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Abstract: In light of the statistical performance of cosmological observations, in this work we present
the cosmography in f (T, B) gravity. In this scenario we found a cosmological viable standard case
that allows the reduction of the degeneracy between several f (T, B) models already proposed in
the literature. Furthermore, we constrain this model using Pantheon SNeIa compilation, cosmic
chronometers and a newly GRB calibrated data sample. We found that with an appropriate strategy
for including the cosmographic parameter, we do produce a viable cosmology with our model within
f (T, B) gravity.
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1. Introduction

General relativity (GR) has gone through decades of success as the fundamental theory
of gravity of the concordance model of cosmology with observational consistency across
all scales where measurements can be taken [1,2]. In cosmology, the combination of cold
dark matter (CDM) together with a cosmological constant Λ has led to the ΛCDM model
of the Universe which is precisely compatible with observations related to the late-time
accelerated expansion of the Universe [3,4] as well as those from galactic dynamics [5].
Despite these accomplishments, ΛCDM is now facing a growing challenge from new
observations related to the specific value of the Hubble constant [6–8], as well as a noticeable
tension in the growth of large-scale structure [9,10] over time. In addition, the theoretical
problems within ΛCDM have been ever present during this period with the arbitrariness of
the value of the cosmological constant being a serious issue in modern cosmology [11,12],
as well as the lack of direct measurements of dark matter in particle physics experiments
despite enormous efforts [13–15].

The growing observational and theoretical problems in ΛCDM have led to several
efforts to modify the theory to better confront these developing challenges. Although
efforts to continue to allow for more exotic forms of matter continue [16–23], the possibility
of modified gravity providing a possible resource to this problem has started to receive
much more serious attention in the literature [24–26]. There now exists an abundance
of theories beyond GR in which potentially viable cosmological histories are possible.
However, it is not enough for these gravitational models to produce fine-tuned models that
agree with the numerical value of the late-time accelerating Universe. In these generalized
models, it is crucial that each component of the theory be connected with observational
measurements. Cosmography [27,28] opens that possibility where rather than repeatedly
solving the Friedmann equations for slightly different assumptions and testing each of
these choices, cosmographic parameters can be used since they are simply related to the
derivatives of the scale factor [2]. Thus, by just assuming a flat, homogeneous and isotropic
cosmology, the distance–redshift relation can be used to produce successive derivative
components of different generalized theories of gravity.
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The weight of observational tensions in late-time cosmology as well as the growing
problems of dark matter particle physics and the foundational problems related to the
structure of the theory has prompted several radical proposals to revisiting the origins
of gravitation to meet these growing challenges. One of these possible descriptions of
gravity is teleparallel gravity (TG) which embodies those theories in which the curvature
associated with the Levi–Civita connection

◦
Γα

µν (over-circles represent quantities calculated
with the Levi–Civita connection) is replaced with torsion [29–32] through the teleparallel
connection Γα

µν, which is curvature-less but continues to satisfy metricity. In this regime,
all quantities that act as a measure of curvature will identically vanish such as the Riemann
tensor Rα

βµν ≡ 0 [24]. One consequential effect of this property is that the teleparallel
Ricci scalar will be identically zero [30], R ≡ 0. Thus, teleparallel theories must be based
on a new geometric setting through the so-called torsion tensor [29] Tα

µν. An interesting
feature of the torsion tensor is that by taking an appropriate series of contractions leads to
a torsion scalar T which produces a teleparallel equivalent of general relativity (TEGR) [30].
TEGR and GR differ by a boundary term B in their Lagrangians but produce dynamically
equivalent field equations.

The boundary term is the source of the largely fourth order nature of most modified
theories of gravity that involve direct generalizations of the scalars based on the Riemann
tensor, which is encapsulated in the Lovelock theorem [33] through its stringent conditions
on the possible generalizations of GR that produce second order theories. Thus, in TG
the class of theories which produce second order models immediately becomes drastically
larger [34,35] due to the decoupling of the boundary term in TEGR. Similar to GR, TEGR
can be directly generalized through the many popular mechanisms by which modified
theories of gravity can be formed. For instance, similar to f (

◦
R) [25,36,37], TEGR can

be straightforwardly used to write a more arbitrary action based on an f (T) gravity
Lagrangian [38–43]. The decoupling of the Ricci scalar into the torsion scalar and boundary
terms means that a more representative analogue to f (

◦
R) gravity would be through f (T, B)

gravity [44–51]. This limits to f (
◦
R) gravity for the special limit in which f (T, B) = f (−T +

B) = f (
◦
R). f (T, B) models have been explored in several regimes ranging from weak field

solar system tests [49,52–54], to theoretical predictions from cosmology [45,47,50], as well
as observational cosmology [44]. To this end, it is timely that further studies be performed
to complement the work being done on determining which models of f (T, B) gravity are
more viable than others in terms of their confrontation with observations at all scales.

In this work, we explore the possibility of using cosmography as a tool to link observa-
tions on state parameters with the derivative term contributions to the f (T, B) Lagrangian
in the hope of further probing models which are observationally preferred. To this end,
we first briefly introduce f (T, B) gravity in Section 2 where we describe the nuances of
the theory. In Section 3, we show how the different components of the f (T, B) model
can connect to the different cosmographic parameters at play. Through this analysis, we
explore the extent to which this analysis can be used to formulate a cosmologically viable
model in this scheme. Finally, we close with a summary of our work in Section 5. We also
have included two appendices to better explain the details of this work. In Appendix A
we discuss the theoretical background of the model analysis we explore in this work, while
in Appendix B we explore some technical details related to how phenomenology.

2. f (T , B) Gravity on Basis

GR is based on the curvature associated with the Levi–Civita connection
◦
Γσ

µν (recalling
that over-circles refer to any quantities based on the Levi–Civita connection) while TG
is built on its exchange with the teleparallel connection Γσ

µν [29–32]. This alternative
approach to building the foundations of gravitation is arrived at by first replacing the metric
tensor gµν as the fundamental dynamical variable with the tetrad eA

µ and spin connection

ωB
Cν. In all instances, Greek indices refer to coordinates on the general manifold while
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Latin ones refer to coordinates on the local Minkowski space. Thus, tetrads connects both
spaces and can raise and lower indices between the different spaces [55]

gµν = eA
µeB

νηAB , and ηAB = E µ
A E ν

B gµν , (1)

where orthogonality conditions produce the conditions

eA
µE µ

B = δA
B , and eA

µE ν
A = δν

µ . (2)

However, there exists an infinite number of solutions of this equation which occurs
due to the freedom in choosing the local Lorentz frame. This freedom is embodied in the
TG flat spin connection.

The tetrad and flat spin connection pair can then be used to define the teleparallel
connection as [31,32]

Γλ
νµ = E λ

A ∂µeA
ν + E λ

A ωA
BµeB

ν , (3)

which is curvature-less and satisfies metricity [56]. For the gauge choice where the spin
connection vanishes, this is called the Weitzenböck gauge [57]. Thus, the tetrad spin connec-
tion pair represents the fundamental variables of the theory and so produce independent
field equations.

Analogous to GR, TG is built on the concept of tensor objects defined on a Riemann
manifold. However, the Riemann tensor

◦
Rα

βµν is a measure of curvature, and so if the
Levi–Civita connection is replaced with the teleparallel connection then its components
will organically vanish Rα

βµν ≡ 0. Thus, a torsion tensor is defined to give a measure of
torsion [30,58]

TA
µν := 2ΓA

[νµ] , (4)

where the brackets denote the antisymmetric operator, and this acts as a measure of the
field strength of gravity in TG [29,30]. Taking a suitably chosen addition of contractions
leads to the torsion scalar [29–32]

T :=
1
4

Tα
µνT µν

α +
1
2

Tα
µνTνµ

α − Tα
µαTβµ

β , (5)

which is arrived at by demanding that T is equivalent to the Ricci scalar (up to a total
divergence term). Analogous to the Ricci scalar being dependent only on the Levi–Civita
connection, the torsion scalar is only dependent on the teleparallel connection. The telepar-
allel Ricci scalar will identically vanish due to it being torsion-less. However, this relation
does show the equivalence of the regular Ricci scalar and the torsion scalar through [45]

R =
◦
R + T − B = 0 , (6)

where B is a boundary term defined by

B := 2∇̊µ(Tµ) , (7)

and where e = det
(

eA
µ

)
=
√−g is the tetrad determinant. The torsion scalar is the

Lagrangian of TEGR and through this relation, we have a guarantee that the equations of
GR and TEGR will be dynamically equivalent to each other.
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In regular curvature-based gravity, one of the most popular approaches to modifying
GR is that of f (

◦
R) gravity [25,36] in which the Einstein-Hilbert action Ricci scalar is

generalized to an arbitrary function thereof. The decoupling of the second and fourth order
contributions to the Ricci scalar means that the analogous setup would be contained in a
broader f (T, B) generalization [45–50,50,51,59–61]. The action for this theory can then be
written as

S f (T,B) =
1

2κ2

∫
d4x e f (T, B) +

∫
d4x eLm . (8)

where the f (
◦
R) limits occurs for f (T, B) = f (−T + B) = f (

◦
R) and TEGR is found when

f (T, B) = −T.
For a flat Friedmann–Lemaître–Robertson–Walker (FLRW) metric in f (T, B) gravity

we can take the tetrad
eA

µ = diag(1, a(t), a(t), a(t)) , (9)

which is in the Weitzenböck gauge [62,63], and where a(t) is the scale factor. This tetrad
reproduces the FLRW metric to give

ds2 = dt2 − a(t)2(dx2 + dy2 + dz2) , (10)

through Equation (1). The corresponding torsion scalar turns out to be

T = 6H2 , (11)

while the boundary term is given by

B = 6(3H2 + Ḣ) , (12)

which together produce the regular Ricci scalar, namely
◦
R = −T + B = 6(Ḣ + 2H2). The

analogous Friedmann equations for this tetrad are given by

−3H2(3 fB + 2 fT) + 3H ḟB − 3Ḣ fB +
1
2

f = κρ, (13)

−
(

3H2 + Ḣ
)
(3 fB + 2 fT)− 2H ḟT + f̈B +

1
2

f = −κP. (14)

where overdots represent time derivatives, while ρ and P are respectively the energy
density and pressure of a perfect fluid, and where underscore denotes partial derivatives
(such as fT = ∂ f /∂T and fB = ∂ f /∂B).

3. Extended Cosmography for f (T , B) Gravity

Cosmography offers a way to parameterize the evolution of the Universe through its
state parameters which can be used to infer progressively higher order derivatives of our
gravitational Lagrangian, namely f (T, B). This provides a directly observationally driven
approach to attempting to resolve the open questions surrounding possible modifications
to the Einstein-Hilbert action. To this end, we employ the standard setting of defining
the cosmographic parameters up to the seventh order in terms of derivatives of the scalar
factor, namely [64,65]

H =
1
a

da
dt

, q = −1
a

d2a
dt2 H−2 , j =

1
a

d3a
dt3 H−3 , (15)

s =
1
a

d4a
dt4 H−4 , l =

1
a

d5a
dt5 H−5 , m̃ =

1
a

d6a
dt6 H−6 , n =

1
a

d7a
dt7 H−7 , (16)

which all describe the kinematic evolution of the Universe. By considering the Friedmann
equations of f (T, B) [44,66,67] we can relate the derivatives of the Lagrangian with the
evolution of the Universe. On a practical level, this occurs due to the relations between
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the contributing torsion scalar and boundary term, and the derivatives of the Hubble
parameter. We thus write down these calculations for clarity for the work that follows

Ṫ = 12HḢ , Ḃ = 3Ṫ + 6Ḧ , (17)

T̈ = 12
[
Ḣ2 + HḦ

]
, B̈ = 3T̈ + 6

...
H , (18)

...
T = 12

[
3ḢḦ + HḦ

]
,

...
B = 3

...
T + 6H(iv) , (19)

T(iv) = 12
[
3Ḧ2 + 4Ḣ

...
H + HH(iv)

]
, B(iv) = 3T(iv) + 6H(v) , (20)

T(v) = 12[10Ḧ
...
H + 5ḢH(iv) + HH(v)] , B(v) = 3T(v) + 6H(vi) , (21)

which can then be written in terms of the cosmographic parameters (15) and (16) as

T = 6H2 ,

Ṫ = −12H3(q + 1) ,

T̈ = 12H4[j + q(q + 5) + 3] ,
...
T = 12H5[−j(3q + 7)

−3q(4q + 9) + s− 12] ,

T(iv) = 12H6[j(3j + 44q + 48)

+l − (4q + 9)s

+3q
(

4q2 + 39q + 56
)
+ 60

]
,

T(v) = −12H7
(

50j2 + 10j(q(8q + 51)− s + 36)

+l(5q + 11)− m̃− 5(14q + 15)s

+30q(q + 2)(9q + 20) + 360) ,

B = −6H2(q− 2) ,

Ḃ = 6H3(j− 3q− 4) ,

B̈ = 6H4[2j + 3q, (q + 6) + s + 12] ,
...
B = 6H5[−2j(4q + 11) + l

−6(q[7q + 17) + 8] + s] ,

B(iv) = 6H6
[
24j(6q + 7) + 8j2

+m̃− 3(3q + 8)s

+6q(q[7q + 72] + 108) + 240] ,

B(v) = −6H7(160j2 + m̃− n + 3l(8 + 3q)

+ 30(q(156 + 3q(48 + 11q)− 7s)− 8(−6 + s))

+ 5j(264 + 18q(20 + 3q)− 5s)) .

(22)

Here, we have the gravitational scalars directly related to the cosmographic parameters
which makes it possible to infer their values through observational data. At this point,
we consider a simple model f (T, B) = −T + f̃ (T, B) as a power law model f̃ (T, B) =
t̃0Tm + b̃0Bk. Power law models are interesting ways to probe new physics in these settings,
but this model also exhibits the property that any cross derivatives will vanish. the
remainder of the contributing derivatives are shown in Appendix A. In f (T, B) gravity,
the power law model is motivated not only for its ease of purpose in the cosmographic
setting but also for its observational and theoretical advantages. In Ref. [44], this model
is shown to model cosmic chronometer, Pantheon and baryonic acoustic oscillation data
in the late Universe. Moreover, in Ref. [67] this model seems to be a genetic solution in
many instances some early Universe physics, while the power law model also seems to
have some interesting features for an astrophysics setting [52,68].

The Friedmann Equations (13) and (14) can now be rewritten as

3H2 = κ2ρ + 3H2(3 f̃B + 2 f̃T
)
− 3H ˙̃fB + 3Ḣ f̃B −

1
2

f̃ , (23)

2Ḣ = −κ2ρ(1 + ω) + 2Ḣ f̃T + 2H ˙̃fT + 3H ˙̃fB − ¨̃fB , (24)

where ω = p/ρ is the equation of state for matter. For simplicity, we will write f̃ as f
henceforth. If we compute higher order derivatives of H in a dust model ω = 0, we obtain
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2Ḧ = 3Hκ2ρ + 2Ḧ fT + 2H f̈T + 4Ḣ ḟT + 3Ḣ ḟB + 3H f̈B −
...
fB , (25)

2
...
H = 3Ḣκ2ρ− 9H2κ2ρ + 2

...
H fT + 2H

...
fT + 6Ḧ ḟT + 6Ḣ f̈T + 3Ḧ ḟB (26)

+6Ḣ f̈B + 3H
...
fB − f (iv)

B ,

2H(iv) = 3Ḧκ2ρ− 27HḢκ2ρ + 27H3κ2ρ + 2H(iv) f (iv)
T + 8

...
H ḟT + 8Ḣ f̈T + 12Ḧ f̈T (27)

+9Ḧ f̈B + 3
...
H ḟB + 9Ḣ

...
fB + 3H f (iv)

B − f (v)
B .

These expressions allow us to write the cosmographic parameters in terms of the arbitrary
f (T, B) Lagrangian and its derivatives, explicitly, they can be written as

q = −1 +
1

3 fB + 2 fT − 2

[
− f̈B

H2 + 9 fB −
f

2H2 +
2 ḟT
H

+ 6 fT − 3
]

, (28)

Ωm = 1− 3 fB − 2 fT +
1
H

ḟB + (1 + q) fB +
1

6H2 f , (29)

j = −2− 3q +
1

2(1− fT)

[
−

...
fB

H3 +
3 f̈B + 2 f̈T

H2 −
(q + 1)

(
3 ḟB + 4 ḟT

)
H

+ 9Ωm

]
, (30)

s = 4j + 3q(q + 4) + 6 +
1

2(1− fT)

[
−

f (iv)
B
H4 +

3
...
fB + 2

...
fT

H3 −
6(q + 1)

(
f̈B + f̈T

)
H2

+
(j + 3q + 2)

(
3 ḟB + 6 ḟT

)
H

− (9(q + 1) + 27)Ωm

]
, (31)

l = 5s− 10(q + 2)j− 30(q + 2)q− 24 +
1

2(1− fT)

[
−

f (v)
B

H5 +
3 f (iv)

B + 2 f (iv)
T

H4

−
(q + 1)

(
9

...
fB + 8

...
fT

)
H3 +

(j + 3q + 2)
(
9 f̈B + 12 f̈T

)
H2 +

(
3 ḟB + 8 ḟT

)
(−4j− 3q(q + 4) + s− 6)

H

+Ωm(9(j + 3q + 2) + 81(q + 1) + 81)

]
, (32)

where Ωm is the density parameter for matter.
However, when substituting the derivatives given by Equations (A12)–(A22) into

the above expression, we obtain a system of nonlinear relations that makes it impossible
to isolate the cosmographic parameters in a general model for arbitrary k and m. To
highlight this issue, we can see that the deceleration parameter when substituting the
Equations (A12)–(A22), becomes

q = −1 + 3

(
b̃06k−1(k− 1)k

(
−H2(q− 2)

)k(j2(k− 2)− 2jk(3q + 4) + 10j(q + 2) + k(3q + 4)2 − 3q3 − 30q2 − qs− 24q + 2s− 8
)

H2(q− 2)3

−
b̃06k(−H2(q− 2)

)k
+ 6m t̃0

(
H2)m

2H2 + 9b̃0k
(

18H2 − 6H2(q + 1)
)k−1

− 2m+13m−1(m− 1)m(q + 1)t̃0

(
H2
)m−1

+6mmt̃0

(
H2
)m−1

− 3
)
÷
(

9b̃0k
(

18H2 − 6H2(q + 1)
)k−1

+ 6mmt̃0

(
H2
)m−1

− 6

)
,

(33)

which cannot be isolated for arbitrary values of k and m. The same issue holds for the other
cosmographic parameters. Thus, the cosmographic parameters are inherently interrelated
in this sense.
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Standard Case

As an example of a standard case, it is possible to isolate the cosmographic parameters
in the simplest case with m = 1 and k = 2. In this context, Equation (33) simplifies to

q =
6b̃0H2(4j + 9q(q + 4) + 2(s + 6))− t̃0 + 1

36b̃0H2(q− 2)− 2t̃0 + 2
, (34)

where it is possible to solve for q as

q1 =
(t̃0−1)

(√
1− 18b̃0 H2(12b̃0 H2(2j+s−90)−17(t̃0−1))

(t̃0−1)2 −1
)

18b̃0 H2 − 8 , (35)

q2 = −
(t̃0−1)

(√
1− 18b̃0 H2(12b̃0 H2(2j+s−90)−17(t̃0−1))

(t̃0−1)2 +1
)

18b̃0 H2 − 8 . (36)

Under the same assumption, is also possible to isolate the other cosmographic parameters
which are given by

Ωm =
2b̃0
(
6H3(j + 3q + 2)− 36H3(q + 1)

)
H

+
b̃0
(
18H2 − 6H2(q + 1)

)2
+ 6H2 t̃0

6H2

+ 2b̃0(q + 1)
(

18H2 − 6H2(q + 1)
)
− 6b̃0

(
18H2 − 6H2(q + 1)

)
− 2t̃0 + 1 (37)

j =
− 6b̃0 H2l

t̃0−1 + 333b̃0 H2q2

t̃0−1 + 1008b̃0 H2q
t̃0−1 + 12b̃0 H2s

t̃0−1 + 252b̃0 H2

t̃0−1 + 3q− 5
2

− 6b̃0 H2(5q+34)
t̃0−1 − 1

(38)

s =

(
− 30b̃0H2 j2

t̃0 − 1
− 54b̃0H2 j(21q + 32)

t̃0 − 1
+

18b̃0H2l
t̃0 − 1

− 6b̃0H2m
t̃0 − 1

− 333b̃0H2q3

t̃0 − 1
− 4104b̃0H2q2

t̃0 − 1
(39)

− 6588b̃0H2q
t̃0 − 1

− 1584b̃0H2

t̃0 − 1
− 4j− 3

2
(2q + 5)q + 12

)
÷
(
− 18b̃0H2(q + 7)

t̃0 − 1
− 1

)

l =

(
1194b̃0H2 j2

t̃0 − 1
+

3b̃0H2 j(9q(79q + 626)− 26s + 4644)
t̃0 − 1

+
60b̃0H2m

t̃0 − 1
− 6b̃0H2n

t̃0 − 1
(40)

+
18b̃0H2(−76qs + 6q(q(86q + 411) + 444)− 105s + 598)

t̃0 − 1
+

1
2

j(20q + 31) + 6q(5q + 1)− 5s− 66

)

÷
(
− 90b̃0H2

t̃0 − 1
− 1

)

In a general FLRW spacetime this can be described for small distances by the luminos-
ity distance which is expressed as

dL(z) =
c

H0
[z +

1
2
(1− q0)z2 − 1

6
(1− q0 − 3q2

0 + j0 +
kc2

H2
0 a2(t0)

)z3 +

+
1
24

[2− 2q0 − 15q2
0 − 15q3

0 + 5j0 + 10q0 j0 + s0 +
2kc2(1 + 3q0)

H2
0 a2(t0)

]z4 + . . .] , (41)
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where the cosmographic parameters are defined as

H0 ≡ 1
a(t)

da(t)
dt
|t=t0 ≡

ȧ(t)
a(t)
|t=t0 , (42)

q0 ≡ − 1
H2

1
a(t)

d2a(t)
dt2 |t=t0 ≡ −

1
H2

ä(t)
a(t)
|t=t0 , (43)

j0 ≡ 1
H3

1
a(t)

d3a(t)
dt3 |t=t0 ≡

1
H3

a(3)(t)
a(t)

|t=t0 , (44)

s0 ≡ 1
H4

1
a(t)

d4a(t)
dt4 |t=t0 ≡

1
H4

a(4)(t)
a(t)

|t=t0 . (45)

Notice that depending on the degree of Taylor series considered, the cosmographic
expressions derived could produce degenerate results. Moreover, this may lead to a
misunderstanding in the definition of the proper distance. On the other hand, we can
consider observations from recent surveys to constrain the impact of this degeneracy
through truncation of the Taylor series. In this way, we can use the luminosity distance
relation to relate cosmographic parameters with observational data. In this context, we
consider the luminosity distance as the most direct choice in the measurements of distance
for Type Ia Supernovae (SNeIa) and gamma-ray bursts (GRBs), along the Hubble flow
using cosmic chronometers (CCs).

To fit the luminosity distance redshift relation using these data and to solve the
convergence issue at high-z via an adequate truncation of the series, it is useful to rewrite
dL as a function of the proposed variable y = z/(1 + z). In this way, we can map z ∈ (0, ∞)
into y ∈ (0, 1), and retrieve an optimal behaviour for the Taylor series at any redshift. This
new variable y does not change the definition of the cosmographic parameters and the
luminosity distance at fourth order in such variable can be written as

dL(y) =
c

H0

{
y− 1

2
(q0 − 3)y2 +

1
6

[
12− 5q0 + 3q2

0 − (j0 + Ω0)
]
y3 +

1
24

[60− 7j0−

−10Ω0 − 32q0 + 10q0 j0 + 6q0Ω0 + 21q2
0 − 15q3

0 + s0

]
y4 +O(y5)

}
, (46)

where Ω0 = 1 + kc2/H2
0 a2(t0), is the total energy density at current times. Therefore, we

can write the luminosity distance logarithmic Hubble relation as

ln
[

dL(y)
y

]
Mpc−1 =

ln 10
5

[µ(y)− 25]− ln y = ln
[

c
H0

]
− 1

2
(q0 − 3)y +

1
24

[21− 4(j0 + Ω0)+

+q0(9q0 − 2)]y2 +
1
24

[
15 + 4Ω0(q0 − 1) + j0(8q0 − 1)− 5q0 + 2q2

0 (47)

−10q3
0 + s0

]
y3 +O(y4) ,

and the corresponding equation for the distance modulus is

µ(y) = 25 +
5

ln 10

{
ln
[

c
H0

]
+ ln y− 1

2
(q0 − 3)y +

1
24

[21− 4(j0 + Ω0) + q0(9q0 − 2)]y2+

+
1

24

[
15 + 4Ω0(q0 − 1) + j0(8q0 − 1)− 5q0 + 2q2

0 − 10q3
0 + s0

]
y3 +O(y4)

}
, (48)

which is important for SNeIa data. Notice that the higher order the term in the expansion
of dL, the better the fit to the data sample we can obtain since there will be more free
parameters – but of course this comes at the cost of greater degeneracy in these parameters.
However, for a given data there will be an upper bound on the order of the series which
gives a statistically significant fit to those data.
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4. Observational Cosmographic Constraints

To perform the statistical analyses of the cosmography found and understand current
constraints, we need to focus on specific data sets and likelihood functions. In this analysis
we are going to consider three samples: a SNeIa compilation, a newly calibrated GRB
sample and the CCs to constrain the cosmographic parameters from the standard f (T, B)
model.

• Pantheon compilation. The recent SNeIa compilation known as the Pantheon sample
(SN) [69] consists of 1048 SNeIa compressed in 40 redshift bins. As already analysed
in the literature, SNeIa can provide estimates of the distance modulus, µ, the theoreti-
cally predicted value of which is related to the luminosity distance dL we obtain in
Equations (46) and (48) as follows

µ(z) = 5 log
[

dL(z)
1Mpc

]
+ 25, (49)

where the luminosity distance dL is given in Mpc. In this distance modulus expression,
we should include the nuisance parameter,M, as an unknown offset of the supernovae
absolute magnitude (and including other possible systematics), which can also be
degenerate with the value of H0. As is standard, we assume spatial flatness and
suppose that dL can be related to the comoving distance D using dL(z) = c

H0
(1 +

z)D(z), where c is the speed of light. We obtain D(z) = H0
c (1 + z)−110

µ(z)
5 −5. The

normalised Hubble function H(z)/H0 is derived from the inverse of the derivative of
D(z) with respect to z so that we can write down

D(z) =
∫ z

0

H0dz̃
H(z̃)

, (50)

where H0 is the value of the Hubble constant which we consider as a prior to normalise
D(z). For our sample, we calibrated the data using a value obtained from late Uni-
verse measurements corresponding to H0 = 73.8± 1.1 km s−1Mpc−1, from SH0ES +
H0LiCOW, with the corresponding value for the nuisance parameter M = −19.24± 0.07.

• New GRB dataset. After the reconstruction/prior calibration of dL from SN, we can
use them to calibrate the luminosity correlations of the GRB data set. The correlations
obtained from this calibration can be expressed by considering a generic exponential
form R = AQb, where this assumption is derived by consider the X-ray light curves of
GRBs constructed from the combination of Burst Alert Telescope and X-ray telescope
data in the way described in [70] and fitted using one or two components from the
optional afterglow via the parametrised Amati relation and the Ghirlanda relation [71],
where this expression can be re-expressed in linear form as y = a + bx, with y ≡ log R,
x ≡ log Q and a = log A. Additionally, the six luminosity correlations measured are
reported in [72].
To calibrate these six expressions with a SNeIa sample (in particular, for Pantheon sam-
ple), we consider that GRBs radiate isotropically by computing their bolometric peak
flux, where uncertainty on L propagates from the uncertainties on bolometric peak
flux Pbolo = L/4πd2

L, and dL the luminosity distance of supernovae. With this new
sample we calibrated the luminosity correlations by maximizing the likelihood [73]

L(σint, a, b) ∝ ∏
i

1√
σ2

int + σ2
yi + b2σxi

× exp

[
− (yi − a− bxi)

2

2(σ2
int + σ2

yi + b2σ2
xi)

]
. (51)

The best-fitting parameters and their uncertainties,(a, b, σint), are reported in Tables 1
and 2 from [72].

• Cosmic Chronometers. We consider a sample of 31 model-independent measure-
ments which use the differential age method proposed by [74].
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To determine viable cosmographic constraints that can reproduce the observed cosmic
acceleration for the standard f (T, B) case, we consider the three cases below which allow
for progressively better cosmographic constraints on the parameters.

• Case (a). Fixed q0. Using the expression in Equation (35) and the values t̃0 = 0 and
b̃0 = 1 (which relates to a pure power law in the boundary term theory), we obtain
j0 = 2.630+0.225

−0.229 and s0 = 7.403+0.286
−0.283, using the full Pantheon + GRB + CC using a

Markov chain Monte Carlo (MCMC) analysis. For this case we obtain a Universe that
is in decelerating phase. This sets the first constraint on the form of f (T, B), where the
q0 cannot be fixed if we need to follow the correct cosmic acceleration. See Figure 1
for the posterior plot. Notice that once we add GRB we obtain the confidence level
(C.L) overlaps on the Pantheon solely.

2 3
q0

6.5
7.0
7.5
8.0

s 0

7 8
s0

PANTHEON (q0 fixed)
PANTHEON + GRB (q0 fixed)
PANTHEON + CC (q0 fixed)
PANTHEON + GRB + CC (q0 fixed)

Figure 1. Case (a) using Pantheon compilation (green C.L.), Pantheon+GRB (blue C.L.), Pantheon+CC
(red C.L.) and Pantheon+GRB+CC (orange C.L.).

• Case (b). Fixed j0. Using the expression for j (37) and the values t̃0 = 0 and b̃0 = 1,
we obtain q0 = −0.799+0.024

−0.025, s0 = −3.409+0.287
−0.327, and l0 = −8.046+1.973

−1.346 using the full
sample Pantheon + GRB+ CC with an MCMC analysis. For this case we obtain a
Universe that is in fact accelerating as expected. See Figure 2 for details of the posterior.
Here, we notice that the values of the higher derivative cosmographic parameters
start to become reasonable.

0.8 0.7
q0

10

0

10

l 0

5

0

5

s 0

5 0 5
s0

10 0 10
l0

PANTHEON (j0 fixed)
PANTHEON + GRB (j0 fixed)
PANTHEON + CC (j fijo)
PANTHEON + GRB + CC (j0 fixed)

Figure 2. Case (b) using Pantheon compilation (green C.L.), Pantheon+GRB (blue C.L.), Pantheon+CC
(red C.L.) and Pantheon+GRB+CC (orange C.L.).
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• Case (c). Fixed s0. Using the expression for s (37) and the values t̃0 = 0 and b̃0 = 1, we
obtain q0 = −0.630± 0.018, j0 = 1.828+0.115

−0.114, l = −9.744+0.421
−0.193 and m0 = 9.235+0.571

−1.246
using the full sample Pantheon + GRB+ CC. Notice that here the cosmography can go
beyond m0. For this case we obtain a Universe that is in fact accelerating as expected
and the addition of GRB explore the necessity of a high cosmography. See Figure 3.

0.6 0.4 0.2
q0

10

0

10

m
0

10

0

10

l 0

3

2

1

0

j 0

3 2 1 0
j0

10 0 10
l0

10 0 10
m0

PANTHEON (s0 fixed)
PANTHEON + GRB (s0 fixed)
PANTHEON + CC (s0 fixed)
PANTHEON + GRB + CC (s0 fixed)

Figure 3. Case (c) using Pantheon compilation (green C.L.), Pantheon+GRB (blue C.L.), Pantheon+CC
(red C.L.) and Pantheon+GRB+CC (orange C.L.).

In Table 1, we show the results of the MCMC analyses using both SN+CC and
SN+CC+GRB data set compilations together with the three cases considered above for
the cosmographic parameters. What we find is that due to the inter-relatedness of the
cosmographic parameters, some high order derivative terms cannot be constrained such as
l0 which is due to the high degree of interdependence of the parameters. In this context,
it follows suit that we can only consider a certain number of parameters depending on
the amount of data available. Another important point concerns which parameters can be
left fixed and which need to be constrained. In this analysis, we find that it is best to fix
the highest derivative term and constrain the lower parameters, which leads to the best fit
cosmographic parameters.

Table 1. Best cosmographic fits for the standard case using a f (T, B) power law model. In first columns are denoted the
three cases considered. We divided the analysis using: Pantheon SN + CC (second block column) and Pantheon SN + CC
+ GRB (third block column). The word fixed indicates a flat ΛCDM prior imposed on each case. Results are discussed in
the text.

Cases
Pantheon SN + CC Pantheon SN + CC + GRB

q0 j0 s0 l0 m0 q0 j0 s0 l0 m0

(a) Fixed 2.630+0.225
−0.229 7.403+0.286

−0.283 - - Fixed 2.710+0.205
−0.219 7.502+0.200

−0.189 - -

(b) −0.802+0.024
−0.225 Fixed −3.411+0.273

−0.307 −8.582+1.754
−1.023 - −0.799+0.224

−0.225 Fixed −3.409+0.115
−0.114 −8.046+1.973

−1.346 -

(c) −0.6660.040
−0.037 −0.836+0.419

−0.499 Fixed −3.266+7.474
−4.878 1.209+6.170

−7.295 −0.630± 0.018 1.828+0.225
−0.229 Fixed −9.744+0.421

−0.193 9.235+0.571
−1.246

5. Conclusions and Discussion

Cosmography was used in this work to reconstruct elements of the f (T, B) Lagrangian
in the context of a power law model. The cosmographic parameters (15) and (16) provide
an interesting avenue to parameterizing the evolution of the Universe using progressively
higher order derivative terms in the scale factor. Since they build on each other, these
parameters can be related to each other which causes complicated coupling problems in
many cases. For this reason, very high order derivative terms need enormous amounts of
data to be constrained to any degree using observational data. On the other hand, these
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state parameters provide an efficient way to connect expansion terms with derivatives in a
cosmological model.

In the context of TG, the cosmographic parameters can readily be injected into the
scalar contributors of the theory (22). As expected progressively higher time derivatives
of these scalar are naturally related to higher time derivatives of the Hubble parameter
which is a crucial link with observations. Thus, using the Friedmann equations, the cosmo-
graphic parameters can then be related to the form of f (T, B) using the Friedmann equa-
tions which is the point at which this becomes dependent on the particular model under
consideration (28)–(32). The other key property to acknowledge at this point is that it is not
possible to isolate any of these cosmographic parameters for most model parameter values
except for very specially chosen ones as explored in Case A in Equation (34). To this end,
we use the luminosity distance calculation to strengthen the link to observations using the
SN data set since it can be related to the distance modulus parameter, which is the true
parameter of the Pantheon data set.

In Section 4, we consider the CC, SN and the new GRB data sets. GRB data are
very interesting because they may shed new light on fundamental theory using new
physical phenomena. To probe these potential differences, we consider three settings of
cosmographic parameters in Figures 1–3 which respectively constraint the cosmographic
parameters for fixed q0, j0 and l0. However, it is not possible in any of these analyses to
completely constrain the value of high derivative terms such as the lerk l. Saying that, as
more parameters are not fixed to a value, their values tend to the literature values such as
in the case of the deceleration parameter which readily turns from a late-time decelerating
solution in Figure 1 to an accelerating one in Figures 2 and 3. The complete set of results
are collected in Table 1 where the impact of the GRB data on the various cosmographic
parameter is shown more clearly such as its preference for a weaker acceleration in the late
Universe.

It would be interesting to consider other viable models in the f (T, B) gravity extension
to ΛCDM such as those models as proposed in Ref. [44]. However, it would make the
analysis much more involved. It would also be advantageous to consider other approaches
to constraining the evolution of the cosmographic parameters such as the non-parametric
ones proposed in Refs. [75–77].

Author Contributions: All authors have contribute in all sections. All authors have read and agreed
to the published version of the manuscript.

Funding: C.E.-R. and G.R.-F. are supported by DGAPA-PAPIIT-UNAM Project IA100220 and
TA100122. GRF acknowledges financial support from CONACyT postgraduate grants program. J.L.-S.
would also like to acknowledge funding support from Cosmology@MALTA which is supported by
the University of Malta.

Acknowledgments: C.E.-R. acknowledges the Royal Astronomical Society as FRAS 10147. The
simulations were performed in Centro de cómputo Tochtli-ICN-UNAM as part of CosmoNag ICN
UNAM. The authors would like to acknowledge networking support by the COST Action CA18108.

Conflicts of Interest: The authors declare no conflict of interest.

Appendix A. Derivations for the Power Law Model Cosmography

As we mentioned, consider a simple model as a power law model f (T, B) = t̃0Tm +
b̃0Bk, where mixed partial derivatives vanish and it can be seen that its derivatives are
given by the following expressions:
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fT = mt̃0Tm−1 (A1)

fB = kb̃0Bk−1 (A2)

ḟT = m(m− 1)t̃0ṪTm−2 (A3)

ḟB = k(k− 1)b̃0ḂBk−2 (A4)

f̈T = m(m− 1)(m− 2)t̃0Ṫ2Tm−3 + m(m− 1)t̃0T̈Tm−2 (A5)

f̈B = k(k− 1)(k− 2)b̃0Ḃ2Bk−3 + k(k− 1)b̃0B̈Bk−2 (A6)
...
fT = m(m− 1)(m− 2)(m− 3)t̃0Ṫ3Tm−4 + 3m(m− 1)(m− 2)t̃0ṪT̈Tm−3 (A7)

+ m(m− 1)t̃0
...
TTm−2

...
fB = k(k− 1)(k− 2)(k− 3)b̃0Ḃ3Bk−4 + 3k(k− 1)(k− 2)b̃0ḂB̈Bk−3 + k(k− 1)b̃0

...
BBk−2 (A8)

f (iv)
T = m(m− 1)(m− 2)(m− 3)(m− 4)t̃0Ṫ4Tm−5 + 6m(m− 1)(m− 2)(m− 3)t̃0Ṫ2T̈Tm−4 (A9)

+ 3m(m− 1)(m− 2)t̃0T̈2Tm−3 + 4m(m− 1)(m− 2)t̃0Ṫ
...
TTm−3 + m(m− 1)t̃0T(iv)Tm−2

f (iv)
B = k(k− 1)(k− 2)(k− 3)(k− 4)b̃0Ḃ4Bk−5 + 6k(k− 1)(k− 2)(k− 3)b̃0Ḃ2B̈Bk−4 (A10)

+ 3k(k− 1)(k− 2)b̃0B̈2Bk−3 + 4k(k− 1)(k− 2)b̃0Ḃ
...
BBk−3 + k(k− 1)b̃0B(iv)Bk−2

f (v)
B = k(k− 1)(k− 2)(k− 3)(k− 4)(k− 5)b̃0Ḃ5Bk−6 + 10k(k− 1)(k− 2)(k− 3)(k− 4)b̃0Ḃ3B̈Bk−5 (A11)

+ 15k(k− 1)(k− 2)(k− 3)b̃0B̈
...
BBk−3 + 5k(k− 1)(k− 2)b̃0ḂB(iv)Bk−3 + k(k− 1)b̃0B(v)Bk−2.

These derivatives can be written in terms of the cosmographic parameters (15) and (16)
using the expressions in (22) as:

fT = 6m−1mt̃0

(
H2
)m−1

(A12)

fB = b̃0k
(

18H2 − 6H2(q + 1)
)k−1

(A13)

ḟT = H3(−2m)3m−1(m− 1)m(q + 1)t̃0

(
H2
)m−2

(A14)

ḟB = b̃0(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)(

18H2 − 6H2(q + 1)
)k−2

(A15)

f̈T = H62m+13m−1(m− 2)(m− 1)m(q + 1)2 t̃0

(
H2
)m−3

(A16)

+ H42m3m−1(m− 1)mt̃0

(
H2
)m−2

(j + q(q + 5) + 3)

f̈B = b̃0(k− 1)k
(

18H2 − 6H2(q + 1)
)k−2(

6H4(−4j− 3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)
)

(A17)

+ b̃0(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)2(

18H2 − 6H2(q + 1)
)k−3

...
fT = H9

(
−2m+2

)
3m−1(m− 3)(m− 2)(m− 1)m(q + 1)3 t̃0

(
H2
)m−4

(A18)

− H72m+13m(m− 2)(m− 1)m(q + 1)t̃0

(
H2
)m−3

(j + q(q + 5) + 3)

+ H52m3m−1(m− 1)mt̃0

(
H2
)m−2

(−j(3q + 7)− 3q(4q + 9) + s− 12)
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...
fB = b̃0(k− 1)k

(
18H2 − 6H2(q + 1)

)k−2(
6H5(10j(q + 2) + l + 30q(q + 2)− 5s + 24) (A19)

+36H5(−j(3q + 7)− 3q(4q + 9) + s− 12)
)
+ b̃0(k− 3)(k− 2)(k− 1)k

(
6H3(j + 3q + 2)

−36H3(q + 1)
)3(

18H2 − 6H2(q + 1)
)k−4

+ 3b̃0(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)(

18H2

−6H2(q + 1)
)k−3(

6H4(−4j− 3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)
)

f (iv)
T = H122m+33m−1(m− 4)(m− 3)(m− 2)(m− 1)m(q + 1)4 t̃0

(
H2
)m−5

(A20)

+ H102m+33m(m− 3)(m− 2)(m− 1)m(q + 1)2 t̃0

(
H2
)m−4

(j + q(q + 5) + 3)

− H82m+33m−1(m− 2)(m− 1)m(q + 1)t̃0

(
H2
)m−3

(−j(3q + 7)− 3q(4q + 9) + s− 12)

+ H82m+13m(m− 2)(m− 1)mt̃0

(
H2
)m−3

(j + q(q + 5) + 3)2

+ H62m3m−1(m− 1)mt̃0

(
H2
)m−2(

j(3j + 44q + 48) + l + 3q
(

4q2 + 39q + 56
)
− (4q + 9)s + 60

)
f (iv)
B = b̃0(k− 1)k

(
18H2 − 6H2(q + 1)

)k−2(
6H6

(
−10j2 − 120j(q + 1) (A21)

−3
(

2l + 5
(

2q3 + 18q2 − qs + 24q− 2s + 8
))

+ m
)
+ 36H6(j(3j + 44q + 48) + l

+3q
(

4q2 + 39q + 56
)
− (4q + 9)s + 60

))
+ 3b̃0(k− 2)(k− 1)k

(
18H2 − 6H2(q + 1)

)k−3(
6H4(−4j

−3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)
)2

+ b̃0(k− 4)(k− 3)(k− 2)(k− 1)k
(

6H3(j + 3q + 2)

−36H3(q + 1)
)4(

18H2 − 6H2(q + 1)
)k−5

+ 4b̃0(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)(

18H2

−6H2(q + 1)
)k−3(

6H5(10j(q + 2) + l + 30q(q + 2)− 5s + 24) + 36H5(−j(3q + 7)− 3q(4q + 9) + s− 12)
)

+ 6b̃0(k− 3)(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)2(

18H2 − 6H2(q + 1)
)k−4(

6H4(−4j

−3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)
)

f (v)
B = b̃0(k− 1)k

(
18H2 − 6H2(q + 1)

)k−2(
6H7

(
140j2 + 35j(6q(q + 6)− s + 24) + 21l(q + 2) (A22)

−7m + n− 210(q + 1)s + 90
(

7q(q + 2)2 + 8
))
− 36H7

(
50j2 + 10j(q(8q + 51)− s + 36) + l(5q + 11)−m

−5(14q + 15)s + 30q(q + 2)(9q + 20) + 360)) + b̃0(k− 5)(k− 4)(k− 3)(k− 2)(k− 1)k
(

6H3(j + 3q + 2)

−36H3(q + 1)
)5(

18H2 − 6H2(q + 1)
)k−6

+ 5b̃0(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)(

18H2

−6H2(q + 1)
)k−3(

6H6
(
−10j2 − 120j(q + 1)− 3

(
2l + 5

(
2q3 + 18q2 − qs + 24q− 2s + 8

))
+ m

)
+36H6

(
j(3j + 44q + 48) + l + 3q

(
4q2 + 39q + 56

)
− (4q + 9)s + 60

))
+ 15b̃0(k− 3)(k− 2)(k− 1)k

(
18H2

−6H2(q + 1)
)k−3(

6H4(−4j− 3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)
)(

6H5(10j(q + 2) + l

+30q(q + 2)− 5s + 24) + 36H5(−j(3q + 7)− 3q(4q + 9) + s− 12)
)

+ 10b̃0(k− 4)(k− 3)(k− 2)(k− 1)k
(

6H3(j + 3q + 2)− 36H3(q + 1)
)3(

18H2 − 6H2(q + 1)
)k−5

(
6H4(−4j− 3q(q + 4) + s− 6) + 36H4(j + q(q + 5) + 3)

)
.

Appendix B. Phenomenological Considerations

In this work we considered beforehand the model f (T, B) = −T + f̃ (T, B) with
f̃ (T, B) = t̃0Tk + b̃0Bm. This model is too complex to be generally analysed in the context
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of cosmography, hence, we decided to work with one of the simplest form of these kind of
models, the model where t̃0 = 0, b̃0 = 1 and m = 2, which basically makes the functional
to be f (T, B) = −T + B2. Although this model can be somehow justified from a theoretical
point of view (in the sense that it is a simple extension of TEGR), it suffers from an ill
phenomenology. Let us see this in detail.

The first modified Friedman equation in f (T, B) with the signature (−,+,+,+) is
given by (see Equation (19) in [44])

−3H2(3 fB + 2 fT) + 3H ḟB − 3Ḣ fB +
1
2

f = κ2ρm. (A23)

Since the boundary term and the torsion scalar are B = 6(3H2 + Ḣ) and T = 6H2 respec-
tively, the Equation (A23) can be rewritten as

−1
2

B fB − T fT + 3H ḟB +
1
2

f = κ2ρm. (A24)

Consider the model f (T, B) = −T + αB2, which is exactly the same used here if α = 1.
With this model, the Equation (A24) becomes

−1
2

B(2αB)− T(−1) + 3H(2αḂ) +
1
2
(−T + αB2) = κ2ρm. (A25)

Using the Equation (22), the form of T and B, the Equation (A25) evaluated at z = 0 is

6αH0

(
6H3

0(j0 + 3q0 + 2)− 36H3
0(q0 + 1)

)
− α
(

18H2
0 − 6H2

0(q0 + 1)
)2

+
1
2

(
α
(

18H2
0 − 6H2

0(q0 + 1)
)2

(A26)

−6H2
0

)
+ 6H2

0 = 3H2
0 Ωm0,

which can be solved in terms of Ωm0 as

Ωm0 = −72αH2
0 + 12αH2

0 j0 − 6αH2
0 q2

0 − 12αH2
0 q0 + 1, (A27)

or from the amplitude coefficient equation α as

α = − 1−Ωm0

6H2
0
(
2j0 − q2

0 − 2q0 − 12
) . (A28)

If we substitute α = 1 which corresponds to our simplified model and the values of the
cosmographic parameters corresponding to ΛCDM (q0 = −0.55, H0 = 67.3 and j0 = 1),
the density parameter is

Ωm0 ≈ 2.5× 104. (A29)

On the other hand, if we substitute q0 = −0.55, H0 = 67.3, j0 = 1 and Ωm0 = 0.315
into (A28), the amplitude coefficient is

α ≈ 2.7391× 10−6. (A30)

Hence, even though the model can recover a reasonable set of values for the cosmographic
parameters, it is not completely phenomenological correct since it leads to a wrong value
of the critical matter density parameter. On the other hand, this model does have some
motivation from observational constraint analysis [44].
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