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A B S T R A C T 

DX51D sheet is subjected to mixed mode I/III loading in a purposely designed fixture 
apparatus. The resulting stable crack-tip growth, direction, slant angle and typical 

factory-roof crack were observed and discussed as the loading mixity was varied. The 

total essential work of fracture or fracture toughness, for each mixity loading, was 

evaluated adopting energy methods during experimentation, whilst theory details 

how the total may be separated into its individual mode components. The fracture 
type and direction of crack path were based on the von Mises failure theory and the 

fracture criteria of maximum shear stress, maximum hoop stress and maximum nor-

mal stress along with the application of Hill’s theory. The findings described clearly 

establish the link between the applications of the energy based equations governing 

crack initiation and propagation and the equations describing the stress field sur-

rounding the crack tip in the mixed mode I/III field. 
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1. Introduction 

Structures constructed from ductile materials are of-
ten subjected to mixed mode loading conditions in ten-
sion (mode I), in-plane shear (mode II) and out-of-plane 
shear (mode III). Mixed mode I/III fracture in ductile 
thin sheets is quite involved resulting in a complex 3D 
stress and strain field around the crack tip. 

Initial studies for mixed mode loading and the ensu-
ing fracture failure criterion proposed by Erdogan and 
Sih (1963) suggested several criteria, the maximum 
hoop stress criterion (MHSC) - the crack propagates 
along the plane normal to the maximum hoop stress and 
that this maximum hoop critical stress is a material 
property and the maximum energy release rate (or Grif-
fith theory) - the crack propagates in a direction perpen-
dicular to the far field tensile load in a direction such that 
the crack maximizes its energy release rate and there-
fore independent of the load mode mixity. Investigators 
working with materials which fail in a brittle manner 
who compared such criteria are Suresh et al (1990), 
Macagno and Knott (1989), Royer (1988) and showed 

that the crack propagation direction and crack loads dif-
fer only slightly when applying the criteria to these brit-
tle materials. 

There has been much investigation undertaken on the 
individual mode and on mixed mode loading. The vari-
ous criteria proposed by previous investigators are the 
maximum strain energy density, whereby the crack 
propagates along the plane with a minimum strain en-
ergy density criterion (Sih and Cha, 1974; Sih and 
Barthelemy, 1980; Chen et al., 1986); the maximum nor-
mal stress criterion MNSC, when the crack propagates 
along the plane normal to the maximum normal stress 
(Tian et al., 1928), (Yates and Miller, 1989); the maximun 
principal stress criterion - the crack propagates perpen-
dicular to the maximun principal stress; the maximum 
strain energy release rate where the crack propagates 
along a direction which maximizes the energy release 
rate (Pook and Sharples, 1979; Pook, 1985; Chen et 
al.,1986; Yates and Miller, 1989). All these investigators 
note that the crack growth direction and the fracture 
loads differ only slightly no matter which criteria was ap-
plied. 
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Nomenclature 

a Crack length [m] 

A Surface area of the crack [m2] 

E  Young’s modulus [N/m2] 

K Stress Intensity Factor [Pa√𝑚] 

L Crack length advance, leg length [m] 

n Work hardening exponent 

R Specific essential work of fracture [N/m] 

r Distance from crack tip [m] 

t  Thickness [m] 

u  Displacement [m]/Length [m] 

U Work done/Energy [J] 

w Width [m] 

W Work done [J] 

Wf Work of fracture [J] 

Wb Work of un/bending [J] 

WT Work of twisting [J] 

x/y/z  Coordinates 

X Load, force [N] 

𝛼  Direction of crack front [o] 

ε  Strain [/] 

𝜙  Direction of relative motion [o] 

𝛬  Elastic strain energy [J] 

𝛾 Mode mixity loading angle for Mode I/III 

𝜏 Shear stress [N/m2] 

𝜃  Direction of stress [o] 

𝛤 Plastic strain energy [J] 

𝜉 Plastic level through sheet thickness [/] 

𝜌 Distance from crack tip through the thickness [m] 

𝜌  Radius of curvature [m] 

𝜎 Stress [N/m2] 

𝜎𝑦  Yield stress [N/m2] 

𝜎𝑜 Strength coefficient [N/m2] 

I  Mode I component 

III Mode III component 

I/III  Mixed-mode I/III component 

b Un/bending  

c  Critical 

t Total 

T Twist 

y Yield  

m/c  Machine  

rel  Relative 

CT  Compact tension 

LEFM  Linear elastic fracture mechanics 

MHSC Maximum hoop stress criterion 

MNSC  Maximum normal stress criterion  

MSSC Maximum shear stress criterion 

SEN Single edge notched 

Various authors have also studied the mode I/III frac-
ture in brittle materials and concluded that the tensile 
mode I dominated the Mode I/III loading and the result-
ing typical fracture surface is non-planar (Sommer, 
1969; Knauss, 1970; Chai, 1988; Suresh and Tschegg, 
1987; Suresh et al., 1990; Hsia et al., 1995, Chao and Liu, 
1997). The fracture surface resulting from this mixed 
mode loading is quite irregular and the crack initiation 
angles are not easy to measure (Pook, 1985; Yates and 
Miller, 1989; and Lui et al., 2004). Crack propagation in 
ductile materials under mixed mode I/III loading results 
in a complex 3D stress and strain field, the resulting mac-
roscopic fracture mechanism are highly dependent on 
the mixity ratio between mode I and mode III and the as-
sociated out-of-plane stress system. Work performed by 
Shah (1974), Williams and Ewing (1972), Feng et al. 
(1993), Hui and Zehinder (1993), Kamat and Hirth 
(1994), Kamat and Hirth (1996), Helm et al. (1997), 
Helm et al. (2001), Sutton et al. (2001) and Lan (2006) 
all show that the resulting fracture surface is heavily de-
pendent on the material properties and mode mixity 
competition of mode I versus mode III. This is also to be 
shown in this investigation. 

Transition fracture type in mixed mode I/III in ductile 
materials have been investigated by Erdogan and Sih 
(1963), Maccagno and Knott (1992), Chao and Liu 
(1997), Chao and Zhu (1999), Lui et al. (2004) using only 
linear elastic fracture mechanics (LEFM) to predict crack 
loading and crack path direction for both brittle and duc-
tile materials using the material’s strength ratio of shear 
stress to tensile stress, 𝜏𝑐 𝜎𝑐⁄ , and that the material’s fail-
ure is according to the classical Tresca and von Mises 
failure theories. This approach is also adopted in this in-
vestigation since complete solution for the elastic-elas-
toplastic-plastic case of mode I/III do not yet exist, alt-
hough partial results have been provided by Pan and 
Shih (1992) which are at present not sufficient. 

The specimen types for the out-of-plane mode I/III in-
vestigations have been varied. Sutton et al. (2001) and 
Lan (2006) use a single edge notch (SEN) plate for in-
plane tension-torsion loading, whilst Wei et al (2005), 
Yan et al. (2007, 2009), Wei (2011), Li et al. (2011) use a 
CT SEN plate with a short initial starter crack length and 
analyse their results using FEA. A modification to the CT 
SEN is one with a longer starter crack, commonly called 
a two legged trouser tear specimen, which is to be used 
in this investigation. The longer legs SEN specimen ge-
ometry was initially used by Rivlin and Thomas (1953) 
and successive co-workers for the large deformation and 
non-linear elastic response of sheet rubber. Work on 
ductile thin sheet materials has been successful com-
pleted by Mai and Cotterell (1984) and Muscat-Fenech et 
al. (1992, 1992, 1994a, 1994b). The tests on the two leg 
specimens use the work energy method and determine 
the essential work of fracture. 

The work described here is to combine the work/en-
ergy criterion of the essential work of fracture and the 
crack tip stress/stress intensity approach. Investigators 
tend to normally solve such mixed mode problems with 
either method independently. The primary scope of this 
work is to establish a link and show how, through suc-
cessful experimental under takings, this connection can 
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be achieved, whilst introducing some novel approaches 
to the theoretical and experimental work. Mixed mode 
I/III testing in ductile sheet materials occur as a compli-
cated affair, with many important fracture events taking 
place. The investigation is to break down the many as-
pects involved during this process and report the find-
ings in a systematic approach. The governing equations 
of crack tip stresses together with traditional theories 
and fracture criterions predict the type, path direction 
and slant angle of the advancing crack. Ductile fracture 
theory, presented as a novel approach, will describe how 
the mode mixity loading conditions affect the resulting 
slant angle and fracture type. The work energy approach 
extends the application of the established two-legged 
trouser specimen to mixed mode loading and the deter-
mination of the essential work of fracture. In addition, a 
new method based on the geometrical and mode I/III 
loading conditions, can successfully partition the essen-
tial work of fracture into its pure mode values at each 
loading mixity angle. The testing regime presented here 
is the first of its kind. 

 

2. Theory 

2.1. Mode I/III analysis 

The crack tip zone suffers the highest stress concen-
tration for sheet material under mixed mode loading. 
Westergaard (1939), Irwin (1957), Sneddon (1946) and 
Williams (1957) were amongst the first to investigate 
and publish the solutions of the closed form expression 
for the crack tip stress, assuming anisotropic linear elas-
tic material behaviour. The original Westergaard stress 
functions solved for limited crack problems and modifi-
cation, Sih (1966), Eftis and Liebowitz (1972), Sanford 
(1979) to the theory gives greater applicability of the so-
lutions. Mixed mode fracture problems are reported pro-
posing the maximum hoop stress failure criterion, MHSC 
(Erdogan and Sih (1963) on brittle materials); the maxi-
mum shear stress criterion, MSSC (Maccagno and Knott 
(1992) on fracture of ductile materials); and the applica-
tion of MHSC and MSSC to predict the fracture type tran-
sition (Chao and Liu, 1997; Chao and Zhu, 1999). Liu et 
al. (2004) and Chao and Zhu (1999) report that there is 
only a very small difference between the elastic and elas-
tic-plastic crack tip solutions. 

The current investigation describes and analyses the 
many aspects of this complex mode I/III fracture of thin 
sheet materials: 
 the description of the initial crack tip stresses in-
volved during the loading;  
 the fracture type determined from the material’s crit-
ical tensile and shear stress (applying the Tresca and von 
Mises failure theories for ductile materials) when com-
pared to the mode I/III stress theoretical predictions, to-
gether with the fracture criterions of MSSC, MHSC and 
the maximum normal stress criterion, MNSC, when the 
crack propagates along the plane normal to the maxi-
mum normal stress; 

 the path direction and slant angle of the propagating 
crack are also determined using the material stress in-
tensity factors in the respective pure mode directions, KI 
and KIII; 
 an energy criterion is applied to this analysis along 
with Hill’s (1953) theory of ductile sheet materials; 
 the mode I/III essential work of fracture for varying 
load mixity angle, 𝛾 is obtained through experiment; 
 geometrical and energy considerations allow the total 
essential work of fracture, R to be separated into its indi-
vidual (RI and RIII) percentage contribution of each of the 
load mixity angle scenarios. 

The approach considered here, linking the methods of 
traditional crack tip stresses and intensity factors to the 
essential work of fracture is an innovative approach for 
mode I/III testing. 

2.2. Mode I/III crack tip stresses and fracture type 
determination 

Following the same trend as other investigators, Er-
dogan and Sih (1963), Maccagno and Knott (1992), Chao 
and Liu (1997), Chao and Zhu (1999) and Liu et al. 
(2004) to the solution of problems involving mixed 
mode, the mixed mode I/II/III crack tip stress fields, us-
ing cylindrical (r, 𝜃, z) coordinates are shown in Fig. 1. 

 

Fig. 1. Mixed mode I/II/III. 

In thin ductile sheets, fracture is always a mixed 
mode affair, involving both the tensile effects (mode I) 
and out of plane shearing (mode III). To determine the 
fracture type, the maximum tensile, 𝜎𝑚𝑎𝑥  and shear 
stresses, 𝜏𝑚𝑎𝑥 , through the sheet thickness are required 
and compared to the material properties of critical ten-
sile stress, 𝜎𝑐 and the critical stress in shear, 𝜏𝑐. For ten-
sile fracture; 𝜏𝑚𝑎𝑥 𝜎𝑚𝑎𝑥⁄ < 𝜏𝑐 𝜎𝑐⁄  and for shear fracture: 
𝜏𝑚𝑎𝑥 𝜎𝑚𝑎𝑥⁄ > 𝜏𝑐 𝜎𝑐⁄   and applying the von Mises failure 
criteria for ductile materials in mixed mode loading, 
𝜏𝑐 = 0.577𝜎𝑐. 
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The tensile and shear stresses are obtained by a trans-
formation through the thickness in the yz- plane is re-
quired. Such an element, through thickness plane, is 
shown in Fig. 2, the point is located at (𝜌, 𝛼), where 𝜌 is 
the distance of the element from the top face through the 
sheet thickness and 𝛼 is the slant angle of the advancing 

crack plane. The slant angle is defined as the angle be-
tween propagating crack plane and the original flat crack 
plane. The slanting crack advance phenomena is ob-
served and recorded in crack growth experiments in thin 
ductile materials, where the initially flat crack turns to a 
slant angle, 𝛼 after a short flat-to-slant transition.

 

Fig. 2. Element at distance 𝜌 in the yz- through thickness plane: Element (𝜃, 𝛼).

Chao and Zhu (1999) and Lui et al. (2004) give that 
for plane stress conditions, in the through thickness 
plane, under mode I/III, the crack tip tensile and shear 
stresses are: 

𝜎(𝜃, 𝛼) =
𝐾𝐼

√2𝜋𝑟
𝑐𝑜𝑠3 𝜃

2
𝑐𝑜𝑠2𝛼 −

𝐾𝐼𝐼𝐼

√2𝜋𝑟
𝑐𝑜𝑠

𝜃

2
𝑠𝑖𝑛 2𝛼 , (1) 

𝜏(𝜃, 𝛼) =
𝐾𝐼

2√2𝜋𝑟
𝑐𝑜𝑠3 𝜃

2
𝑠𝑖𝑛 2𝛼 +

𝐾𝐼𝐼𝐼

√2𝜋𝑟
𝑐𝑜𝑠

𝜃

2
𝑐𝑜𝑠 2𝛼 . (2) 

The above equations show that when a cracked body 
is loaded, it is possible that propagation is to occur either 
along a tensile fracture path at angle 𝜃∗ or along a shear 
facture path at an angle 𝜃∗∗ to the original direction of 
the crack front in the xy- plane. Whilst the plane of the 
crack front propagates inclined at an angle 𝛼 (𝛼∗and 𝛼∗∗, 
tensile and shear respectively) in the through thickness 
yz- plane. In reality, the event is a combination of both 
individual fracture types, however the contribution of 
one mode over the other depends upon the mode mixity 
of loading. The contribution is discussed following the 
experimental investigation. From Lui et al. (2004) 
method for mode I/III, using the MNSC, MSSC and MNSC, 
the material (𝜏𝑐 𝜎𝑐⁄ ) property and the stress intensity 
factors KI and KIII: 

 

𝜃∗ =  0𝑜    ,   𝛼∗ =
1

2
𝑡𝑎𝑛−1 [

2

−
𝐾𝐼

𝐾𝐼𝐼𝐼

]   ,   
𝐾𝐼

𝐾𝐼𝐼𝐼
=  

−2

𝑡𝑎𝑛 2𝛼
  ,  

−
𝜋

4
≤ 𝛼∗ ≤ 0   𝑓𝑜𝑟   𝐾𝐼𝐼𝐼 ≥ 0  . (3) 

In the plane of original direction of crack front, 𝜃∗ =
00, Fig. 3 and slant angle, 𝛼∗ the maximum tensile stress:  

𝜎𝑚𝑎𝑥 =
𝐾𝐼

√2𝜋𝑟
𝑐𝑜𝑠2𝛼∗ −

𝐾𝐼𝐼𝐼

√2𝜋𝑟
𝑠𝑖𝑛 2𝛼∗ . (4) 

Introducing the critical stress intensity under mode 
I, 𝐾𝐼𝐶 =  𝜎𝑐√2𝜋𝑟𝑐 , where 𝜎𝑐 acts at critical distance from 
the crack tip 𝑟𝑐, the critical maximum tensile:  

𝐾𝐼

𝐾𝐼𝐶
𝑐𝑜𝑠2𝛼∗ −

𝐾𝐼𝐼𝐼

𝐾𝐼𝐶
𝑠𝑖𝑛 2𝛼∗ = 1 . (5) 

In Fig. 3, when 𝛼 = 𝛼∗ the slant crack front is typically 
described as a factory roof appearance. 𝜎𝛼𝛼 is therefore 
parallel to the factory roof plane. In the case of 
𝜎𝛼𝛼(𝜃∗ =  0, 𝛼∗), the fracture angle 𝛼∗, is also dependant 
on the loading/mixity angle 𝛾 This load mixity angle 𝛾 is 
to varied in this investigation between 0o and 90o, (𝛾 = 0o 
- pure mode I; 𝛾 = 90o - pure mode III). 
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Fig. 3. Element at distance 𝜌 in the yz- through thickness plane. Element (𝜃 = 00, 𝛼).

The maximum shear stress, along a plane at 𝜋 4⁄  from 
that of the maximum normal stress, i.e. 𝛼∗∗ − 𝛼∗ = 𝜋 4⁄ , 
with 𝛼∗  from Eq. (3) and 𝜃∗∗ = 0 , the slant angle and 
maximum shear stress are: 

𝛼∗∗ =
1

2
𝑡𝑎𝑛−1 [

𝐾𝐼
𝐾𝐼𝐼𝐼

2
] , (6)  

𝜏𝑚𝑎𝑥 =
𝐾𝐼

2√2𝜋𝑟
𝑠𝑖𝑛 2𝛼∗∗ +

𝐾𝐼𝐼𝐼

√2𝜋𝑟
𝑐𝑜𝑠 2𝛼∗∗ . (7) 

In this condition, the crack roof is at an angle of 
(𝜋 2⁄ +  𝛼∗∗) from the original crack plane, as shown in 
Fig. 3. If the maximum shear stress reaches the critical 
shear stress of the material, with 𝜏𝑐 = 𝐾𝐼𝐶 𝜎𝑐√2𝜋𝑟𝑐⁄ , then 
(𝜎𝑐 𝜏𝑐⁄ ) ((𝐾𝐼 2𝐾𝐼𝐶⁄ ) sin 2𝛼∗∗ + (𝐾𝐼𝐼𝐼 𝐾𝐼𝐶⁄ ) cos 2𝛼∗∗) = 1 . 
Therefore, for the transition between the type of failure 
can be concluded according to the equations: 

𝜏

𝜎
=

1

2
(

𝐾𝐼
𝐾𝐼𝐼𝐼

) 𝑠𝑖𝑛 2𝛼∗∗+𝑐𝑜𝑠 2𝛼∗∗

(
𝐾𝐼

𝐾𝐼𝐼𝐼
)𝑐𝑜𝑠2𝛼∗−𝑠𝑖𝑛 2𝛼∗

 , (8)  

𝐾𝐼

𝐾𝐼𝐼𝐼
=

𝑐𝑜𝑠 2𝛼∗∗+
𝜏

𝜎
 𝑠𝑖𝑛 2𝛼∗

𝜏

𝜎
 𝑐𝑜𝑠2 𝛼∗−

1

2
𝑠𝑖𝑛 2𝛼∗∗

 . (9) 

2.3. Energy criterion 

The work required to propagate a crack by unit area 
is defined by the essential work of fracture, also referred 
in literature as the fracture toughness, R. The essential 
work of fracture attains a critical value Rc when cracking 
initiates, whilst during quasi-static crack propagation, 
the material will crack at constant R. 

For a material containing a starter crack of area A, the 
quasi-static incremental interchanges, as the body is 
loaded by an external force X and associated displace-
ment u, produces a change in the elastic and plastic 
strain energy and the fracture work. The level of strain 

either surrounding the crack tip, or in the surrounding 
material dictate the strain energies involved. 

The work equations are: 

𝑋𝑑𝑢 = 𝑑𝛬 +  𝑑𝛤   (before crack propagation) and (10)  

𝑋𝑑𝑢 = 𝑑𝛬 +  𝑑𝛤 +  𝑅𝑑𝐴 

(during quasi-static crack propagation). (11) 

The essential work of fracture, R is obtained from the 
experimental force-displacement X-u plots using the en-
ergy, U. From Eq. (11): 

𝑅 = (
𝜕𝑈

𝜕𝐴
) 𝑥 = − (

𝜕𝑈

𝜕𝐴
) 𝑢 . (12)  

During mixed mode I/III loading, for each fixed load-
ing mixity angle, the slant angle initially increases with 
crack extension, during the flat to slant transition. Even-
tually a steady state slant angle is achieved. The fracture 
surface is rough with the actual fracture area larger than 
the assumed planar surface. As a result of this increased 
surface, the material fracture process zone requires an 
increase of the work rate input to the system in the early 
stages. From the initial flat fracture surface, during the 
initial stages, the low toughness central region of the 
sheet material burrows through the material ahead of 
the surface. The burrowing produces the observed char-
acteristic stretching on the outer surface. The surface is 
pulled along and propagation occurs under increasing 
load. The flat starter crack twists into the slant fracture. 
As a consequence the essential work of fracture also in-
creases during this early transition stage producing the 
characteristic R – A crack growth resistance curves. For 
the thin sheet material tested here, the growth of the 
large crack tip zone is not completed before the crack 
starts to advance. 

Results show that the R curve is characteristic of the 
material and independent of starting crack length, how-
ever dependent with rate, temperature and environ-
ment. In addition, it is found that the resistance to crack-
ing, R and hence K, changes with thickness of the body. 
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The concept of K and hence R, changing with thickness 
with specimen thickness is all part of the same related 
process. Under plane stress conditions there is a low 
constraint to flow at the outside of the body due to the 
stress-free surfaces, however when plain strain condi-
tions apply the interior material is not able to flow. Vari-
ations of essential work of fracture with material thick-
ness are found in most materials. 

2.4. Mode I/III specimen 

Different specimens have been used for mixed mode 
I/III investigations. Sutton et al. (2001) and Lan (2006) 
use a single edge notch (SEN) plate for in-plane tension-
torsion loading. Wei et al. (2005), Yan et al. (2007, 2009), 
Wei (2011), Li et al. (2011) use a CT SEN plate with a 
short initial starter crack for out-of-plane mode I/III 
testing. Zhu (2011) use an all fracture (AFM) rectangular 
bar SEN specimen. 

The specimen chosen for this investigation is an SEN 
specimen with long initial starter crack length, also com-
monly called a two legged trouser tear specimen. The 
trouser tear test was initially used by Rivlin and Thomas 
(1953) and successive co-workers for the large defor-
mation and non-linear elastic response of sheet rubber. 
This specimen has been adopted with success by many 
investigators for ductile sheet materials to determine the 
essential work of fracture R in pure mode III investiga-
tions (Mai and Cotterell, 1984; Muscat-Fenech et al., 
1992; Muscat-Fenech and Atkins, 1994a, 1994b; Muscat-
Fenech, 1992). Various material models have been used 
whilst, Muscat-Fenech (1992), Muscat-Fenech et al. 
(1992), Muscat-Fenech and Atkins (1994a) analyse the 
energy balance of tearing, mode III, in thin sheet materi-
als made of elastoplastic material. This two legged trou-
ser specimen has proved to provide valid and reliable 
test data. Muscat-Fenech (1992), Muscat-Fenech et al. 
(1992), Muscat-Fenech and Atkins (1994a, 1994b) have 
analysed the effect of the geometrical sizes of leg length, 
L, leg widths, w and material thickness, t on the ensuing 
crack path propagation. The leg length has to be suffi-
cient to allow the material to bend and unbend freely as 
the crack path aligns itself for propagation. The legs 
widths must be equal, otherwise the crack path will di-
verge into the narrow leg with region, Muscat-Fenech 
and Atkins (1994a, 1994b). 

For any material model characteristics, ranging from 
elastic to elastoplastic to rigid plastic, the work energy 
Eq. (11), as shown by the investigators who have suc-
cessfully adopted this method as described above, al-
ways result in an equation of the form: 

𝑋

𝑡
=

𝑅

2
+ 𝑤   {𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝜎𝑦 , 𝜌, 𝐸, 𝑡, 𝜉} . (13) 

The variables in the { } brackets are geometrical and 
material properties. 𝜌 is the radius of curvature of the 
leg width w, which is different in magnitude for each leg 
width, w of thickness, t and hence a function of the level 
of the plastic region 𝜉 through the sheet thickness. The 
{function of 𝜎𝑦 , 𝜌, 𝐸, 𝑡, 𝜉} describes the strain energy per 
unit volume and encompasses and represents all the 

bending, unbending and twisting work interchanges ex-
perienced by the legs.  

The above equation would at first glance indicate that 
a plot of force per unit thickness, (𝑋 𝑡⁄ ) versus leg width, 
w gives a straight line with intercept (𝑅 2⁄ ) . However 
this is not the case. The straight line indicated in Eq. (13) 
is usually a best fit polynomial curve. The typical curve 
increases in value, maximises and then decreases as the 
leg width increases, (also present in this investigation). 
This occurrence is due to the competition and balance 
between the work of fracture Wf and the work of 
un/bending Wb and work of twisting WT, Muscat-Fenech 
et al. (1992, 1994a). The work of un/bending and twist-
ing are far from unimportant as often inferred by many 
investigators. In fact the specimens used by Wei et al. 
(2005), Yan et al. (2007, 2009), Wei (2011), Li et al. 
(2011) clearly shows the clamping region with sharp 
kinks at the edges of the clamps and the overall specimen 
deformation. The leg lengths are too short to allow the 
natural irreversible plastic deformation work to form 
completely and allow complete un/bending and 
un/twisting of the specimen. This surely had an effect on 
the crack tip stress and strain field, the angle of crack 
propagation and angle of the slant crack front. 

2.5. Link between the energy and crack tip stress 
methods 

The energy and crack tip stress (involving the stress 
intensity factors) methods both describe the same pro-
cess. The essential work of fracture R, quantifies the net 
change in energy that accompanies an increment of 
crack extension; whilst the stress intensity factor K quan-
tity characterizes the stresses, strains and displacements 
near the crack tip. The energy release rate describes 
global behaviour, whilst the stress intensity factor is a lo-
cal parameter. As such K has nothing to do with fracture. 
However, for a specimen undergoing deformation the to-
tal strain energy stored per unit volume = (1 2⁄ ) 𝜎 𝜖 = 
(1 2⁄ )(𝜎2 𝐸⁄ ) is obtained as the area under the force dis-
placement, X-u plot. Griffith proposed that the elastic en-
ergy stored in the plate due to the presence of the crack 
to be: 𝑈 ∗ = 𝜎2𝜋𝑎2 𝑡 𝐸⁄  resulting that 𝜎 = 𝐾 ( 𝑌√𝜋𝑎)⁄ . 
In principle 𝜎 may be substituted in terms of K, such that 
(1 2⁄ )(𝐾2 𝐸𝑌2𝜋𝑎⁄ ) and is integrated for the whole body. 
Therefore the R in quasi-static propagation must also be 
expressible in terms of K, hence the K of the propagating 
crack also serves to characterise a material’s resistance 
to crack propagation and it may be an alternative param-
eter to R. The process zones contains the fracture events 
themselves and the K dominated characterisation of 
fracture can be successfully applied so long as the pro-
cess zone is small around the crack tip. Atkins and Mai 
(1985), Anderson (2005), amongst many others, both re-
port that from many experiments by other researchers, 
that test pieces using the same material give comparable 
constant K value during propagation as does R. Whilst 
many associate K to (𝜎, 𝑎) combinations at the start of 
cracking, this constant K that ensues with cracking is in 
fact like R. In fact, both the K and R values are often re-
ferred to as fracture toughness, explaining why in this 
work R is referred to as the essential work of fracture 

http://www.refworks.com/refworks2/default.aspx?r=references%7CMainLayout::init
http://www.refworks.com/refworks2/default.aspx?r=references%7CMainLayout::init
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and K as the stress intensity factor. The confusion be-
tween the two normally arises since the stress intensity 
factor 𝐾 = 𝜎 𝑌√𝜋𝑎  is produced in a cracked body by the 
applied stress 𝜎 and the critical stress intensity factor Kc 
is of the material. When cracking occurs, the applied 
stress intensity factor reaches the critical value. K and R 
are related via Young’s Modulus E, by the equation K2 = 
ER. Equations involving the essential work of fracture R 
determine the loads and therefore the stress to cause 
fracture as does the above equation for = 𝜎 𝑌√𝜋𝑎  , 
therefore a relation between the two must exist. Just as 
K refers to the mode of opening by the subscripts I, (II) 
and III, R is normally written as simple R without a sub-
script, here the notation to describe the mode of opening 
is to be extended and use the same notation of I, (II) and 
III to R. 

2.6. Separation of the essential work of fracture 
mode I/III components 

Hill (1953) originally suggested a yield criterion of 
ductile sheets in which the specimens form localised 
necks along the line which will develop into fracture.  
The mode I/III test specimens clearly show how the orig-

inally full thickness crack edge, not only turns and ad-
justs itself along the slant angle 𝛼 , depending on the 
mode mixity 𝛾, but also shows visible localised necking. 
The direction of slant angle 𝛼 through the material thick-
ness, is suggested here, to follow Hill’s theory, such that: 
tan 𝛼 = (1 4⁄ )cot 𝛾. The loading or mixity angle, 𝛾 is var-
ied such that 𝛾 = 00 (mode I) and 𝛾 = 900 (mode III), to 
follow Hill’s loading angle direction terminology. The 
relative motion as the crack proceeds with the mixity an-
gle 𝛾 is illustrated in Fig. 4 and this approach allows the 
total essential work of fracture under mixed mode load-
ing I/III to be split into its individual pure mode compo-
nents. 

The relationship of the direction of relative motion 
with ratio of strains is:  

𝑡𝑎𝑛 𝛼 =  
𝑢𝐼𝐼𝐼

𝑢𝐼𝐼𝐼𝑜
⁄

𝑢𝐼
𝑢𝐼𝑜

⁄
=

𝜖𝐼𝐼𝐼

𝜖𝐼
 , (14) 

where 𝑢𝐼  and 𝑢𝐼𝐼𝐼  are the change in length, with re-
spect to mode I and III, of the original gauge length 𝑢𝐼𝑜

 
and 𝑢𝐼𝐼𝐼𝑜

 respectively, with the strains 𝜖𝐼 and 𝜖𝐼𝐼𝐼  parallel 
to the mode I and Mode III axes respectively as marked 
as gauge length points on the specimens..

 

Fig. 4. Displacement components for mode I/III.

From the specimen geometry and displacements, the 
cross head, displacement 𝑢𝑚/𝑐 can be defined as:  

𝑢𝑚/𝑐 = 𝜖𝐼𝑢𝐼𝑡
𝑐𝑜𝑠 𝛾 + 𝜖𝐼𝐼𝑢𝐼𝐼𝐼𝑡 𝑠𝑖𝑛 𝛾 = 𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾 +

𝑢𝑟𝑒𝑙 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛾 = 𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 (𝛾 + 𝛼) , (15) 

where 𝑢𝐼𝑡
 and 𝑢𝐼𝐼𝐼𝑡

 are instantaneous measured total 
length between the gauge indicators in the respective di-
rections. 

Moreover in a ductile body (such as steel), the defor-
mation occurs in the direction at which the body is being 

loaded, therefore, considering the deformation into each 
mode, such that, 𝑢𝐼 = 𝑓(𝑅𝐼) and 𝑢𝐼𝐼𝐼 =  𝑓(𝑅𝐼𝐼𝐼), then: 

𝑢𝐼

𝑢𝐼𝐼𝐼
 = 𝑓( 𝑡𝑎𝑛 𝛾) , (16) 

𝑢𝐼𝐼𝐼

𝑢𝐼
= 𝑔 (

𝑅𝐼𝐼𝐼

𝑅𝐼
) = ℎ(𝑐𝑜𝑡 𝛾, 𝑡𝑎𝑛 𝛼) . (17) 

Since the total energy contribution during loading is:  

𝑈𝑇 =  ∫ 𝑋
𝑢𝑚/𝑐

0
 𝑑𝑢 = 𝑋𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 (𝛾 + 𝛼) , (18) 

urel 

uIII sin   

= urel cos   sin  

u
I
 cos   

= u
rel

 sin   cos  

u
rel

 sin( +  

  

  

 
u

III
  

 

u
I
  

  

  
  

mode I 

mode III 



154 De Marco Muscat-Fenech and Ciappara / Challenge Journal of Structural Mechanics 2 (3) (2016) 147–162  

 

The total energy 𝑈𝑇  is split into the two modes I and 
mode III, 𝑈𝐼 and 𝑈𝐼𝐼𝐼 , as follows:  

𝑈𝐼 =  ∫ 𝑋
𝑢𝐼

0
 𝑑𝑢 = 𝑋𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾 ,  

𝑈𝐼𝐼𝐼 =  ∫ 𝑋
𝑢𝐼𝐼𝐼

0
 𝑑𝑢 = 𝑋𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 𝛾 𝑐𝑜𝑠 𝛼 . (19) 

From Eq. (12), the total essential work of fracture, R 
and the components in the I and III direction are:  

𝑅 = − 
𝜕(𝑈𝑡)𝑢

𝜕𝐴
=  

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 (𝛾 + 𝛼) , (20) 

𝑅𝐼 = − 
𝜕(𝑈𝐼)𝑢

𝜕𝐴
=

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾 ,  

𝑅𝐼𝐼𝐼 = − 
𝜕(𝑈𝐼𝐼𝐼)𝑢

𝜕𝐴
=

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛾 . (21) 

The percentage contributions of each mode essential 
work of fracture, %𝑅𝐼 and %𝑅𝐼𝐼𝐼 , to the total R with the 
varying loading mixity angle, 00(mode I) <  𝛾 <
90𝑜(mode III), is expressed as:  

%𝑅𝐼 =
𝑅𝐼

𝑅
=

𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾

𝑠𝑖𝑛 (𝛾+𝛼)
 ,  

%𝑅𝐼𝐼𝐼 =
𝑅𝐼𝐼𝐼

𝑅
=

𝑠𝑖𝑛 𝛾 𝑐𝑜𝑠 𝛼

𝑠𝑖𝑛 (𝛾+𝛼)
 . (22) 

Hence, for quasi-static cracking in plane stress condi-
tions, applying the standard relationship, K2 = ER, to-
gether with Hill’s yield criterion and ratio 𝑅𝐼𝐼𝐼 𝑅𝐼⁄  gives:  

𝑅𝐼𝐼𝐼

𝑅𝐼
=

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛾

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾

=
𝑐𝑜𝑠 𝛼 𝑠𝑖𝑛 𝛾

𝑠𝑖𝑛 𝛼 𝑐𝑜𝑠 𝛾
=

𝑡𝑎𝑛 𝛾

𝑡𝑎𝑛 𝛼
= 4 𝑡𝑎𝑛2 𝛾 =

(
𝐾𝐼𝐼𝐼

𝐾𝐼
)

2

𝑅 = − 
𝜕(𝑈𝑡)𝑢

𝜕𝐴
=  

𝑋

𝐿𝑡
𝑢𝑟𝑒𝑙 𝑠𝑖𝑛 (𝛾 + 𝛼) , (23) 

Substituting Eq. (24) into mode I/III Eq. (9) in terms 
of 𝜏 𝜎⁄ , 𝛼∗and 𝛼∗∗, then:  

𝑅𝐼

𝑅𝐼𝐼𝐼
= [

𝑐𝑜𝑠 2𝛼∗∗+
𝜏

𝜎
 𝑠𝑖𝑛 2𝛼∗

𝜏

𝜎
 𝑐𝑜𝑠2 𝛼∗−

1

2
𝑠𝑖𝑛 2𝛼∗∗

]

2

 , (24) 

3. Experiments: Material, Specimen and Fixtures 

The mixed mode I/III specimens are manufactured 
from galvanised low carbon steel, grade: DX51D. The 
mechanical properties of the material, in orientations of 
00, 450 and 900 to the cold roll direction, are shown in Ta-
ble 1, were determined in accordance with BS EN ISO 
6892-1, 2009. (Instron 4206 tensile testing machine, 
crosshead machine speed of 1.8mm/min according to 
range 2.)

Table 1. Material Properties for DX51D. 

Angle to rolling direction, 0 0 45 90 Average 

Young’s Modulus, E, GPa 198 203 197 198 

Ultimate Tensile Strength, MPa 355 354 357 355 

Lower Yield Strength, MPa 313 305 297 305 

Upper Yield Strength, MPa 321 324 303 318 

Strain Hardening Exponent, n 0.279 0.323 0.291 0.304 

Strength Coefficient 𝜎𝑜 , MPa 670 701 683 689 

Mixed-mode I/III testing was performed on two leg-
ged specimens, Fig. 5. The material is of thickness, t of 0.6 
mm and 1mm and leg widths, w of 12 mm, 24 mm, 36 
mm and 48 mm, the total overall specimen length of 150 
mm, allows a 12 mm clamping length, with starter crack 
lengths, a of 100 mm. The length of the leg or starter 
crack length a, was decided upon after several speci-
mens were bent to ensure that the length of the leg is ad-
equate for a natural curvature to form and prevent 
kinking in the clamped regions. 

Specimens were clamped in the specially designed 
mixed-mode I/III jigs. The fixtures were designed to en-
sure no rotation of the fixture when coupled with the 
testing machine, such that in- and out-of-plane un/bend-
ing or twisting of the specimen is due to the test condi-
tions. The specimens were loaded by the displacement 
controlled Instron 4206 tensile machine, with a crosshead 
machine speed of 8 mm/min. The load mixity angles chose 
are: 𝛾 = 900 (Pure Mode III), 67.50, 450 and 22.50. Pure 

mode I, 𝛾 = 00 , testing conditions were not undertaken 
since proper pure mode I loading could not be established. 
However, the Mode I data 𝛾 = 00, was obtained from De 
Marco Muscat-Fenech and Ciappara (2013), since the 
same material was used in both investigations. 

 

4. Experimental Results and Discussion 

4.1. Essential work of fracture, R 

Graphs of load-displacement were plotted for all the 
specimens obtained from data acquisition, with a sam-
pling rate every 0.25s. Fig. 6, shows the force-displace-
ment, X-u graphs, tests carried out at a loading mixity an-
gle of 𝛾 = 67.50 and leg widths w = 12, 24, 36 and 48mm 
for specimens having a thickness of 1mm. The graphs il-
lustrated in Fig. 6 being typical of the tests carried out in 
this investigation. 
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Fig. 5. Mode I/III specimen testing: (a) specimen; (b) testing 𝛾 = 900. 

  

     

Fig. 6. Load-displacement graphs at loading angle 𝜂 = 67.50, sheet thickness, t = 1mm, leg width:  
(a) w = 12mm; (b) w = 24mm; (c) w = 36mm; (d) w = 48mm. 
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A, B, C and D, are important points of interest for under-
standing the process during mixed-mode I/III testing, 
which will be used to extract useful information. From the 
origin O to point A, work is done to un/bend and twist the 
legs. Point A is the instant of visible tip deformation. Ini-
tially the magnification x50 of the camera was utilised to 
ascertain the onset of this deformation and a trained ex-
perimental eye for this instant was required. Point A 
marks the initial stage of the changes to occur ahead of the 
flat fracture surface. On the line between point A and B, 
the low toughness central region of the sheet material 
burrows through the material ahead of the surface, the 
crack tip is forming the characteristic triangular highly lo-
calised stretching region. During this time the crack tip 
front is orientating to establish its natural direction, the 
flat starter crack twists into the slant angle for the ensuing 
crack propagation. Growth of the large crack tip zone is 
not always complete before the crack starts to advance. 

Point B marks the onset of crack propagation. Crack 
detection strain gauges placed as close as possible to the 
manufactured crack tip, but not in the triangular region 
detected the onset of the ensuing crack advance, in addi-
tion to visual observation of the onset of propagation. 

From point B up to C the crack propagates at constant 
load. This constant average force value is of particular 
interest in calculating the essential work of fracture, R, 
during stable crack propagation. Of noticeable interest is 
the fact that, as the leg width, w increases the constant 
force stable crack propagation magnitudes, first in-
creases, maximises and subsequently starts to drop in 
value. This occurrence is very common and expected in 
two legged trouser tear tests. After point C, the load 
started to decrease, this results due to edge effects. The 
crack front is experiencing sizing and edge effects as in 
standard SIF test piece sizing problems. At point D, the 
load increased as the crack reached the edge of the spec-
imen, when the specimen separated. 

Applying Eqs. (12) or (13), the force per unit thick-
ness, (𝑋 𝑡⁄ ) for the varying widths, w for the different 
thickness, t and loading mixity angles 𝛾, are plotted. First 
considering the values at the point, A, initiation of visible 
tip deformation; then for the constant crack propagation 
force values between the points B and C when stable and 
established crack propagation is occurring. The plots are 
shown in Figs. 7 and 8 respectively for both sheet thick-
ness, t = 0.6 mm and 1.0 mm.

   
Fig. 7. Graphs of (load/thickness), (𝑋 𝑡⁄ ), against width, w, at initiation point A, loading angles  

𝛾 = 900, 67.50, 450𝑎𝑛𝑑 22.50. 5% error bars shown. Specimen sheet thickness: (a) t = 0.6 mm; (b) t = 1.0 mm. 

   
Fig. 8. Graphs of (load/thickness), (𝑋 𝑡⁄ ), versus width, w, during crack propagation (B to C), loading angles  

𝛾 = 900, 67.50, 450 and 22.50. 5% error bars shown. Specimen thickness: (a) t = 0.6 mm; (b) t = 1.0 mm. 
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From the plots of (𝑋 𝑡⁄ ) versus w, as first observed by 
Muscat-Fenech (1992, 1994a) that such curves do not 
exhibit a linear behaviour as original intended by Mai 
and Cotterell (1984). Muscat-Fenech et al. (1992, 1994a) 
showed how the curvature of the leg 𝜌 increases as the 
width w (and also the thickness, t) of the leg increases, 
the curvature is attributed to the varying amounts of the 
elastic and plastic work occurring during the process, i.e. 
the competition between the work of fracture Wf, the 
work of un/bending Wb and work of twisting WT. In nar-
row leg widths of material of the same thickness, t, the 
work of fracture has the dominant effect of the system, 
whilst as the leg width increases, the work contributions 
to un/bending and twisting start to equal and then sur-
pass the work of fracture. Consequently, also as the sheet 
thickness increases, the elastic work/energy plays a ma-
jor role in the process which is readily noticeable when 
comparing the same material of various thicknesses, 
Figs. 7 and 8. The resulting curves are locus lines of the 
constant magnitudes of the essential work of fracture, R. 
The intercept on the (𝑋 𝑡⁄ ) axis according to theory (Eq. 
(13) gives a value of (𝑅 2⁄ )).  

The values of essential work of fracture for crack in-
itiation and propagation obtained from Figs. 7 and 8 
are given for comparison in Table 2. As expected the 
variation of values of the essential work of fracture 
have occurred with the difference in material thick-
ness. A common occurrence and is expected in ductile 
materials, as in the case that the stress intensity factor 
varies with thickness. R and K are closely related since 
the energy and crack tip methods both describe the 
same process. 

4.2. Mixed mode components RI and RIII 

The procedure developed, taking into account the 
geometrical and testing conditions for the mode I/III 
investigated here, allows the total essential work of 
fracture under mixed mode loading I/III to be split into 
its individual pure mode components RI and RIII for the 
various mixity angles, 𝛾 using Eqs. (22) and (23). The 
combined essential work of fracture and individual val-
ues at each mixity angle are given in Table 3 and plotted 
in Fig. 9. 

Table 2. The essential work of fracture, R at initiation and crack initiation  
(Figs. 7 and 8 respectively, using Eq. (13)) for different loading angles and sheet thickness. 

 Rinitiation (N/mm) Rcrack propagation (N/mm) 

𝛾 (deg) t = 0.6 mm t = 1 mm t = 0.6 mm t = 1 mm 

90.0 112 220 408 972 

67.5 180 278 486 1036 

45.0 201 310 594 1094 

22.5 242 364 678 1137 

Table 3. Essential work of fracture RI/III and components RI and RIII. 

𝛾 (deg) 90 (mode III) 67.5 45 22.5 0 (mode I) 

t = 0.6 mm 

RI/III (N/mm) 408 486 594 678 363 

RI  (N/mm) 0 20 119 402 363 

RIII  (N/mm) 408 466 475 276 0 

t = 1 mm 

RI/III (N/mm) 972 1036 1094 1137 364 

RI  (N/mm) 0 43 219 674 364 

RIII (N/mm) 972 993 875 463 0 

4.3. Validation of Hill’s theory. Relation to the 
work/energy method and crack propagation 
direction 

The findings below are to serve the following pur-
poses. To investigate:  
1. the validity of Hill’s (1953) theory together with the 
relationship of the work/energy approach,  
2. to compare the work/energy approach with the crack 
tip stress approach  
3. the crack angles and direction 

1. Validity of Hill’s theory and energy approach: Using 
Hill’s theory and the work energy method, the variation 
in the ratios 𝑅𝐼 𝑅𝐼𝐼𝐼⁄  and therefore 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  can be investi-
gated according to the loading/mixity angle 𝛾, using Eq. 
(23), tabulated in Table 4 and plotted in Fig. 10. 
2. Crack tip stress approach: Using the crack tip stress 
approach for values of the ratio and 𝜏 𝜎⁄ , the 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  and 
𝑅𝐼 𝑅𝐼𝐼𝐼⁄  values can be plotted, applying Eqs. (9) and (24), 
Fig. 11. 

Using the experimental values of the DX51D steel 
sheet tested under pure mode I and mode III, the average 
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ratio values of 𝑅𝐼 𝑅𝐼𝐼𝐼⁄  and the corresponding values 
𝐾𝐼 𝐾𝐼𝐼𝐼⁄  are calculated. For the mode I/III theory based 
on the 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  value, the angles 𝛼∗, 𝛼∗∗  and 𝜏 𝜎⁄  can be 
evaluated, Table 5. For this low carbon steel material, 

DX51D, as investigated here, for the experimentally eval-
uated 𝑅𝐼 𝑅𝐼𝐼𝐼⁄  ratio, the strength ratios predicted by the 
theory lie between 0.7 < 𝜏 𝜎⁄ < 0.77 ; the 𝜏 𝜎⁄  value 
range found is an acceptable for steel sheet.

   
 

Fig. 9. Graphs of RI/III, RI and RIII versus the loading/mixity angle 𝛾: (a) t = 0.6 mm; (b) t = 1.0 mm. 

Table 4. 𝑹𝑰 𝑹𝑰𝑰𝑰⁄  and 𝑲𝑰 𝑲𝑰𝑰𝑰⁄  ratios for the variation in the loading/mixity angle 𝜸. 

𝛾 (deg) 90 (mode III) 67.5 45 22.5 0 (mode I) 

𝑅𝐼 𝑅𝐼𝐼𝐼
⁄  0 0.04 0.25 1.46 ∞ 

𝐾𝐼 𝐾𝐼𝐼𝐼
⁄  0 0.2 0.5 1.2 ∞ 

 

Fig. 10. Variation in ratios 𝑅𝐼 𝑅𝐼𝐼𝐼⁄  and 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  with the loading/mixity angle 𝛾.

3a. Crack slant angles: The crack tip stress theory pre-
dicts, applying Eqs. (3), (6) and (9), the angles 𝛼∗ and 
𝛼∗∗ for the various 𝜏 𝜎⁄  values. The relationship K2 = ER, 
links the loading/mixity angle 𝛾 ((Eq. (23)) to the angles 
𝛼∗ and 𝛼∗∗. These theoretical relationships between all 
these variables and the experimental slant angle 𝛼 (Ta-
ble 6) are shown in Figs. 12 and 13, respectively. The 
experimental slant angle data clearly show very close 
proximity to the 𝛼∗∗ shear failure curve. Fig. 14 shows 

the final link between the energy/work method to the 
crack tip stress approach, (applying together Hill’s the-
ory, the energy/work method and mode I/III theory 
presented here). Using the von-Mises, 𝜏𝑐 𝜎𝑐⁄ =0.577 ten-
sile to shear failure transition line, Fig. 14 shows that for 
the material tested the transition from tensile-to-shear 
failure occurs at: loading/mixity angle, 𝛾 = 13.10 , 
𝑅𝐼 𝑅𝐼𝐼𝐼⁄ = 4.62 , 𝐾𝐼 𝐾𝐼𝐼𝐼⁄ = 2.156 , 𝛼∗ = −21.47 , 𝛼∗∗ =
23.50. 
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Fig. 11. Variation of 𝜏 𝜎⁄  with 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  and 𝑅𝐼 𝑅𝐼𝐼𝐼⁄  using the crack tip stress approach. 

Table 5. DX51D sheet experimental/mode I/III theory evaluation. 

Thickness t (mm) 0.6 1.0 

RI (N/mm) 363 364 

RIII (N/mm) 408 972 

𝑅𝐼 𝑅𝐼𝐼𝐼⁄  0.89 0.37 

𝐾𝐼 𝐾𝐼𝐼𝐼⁄  0.94 0.61 

𝛼∗ (deg) 32.4 36.5 

 𝛼∗∗ (deg) 12.6 8.4 

𝜏 𝜎⁄  0.70 0.77 

 
Fig. 12. Variation of 𝛼∗ and 𝛼∗∗ with 𝜏 𝜎⁄  , ▲ experimental showing the standard error.

3b. Crack path direction: Every specimen, for each leg 
width w, thickness t and mixity angle 𝛾, the value of the 
experimental direction angle of the crack path 𝜃  were 
obtained by measurement. The experimental direction 
angle of the crack path 𝜃, for such tests is expected and 
also predicted by theory to be 0o. This crack path direc-
tion is also noted by Muscat-Fenech (1992), Muscat-
Fenech and Atkins (1994a), who show that the direction 
of the crack path is simply a function of the relative 

widths of the leg widths w and any deviation is soley de-
pendant on the relative leg widths. For equal widths the 
crack path is down the centre line. With slight variations 
of differences in the leg widths, the crack path diverges 
from the centre line kinking into the narrower width ma-
terial section. During the experimental work the crack 
path deviation from the centre line was noted to be very 
minimal, only up to maximum angles of 3o, within exper-
imental error. 
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Fig. 13. 𝛼∗ and 𝛼∗∗ vs loading/mixity angle 𝛾 , ▲ experimental showing the standard error. 

 
Fig. 14. 𝜏max 𝜎max⁄  vs loading/mixity angle, 𝛾.

For the test specimen, using this set-up of mode I/III 
fracture, for the experimental variation of 𝛾 , 22.50  <
 𝛾 <  900 , theory predicts that failure is by shear. To 
check the validity of this statement for each mode mixity 
angle 𝛾 the average experimental 𝛼∗∗ (for shear failure) 
are evaluated and compared with the experimentally 
measured angles as given in Table 6 (the values of 𝛼 rep-
resent the average values of the varying leg widths and 

material thickness). The angles measured for both sheet 
thickness showed very similar results, the only slightly 
noticeable differences are that in some of the 1.0mm 
sheet, shear lips with a central slant were only slightly 
visible. The phenomena associated with ductile fracture 
surfaces when plane strain is characteristic of the inte-
rior material, where the adjacent material prevents lat-
eral contraction and at the surface plane stress prevails.

Table 6. Crack plane slant angle, 𝜶 for the various loading mixity, 𝜸. 

mode mixity  𝛾 (deg) 𝛼 exp (deg) 𝛼∗∗ theo (deg) 𝛼∗ theo (deg) 

90 (mode III) 2 0.00 -45.00 

67.5 8 2.95 -42.04 

45 10 7.02 -37.98 

22.5 12 15.56 -29.44 

0 (mode I) N/A 45.00 0.00 
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The results presented here have conclusively shown 
that Hill’s theory is valid, the comparison and use of the 
work/energy approach with the crack tip stress ap-
proach can be combined and utilised and the fracture 
mechanism (tensile or shear) can be predicted together 
with the numerical values of the slant crack angle. 

 

5. Conclusions 

The investigation clearly shows a link between the ap-
plication of the two well-known methods of crack tip 
stresses and the energy based equations governing crack 
initiation and propagation in the mixed mode I/III fields. 
The Maximum Hoop stress Criterion (MHSC) and the 
Maximum Normal Stress Criterion (MNSC), together 
with the Tresca and Von-Mises failure theories have suc-
cessfully been applied to determine the fracture type 
when the specimens are subjected to a mode I/III field 
loading. The two leg trouser test specimen which is suc-
cessful in pure mode III applications using the energy ap-
proach was further extended to determine the mixed 
mode I/III essential work of fracture by varying the 
mode mixity angle from 0o (pure mode I) to 90o (pure 
mode III). Together with Hill’s criterion for ductile frac-
ture the ratio of the essential work of fracture under both 
modes, consequentially the stress intensity factors and 
direction of relative motion was predicted according to 
the mode mixity angle. The energy approach using a lo-
cus of constant essential work of fracture for each mixity 
angle was found and the same expected trend of falling 
force per unit thickness as the leg width increased was 
shown. The total mode mixity essential work was suc-
cessfully portioned to each % contribution to both 
modes, RI and RIII, as the mixity angle was varied. The 
𝑅𝐼 𝑅𝐼𝐼𝐼⁄  and 𝐾𝐼 𝐾𝐼𝐼𝐼⁄  using both the energy and the crack 
tip stress approaches showed good agreement. For the 
DX51D sheet material, 0.7 <  𝜏𝑐 𝜎𝑐⁄ <  0.8 show that the 
crack tip stress theory predicts crack angles in good 
agreement with experiment. Using the Von-Mises failure 
criterion, the transition from tensile to shear fracture oc-
curs when the mode mixity angle is small, 13.1o and slant 
angle, i.e. the “rooftop” is 23.5o with 𝐾𝐼 𝐾𝐼𝐼𝐼⁄ <  2.156 for 
all results. 
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