology
diverges from ACDM. As a result, the values that parameters like (), and H currently
attain are expected to differ in the two models, and we can write [353]
R R

HIW 21 off £ oh,, (5.12)

where a 0 subscript labels present-day quantities and a superscript is used to indicate

the corresponding model.

The matter density py, in f(R) gravity takes the same form as in ACDM:

~ 3HEOm o

P = o (1+2)%. (5.13)

This follows from the fact that in both cases, matter is conserved independently of any
other cosmic fluid component. We may thus infer that there must be some redshift

Zbound &t which
2 R R 2
O o (H8)” (14 2bouna)® — QL (Hg ( >> (14 2boma)® , (5.14)

because the f(R) models we consider reduce to ACDM at high redshifts. Conse-
quently,

2
an, (7)) =l (H({ (R>) . (5.15)

This is another way of saying that the matter density (as expressed in physical units)

is not model-dependent [210]. Similarly, for radiation density we have that:
2 R R)\?
af (88)" = of(P (H({( >) . (5.16)

The curvature parameter x does not change with time and hence must satisfy
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2
A =0l (1) = ol (Y = e

since the relevant f(R) models evolve into ACDM as we go back in time. We recall
(from Chapter 1, section 1.3) that & is defined as the ratio k/RZ, k being the nor-
malised curvature parameter (equal to £1 or 0) and R the present-day value of the
non-normalised scale factor. So if K = kf (R), it must mean that at high redshifts,
an f(R) model with current scale factor R behaves as a ACDM model that also has
Ro = Ro.

Egs. (5.15)—(5.17) make it possible to rewrite the parameters H()f (R), Qfm(g), Qi E)R)
and Qg’(OR ) in terms of their ACDM counterparts. This was already done for the
expressions in Eq. (5.11). Additionally, the fact that A represents the cosmological

constant in both models implies that
2 2
o) b= () 04 o9

The equivalence between the spatial curvature and energy densities (in physical units)
of ACDM and f(R) gravity becomes especially useful when we carry out the fitting
analysis, because it enables us to construct priors for the cosmological parameters
from the Planck mean values and 1o confidence intervals [20] (which were obtained

in the context of a ACDM cosmology).

Let us now return to Eq. (5.11). In terms of the new variables (7, s, x, ¥, wy, wy and

K), the system of cosmological equations to be solved becomes:

n'(Z)Zzil(2—s+K); (5.19)

#(z) = —Zil <;+4—23+2K) : (5.20)
2(2) = F(zl+1) [(aT)? + s(aT = 1) + 3y — 1 — K (1 + aT) + w|

— ()T (5.21)

J(2) = — Zil {s;—l—y(ﬁl—xr—Qs—i—QK)] : (5.22)

Wl (2) = Z“jl:‘l (2T + 25 — 2K — 1) ; (5.23)

wh(z) = 5 (aT + 25 — 2K) (5.24)

z+1
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K'(z) = —szl(K—s+ 1), (5.25)

where I' is equal to frr/ fr and serves to identify the model. The majority of the
above differential equations result directly from the change of variables specified in
Eq. (5.11). In other words, they would automatically be satisfied if the new variables
were rewritten in terms of the original ones. The sole exceptions are Eq. (5.21) — which
incorporates (5.5) and (5.6) — and Eq. (5.19); the latter is simply the expression for
R in an FLRW Universe:

R=6 (H L oH? ¢ C’;) , (5.26)

as rendered by the new choice of variables. Since Eqs. (5.24) and (5.25) do not in
themselves contain any information about cosmological dynamics, we replace them

with the relations for w; and K from Eq. (5.11) to simplify the numerical analysis.

5.2.3 The Einstein and Jordan frames

The action of metric f(R) [Eq. (5.2)] may be recast in a form suggestive of scalar-
tensor theory. More specifically, it turns out to be the same as the action for a
Brans-Dicke theory with characteristic parameter w = 0 [56]. An outline of the main

points is provided below.

To begin with, let us introduce a new field x and consider the action [56]

= [ 100+ 7R -] da (5.27)

Variation with respect to x yields

f"O)(R=x) =0, (5.28)

from which if follows that if f”(y) # 0, x must necessarily be equal to R, and the
original action [Eq. (5.2)] is recovered. Provided f”(x) # 0, therefore, the actions in
Egs. (5.2) and (5.27) are equivalent.

Next, we model f'() as a scalar field that we denote by ¢. This implies that f(x) -+

FOOR=x) = f(x) +oR —dx = ¢R — [ox — f(x)] [56], and consequently Eq.
(5.27) becomes [56]
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S = /@ [6R — V(¢)] d*z | (5.29)

with the quantity ¢x — f(x) playing the role of the field potential V(¢). Eq. (5.29) is
the Jordan frame representation of the action for an w = 0 Brans-Dicke theory [56].
However, Solar System data constrains |w| to be greater than 40000 [152], so metric

f(R) gravity would be invalidated were it not for the chameleon mechanism.

f(R) theory may be formulated in the Einstein frame via a conformal transformation
[56]:
G = G = gy - (5.30)

Here,®! ®2 = fp = ¢, and a bar has been introduced to indicate Einstein-frame

quantities. The field ¢ is related to its Einstein-frame counterpart, ¢, as specified

below [56]:
¢ = fr = exp (gz_S\/ 167rG/3) : (5.31)

The potential associated with ¢ takes the form [56]

- _ Rfr—f(R)
v = .32
while the conformally-transformed gravitational action reads [56]
S = /\/—g R 1a%a d—V(d)| dz (5.33)
160G 2~ T ' ‘

5.2.4 Specific f(R) models

Among the viable f(R) models are the ones put forward by Hu and Sawicki [210],
Starobinsky [354], Tsujikawa [355] and Cognola et al. [346]. The said models are
the subject of numerous works in the literature [339,348,356], but almost always in
the context of a spatially flat Universe. In contrast, we will use observational data
to constrain cosmological and model-specific parameters without setting Q% to zero.

First, however, let us take a closer look at each of these models in turn.

81We have already seen that ¢ = f/(x) and x = R, which means that ¢ = fg.
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The Hu-Sawicki model

Hu and Sawicki proposed a class of ‘broken power-law’ models [210]:

, € (R/MQ)HHS

f(R)us = R—p 1+ o (R/p2)™ss

(5.34)

Here, ¢1 and co are dimensionless parameters, nyg represents a positive constant that

is usually assumed to be an integer, and p? ~ HZQY .

It may be shown that the Hu-Sawicki model includes ACDM as a limiting case and
can, in fact, be seen as a late-time modification of the latter [356]. Moreover, it
is possible to explicitly incorporate the cosmological constant A into Eq. (5.34) by
making the substitutions [357]

2 L—nyg
e 2cy
A=""". b= 5.35
2oy . (5.35)
which cast f(R)yg into the form [357,358]:
F(R)ys = R—2A (1 ! (5.36)
Hs = T+ RIGA)s ) '

Eq. (5.36) makes it apparent that at high redshifts, when R > A, f(R)yg reduces to
R —2A and ACDM is consequently recovered [358]. The differences that emerge at
smaller redshifts are quantified by the deviation parameter b [357] (b = 0 corresponds
to ACDM). Constraints placed on b by means of cosmological data, therefore, translate
into bounds on the allowed variation from the standard model. Additionally, the time

at which these variations set in is controlled by nyq: the larger its value, the longer
it takes for the Hu-Sawicki model to diverge from ACDM [210].

Now that we have clarified what effect any changes in nyg would have, we may
(without loss of generality) simplify the analysis by fixing this parameter at some
specified value. We shall follow other works in the literature and set nyg to unity
[348, 356, 357]. Furthermore, only non-negative values of b will be considered. The
reason is that when nyg = 1, frr = 4bA?/(R + bA)3, and so having b < 0 would
mean that frrp becomes negative as soon as R > —bA. We have already seen that

frR is required to be positive (or zero) for an f(R) theory to be viable.

Before proceeding to the next model, it would be interesting — and extremely useful for
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the fitting analysis performed later — to determine at what redshift the Hu-Sawicki
model becomes effectively indistinguishable from ACDM. To this end, we adopt a
procedure similar to the one proposed in Ref. [353] for exponential f(R). Eq. (5.36)
allows us to deduce that if f(R)yg is to approach R —2A at high redshifts, the
magnitude of 1/{1+ [RF) /(bA)]"ss} must decrease asymptotically to zero as we go
back in time. This may be expressed as the requirement that at some redshift zpound,
the quantity 1/|1 + [RI() /(bA)]™ss| is equal to e (with € < 1), at which point
any differences between the f(R) model and ACDM are negligible. Additionally, at
% = Zhouna one expects R/ to take the form R™ + ¢ (for some || < |R™]). With

these considerations in mind, we may write

RA_’_é' "HS Rf(R) "Hs B 1
1+< bA ) ~ 1A e

bA  \"HS €
e (RA—|—§> ~ 1—e¢ )
1

bA < € )”Hs
— =v;

RA—i—fz 1—e
bA ¢
= RA T ”(”m) !

and if terms higher than first order in € and £/ R” are discarded, it follows that

-1

€ "Hs —1 —1 1 € —1

v = < > zenHS(l—e)_nHS ~ ¢"'HS (1—|—> ~ €"HS ;
1—¢ NnHSs

A _ _
— b%y(l—i—é\)%e”Hé(l—FRgA)%e"Hé%l/. (5.37)

Therefore, bA/ R ~ v at 2z = 2poung. Using the relation®? RN = 3HZ[Q0 (1 + 2)3 +
40, we solve for zpouna and find that

Q% (b 1/3
zde:lQ§<y—4ﬂ —1. (5.38)

82This may be obtained from Eq. (5.26) by writing H? as HZ(Q% a3 + Q%= + QR + QVa~2),
which is simply Eq. (1.38) with p = pm + pr and pm, pr, A and & expressed in terms of the respective
density parameters.
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The Starobinsky model

Starobinsky proposed the function [354]:

f(R)s = R+ ARg

(1 + %) o 1] , (5.39)

where ng and A denote positive constants, and the third constant (Rg) is of the order
of the present-day Ricci scalar [355]. As was done for the Hu-Sawicki model, we cast
f(R)g in the form of a perturbed ACDM Lagrangian [348]:

1— (1 + (15\2)2> _nS] , (5.40)

which clearly shows that f(R)g — R —2A when R > A or when b — 0. A and b may
be expressed in terms of the original parameters as ARg/2 and 2/ A, respectively [348].

f(R)s = R—2A

The redshift zpounq is again given by Eq. (5.38). This time, though, we have that

R2 —ng 6l/nS
€ ( + (bA)2> ) v 1—61/nS ( )
The Exponential model
In this case, the f(R) function reads [346]
f(R)g = R+ Blexp(—yR) —1] , (5.42)
or equivalently [348]
F(R)g = R—2A [1—ex (—Rﬂ (5.43)

with A = /2 and b = 2/(~f). The parameter v must be non-negative so that at
high redshifts, when R > A, the exponential function becomes negligible and ACDM
is recovered [353]. This also happens for b = 0.

The redshift zpoung may be estimated from Eq. (5.38) by making use of the relations

R 1
€ = exp <_bA> ; V= (/o) (5.44)
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The Tsujikawa model

The model proposed by Tsujikawa is based on the function [355]
R
RT

where ( and Rt are positive constants. We may alternatively write

F(R)y = R—2A tanh ({)i) . (5.46)

Here, b = 2/¢ and A = (Ry/2 [348], and the model becomes equivalent to ACDM
either when R > A or when b = 0 (since tanh [R/(bA)] — 1 in both cases). The
quantities € and v required to calculate zpoung [Eq. (5.38)] are given by

R 1
—1—tanh [ — ) - = , 5.47
‘ tan (bA> Y arctanh(1 — ¢) (5.47)

5.3 Perturbations in f(R) Gravity

The perturbation equations are derived as outlined in Appendix A. The f(R) analogue
of Eq. (A.3) is given by:

0GH fr + (R — VIV, + 040) frroR + (09" V, Vo — 81067 VaV5) fr+
(90T, — kg®76T ), ) 0 fr = 87G 0T}, (5.48)
where R} is the Ricci tensor, and the quantities 0 R, dg,, and 0I'Y, denote perturba-

tions in the Ricci scalar, the metric tensor and the metric connection, respectively.

The perturbations in the energy-momentum tensor are as specified in Eq. (A.4).

To first order in the metric perturbations ® and ¥, and expressed in terms of

momentum-space variables, the time-time component of Eq. (5.48) reads:

2fr {¥ (kf = 3k) +3H [¥'(7) + PH| } + frr |37 (1)0R — k{oR — 3H IR/ ()| -

BHOR fp(7) +3f4(r) [2H® + ¥/(7)| + 87Ga pudm = 0, (5.49)
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with all symbols having the same meaning as in Appendix A, and

R =
2
= {7 (® = 2¥) — 3 20H/(7) + 3HY' (1) + HP' (1) — 26¥ +¥"(7) + 20H]} .
(5.50)
@ and ¥ are not equal in f(R) gravity. Instead, they satisfy:
R
y_ = Joft (5.51)
Ir

This relation follows from the i-j component (i # j) of Eq. (5.48).

Egs. (5.49) and (5.50) are quite involved but may be simplified using the sub-Hubble

and quasi-static approximations, whence they become:®3
2frY (K = 3K) — frRRKFOR + 87 Ga” prudm = 0 ; (5.52)
2
oR = = (57 (D — 2%) + 61| . (5.53)

Meanwhile, the conservation equations retain the same form as in GR:34

O(r) = (14 wn) [—kTU + S‘I’/(T)] ; (5.54)

W Om
V(1) = Ho(3wm — 1) + ky <(I> + T wm) . (5.55)

and may readily be combined to give:
o (T) + My (1) + kf® — 3% (1) = 3HY (1) =0, (5.56)

where we have utilised the fact that a dust distribution (which provides a good de-
scription of the matter in the Universe) has wy, = 0. Under the sub-Hubble and

quasi-static approximations, Eq. (5.56) further simplifies to
o () + Mo} (1) + kfP =0 (5.57)

To obtain an expression for ®, we insert Eq. (5.53) into Egs. (5.51) and (5.52) and

83More details about the way in which Eqgs. (5.49), (5.50) and (5.56) are reduced to Eqgs. (5.52),
(5.53) and (5.57), respectively, may be found at the end of Appendix A.
84Refer to Appendix A, Eqs. A.20 and A.21.
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solve the last two for @ (and ¥), then use the solution to substitute for ® in Eq. (5.57),
getting that

k2 [a® fr + Afrr(k? — 3k))|

8! (1) + HOL (1) — 47G pa’ m=0,
fr [3frk? (k2 — 4k) + a® fr (k? = 35)]
(5.58)
which may also be written as
6! (1) + HOL(T) — 4T pmbmaGeg = 0 (5.59)
with
G B k‘% [QQfR + 4fRR(k‘% — 3%)} (5 60)
G fR {BfRRk]% (k% - 4/1) + a2fR (/{I% - 3/1)}
In terms of our new variables [Eq. (5.11)], Geg/G reads:
Gur  Mend®n? [a? +4T(kF - 3x)] 5.61)

G Qb |a2(k2 —3k) + 3K3T (k2 — 4r)|

5.4 Numerical Analysis

5.4.1 Preliminaries

The parameter values that best allow the models to describe what we observe are
those that maximise the joint likelihood function:

1
Liotal X €Xp {—2 ( SNela + XFr(2) + XeuB + XBao T X%ss)} : (5.62)

We shall use the same observables and likelihoods presented in Chapter 4, section 4.5.

The few modifications made are listed below.

o The JLA likelihood is exchanged for a more recent version available with MONTE
PyTHON v.3.0.1 — the Pantheon likelihood, based on a sample of 1048 SNela in
the redshift range 0.01 < z < 2.3 [359].

e The index of the primordial scalar power spectrum, ng, is added to Table 4.2
(as was done in Chapter 4 when we included LSS measurements with the data).

The new set of CMB distance priors is shown below:
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TABLE 5.1: Mean values and corresponding errors for the CMB distance priors [277].

74 Ia QP h? N
1.7448 4 0.0054  301.46040.094  0.02240 4 0.00017 0.9680 + 0.0051

The normalised covariance matrix of Eq. (4.38) is updated accordingly:

4 In Qph? ns
4 1.00 0.53 —0.73 —0.80
Ia 0.53 1.00 —0.42 —-0.43
CoMB = . (5.63)

odp? | —0.73 —0.42  1.00 0.59

ns —-0.80 —-0.43 0.59 1.00

o For the BAO likelihood, we shall be using Table 4.4 in conjunction with the

following selection from Table 4.3:

TABLE 5.2: Uncorrelated BAO data measured at different effective redshifts, zeg. Column 4 gives
the error in each quantity.

Ref. Zoff Quantity o Type
[279]  0.106 0.323 0.014 1
[280]  0.150 4.490 0.170 2
[282]  2.330 1.031 0.026 3

1: rs(2q)/dv; 2t dy/7s(zq) ;

. »0.7,0.3.
3: afar”;

rs, fid(z4) = 147.78 Mpc [283)].

The remaining entries are excluded so as to remove potential correlations be-
tween BAO and fog data.

o The compilation of fog measurements is taken from Ref. [288] and presented
in Table 5.3. The covariance matrices for the data points from Ref. [301] and
those from Ref. [360] may be found in Ref. [288].

To calculate fog(z) for a given model, we need two quantities: the growth rate f,
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TABLE 5.3: LSS data. Each fog measurement is listed together with the corresponding redshift z
and error o, . Column 5 shows the values of QY in the respective fiducial cosmologies.

Ref. z fos(z) oy, Qﬁﬂo
21,297]  0.02 0314  0.048  0.266
301] 044 0413 0080 027

301 0.60 0.390 0.063 0.27
301 0.73 0.437 0.072 0.27
302 0.60 0.550 0.120 0.30
302 0.86 0.400 0.110 0.30

0.978  0.379 0.176 0.31

360 1.230  0.385 0.099 0.31
360 1.526  0.342 0.070 0.31
360 1.944  0.364 0.106 0.31

[301]
[301]
[302]
[302]
303) 140 0482 0116 0.7
[360]
[360]
[360]
[360]

and the standard deviation of density perturbations in spheres of radius 8 =1 Mpc,

0s(2). The former is a function of dy,, the matter density contrast:

d(In 6y, )

f= na (5.64)

which may in turn be obtained from Eq. (5.58) by solving it as part of the system of
differential equations given by (5.19)—(5.23) [w, and K are directly inputted as defined
in Eq. (5.11)].

Since Eq. (5.58) is dependent on £y, it is necessary to choose an appropriate comoving
wave number at which f is evaluated. We shall focus exclusively on values of Kt
lying in the range 0.02h Mpc™! < ki < 0.2 Mpc~!. The choice of bounds is based
on two considerations: firstly, modes with k; < 0.2 h Mpc ™! represent perturbations
which may safely be considered linear [296], and secondly, the mode that crosses the

horizon at matter-radiation equality has® ki ~ 0.015h1\/[pc_1.

The latter implies
that smaller scales — corresponding to a larger k+ — would be well within the horizon
deep in the matter era and during the subsequent period of acceleration (these being

the epochs of interest). We shall therefore determine f at two different wave numbers:

85This estimate is obtained from Eq. (4.73) by putting B = C = 0 (i.e. assuming a ACDM
cosmology) and assigning the Planck TT, TE,EE+lowE+lensing mean values to Ho, Q?n and zeq [20].
The quantity zeq is the redshift at which matter and radiation densities were equal, and may be used
to calculate QY [since QY = Q0 /(1 + zeq)].
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ky = 0.1 A Mpc™! and ki = 0.05 A Mpc~!. These values of k; satisfy the relation®
k% > |k|, and so Eq. (5.60) may be simplified to:

Gt @*fr+4fRRK}
G fr (3fRRk% + CLQfR)

(5.65)

Finally, solving Eq. (5.58) requires a pair of initial conditions. The simplest choice
is putting om(aini) = aini and 8}, (a = aini) = 1 [or equivalently, o (7ini) = aini and
6! (1 =Ty) = H(ay,;)ad;], a;,; and 7, being the scale factor and conformal time at
which the initial conditions are applied, respectively. However, this is only an option if
two requirements are met: firstly, aj,; must be deep in the matter-dominated epoch,
when dark energy and any spatial curvature are still very sub-dominant and need
not be taken into account. Secondly, the given initial conditions are only valid in a
ACDM cosmology [296]. This is where the quantity zpounq derived in subsection 5.2.4
comes in. Let us recall that when z = zpoung, f(R) = R—2A(1 —¢) for some € < 1.
Therefore, by calculating zp,qung for the expected range of values of b, we may estimate
the maximum redshift at which a model becomes effectively indistinguishable from
ACDM, and we can also ensure that this happens in the matter-dominated era by
choosing an adequate €. Consequently, we know where to apply the initial conditions
in question. The specific value of € is thus dependent upon the dynamics of the model
being considered (Table 5.4). For instance, in the case of the Hu-Sawicki model,
it suffices to have € ~ 107°. On the other hand, the Exponential model converges
to ACDM extremely rapidly and hence a smaller ¢ works better, although it is still

._1

oi — 1) at a value larger than the maximum zpoynq. The

necessary to fix zini (= a
same can be said for the Tsujikawa model. It should be noted that the final results
are not dependent on the exact value of € (provided € is chosen properly). This was

verified for both the Exponential and Tsujikawa models.

The initial conditions for Eqs. (5.19)-(5.23) are essentially the ACDM limits of the
quantities in Eq. (5.11). Once we have an approximate upper bound for zpoung, we
are able to identify a range of redshifts at which these conditions are best specified.

The exact value we pick is not important.

The second quantity we need is og(z). This is defined as in Eq. (4.72), but with one

86For the given range of wave numbers, we have that 4 x 10~% A2 Mpc ™2 < k]% <4x1072h%Mpc2.
In contrast, Eq. (1.51) implies that the spatial curvature (= —QgHg) is constrained to lie in the
interval —Hg <k< Hg, otherwise expressed as —1.11 x 1077 A2 Mpc™2 < k < 1.11 x 1077 h2 Mpc~2
~ although in reality |Q)] is not expected to exceed 0.1 [20], let alone approach unity.
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TABLE 5.4: The value of € adopted for each model.

Model €
Hu-Sawicki 107
Starobinsky 10710

Exponential 10759

Tsujikawa 10~15

exception: the contrast function oy, is ki-dependent in f(R) gravity, and so must be

included as part of the integrand when we integrate over ky:

4A kLms
21 T2 (ki )W (ky) dky (5.66)

2 2 24n,
05(z) = [ 6m(z ky) ki [
0/ f 25 HA (Q0))

That one modification, however, means much in terms of code complexity and run
time. Every different value of k+ we consider entails that we solve Eq. (5.58) nu-
merically for oy, over the relevant redshift range. The results are stored in a table,
and at a given redshift z and comoving wave number ki, 0 (2, kt) is extracted from
the table by interpolation and used to calculate the integrand in Eq. (5.66). This
way, the numerical integrator is supplied with the value of the integrand at any At
and z. To cut down on running time, it is best to solve equations (5.19)—(5.23) first.
These do not contain d,, or any of its derivatives. Hence, solving them separately
from Eq. (5.58) is perfectly feasible. The results can then be made accessible to the
numerical integrator, enabling it to read in (or acquire by interpolation) the value of

the relevant parameters at any redshift while solving Eq. (5.58) for dy,.

The approach detailed above makes it necessary to truncate the range of wave numbers
over which integration is performed. The best way to achieve this is by plotting the
integrand as a function of k; for various values of z, then inferring the cut-off point
from the outcome. Fig. 5.1 shows a sample of such plots. The intuitive choice is
ki = 0.5 hMpc ™!, but one must keep in mind that perturbations evolve non-linearly

on scales smaller than around 0.2k Mpc™ '

Consequently, the linear perturbation
equations we work with do not give an accurate description of structure growth beyond
this limit. k; = 0.5h Mpc ! is nonetheless a good starting point. We refine it further
by calculating og o for a ACDM cosmology and comparing it with the value returned
by the default CLLASS code. The two are closest when the upper integration limit is

~ 0.4 hMpc L.
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= Hu-Sawicki (Planck)
+ Hu-Sawicki (WMAP)
= ACDM (Planck)
= ACDM (WMAP)
ACDM (nonflat,Planck)
ACDM (nonflat, WMAP)
—— Starobinsky (Planck)

T
0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

k [hMpc ']

FIGURE 5.1: The variation of the integrand in Eq. (5.66) with comoving wave number (only the
ki-dependent part is plotted). The curves labelled ‘Hu-Sawicki’ are based on the mean parameter
values presented in Table V of Ref. [356], while the remaining parameters were fixed in accordance
with either the Planck 2018 [20] or the WMAP 9-year [19] results. The label ‘ACDM’ indicates that
only Planck or WMAP values were used. The curve for the Starobinsky model was obtained by
combining the results of Ref. [339] with Planck values.

TABLE 5.5: The flat priors for the baseline parameters.

Parameter Min Max
Ho (kms™'Mpe™) 50 90
OPh? 0.005 0.040
Q) 0.05 0.20
QY 03 03
b 0.0 1.0
ng 0.75 1.25
In (1010 A) 28 3.2

The study was performed using the Cosmic Linear Anisotropy Solving System (CLASS)
v.2.6.3 [263] (with the necessary modifications to the background module) to simulate
the cosmological evolution. Markov Chain Monte Carlo (MCMC) sampling of pa-
rameter probability distributions was done with MONTE PYTHON v.3.0.1 [264,361],

and the plots presented in the next section were constructed with the MCMC anal-
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ysis package GETDIST v.1.0.3 [314]. The priors required for the MCMC part of the
analysis are listed in Table 5.5. Any parameters not included in the baseline set were
allowed to take their CLASS default values, the only exception being the reionization
optical depth, which was set to 0.0544 [20]. Moreover, In (10!°A,) was varied subject
to a likelihood constructed from the Planck 2018 TT,TE,EE+lowE-+lensing mean
value and 1o confidence interval {As = (2.10 £0.03) x 1079 [20]}. This is necessary
because otherwise, the LSS likelihood attempts to make model predictions compatible

with LSS data by ‘picking’ values of Ag well outside the established range.

5.5 Results

5.5.1 The Hu-Sawicki model

As shown in Figs. 5.2 and 5.3, as well as in the triangle plots provided in Appendix B,
the 2D posteriors for b are not Gaussian. Therefore, the mean and standard deviation
tell us very little, and for this reason Table 5.6 includes the 68" and 95" percentiles i.e.
the values of b below which 68% or 95% of sampled points (approximately equivalent
to 68% or 95% of the one-dimensional posterior) may be found. Here it is important
to note that not all sampled points are distinct: whenever a proposal is rejected by
the algorithm, the previous sample (in other words, the last point to be incorporated
into the chain) is repeated. A concise review of Markov Chain Monte-Carlo sampling

is provided in Appendix D.

Nonflat
1.5 | Flat

o
S L0f
—

1 d T 1 9
67 68 69 70 0.28 0.30 0.32
Ho/kms™tMpc~t Q2

FIGURE 5.2: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) QY . (right) 096, in the context of the Hu-Sawicki model. The label ‘Flat’ denotes
constraints obtained with )} fixed at zero, while ‘Nonflat’ means that Qg was treated as a free

parameter. Dark and light shades represent 1o and 20 confidence intervals, respectively.
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TABLE 5.6: Mean values and 1o confidence limits for the Hu-Sawicki model.
Parameter Flat Nonflat Nonflat
kt =0.1hMpc™'  k=0.1hMpc™' & =0.05hMpc!

Hy 68.5280 4727 68.68201 0459 68.68801)-8491
103000 2 2247901441 224310101722 224310101731
00, K2 0.1188+9-0010 0.1194+3-9013 0.1194+9:0015
103009 — 0.86121 19816 0.87981 19752
10%b 0.2739F9-1789 0.3819F9-9458 1.86951 13232
104 (68%) <0.2721 < 0.3316 < 1.3738
1046 (95%) < 0.9357 < 1.2139 < 5.3355
N 0.97051 39041 0.968970-3051 0.96891 00051
In (10104,) 3.0442100148 3.0442100148 3.044279:91%0
Q9 2 0.698910-9062 0.698210-300% 0.69827 9063

e BT B

4 F k+=0.1h/Mpc

A . . 7. .

‘ T B P : :
66 67 68 69 70 71 0.28 0.30 0.32 —0.005 0.000 0.005
Hy/kms~tMpc~? Qo QP

FIGURE 5.3: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) QY (right) OO, in the context of the Hu-Sawicki model. The contours are labelled
according to the comoving wave number at which the growth rate f was calculated.

From the information presented in Table 5.6, we conclude that the constraints placed
on b when k; = 0.05 hMpc ™! are considerably weaker than those corresponding to
ki = 0.1hMpc .

curvature, the role it plays is hardly significant: the 2D posteriors for b vs Qg are

This feature also emerges clearly in Fig. 5.2. As for spatial

compatible with a flat geometry within a 1o confidence interval (as are the results
of Table 5.6 for Q%), and Fig. 5.2 demonstrates that apart from slightly loosening
constraints, the presence of curvature has minimal effect on b. We shall note much

the same behaviour for the Starobinsky, Exponential and Tsujikawa models.
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5.5.2 The Starobinsky model

As is immediately apparent from Fig. 5.5, constraints on b are again appreciably
tighter for the larger wave number. It would be interesting to extend the analysis
and investigate whether this is a general trend; in other words, whether smaller scales

allow for less deviation from ACDM.

Here, too, spatial curvature has little impact on the mean values and percentiles we

get for b.

TABLE 5.7: Mean values and 1o confidence limits for the Starobinsky model.

FIGURE 5.4: Marginalised posterior probability distributions for the deviation parameter b vs (left)

Parameter Flat Nonflat Nonflat
ki =0.1hMpc™' k= 0.1hMpc™! Ky =0.05hMpc !
Hy 68.43007 4508 68.60801 38370 68.5910* 6212
0.1461 0.1723 0.1703
10°Q) b 22.46207 0 1457 22425070 1711 22,4250 175
Q0 12 0.11907 50010 0.11957 9013 0.1195% 4001
2.0068 2.0605
103020 —— 0.7888 17 gvee 0.74481%-000%
b 0.007470-9236 0.008770:924¢ 0.013210:9923
b (68%) < 0.0067 < 0.0068 < 0.0137
b (95%) < 0.0178 < 0.0189 < 0.0382
N 0.96997 0994 0.9687 39951 0.968710-3020
In (10'°4,) 3.04427 09148 3.044210-912%0 30442100152
Q9 2 0.69767 39963 0.69751 09063 0.697410-3054
o ENonflat e}
"7 F Flat ] : ] ]
0.020 __ F* ):.. _
Q 0015 __
0.010 | SN
0.005 E ] 3 . VX
: P ,,,.'E, A ..:.'..|. ----xl..EE
67 68 69 70 0.29 0.30 0.31 0.32 0.68 0.69 0.70 0.71
Ho/kms™tMpc~? (o} o

Hy, (centre) QJ,, (right) QY in the context of the Starobinsky model.
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FIGURE 5.5: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) O, (right) Q) in the context of the Starobinsky model. The contours are labelled
according to the comoving wave number at which the growth rate f was calculated.

5.5.3 The Exponential model

Results are presented in Table 5.8, in Figs. 5.6 and 5.7, and in Appendix B. As was
the case for the Hu-Sawicki and Starobinsky models, the constraints obtained for the
cosmological parameters®” with ki = 0.1 hMpc~! and ki = 0.05h Mpc~! are very
similar; this conclusion is especially reinforced by the triangle plot in Appendix B.
The same plot shows that there is a high degree of anti-correlation between the age of
the Universe and Q%. Accordingly, a universe with positive curvature (negative Q%)
would be older than one having x < 0. This feature is common to all f(R) models
we study. Contrary to what was noted for the previous two models, however, we find

that a change in wave number does not have significant consequences for b.

The 2D marginalised posteriors for the flat and non-flat scenarios (included in

Appendix B) demonstrate that fixing Q% at zero tends to tighten contours, especially

e T e T o
E Nonflat 3 ]
04 & Flat E3 T 3
0.3 | T T 7
Q E 3 ] ]
0.2 T T ]
0.1 T T 7
Exo o1 AP P SR A A R N ey
67 68 69 70 0.28 0.30 0.32 0.68 0.69 0.70 0.71
Ho/kms~tMpc~t Qo o

FIGURE 5.6: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) Q3,, (right) QY in the context of the Exponential model.

87h is classified as a model parameter, not a cosmological one.
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TABLE 5.8: Mean values and 1o confidence limits for the Exponential model.
Parameter Flat Nonflat Nonflat
kt =0.1hMpc™h  kt =0.1hMpc™' k4 =0.05hMpc™!

Hy 68.39907 -48% 68.55101 08398 68.56501 8229
103000 b2 22.4560 91457 22421094798 22.422010411
00, K2 0.1191:591 0.119573:9016 0.119510901%
103009 — 0.7000+2929 0.72161 19878
b 0.1601 = 0.1029 0.1641 40.1135 0.1769 4 0.1124
N 0.96977 0904 0.9686 09921 09686103023
In (10°4,) 3.04431 00147 3.044170:9149 3.04420011
o) 0.697210-0063 0.697170:9963 06971700063

those that involve the age of the Universe. Such behaviour is in line with our previous

observation that spatial curvature and cosmic age are strongly (anti-) correlated.

Another curious feature that emerges in Figs. 5.6 and 5.7 is the bi-modality of the 2D

posteriors for b. In this regard, some important points to consider are the following:

Bi-modality also appears in the plots presented in Fig. 4 of Ref. [348], especially
the ones obtained with the combination of JLA, BAO, CC (cosmic clocks), and
Hy data sets. Let us focus on what the two studies have in common: the JLA,
BAO and CC likelihoods (there are some differences — to begin with, we use the
Pantheon rather than the JLA likelihood, and the BAO and CC data does not

exactly match ours, either).

Removing these likelihoods one at a time from the set specified in Eq. (5.62), and
running a few chains, quickly allows us to deduce that the observed bi-modality
cannot be attributed to the JLA, BAO or CC likelihoods. Whether or not it is
an intrinsic property of the model is hard to tell, however, since it is not easy
to test if any features of the posteriors are due to the LSS or CMB likelihoods.
In the absence of the former, constraints on b become extremely weak, whereas

removing the latter makes it very difficult to get good convergence.
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FIGURE 5.7: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) QO (right) O, in the context of the Exponential model. The contours are labelled
according to the comoving wave number at which the growth rate f was calculated.

5.5.4 The Tsujikawa model

In this case, the 2D marginalised posteriors for b (Figs. 5.8 and 5.9) also turn out to
be bimodal. We again note (from Table 5.9 and the triangle plots in Appendix B)
that changing k; from 0.1 A Mpc ! t0 0.05 A Mpc ™! has very little effect on the results,
and that parameter constraints are, on the whole, more stringent when the Universe

is assumed to be flat.

TABLE 5.9: Mean values and 1o confidence limits for the Tsujikawa model.

Parameter Flat Nonflat Nonflat

ki = 0.1hMpc ™! ki = 0.1hMpc™! ki = 0.05 A Mpc ™!
Hy 68.39701 4511 68.562071 0480 68.55401 08352
103000 2 22.45507 01148 22.42201 017113 22.42101 31700
0, K2 0.119175-5019 0.119575:5012 0.119670:0012
103009 — 0.71801 5823 0.712011-583%
b 0.3028 + 0.1858 0.2999 + 0.1843 0.3312 + 0.2031
N 0.969770:394 0968610022 0.96861 39051
In (10°4,) 3.0443700148 3.044210-0149 3.044217 09149

0.0063
0.697270 0061

0.0063
0.697170 0061

0.0063
0.6970 0006
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FIGURE 5.8: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) Q3,, (right) QY in the context of the Tsujikawa model.
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FIGURE 5.9: Marginalised posterior probability distributions for the deviation parameter b vs (left)
Hy, (centre) QO (right) OO, in the context of the Tsujikawa model. The contours are labelled
according to the comoving wave number at which the growth rate f was calculated.

5.6 In Brief...

This chapter analyses the role of spatial curvature in the framework of f(R) gravity:
more specifically, in the context of the Hu-Sawicki, Starobinsky, Exponential and
Tsujikawa models. The deviation from ACDM is quantified by a parameter b, which
was found to exclude the ACDM limit (b = 0) at 1o in the Exponential and Tsujikawa

models.

We have seen that treating Q% as a free parameter has little impact on the results
in comparison to fixing it at zero. Moreover, the constraints obtained for Q) are all
compatible with a flat geometry within a 1o confidence interval. This appears to be
independent of the value we choose for the comoving wave number k. In general, the
constraints placed on cosmological parameters when ky = 0.1h Mpc ! are essentially

the same as those resulting from k; = 0.05 hMpc ™!, but may change significantly in
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the case of the model parameter b. The latter effect was mainly noted for the Hu-
Sawicki and Starobinsky models, which yielded considerably tighter constraints for b
when ki was set to 0.1 hMpc ™t



Conclusion

A successful cosmological model must incorporate the observed accelerated expansion
of the Universe. This can mainly be done in two ways: by adding dark energy (i.e.
a component with negative pressure) to the cosmic fluid, or by modifying gravity i.e.
altering the General Relativistic description of the geometry of space-time. The most
popular cosmological model is undoubtedly ACDM, in which the negative pressure
is provided by a cosmological constant A that is identified with the energy of the
vacuum itself. Unlike matter and radiation, this energy does not get diluted as the
Universe expands. It eventually comes to dominate and causes the cosmic expansion
to accelerate. ACDM has proven to be successful on many fronts, but its various
shortcomings have prompted the scientific community to propose other models of
dark energy. Chapter 1 provides an overview of the most well-known among these.
The greater majority are characterised by some form of dark energy whose density
varies with time (contrary to what happens in ACDM), and are hence called dynamical
dark energy models. Theories which modify the gravitational sector directly are also
included in this category, because they usually give rise to the same effects as a

dynamical dark energy component.

Chapter 1 additionally introduces the issue of spatial curvature. The Universe is
often assumed to be spatially flat, as evidenced by a great number of works in the
literature. Many times, this is based on the fact that a flat geometry appears to be
consistent with observations. For the most part, however, the studies which present
evidence for such consistency do so in a ACDM context [19,20,106,107]. It appears
that the compatibility of observational data with non-zero spatial curvature depends
on the model considered and even on the selected data sets. Indeed, some dynamical
dark energy models seem to accommodate a non-flat geometry more readily than
ACDM [112-114]. The crux of the matter is that spatial curvature is correlated with a
good number of cosmological or model-dependent parameters, so a wrong assumption
about it can greatly distort our conclusions regarding the nature and evolution of dark
energy [115,117]. Tt is therefore of utmost importance that the possibility of a curved
geometry is not treated lightly. This brings us to the aim of the work presented here:

the investigation of whether different dynamical dark energy models also support the

175
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hypothesis of spatial flatness, or whether they fit the data best in the presence of
curvature. In all cases, the space-time manifold is equipped with the Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric. Chapter 1 outlines the main features of
an FLRW cosmology.

In Chapter 2, dark energy is modelled as a scalar field that can either be minimally
or non-minimally coupled to the Ricci scalar. Several analytical late-time solutions
to the Friedmann equations are constructed — three are valid in the absence of spatial
curvature, two hold in a closed universe, and another two in an open one. These
solutions all give rise to an accelerated expansion and satisfy the weak energy condi-
tion. However, a good proportion of them have some unpalatable characteristic, such
as the failure to account for a matter distribution, or the prediction of a cosmic age
that is not in line with current constraints. The most promising is a model in which
the scale factor increases exponentially with time, the matter content is dust-like, the
minimally-coupled scalar field ¢ is given by C(Dy — Dae™B1)3/2 (€', Dy and Dj being
constants), and the spatial curvature is positive. The energy density of the scalar
field gradually loses its dynamic nature, indicating that ¢ begins to behave like a

cosmological constant as time goes by.

The work presented in Chapter 2 illustrates an important point: it is often necessary
to combine analytical methods with numerical techniques when trying to solve the
field equations for a particular model. The introduction of spatial curvature tends to
increase the complexity of the equations. This makes it very difficult to find exact

analytical solutions that can be reconciled with cosmological observations.

Chapter 3 attempts to answer the question: if three models are identical in all aspects
except for curvature at some fixed point in time, how would they evolve? The role
of curvature is thus investigated in the context of five models from the literature
[176,199]. The first model is constructed by using the Van der Waals (VAW) equation
of state (EoS) to describe the cosmic fluid. This way, it is confirmed that a dark
energy component is needed to correctly reproduce the current period of acceleration,
and so in the remaining four models, dark energy is introduced as Quintessence, a
Chaplygin gas or a dynamical A. Meanwhile, the matter distribution takes the form
of a VAW fluid in the first four models but is dust-like in the last one. What is
especially interesting about the fifth model is the fact that, since there is no VAW
fluid which can give rise to inflation, the time-dependent vacuum must be the factor

responsible for the accelerated expansion during both early and late times [199].

The effects due to curvature turn out to be quite significant. It is found that the
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transition to the epoch of decelerated expansion would be delayed for the closed
universe (with respect to the flat one); so would the start of the current dark energy-
dominated era. Moreover, positive curvature appears to enhance both the inflationary
acceleration and also the subsequent deceleration. On the other hand, the opposite is
noted for an open universe. The commonality of these features among all five models®®
suggests that they are independent of the form that matter and dark energy take.
Furthermore, small variations in the initial conditions or in any of the parameters only
alter the magnitude of the effects due to curvature. Another interesting characteristic
is the fact that the evolution appears to be much less dependent on spatial curvature

at late times.

The work presented in Chapter 3 may be extended in a number of ways. In Ref. [362],
the authors show that it actually is possible to attribute the current acceleration to a
VAW fluid. It does not appear likely, however, that the EoS parameter values which
reproduce the inflationary and matter-dominated epochs might, at the same time,
also account for late-time acceleration. Hence, one could generalise the constant-
value parameters in the VAW EoS to functions of time, and attempt to do this in
such a way that the resulting EoS describes the whole cosmic evolution. Another
option would be to cast the first four models in a form that enables comparison
with ACDM. This promises to be quite challenging, because in their current state the
models are mainly phenomenological, in the sense that they are meant to highlight the
fact that a simple combination of fluids — a VAW matter distribution and a dark energy
component — can provide an explanation for the basic features of the complete cosmic
history. Choosing values for the EoS parameters solely on the basis of theoretical or
observational considerations is another thing altogether. Indeed, with reference to
log [pm (2 = 0)/p,], Capozziello et al. report that ‘there are no physical motivations

to select a plausible range’ of values [362].

Chapter 4 deals with three models from the literature that feature a dynamical A.
The first is the General Running Vacuum Model (GRVM) — whose characteristic
A(H) takes the form A+ BH? + CH [212] — and it is followed by two sub-cases:
the Running Vacuum Model (RVM), obtained by setting C' to zero [213], and the
model we call the General Running Vacuum Sub-case (GRVS), which has a null value
for B instead [219]. It is assumed that the vacuum only exchanges energy with cold
dark matter as it decays. The parameters B and/or C' are constrained by employing

Markov Chain Monte Carlo techniques, initially using data for observables associated

880r the last four, in the case of late-time acceleration.
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with Type Ia supernovae, cosmic chronometers, the cosmic microwave background,
and baryon acoustic oscillations. Each model is first investigated in the context of
a flat space-time. Then Q% is allowed to vary and any significant differences are
analysed. The effects of introducing a measurement of the Hubble constant as a fifth
likelihood are also considered. This is done for two different values of Hy: HE =
73.48 £ 1.66 kms~! Mpc~! [26] and H = 70.6 +3.3 kms~! Mpc~! [308]. Finally,
observations related to the growth of large-scale structure (LSS) are included in the
collection of data sets, and the whole procedure is repeated. The amplitude of the
primordial scalar power spectrum is either assigned a fixed value or treated as a

freely-varying parameter.

In the case of the GRVM, the data employed is insufficient to break parameter de-
generacies when the assumption of flatness is relaxed. The constraints obtained in
the flat scenario are, however, informative: it is found that the addition of the LSS
likelihood makes the 2D posteriors for B versus Hy or QY close around the ACDM
limit (and likewise for C'). It also changes the mean values of B and C' from positive
to negative — although only if H, 5{ is absent from the combination of data sets, because
the correlation between B (or C') and the Hubble constant causes the HE likelihood
to shift the posteriors in the direction of increasing B (or C'). It is furthermore noted
that the inclusion of growth data lowers the averages for Hy, enhancing compatibility
with the range of values established by Planck [20].

Next, we turn our attention to the RVM. This time, the use of LSS data excludes the
ACDM limit at a little over 1o (in both the flat and non-flat cases, with one exception
in the latter). When spatial flatness is not imposed, the mean values of B change
from negative to positive, and again it is found that growth data lends support to
values of Hy which resonate with the Planck result. Of particular relevance is the fact
that all the constraints on Qg become consistent with a flat geometry (within a lo

confidence interval) once LSS observations are taken into account.

The GRVS parallels the RVM in many ways. Here, too, growth data is responsible
for a dynamical A being preferred to a cosmological constant at a little over 1o, and
once more this turns out to hold (for the most part) whether or not the Universe is
assumed to be flat. The LSS likelihood establishes a definite (negative) sign for C' and
increases compatibility between the average values of Hy and the Planck constraints.
Its effect on the 1D posterior distributions for Qg is similar to what was noted for
the RVM. In all cases, the addition of LSS observations puts Q% = 0 at less than
lo from the resulting mean, but in its absence both the RVM and GRVS show some
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preference for an open universe, and indeed the level of support provided by the RVM

for a positive )Y is over 20 when H{ is included with the data.

To sum up, Chapter 4 indicates that a mildly-evolving A (modelled as in the RVM
or GRVS) is only marginally favoured over the cosmological constant. Moreover, this
comes at the cost of an extra parameter which — while not given much weight by the
Akaike Information Criterion — has a negative impact on the BIC score (where BIC
stands for ‘Bayesian Information Criterion’). Another point of interest is the fact that
merging the RVM and GRVS expressions for A into a two-parameter combination (the
GRVM) appears to weaken the support for dynamical vacuum energy. Additionally, it
seems that the addition of LSS data reduces the ability of the models to accommodate

a non-zero Q%.

Chapter 4 opens up the possibility for further research in several ways. The study
makes use of perturbation equations as approximated in the sub-Hubble, quasi-static
regime. To begin with, therefore, one could compute the full set of linear perturba-
tions, as this would increase the reliability of parameter constraints obtained with
the LSS likelihood. A second advantage would be a much wider choice of data sets.
There is also room for improvement with respect to the behaviour of the models deep
in the radiation epoch. The exchange of energy between dark matter and the running
vacuum means that at very early times, the high energy density of the dynamical-A
component causes dark matter to have a negative energy density, which is not phys-
ically viable. In Ref. [218], the authors suggest that such problems could be avoided
by allowing dark energy to interact with radiation as well, so this is something that
could be looked into. One should however tread with caution here: if radiation is no
longer conserved separately, the distance-duality relation would deviate from the form
established by the standard model, as would the dependence of the CMB temperature
on redshift. These modifications are constrained very tightly by numerous works in
the literature [315-322].

In Chapter 5, we consider the f(R) theory of gravitation and focus especially on four
models: the Hu-Sawicki, Starobinsky, Exponential and Tsujikawa models. All of these
become indistinguishable from ACDM at high redshifts, and are characterised by a
deviation parameter b that quantifies the departure from ACDM. First, we generalise
the differential equation for the contrast function and include spatial curvature. Then,
using a collection of data sets very similar to the ones described above, an MCMC
analysis is carried out. It turns out that the constraints placed on b are largely

independent of curvature. Furthermore, the 2D posterior distributions for b vs 02
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appear to be compatible with a flat geometry (within a 1o confidence interval) in
all cases. However, we must not forget that it is the LSS likelihood which puts the
strongest bounds on b... and in the study presented here, we limit the perturbation
analysis to the sub-Hubble, quasi-static regime. It remains to be seen if using the
full set of perturbations would reinforce our results. Non-linear growth could also be

taken into account.

In conclusion, it appears that whether spatial curvature is ruled out or not is deter-
mined by a combination of factors. The properties of the particular model definitely
play an important part, and for this reason, some authors have proposed ways in which
to obtain model-independent constraints. Additionally, we might ask what happens
if the FLRW metric is replaced [363].

The influence that the choice of data set has on curvature constraints emerges clearly
in Chapter 4. We note that LSS data tends to favour a flat geometry (at least in
the context of the dynamical-A models we consider), while in its absence, the Hg‘
likelihood provides support for a spatially curved universe (this might partly explain
why the results obtained for f(R) gravity are so consistent with spatial flatness — the
combined data set we use includes LSS data). We need to ask why it is that certain
cosmological observables tend to rule out spatial curvature. For instance, in Fig. 29 of
Ref. [20], the addition of BAO data causes the 2D posterior for QY vs Q% to close up
around Q% = 0. Could the dependence of BAO measurements on a fiducial cosmology

be causing this?

One thing is certain. The possibility of a non-flat geometry should not be treated
lightly. After all, Chapter 3 demonstrates that the presence of curvature could affect

the whole expansion history in more ways than one.
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APPENDIX A

Perturbations in General Relativity

The background cosmology is assumed to be homogeneous and isotropic, but
galaxy clusters and super-clusters are evidence to the fact that these assumptions
break down on smaller scales. The formation of cosmic structure is attributed to the
presence of over-densities in the early Universe. Although initially small, the said
over-densities (thought to have been seeded by quantum fluctuations during infla-
tion [364]) would have drawn in more matter by gravitational attraction, and this
would in turn have strengthened the gravitational pull of the region. Provided grav-
ity could outbalance the repulsive pressure arising from the random thermal motion
of particles, matter accretion would have been sustained, ultimately leading to the
formation of stars, galaxies, galaxy clusters and filaments. In short, cosmic growth

can be attributed to gravitational instability [296].

Nowadays the literature contains a wealth of data relating to large-scale structure.®?

If we are to use it to test our models, however, it is imperative to move beyond
the background analysis and incorporate matter perturbations into our equations.
Furthermore, Einstein’s equations tell us that there is an intrinsic connection between
the matter content of the Universe and its geometry; as John A. Wheeler aptly puts
it, ‘space-time tells matter how to move; matter tells space-time how to curve’ [366].
The feedback mechanism between the two means that perturbations in the matter
sector must be accompanied by fluctuations in the metric tensor, since this provides

the basis for any geometrical construct.

We shall be using quasi-Cartesian coordinates when dealing with perturbations. In
this coordinate system, the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric
takes the form:

ds? = —dt* + a®(t)y;;da’da’ | (A1)

8 Large-scale structure usually refers to inhomogeneities on scales larger than that of a galaxy [365].
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V(2,2 2] 72 -
where ;5 = d;5 {1 + K (:p +y°+z )} and d;; is the Kronecker delta [367]. The
cosmic time ¢ shall henceforth be replaced with its conformal analogue 7 (the two

quantities are related via the scale factor: dr = dt/a).

The analysis of cosmological perturbations requires a gauge to be selected. Given
a physical, perturbed space-time &, one may think of the background cosmology as
a separate, fictitious space-time S whose coordinate system ## is extended to S by
way of a one-to-one correspondence between points in S and S. There are usually
a number of candidate points in S to which a given point P in S may be mapped,
and so a specific correspondence is said to define a choice of gauge. Changing the
correspondence (without altering the background coordinates) is equivalent to making

a gauge transformation [368].

We shall be working exclusively in the conformal Newtonian gauge. This is sometimes
also referred to as the longitudinal gauge, and is particularly simple due to the fact
that it renders the metric diagonal [367,369]:

ds? = a%(7) [—(1 +2@)d7? + ;5 (1 — 2‘P)dxidxq : (A.2)

although the simplicity comes at a price: the metric is only valid to study the scalar
modes of perturbations [369]. Nonetheless, a generalised version that also incorporates

vector and tensor modes is not difficult to obtain [370].

Eq. (A.2) introduces the scalar potentials ®(7,Z) and ¥ (7, Z). These constitute the
metric perturbations in the conformal Newtonian gauge and are assumed to satisfy
the condition |®|, |¥| < 1. Moreover, up to a factor of £1, they are of the same
form as Bardeen’s gauge-invariant variables [368] (provided the latter are expressed
in the longitudinal gauge). Another advantage is the fact that @ plays the role of
gravitational potential in the Newtonian limit [369], and so has a straightforward
physical interpretation. Finally, the absence of residual gauge modes in the conformal

Newtonian gauge [367] means that the meaning of physical modes cannot be obscured
[369].

Metric perturbations appear on the left-hand side of the perturbed Einstein field
equation:
IGE = 8rnG oT} . (A.3)

Meanwhile, the right-hand side constitutes the perturbed part 07% of the energy-
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momentum tensor, and may be expanded as follows [368]:

5T(g) = —0pm ; 5T7;O = (Pm +pm)vi ; 5T(§ = _(Pm +pm)vi ; 5T; = 0pm 5} .

(A.4)
Here, py, and py, are the background values of the matter energy density and pressure,
respectively, and §pm, dpm the associated perturbations. The 3-vector v’ represents
the perturbation in the spatial velocity.? Its covariant counterpart, v;, may be ob-
tained by using the spatial metric ;; from Eq. (A.1) (v; = 7;;07). We keep to the
perfect-fluid form and hence do not consider anisotropic stresses (which explains why
5T; = 0 for i # j) [367]. Moreover, perturbations are included into the equations at

linear order only, and are assumed to have adiabatic initial conditions.

The groundwork has now been laid to express the perturbed Einstein equations in
physical space. The time-time component of Eq. (A.3) reads [367,372]:

- ¥
2{—T(v?+&0+3H[iT+¢ﬂ4}+8m&ﬂ%@n:0, (A.5)

where the conformal Hubble parameter H is equivalent to the ratio a’(7)/a, while
the matter density contrast &y, is defined as dpy/pm. Finally, V, is the covariant

derivative constructed from the spatial metric ~;; [refer to Eq. (A.1)], and V2=V,;Vi.

The 0-i, i-i and i-j (i # j) components of Eq. (A.3) respectively take the form
1367,372]:

d¥Y
HO + e 47Ga® (pm + pm) v ; (A.6)
dH 5 d®  d*¥ Ay 1oy =i
2o 112+ H S b onS kF S V2V, | (- Y
TOHHOH G+ 2H kY O |V VOV | ( )
= 47Ga*Spy  (no summation over ig) ; (A.7)
Y-0=0. (A.8)

A few comments about the decomposition of the vector field v* are in order before we
proceed. The first thing to recall is that any vector may be expressed as the sum of
two components, one corresponding to the gradient of a scalar field (and hence termed
the scalar part) and the other with zero divergence (the vector part) [367,371,373]. In

other words, a vector w’ may be written in the form wé + w(,, where the subscripts S

90The isotropic nature of the FLRW geometry implies that the cosmic fluid is at rest in the
background universe, so that its unperturbed 4-velocity u# is a=1(1,0) [371].
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and V stand for ‘scalar’ and ‘vector’ and wj = —Viw [371]. Since we are dealing with
first-order perturbation theory, the scalar and vector parts evolve independently of
each other, and so we can focus exclusively on the scalar perturbations — these being
the ones that lead to the formation of structure [367]. The component wi, may thus
be safely excluded from our equations. The parameter v that appears in Eq. (A.6),

meanwhile, is the velocity potential associated with v* (v = —6%).

The next thing to consider is how to model perturbations as wave functions in mo-
mentum space. If the spatial hypersurfaces are flat, the perturbation ¢ f in a given

quantity f may be expressed as an integral over Fourier modes:!
Sf(r,7) = /5fkT(T)eiET'f B3k | (A.9)

Each of these modes has a characteristic comoving wave vector ET [374], and is an
cigenfunction of the Laplace-Beltrami operator V2 with eigenvalue —k% (ky = |ET|)
[375]:

(V24 k) eFrd =0, (A.10)
The form that the eigenfunctions take in the presence of spatial curvature will be
dealt with later. At the moment, we shall simply replace ekt
function Q(Eh z):

with a generalised

(V24 8) Q(ht, 7) =0 . (A.11)
Expanding the above equation in a quasi-Cartesian coordinate system yields:
1 2K -
{16(4 + Kk X)? [—4 X (20p + yOy + 20.) + 02+ 0. + 83] + k:%} Q(ky,¥) =0,
(A.12)

where X = 22 +y? + 22 = |72

Eq. (A.9) indicates that a perturbation in physical space translates into a sum over
ki-modes in momentum space (the sum becomes an integral if the spectrum of modes
is continuous). Since our perturbation equations are linear, however, it follows that
if 0f(7,7) satisfies a particular equation, then all of the individual eigenfunctions
summed over in Eq. (A.9) also satisfy the equation in question, albeit for different

values of ky. We may thus write our perturbations in terms of a generic mode @

917 pre-factors are redundant in this context. Note also that & is the spatial vector (z,y, 2).
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(368, 375]:
@(T,f) = q)/cT (T)Q(Eva) 3 ‘P(Taf) = ‘PkT(T)Q(Eva) ;
Spu (T, &) = Spul () QR4 7) ; Spu (7, &) = opui (T)Q(E+, T) ;
(7, &) = v, (1)Q' (Bt £) 5 Q' (y, &) = —k; 'V'Q(ky, E) . (A.13)

Quantities on the left-hand side denote perturbations in physical space, while the

right-hand side is reserved for their momentum-space counterparts.

In view of the above, we can conclude that the conversion to momentum space requires

us to make the following modifications:
« Expressing perturbations as in Eq. (A.13);

« Replacing V2 with —k%. Let us take as example the quantity 62613(7, 7). In mo-
mentum  space, this becomes V2 [@kT(T)Q(%T,f)], which is equal to
@y, (7)V2Q(kt, #) and hence — via Eq. (A.11) — to @y, (7)[-kFQ(ky,7)]. We
can thus infer that V2® (7, &) = —k$¢kT(7)Q(ET,f).

 Rewriting the velocity potential®? v as k:; Ly, This follows from the last line of
Eq. (A.13): vi(7, %) = —va(T)k;lﬁiQ(kT,f) = —ﬁi[kflva(T)Q(kT,f)]. In

physical space, v (r, Z) = —Viv(r, 7).

« Putting Vio ﬁioq) (where there is no summation over ig) equal to —k%CD /3, the
reason being that the relation V2P = —kJ?CI) can be expressed in quasi-Cartesian
coordinates as (V*V, + V¥V, + V*V,)® = —kJ%CI), and so we may invoke the
isotropy of the Universe to deduce that ﬁioﬁiqu = —k%CD /3. In other words,
ﬁ‘rvr@, ﬁyﬁyfb and ﬁzﬁch all contribute the same amount to —k:J?CI).

Eq. (A.8) allows us to simplify our work significantly. It should be noted, however,
that the absence of shear stresses does not necessarily imply the equivalence of ® and

Y in alternative theories of gravity.

92The introduction of k; ' and of a minus sign when writing Q* as —k:T_ 16162 is mainly a convention.
Variations exist in the literature, and consequently one must compare equations from different sources
with caution.
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The momentum-space equivalents of Eqs. (A.5)-(A.7) read:

2{@ (k} - 3k) + 3H [@'(7) + OH|} + 87Ga® pudm = 0 ; (A.14)
K+ {’HCD + @’(7)} = 47Ga® (pm + Pm) ¥ ; (A.15)
2H (7)® + H2*® + & (1) + 3HD' (1) — k® = 4nGa*Opy, . (A.16)

Here, a prime indicates differentiation with respect to the argument, £y is the comoving
wave number and the function Q(ET, ©) has been factored out of the equations, while
® takes the place of ¥. Additionally, despite the fact that &y is not included explicitly

as a sub/super script, one should keep in mind that ®, d,, and v correspond to Py, ) (1),

o (7) and vy, (1), respectively.

Let us now take a look at the perturbed version of energy-momentum conservation.
The condition V,T# = 0 still holds, but in this case T} = TF + 6T} (the tilde
denotes the unperturbed part) and the covariant derivative V,, — not to be confused
with the spatial covariant derivative, ﬁ, — must be constructed from the perturbed
metric tensor of Eq. (A.2) [291]. The relation V,T} may consequently be expanded
as follows:

VTl + V6T 4 0Tk T — 0Ty T =0, (A.17)

oputv
where:
e V,, is the covariant derivative based on the metric of Eq. (A.1);

« TH is the unperturbed energy momentum tensor. We shall assume that it de-

scribes a perfect fluid (with energy density py,, pressure py, and 4-velocity ut):
T# = (pm +pm) utuy + pmd}, (A.18)

o O0T! is its perturbed counterpart and has been specified in Eq. (A.4);
o OI' represents the perturbed Christoffel symbols and is given by:

1 1
(51—‘50 = 5.9#& (aogay + Ovfac — aagvo) + 5@“0‘ (aa(sgau + 0v0Gac — aaégya) .

)
(A.19)
The quantities g,,, and dg,,, may be determined by writing the metric in Eq. (A.2)
as the sum of an unperturbed part (g,,) and a perturbed one (0g,w): gu =

v + 5gw/-

We note that the first term in Eq. (A.17) has no perturbed components. It is therefore
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conserved separately, giving rise to the familiar relation p), (1) = —3H(pm + pm). The

remaining terms yield the equations:

O (1) = (14 wm) [~k + 30'(7)] (A.20)

0.
'(7) = Ho(Buwm — 1) + by [ @ + —2m A.21
V(1) = Ho(Bwm — 1) + k4 +1+wm ; ( )
which correspond to the cases v = 0 and v = i, respectively. The above utilise the fact
that @ = ¥ and are based on the implicit assumption that dpy/dpm = Pm/pPm = Wm
[291]. If matter is modelled as a pressureless perfect fluid (called ‘dust’) [18], wm

equates to zero, and the two equations are easily combined to give:
o () + Hop (1) + kf® — 30" (1) — 3HP' (1) =0 . (A.22)

Egs. (A.5)—(A.7) and (A.22) may be simplified by applying the sub-Hubble and quasi-
static approximations. The former holds if we limit our analysis to modes that are well
within the horizon?® during the time of interest — in other words, those with ki > H.
There is considerable advantage in working on scales that are significantly sub-horizon.
In this regime, the dynamics of the metric potentials are effectively ‘frozen out’ [376],%4

and the quasi-static approximation comes into play as the condition that [380,381]:
Y'(r)| SHIY|, whereY =@, H or (7). (A.23)

This means that the (conformal) time derivative of In |Y'| is at most of order H. In
short, we can conclude that the evolution of Y may essentially be attributed to the
expansion of the Universe [382], and is thus negligible in comparison to its spatial
derivatives. Interestingly, the quasi-static regime is the relevant stage for weak lens-

ing/galaxy redshift surveys [383].

The sub-Hubble and quasi-static approximations reduce Eq. (A.22) to:
o () + Hop (1) + kfP =0 . (A.24)

The remaining terms are discarded on the basis that:

9In perturbation theory, the word ‘horizon’ generally refers to the Hubble distance (1/H) or its
comoving counterpart (1/H).

94 Explicit references to the ‘quasi-static approximation’ are usually found in the context of modified
gravity models. The information presented here is mainly an adaptation of the concept for General
Relativity [377-379].
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o [@(7)] S HIP(T)] ;
.« H|®'(7)| S HP| < k7@,
while similar considerations imply that Eq. (A.14) may be simplified to:
(ki — 3k) + 4G a® pnbm = 0 . (A.25)

In our analysis, we shall be focusing exclusively on values of k; lying in the range
0.0l AMpc™ ! < ki < 0.2hMpc~!. The reason for this is twofold: firstly, modes
with k4 S0.2h Mpc ! represent perturbations which may safely be considered linear
(in most models, at least) [296], and secondly, the mode that crosses the horizon at
present has ky = H = aH = 1 X 10° ¢t hl\/[p(f1 ~ 10_4hMpc*1, but we require
that k; > H for the sub-horizon approximation to hold and so fix the lower bound
at ky ~ 1072 h Mpe ™t [290,374).

The range of values for k;? is therefore:
107" h* Mpc ™ < kf <4 x 1072 h* Mpe ™2 . (A.26)

In contrast, the spatial curvature x (= —Q) Hg) is theoretically constrained to lie in

the interval —Hg <k < Hg , otherwise expressed as
—107"R*Mpc 2 <k < 107" h2Mpc~? (A.27)

although in reality the low and high ends are out of bounds for any physically viable
model. Indeed, we do not expect |Q9 to reach 0.1 in ACDM [20] — much less approach

unity.

Comparing (A.26) and (A.27) makes it amply clear that |x| < k:% In light of this,
Eq. (A.25) is reduced to just two terms:

kJ?CID + 471G pdm = 0 . (A.28)
The above relation can be used to substitute for ® in Eq. (A.24). The result reads:
o (1) + HE! (1) — 47 Ga® prbm = 0 (A.29)

and the absence of ki leads us to conclude that the evolution of 4y, is scale-

independent in the sub-horizon regime.
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Momentum-space modes in the presence of spatial curvature

We know that when x = 0, the eigenfunctions of the Laplace-Beltrami operator take
the form e**t'%. To find how these eigenfunctions change in the presence of spatial
curvature, let us start by noting that the exponential function can be expressed in

terms of the spherical Bessel functions jy(k4r) and the spherical harmonics® Yy, [375]:

—

T = A > iy (k) Yo (O, b1, ) Y (0, 6) - (A.30)
fm
The harmonics are in turn constructed from the associated Legendre functions Pj™:

(204 1)(£—m)!
4(€+m)!

1/2 ‘
Yim (0, 0) = [ 1 P (cos 0)e™? (A.31)

Eq. (A.30) allows us to deduce that the spatial component of each mode is Q(Z) =
Je(k47)Yyn (6, 0). Since only the radial dependence of the metric in Eq. (A.1) is
affected by a non-zero k, we expect changes solely in that part of the eigenfunctions

which is a function of r, and may hence generalise Q(Z) as indicated below [375]:
Q(7) = ©4(r)Yim (0, ) - (A.32)

The function @g depends directly on the geometry of the Universe [375]:
« When k =0, ©f = ji(kr).
e When k > 0,

1/2
M
¢ _ TMp —1/2-¢
Qp = (252 sine) Py 5(cose) (A.33)

where M4 = [T4_o (5% — n?) and ke =r(82-1) (6=345....,8>(). Pis

an associated Legendre function, while sine = 4ry/k/ (4 + rr?).

e When k < 0,

N¢ 1/2
A ~1/2-¢
©5 = (2@251[1}16) Py )54 p(coshe) | (A.34)

with Né = [15_o(B%+n?), k= —k(6*+1) (8> 0) and sinh e = 4ry/=r/ (4 +
Kr?).

9 A superscript * stands for complex conjugation, while § and ¢ give the direction of & [126]
(similarly, Ok, and ¢y, give the direction of k:).
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Now that we have determined what form the eigenfunctions take, we may proceed
with the transformation from physical to momentum space by using them as the new

modes. A given perturbation ¢ f may then be expressed in the following way:

=D D0 fuy (T)i'OG(r) Y (O Oy ) Yo (6, 9) (A.35)

kT Em

or, in the case of a continuous spectrum of modes:
) = [ dfi,(7) ORI By 00 Yen0.0) Ay (430

In the above, individual modes are labelled by [, ¢ and m [375] and 7 pre-factors
have been dropped. The linearity of our perturbation equations means that different
modes decouple, and so we may conclude that a perturbation §f(7,Z) in physical
space has momentum-space counterpart & fk;T(T)®g (r)Yem (0, ¢) [375], which we can
write concisely as f (T)Q(ET,f) (having restored ET as an explicit argument of the
generic function @)). The absence of the factors it and 3%(% ¢k’T) reflects the fact
that the Laplace-Beltrami operator only acts on functions of the spatial coordinates.

Any factors that are independent of these coordinates are therefore redundant.

Baryons: to include or not to include?

Thus far, the subscript ‘m’ (in pp,, dm etc.) has been used to indicate attributes of
the matter component. We are now in a position to ask what exactly this component
comprises. There is broad consensus in the scientific community that the greater
proportion is cold dark matter (cdm) [20,384,385], a form of non-baryonic matter
that interacts very weakly with electromagnetic radiation (hence why it is termed
‘dark’) and is furthermore non-relativistic or ‘cold’ [18]. Cdm is expected to make up
some 26% of the cosmic fluid. On the other hand, only about 5% of this fluid consists
of baryons [20]. If one is mainly interested in getting a simple approximation for the

growth of matter perturbations, therefore, baryons may be left out of the picture.

How does the presence of baryons affect matter perturbations? Before recombination,
baryons are tightly coupled to photons due to Thomson scattering. This induces
damped acoustic oscillations in the modes that enter the horizon [369], a consequence
of the competition between gravitational attraction on one hand and strong radiation

pressure on the other. After recombination, the now-decoupled baryons quickly fall
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into the potential wells of cdm, and as a result their density contrast function oy,
experiences rapid growth, ultimately catching up with its cdm counterpart (d¢qpm). In
fact, op and dqqy are almost identical at low redshifts [369]. The velocity potentials
vp and veqm are also very similar at late times. The difference between them scales

as 1 + z, and so one may write v ~ veqm for sufficiently small values of z [290].

Let us introduce the density-weighted contrast function and velocity potential [290]:

5 = PedmOcdm + PbOL . v = VedmPedm + Ub/b . (A37)

Pedm +pb Pedm T Pb
In the above, peqm and py, denote the energy densities of cdm and baryons, respectively.
The new definition of v makes it clear that having vy, ~ v¢qm in turn implies that
U~ Up ~ Uegm- Consequently, Eq. (A.21) — with wy, = 0 — holds both when matter is
assumed to consist of cdm only (so that v = veqp ), and also when baryons are included
and v is expressed as in Eq. (A.37) — provided we consider late times [290]. Similarly,
the validity of Eq. (A.14) does not depend on whether we account for baryons or not.
One recalls that any matter attributes appearing in this equation were introduced
there via 5Tg . In the cdm-only scenario, —5T6) = 0pPedm = PedmOcdm = PmOm, while
the addition of baryons changes pmdm t0 (pedm + £b) Om, With o defined as in Eq.
(A.37). It follows that pmdm = PedmOcdm + PbOb = 0pPcdm + 0pb, Which is indeed the

form that —&7}) takes in the presence of baryons and cdm.

Eq. (A.20) is not as straightforward to generalise. In the first place, let us note that

it holds for baryons and cdm separately:

(%dm(T) = _k’rvcdm ; (A.38)
(5{0(7) = _kTUb . (A.39)

Here, we have applied the sub-horizon and quasi-static approximations. The next
step consists of taking the 7-derivative of dy, [with dy as defined in Eq. (A.37)],
then substituting for pl . (7) and pf (7) using the conformal conservation equations
[P (T) + 3H pedm = 0; py,(7) + 3Hpr, = 0], and for o4, (7) and 0y, (7) by utilizing

Egs. (A.38) and (A.39), respectively. After replacing veqm and vy, with v, it becomes
evident that Eq. (A.20) remains valid when 6y, is given by Eq. (A.37) [290].

In short, at late times Eq. (A.29) holds whether the baryon component is included or

not. One simply has to define v, dy, and py, accordingly.
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The sub-Hubble and quasi-static approximations in f(R) gravity

Detailed explanations of the sub-Hubble and quasi-static approximations have been
given in this same appendix. Here, we briefly summarise the two:

e Sub-Hubble approximation: ki > H ;

« Quasi-static approximation: [Y'(7)] S H|Y|; Y =@, ¥, H, ®'(7), ¥'(7) or
H(T) .

The presence of ¥ reflects the fact that @ and ¥ are not equal in f(R) gravity.

The equation for R, the perturbation in the Ricci scalar

The full equation is:

R =

a22 {7 (D —2%) = 3 21/ (1)@ + 3HY'(7) + HP'(7) — 25¥ + ¥'(7) + 2HD| | |
(A.40)

but the quantity 2a_2k%(q) —2¥) dominates, since
- /(1)@ S HP| < kg ;

-« H[Y'(7)| S HY| < K{[Y]

H|Q'(7)| S H|P| < k[P ;

(¥ (7)] S HIY'(7)| S HA¥| < K{[Y 5

H?|D| < k2D .

Whether or not the term in x is negligible depends on how x compares with the values
k% is allowed to take. The term in question shall therefore be retained for now, which
means that Eq. (A.40) becomes

_ 20
OR =" k(@ — 2¥) + 6KY] . (A.41)
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The time-time component of the field equations

Let us first rewrite the equation in its entirety:

2fr {¥ (K} = 3k) +3H [¥'(7) + HP| } + frr [3H'(1)0R — K{oR — 3H IR/ (r)| -

BHOR fp(7) + 3f4(r) [2H® + ¥/(7)| + 87Ga pudun = 0 . (A.42)

Next, we consider that
o H[Y'(7)| S HY| < KT
o HYO| < kF|@| ~ KF[F] ;%0
o« [H'(7)6R| S H?IOR| < KF|0R] ;
o —3H[frrOR (7)) + 0Rfpp(7)] = —3H[OR frr)' (7). Using the i — j component
of the field equations, dR frr may be expressed as fr(¥ — ®), and hence we
get that —3H[fardR(7) + SR fpp(r)] = —3H{Fh(r)(¥ — @) + fo[¥() -

®’(7)]}. The second term on the right-hand side can be absorbed into the curly

brackets of Eq. (A.42). We immediately note, however, that it is negligible in

comparison to 2f R‘I’(k% — 3k), so we turn our attention to the first term instead.

This may be combined with the second-from-last term of Eq. (A.42):

—3HfR(T) (¥ — @) + 3fR(T)2H® + ¥/ (7)] =

3frrE (T)[-H(Y — @) + 2HD® + ¥'(7)] =

3frr{6a 2 [H" (1) — 2H3 — 2HK]}[3H® — HY +¥'(7)] =

18a 2 fRr[3HH" (T)® — HH" (7)Y + H' (7)Y () — 6H D + 21

— 2H3Y' (1) — 6H? KD + 2H?KY — 2HKY'(7)] . (A.43)
In the above, the function f5(7) that appears in the first line is subsequently

replaced by frrR/(7), and the expression for R'(7) follows from the conformal-
time counterpart of Eq. (5.26). The terms of (A.43) are analysed one by one:

s 3 HH"(T)®| < 3H x H|H (1)] x |®| = 3HAH (7)P| < 3H? x H2|D| =
3H|®| < 3k{|D|. Similarly, [HH"(7)¥| < k{[¥]. Terms in k{® and k'Y
are present in k?éR.

w [H(T)¥(7)| S [ (T)[HIY| = [HH"(7)¥] < kg [¥] ;

96 and ¥ are assumed to be of the same order.
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x HP| <« k?!@] :
< HE < kY
« HW(7)] S HYE| < K[ 5

* 6H%|k®| < 6kF|xP|. Similarly, 2H2|w¥| < 2kF|x¥|. The expression 1842 frr(—6H>*r® +
2H?kY) is thus sub-dominant to — fg Rk?éR [which forms part of Eq. (A.42)],

since kTQ(SR contains a term in k%/{‘f’.

« QM| (7)| S 2H|k| x H[F| = 2H?|x¥F| < 2k |Y] .

In conclusion, the sub-Hubble and quasi-static approximations reduce Eq. (A.42) to:

2frY (K — 3K) — frREKFOR + 871G prbm = 0 . (A.44)

The evolution equation for the density contrast function, .,

This time, our starting point is Eq. (5.56):
o (7) + HOp (7) + ki@ — 3¥" (1) = 3HY (1) =0 . (A.45)

Again we have that
o () SHIY(7)] S HF] < KF[E] 5
o« H[Y(T)| S HY| < K]

and so the evolution equation becomes

o () + M} (1) + kfP =0 (A.46)
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Marginalised Posteriors for f(R) models
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FIGURE B.1: Marginalised 2D and 1D posterior probability distributions for the Hu-Sawicki model.
The label ‘Flat’ denotes constraints obtained with Qg fixed at zero, while ‘Nonflat’ means that Qg
was treated as a free parameter. Dark and light shades represent 1o and 20 confidence intervals,
respectively.
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F1GURE B.2: Marginalised 2D and 1D posterior probability distributions for the Hu-Sawicki model.

The legend refers to the comoving wave number at which the growth rate f was calculated.
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F1cURE B.3: Marginalised 2D and 1D posterior probability distributions for the Starobinsky model.
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FIGURE B.4: Marginalised 2D and 1D posterior probability distributions for the Starobinsky model.
The legend refers to the comoving wave number at which the growth rate f was calculated.
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FIGURE B.6: Marginalised 2D and 1D posterior probability distributions for the Exponential model.
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FIGURE B.7: Marginalised 2D and 1D posterior probability distributions for the Tsujikawa model.
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APPENDIX C

Source Code

LisTiING C.1: Mathematica code for the principal STT equations.

1| (¥First Friedmann equation*)

Eql := \[Kappal/alt]"2 + Derivative[1][a]l[t]~2/alt]"2 - ((8*xPixG)
/(3%(1 - 8%PixG*\[Xi]*\[Phi][t]~2)))*(Derivative [1J[\[Phi]] [t
172/2 + V[t] + 6*\[Xi]l*(Derivative[1][al[t]/alt])*\[Phi] [t]*
Derivative [1]1 [\[Phil]l[t]1+\[Rhol0/alt]~(3x(1 + w)))

(¥Klein-Gordon equation in curved space-timex*)

5 |Eq2 := Derivative [2] [\[Phi]][t] + 3x(Derivative[1][al[t]/alt])*
Derivative [1] [\N[Phi]][t] + ((8*Pi*G*\[Xil*\[Phi][t])/(1 - 8*Pix*G
*\[Xi]*\[Phi]l[t]"2))*(-Derivative [1]J [\[Phi][t]~2 + 18*\[Xi]x*(
Derivative [1] [al[t]/alt])*\[Phi]l[t]l*Derivative [1] [\[Phi]] [t] + 4x
VIt] + (\[Rho]lO*(1 - 3xw))/alt]l~(3x(1 + w))+6*\[Xil*Derivative
[11[\N[PhilI[t]1"2 + 6x\[Xil*\[Phil[t]l#*Derivative [2] [\[Phi]][t]) +
D[V[t], t]/Derivative [1][\[Phi]][t]

(¥*Energy denstity of scalar field*)

\N[RhoJ\[Phi]l := (1/(1 - 8*Pi*G*\[Xil*\[Phil[t]172))=*((1/2)*Derivative
[110\N[PhiJ][t]1"2 + V[t] + 6*%\[Xil*(Derivative[1][all[t]l/alt])*\I[
Phi][t]*Derivative [1] [\[Phil][t])

10 | (*Pressure of scalar field*)

P\[Phil := (1/(1 - 8*Pix*G*\[Xil*\[Phil[t1~2))*((1/2 - 2%\[Xi])=*
Derivative [1] [\[Phil][t]~"2 - V[t] - 2*\[Xil*\[Phi][t]*Derivative
[2]1 [N[Phi]]I[t] - 4x\[Xil*(Derivative[1][al[t]l/alt])*\[Phil[t]=*
Derivative [1]1 [\[Phil]l[t])

(¥Potential of scalar field*)

VIt_]1 := (-(1/(8*%G*Pi)))*alt] (-3 - 3*xw)*(-4*G*Pi*\[Rho]O0 - 12%G*Pix*w
*\[Rho]lO0 + 24*G*Pi*\[Xi]=*a[t]~(2 + 3*w)*\[Phi]l[t]*Derivativel[l][a
J[tl*Derivative [1] [\[Phil][t] - 8*G*Pixa[t] (3 + 3*w)*Derivative
[1J[\N[Phil1[t]"2 + 24*G*Pi*\[Xil*a[t]~(3 + 3*w)*Derivative [1][\[
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Phill[t]~2 - 3*xal[t]~ (2 + 3xw)*Derivative[2][al[t] + 24x*G*Pix*\[Xi
Jxal[t]~(2 + 3*w)*\[Phi][t] 2*Derivative[2] [a]l[t] + 24*xGxPix\[Xi]=*
alt]~(3 + 3*xw)*\[Phi][t]*Derivative [2] [\[Phi]l][t])

LisTiNG C.2: Mathematica code for extracting coefficients from a polynomial equation.

Eq3 :=
(#¥Provide the relevant equation here, in ezpanded form. Exzponents
should not be factorised, and <f they contain multiple terms,

these should not be placed over a common denominator*)

\[Alphall := Position[Eq3, t~_]
\[Alphal2 := Position[Eq3, t]
\[Beta] := If[Length[\[Alphall] == Length[\[Alphal2],

DeleteDuplicates [Extract [Eq3, \[Alphali1]l], DeleteDuplicates[Join[
Extract [Eq3, \[Alphal1l, {t}11]

\[Betal

(#¥Returns a list of all powers of t that appear in Eq3%*)

list := Reap[Dol[

\[Gamma] := Collect[Eq3, \[Betal [[\[Iotalll]l;

\[Deltal Position[\[Gamma], \[Betal [[\[Iotalll]l;

\[Epsilon]l := Total[Flatten[DeleteCases[Reap[Do[Sow[Extract [\[
Gamma], {\[Deltal[[i,1]11}1]1, {i, 1, Length[\[Deltall}]], Null
111x(1/\[Betal [[\[Iotalll);

\[Epsilon]2 := Position[\[Epsilon]il, t];

\[Epsilon]3 := Total[Flatten[DeleteCases[Reap[Do[Sow[Extract [\[
Epsilon]l, {\[Epsilon]2[[i,1]11}1], {i, 1, Length[\[Epsilon
121311, Nulllll; Sow[Simplify[\[Epsilon]l - \[Epsilonl]3]],

{\[Iotal, 1, Length[\[Betall}]]
(¥Extracts the coefficient of each element of \[Betal] from Eq3%*)

\[Nu] := Flatten[DeleteCases[list, Null]]

\[Digamma] := Position[Eq3, t];

\[Lambda] := Total[Flatten[DeleteCases[Reap[Do[Sow[Extract[Eq3, {\[
Digamma] [[i,1]1}1], {i, 1, Length[\[Digammall}]], Null]ll];

\[Omicron] := {Simplify[Eq3 - \[Lambdall};

\[Omicron]

(#¥Returns any constant terms in Eq3+*)

\[Upsilon] := Join[\[Nu], \[Omicron]]
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Do [Print ["No", i, ":=", \[Upsilon]([[i]]], {i, 1, Length[\[Upsilon]]}]
Length [\ [Betal]
(#¥Check that everything is correct*)

Simplify [Sum[\[Betal [[i]]1*\[Upsilon][[i]], {i, 1, Length[\[Betall}] +
\[Upsilon][[-1]] - Eq3]

LisTING C.3: Mathematica code that takes as input a polynomial in ¢, with exponents that are
functions of some parameter s. It equates each pair of exponents to each other and attemps to solve

for s, returning any solutions.

Eq3 :=
(¥Provide the relevant equation here, in exzpanded form. Exzponents
should not be factorised, and <f they contain multiple terms,

these should not be placed over a common denominator*)

\[Alphall := Position[Eq3, t~_]
\[Alphal2 := Position[Eq3, t]
\[Beta] := If[Length[\[Alphall] == Length[\[Alphal2],

DeleteDuplicates [Extract [Eq3, \[Alphalill],
DeleteDuplicates [Join[Extract [Eq3, \[Alphali1l, {t}]1]]
\[Betal
(¥Returns a list of all powers of t that appear in Eq3%*)

\[Digamma] := Position[Eq3, t];

\[Lambda] := Total[Flatten[DeleteCases[Reap[Do[Sow[Extract[Eq3, {\I[
Digammal [[i,1113}]], {i, 1, Length[\[Digammall}]], Nulllll;

\[Omicron] := {Simplify[Eq3 - \[Lambdall};

\[Koppal := If[ContainsExactly[\[Omicron], {03}],

Flatten[DeleteCases [Reap[Do[Sow [Exponent [\[Betal [[i]], tI1], {i, 1,
Length [\ [Betall}]], Nullll,
Join[Flatten[DeleteCases [Reap[Do[Sow [Exponent [\[Beta] [[i]], t]1], {
i, 1, Length[\[Betall}]1]l, Nullll, {0}]]

\ [Koppal

(¥Eztracts the exzponents of elements of \[Beta]. Also checks if Eg3
contains any constant terms, and adds O to the list of ezponents
if 1t does*)

\[Sampill := Do[{\[Stigmall := Solve [{\[Koppall[[il]l == \[Koppall[j
11}, {s}]; If[\[Stigmall !'= {3}, Sow[s /. \[Stigmall, tagl],
Sow[s /. \[Stigmall, tagnullll}, {i, 1, Length[\[Koppall - 1},
{j, i + 1, Length[\[Koppalll}]
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(¥*Equates each pair of exzpoments to each other, and <f possible,

solves for s*)

\[Gamma]l := DeleteDuplicates[Flatten[DeleteCases[Reap[\[Sampill,
tagll, Nullll]
\[Gamma]1

LisTING C.4: Mathematica code that takes as input a polynomial in ¢, with exponents that are
functions of s and/or m. It equates each pair of exponents to each other and attemps to solve for s,

then for m, returning any solutions.

Eq3 :=
(*Provide the relevant equation here, in ezpanded form. Exzponents
should not be factorised, and <f they contain multiple terms,

these should not be placed over a common denominator*)

\[Alphall := Position[Eq3, t~_]
\[Alphal2 := Position[Eq3, t]
\[Beta] := If[Length[\[Alphali]l == Length[\[Alphal2],

DeleteDuplicates [Extract [Eq3, \[Alphali]], DeleteDuplicates[Join[
Extract [Eq3, \[Alphali1]l, {t3}]11]

\[Betal

(*Returns a list of all powers of t that appear in Eq3+*)

\[Digamma] := Position[Eq3, t];

\[Lambda] := Total[Flatten[DeleteCases[Reap[Do[Sow[Extract[Eq3, {\I[
Digammal [[i,1]]1}]1], {i, 1, Length[\[Digammalll}]], Null]l]ll;

\[Omicron] := {Simplify[Eq3 - \[Lambdall};

\[Koppal := If[ContainsExactly[\[Omicron], {0}], Flatten[DeleteCases]|[

Reap [Do[Sow [Exponent [\[Betal [[i]], t]], {i, 1, Length[\[Beta
11311, Nullll,
Join[Flatten[DeleteCases [Reap [Do[Sow[Exponent [\[Betal [[i]], t]1]1, {
i, 1, Length[\[Betall}]], Nulll]l, {03}]]

\ [Koppal

(¥*Eztracts the ezponents of elements of \[Beta]. Also checks if Eq3
contains any constant terms, and adds O to the list of exponents
if 4t does*)

\[Sampil2 := Do[{\[Stigmall := Solve [{\[Koppall[[il]l == \[Koppalllj
11}, {s}]; \[Stigmal2 := Solve [{\[Koppall[[il] == \[Koppall[jll},
{m}]; If[\[Stigmall !'= {}, Sowl[s /. \[Stigmall, tagill,

If [\[Stigmal2 !'= {}, Sow[m /. \[Stigmal2, tag2l11}, {i, 1,
Length [\ [Koppall - 1}, {j, i + 1, Length[\[Koppalll}]
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(*¥*Equates

for s

\[Gamma]1
tagll],
\[Gamma]1

\[Gamma]?2
tag?2],
\[Gamma]?2

each pair of exzponents to each other,and <f possible,solves

or mx*)

:= DeleteDuplicates[Flatten[DeleteCases [Reap [\[Sampil2,
Nulll]l]

:= DeleteDuplicates[Flatten[DeleteCases [Reap [\[Sampi]2,
Null]]l]
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APPENDIX D

Markov Chain Monte—Carlo Sampling

The name Markov Chain Monte-Carlo (MCMC) reflects two important properties
of this sampling technique. The Monte-Carlo part refers to the practice of making
inferences about a distribution by analysing random samples from it. Each new
sample provides a ‘stepping stone’ to the next one (which is why we talk of Markov
chains) [386]. More specifically, the Markov nature of these chains means that given a
sampled point x4, the next element of the sequence (zs41) is conditionally independent
of 11, m9,..., x5 1 [387].97

MCMC is especially useful in Bayesian statistics. This is because one of the main
features of the latter — the posterior distribution — is often difficult to study analyt-
ically. It is important to keep in mind, however, that MCMC is a sampler, and as
such is not well-suited to search the parameter space for good models, or to optimise

posterior distributions [388].

Bayes’ theorem

According to the Bayesian point of view, the probability that a theory or model is
correct is a subjective ‘degree of belief’ [390]. Bayes’ theorem essentially tells us how
to update and improve our initial beliefs using new information [387]. It may be

expressed in the form:%®

m(0ar) P(D]0ar)

P(0m|D) = PD) :

(D.1)

97Conditional independence of two events A and B given another event C' means that, if C is true,
knowledge about A does not influence our belief about B (and vice-versa) [387].

%A bar denotes conditional probability: in general, P(A|B) is the probability for event A to
happen, given event B.
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FIGURE D.1: Hlustration of Bayes’ theorem [389].

where 6, represents a set of values for the parameters of model M, D is our data,
and the different probability distributions are described below [389,391]:

The prior w(0ys) is independent of D — it incorporates our initial beliefs about
what 67 should be. These beliefs are usually based on physical considerations

or on the results of previous studies.

P(D|0)y) establishes how probable it is for D to have resulted from our partic-
ular 0p7. It may thus be said to quantify the likelihood of #3; being the true
set of parameter values, although when interpreted in this way it is commonly
referred to as the likelihood £ [ £ (0r|D) = P(D|0yr)).

The evidence P(D) indicates how well the model M describes D if we take into
account all the possibilities for 8y, [i.e. if we integrate over the full parameter
space: P(D) = [7(0y)P(D|0a)dbys]. In other words, it reflects how good a
fit the predictions of M provide for D. If only one model is considered, P(D)

is a fixed quantity and may be treated as a normalising factor.

The posterior probability P(0p|D) is a measure of our belief in 0y, after we
have combined 7(6ys), our prior intuition, with the data D and normalised by
the overall evidence, P(D).
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The Metropolis-Hastings algorithm

Even when our knowledge of the mathematical properties of a probability distribution
function (pdf) is limited, attributes like the mean and median may be inferred by
analysing a large number of samples drawn randomly from the distribution. This
makes MCMC an indispensable tool to extract information from posterior pdfs. It is
often the case that the evidence P(D) is very difficult to calculate, so that one can
construct the posterior pdf solely up to a constant. The good news about MCMC is
that it is insensitive to the normalising factor, and only requires us to calculate ratios
of the pdf at arbitrary points of the parameter space. Furthermore, in its simplest
form MCMC sampling can be carried out without having to integrate or differentiate
the pdf [388].

The default MCMC algorithm implemented in Monte Python is known as Metropolis-
Hastings. Let us suppose that we have already generated a number of samples, the

last of which is 6. The next sample, 01, is obtained as follows [387, 388]:

« A point § is drawn from the proposal distribution, which we shall denote by
q(0101,); q(0]6%) may be, for instance, a multi-variate Gaussian for § with mean
0. The Markov property requires that the proposal function is independent of

any values of # that precede #; in the chain.

e A number u is chosen randomly from a top-hat distribution that is non-zero

over the range (0,1).

o The function f(6y7) = 7(0xr) x P(D|0yy) is evaluated at 0y, = 6 and 07 = 6y,.
Then one computes the acceptance ratio r:

. £00) ., a(0kl6)

700 ™ 4(8l0r) (B-2)

If u < 7, § is accepted and incorporated into the chain. Otherwise, ;. is set

equal to 6y,.
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